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Abstract—In this work, we address the problem of precise
motion planning and control of flexible-link robots for throwing
small objects. Thanks to lightweight materials and elastic bodies,
flexible robots can perform fast motions with few actuators.
However, they need a planning and control strategy capable of
exploiting the robot’s elasticity, negotiating with the system’s
underactuation, and compensating for the model’s uncertain-
ties. To solve this challenging task, we: i) compare multiple
discrete models for continuum robots’ dynamics and, after
selecting a lumped-parameters one, we experimentally identify
its parameters, ii) plan the robot motion via a Differential-
Dynamic-Programming-based strategy tailored for flexible-link
robots, and iii) employ an Iterative Learning Control approach
to close the reality-gap. Combining these three steps allows us
to execute precise throwing tasks with flexible link robots. The
strategy’s effectiveness has been validated via simulations and
experiments with varying trajectories and payloads. We applied
the aforementioned approach to realize a throwing motion with
a fishing rod for environmental monitoring.

I. INTRODUCTION

PRECISE throwing of small objects is an ill-conditioned
problem [1]. Indeed, slight variations in the robot’s end-

effector pose and velocity at the throwing instant lead to large
errors in the reached target position [2]. However, humans may
become exceptional at throwing objects to hit a target meters
away. Thus, taking inspiration from fishermen in casting the
fly line, two are the key aspects to give the object the initial
acceleration necessary to execute a meters-long trajectory
through space [3], [4]. The first is to perform fast and precise
movements while exploiting the beam’s elasticity [5], [6],
and the second is choosing the exact moment to release the
line, i.e., the reel action. Hence, the throwing task speaks to
the broader challenges of planning and control for flexible
structure.

In the literature, [7]–[11] tackle the problem of throwing
objects using robots. These works mostly involve logistics
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Fig. 1. Scheme of casting and retrieving objects (e.g., sensors) using a flexible
link in Fig. 1(a). Given a desired Cartesian position, i.e., Pd ≜ [Xd, Zd], plan
and control the flexible link tip up to the desired position and module velocity,
i.e., Ξtip ≜

[
Xtip, Ztip, Ẋtip, Żtip,

]
. From here, the sensor engages a ballistic

motion up to Pd. Next, the reel mechanism allows for retrieving the objects.
Fig. 1(b) depicts the real casting system mounted on ANYmal C, which allows
a 3D span of the Cartesian space.

scenarios and indoor applications employing machine learn-
ing approaches. None of these works allows a strategy that
guarantees object throwing at distances of meters with only a
few actuators at disposal, leveraging the intrinsic elasticity of
any flexible link.

Thanks to the elastic elements in their lightweight design,
flexible robots are capable of performing fast trajectories
[12] using a limited number of actuators [13]. Therefore,
they represent a suitable solution for the tossing [11] and
retrieving problem, e.g., Fig. 1. However, controlling any soft
robots, e.g., a fishing rod robot, is particularly challenging
due to the large elasticity, deformation, and nonlinearities
embedded in the mechanical structure [14]–[16]. In other
words, precisely throwing small objects with a flexible link
robot is a simple yet complex task. This problem contains key
aspects of modeling, planning, and controlling any soft robot
[15]. First, the dynamic evolution of the system is hard to
model [17]. Second, to exploit the elasticity of the beam, the
control action must be mostly feedforward [13]. Third, the
controller has to compensate for the robot’s underactuation
while performing dynamic tasks [13].

To tackle this challenge, we break down the problem of
throwing and retrieving objects using a flexible link robot
into the following steps in Fig. 2. First, we select the most
representative model for the employed system, i.e., fishing rod
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flexible robot. To this end, we compare multiple models for
describing the fishing rod’s dynamics. We select the lumped
parameters model based on defined performance indicators.
The model exploits the beam’s elasticity and plans the desired
motion. Given the desired Cartesian 2D position to be reached
by the launched object, derive both the desired tip pose and
velocity (module) and the suitable control action at the base
of the fishing rod depicted in Fig. 1. The references, i.e.,
the tip position and module velocity, are obtained by solving
an optimization problem constraining the throwing object
trajectory to the ballistic motion. These references represent
the input of the optimal control problem, i.e., Feasibility-driven
Differential Dynamic Programming (DDP) [12], [18]. The
optimal problem solution is used to plan the desired trajectory
and derive an initial guess for the Iterative Learning Control
(ILC) algorithm [13], [19], which will refine the control action
compensating for model uncertainties, errors, and artifacts
derived form the discretization approach.

The throwing and retrieving capabilities of the framework
are tested in simulation and on the real hardware. We divided
the experiments into two sets. The first set exploits the ILC
learning phase using the fishing rod actuator. The second set
validates the effectiveness of the learned control action and
the reel design and strategy. We stress the method’s capability
with varying payloads, trajectories, and scenarios.

In summary, this paper tackles the problem of throwing
and retrieving objects using flexible robots (Fig. 1) with the
following contributions (Fig. 2):

1) derive models of the fishing rod dynamics with different
state-of-the-art approaches and experimentally evaluate
the best fitting one;

2) introduce a planning and control framework, leveraging
on both model-based and data-driven approaches, to
enable exploitation of the beam elasticity to reach far
targets while maintaining accuracy;

3) experimentally validate the framework’s accuracy in real-
life natural scenarios.

