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A B S T R A C T

Whole-Room Indirect Calorimeters (WRIC), also known as metabolic chambers, provide remote measurement of
physiological parameters such as energy expenditure, respiratory gas exchange, and nutrient utilization through
non-invasive gas exchange modeling. The accuracy of WRIC systems depends on the accurate estimation of
the effective chamber air volume, which is critical for calculating the oxygen consumption and carbon dioxide
production rates of an individual inside the chamber for long-term monitoring. This study proposes a novel
analytical procedure to derive the metabolic chamber volume and its uncertainty by analyzing data obtained
during washout experiments using an ad hoc weighted least square fitting approach based on the uncertainty
of gas concentration and air flow measurements. The influence of the initial gas concentration and the air
inflow rate during the washout experiment on the estimation of the chamber volume is discussed, and general
rules for determining the optimal duration of a washout experiment to obtain an accurate volume estimate
are proposed. The theoretical results were validated with Monte Carlo simulations and by processing real data
from a washout experiment, demonstrating substantial agreement in the estimation of the chamber volume and
its uncertainty. The combined analysis of both O2 and CO2 time courses using our proposed approach helps
to reduce the overall measurement uncertainty and leads to a more accurate estimate of chamber volume,
thereby improving the accuracy of WRIC outcome measurements.
1. Introduction

The non-invasive monitoring of human respiratory gas exchange,
and specifically rates of oxygen consumption (V̇O2) and carbon dioxide
production (V̇CO2), is of considerable importance in medical research,
both in general health and in specific diseases. Continuous remote
monitoring allows the evaluation of important physiological indica-
tors, including the rate of oxidation of energy substrates and energy
expenditure.

Whole-Room Indirect Calorimeter (WRIC) systems, also known as
respiratory or metabolic chambers, provide remote measurement of
such physiological parameters and offer several advantages [1,2]. First,
these systems allow subjects to move freely, ensuring a more realistic
representation of their daily activities compared to ventilated hood
systems with limited time and physical constraints. In addition, the
extended measurement duration, ranging from a few hours to 24 h
or several days, allows the identification of different components of

∗ Corresponding author.
E-mail addresses: gabriele.bandini@ing.unipi.it (G. Bandini), alberto.landi@unipi.it (A. Landi), ferruccio.santini@med.unipi.it (F. Santini),

alessio.basolo@unipi.it (A. Basolo), mirko.marracci@unipi.it (M. Marracci), paolo.piaggi@unipi.it (P. Piaggi).

daily energy expenditure associated with normal life activities, such
as sleep, rest, physical activity, and food consumption [3]. WRIC sys-
tems provide accurate and reliable measurements of resting and active
metabolic rate [4–8], enabling assessment of energy metabolism in a
wide range of applications, including sports and performance testing,
research and clinical trials, nutrition and metabolic syndrome. These
WRIC systems operate on an open-circuit principle where the chamber
is continuously ventilated with ‘‘fresh air’’ [9]. As a result, the subject’s
exhaled gases are diluted and mixed within the large volume of cham-
ber air, and exhaled air samples are collected to determine V̇O2 and
V̇CO2 via a well-established dynamic model of gas exchange [10–13],
which in turn are converted to metabolic rate using established indirect
calorimetry equations [14].

Chamber air volume (usually >10,000 L) has a great weight in the
assessment of WRIC outcomes, namely V̇O2 and V̇CO2 (∼1 L/min),
because it multiplies the small and noisy time derivatives of O2 and CO2
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List of Symbols

The next list describes several symbols that will be later used
within the body of the document.
̇𝑓N2,WRIC Time derivative of inert gases concentration

[1/min]
H Haldane factor [unitless]
MR Metabolic rate [kcal/min]
RER Respiratory exchange ratio [unitless]
V̇in Inflow rate [L/min]
V̇CO2 Carbon dioxide production rate [L/min]
V̇O2 Oxygen consumption rate [L/min]
VWRIC Calorimeter air volume [L]
𝜏 Exponential trend time constant [min]
𝑓CO2,in Carbon dioxide concentration in inflow air
𝑓CO2,WRIC Carbon dioxide concentration in the

calorimeter
𝑓O2,in Oxygen concentration in inflow air
𝑓O2,WRIC Oxygen concentration in the calorimeter

concentrations in the chamber (from 10−4 to 10−3 min−1). Accordingly,
proper estimation of the effective chamber air volume must be per-
formed prior to conducting human studies in a WRIC system to ensure
accurate measurement of V̇O2, V̇CO2, and ultimately metabolic rate.
Typically, chamber volume is evaluated by analyzing the gas concen-
tration in an empty chamber at constant air temperature and pressure
during washout tests. Fresh air is introduced at a constant inflow rate
into an empty chamber with a relatively higher CO2 concentration
and lower O2 concentration (e.g., after a human session or a burn or
infusion test) until the gas concentrations in the chamber air approach
those of the incoming fresh air. In this washout test setting, when both
V̇O2 and V̇CO2 are equal to 0, Chen et al. in [15] derive the exact
resolution formula of the WRIC dynamic model, which has the form
of a mono-exponential curve from which the chamber volume can be
calculated numerically from the characteristic time constant of CO2
decay or O2 rise obtained by nonlinear regression analysis of chamber
O2 and CO2 measurements, respectively.

