WELL-POSEDNESS BY NOISE FOR SCALAR CONSERVATION
LAWS

BENJAMIN GESS AND MARIO MAURELLI

ABSTRACT. We consider stochastic scalar conservation laws with spatially in-
homogeneous flux. The regularity of the flux function with respect to its
spatial variable is assumed to be low, so that entropy solutions are not neces-
sarily unique in the corresponding deterministic scalar conservation law. We
prove that perturbing the system by noise leads to well-posedness.

1. INTRODUCTION

In this paper we prove a well-posedness by noise result for the inhomogeneous scalar
conservation laws

(1.1)  du(t,x) + b(z,u(t,z)) - Vu(t, ) dt + Vu(t,z) odW; =0 on [0,T] x R%,
u(0, -) = uo.

If the vector field b lacks sufficient regularity with respect to the space variable =z,
ill-posedness can appear. For a counterexample see below. In contrast, the
main result of this paper (Theorem below), here stated in a slightly simplified
version, shows that noise restores well-posedness for some of these vector fields:

Theorem. Assume thatb € L2, (L)NLL, (WYL ) and thatdivb e LY, (L1)N

u,loc u,loc x,loc u,loc

LP(L%,. ) for some p > d, p < co. Then, for every initial datum ug in (L' N

u,loc

L>=)(RY), there exists a unique entropy solution u to (1.1)).

The question of regularization and well-posedness by noise for SPDE has attracted
considerable interest in recent years. One of the driving hopes in this field is to
obtain the well-posedness by noise for nonlinear PDE arising in fluid dynamics,
for which the deterministic counterpart does not or is not known to allow unique
solutions. Despite considerable effort, only partial results in this direction could be
obtained so far, cf. e.g. Flandoli [22], Flandoli, Romito [26}[27], Delarue, Flandoli,
Vincenzi [16] and the references therein. In the linear setting (i.e. for b independent
of u), one of the prominent works in this direction by Flandoli, Gubinelli, Priola
is [23] in which the well-posedness by noise for linear transport equations with
irregular drift has been shown. More precisely, while weak solutions to

(1.2) dwu(t,x) +b(x) - Vu(t,z) =0 on [0,7T] x R?

(omitting the initial condition for simplicity of notation) are not necessarily unique
if divb ¢ L>°(R?) (cf. DiPerna, Lions [17], Ambrosio [1]), it has been shown in [23]
that weak solutions to

(1.3) du(t, z) 4 b(z) - Vu(t,z) dt + Vu(t,z) o dW; =0 on [0,T] x R?
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are unique, provided b € C(R?) for some « € (0,1), divb € LP(R?) for some p > 2
and W, denotes a standard d-dimensional Wiener process. As pointed out in [23]
their result yields the first concrete example of a partial differential equation related
to fluid dynamics that may lack uniqueness without noise, but is well-posed with a
suitable noise (cf. |23, p.3, 1.1 fI.]). On the other hand, as observed in [22,23], in
the nonlinear setting (d = 1 for simplicity)

(1.4) Owu(t, ) + pu?(t,z) =0 on [0,T] x R

the same type of noise seems to be of little use, since the stochastically perturbed
equation

(1.5) du(t,z) + 0pu*(t,z) dt + Opu(t,x) odWy =0 on [0,T] x R

reduces to the deterministic case (|1.4)) via the transformation v(t, x) := u(t, z+Ws).
That is, if u is a solution to hen v is a solution to and vice versa.
In particular, shocks and non-uniqueness of weak solutions still appear in .
Hence, no well-posedness by noise, nor regularization by noise seems to be present
in this case and it was concluded in [23]: The generalization to nonlinear transport
equations, where b depends on u itself, would be a major next step for applications
to fluid dynamics but it turns out to be a difficult problem (cf. [23| p.6, 1.11 ff.]).

The purpose of this work is to shed more light on the effect of linear multiplicative
noise on nonlinear scalar conservation laws. In contrast to the above observation,
we show that a similar effect of well-posedness by noise as obtained in [23] for
can be observed for (nonlinear) scalar conservation laws. More precisely, we
consider inhomogeneous scalar conservation laws with irregular flux of the type

(1.6) dwu(t, ) + b(x, u(t,z)) - Vu(t,z) =0 on [0,T] x RY,
u(0, -) = wo,

with a possibly space-irregular b. In particular, this includes the special case of
inhomogeneous Burgers’ equations b(x,u) = 2b(x)u. The model example

(1.7) b(x,u) = 2sgn(x)(v/|z| A K)u
for some K > 0, ug(-) = 1j94)(-), d = 1 shows that entropy solutions to (1.6 are
not necessarily unique. Indeed, fix some time 7" > 0 and choose K > T/2 41
for simplicity. Then, there are several entropy solutions to (1.6), including the
following two particular ones

1 ifo<z<(L+1)° 1if — () <a<(t+1)°
ul(t,x)::{ if0<a<(5+1) uQ(t,ac):—{ 1 (3) <z<(3+1)

)

0 otherwise ’ 10 otherwise

on [0,7] x R. In contrast, the main result of this work (Theorem shows that
entropy solutions to the stochastically perturbed scalar conservation law (1.1) are
unique, under certain assumptions on b and its divergence. Note that atis—
fies these assumptions. Hence, this demonstrates that linear multiplicative noise
has a similar regularizing effect in the case of nonlinear scalar conservation laws
with irregular flux as it was obtained in the linear setting (i.e. for linear transport
equation ) in [23]. To the authors’ knowledge, this provides the first example
of a nonlinear scalar conservation law that becomes well-posed by the inclusion of
noise.

Let us comment more on the role of the noise in the presence of spatial inhomo-
geneities. In this setting, the transformation v(¢, x) := u(t, x + Wy), applied to
above, gives

owv(t,x) + bz + Wi, v(t,z)) - Vo(t,z) =0 on [0,T] x R%
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Hence, the noise induces a random shift of the flux function in its spatial variable.
As for the Burgers’ equation , and contrary to the linear transport equation
this random shift cannot prevent the occurrence of shocks. However, our main
result indicates that, as in the linear setting, this random shift still has an averaging
and thus regularizing effect on spatial inhomogeneities.

Scalar conservation laws with irregular flux in divergence form have been used in
several models, including models of traffic flow, flow in porous media and sedimen-
tation processes (cf. Crasta, De Cicco, De Philippis [12]). In the present work,
we choose to consider the non-divergence form in order to allow comparison to the
results obtained in [23] and by Beck, Flandoli, Gubinelli, Maurelli in [7]. We expect
that related arguments can be also applied to the corresponding divergence type
equations, as it was demonstrated in the linear setting in |7], although nontrivial
differences with the non-divergence case may arise (see Remark . This will
be treated in a subsequent work. The respective study of conservation laws with
irregular flux has attracted considerable interest in recent years, see Andreianov,
Karlsen, Risebro [2/3], Crasta, De Cicco, De Philippis, Ghiraldin [12}|13], An-
dreianov, Mitrovi¢ |4] among many more. Due to the spatial irregularity of the
flux, entropy solutions to are typically non-unique and several selection cri-
teria to select a unique entropy solution have been introduced, corresponding to
different physical phenomena and relative approximation procedures. Therefore,
the study of selection methods for is of high interest. The well-posedness
result for

(1.8)  du(t,z) + b(z,u(t,x)) - Vu(t,z)dt + oVu(t,x) odW; =0 on [0,T] x R?,
u(0, ) = uo,

with ¢ > 0 obtained in this paper opens the way to study selection principles by
vanishing noise o — 0. In the case of linear transport equations with irregular drift
such vanishing noise selection methods have been analyzed by Attanasio, Flandoli
[5], Delarue, Flandoli [5,/15] and it should be noted that in general the vanishing
viscosity selection does not coincide with the vanishing noise selection. In analogy
to linear stochastic transport equations , stochastic scalar conservation laws
model the evolution of passive scalars in turbulent fluids, so-called Kraichnan
models.

The literature on regularization (i.e. improvement of regularity) and well-posedness
(i.e. existence, uniqueness and possibly stability) by noise is vast and giving a com-
plete survey at this point would exceed the purpose of this paper. Therefore, we
will restrict to those that seem most relevant for the content of this work and refer
to Flandoli [22], Flandoli, Romito [261]27], Gyoéngy, Pardoux [32], Butkovsky, Myt-
nik, Leonid [§] for further references and a more complete account of the literature.
Concerning the case of transport equations with irregular drift , we mention
the works by Flandoli, Gubinelli, Priola [23]/25], Flandoli, Fedrizzi [21], Beck, Flan-
doli, Gubinelli, Maurelli |7] and the references therein. In particular, we would
like to emphasize the work [6] by Attanasio, Flandoli which provides a purely ana-
lytic approach to the effect of well-posedness by noise for , since the proof has
served as an inspiration for some of the steps of the proof presented in this paper.
A regularization by noise effect for has been first obtained in [21] where it has
been shown that solutions to are smooth if the initial condition is, assuming
that b satisfies certain integrability conditions, slightly more restrictive than the
Ladyzhenskaya-Prodi-Serrin condition. A PDE-based approach and a generaliza-
tion of these results to drifts b satisfying the Ladyzhenskaya-Prodi-Serrin condition
and to divergence-type equations has been given in [7]. A path-by-path approach to
well-posedness by noise has been introduced by Catellier, Gubinelli in [10] and was
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used by Catellier in [9] for transport equations. Another approach based on Malli-
avin calculus has been introduced by Menoukeu-Pamen, Meyer-Brandis, Nilssen,
Proske in [42] and developed in a series of papers, cf. e.g. Mohammed, Nilssen,
Proske [43] on transport equations. We also refer to Duboscq, Réveillac 18] for a
generalization of [23] to SDE with random drift.

In some (typically nonlinear) situations, the spatial dependence of the noise coef-
ficients has proven to be crucial in order to obtain well-posedness by noise results.
More precisely, in Flandoli, Gubinelli, Priola [24] well-posedness by spatially depen-
dent linear transport noise for point vortex dynamics informally related to stochas-
tic 2D-Euler equations has been shown. In |16] it has been shown that the same
type of noise can prevent the collapse of point charges in Vlasov-Poisson equations.
More recently, regularizing effects of nonlinear noise in the setting of (nonlinear)
scalar conservation laws has been observed by Gess, Souganidis in [31] and in the
setting of fully nonlinear PDE by Gassiat, Gess in [28]. Well-posedness of stochastic
scalar conservation laws with random flux has been considered by Lions, Perthame,
Souganidis [37,|38], Gess, Souganidis, [30], Mariani [41].

We next present the idea and an outline of the proof. Our treatment of is based
on the kinetic formulation of (stochastic) scalar conservation laws as introduced by
Lions, Perthame, Tadmor in [39]. For a function u : [0,7] x R? — R we introduce
the kinetic function (¢, z,&) : [0,7] x R x R — R by

(19) X(taxag) = X(U(t,fﬂ),f) = 1£<u(t,w) - 1§<0-

In the case of a smooth spatial inhomogeneity b and smooth driving signal W, u
is an entropy solution to ([L.1)) iff x solves the following equation,in the sense of
distributions,

(1.10) drx = —b(xz,£) - Vx — Vx - W; + dem,

where m is a nonnegative bounded random measure on [0,7] x R% x R and the
derivatives are intended with respect to x unless differently specified. In the general
case of , we take , as the definition of an entropy solution to ,
where now the term Vy - W, should be interpreted as a Stratonovich integral, or
more precisely,

(1.11) Ox = —b(z,8) - Vx — Vx odW; + 0em
1
= —b(z,§) Vx — Vx - dW; + §AX + 0em

see Definition 2.8 below for details. As in the deterministic case, the notion of a
generalized kinetic solution is convenient in the construction of an entropy solution
since, roughly speaking, the class of generalized kinetic solutions is stable under
weak limits. Roughly speaking, a function f is said to be a generalized kinetic
solution to if f solves for some nonnegative measure m and |f| =
sgn(€)f <1, 0¢f = dp — v for some nonnegative measure v. The key difference to
an entropy solution is that f is not assumed to be of the form of an kinetic function
for some function u.