We highlight that the contribution 2), i.e., the planning and
control framework, does not depend on the model choice
but leverages a classic description of the robot’s dynamics.
Furthermore, the pipeline combines planning strategy from
[12] and the iterative controllers developed in [20] reshaped
in a Lagrangian fashion equipped with model-based initial
guesses. It is worth noting that this is the first time where
these planning and control strategies are applied to a complex
and underactuated soft system to solve the throwing task. To
validate the framework’s effectiveness, i.e., contribution 3),
we propose an automatic design of the casting mechanism,
composed of two components: a flexible link, i.e., a commer-
cial fishing rod, and a reel. The proposed framework could
gather data either working alone or as equipment for a mobile
platform to autonomously sense out-of-reach spots (Fig.1) to
monitor and sense natural spots [21].

Finally, this paper is organized as follows. Sec. II reports
the state of the art and then, Sec. III defines the throwing
problem. In Sec. IV, we model the fishing rod’s dynamics.
We compare different models, we select a lumped-parameters
model (Sec. IV-A), and we present the estimating procedure
(Sec. IV-B). Sec. V displays the solution. In particular, we

tackle the planning problem in two steps (Sec.V-A): i) given
the desired target position, i.e., [Xd, Zd] (cf. Fig. 1), we derive
the tip position and velocity (module) (Sec. V-A1); ii) these
features are ensured by solving an optimization problem via
DDP (Sec.V-A2). DDP also provides model-based feedforward
action, which will be refined via ILC (Sec. V-B). The casting
and retrieving mechanism design is presented in Sec. VI,
and we validate the approach in Sec.VII via simulations
(Sec.VII-A) and experiments (Sec.VII-B-VII-C). Lastly, we
discuss the results in Sec.VIII, and we conclude Sec.IX. The
Appendix (Sec. X) reports all the proofs.

Physical units are presumed to be expressed in the MKS
system, with angles measured in radians.

Fig. 2. Scheme of the proposed framework for tossing small objects with
a flexible link robot. The figure displays the connections between the major
elements for solving the throwing problem.

II. STATE OF THE ART

This section reports literature on the throwing application
using robots and the problems of modeling, planning, and
controlling soft structures.

Robots are a valuable tool for performing the precise
throwing of small objects, as shown in [7]–[11], [22], [23]. In
the past two decades, in [22], [23], researchers used model-
based optimization methods to solve the tossing problem.
Recently, in [7], [9]–[11], reinforcement learning approaches
proposed a new model-free paradigm. Further, classic rigid
manipulators solve pick-and-toss tasks in a structured logistic
scenario, performing tossing less than one meter long in [7]–
[10]. Flexible and lightweight robots represent a valid solution
for increasing the throw range and decreasing the needed
actuators. The main idea is to exploit their elastic energy
to generate fast motions [11], [22]. However, the throwing
distance is less than one meter, and their applicability is limited
to indoor scenarios.

In other words, throwing small objects reaching meters-
long targets outdoors with a few actuators is still an open
challenge. The framework, which is yet to be determined, has
to generate explosive motions exploiting the robot’s elasticity
[12], compensating for the robot’s underactuation [13], and
modeling uncertainties [14]. The throwing problem represents
an extreme application of the modeling, planning, and control
problem for soft robots with the following challenges.

Modeling: Due to the wide breadth of robots belonging
to soft class [5], the modeling has no golden rule [24]–[26]
and depends on the employed robots. In the literature, many
approaches have been explored to tackle this challenge, namely
the Euler-Bernoulli beam [27], pseudo-rigid model [13], [28],
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[29], curvature model [14], [30], and Cosserat rod theory
[31], [32]. The Euler-Bernoulli beam model lives in a small-
deformation regime, is very sensitive to the payload mass,
and leads to a linear dynamics description, see, e.g., [33].
The Cosserat rod model does not allow us to derive a closed-
form dynamic model [34], [35]. On the other hand, discrete
Cosserat rod [31], piecewise polynomial curvature [5], [14],
and pseudo-rigid [13], [36], [37] models lead to discrete yet
nonlinear models, which capture high deformations of the
body [37], [38]. Models such as discrete Cosserat rod, and
piecewise curvature are used for soft material, e.g., silicon
rubber robot [31]. Conversely, pseudo-rigid ones are used to
model the dynamics of more rigid structures called compliant
underactuated arms, i.e., a whip [28], [36] and a fishing rod
[29], [39]. The key aspect is to consider a sufficient number
of discrete elastic elements. Additionally, the pseudo-rigid
model enables the use of standard and fast descriptions of
the robot, e.g., Universal Robot Description Format (URDF)
[29], [37], which boosts the control algorithm implementation
[13]. However, [28], [36], [37], [39] only present validation via
simulations without any comparison between different models.

Planning: Given a robot model robot, optimal control
paradigms can be used to plan and control flexible robots
to execute explosive tasks [40]. However, classic optimal
methods are prone to initialization issues [41] and model
uncertainties [12]. Recent methods and libraries, e.g., [40],
[42], [43], propose optimal solutions for planning and con-
trol. However, these libraries do not allow for modeling the
elasticity of the robots. In [18], [40], a new feasibility-driven
Differential Dynamic Programming (DDP) paradigm has been
proposed. DDP manages the incorrect initialization, handles
box constraints leading to a (local) feasible solution, and
comprises feedforward and full-state feedback terms. DDP
has been applied to soft articulated robots managing box
constraints on the control input in [12]. However, none of these
works have been tested in an experimental setup considering
highly underactuated and flexible systems.