However, no analysis of the uncertainty in the gas concentration or
flow measurements propagating through the exponential equations of
the washout test is provided to determine the accuracy of the chamber
volume estimate from these tests. More importantly, no weighting
scheme is considered in the data analysis of gas concentrations, even
though the first few hours of washout provide more accurate data
points than those at the end of the washout due to the greater difference
between chamber and inflow air composition at the beginning of the
washout experiment. The aim of the current study was to develop a
novel data analysis framework for washout experiments with the goal
of obtaining the most accurate estimate of the chamber volume and its
uncertainty based on the uncertainty of the gas concentration and air
flow measurements.

The manuscript is organized as follows: Section 2 introduces the
WRIC dynamic model, focusing on the metabolic chamber volume
and its derivation from washout experiments. This section presents
the weighted least squares fitting approach and discusses the steps
to calculate the chamber time constant and metabolic chamber vol-
ume from the analysis of the exponential changes in the O2 and CO2
measurements. Section 3 describes the measurement setup and the
washout test performed in the WRIC system at the University Hospital
of Pisa, while Section 4 presents and discusses the results obtained by
applying our procedure to the experimental data. Finally, Section 5
draws conclusions.
2

s

Fig. 1. Schematic representation of a whole-room indirect calorimeter (push-pull
configuration) with measured quantities and principal components, as blowers, gas
analyzers and Mass Flow Controllers (MFCs).

2. Methods

During the operation of a WRIC, also known as a metabolic cham-
ber, the metabolic rate of an individual inside the calorimeter can
be calculated by measuring the quantities shown in Fig. 1, which
are the O2 and CO2 concentrations at the inlet and outlet of the
chamber, 𝑓O2,in, 𝑓CO2,in, 𝑓O2,WRIC, and 𝑓CO2,WRIC, respectively, and
the air inflow rate V̇in (assuming a ‘‘push’’ configuration). The rates of
carbon dioxide production (V̇CO2) and oxygen consumption (V̇O2) by
the individual inside the airtight chamber can be described by first-
order differential equations in which the chamber air volume (VWRIC)
is the only fixed (time-invariant) parameter when temperature and
pressure in a perfectly sealed chamber are kept constant by an Heating,
Ventilation and Air Conditioning (HVAC) unit. The dynamic model
equations for V̇O2 and V̇CO2 [L/min] are as follows [10,11,15]:

V̇O2 =
[

−V̇in ⋅
(

𝑓O2,WRIC ⋅ H − 𝑓O2,in
)

− VWRIC ⋅ ̇𝑓O2,WRIC
]

(1)

and

V̇CO2 =
[

V̇in ⋅
(

𝑓CO2,WRIC ⋅ H − 𝑓CO2,in
)

+ VWRIC ⋅ ̇𝑓CO2,WRIC
]

(2)

where H is the Haldane factor [15] based on the conservation of N2
during human gas exchange:

H =
1 − 𝑓O2,in − 𝑓CO2,in − ̇𝑓N2,WRIC ⋅

VWRIC

V̇in
1 − 𝑓O2,WRIC − 𝑓CO2,WRIC

(3)

where 𝑓O2,in, 𝑓CO2,in, 𝑓O2,WRIC, and 𝑓CO2,WRIC are the fractional
concentrations of O2 and CO2 (expressed as per-unit values), while
̇𝑓N2,WRIC is the time derivative of the concentration of inert gases

(e.g., nitrogen) inside the chamber. Eqs. (1) and (2) are mathemat-
ically equivalent to Equation (5) in [10]. The Metabolic Rate (MR,
kcal/min) can be derived using Lusk’s equation [14] based on V̇O2 and
Respiratory Exchange Ratio (RER) defined as:

RER =
V̇CO2

V̇O2
, (4)

MR = V̇O2 ⋅ (4.686 + (RER − 0.707) ⋅ 1.2321) . (5)

In addition to the contribution of the inflow rate V̇in, the output
alues of V̇O2 and V̇CO2 are also affected by the time derivative terms
f the gas concentrations in the chamber multiplied by its air volume
VWRIC). The value of VWRIC can be estimated during a washout test,
n which the gas concentrations in an empty chamber return to their
aseline levels (i.e., fresh air levels) at a constant inflow rate V̇in.
pecifically, the measured quantities 𝑓O2,WRIC and 𝑓CO2,WRIC during

uch a washout test exhibit an exponential trend over time, which can
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Fig. 2. Example of exponential increase of O2 (a) and decrease of CO2 (b) during a 14-h
washout test with 2𝜎 confidence intervals based on the measurement uncertainty of an
uniform distribution with zero mean and a width equal to 1% of the gas measurements
(graphs on the left). Same data for O2 and CO2 after taking the logarithm of the gas
concentration with respect to their corresponding steady-state values (graphs on the
right).

be described as follows:

𝑓O2,WRIC = 𝐴∞ + 𝐴𝑒−𝑡∕𝜏 , (6)

and

𝑓CO2,WRIC = 𝐵∞ + 𝐵𝑒−𝑡∕𝜏 , (7)

where 𝐴∞ = 𝑓O2,air is the steady-state O2 concentration equal to that
in fresh air, 𝐵∞ = 𝑓CO2,air is the steady-state CO2 concentration equal
to that in fresh air, while 𝐴, 𝐵, and 𝜏 are constant (time-independent)
parameters of the exponential decay that can be estimated by data
fitting.