The main difficulty then lies in proving that generalized kinetic solutions are in
fact entropy solutions, which boils down to proving |f| =1 a.e.. In order to prove
this we aim to estimate the difference |f| — f? based on . The proof now
consists of two steps. In the first step, an (in)equality for |f| — f? is derived based
on renormalization techniques (cf. [1,/17]) using the assumption b € L%,loc(Wajl:lloc)'
Informally, this leads to the equality

Oc(|f1 = f2) + b(@,) - V(If| = f2) + V(] = f?) 0 dW¢ = (sgn(€) — 2f)dem.
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Passing to the It6 formulation and taking the expectation, we informally “gain a
Laplacian” similarly to [6]. The main difficulty at this point that is due to the
nonlinearity of is the additional singular term Jdgsm. To handle this term,
in the second step, we integrate in both w and ¢ (in the Ité formulation), which
informally yields

o [E(lf - £2)d+ [ ow&)- VES| - Fdg+ 58 [ B - e
—E [ plsgn() - 2/)0emde.

Since O¢ f = dp — v < § this implies
o [B(fI- ) ds+ [b.) VE(S - e+ 3a [B(f - £2)d <0

This is a linear parabolic PDE in [E(|f| — f?)d¢, but, in contrast to the linear
setting (i.e. for linear transport equation) in [6], this PDE is not closed, since it
involves both [E(|f|—f?)d¢ and [ b(z,&)-VE(| f|— f?) d€. The rigorous analysis is
carried out by passing to the distributional form. The problem that the above PDE
is non-closed then relates to finding a nonnegative test function ¢, independent of
&, that satisfies for every &,

Orp + div(b(z, &)p) + Ap < C,

for some constant C' > 0. In the analysis of this PDE, we rely on the boundedness
assumption on b and the integrability assumption on divb. We conclude (Lemma

that
B[ (nl-saae<c | (1= £ dsas,

which implies that |f| = 1 and ends the proof.

Remark 1.1. Scalar conservation laws in divergence form
Opu + div(b(z, u)u) =0,

with spatially irregular drift b, can have different pathological behaviour than equa-
tion (1.6)), such as concentration of mass. For further details we refer to [7,/29] and
the references therein.

1.1. Notation. We let (€2, A, P) be a measurable space, (F;); be a normal filtration
on (9, A, P) (i.e. (F¢); is right-continuous and Fy contains the null sets of (€2, A, P))
and W = (W,); be a d-dimensional Brownian motion on € with respect to the
filtration (F);. For a o-finite measure space (F,&, ), we say that a function
f: E — R is measurable if, for every Borel subset A of R, f~1(A) is in £. Given a
Banach space V, we define L°(E;V) = L°(E, &, u; V) in two cases:

(1) if V = U* is the dual space of a separable Banach space U, LY(E;V) is
defined as the space of classes of equivalence, under the relation “f = g
p-a.e.”, of weakly-* measurable functions f : E — V| i.e., for every ¢ in U,
x — (f(x),p)vu is measurable. This applies to the case of V. = M(D),
the space of finite signed measure over a domain D of R, L>°(D), L?(D)
for 1 < p < o0;

(2) if V is separable, L°(E; V) is defined as the space of classes of equivalence,
under the relation “f = g u-a.e.”, of weakly measurable functions f : £ —
V, ie., for every ¢ in V*, & — (f(x), p)v,v~ is measurable. This applies
to the case of V' = Cy(D), the space of continuous bounded function on a
domain D of R™ vanishing at infinity, L*(D), LP(D) for 1 < p < 0.
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Similarly, one can define LP(E;V). When V = R we simply write L°(E), LP(E)
(the usual LP spaces). For a metric, locally compact, o-compact space S, the
space M(S) denotes the space of finite signed Borel measures on S, M (S) the
subset of finite nonnegative Borel measures. More details on these spaces and on
measurability issues are given in the appendix. When not otherwise stated, the
spaces 2, resp. [0,7] x Q are considered endowed with the c-algebrae A, resp.
B([0,T)) ® A; P denotes the progressive o-algebra on [0,7] x 2, progressive mea-
surability is measurability with respect to P. We use progressive measurability
instead of predictability because cadlag adapted process are P-measurable. The
stochastic Fubini theorem [45, Exercise 5.17], that we put to use later-on, is stated
for predictable processes but can be immediately extended to progressively mea-
surable processes in our context (where the martingale part of the integrator is a
Brownian motion or an integral with respect to Brownian motion). The concepts of
entropy solutions, kinetic solutions, generalized kinetic solutions, kinetic measures
have always to be understood in the sense of equivalence classes, although we will
often consider them as functions when this does not create confusion. In cases
where we need to work with representatives this will be indicated, although we will
often use the same symbol for the class and the representative.

The variables t, w, z, £ denote elements resp. in [0,7], Q, RY, R. We often use
the short notation L2, L My, ... for the spaces LP(R?), LP([0,T] x Q x

t,w,x?

R?), ... and L’g (—R,r) for the space LP([-R, R]). We also use the notation b €
LE(Lgioe)s b € Lé’lOC(VVl’1 ), ... to state that b € LZ(LEO[fR,R]) for every R > 0,

xz,loc

be L%,[—R,R](W;:}B’R) for every R > 0, .... The symbols V, div, A, if not differently
specified, are referred to derivatives in x, while derivatives in ¢ and £ are denoted
by 0¢, O¢. As usual in probability theory, ¢, denotes the evaluation at time ¢, that
is, ¢t = @(t) [note however that the subscript ¢ in 0; does only denote the time
derivative and not its evaluation at ¢: in particular, fg goppdr = fgg(r)ﬁtgo(r) dr
denotes the integral from 0 to ¢ of g times the time derivative of ]. The symbol (-, -)
denotes the scalar product in Li T unless differently specified. For example, (-, )¢,2.¢
denotes the scalar product in L7, .. Sometimes, for a measure m on [0, T] x RY x
R, we use the notation (m,p)dt for [, . @(t, z,&)m(dt, dz,df). The convolution
operator is denoted by #,4.-, where var stands for the variable (usually z or & or
both) for which the convolution is performed. The function p denotes a smooth
nonnegative compactly supported even function on R? such that f]Rd plx)dx =
1, and p° := e 9p(e~!.). Similarly p denotes a smooth nonnegative compactly
supported even function on R such that [ p(€)dé = 1, and p° = 6~ 1p(671). In
statements and proofs, the letter C' denotes a generic positive constant, which can
change from line to line and can depend on d (dimension) and p (integrability
exponent assumed for divb). In accordance to we use the notation x(&,u) =
lecu — leco. When we use the kinetic formulation, we write b for b(z, §).

1.2. Organization of the paper. In Section [2[ we introduce the notions of en-
tropy, kinetic and generalized kinetic solutions to , prove a flow-transformation
result linking to a scalar conservation law with random coefficients and prove
the existence of generalized entropy solutions based on stable LP-estimates. Some
subtle measurability properties are postponed to the second Appendix [f] The re-
sults and definitions in Section [2] are applicable under mild assumptions on b and,
in particular, apply without change to the non-perturbed case. In Section [3] it is
shown that generalized entropy solutions are entropy solutions and their uniqueness
is deduced using certain parabolic PDE estimates given in the first Appendix [
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2. DEFINITIONS AND THE EXISTENCE OF GENERALIZED KINETIC SOLUTIONS

In this section we give some general definitions and results, which hold also without
noise. In the case of a smooth vector field b, there exists a unique entropy solu-
tion. In the general case, even the existence of an entropy solution may not hold
in general. However, one can get the existence of a so-called generalized kinetic
solution.

We start defining the concept of an entropy solution.

Definition 2.1. A (stochastic) bounded kinetic measure is a map m : Q —
M([0,T] x R? x R), weakly-* measurable, satisfying the following properties:
(i) m € L®(Q;M([0,T] x R? x R));
(ii) m is a.s. non-negative and supported on [0,7] x R? x [~ R, R] for some
R > 0 independent of w;
(iii) for every ¢ € C°([0,T] x R? x R), the process (t,w) Jio.qxma g © dm
is progressively measurable.

Here and in what follows, we can extend definitions and formulations to test func-
tions ¢ which are not necessarily compactly supported in the £ variable, because
of the assumption that m is supported on [0,7] x R? x [~R, R].

Definition 2.2. Let b € L} (R*1) with divd in L} (R*1) and let uy € (L' N
L>)(R%). An entropy solution to is a measurable function u : [0, T] x QxR? —
R, such that x(t,w, z,§) = x(u(t,w,),§) = lecy(tw,z) — le<o satisfies the following
properties:
(i) x € L>=([0,T] x2; L*(R% xR)) and is supported on [0, T] x 2 xR¢ x [~ R, R]
for some R > 0;
(ii) x is a weakly-* progressively measurable L2°-valued process;
(iii) there exists a bounded kinetic measure m such that, for every test-function
© € ([0, T] x R% x R), it holds, for a.e. (¢,w),
t ¢
(ivir) = (o) + [ (1D + divlbla, @) dr+ [ (T aw

1t
(2.1) + = / (x, Ap) dr — / D¢ dm,
2 0 [0,¢] xR xR

with XO(xvg) = 1£<u0(r) - 1§<O~

The function y is called a kinetic solution.

The well-known definitions of entropy solutions, kinetic solutions and kinetic mea-
sures in the case of deterministic scalar conservation laws are recovered in the above
definitions by removing the w dependence, the progressive measurability assump-
tions as well as the second order term and stochastic integral in .

Remark 2.3. (i) For every kinetic solution y and test function ¢ € C2°([0,T] x
R? x R), (t,w) = (x¢,¢¢) is a semimartingale admitting a cadlag version. More
precisely, it admits a version which is the sum of a continuous martingale and a
process with BV paths. Indeed, for every ¢ and every representative of m, for

a.e. w, the function ¢ = [, 1 ga, 5 Ocp dm is of finite variation.

The processes f[07 {]xRIXR Osp dm and f[07 £)xRIXR Ocp dm are progressively measur-
able and resp. cadlag, caglad. Moreover, the (random) times where the paths are
discontinuous depend only on m and not on ¢.

(ii) More general, let ¢ : [0,7] x 2 x R? x R x R™ — R be a measurable bounded
function such that: 1) for every (z,&,z2), (t,w) — ¢(t,w,x,&, z) is progressively
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measurable; 2) for a.e. w, (¢,2,&,2) = o(t,w, z, &, z) is continuous. Then, for every
representative of m, the maps

(t7 z7w) ’_> @(T7w7x7§7z)m(r7x7§) drdxd€7
[0,t]xRE xR

(t,z,w) — p(ryw,z, &, z)m(r,z, &) drdzd
[0,t) xRe xR

are measurable and:
1) for each z fixed, progressively measurable in (¢,w);
2) for a.e. w, with zero set independent of z, and each z fixed, cadlag, resp. caglad,
in t;
3) for a.e. w, with zero set independent of ¢, and each ¢ fixed, continuous in z.
This result follows from the combination of the following two facts: a) We can
apply Remark (ii) below to z fixed to get the progressive measurability and
cadlag/caglad property, the latter depending only on m and not on z. b) The inte-
gral is continuous with respect to z, as consequence of the dominated convergence
theorem.