Control: In [15], [17], classic model-based controllers are
applied to soft continuum and flexible link robots. Using high
gains feedback loops, the Authors cancel the robot dynamics
and compensate for the model uncertainties stiffening up the
robot behavior [20]. On the other hand, machine learning
approaches do not rely on model accuracy and are extremely
successful in solving complex tasks [11], [44], [45]. However,
they are time-consuming and, even if they have theoretical
guarantees on stability and robustness [46], [47], they lack
convergence properties toward the desired behavior [48] and
the exploitation of the robots’ body.

Recently, the intersection of these two worlds has opened
a promising solution [14], [49]. This control strategy speeds
up the learning process while having theoretical guarantees
on the intrinsic properties of the system’s dynamics. The idea
is to leverage the prior knowledge of the model [14], [20],
[49], [50] or estimate the model in a leaning-based paradigm
[51]–[53]. ILC techniques [19], [54] reshape a (mostly) purely
feedforward control action that archives high performance
while compensating for the model uncertainties by leveraging
real data. This has been implemented in a computed torque-
based fashion in [14] or using a partial knowledge of the

robot’s dynamics, e.g., inertia matrix [13], [20]. However,
these methods had never been applied to the throwing problem.

III. PROBLEM DEFINITION

In this section, we define the throwing problem of a small
object using the elasticity of the flexible robot. Recalling
Fig. 1 and given a desired Cartesian points [Xd, Zd]

⊤ ∈ R2

determine the control action u(·) : [0, tf] → U , which can
throw the object attached to the robot tip to [Xd, Zd]. To this
end, referring to Fig. 2, we break down the problem as follows.

Goal 1. Select the appropriate discrete model for the fishing
rod dynamics and estimate its parameters.

In the paper, we compare four models from the state-of-the-
art for continuum soft robots in Sec. II, i.e., Euler-Bernoulli
beam [55], Lumped-Parameter [13], [36], Piecewise Constant
Curvature [5], and discrete Cosserat Rod [31] model, and
select the one that fits our problem best.

Irrespective of the model used, the system’s dynamics can
be written in the Lagrangian formalism. Considering only one
actuator at the base of the robot, the dynamics of the flexible
link reads

M(q)q̈ +C(q, q̇)q̇ +G(q) +Dq̇ +Kq =

Su+ J⊤(q)τext ,
(1)

y = h(q) (2)

where q ∈ Xn ⊂ Rn are the Lagrangian configuration, q̇, q̈
are the configurations derivatives, u ∈ U ⊂ R is the control
input, and S = [1, 01×n−1]

⊤ is the underactuation map. The
inertia matrix M(q) ∈ Xn×n is positive definite and bounded,
i.e., mIn ≤ M(q) ≤ mIn with m, m ∈ R>0 ∀q ∈ Xn [56].
The Coriolis and centrifugal matrix is denoted as C(q, q̇) ∈
Xn×n. The gravity vector is G(q) ∈ Xn. K, D ∈ Rn×n are
the diagonal stiffness and damping matrix such as K, D ≻
0, respectively. τext ∈ R3 embeds the external forces, and
J(·) ∈ X 3×n is the 2D Jacobian matrix, which describes the
differential kinematics. The output is y ∈ Y ⊂ R, and h(·) :
Xn → Y is the output function. Note that (1)-(2) is a Single-
Input Single-Output system.

The dynamics (1) has standard properties of soft continuum
models, see, e.g., Sec. IV-A. For instance, (1)-(2) are locally
Lipschitz ∀q, q̇ [13], [14].

In casting, the fishing rod moves until an instant tf > 0
when the object is released from the tip of the rod, to undergo
a subsequent ballistic motion for a time tfly and reach the
surface at time ttot = tf + tfly. Referring to Fig. 1, let Ξobj =[
Xobj, Zobj, Ẋobj, Żobj

]⊤ ∈ R4 be the 4-tuple of the position
and velocity of the object in the Cartesian plane of launch.
Also, let Pd = [Xd, Zd]

⊤ ∈ R2 denote a target position in
the Cartesian plane. If there exists a tip position and velocity
Ξtip such that, when Ξobj(tf) = Ξtip, then the ensuing ballistic
motion of the free object leads to [Xobj(ttot), Zobj(ttot)] = Pd,
we say that Pd is reachable.

Without loss of generality, we assume that a target area
comprises reachable points Pd = [Xd, Zd] on an even surface
with Zd = 0.

For the object to reach a target point Pd it will be necessary
to plan a rod motion that will lead to it, see Fig. 2.
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Goal 2. Given the model (1), initial conditions q, q̇ = 0, and a
desired reachable target Pd, find a rod trajectory qd(t), q̇d(t),
t ∈ [0, tf] such that [Xobj(ttot), Zobj(ttot)] = Pd.

Because of the two distinct phases of the object motion,
it will be expedient to divide the planning problem into two
parts, i.e. the calculation of a Ξtip generating a ballistic motion
ending in Pd, and the calculation of a rod trajectory from
the initial conditions to Ξtip. The following Assumption is
instrumental in deriving the planning and control pipeline.

Assumption 1. We assume that ∀Ξtip, ∃ud(·) : [0, tf] → U
with |ud(t)| ≤ bud < +∞, and qd(·), q̇d(·) : [0, tf] → Xn

driving (1) and (2) to Ξtip in tf.

Assumption 1 ensures a solution for the planning and
control problem considering the flexible robot’s dynamics.