By multiplying the time constant 𝜏 by the inflow rate V̇in, the
chamber volume VWRIC can be derived as follows:

VWRIC = 𝜏 ⋅ V̇in. (8)

Nonlinear least squares exponential fitting of the gas concentration
measurements in the chamber air (𝑓O2,WRIC and 𝑓CO2,WRIC) can pro-
vide an estimate of the characteristic time constant 𝜏, which then allows
the chamber volume VWRIC to be derived using the measurements of
the air inflow rate V̇in during the washout test. Accurate estimation
of the chamber air volume (VWRIC) and its uncertainty (𝑢(VWRIC))
during washout tests is critical for the calculation of V̇O2 and V̇CO2
(hence, RER and MR) using the WRIC dynamic model because VWRIC is
numerically large (>10,000 L) and >1000 times greater than the rate
of change of gas volume within the WRIC (∼L/min). Thus, errors in
estimating VWRIC can ultimately lead to larger errors when VWRIC is
multiplied by time derivative terms of gas concentrations. The aim of
this study was to analytically derive the expected value of VWRIC and
its uncertainty 𝑢(VWRIC) from measurements of gas concentrations and
inflow rate during a washout test, taking into account the uncertainty
in their measurements.
3

2.1. Fitting procedure for gas concentration measurements obtained during
a washout test

The following calculations apply to the exponential decay of
𝑓CO2,WRIC during a washout test in an empty chamber, but similar
calculations can be derived for the corresponding exponential increase
of 𝑓O2,WRIC. Fig. 2 shows the gas concentration trends calculated from
simulated data of a washout test with 𝐴 = −0.93, 𝐴∞ = 20.93, 𝐵 = 0.97,
and 𝐵∞ = 0.03, and assuming additive, independent, and identically
distributed errors with a uniform distribution with zero mean and a
width equal to 1% of the gas measurements. This value was chosen to
be representative of the accuracy of modern gas analyzers, such as those
presented in Section 3. To simulate the exponential decay of 𝑓CO2,WRIC,
a value of 2 ⋅ 104 L (20,000 L) was considered for the chamber air vol-
ume, with a constant inflow rate of 100 L/min (and, thus, an expected
time constant 𝜏 of 200 min). Below, these simulated data are used as
an example to illustrate the novel procedure of parameter estimation
via data fitting by comparing results from analytical formulas and those
obtained from 105 Monte Carlo extractions. Considering the exponential
decay of 𝑓CO2,WRIC, Eq. (7) can be rearranged as follows:

𝑓CO2,WRIC − 𝐵∞ = 𝐵𝑒−𝑡∕𝜏 . (9)

By applying the natural logarithm transformation to both sides of the
equation, we can write:

ln (𝑓CO2,WRIC − 𝐵∞) = ln𝐵 − 𝑡∕𝜏, (10)

which becomes the general linear equation model by substituting 𝑦 =
ln (𝑓CO2,WRIC − 𝐵∞), 𝑎 = ln𝐵, and 𝑏 = −1∕𝜏:

𝑦 = 𝑎 + 𝑏𝑡. (11)

Consider the two random variables 𝑋′ and 𝑋′′, assuming 𝑥′ =
𝑓CO2,WRIC −𝐵∞ and 𝑥′′ = 𝐴∞ −𝑓O2,WRIC. Being distributed in a similar
fashion, we consider the generic random variable 𝑋. If 𝑥 is uniformly
distributed between 𝑥0 − 𝑎 and 𝑥0 + 𝑎, with mean value 𝑥0, we can
apply the Law Of The Unconscious Statistician (LOTUS) to evaluate the
expected value of the distribution of ln𝑋 as

E[ln𝑋] = ∫

𝑥0+𝑎

𝑥0−𝑎

ln 𝑥
2𝑎

𝑑𝑥 =

=
(𝑥0 + 𝑎) ln (𝑥0 + 𝑎) − (𝑥0 − 𝑎) ln (𝑥0 − 𝑎) − 2𝑎

2𝑎
.

(12)

When linearizing the exponential fit by logarithmic transformation, we
then use the expression in (12) as the expected value of 𝑦 in (11),
substituting for the case of CO2 𝑥0 = 𝑓CO2,WRIC − 𝐵∞ and 𝑎 = 𝜖CO2

,
while for the case of O2 𝑥0 = 𝐴∞−𝑓O2,WRIC and 𝑎 = 𝜖O2

, where 𝜖 is the
half-amplitude of the uniform distribution modeling the uncertainty of
the measured gas concentrations. The variance of ln𝑋 can be found as:

Var[ln𝑋] = E[(ln𝑋)2] − E[ln𝑋]2, (13)

where E[ln𝑋] is calculated as in (12) and E[(ln𝑋)2] is:

E[(ln𝑋)2] = ∫

𝑥0+𝑎

𝑥0−𝑎

(ln 𝑥)2

2𝑎
𝑑𝑥 =

= 1
2𝑎

(

(𝑥0 + 𝑎)(ln (𝑥0 + 𝑎))2+

− 2(𝑥0 + 𝑎) ln (𝑥0 + 𝑎)+

− (𝑥0 − 𝑎)(ln (𝑥0 − 𝑎))2+

+ 2(𝑥0 − 𝑎) ln (𝑥0 − 𝑎) + 4𝑎
)

.

(14)

Depending on whether 𝐵∞ (or 𝐴∞) is considered a known value
without uncertainty or the result of a measurement, its uncertainty will
be propagated through 𝑥0 = 𝑓CO2,WRIC − 𝐵∞ (or 𝑥0 = 𝐴∞ − 𝑓O2,WRIC).
The resulting uncertainty value 𝑢(𝑥0), appropriately multiplied by a
factor

√

3 according to the uniform distribution, should then be used
in place of 𝜖CO2

(or 𝜖O2
) for the evaluation of (12) and (14). In the

remainder of the text, the measurement uncertainty of a quantity is
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denoted by the letter 𝑢 and is regarded as the standard deviation
(positive root of the variance) of the distribution of that quantity. In
this sense, the use of 𝑢 is analogous to the use of 𝜎 below, which is
preferred in analytical calculations of uncertainty in linear regression
parameters. The standard deviation 𝜎 considered hereafter refers to 𝑦
and is obtained as the square root of Var[ln𝑋] in (13).