Remark 2.4. By equation (2.1), for every test function ¢ € C°([0,7] x R? x R),
the quadratic covariance between (x, Vo) and W is [(x, V), W], = fot<x,Ag0> dr
for a.e. (t,w). Note that by abuse of notation we here use (x, Vg) to also denote
its cadlag version.

Therefore, the Stratonovich integral fot (x, V) odW makes sense and equation ([2.1])
can be rewritten as
t

(e 01) = (0> 90} + / O Dup -+ div(bi)) dr + / (. Vi) o dV

- / 85(,0 dm.
[0,t] x R4 xR

In particular, we see here that equation (2.1]) is of hyperbolic type.

Remark 2.5. By the definition of x we have immediately that, for every 1 < p < oo,
for a.e. (t,w,x),

ult,w, ) = /R (b, €) de,

(2.2) %|u(t,w,x)\p:/R\§|pflsgn(§)x(t,w,x,§)d{.

Therefore, the weakly-* progressive measurability of x implies that of u and |u|?.

Conversely, if u is an L°-valued weakly-* progressively measurable process, then by
Propositionbelow u is P@B(R?)-measurable as a real-valued function of (¢,w, )
(more precisely, there exists a version of u which is P®B(R?)-measurable). Since
(v,€) = lecy — le<o is Borel measurable, the function (¢,w,z,&) — x(t,w,z,§)
is PoB(RY) ® B(R)-measurable; that is, y is a L3 e-valued weakly-* progressively
measurable process.

From the formulas above and the fact that x = 0 for |£| > R, it follows that u is
in L°°([0, 7] x ; L>=(R%)) N L>=([0,T] x Q; L*(R%)). Hence, u is in L>([0,T] x
Q; LP(RY)) and y is in L>=([0,7] x Q; LP(R? x R)) for every p € [1, 00].

2.1. A flow transformation. Before giving the existence result, we recall the
following transformation that links equation (|1.1)) to a scalar conservation law with
random coefficients.
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Proposition 2.6. Let b € L} (RY) with divb in L} (R, A function u is
an entropy solution to (1.1) iff the function u(t,z) := u(t,x + W) is L -valued
weakly-* progressively measurable and is a.s. an entropy solution to

(2.3) owu(t, x) + b(x + Wy, a(t, x)) - Va(t,z) = 0.
More precisely, x = x(u) is a kinetic solution to (1.1) with kinetic measure m iff:

(i) X(t,2,8) == lecattwae) — le<o = Xtz + Wi, §) is L -valued weakly-*
progressively measurable.
(i) m(t,z,&) = m(t,x + Wi, §) is weakly-* progressively measurable, that is,
for every 1 € C°(0,T] x R? x R), the process (t,w) f[w]deX]szdTh
18 progressively measurable.
(iii) For a.e. w, X is a kinetic solution to with kinetic measure m*. In
particular, in the sense of distributions,

(2.4) O X + b(x + Wy, &) - VY = deri.

Proof. Step 1: Progressive measurability.

Progressive measurability of y can be deduced from progressive measurability of
x and vice versa. Indeed, for every ¢ in C°(R? x R), (X, @) = (x, p(x — Wy, &))
is progressively measurable, by Remark A similar reasoning applies to m:
For every ¢ € C>([0,T] x R? x R), the process (t,w) + f[o fxrixr P M =
f[o HxRIXR o(r,x — W,., &) dm is progressively measurable, again by Remark

Step 2: Equation (2.1]) implies (2.4).

Since (X, @) = (x, p(x — W4, €)) for any (deterministic) test function @, the state-
ment would follow if we could take @(x — W) as a test function. Unfortunately,
this is not possible, since @(x + W;) is not deterministic. Therefore we use a regu-
larization procedure: We consider x¢, a regularization of y with respect to x and &.
Then, for fixed 2 and &, we multiply x© by @¢(z — W;) using Itd’s formula, integrate
in x and ¢ and pass to the limit e — 0.

We consider a regularization of x in both z and &, i.e. x§(x,&) = (xt, pe(x —
)pe(§ — ). For every (z,¢), we have the following equation, outside a null set
possibly depending on (z,€) and e:

vwa@=x%m%o+[}xmww»mu—»m@—o»w
t ~ 1 t -
+ [ Ve —pte=naw + 5 [ v dnte= (e ar

—/)Om%m@—dm@—JMﬁ
[0,]

We multiply x€ by ¢(t,x — Wy, £) and use Itd’s formula for cadlag processes (see, for
example, [44, Chapter II Theorem 33]), applied to f(z,y) = zy. Note that no jump
term appears here because the function f is bilinear and thus, with the notation of
Protter |[44] Chapter IT Theorem 33], f(zs,ys)— f(zs—, ys) — Oz f(xs—,ys) - Axs = 0.
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Hence, we get, outside a null set as above,

Xe(t, z, 5)95@’ T — Wt7 5)

= (0, 2,)3(0,2,6) + / X (12, €)0up(r, & — W, €)dr
4 / (tadiv(b(, Ype(e — )Pl — )P — W, €) dr
0

+ / 06 Vel — Vpel — )@,z — W,€) dW
0

1

3 | tesnia=pie = st - weyar

_ /[0 ) (m, pe(x — )epe(€ — ))@(r,x — W, &) dr

t7 . ,
- [ overa - woaw 5 [y 0agea - W ar
. 0

+ / (0 Vel = VelE = )) - V(r,a — W, €) dr.

By the stochastic Fubini theorem (see for example Revuz, Yor [45, Exercise 5.17])
and Remark all the addends have measurable versions in (¢, w, x, £); moreover,
for these versions the equality above is true for a.e. (¢, w,x, &), we can integrate in x
and in £ and exchange the order of integration. We do so and bring the convolution
on @: we get, with ¢(t,z,&) = @(t, x — W, §),

t t
(e 25) = (0> 06) + / (. Bty dr + / (. div(bet)) dr

¢ 1
+/<X,V@E>dW+f/
0 2 0

t 1 t t
—/O <X,V<p6>dW+§/O (x,Aﬁ)dr—/O (X, Ag®) dr

t

<X,A<p€>d7"—/[ ]<m,6gs05>dr
0,t

t

t
= <X0»<PS>+/ <X,5ts05>d?"+/
0 0

Finally, we let € go to 0 and use the change of variable £ = x — W%, to obtain

(25) (Res Be) = (X0 Bo) + /0 (%.03)dr + /0

(X,div(lxpe»dr—/[o ]<m785<p6>d7‘.
it

t

(%, div(5a)) dr — / (17, B ) .
[0,t]

This formula is valid for every ¢ smooth test function (with compact support), on
a full measure set in (t,w) which can depend on ¢. To make this set independent
of ¢, we use a density argument. Let D be a countable dense set in C°(R¢ x R)
and let F be a full measure set in (t,w) satisfying: for every (¢,w) in F and for
every ¢ in D, m(w) is a bounded measure and holds. Now, for a given test
function @, we take a sequence (@), in D converging to ¢ in C7; we pass to the
limit in for ¢,, (using that x is bounded for every (t,w)) and we get for
@ for every (t,w) in F'. The proof of the first part is complete.

Step 3: Equation and weak-* progressive measurability imply .

Since the strategy is similar to that of the first part, we will only sketch it. We
regularize y by convolving it with an approximate identity, obtaining x¢. The

progressive measurability hypothesis implies that x¢ is an Itd process. Therefore,
for every test function ¢, we can multiply it by (¢, + Wy, &) and apply Itd’s
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formula. By Fubini’s theorem, the stochastic Fubini theorem and Remark we
can integrate in x and in £ and exchange the order of integration. Then we bring
the convolution on ¢, let € go to 0 and change variable to get finally (2.1]). d

2.2. The case of smooth coeflicients. In this section we consider the case of a
smooth coefficient b € C2°(R%*1) and a smooth initial condition ug € C2°(R?) and
derive stable a priori bounds. For simplicity of notation, we set Ry = |lug|| .

Proposition 2.7. Let ug € C®(RY) and b € C°(RI*Y). Then there is a unique
entropy solution u to (L.1). Moreover, we have

(2.6) esssup sup |Ju(t)||pe < |luollLe
weR  te[0,T)

and, for every p > 1 finite,
(2.7) esssup sup |lu(t)||}, +pp — 1)/ //|§\p_2md§dxd7“
weQ tel0,T] (0,17

1 .
< lluoll7s + plluoll7oe div bl L1 (o, 1) xRa x|~ Ro, Ro)) -

Moreover, x and m are supported a.s. on [0,T] x R? x [~ Ry, Ro].

Proof. Step 1: We start with the equation
(2.8) ow + g(t,xz,v) - Vo=0

for some g € C([0,7]; C3(R*1)), i.e. three times continuously differentiable with
bounded derivatives, and initial condition uy € C°(R%).

We first note that, due to the regularity of g one may rewrite in divergence
form with a force. Following Kruzkov |33, Theorem 5 and Section 5], there exists
a bounded entropy solution v = v9 to . This solution can be constructed by
first approximating ¢ by a smooth ¢° and then considering a vanishing viscosity
approximation. That is, v can be obtained as an a.e. limit of the solutions v*° to

D0 + g (t, 2, v°) - Vu® = eAv©O.

The maximum principle applied to these equations yields [v%
Passing to the limit, we obtain the bound

(2.9) [vllzss, < fluollzge-

lLgs, < luollnee-

As a consequence of Lécureux-Mercier |36, Corollary 2.5 and Theorem 2.6], the solu-
tion v9 is in C([0, T); L' (R)) and is unique. Moreover, the map C([0,T]; C3(R¥*+1))
g+ v9 € C([0,T); L*(RY)) is locally Lipschitz continuous.

Denote by x = x¥ the associated kinetic solution. The bound ([2.9)) implies that, for
every t and for a.e. x, x(t,7,-) = x9(t,z,-) is supported on [—|lug||ze, [|uol|L=] =

1 2
[—Ro, Ro]. We have also [|x: _XSHLLE = [l — Vs and Ix{ —x? ||L3i,5 =v{ -

vf2 | 1. Consequently, y is in C([0, T]; L' (R*xR)) and the map C([0, T]; C(R*™1)) >
g+ x? € O([0,T]; L*(RY x R)) is locally Lipschitz continuous. As a consequence,
the maps

[0, 7] x C([0,T); Cy (R*)) > (t,9) = v € L'(RY)
[0, 7] x C([0,T]; Cy (R™)) 5 (t,9) = x{ € L'(R! x R)

are continuous.
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The existence of a kinetic measure m? associated to x9 can be derived as by Dalibard
in [14} Section 2.2] extended to the time dependent and non conservative case; that
is, for every ¢ compactly supported we have

(2.10) /[O . Ragsodmg=—<x%,w>+<x8,wo>
T xR x

T
+ / <Xga atSO + diV(g(T’, z, 5)@0» dr.
0

Therefore, m9 is uniquely determined and supported on [0, 7] x R? x [~ Ry, Ro] and
(2.10) is satisfied for all smooth ¢ compactly supported in z.