In [57], we proved that (1), i.e., lumped parameter model
for robots with elastic joints and one actuator, is Small-Time
Locally Controllable from any equilibrium points. This means
that a realizable control action capable of leading the system to
a given state in finite time tf from an equilibrium point exists.
Assumption 1 is not restrictive and connects the control input
to the desired tip position and velocity.

G2 derives the tip position and velocity to be reached and
plans the robot’s motion. Since (1) is underactuated (with
one actuator), planning its motion is not trivial. A solution to
G2 will also provide a nominal control action, namely u0(t).
However, results from G2 will always be affected by modeling
errors, which are tackled from the control strategy. Hence, we
will seek a third goal.

Goal 3. Given the desired output function yd(·) : [0, tf] →
Y computed from the desired motion qd(·) in G2, derive the
control input u(·) : [0, tf] → U such that the robot tip reaches
Ξtip in G2.

The final goal of this paper is the experimental validation
of the proposed pipeline in throwing and retrieving tasks
in real-life scenarios. To this end, we developed specific
hardware (presented in Sec. VI-A) and conducted an extensive
experimental campaign, including in relevant environments
such as observing the bottom of a pond.

IV. MODELING

To properly solve the problem in Sec. III, we need to plan
and control the motion of the fishing rod, we start modeling the
robot’s dynamics. As described in Sec. II, literature proposes
several different models to describe the continuum and flexible
beam [26] in Fig.1. We here focus on discrete models [25],
because they are control-oriented [5], more computationally
efficient, and they lead to the classic Lagrangian description
of the robot’s dynamics with a different meaning of the state
variables (see, e.g., [13], [14], [27], [31]). Note that, regardless
of the chosen model, discrete approaches lead to a reality gap
that should tackled by the control algorithm.

A. Model Selection

We here compare the following discrete models: Euler-
Bernoulli (EB) [27], [55], Lumped-Parameter (LP) [13], [36],

Piecewise Constant Curvature (PCC) [5], [14], and discrete
Cosserat Rod (CR) [31], [32], [34]1. All discrete models divide
the beam into n ∈ N (eventually non-uniform) segments
[25]. Note that these segments may represent different modes
depending on the studied model, e,g, EB, and CR.

Let ρ, L0, m0, R, E ∈ R≥0 be the density, the length, the
mass, the base radius, and Young’s module of the fishing rod,
respectively (see Tab. II for numerical details). We divide the
fishing rod into n segments and derive their parameters.

Recalling Fig. 1, implementing standard procedures (see,
e.g., [15], [31], [32], [55], [56]), and considering one actuator
at the base, the dynamics of any continuum robot can be
written in the Lagrangian form, i.e., (1).

We divided the fishing rod’s beam unevenly. In particular,
segments closer to the robot base are longer than the ones
closer to the robot’s tip, thus dynamic parameters are different
among segments. The elastic model is estimated using the
robot’s geometric features and material properties (see Tab.
II for numerical details), i.e., Hooke law Kii =

EJIIx
li

, ∀i =
1, · · · , n where JIIx ∈ R+ is the second inertia momentum of
the segment, and li ∈ R+ is the segment’s length.

The comparison is performed by considering the following
performance indices (KPIs): computation time, tracking error,
and the number of variables, i.e., n ∈ N. In particular, the
computation time refers to the time needed to compute the
acceleration of the Lagrangian variable, i.e., q̈. The tracking
error is computed w.r.t. the ground truth (GT). The ground
truth is the real Cartesian motion of the fishing rod’s tip that
is experimentally measured. We send a pure torque to the base
actuator (1), i.e., u(t) = π sin(2πt), t ∈ [0, 1] and record
the tip movement with a commercial Canon camera (EOS);
then we track the tip’s motion w.r.t. the fixed base frame
using the Kinovea software (please refer to Sec.s VI-A-VII
for further details on the experimental setup). The dimension
of the Lagrangian state is double the number of segments (or
modes). It is worth noting that the fishing rod’s workspace
(and model) is 2D and we performed all the simulations from
scratch using Python3.8 and a ThinkPad PC with core Intel
i7. We use an Euler integrator with the sampling time of
dt = 1e − 3s.

Tab. I displays the comparison results. On the other hand,
Fig. 3 depicts the tracking performance of the robot’s tip for
all the models w.r.t. the ground truth (GT).

TABLE I
COMPARATIVE ANALYSIS SOFT ROBOT MODELS

XXXXXXXXKPIs
Models EB LP PCC CR

Computational-Time [µs] 330 220 180 110
State Dimension q n 20 15 15 20

Tracking Error RMS [m] 0.38 0.13 0.30 0.28

Discussion: Tab. I and Fig. 3 show that all the models
have comparable computational time w.r.t. the number of
segments n. However, in terms of tracking performances,
LP performed best. For these reasons, we decided to use
the lumped parameters model. We highlight that employing
a lumped model opens doors to the use of all the classic
and efficient computing tools for rigid robots, i.e., URDF,

1This analysis is carried out using PyElastica [32]
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Fig. 3. Tracking performances comparison of the robot’s tip.

use of analytical derivatives, simulators, etc. However, in the
following section, i.e., Sec IV-B, we will precisely explain how
we model the fishing rod using a lumped parameters model.
Additionally, to reduce the reality gap due to the discretization
approach, we perform load tests to estimate the elastic torque.