The parameters of the exponential decay in (9) can be obtained by
least-squares minimization of the residuals of the linear model in (11)
with 𝑦 evaluated as in (12). Measurements of gas concentration are
affected by uncertainty, and the uncertainty propagated by the estima-
tor in (12) increases as the exponential decay approaches zero due to
the logarithm. This problem can be overcome by giving more weight
to measurements that are affected by lower uncertainties. Considering
that 𝑁 measurements of gas concentration and air inflow rate are
obtained during the washout test, the 𝑖th residual of 𝑦 can be defined
as:

𝑟𝑖 = 𝑦𝑖 − 𝑎̂ − 𝑏̂𝑡𝑖. (15)

The goal is to find the values of 𝑎 and 𝑏 that minimize the Weighted
Residuals Sum of Squares (WRSS):

argmin
{ 𝑁
∑

𝑖=1
𝑤𝑖(𝑦𝑖 − 𝑎̂ − 𝑏̂𝑡𝑖)2

}

=

= argmin
{

WRSS(𝑎̂, 𝑏̂)
}

,

(16)

where 𝑤𝑖 = 1∕𝜎𝑖 and 𝜎𝑖 = 𝑢(𝑦) is the positive root of (13). The
minimum of WRSS can be found for values 𝑎̂ and 𝑏̂, for which the partial
derivatives of WRSS with respect to 𝑎 and 𝑏 are zero:

𝜕WRSS(𝑎̂, 𝑏̂)
𝜕𝑎̂

= −2
𝑁
∑

𝑖=1
𝑤𝑖(𝑦𝑖 − 𝑎̂ − 𝑏̂𝑡𝑖), (17)

and

𝜕WRSS(𝑎̂, 𝑏̂)
𝜕𝑏̂

= −2
𝑁
∑

𝑖=1
𝑡𝑖𝑤𝑖(𝑦𝑖 − 𝑎̂ − 𝑏̂𝑡𝑖). (18)

In the following, all the sums are intended from 1 to 𝑁 . By setting the
two partial derivatives in (17) and (18) to zero, we obtain the system
of two algebraic equations in the two unknowns 𝑎̂ and 𝑏̂:
{

∑

𝑤𝑖𝑦𝑖 = 𝑎̂
∑

𝑤𝑖 + 𝑏̂
∑

𝑤𝑖𝑡𝑖
∑

𝑤𝑖𝑡𝑖𝑦𝑖 = 𝑎̂
∑

𝑤𝑖𝑡𝑖 + 𝑏̂
∑

𝑤𝑖𝑡2𝑖 .
(19)

Solving (19) for 𝑎̂ and 𝑏̂ we can write their estimates in explicit form
as

𝑎̂ =

(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖𝑦𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)(
∑

𝑤𝑖𝑡𝑖𝑦𝑖
)

(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)2

(20)

and

𝑏̂ =

(
∑

𝑤𝑖
)(
∑

𝑤𝑖𝑡𝑖𝑦𝑖
)

−
(
∑

𝑤𝑖𝑦𝑖
)(
∑

𝑤𝑖𝑡𝑖
)

(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)2

. (21)

Once the expected value of the parameters 𝑎 and 𝑏 is known, their
uncertainty can be calculated from the uncertainty of the gas concen-
tration measurements. The uncertainty of the parameters 𝑎 and 𝑏 can
be written, in analogy with the expressions in [16], as

𝜎(𝑎̂) =

√

√

√

√

∑

𝑤𝑖𝑡2𝑖
(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)2

(22)

and

𝜎(𝑏̂) =

√

√

√

√

∑

𝑤𝑖
(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)2

, (23)

In our Monte Carlo simulations, we estimated the uncertainty of each
measurement from the residuals using:

𝜎𝑒 =

√

∑

𝑤𝑖
(

𝑦𝑖 − 𝑎 − 𝑏𝑡𝑖
)

, (24)
4

𝑁 − 2
Fig. 3. Estimates of the chamber time constant 𝜏 (i.e., the time constant of the
monoexponential curve of gas concentrations during a washout experiment) as a
function of the progressive time duration of a simulated 10-h washout test. The shaded
area indicates the 2𝜎 confidence interval (panel a). Estimates of the relative uncertainty
of 𝜏 obtained after analytical propagation (A.) are compared with empirical results from
105 Monte Carlo (M.C.) extractions (panel b).

and derived the uncertainty of 𝑏 as:

𝜎(𝑏̂) = 𝜎𝑒

√

√

√

√

∑

𝑤𝑖
(
∑

𝑤𝑖𝑡2𝑖
)(
∑

𝑤𝑖
)

−
(
∑

𝑤𝑖𝑡𝑖
)2

, (25)

2.2. Derivation of chamber volume from data fit results

The chamber time constant 𝜏 can be derived from the coefficient 𝑏̂
using the inverse transformation:

𝜏 = −1
𝑏̂

(26)

and, consequently, propagating its measurement uncertainty as:

𝑢(𝜏) =

√

(

1
𝑏̂2

)2
𝑢2(𝑏̂). (27)

Fig. 3(a) shows the expected value of 𝜏 and its relative uncertainty
(i.e., 𝑢𝑟𝑒𝑙(𝜏) = 𝑢(𝜏)∕𝜏) as a function of washout time duration. In both
O2 and CO2 data analyses, the expected value of 𝜏 rapidly converges
to its steady-state value of 200 min after only 2 h from the start of
the washout test. However, its uncertainty, as quantified by the 2𝜎
interval, requires a longer time to converge. As shown in Fig. 3(b), the
results obtained from the analytical expressions in 2.1 are in perfect
agreement with those obtained from the Monte Carlo simulations, with
a decreasing trend for the relative uncertainty of 𝜏, which is 1% after
1 h, below 0.5% after 2 h, and below 0.2% after 4 h washout.