In order to obtain the estimate (2.7), we consider the test functions given by
(sgn(&)[€|P~ 1)1 e (2); here 11/ is an increasing sequence of smooth functions,
[0, 1]-valued, with values 1 on B, 0 on Bg/e and such that [V1)q . (x)| < 2€ for ev-

ery & and (sgn(€)[€]P 1) i= sgn(-)|- " re .. In particular, sgn(€) (sen(€)[€[P~ 1) s
a sequence of nonnegative functions converging pointwise on R\{0} to |£|P~. More-
over, in the case p > 1, d¢(sgn(&)[£[P~1)¢ converges pointwise on R to (p— 1)[£[P~2,
with the convention [0[P~2 = +o0 for p < 2 and [0|° =1 for p = 2. Due to (2.10),
we have

O, (sen(E)EP ) epr ) + / 9 (sgn(©)[eP ) e dm?

[0,t] xR xR d£

t
= (8, (sen(©)EP )b s0) + / (. div g(r, 2, €) (sgn(E) [P ~) ) dr

+ / (0, g 2, €)(sen(€)|E[PY) - Vb ) dir-

In the case p > 1, we take the lim inf for e — 0 and, recalling that x7 (sgn(¢)|£[P~1)c =
Ix7|sen(€)(sgn(€)|€[P~1)¢, we apply Fatou’s lemma for the second term on the left
hand side and the dominated convergence theorem for the remaining terms: we get

(el ler ) + -1 | €72 dimo

[0,5] xR xR
< {Ixgl, lelP~ + /;(ngla [div gllg]"~") dr.
Recalling and we obtain
o7l - 1) [ &2 dm?

[0,t] xRe xR

t
(211) <luallp+p [ [ [(aivo)ep 1z, dedsar
0

—1 .
< ||u0||1£p +PHUO||1£30 |d1Vg||L1([0,T]dex[—RO,R0])

In particular, taking p = 2, we see that [|m||aq, . is bounded in terms of uy and

[div gl L1 (jo,71xRé x [~ Ro, Rol) -
In the case p = 1, proceeding as before we get

d
v9||p1 + liminf — (sgn(&))Y1/e(x) dm?
ol timipt [ @) )
< HUOHL; + HdngHLl([O,T]dex[fRo,Ro])'

In particular, recalling again (2.2)), this gives the global L;,g bound

(2.12) S[%PT] IOy, < llwollzy + [1div gl Ly o, r1xre x [~ Ro Rol) -
tel0, ’



WELL-POSEDNESS BY NOISE FOR SCL 13

Step 2: We apply the previous results to g = b = b(x + Wi(w),u) and, by Propo-
sition [2:6] get the existence of an entropy solution with the desired estimates. The
technical details are not difficult but not immediate, since we have to pass from a
process with values in a space of functions of x to a measurable function of (¢, w, x):

1) The map (t,w) — a(t,w) = v?” is measurable bounded from B([0,T]) ® Fr to
B(LL), for every T, since it is the composition of the measurable map (¢, w) — (t,b%)
from B([0,T]) ® Fr to B([0,T]) @ B(C([0,T]; CZ(RI*1))) and the continuous map
(t,g*) — v{. Moreover the Ll-valued process % has time-continuous paths. So @
is actually measurable bounded from P (the progressive o-algebra) to B(Ll); in
particular, it is weakly measurable with respect to P. Therefore, by Proposition
there exists @ in L([0,7] x Q x RY, P @ B(R?)) version of @ (in the sense that,
for a.e. (t,w), u(t,w) = @(t,w)). By the L bounds, @ is in L

tw,x*

Similarly the map (t,w) + x(t,w) = x?" is measurable bounded from B([0, T]) @ Fr
to B(LQIL,@), for every T, and time-continuous and thus weakly measurable with
respect to P. Setting ¥ = la<¢ — lo<¢, X is a P ® B(RY) ® B(R)-measurable version
of y, it is in L' and supported on [~ Ry, Ro].

2) The map w + m(w) = m®" is bounded as an M, , ¢-valued function, nonnegative
and supported on [0, T] x R? x [~ Ry, Ro]. Concerning progressive measurability, for
¥ in C2°(]0, T] x R x R), call ¢ a primitive function of ). Then f[O,T]dexR Y dm =
[ depdim is Fr-measurable for every T by equation with g = b* (where
the right-hand side is Fr-measurable), moreover it has cadlag paths; hence it is
progressively measurable. By equation , x and m satisfy equation .

3) We call u(t,w,z) = a(t,w,z — Wi(w)), x(t,w,z,&) = x(t,w,x — Wi(w), ) and
m(t,w,z,§) = m(t,w,z — Wi(w),£): more precisely, for w fixed, we define m(w) as
the image measure of m(w) under (¢, z,&) — (t,x+Wy(w), ). Then, by Proposition
w and x are also L% -valued weakly-* progressively measurable, m is a kinetic
measure and wu is an entropy solution of , with kinetic function y and kinetic
measure 1.

4) Changing variable 2’ = x — W} in (2.11)) and in (2.12), we get the estimates (2.6)
and (2.7)). O

2.3. Existence of generalized kinetic solutions. We introduce the notion of a
generalized kinetic solution.

Definition 2.8. Let fy € (L' N L>)(R? x R). A generalized kinetic solution to
(1.1) is a measurable function f : [0,7] x Q@ x RY x R — R with the following
properties:

(i) f € L>=([0,T]x; L*(R%xR)) and is supported on [0, T| x 2 x R¢ x [~ R, R]
for some R > 0;
(ii) f is a weakly-* progressively measurable L°-valued process;

(iii) there exists a kinetic bounded measure m on [0, 7] x Q x R% x R satisfying:
for every ¢ € C°([0,T] x R? x R), it holds for a.e. (¢,w),

t

(213)  (fin) =(o o) + / (f, dusp + div(b(, £)¢)) dr + / (f. Vi) dW

1 7t
+*/ (f,A(p)dr—/ O¢pdm.
2 Jo [0,6] xR xR

(iv) there exists a kinetic bounded measure v on [0,7] x © x R? x R, which
moreover is in L>2([0,T] x Q, M(R? x R)), satistying: for every ¢ €
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C([0,T] x R? x R), it holds for a.e. (t,w),

(2'14) ‘f(tvxvf)l = sgn(§)f(t,x,§) <1, forae. <x7§)7
—0r0,) = - vy
<ft7 E@t> /(p(t,x,O) dx /Rde%d

A formal, short-hand notation for and is
Ouf +0(2,8) - Vf+VfodW,=0em,
and
[FI(t 2,§) = sgn(§) (£, 2,6) <1,
o =8~ v(t,2.6).
Remark 2.9. Kinetic solutions are a particular type of generalized kinetic solutions.
Indeed, if fo(z,&) := x(uo(x), &) and x is a kinetic solution to , with associated

kinetic measure m, then x is also a generalized solution with kinetic measure m
and v = O¢—y(t,w,2)-

The following theorem asserts the existence of a generalized kinetic solution.

Theorem 2.10. Let b € L}, (R with divb in Lg,.(L}) and ug € (L' N

L>=)(R%). Then there exists a generalized kinetic solution f to (1.1) starting from
fo(z, &) == x(uo(2),§)-

Proof. Step 1: Approximation of f and convergence.
We introduce smooth approximations: b € C°(RH1) of b with b* — bin L} .,
and divb® — divb in L, (Ly); ug € C>(R?) of ug with ||ug||z» < |Juol/ze for all
p>1and u§ — up in LL. We consider the corresponding unique entropy solution
u® (see Proposition ([2.7)) to

Ot (t, z) + b (z,us (¢, x)) - Vu© (t, x) + Vus(t,x) o dWy = 0;
that is x© = x(u®) solves
(2.15) O+ 0% (x,8) - VX + VX© 0 dWy = 0em”.

Since |x°| < 1 and x° are P ® B(R%*!)-measurable, the sequence x° converges
weakly-*, up to taking a subsequence, to a limit f in L>([0,7] x @ x R¢ x R, P ®
B(R*1)). In particular, f is weakly-* progressively measurable as an LY%e-valued
process.

Note that the sequence x¢, as B([0,T]) ® A® B(R*+1)-measurable processes, is also
weakly-* compact in L>([0,7] x © x R x R, B([0,T]) ® A® B(R4*+1)). Therefore,
up to taking a sub-subsequence, we can assume that x° converges weakly-* to f
also in L=([0,7] x @ x RY x R, B([0,T]) ® A ® B(R4*1)). In particular, we can
allow test functions of the form F'(w)e(t,z,§).

Step 2: Bounds and support of f.

Using Proposition and divb € Lg,, (L), we obtain that (x)™ = x“V 0 is
uniformly bounded in Lg%, (Lglcé). Therefore, identifying x¢(z, §) with x(x, &) dzdg,
(x)* is uniformly bounded in LS, (Mg ). By Theorem up to the selection
of a subsequence, (x°)* converges weakly-* in LS, (Mg e 4) to an element g €
L§S, (Mg 1) Similarly (x)~ = (—=x°) V 0 converges weakly-*, up to the selection
of a subsequence, to an element g~ € L, (M +). Moreover, we can take the

same subsequence for the weakly-* convergence of x¢ in Ly, v and of (x¢)T and
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(x°)™ in Lg%, (Mg ¢+ ). By a density argument (on the test functions), we see that
g:=g" — g = f. In particular,

,w

< 2sup X lpge, 2 -
: ,

1l r ) = Mol oo < a7 lim vtne + 197 o it 0

For the support property of f, again by Proposition the functions x¢ are con-
centrated a.s. on [0, 7] x R x [—||uol|so, [|10]|oo|]. Therefore,

E[F{x*, ©)tze] =0

for every ¢ in L1([0, 7] x R? x R) with support outside [0, T] x R% x [—||uo]| oo, || %0 || o]
and every F in L}. Passing to the limit in the above equality, we conclude that f
is concentrated a.s. on [0, T] x R? x [—||uo]|oo, [|10]]oo)-

Step 3: Convergence of me.

By Proposition (applied with p = 2), m® is a bounded sequence in the space
L>=(Q; M4 ([0,T] x R? x R)). Therefore, by Theorem it converges weakly-*,
up to subsequences, to a limit m in L>(Q; M, ([0,T] x R? x R)). The support
property of m follows from Proposition as for f, replacing L'([0,7] x R? x R)
with Cy([0,T] x R? x R).

Concerning progessive measurability of m, we have to prove that, for every ¢ in
C2°([0, T] x R%xR), the process ({m, 1(9 4¢))¢ is P-measurable. By right-continuity
of the process and of the filtration, it is enough to show that, for every tg, for every
positive integer n, the random variable (m, ") is Fy 14 /n-measurable, where
'™ = plig 401 *t 1j0,1/n]- The functions (m¢, ") are F .1 /,-measurable and,
by continuity of ¢'™ converge to (m,¢'") weakly-* in L°, in particular weakly
in L2. Now the space of Fy 1, /n-Measurable L? functions is (isomorphic to) a
closed (and thus weakly closed) subspace of L2. Hence, (m,@™™) is Fy i1 /n-
measurable (precisely, 4,41 /,-measurable up to P-null sets which implies ;11 /y,-
measurability by completeness of Fy). This shows that m is a kinetic measure.

Step 4: Equation ,

Equation is obtained passing to the limit in for ¢ in C°([0, T] xR xR),
exploiting the linearity of the equation. More precisely, we multiply (2.15) by a
measurable bounded function G = G(¢,w), we integrate in ¢ and w; we can then
pass to the limit as ¢ — 0, thanks to the weak-* convergence of x¢ and m¢ and the
fact that b- Vo and ¢divb are in L} ¢ By arbitrariness of G we get .

t,w,r
Step 5: Properties (2.14)).