B. Model Estimation
Based on the analysis of Sec. IV-A, we model the fishing rod

as a dense combination of serial elastic joints and rigid links as
depicted in Fig. 4, similarly to [4], [13], [36], [37], [58]. The
main concept is to increase the discretization frequency while
reaching the tip, which is the part of the robot that deforms
the most. This is not a unique solution, but it represents
an algorithmic procedure, which is easily implementable. Let
N ∈ N be the number of concentric telescopic rods, and let
m ∈ N be the number of links for each telescopic rod, then the
fishing pole is discretized with n =

∑N
i=1 im links connected

via elastic joints in (1). Note the first beam is discretized
through m links while the last is composed of mN elements.

Let us indicate with i = 1, · · · , N the i−th beam. Let
Ri, ri ∈ R>0 be the external and internal radius of each of the
telescopic beams. The length is li =

L0

N mi while the distance
w.r.t. the center of mass is ai =

li
2 . Note that mi links have

the same length and center of mass distance ∀i and belong to
the same rod. The discretization process is depicted in Fig. 4.

Let us indicate with j = 1, · · · , n the j-th links index
through the flexible link. We parameterize the distance be-
tween Ri (ri) and Ri+1 (ri+1) linearly using a local coordinate
along the fishing rod’s main axis2. Thus, for each link ∀j, we
can derive the section radius and use it to compute the volume
Vj = 1

3πlj
(
R2

j +R2
j+1 +R2

j Rj+1 − r2j − r2j+1 − r2j ri+1

)
,

the mass mj = ρVj , and the inertia Jj = 1
3mj l

2
j , ∀j.

This leads to (1). However, the discrete model is affected by
uncertainties. Thus, we decided to estimate experimentally the
stiffness matrix K in (1).

To this end, we perform load tests recording deformations
and displacement data of each of the virtual elastic joints
and links using the software Kinovea3; Fig. 6(a) reports one

2Note that this could also be done for the overall length of the fishing rod.
3https://www.kinovea.org/

example of a load test. Next, recalling (1) we solve for K,
i.e., static equation

G(q[k]) +Kq[k] = J⊤(q[k])τ
[k]
ext , (3)

which leads to Kii = (−Gi(q
[k])+

∑6
j=1 Ji,j(q

[k])τ
[k]
extj )/q

[k]
i

for i = 1, · · · , n, where the apex (·)[k] indicates the k−th test.
This Section solves G1.

V. PLANNING AND CONTROL METHOD

In this section, we propose the solution to the throwing
problem defined in Sec. III tackling the planning and control
problem leveraging the model in Sec. IV. Given the desired
Cartesian position for the throw, we find the desired pose and
velocity for the flexible arm tip. Then, we plan the throwing
via DDP, which also provides the initial guess for the ILC
framework. Fig. 2 displays the proposed approach.

A. Planning

In this section, we tackle the planning problem, which
is comprised of two parts. The first identifies the robot tip
position and velocities to be reached, given a certain desired
Cartesian position, i.e., Pd. The second part relies on DDP,
providing both the state evolution and a suitable control input
for the fishing rod.

1) Ballistic Motion Analysis: we derive a position and
velocity of the robot tip, i.e., Ξtip =

[
Xtip, Ztip, Ẋtip, Żtip

]
,

to engage a ballistic motion toward Pd = [Xd, 0], Sec. III. To
this end, we define the following optimal problem

min
Ξtip

(Xtip −Xd)
2
+ Z2

tip +
(
Ẋtip − vd

)2

+ Ż2
tip

s.t. AΞtip ≤ bΞtip ,

X2
tip + Z2

tip ≤ L2
0 ,

Xd −Xtip − Ẋtiptfly = 0 ,

− Ztip − Żtiptfly +
1

2
gt2fly = 0 .

(4)

where AΞtip ≤ bΞtip represents the physical linear constraints
such as tip position, and velocity limits, vd ∈ R>0 is the
desired velocity selected by the operator, L0 ∈ R>0 is the
length of fishing rod, and g is the gravity acceleration. Note
that Ẋtip, Żtip in Ξtip embeds the tip orientation.

Once the tip position and velocities are known, one has to
plan the fishing rod’s motion. We rely on the DDP framework
[40], [41]. Note that we set the final tip point and one
component of the velocity, i.e., Ξtip, as the goal of DDP.

2) Feasible Differential Dynamic Programming [12], [40]:
This section follows the same notation of [12]. Let us define
the state x =

[
q⊤, q̇⊤]⊤ ∈ X 2n and rewrite (1) in the not-

affine form ẋ = fc(x, u) with fc(·) : X 2n × U → X 2n, i.e.,

ẋ = fc(x, u) =

[
q̇

−M−1 (q)(N(q, q̇)− Su)

]
, (5)

where N(q, q̇) ≜ C(q, q̇)q̇+G(q)+Dq̇+Kq−J⊤(q)τext.
whose discrete-time formulation can be written as

xk+1 = fna(xk, uk) , (6)

https://www.kinovea.org/
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Fig. 4. Modeling procedure consists of discretizing the fishing rod into beams modeled as rigid links connected via passive elastic joints.

where (·)k is the time domain, i.e., k−th node, and fna(·) is
the discrete realization of fc(·).

We aim to solve this discrete-time optimal control problem

min
x, u

ℓtf
(xtf

) +

tf−1∑
k=0

∫ tk+1

tk

ℓk(xk, uk)dt

s.t. xk+1 = fna(xk, uk),

xk ∈ X 2n, uk ∈ U ,

, (7)

where k ∈
{
0, · · · , tf

}
indicates the node, ℓtf

and ℓk are the
terminal and one-step cost function, respectively [12], [40].