Although the inflow rate V̇in is typically held constant by the MFC
during the washout test, its measurements are also affected by uncer-
tainty. Using all available measurements collected during the washout
test, the expected value of V̇ can be calculated as the average of all
in
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Fig. 4. Relative uncertainty of 𝜏 and ̄̇V𝑖𝑛 versus washout test duration for different
values of 𝜏, ̄̇V𝑖𝑛, and different initial CO2 concentrations. 𝐵∞ = 0.03%, solid, dashed
and dotted lines refer to 𝐵∞+𝐵 = 1%, 𝐵∞+𝐵 = 0.8%, and 𝐵∞+𝐵 = 0.6%, respectively.

measurements V̇in,i as follows:

̄̇V𝑖𝑛 =
1
𝑁

𝑁
∑

𝑖=1
V̇𝑖𝑛,𝑖, (28)

with its uncertainty calculated as:

𝑢( ̄̇V𝑖𝑛) =

√

√

√

√
1
𝑁

1
𝑁 − 1

𝑁
∑

𝑖=1
(V̇𝑖𝑛,𝑖 −

̄̇V𝑖𝑛)2, (29)

using the unbiased estimator of the population variance. Finally, the
expected value of the chamber volume (VWRIC) and its uncertainty
𝑢(VWRIC) can be obtained from the time constant 𝜏 and the expected
value of the inflow rate V̇in as:

VWRIC = 𝜏 ̄̇V𝑖𝑛, (30)

𝑢(VWRIC) =

√

̄̇V
2
𝑖𝑛𝑢2(𝜏) + 𝜏2𝑢2

( ̄̇V𝑖𝑛
)

. (31)

The effect of the chamber time constant 𝜏 and the inflow rate on
the chamber volume was analyzed. The uncertainty of the product in
(31) is the equation of a circumference. By considering the relative
uncertainties, i.e. the uncertainty divided by the quantity, it follows
that:

𝑢2𝑟𝑒𝑙(VWRIC) = 𝑢2𝑟𝑒𝑙(𝜏) + 𝑢2𝑟𝑒𝑙(
̄̇V𝑖𝑛). (32)

As shown in Fig. 5(b), the relative uncertainty of VWRIC is approxi-
mately equal to that of the time constant 𝜏, indicating a negligible
influence of the uncertainty of the inflow rate ̄̇V𝑖𝑛 on the final calcu-
lation of the WRIC volume. This is due to the fact that the uncertainty
of (29) is equal to the standard deviation of the measurements of V̇𝑖𝑛
divided by

√

𝑁 , which greatly reduces its magnitude.
Given the strong relevance of 𝜏, we investigated how the parameters

defining the exponential trend affect the uncertainty of 𝜏. In Fig. 4
the relative uncertainty of the time constant 𝑢(𝜏)∕𝜏 versus the duration
of the washout test is shown for different values of 𝜏 and different
initial CO2 concentrations (𝐵∞ + 𝐵 from (9), Fig. 2(b)). The relative
uncertainty 𝑢(𝜏)∕𝜏 is compared within the plot with that of the inflow
rate. Different colors refer to different values of the time constant,
400 min, 200 min, 100 min, and 66 min, obtained for inflow rates
of 50 L/min, 100 L/min, 200 L/min, and 300 L/min, respectively,
while keeping the chamber volume constant. The solid, dashed, and
dotted lines refer to 𝐵∞ + 𝐵 = 1%, 𝐵∞ + 𝐵 = 0.8%, and 𝐵∞ + 𝐵 =
0.6%, respectively. The dotted line indicates the relative uncertainty
of the inflow rate. Given the uncertainties in the gas concentration
and inflow rate measurements reported in Section 3, 𝑢(𝜏)∕𝜏 results to
be greater than 𝑢( ̄̇V𝑖𝑛)∕

̄̇V𝑖𝑛 throughout the washout test, also due to
the 1∕

√

𝑁 trend of 𝑢( ̄̇V𝑖𝑛). Considering the uncertainty propagation in
(31), this means that the dominant contribution on chamber volume
uncertainty is given by the time constant 𝜏. The relative uncertainty
5

Fig. 5. Estimates of the chamber volume (VWRIC) with 2𝜎 confidence interval (a) and
its relative uncertainty compared with results of 105 Monte Carlo (M.C.) extractions (b)
from measurements of O2 and CO2 concentrations and the weighted average of their
results (WM) as a function of time of a simulated 10 h washout test using the proposed
analytical technique.

𝑢( ̄̇V𝑖𝑛)∕
̄̇V𝑖𝑛 decreases as ̄̇V𝑖𝑛 increases. Concerning 𝜏, an increase in ̄̇V𝑖𝑛

causes a decrease in the time constant for a given chamber volume.
As the expected time constant decreases, the relative uncertainty on 𝜏
converges more rapidly, although to a value that is slightly higher for
lower values of 𝜏, keeping constant the sampling time at 1 min. A lower
initial CO2 concentration leads to an increase in 𝑢(𝜏)∕𝜏 throughout
the washout test, and this effect is more pronounced for higher time
constants.