The bound Hf”L?,‘L,x,g < 1 follows from the same bound for y¢. For the property
|f| = sgn(&)f, we notice that E[(x¢,sgn(§)G)¢,z.¢] > 0 for every G nonnegative
function in L'([0,7] x © x R? x R) and we pass to the limit as ¢ — 0, getting
|| = sen(&) .

Further, for v°, we have for a.e. (¢,w),

(2.16) (x5, —Oepe) = /

Rd (p(t, €, 0) de — / Pt thEv

RIxR
where dv® = d¢—ye (1 z)dadt. In particular, v° is a bounded sequence in L*°(£ x
[0,T]; M(R? x R)) of kinetic measures. Proceeding as for m¢, we get that v°

converges weakly-*, up to subsequences, to a bounded kinetic measure v. We then
pass to the limit in (2.16)) in a way similar to the proof of equation (2.13)) and we

obtain ([2.14). O
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Remark 2.11. For any generalized kinetic solution f, which by definition is in
L>(Q x [0,T); LY(R? x R)) N L>®(Q x [0,T]; L®(R? x R)), we have by interpo-
lation f € L*°(2 x [0,T]; LP(R? x R)) for every 1 < p < oo. Moreover the global
L;75 bound allows to consider also bounded test functions, independent of £, which
are in L°°([0, T]; W2°°(R%)) N L>= (R4 W ([0, TY)).

The following lemma will be useful in the next section.

Lemma 2.12. Let f be a generalized kinetic solution to equation (L.1)). For every
test function v in C°(R? x R), there exist measurable functions f(¢)*, f(¥)~ on
[0,T] x  x RY x R, such that:

(i) f()F, f(¥)™ are versions of f*y ¢t (that is, for every (z,€), f(¥)T(z,&)
and f(¢) (z,&) coincide with f *, ¢ on a full-measure set in [0,T] x Q,
possibly depending on (x,£) and ¥);

(i1) for every (x,€), f(¥)T(x,€), f(¥)~ (x,&) are progressively measurable pro-
cesses;

(iii) for a.e. w it holds: for every (z,€), f(¥)T(x,&) is cadlag, f(¢)~ (x,&) is
caglad;

(iv) for a.e. w it holds: for everyt, f()T is C;,é and Ve f(0)T = f(Vaep)™
and similarly for f(i)~.

The above lemma is similar to Remark but with the additional property (iv).
The existence of such versions is needed when dealing with terms of the form
J 9 f(1)T dm, since for these terms both the precise version in time and the differ-
entiability in ¢ are needed. Note that properties (ii) and (iv) imply P ® B(R*+1)-
measurability.

Proof of Lemma[2.13. We call 94 (y, () = 1(x —y,& — (). We know that, for every
(z,&), it holds for a.e. (t,w),

t t
o) = (for o8€) + / (F. O™ + divy (b™S)) dr + / (. Vo) dW
0 0
1 t
(2.17) +§/XLAWMyﬁ—/ dep™* dm.
0 [0,¢] xR4 xR

For the integrals fg(f, D™t + divy (bp™®)) dr, & fg (f, Ayp™*) dr, there exist resp.
versions A(t,w, z,€), B(t,w, z,£) which satisfy the second and the fourth property
above and are continuous (a.s.) in (¢,z,£) (these versions are simply the Lebesgue
integrals for a fixed version of f). Such a version C(t,w, z, £) exists also for the sto-
chastic integral — fot<f, V,¢%¢) dW, by Theorem 10.6 in Kunita [35, Chapter 1]. Fi-
nally, for — f[O,t]x]Rde D™ dm, by Remark [2.3| there exist versions DF (t,w, x, £),
D~ (t,w, x, &) which satisfy the second and the fourth property above and are resp.
cadlag, caglad for fixed (z,£) (these versions are simply the Lebesgue integrals
resp. on [0,#] x RY x R and [0,¢[xR? x R for a fixed version of f). Therefore

FE)Y = (fo, 05+ A+ B+ C+ D" and f()™ = (fo,0t*) + A+ B+C + D~
are measurable versions of f x, ¢ 1 with the desired properties. (]

From now on, when this does not create confusion, the first three integrals in
formula ([2.17) will denote their continuous versions. The cadlag version D%Vof the
last integral will be denoted still by — f[07 f]xRIXR 34@1’5 dm, while the caglad version
D~ by — f[o £)xRIXR D™ dm, coherently with the continuity property in ¢ of the
integral on [0, ¢].
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Remark 2.13. Consider f©° = f %, ¢ (peps), where p = p(z), p = p(€) are two C°
even functions and p.(z) = e Ip(e~1z), ps(&) = 6 1p(671E). We call fo0+, fod—
the versions of f° as in the previous Lemma. Note that, by construction, for a.e.
w, it holds for every (t,z,£) (with the above convention on the integrals),

P (@,8) = folw,€) + /O SAT (@, ) dr - /Ot<b V)€ dr

t
- / VD (e, €) AW, + / (@ — 9)(7) (€ — Omlr,y, C) dydCdr,
0 [0,¢] xR xR

where (b - Vf)55 = V(pp°) *z¢ (bf) + (pp°) * ((divb)f). The integrands
Jrasg P = y)p° (€ — Om ( ,¢) dydg, fRdep z —y)(p°) (€ — O)m(-,y,¢) dydC
will be denoted resp. by m®°(-,z,£) and 9em° (-, z,); they are measures on [0, 7]
parametrized by (w, x, ).
Moreover, for every fixed representative of m and every test function ¢, it holds:
1) the function (t,w,z,&) — f[o,t] F)F(2,€)0em (r,z,€) dr is measurable in
(t w,x,§), cadlag in t and continuous in (z,¢) for a.e. w;

for a.e. w, we have for every ¢t > 0,

/ FO)* (2, €)0em S (r, 2, €) dr daxdg

RexR J[0,1]

- / / F@Y* (2, €)p% (@ — 9)(2°) (€ — ¢) dadé mr,y, ¢) dydCdr
[0,t] xR xR JRE xR

- 0 f () (r, 2, )m (1., ) ddédr.
[0,¢] xR xR

Indeed, the measurability follows from Remark below applied at (z,¢) fixed
and from the continuity property of the integral with respect to (x,&) (at (¢,w)
fixed). The above equality follows from Fubini’s theorem, Lemma and the
cadlag property of the integrals. An analogous property holds replacing f(¢)*
with f(¢) o or f(1) " for regular test functions ¢.

3. WELL-POSEDNESS OF ENTROPY SOLUTIONS

In this section we prove the well-posedness by noise result, namely the existence,
uniqueness and stability of entropy solutions:

Theorem 3.1. Assume that b € Lg9,.(L3°) N L%’ZOC(I/VL1 ) and that divb €

x,loc
Lt 1oe(Ly) N LE(LE,,) for some p > d, p < oo. For every initial datum ug in
(L' N L>®)(RY), there exists a unique entropy solution u to (L.1). Moreover, for
every initial data ul, ud in (L' N L>®)(R?), the two corresponding entropy solutions

1
E/|ut—ut|d:§<0/|u0—u0|dm

ul, u? satisfy
for a.e. t € [0,T] and some constant C > 0, depending only on T, Hb||LE Cran (L)

and ||divd|| L (re ) where M = max{||uf|| zoe, |[ug|| e }-

&, [—M,M

Remark 3.2. As it will be clear from the proof, the result can be generalized to
fluxes with b(x, u) replaced by

N
Z bi(x,u),
k=1
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where by, satisfy the assumptions of Theorem [3.1] with integrability exponents p > d
(i.e. divby € LE*(LgS,,.)) which can vary with k.

Another generalization concerns the condition divb € Lél oe(LY) NLE(LES,.), which
can be relaxed to divb € L} ¢ ;,,, (divb)y € L, (Ly) N LE(L,.). Indeed, only
the bound on the positive part of div b is required for the a priori estimates in the

proof of the existence of generalized solutions as well as in the proof of uniqueness.

The proof of Theorem follows from the following two preliminary results, the
key estimate being the following

Lemma 3.3. Assume thatb € Lg?zoc(L?)mLé,loc(W£,7lloc) and that divb € LE(Lg,.)

for some p > d, p < oo. Let f be a generalized kinetic solution to (1.1)), supported
on [0,T] x Q x R% x [-R, R] for some R > 0. Then,

(31) B[ (- dde<c [ (1l R)dsds

R4 xR
for a.e. t € [0,T] and some constant C > 0, depending only on T, ||b||L§o[_R (L)
and ||div b”Li(L?f[fR,R])’
Note that |f;] — f? > 0 for any generalized kinetic solution, since |f| < 1 by
definition. When the initial datum fj is the kinetic function of some ug, that is, if
fo(z, &) = x(uo)(x,€), then Lemma [3.3] implies that f takes values in {0,£1}. In
this case f is a true kinetic function:

Proposition 3.4. Assume that b satisfies the assumptions of Lemma [3.3 and let
f be a generalized kinetic solution to (1.1) starting from fo = x(ug), for some
ug in (L' N L*®)(R?). Then there exists an entropy solution u to (L.1]) such that

flx, &, 1) = x(& u(z,t)) ae in (t,w, z,8).

Lemma [3:3] and Proposition [3:4] together with Theorem 210, imply the well-
posedness result Theorem |3.1

Proof of Theorem[3.1] Concerning the existence of an entropy solution, Theorem
2.10| yields the existence of a generalized kinetic solution f to ([L.1). Proposition
3.4| then implies the existence of an entropy solution to (1.1)).

For stability, let x! = x(u’, &) be the kinetic functions associated to u, i = 1,2.
Note that [x! — x> = [x! = X?| = Lut<e<uz + Lu2<g<q for ace. € and, in particular,
[ Ixt = x2> d¢ = Juj — u?|. Therefore, the statement is equivalent to

(3.2) E / X — [Pdzde < C / X — 32 dade.

Now consider f := 1(x* 4+ x?). Then f is a generalized kinetic solution, with
associated Young measure v = 8 — 3 (8¢—y1 + 6¢—y2). Moreover,

71= 7 = om0 +x7) — (0 + () +2¢%)

4
1 1 2 1 1 2 1.2

:§(|x |+ [x I)*Z(\x |+ x|+ 2x x7)
1

:Z\XI*X2|2~

Therefore, Lemma implies (3.2). Uniqueness follows from stability, thus, the
proof is complete. O
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In order to prove Lemma we will use the equations (more precisely, certain
inequalities) satisfied by |f] and f2. We recall that, since f satisfies a transport-
type equation, for any function g regular enough, informally 8(f) also satisfies a
transport-type equation. This property is known as renormalization. When coming
to a rigorous proof, however, problems can appear from the drift term, when b is
not regular enough, and from the kinetic measure term m. The Sobolev assumption
on b, as in the theory of DiPerna, Lions [17] and Ambrosio [1], ensures that the drift
term behaves nicely. The presence of the kinetic measure m does not allow to write
an equation for |f| and f? themselves but is enough for the following inequality:

Lemma 3.5. Assume thatb € Léloc(Wi’l{m). Let f be a generalized kinetic solution

to (T.1). Then, for every nonnegative test function ¢ in C2°([0, T]xR%) independent
of &, it holds for a.e. (t,w),

[ sl=rodsds < [ [ o+ 500+ o] - ) dodgar
R4 xR 0 JRIXR

t e .
[ [ vels = 1) dudgaw;,

For the proof of this Lemma we need the following commutator lemma. Recall that
f0 = f e (0°9°).