DDP solves (7) by breaking it down into small problems
[40]. Therefore, it iteratively solves the Bellman optimum
equation backward in time rather than discovering the full
pathway at once. DDP minimizes (7) in a direct multiple-
shooting fashion fulfilling the control input box constraints
and ensuring a feasible solution [18]. Thus, it exploits the
overall dynamics (6) leveraging the body’s elasticity.

The optimality condition is

Vk(xk) = min
uk

ℓk(xk, uk) + Vk+1(fna(xk, uk)) , (8)

where, Vk(xk) and Vk+1(fna(xk, uk)) are the Value function.
Then, we define the Q-function as

Qk(xk, uk) = ℓk(xk, uk) + Vk+1(fna(xk, uk)) . (9)

DDP uses a second-order approximation of (8)-(9), i.e.,

∆Vk =

min
δuk

1

2

[
δxk

δuk

]⊤ [
Qxxk

Qxuk

Quxk
Quuk

] [
δxk

δuk

]
+

[
δxk

δuk

]⊤ [
Qxk

Quk

]
,

(10)

Q(·)(·) is the local approximation of the Hamiltonian.
DDP is composed of two main phases: backward and

forward pass. In the backward pass, the search direction is
computed by recursively solving

δu⋆
k =argmin

δuk

Qk(δxk, δuk) = k̂k + K̂kδxk

s.t. u ≤ uk + δuk ≤ u,
(11)

where, k̂k = −Q̂−1
uuk

Quk
is the feedforward term and K̂k =

−Q̂−1
uuk

Quxk
is the feedback term4. It is worth noting that the

result of the backward pass is a control policy, i.e., (11).

4Note that Q̂−1
uuk

is computed based on the factorization of Q−1
uuk

using a
Projected-Newton QP algorithm [18].

The proposed control framework will neglect the full-state
feedback provided from the backward pass in (11). Its use
should be supplemented by state estimator techniques or sen-
sors providing position and velocity for each joint. Conversely,
we aim to control one component of the Cartesian tip position
in (2).

The forward pass is implemented once the search direction
is obtained in (11). The control and state trajectory are updated
using this step size

ûk = uk + αk̂ + K̂(x̂k − xk), (12)
x̂k+1 = fna(x̂k, ûk)− (1− α)f̄nak+1

, (13)

where, x̂k, ûk are the new state and control vectors, α ∈
[0, 1], and f̄nak+1

is the dynamics’ deflection defined as
f̄nak+1

≜ fna(x̂k, ûk)− xk+1.
It is worth noting that DDP guarantees the feasibility of the

solutions [40]. The interested reader is referred to [12], [18],
[40] for more details about the algorithm.

This procedure achieves G2. DDP returns the feasible con-
trol action u(·) : [0, tf] → U , and state q(·), q̇(·) : [0, tf] →
Xn, Ξtip(·) : Xn × Xn → R4. We will use one of the robot
tip’s Cartesian coordinates as the output function (2).

It is worth noting that the planning strategy just needs the
dynamics’ description (6). In other words, this approach does
not depend on the selected model of the fishing rod.

B. Control Design

In this section, we solve the control problem. We introduce
an ILC law proving its convergence for (1)-(2). Finally, we
ensure the uniqueness of the solution for (1).

1) Iterative Learning Control: The ILC framework allows
the refinement of the control action by relying on data trial
after trial [19]. The standard assumptions of the ILC frame-
work are fulfilled from the dynamics (1)-(2) see, e.g., [54].
Moreover, we assume what follows.

Assumption 2. The fishing rod system (1)-(2) has a relative
degree r = 2 for almost all q, q̇ ∈ Xn, [13].

Assumption 2 implies an inertial coupling between the input
and the state and affects the control law’s design. Assumption
2 is also standard for a flexible link robot [13], [20].

We highlight that the ILC framework is written in
continuous-time, however, a similar control law can be adopted
in the discrete-time case [19].

Please note that the planning phase is derived in a discrete-
time fashion, see, e.g., [12]. However, the following iterative
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controller lives in a continuous-time domain. This can be done
if the sampling frequency is properly settled and no loss of
information occurs across the two domains. This is the case
of the fishing rod under analysis.

Let us indicate with the index j ∈ N the iteration domain,
we define the iterative control law combining feedback and
feedforward terms, i.e. [20],

uj+1(t) = uj(t) + φffj (t) e2 j(t) + φfbj+1
(t) e2 j+1(t) , (14)

where φfbj+1
(·), φffj (·) : [0, tf]×N → R are time and iteration

varying learning gains. Recalling Assumption 2, we define the
tracking error e2 j(t) ∈ R as

e2 j(t) ≜
2∑

i=0

υi
(
y
(i)
d (t)− y

(i)
j (t)

)
, (15)

where iυ ∈ R≥0 are the control gains and y(i) indicates the
i−th time derivative of the output (2), i.e., y(i)(t) ≜ diy(t)

dti ,
for i = 0, 1, 2. Note that the order of derivatives is up to
2 since the system (1)-(2) is strong inertially coupled [13],
Assumption 2. The controller (14) is scalar and adds the
feedback component to the one of [54].

The initial guess u0(·) : [0, tf] → U is chosen as the feedfor-
ward component of (11), i.e., u0(t) = k̂(t), after interpolation.
Similarly, the desired trajectory (and its derivative) is the one
obtained from DDP, Sec. V-A2.