Based on the relative uncertainty curves for 𝜏, we can establish
a general guideline for the duration of the washout test. Ideally, the
washout test should last at least 2𝜏, because after this time the relative
uncertainty curves flatten as shown in Fig. 4, and there is no further
substantial decrease in uncertainty with longer durations. To estimate
𝜏, one can derive it from the set point of the inflow rate and an
approximate estimate of the chamber volume based on its dimensions.
Conversely, it is critical to ensure that the washout test does not exceed
the duration at which the argument of the logarithm in (12) could
potentially become negative. This is especially important as the CO2
concentration approaches its steady-state value, i.e. the CO2 concen-
tration in the fresh incoming air, for longer washout durations. By
examining Fig. 4, we found that the maximum allowable duration for
the washout test is approximately 4𝜏. Keeping the test duration within
this limit will prevent any unwanted effects due to negative arguments
in the logarithmic calculations. Since the time constant estimated from
gas measurements is the largest contributor to the relative uncertainty
of the chamber volume, investments in gas analyzer accuracy should be
prioritized to improve the accuracy of the chamber volume estimate.

2.3. Combining results of O2 and CO2 analyses to increase accuracy of
chamber volume estimation

The procedure described in the previous section can be applied
equivalently to the measures of 𝑓CO and 𝑓O during the
2,WRIC 2,WRIC
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Fig. 6. Estimates of chamber volume (VWRIC) with 2𝜎 confidence interval (a) from
measurements of O2 and CO2 concentrations and the weighted average of their results
(WM) as a function of time of a simulated 10 h washout test using the nonlinear
exponential fit.

same washout test, yielding two different estimates for VWRIC, VWRIC,CO2
and VWRIC,O2

, respectively. Combining the results of the two indepen-
dent estimates can provide a chamber volume estimate with reduced
uncertainty. Specifically, the best estimate is the weighted average of
the two VWRIC results, taking into account the measurement uncertainty
of each, as follows:

VWRIC = 1
1

𝑢2(VWRIC,O2
)
+ 1

𝑢2(VWRIC,CO2
)

⋅

⋅
( VWRIC,O2

𝑢2(VWRIC,O2
)
+

VWRIC,CO2

𝑢2(VWRIC,CO2
)

)

(33)

and

𝑢(VWRIC) =
√

√

√

√

√

1
1

𝑢2(VWRIC,O2
)
+ 1

𝑢2(VWRIC,CO2
)

. (34)

Starting with (33) and (34) and substituting backwards all the terms
found in the previous equations, it is possible to easily implement the
linear least-squares fit of the exponential by weighting each term with
its measurement uncertainty and correctly combining the information
from the O2 and CO2 measurements.

The final estimates for the chamber volume and its uncertainty are
shown in Fig. 5. These estimates were obtained by analyzing the O2 and
CO2 concentrations separately and then combining the results, weight-
ing for their respective measurement uncertainties. Fig. 5(a) shows how
the expected values of the chamber volume rapidly converge to the true
value of 2 ⋅ 104 L within the first few hours of the simulated washout
test. Although there is no significant difference between the expected
values obtained from the O2 and CO2 analyses, it is evident that their
weighted average gives the best results in terms of time to converge
to the steady-state value and minimum difference from the theoretical
value of 20,000 L.

The comparison between the analytical expressions of the mea-
surement uncertainty and the results of the Monte Carlo simulations
in Fig. 5(b) also confirms the improvement obtained by using the
weighted average method. In fact, the best estimate of the chamber
volume is provided by the weighted mean, which effectively reduces
the uncertainty in the chamber volume estimate by a factor of

√

2 due
to the similar uncertainty values from the O2 and CO2 measurements.
The relative uncertainty of the volume calculated with O2 and CO2 data
alone follows a trend similar to that of 𝜏 in Fig. 3(b). In contrast, the
uncertainty of the weighted average drops below 0.8% after 1 h, below
0.3% after 2 h, and stabilizes around 0.1% at steady state.

The value of VWRIC was also estimated numerically by the iterative
procedure of nonlinear weighted regression using the MathWorks®
MATLAB built-in function fitnlm with the same weights 𝑤𝑖 used in
our proposed analytical method. The exponential curve model used for
fitnlm was expressed as a function of two parameters, 𝑝 and 𝑝 , as:
6

1 2
𝑝1 ⋅ exp{𝑝2 ⋅ 𝑡}. Since 𝑝2 = −1∕𝜏, VWRIC can be obtained as in (30). The
results of this nonlinear weighted analysis (Fig. 6) were in complete
agreement with our proposed analytical method, both in the expected
value and uncertainty of VWRIC, as well as in the washout time required
for the results to converge to the reference value for VWRIC set for our
data simulations (=20,000 L).

3. Measurement setup

The dimensions of the metabolic chamber at the University Hospital
of Pisa, Italy [17] are 3.60 m long, 3.00 m wide, and 2.70 m high.
Accordingly, the total volume of the chamber without furniture is
expected to be about 29.16 m3. The chamber is climate-controlled,
with an air conditioning (HVAC) system using chilled water pipes
and electric heating coils to maintain a constant temperature within
0.5 ◦C and a relative humidity within the range 30% - 50%. A voltage-
controlled blower (Ametek, Windjammer) draws fresh air from outside
the building, and the flow rate into the chamber is fine-tuned by a MFC
(Teledyne Hastings Instruments, Digital 300 series, range: 300 L/min).
The total declared accuracy of the MFC can be expressed as a compo-
nent of 0.2% of full scale and a component of 0.5% of reading. Samples
of both the fresh inlet air and the chamber air are drawn by membrane
pumps, dried to a humidity level of <1000 ppm by a gas sample dryer
(Perma Pure LLC) driven by counterflow dry medical air, and then sent
to absolute gas analyzers (Siemens Ultramat/Oxymat 6) that measure
the concentrations of O2 and CO2 in both the fresh air and the chamber
air.