Lemma 3.6. Assume thatb € L%JOC(WL1 ). Then it holds, for every finitem > 1,

x,loc

e—006—0

. . r €,0 T = _ T — . T —
timtime [ [ @0 0.0l = O (Vade =) 0.6 = b0.0)

+ pel@ = y)div, by, ) ) o (2) dydCdudg|™ dr
=0.

Remark 3.7. This is the only point where we need the Sobolev assumption on b.
One may note that, in Ambrosio |1], the renormalization property for the linear
transport equation is proved only assuming BV regularity for b, roughly speaking
by showing the above commutator estimate for a carefully chosen kernel p. One
may expect that this strategy also works here, but we do not investigate this issue
any further.

Proof of Lemma[3.6. The proof is obtained by adapting the classical commutator
lemma (see for example [1,/17]) to this anisotropic regularization in z and &, which
was also used by Chen, Perthame in [11]. Since b is weakly differentiable in the x
variable, we have for a.e. (z,y,£)

b(w,€) — by, ) = / D,b(y + a(z — ).€)(z — y) da.
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This formula can be obtained by approximation of b in Lé,zoc(Wzl ’lloc) with regular

b™. By the change of variable z = (z — y)/e, n = (£ — {)/0, we obtain

[ ] 10 @on .0 - O (Voo — 1) - 0.€) b )
RdxR JRIxR
+ pe(x — y)div, b(y, g)) or () dydCdade
= [ [ i) [ 15 = esg = o) Dbl = ez, )z ) deddzdnda
+ / pm)(2) / FE0 (@, ) fr(x — e2,€ — bm)div b — 2, € — on)epy () dadgdzdn

o [ o) [ 300 exi = (o, € — 50) b, ) () dadgdzd

(3.3)
=A+B+C

Here and in the following we can suppose without loss of generality that all the
integrals range over a compact set independent of €, §, r and w, since the test
functions ¢, p, p are compactly supported and f,(z, &) and f°(x, &) are compactly
supported in £ uniformly in €, §, r and w.

We start with the first integral A on the right hand side of (3.3])). We first take the
Ly,-limit as § — 0 and we find that A converges to

64 [ [ Vol [ @08 - .- Dible — acz. )z, (2) dodedada,

where f€(z,£) = f(-,€) * pS(x). The proof of this fact is standard and relies on
arguments similar to, but simpler than, those for the limit as € — 0, so we omit it.
Now we take the Ly -limit of as € — 0. First we fix z, a, r and w. For the
inner integral, we have

[ @98 - . ODbla ~ aex, )20 (o) deds — [ £,(2,6)* - Dabla, )21 (o) s
— [ 5@ 00— e (Dbl — aes,€) ~ Dublo — e2.)) 2 (o) dad

+ [ 5@ O @~ . ODbla — 5€) ~ fi (. Dubla, )z (x) dudé

+ [ (.8 = £ ). Db, )z (o) da

The first addend on the right hand side above goes to 0 for ¢ — 0: indeed both
D, b(x — aez, &) and D b(x — ez, ) tend to D, b(z, ) in Lrlv,é by continuity of trans-
lation and f¢(x,§)f(z — €z,§)p(x) is bounded in L3 uniformly in e. The second
addend also goes to 0 for ¢ — 0: f(x —ez, &) Db(xz —aez, §) tends to f(x,&)D,b(x, )
in Li’ ¢ by continuity of translation and f(z, )¢ () is bounded in Lg% uniformly in
¢. Finally, the third addend goes to 0 by dominated convergence: f¢(x,&) — f(x,£)
tends to 0 for a.e. (x,€) and the integrand is bounded by C|Db|(z,§), for some
C > 0. Therefore, for fixed z, n, r and a, the inner integral in the addend A of
converges to [ f2(x,&)D,b(z,&)zp,(x) drd¢. Moreover this inner integral is
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bounded uniformly in z, a, r and w, therefore dominated convergence implies for A

i (g ([ [ 70090 [ 5550000 - ez o0y
- Dyb(x — aez, &)z (x) dwdfdzdnda))

- / / Vp(z) - / Fr(@,€)? - Dub(z, )20, () dadédzda
0
- / F(,€)2div b(, €)ipy () dard,

where the limits are taken in L}", and we have used that [ 0ip(2)zj dz = —b;;.

Similarly, for the second integral B on the right hand side of (3.3)) we have

lim ( lim (/ﬁ(n)p(Z)/f?é(x,f)fr(x —€e2,§ —0m):

aaO(éeO
~divb(z — ez, £ — o), (2) dxdfdzdn))
— [ £ div b, pn(z) dade,

where again the limits are taken in L. For the third integral C', again with similar
reasoning but now taking only the limit § — 0, we get

T
imE [ |5 [ o)
, /fe,s(x’ &) f(x — ez, & — on)(b(x, & — o) — b(x, €))p(x) dededzdn|™ dr = 0.

Putting together these limits we obtain the desired statement. O
Now we prove Lemma [3.5

Proof of Lemma[3.5. Step 1: We start with the equation for |f|. Since, by ,
|| = fsgn(&), we aim to use sgn(§) as a test function in (2.13)). To do so, we regular-
ize sgn via sgn*¢ p° =: sgn’®. Note that &gsg;n‘s = 2p°. For technical reasons that will
become clear in the second step, we write an equation for fRde fe9sgn? (&)p dxde
(where f&0 = fx, ¢ (pp%)), that is, we take (sgn®(&)p) *, ¢ (p°p°) as a test function
in . Moreover, again in we take the cadlag version of the integral and
thus get, for a.e. w (on a full-measure set independent of t), for every ¢,

/ 0T sgn’ (€)p dwde
RIxR
t
= / 15050’ (€)po dade + / / fe’ésgné(f)(atap-i-%Aap) dadédr
R4 xR 0
t t
3.5 b- V(sen’ &9 drded div b(sgn’® &9 drded
(3.5) +/0/f (s (€)) x£r+/o/f1v (s (£))°° daddr
t
- / / fe0sgn® (€)V o ddedW, — 2 / o7 ()me dudgdr,
0 [0,t] x R4 xR

where f©%% is the cadlag version of f¢° and m® = m *,¢ (p°p°) (see Remark
9.13).

Step 2: For f2, we would like to take fo as a test function in Since f is not
regular, we regularize it in both x and £&. More precisely we take f & 5 +, f9% resp.
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cadlag, caglad versions of f°, as in Lemma and Remark 1t6’s formula
for cadlag processes (cf. [44, Chapter IT Theorem 33]) yields

(F0H (2, €))% 0e(@) — (£5° (2, €)) ¢ (@)
- / F90H (2, €000 (2) dr + / (P9 (2,€) + F5 (2,€)) o () df e

[0,t
t
() d[f),
+ / or(w) dfo]
[ 1@ 02000, (@) ar + / (. )AL (2, )y () dr

t t
- / 2£0°(2,€)(b- V £,)9° (2, ) pr(z) dr — /O 2£00 (2, )V 0 (2, ) pr () AW,

0

+ /[ (Fo2H (@, &) + f20 (2,€)@r(2)0em™° (r, 2, ) dwdEdr

)

+ [ 95 @ P .
0

This formula is valid for each (z,¢) for a.e. (t,w), where the exceptional set may
depend on (z,£). However, by Remark for a fixed representative of m, the
integral with the measure Jgm®° is measurable in (t,w, z,£), cadlag in ¢ for (w, z, &)
fixed and continuous in (z, &) for (¢,w) fixed. Also the other integrals have versions
that are continuous in (¢,z,&) for w fixed and, in particular, are measurable in
(t,w,z,&). For such versions, for a.e. w, the above equality above holds for every

(t,z,8).

The idea at this point is first to integrate in x and &, then to use integration by
parts to bring the derivatives onto ¢ and thereby to get an equation for f&%* which
is similar to the one satisfied by f itself, plus a remainder. Indeed we integrate in
x and ¢ and use Remark Fubini’s theorem and the stochastic Fubini theorem:
we obtain the following equality, valid for every ¢ and for every w in a full-measure
set independent of ¢,

/R L@ o) deds = | (£ (@))% (@) dadg

R4 xR
[ ], 5092 (o) + 580 o) + div(b(o, 1) ) dodear
0 R4 xR
+ 2/0 /]Rdx]R /Rdef:’é(%g)fr(yvoﬁé(ﬁ — () (Vpe(x —y) - (b(x, &) — b(y, <))
+ pe(x — y)divy b(y, ¢ ))cpr(:c) dyd¢dzdedr

/[0 s DI A OLEET mEC (1,2, pn() dudédr

t
- / / [0 (x,€)? Vo, (x) dededW,..
0 R4 xR

For the third addend, note that, for every (z, £), it holds, for a.e. (¢,w), 85]“’5(96, &) =
ps(€) — v x¢ ps(€) (the convolution being in the ¢ direction) and so Jg f°(z, &) >
ps(€). Therefore, by the cadlag/caglad properties of ¢ f©%F and ¢ f%~, it holds
for a.e. w: for every (t,z,€), O f&0F (x,€) > ps(€) and 9 % (z,€) > ps(€). So
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we obtain

— / (3§fﬁ’5’+ + ﬁgff,"s’*)(x, f)mf"s(r, x, &) () dadédr
[0,t] xRe xR
<z 7 (= (r, 3, )y () dudgr.
[0,t] xRE xR

Here we see the reason for the additional regularization of <9 in the first step: in
this way the right hand side of the above inequality is equal to the last term in
formula . In conclusion we get, for a.e. w (on a full-measure set independent
of t), for every t,

/R sl () = (M) pededs = | (£5%sen®(€) = (f5) )0 dadg

R4 xR

¢ 1
€,0 & -
< /0 / F7sgn’ (€)(Drpr + 5 A¢,) dadsdr

+ t b- V(sgn’ ) 0 dxdédr + t div b(sgn® () &0 dzdédr
/0 /f (Sg (f) )) 3 /0 /f (Sg (5) ) 3
(3.6)

t
*// (f€’5)2(8t<p+1Ago+div(bgo))dxdgdr
0 JRIxXR 2
t
[ [ et (@) - (170 Ve dadea,
0 RIxR

2 [ OO - OTade 1) (b - b))
0 JRIXR JRIXR
+ p(x — y)divy, by, ¢))er(x) dyd{dxdsdr.

Step 8: The last addend in the right hand side above is the commutator error,
which by Lemma goes to zero in L7, letting first 6 — 0 and then e — 0.
Therefore, taking the L7 -limit in first for 6 — 0 then for ¢ — 0, we obtain
the statement. O

We are ready to prove the key Lemma [3.3]

Proof of Lemma[3.3 By Lemma we have, for every nonnegative test function
¢ in C([0,T] x RY) independent of &, for a.e. ¢ (with the exceptional set possibly
depending on ¢),

E/Rde(Ut‘ - fz)@t dxdé < /Rdx]R(|f0| — fg)@o dzd¢
7 +E / / O+ %Awmv(b(x,s)w)mﬂ — f2) ddédr;

here we used that fot Joawr V(| f| = f?) ded&dW, is an L? martingale with zero
mean, since Vo(|f| — f?) is bounded and compactly supported.