The following Lemma is instrumental for the derivation of
the control convergence, and it highlights the advantages of
using a model-based initial condition.

Lemma 1. Let us consider the system (6) rewritten in the
affine form, i.e., ẋ = f(x)+g(x)u. Let ẋd = f(xd)+g(xd)ud
be the desired system dynamics. Let ẋ = f̃(x) + g̃(x)u
be the nominal system such that f̃(x) = f(xd) + φf (x),
and g̃(x) = g(xd) + φg(x) with unknown φf (·), φg(·) :
X 2n → X 2n such that supt {||φf (x(t))||} ≤ bφf

||x||,
supt {||φg(x(t))||} ≤ bφg

5, and bφf
, bφg

∈ R≥0. Let ud(t) =
u(t) + uILC(t) be the control action and let the initial shift
such that ||x(0)− xd(0)|| ≤ bx0 . Then, it holds that

||xd − x||λ ≤ b(bφg , bx0 , bφf
, λ)+bg(bφg , bφf

, λ) |ud − uILC|λ ,
(16)

where ||(·)||λ stands for the λ−norm of (·) with λ > 06,
b, bg ∈ (0, 1), arbitrary small.

Proof. See Appendix X-A.

We here report the Theorem that provides a sufficient
convergence condition for (14). This statement is similar to
the one presented in [20], but, in this case, we focus on the
Lagrangian system (1) and (2) managing the presence of a
model-based optimal initial guess, i.e., Lemma 1.

Furthermore, the external disturbances J⊤(q)τext can be
embed into φf (x) [59].

We here report the Theorem that provides sufficient conver-
gence conditions for (14). This statement is similar to the one

5Note that g(x) =
[
0⊤
n×1, (M(q)S)⊤

]⊤
, thus recalling (1) one has

||g(x)|| ≤ m, ∀q ∈ Xn

6Let ι(·) : R → R be continuous function its λ−norm is defined as
|ι(t)|λ ≜ supt

{
ι(t)e−λt

}
with λ > 0 finite.

presented in [20], but, in this case, we focus on the Lagrangian
system (1) and the output function (2) managing the presence
of a model-aware initial condition, i.e., Lemma 1.

Theorem 1. Let us consider the system (1)-(2) under the
Assumptions 1-2, and let (14) be the iterative control law.
Let us assume an initial shift, i.e., ||q(0)− qd(0)|| ≤ bx0

with
bx0

∈ R≥0 finite. If the learning gains φfbj+1
(t) , φffj (t)∈ R

in (14) satisfy

∣∣∣∣∣ 1

1 + φfbj+1(t) υ2
∂h(qj+1)

∂q M−1(qj+1)S

∣∣∣∣∣ ≤ σfb≤ 1 (17)∣∣∣∣1− φffj (t) υ2
∂h(qj)

∂q
M−1(qj)S

∣∣∣∣ ≤ σff < 1 (18)

∀t ∈ [0, tf], ∀j ∈ N, and with σfb, σff constant; then
limj→+∞

∣∣ e2 j(t)
∣∣
λ
≤ be, i.e., be ∈ R≥0 finite.

Proof. See Appendix X-B.

Theorem 1 analyzes the convergence of the (14) dealing
with the Lagrangian system (1) while considering a model-
based initial guess and feedback and feedforward terms. The
controller (14) and its convergence conditions (17) and (18)
leverage the model (1), which does not depend on the selected
one. Moreover, (17) and (18) show the system’s inertial cou-
pling thanks to the Lagrangian formulation and Assumption 2.

To highlight the model-based initial guess contribution, the
impact of the knowledge of the model, and the presence of
initial shift, we present the following Corollary.

Corollary 1. Let us consider the same Assumptions of The-
orem 1. In the case of perfect knowledge of the model, i.e.,
φf (x) = φg(x) ≡ 0.

A) If bx0 = 0, DDP provides the perfect control input
leading to zero tracking error, i.e., be = 0.

B) If bx0 ̸= 0 then (17)-(18) lead to be = bfbu with bf > 0
finite.

Proof. See Appendix X-C

Considering an equilibrium input as the initial guess, the
iterative controller (14) compensates for all the dynamics,
see, e.g., the Appendix where (28) embeds the drift vector
component, i.e., f(·). This speeds down the convergence of
(14) w.r.t. the model-based initial guess [13], [20], [59].

The following Corollary exploits Theorem 1 in the case of a
pure feedforward control law, i.e., φfbj+1

(·) ≡ 0, ∀t ∈ [0, tf].

Corollary 2. Let us consider the same Assumptions of Theo-
rem 1. If φfb(t) ≡ 0, ∀t ∈ [0, tf], then σfb = 1 and (17)-(18)
are fulfilled ensuring limj→+∞

∣∣2ej(t)∣∣λ = bf > 0 finite.

Proof. See Appendix X-D

Corollary 2 preserves the intrinsic elasticity of the robot
[20] and can be applied thanks to the dominant elastic nature
of the flexible beam, which ensures the stability around the
desired trajectory [20].

The following proposition aims to find a suitable and
automatic value for the learning gains in (14), ensuring the
iterative algorithm’s convergence by fulfilling (17)-(18).
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Proposition 1. Let us consider the system (1) and (2). Let (14)
be the control law. If the learning gains are chosen constant
and such as φff = φfb ∈

(
0, m

2υL0

)
where m ∈ R>0 is the

lower bound of the inertial matrix of the robot in (1) and
L0 ∈ R>0 is the length of the robot, then the convergence
conditions (17)-(18) hold.