The Ultramat cell was used to measure the CO2 concentration based
on the infrared two-beam alternating light principle, measuring gases
with absorption bands in the infrared wavelength range from 2 μm to
9 μm. On the other hand, the Oxymat cell was used to measure the
O2 concentration using the paramagnetic alternating pressure princi-
ple. Prior to the experiments, both gas analyzer cells were calibrated
using a two-point linear equation. This calibration involved tanks of
gases with known concentrations. For the Oxymat cell, the calibration
ranged from 20% to 21% concentration, while the Ultramat cell was
calibrated in the range from 0 ppm to 10,000 ppm (0% to 1%). The
manufacturer of the gas analyzers provided a maximum stated error
of 1% for both O2 and CO2 concentrations, where the range for each
cell was set to 1%. Assuming a uniform distribution for measurement
errors, the resulting uncertainty for O2 and CO2 concentrations was
quantified as 1% divided by

√

3. The washout test was conducted in
the empty, sealed chamber following a propane combustion test, while
maintaining a constant flow rate of 150 L/min.

4. Results and discussion

The measurements of O2 and CO2 during the washout experiment
performed in our metabolic chamber are shown in Fig. 7(a). The
concentration of CO2 in the chamber at the beginning of the washout
experiment, performed after a propane combustion validation test, was
0.526%, while the concentration of O2 was 20.213%. Fig. 7(b) shows
the measurements of the air inflow rate during the same washout
experiment when the reference value was set to 150 L/min. On the
whole period the air inflow mean value was 150.00 L/min, with a
standard deviation of 0.06 L/min.

The monoexponential model in (6) and (7) with the parameter
estimated by our proposed procedure achieved an almost perfect fit
to the experimental data (R2 >0.999), indicating the appropriateness
of the model for the data obtained during the washout tests. The
estimated WRIC volume and its relative uncertainty, calculated using
the proposed method described in Section 2, as a function of the
duration of the washout experiment are shown in Fig. 8. The expected
value of the chamber volume VWRIC stabilized at a value of about
20920 L after 4−5 h, which corresponds to a chamber time constant of
𝜏 ≈ 140 min at an average inflow rate of ̄̇V = 150 L/min. Considering
𝑖𝑛
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Fig. 7. Measurements of O2 and CO2 concentrations (a) and air flow rate (b) during
the washout experiment carried out in the Pisa metabolic chamber.

this estimate of the chamber time constant, it can be seen that the
general rule given in Section 2.2 for the duration of the washout test
applies to this experiment. After 2𝜏, i.e. about 4 h and 40 min, the
expected value of the chamber volume VWRIC reaches its steady state,
having overcome the initial fluctuations due to noise in the measured
data during the first hours of the experiment. Furthermore, after 2𝜏, the
relative uncertainty of the chamber volume estimate has approximately
reached its minimum (steady state) value, while remaining constantly
below 0.2%. The data shown in Fig. 8 were truncated at 9 h to prevent
the argument of the logarithms in (12) from becoming negative, as
expected after 4𝜏, i.e. in this case 9 h and 20 min. It is important to note
that the arbitrary truncation of the washout experiment for data analy-
sis does not invalidate the accuracy of our volume estimation method,
which gives less weight to time points in the right tail of the washout
experiment where the CO2 concentration approaches its steady-state
value (i.e., the CO2 concentration in the fresh air). Nevertheless, the
relative uncertainty of the chamber volume estimation obtained by
the weighted mean of the results of O2 and CO2 decreases to values
below 0.1% before 9 h. Fig. 9 shows the results of nonlinear regression
analysis of the same experimental data using the MathWorks® MAT-
LAB built-in function fitnlm. By comparing the results of nonlinear
regression analysis in Fig. 9 with the results obtained by our proposed
analysis technique in Fig. 8, there was overall substantial agreement
between the two methods over the course of the washout experiment,
especially in the early hours, with the steady-state estimates of VWRIC
differing by less than 2%. The small discrepancy in the estimated value
of the chamber volume could be attributed to the inherent numerical it-
erative estimation procedures of nonlinear weighted regression. In fact,
as the duration of washout experiments increases, the weight values
become extremely small, causing the condition number of the design
matrix to become very large. This can result in numerical instability
during the fitting procedure. Unlike nonlinear regression, our proposed
method allows the uncertainty of the chamber volume to be estimated
analytically by propagating the uncertainties of the gas analyzers and
the Mass Flow Controller (MFC) through the equations of the dynamic
chamber model. In addition, our method does not require the choice
of an initial value for the chamber volume and provides a closed-form
estimate of the chamber volume by direct application of formula (12),
7

Fig. 8. Estimates of chamber volume (VWRIC) (a) and its relative uncertainty (b) from
measurements of O2 and CO2 concentrations and the weighted average of their results
(WM) as a function of time of a washout experiment performed in the Pisa metabolic
chamber using the proposed analytical technique.

Fig. 9. Estimates of chamber volume (VWRIC) (a) from measurements of O2 and CO2
concentrations and the weighted average of their results (WM) as a function of time
of a washout experiment performed in the Pisa metabolic chamber using the nonlinear
exponential fit.

(13) (14), (20) and (21) to experimental data, rather than numerically
through an iterative procedure as in nonlinear regression, which may
not converge to the global minimum and does not guarantee to obtain
the optimal estimate.