The idea at this point is to use duality; that is, we would like to take a test function
, independent of ¢, nonnegative and sufficiently regular, with 7 > 0, such that,
for every £ in a bounded interval [—R, R],

(3.8) D + %Aw + div(b(z, £)¢) < C.
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Then we could conclude by Gronwall’s inequality. To do so, the strategy is as
follows. First we take ¢ as a nonnegative solution to

1
Oep + 589 + F(z)p =0, o(tyin, ) =1,

with F(z) = |[divb(z,-)||Le, (measurable function), tsin a given time and R such
'BRr

that the support of f is in [0,7] x Q@ x R? x [-R, R]. Then we use a bound on the
transport term b - Vo to obtain (3.8)).

For technical reasons, we take, for €,tf;, > 0 fixed, ¢° to be a solution on [0, ;]
to

1
(3.9) O + §A<p5 + F¢pc =0, O (trin, x) = P1/e();

here v, /. is a C2° nonnegative function, with values in [0, 1], equal to 1 on By /(0)
and uniformly bounded (in €) in the W!°(R9) norm; F* is a compactly supported
regularization of F', converging to F' a.e. and in LP, if p < oo, or a.e. and with
uniform L% bound, if p = co. We extend ¢ to the whole interval [0,7] by taking

e(t,x) = P1)e(w) for t € [tyin, T]. By Remark.below ¢ is nonnegative and in
L"O(W2 )N L"O(W1 ) for every e > O Therefore, reasoning as in Remark |2
¢ can be used as test function in . Consequently, we have, for a.e. t < t Fins
with the exceptional set N¢t/in possibly depending on € and ¢y,

E / e (1ol - f2) dade

<

5 (1.fol — f3) dwdg

T

Rde

+ 1E 0y + Acp + Feof) (| f| — £?) dud€dr
+

]E

S— 5— 5

/!
E/b Vot + (divd)e® — Fol(|f| — f2) dedédr
fiee

(3.10) + — Fo|(|f| — f?) dzdédr

-

<),

+ /0 E / (F — F)o<(|f] — f?) dadedr,

where we have used that |f| — f2 > 0 and that f is supported on [0, 7] x  x R? x
[-R, R].

Before passing to the limit e — 0, we aim to replace ¢ by ¢4, in the above inequality.
This is not immediate, since the function t + E[|f;| — f?] is not known to be
(even weakly) continuous. To overcome this difficulty, we fix a version of the map
[0,T] — LY(R? x R) given by t + E[|f;| — f?] and we use Lusin’s theorem for
separable Banach space-valued functions, see for example Loeb, Talvila [40]: for
every § > 0, there exists a measurable set As C [0,7] with Lebesgue measure
|As| > T — 4, such that t — E[|f;| — f?] is continuous on A; as an L!'(R? x R)-
valued map. We can also assume that As has no points which are isolated from the
left (here we say that ty is isolated from the left in As if (tg — n,to) N As = 0 for
some 77 > 0): indeed, the set of points of As which are isolated from the left is at
most countable and thus has zero Lebesgue measure. Therefore, for ¢4, € A5, we
can find a sequence ¢, < tg;, in As \ N'in converging to ¢s;, (as n — o) and
such that holds for t,, and E[| fy, | — f2] = E[| ft,..| — f2,.] in L'(R? x R).

]E/b Vo ) (| f| — £2) dedédr
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Moreover, by Remark [4.1) ¢ is in L (W,>) and so the map [0, 7] — L>(R? x R)
given by ¢ — ¢f is continuous. Hence, by Holder’s inequality,

E / o5 (1ol — f2) dedg — E / 05 (fopl = £2,) dade.

Since the right hand side of ([3.10]) is continuous in time, we can pass to the limit
in (3.10) for ¢, — ty;, and obtain (3.10)) for t;, € As. Since this is true for any
d > 0, we obtain (3.10)) for a.e. t = ts;,.

Now we let ¢ go to 0. By Lemma | applied to the backward PDE , and
the uniform bound on F€ in LP, we have a uniform (in €) bound on ||<p ||LQC(W1 ooy

Therefore, we can bound the first addend of the right hand side in (3.10]) by

trin
lim sup / g / (b- V) (1 f] - £2) déda

e—0

< Wl ey S0 I e o) / B [ (1f] - ) dodedr

(3.11) <0/ " /\f| 2) dwdedr.

Concerning the second addend in , in the case p < co, F' — F° converges to 0
in L2 and thus in LP([0,T] x Q x R x [=R, R]); ¢° is uniformly bounded in Lg%,
and (|f] — f2) is in L¥'([0,T] x Q x R? x [~R, R]) by Remark Therefore, by
Hoélder’s inequality,

tfin
limsup/o ' E/(F—Fe)gof(m — f%)dxdédr = 0.

e—0

In the case p = oo we get the same result: here we exploit (via dominated con-
vergence theorem) the a.e. convergence to 0 and the uniform bound of ¢¢(F — F)
and the fact that (|f| — f?) is in L'([0,T] x Q x R? x [~R, R]). Finally, concern-
ing the initial condition, using again the uniform bound from Lemma we get
Jrawr €61 fol = f3) dzdé < C [qa, 5 (Ifo] — f§) dud€. Putting all together we have,
for a.e. ts;, > 0,

B [(fig = 2, dsda <C [ (1fol = £3)da

trin
+C/Of ]E/(|f|—f2)d§dxdr.

We conclude by Gronwall’s lemma for discontinuous functions (cf. Ethier, Kurtz |19}
Theorem 5.1 in the Appendix]) that, for a.e. t € [0,T7],

B[] - f)deae<c [ (ol - R dode,

where C' is a constant that depends only on the bound (3.11)) and on the a priori
estimates in Lemma applied to the backward PDE (3.9). Therefore, C' depends
only on T, Hb||L£ o (L2°) and [|div ][z (g, The proof is complete. O

[ RR])

Finally we prove Proposition [3.4]

Proof of Proposition[3.]} Since fy takes values in {0,+1}, we have |fo| — f& = 0.
Therefore, Lemma implies f2 — |f| = 0 a.s. (recall |f| < 1 by definition) and
thus f takes values in {0,£1} for a.e. (t,w,z,£). We then define u(t,w,z) :=
fR ft,w,z,&)dE. Note that u is well-defined since f is compactly supported in £
and measurable by Fubini’s theorem.
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Now we claim that, for every h > 0, for a.e. (t,w,z,§),

(312) (f(tvwv x, é) - f(ta w, T, 5 + h))(l—oo<5<—h + 1h<§<+00) Z 07
(3.13) fltw 2, &) — f(t,w,z,£+h)+1>0.
Leaving the proof of these inequality for later, we use them to conclude. Since the

pushforward of the Lebesgue measure via the map (£, h) — (£,€ + h) is equivalent
to the Lebesgue measure, the two inequalities above imply, for a.e. (¢,w,z,§,n),

(314) (f(t7w,x7§) - f(t7w7$777))(1§<n<0 + 10<§<n) > 07

(3'15) (f(t,w,x,f) _f(t’wvx’n)+1)1§<17 > 0.

Now we fix a version of f and we consider, for fixed (¢,w, z), the set A = A(t,w,z) =
{€<0: (ft,w,2,8)— f(t,w,2z,n))sgn(é —n) < 0 for a.e. n < 0}. By Fubini’s theo-
rem, implies that, for a.e. (t,w, ), A(t,w, z) is a full-measure set on (—o0, 0).
Moreover, for any (¢,w, ), f is non-increasing on A(¢t,w,x). Indeed, if this would
not be true, we could find £ < nin A with f(¢,w, z,£)— f(t,w,2,n) < 0. Thus, since
f(t,o.),x,ﬁ) - f(tawvxa C) > 0 for a.e. C > 57 we obtain f(t,w,x, C) - f(t7waxa 77) <
0 for a.e. ¢ € (&,n), in contradiction to n € A. Similarly, for a.e. (¢,w,x),
B(t,w,z) = {& > 0: (f(t,w,z,&) — f(t,w,x,n))sgn(§ —n) < 0 for a.e. n > 0}
is a full-measure set on (0,+00) on which f is non-increasing. Since f is com-
pactly supported in £ and takes values a.e. in {0, £1}, we conclude for a.e. (¢, w, ),
[ = —1iace<oy + 1jo<e<py for some a < 0 < b (depending on (,w, x)) on the full-
measure set A(t,w,z) U B(t,w,z). By this yields that either f = —1(,c¢<0)
a.e. or f = —lgocecpy a.e. and thus f = x(u) a.e.. Progressive measurability of u
follows from the respective property of f = x(u), by Remark

In remains to prove the claim above, that is, (3.12)) and (3.13]). To prove (3.12]) we

take a nonnegative test function ¢ in C2°([0,7] x R? x R) with support contained
in (—oo,—h). We call ¢ the function such that ¢ = —0¢¢ and that ¢(—a) = 0 for
a large enough; ¢ is a nonpositive nonincreasing function, constant on [—h, 4+00).
We then have by , for a.e. w,

/(f(t7£t,f) - f(t7$,§+ h))l/J(tﬁUaf) dﬂ?dfdt
= /f(t,:v,é)(w(t, x,&) —b(t,x, & — h)) dedédt
- /(go(t,x, 0) — o(t, 2, —h)) dadt — /(@(t, 2,6) — o(t, 3, — b)) v(dz, dE, dt)

= - /(@(ta Z‘,f) - Sp(ta .I‘,f - h’)) V(dm7d§7dt) Z 0.
This proves that f(t,w,z,&) — f(t,w,z,£ +h) > 0 on {—o0 < & < —h}; similarly
for {h < & < +o00}. This proves (3.12)).
For (3.13)), we take a nonnegative test function ¢ in C2°([0, 7] x R x R) and we call
¢ the nonpositive, nonincreasing function such that ¢y = —d¢p and that p(—a) =0
for a large enough. Again we have by

J(fta.6) = fit.6 + 1) + Dt 2,) dedsar
= [t @itz ~ vt ¢ - 0 dadgat + [ ([ 02,2, de) o
= /(Sﬁ(t, z, 0) - <)0(t7 z, _h)) dxdt — /((,O(t, xvg) - Qﬁ(t, z, 5 - h)) V(d.’[, df? dt)

+ /(90(15,95, _Rl) - @(ta ‘rle)) dxdta
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for some R; such that the support of ¢ is contained in [0, T] X R9 x [-Ri1, R1]. Now
the monotonicity property of ¢ gives that ¢(t,z,£) — @(t,z,£ —h) < 0 for every &,
and also ¢(t,z,—Ry) — @(t,z,—h) > 0 and ¢(t,2,0) — ¢(t,z, Ry) > 0. Therefore,
the right hand side of the formula above is > 0. This proves (3.13) and concludes
the proof of the claim. O

4. APPENDIX A: A PRIORI ESTIMATES ON PARABOLIC PDES

In this section we provide a priori estimates for a linear parabolic PDE on R? of
the form

1
(4.1) Gip = 5Ap+ gy +he,

where g € LP for some finite p > d and h € LY° and the initial datum ¢ is
nonnegative. Since we are interested in a priori estimates in this section, we suppose
that g, h and ¢( are smooth and compactly supported. The estimates can be applied
also to the backward PDE, by a change of time. The methods used in this section
are essentially classical, see for example (among many other references) Krylov [34]
for heat kernel estimates in L? spaces and Fedrizzi, Flandoli |20] for estimates on
Kolmogorov-type PDEs.

Remark 4.1. The existence of a nonnegative solution ¢ in L (W2>) to ([4.1]) in
the case of smooth compactly supported coefficients and nonnegative initial datum
is ensured, for example, by the representation formula

(4.2) et z) = E[exp[/o (9(x + Wy = Wo) + h(z + W, — Wy)) drlpe(z — W],

where the expectation E and Brownian motion W are defined on some generic
probability space, not related to the one used before. The equation also implies,
again for smooth compactly supported data, that such a solution is in L;O(th’oo).

We start by recalling the regularizing properties of the heat kernel, of easy (and
classical) proof:

Lemma 4.2. Let pi(z) = t~%2p;(t=/2x) be the heat kernel on R%, i.e. py(x) =
(27T)7d/267|x|2/2. Then we have, for m € [1, 0],

1pellm < Cm,dt‘(d—d/mw and || Vpi|m < Cfm’dt—(1+d—d/m)/2'
Proof. We only prove the second inequality, the proof of the first one being sim-

ilar. The case m = oo is obvious, thus let m € [1,00). Note that Vp;(z) =
t_(1+d)/2Vp1(t_1/2x). By the change of variable y = t~/2z, we get

L @)™ da = e Om g [ ()7 dy = 2 T
which is the desired estimates. O

We write the PDE (4.1) using the variational formulation:

t

t
©r =p¢ * Yo + / Pi—s * (gps) ds + / Pr—s * (heps) ds.
0 0

Lemma 4.3. There exists a locally bounded function ¢ = c(T,||g||pz, |h]|L=) such
that, for every o in C°, it holds

[etllyzoe < llollyzoe (T Mgl 1]l 2ee)-
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Proof. Here C' denotes any positive constant, which can change from line to line,
possibly depending on T', p and d. We start with the LJ° estimate. Using Young’s
inequality for convolutions we get

t t
lollz= < llpe * woll + / Ipe—s * (g0s)l| = ds + / Ipes * (ips) | ds
< Cllgollzm + C / )2 gyl o ds + C / Ihgal o ds

< il +€ [ 0= 5y lallslipalls ds-+C [ Inloslioilo ds

Since p > d, (t —s)~ 4/2p g Jocally in L?, Holder’s inequality yields

t t
lptllzee < Cllwollze + C||9||L”(/O 3|7 ds)t/? + CHhHL“)(/O sl 7o ds)'/?

and thus

t t
lpellFee < CllgollZee + Cllgllip/0 lpslIEe ds + Cllhll7~ /0 lpsll7~ ds.

Gronwall’s inequality implies

(4.3) lpellzee < Cllgollze exp[C(llgll7e + 1Bl 7)]-

We continue with the L° estimate for V;. Using again Young’s inequality we get

Vel Lo

t t

< lpe * Vool + / IVpes * (903l = ds + / IV pt—s % (hipe)l e dis

< C|| Vol 1 +c/ ~(4d/B)/2) g, || 1o ds+C/ (t — 8) 2| hp|| e ds
t

< O|Vgoll~ +C / (t — )" 0D g L o e ds

t
+C [ (6= 97l ol ds.
0

Since p > d, (t — s)~(114/P)/2 ig Jocally integrable and we obtain, with (4.3)),

IVerllL= < ClIVeollL= + C(llgllLe + 1Al =)ll@oll L= exp[C(llgl| 2o + [2]|7)]-
The proof is complete. U

5. APPENDIX B: MEASURABILITY

In the following, let (E, &, 1) be a o-finite measure space. For a function f : E — R
recall the definition (given in the introduction) of measurability Given a Banach
space V and a function f : E — V, we recall the following three definitions of
measurability of f:

e we say that f is strongly measurable if it is the pointwise (everywhere)
limit of a sequence of V-valued simple measurable functions (i.e. of the
form Ziil v;14, for A; in € and v; in V);

o we say that f is weakly measurable if, for every ¢ in V*, x — (f(2), ¢)v v+
is measurable;

e if V = U* is the dual space of a Banach space U, we say that f is weakly-*
measurable if, for every ¢ in U, x — (f(z), p)v,u is measurable;

e we say that f is Borel measurable if, for every open set A in V' (endowed
with the strong topology), f~1(A) is in &.
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The following result is morally Pettis measurability theorem. The present version
is a consequence of [46, Chapter I Propositions 1.9 and 1.10].

Proposition 5.1. Let V' be a separable Banach space. Then the notions of strong
measurability, weak measurability and Borel measurability coincide. They also co-
incide with the weak-* measurability if moreover V is reflexive (in particular if
V=R).

As mentioned in the introduction, in the definition of LP spaces we only consider
two cases: (1) V = U* is the dual space of a separable Banach space, where
L°(E;V) is the space of equivalent classes of weakly-* measurable functions; (2) V/
is a separable Banach space, where L°(E;V) is the space of equivalent classes of
weakly (or strongly or Borel) measurable functions. In both cases, for any function
fin LY(E;V), the function 2 — ||f(x)||y is measurable: in the case (1) because

[f(2)|| = sup,ep [(f(2), )], where D is a countable sense set of Bf (the unit
centered ball in U); in the case (2) as composition of the Borel map f and the
continuous map || - ||y. Therefore, it makes sense to define the spaces L?(E; V') for
1<p< oo

Proposition 5.2. Let D be a domain of R™. For every 1 < p < oo, the space
LP(E x D,E ® B(D)) is canonically embedded in LP(E; LP(D)) (whose functions
are weakly measurable for 1 < p < oo, weakly-* measurable for p = oo). This
embedding is a surjective isomorphism.

Proof. The embedding result is easy to show using Fubini’s theorem, we prove only
the surjectivity. We start with the case p < co. To prove this, let F' be an element
(more precisely, a representative of an element) in LP(E; L?(D)). By Proposition
F is strongly measurable, i.e. there exists a sequence (F},),, of simple functions
in LP(FE; LP(D)) which converges to F in LP(D) for every x and, without loss of
generality, in LP(E; L?(D)). We can write F,, as

N(n)

Fu(z) =Y Fuila, . (2)
k=1

for some measurable sets A,, ; and some elements F,,  in LP(D). Now we define,
for each n, the map G,, : E; x E, =V by

N(n)
Gulw,p) = 3 Gus®)la, . (@),

k=1
where G, ; is a representative of F, . The function G,, is measurable in (z,y);
since ||Gn — Gmllr(exD) = |Frnn — Finllr(E;00 (D)), the sequence (Gy,), is Cauchy
in LP(E x D), therefore it converges to some G in LP(E x D). In particular z —
[y — Gn(z,y)] (where [y — Gp(z,y)] is the equivalence class of y — Gy (z,v))
converges to x — [y — G(x,y)] in LP(E; L?(D)). It follows that « — [y — G(z,y)]
coincides with F' p-a.e.. Hence G is the desired representative in LP(E x D) of F.
This concludes the proof in the case p < oco.

The case p = oo can be reduced to the case p < oco. Indeed, call (F,), an increasing
sequence of sets with finite measure and with E,,  FE; then any function f in
L>(E; L*>®(D)), restricted to L>®(E,;L>*(Br N D)), is also a weakly measurable
function in L?(E,; L>(BrND)). Hence, it has a representative in L?(E,, x (BrND))
and thus in L} (E x D), by arbitrariness of R and n, and this representative is

essentially bounded. O

The following result is in Valadier [47], Theorem 2 (see also Theorem A.4).
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Theorem 5.3. Assume that p is finite and & is u-complete. Let S be a metric
o-compact locally compact space and, for any R > 0, denote by LY (E; M4 (S)) the
subset of L*°(E; M(S)) of nonnegative measure-valued functions g with ||g|| L (z;m(s)) <
R. Then L¥(E; M4(S)) is (embedded isomorphically in) a bounded sequentially
weakly-* closed subset of the dual space of L*(E;Co(S)). In particular, every se-
quence in LY (E; M4.(S)) admits a subsequence converging weakly-* to an element

of LE (E; M4(S5)).
We close with a remark on operations on measurable functions:

Remark 5.4. (i) Assume that V is the dual space of a separable space U. Let
f+ E — V be a weakly-* measurable map and let ¢ : E — U be a (weakly or
equivalently strongly) measurable map. Then the map = — (f(x), p(z))v,v is mea-
surable. Indeed, if ¢}, are simple measurable functions approximating everywhere
@, then = — (f(z), pr(x))v,u are measurable functions approximating everywhere
z = (f(@), p(z)vu.

In particular, take a weakly-* progressively measurable function f : [0,7] x  —
LY, and a P2 B(R?Y)@B(R)-measurable integrable function ¢ : [0, T]x QxRI xR —
R, so that ¢ : [0,T] x Q — L;’g is a progressively measurable function. Then
(t,w) = (f(t,w), p(t,w))s¢ is a progressively measurable function.

(ii) An analogous property holds for bounded kinetic measures m. In this case one
can consider a more general class of test functions. Let ¢ : [0,7] x @ x R¢ xR — R
be a measurable function (not an equivalence class) such that: 1) for every (x,¢),
(t,w) — o(t,w,z,&) is progressively measurable; 2) for a.e. w, the zero set being
independent of (¢,z,&), and for every (z,§), t — ¢(t,w,z,£) is cadlag or caglad;
3) for a.e. w, the zero set being independent of (¢,z,€), and for every t, (z,£) —
o(t,w, x, ) is continuous; 4) for a.e. w, the map (¢, x,&) — @(t,w,, ) is bounded.
Then, for every fixed representative of m“, the map

(t,w) > (1,2, €)m® (r, z,€) dedédr
[0,¢] xRIXR
is progressively measurable and has a.e. cadlag paths. The same result, replacing
cadlag with caglad in the thesis, holds for f[o,t)dexR YYm® dxddr.

We prove this fact first for ¢ — (¢, w, z, £) cadlag. We take a regular function ¢, on
R? xR with 0 < 4, < 1, ¢, = 1 on B,, and with support on By, and we define ¢,, =
nPn *¢ 1j0,1/n)- Note that ¢, is a.s. in Co([0, T x R? x R): indeed ¥ is Lipschitz
continuous in ¢ uniformly in (z, &) (by boundedness of ¢*) and continuous in (z, )
at ¢ fixed. Moreover, for every ¢, w — ¢%](0.4 € Co([0,1] x R? X R) is weakly, hence
strongly Fyq/,-measurable: indeed, for every finite signed measure p on [0,#] x
d w _ w

RYXR, w = f[O,t]dexR P dp = ”f[o,t+1/n] f[(sq/n)vo,sm] (s, 2, 8) dp(r, z,€) ds
is Fi41/n-measurable by Fubini’s theorem. The first part of this remark then gives
that f[O,t] (RixR Prnm® drd&dr is Fiy/,-measurable.

Now, for a.e. w, ¢% converges everywhere to ¢, by the cadlag and continuity
properties of ¢. Therefore, for every ¢ fixed, f[o {]xRIXR p“m® dxdfdr is the a.s. limit
of f[w]dexR ©Ym® drxdEdr. Hence f[o,t]dexR e“m® dxdédr is Fyyq /n-measurable
for every n (recall that Fy is complete) and thus F-measurable. Moreover, for
any fixed representative of m*, for a.e. w, the map ¢t — ﬁ07t]XRdXR YYmY dxdédr is

cadlag. Therefore, (t,w) — f[o f]xRIXR p“m® drdfdr has the desired properties.

In the case t — p(t,w, z, ) caglad, the same proof applies but taking ¢, = ¥, ¢ *;
L—1/n,0 (With ¢ extended as @ for —1/n <t <0).
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