The significance of the chamber volume estimate obtained by a
weighted average of the O2 and CO2 results (Section 2.3) can be seen in
Fig. 10. This figure shows a summary of the chamber volume estimates
obtained at each hour during the washout experiment, along with their
corresponding uncertainty bands (set to 𝜅 = 3). It is worth noting that
as time progresses during the experiment, the uncertainty decreases
in all three cases, as indicated by the narrowing of the bands. What
stands out, however, is the consistent reduction in uncertainty for the
chamber estimate derived from the weighted average of the O2 and
CO2 results. This reduction is consistently about

√

2 times smaller
than the uncertainties obtained from the individual analyses of the O2
and CO2 measurements. This result is expected since the O2 and CO2
measurements have similar uncertainties. Overall, the chamber volume
estimate based on the weighted average proves to be more robust and
reliable, making it a crucial factor in our analysis.

Since measurements of both gases are available in modern WRIC
systems, even if the O and CO analyzers have different levels of
2 2
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Fig. 10. Comparison between hourly chamber volume estimate from analysis of
measurements of O2 and CO2 concentration, and as a weighted mean of the two (WM).
The uncertainty bars are shown with 𝜅 = 3.

accuracy, it is considered best practice to utilize both measurements
in order to calculate a weighted average of their results. This approach
enhances the accuracy of estimating the chamber volume beyond what
is already achieved by our existing method of weighting time points
during the washout test based on the inverse of gas measurement
uncertainties. Based on the results of this experiment, we have derived
the volume of the metabolic chamber at the University Hospital of Pisa
to be approximately 21012.19 ± 21.55 L, with a coverage factor 𝜅 = 2.

As is commonly done [3], our washout experiment was performed
with an empty chamber and thus provides an overestimate of the
effective air volume in human studies because it does not include the
subject’s body volume. Nevertheless, the value of chamber volume
estimated in such washout tests can be safely used in human sessions,
since even larger body volumes (e.g., 100 L) [18] account for less than
1% of the estimated chamber volume in our laboratory (21,012 L), as
well as typical chamber volumes of whole room calorimeters, which
are typically greater than 10,000 L.

Estimating the volume of a metabolic chamber via washout test
has distinct advantages over both LiDAR and traditional measurement
methods. While LiDAR has excellent accuracy for determining chamber
volume, its drawbacks, including high cost and the need for specialized
equipment and expertise, hinder its practicality for routine applications
in WRIC research. Conversely, the traditional measurement approach,
which relies on tools such as tape measures, has limitations in terms of
accuracy, especially when dealing with calorimeters of irregular shape
or in hard-to-reach areas. The time-consuming and labor-intensive
nature of this method further limits its suitability, especially for larger
or more complex spaces. Notably, both LiDAR and traditional mea-
surement methods are unable to capture variations in air volume due
to fluctuations in temperature and pressure within the calorimeter, a
critical limitation that is overcome by the washout test in metabolic
chamber estimation, which uses the same instrument used in normal
WRIC operations and does not require additional tools or expertise.

To quantify the improvement in V̇O2 resulting from using the cham-
ber volume estimate from our proposed procedure, we calculated the
mean difference between the calculated V̇O2 and the expected VO2
by stoichiometry from the amount of propane burned as measured
by a calibrated scale. We found that employing the chamber volume
estimate obtained by our procedure resulted in an 18% smaller error
in V̇O2 during the propane burn test as compared to using the volume
estimated from nonlinear regression (−2.5% vs. −3.0%, respectively).
However, it must be acknowledged that a ‘‘static’’ propane combustion
test is not the best experimental setting to evaluate the improvement
in V̇O2 accuracy resulting from a more accurate chamber volume
estimate. Because chamber volume multiplies the time derivative of gas
concentration, a greater gain in accuracy is expected in more dynamic
tests, such as those that mimic exercise bouts. As recommended by the
reviewer, we have now added these results and related discussion to
the text.
8

5. Conclusion

In this study, we have detailed a novel analytical procedure to
derive the metabolic chamber volume and its uncertainty from washout
experiments. Specifically, we used a weighted least squares approach
based on the uncertainty of the gas concentration and airflow mea-
surements, which gives greater weight to measurements with lower
uncertainty (e.g., gas concentration in the first few hours of the washout
test), with the goal of obtaining a more accurate estimate of the
chamber volume. The analytical results were consistent with the ex-
pected reference value for the chamber volume, and the analytically
evaluated uncertainty was consistent with that calculated by Monte
Carlo simulations. In particular, our analytical framework allowed us to
derive some general guidelines for estimating chamber volume during
such a washout test.

First, the relative uncertainty in the chamber time constant 𝜏 affects
the uncertainty in the resulting chamber volume much more than that
of the airflow rate. Accordingly, given the WRIC instrumentation in
our laboratory, an investment in the accuracy of the airflow controller
would not provide a substantial improvement in the measurement of
chamber volume compared to having accurate gas analyzers.

Second, given an approximate estimate of chamber volume based
on a geometric calculation of chamber dimensions, and considering
initial chamber gas concentrations that differ from those in fresh air,
the duration of the washout test should be between 2𝜏 and 4𝜏 to
remain within the applicability limits of our presented method, thus
minimizing the relative uncertainty of the estimated chamber volume.

Third, since both O2 and CO2 concentrations are available during
the washout test, the chamber volume estimates obtained by applying
our procedure separately to measurements of both gases can be av-
eraged by weighting for the respective analyzer uncertainty, further
improving the precision of the volume estimate and, ultimately, the
accuracy of the WRIC outcome measurements.
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