Proof. See Appendix X-E

2) The Uniqueness of the Solution: It is worth noting
that the system (1) is underactuated and we employ a scalar
function as output, i.e., (2) in Theorem 1. However, to solve
the throwing problem defined in Sec.III, one needs to assign
precisely the fishing rod tip pose and its velocity, i.e., Ξtip(·).
To this end, we claim what follows.

Proposition 2. Let us consider the controlled system (1)-
(2) with controller (14). Let q ∈ Xn, q̇ = 0n×1 be initial
conditions. Then, the pose of the robot tip and its velocity,
i.e., Ξtip(·) : [0, tf] → X 4, are unique and equal to the desired
ones.

Proof. See Appendix X-F

This procedure achieves G3.
Note that the proposed framework, i.e., planning (Sec. V-A)

and control (Sec. V-B), can be applied to a great variety of
flexible robots, i.e., compliant underactuated arms [13].

VI. DESIGN

A. Design Experimental Setup

In this section, we present the design of the innovative
casting mechanism which is instrumental in validating the
proposed planning and control framework. The structure com-
prises two components depicted in Fig. 5. The first component
includes the fishing rod holder, while the second one regards
the reel actuation. Next, we estimate the fishing rod elastic
model (1) by performing static tests. Finally, we use the first
component to validate the goodness of the estimated model.

1) First Component, Fishing Rod Holder: Fig.s 5(a) and
5(b) depict the assembled and exploded view of the CAD
model, respectively while Fig. 5(c) reports the real setup.
The system is designed to be a stand-alone, and it can be
mounted onto ANYmal C robot. It is assembled with an
EM-Act actuator [60], commercial fishing rod, battery unit,
electronic components, and 3D-printed interfaces. EM-Act is
a belt-driven low-cost modular actuator for dynamic tasks,
equipped with an Antigravity 5006 KV 450 motor with a
gear reduction of 9:1 and a 32-bit Moteus r4.8 microcontroller
with a high-performance magnetic encoder. A DJI TB47D
battery unit of 4500 mAh was used as the power input,
and a commercially available fishing rod was used for the
experiments. The power distributor board was selected to
power up the motor and its control units. The electronic control
system consists of a Raspberry controller mounted to the
Pi3hat to simultaneously meet the voltage specifications and
enable motor-driver systems control. Communication between
the PC and Raspberry is via WiFi protocol at 500Hz.

Two interfaces, i.e., interface 01 and 02, are used to accom-
modate all the components. They are realized with ABS plastic

using 3D printing techniques. Along with the battery unit and
electronic components, interface 01 holds the EM-act actuator
in a vertical configuration to have enough room for the rotation
of the fishing rod. Interface 01 was designed with a matching
geometry with the top platform of the ANYmal C robot and
is mounted using six M4 screws. The actuator module and the
electronic components are attached to interface 01 using M2
screws. Interface 02 is connected to the EM-Act output and it
holds the fishing rod with ten M4 screws.

2) Second Component, Actuator for the Reel: Fig.s 5(d)
and 5(e) depict the assembled and exploded view of the CAD
model, respectively while Fig. 5(f) reports the real setup. To
realize a system to drive the spool of the fishing reel to throw
the camera unit, another Antigravity 5006 KV 450 motor was
employed. From a spare reel of the same make, the worm
gear and the worm shaft used to drive the spool were taken,
of which the worm gear was added to one end of the driving
shaft of the reel of the experiment, after removing the reel
handle. The worm shaft was then coupled to the motor using
interface 03 using M2 screws, as shown in Fig. 5(d). By this
arrangement, the gear ratio between the motor end and the
spool remains to be 1:1. As shown in Fig. 5(e), the housing
which accommodates the motor and driver circuit board was
fixed to the reel body using a back support and M3 bolts.
The interface 03, housing, and back support were realized
with ABS plastic using 3D printing techniques. The casting
mechanism is low-cost and requires only two motors.

During the learning phase, i.e., ILC, to get the evolution of
the fishing rod tip, we equip the first component with a real-
sense D415 camera running at 60 fps, which tracks the green
ball in Fig.5(c).

B. Model Estimation Results
We here report the model estimation results. After deriv-

ing part of the model relies on the discretization approach
Sec.IV-B and geometric consideration (Tab. II)7, the main
objective is to derive the stiffness matrix K ∈ Rn×n

in (1). We use 10 different objects with masses equal to
{0, 31, 39, 47, 59, 65, 69, 75, 90, 97}g reported in Fig. 6(b).
Recalling the diagonal structure of K ∈ Rn×n and relying on

TABLE II
GEOMETRIC FEATURES FISHING ROD AND REEL (MKS), FIG.1.

m0 L0 ρ mreel mcam ∆Rr R0 Rend E

0.8 3. 2.5e3 0.3 0.15 e − 5 0.02 e − 3 9e10

(3), we can estimate the spring value of each joint. Then, we
compute the mean value within the 10 tests for each joint. On
the other hand, the damping matrix D ∈ Rn×n in (1) is de-
rived by scaling the stiffness one such as ||D|| ≈ 10Nms/rad.

Fig. 6(a) shows one example of the loading test, while Fig.7
depicts the results of the computation providing the stiffness
value for each joint.

We validate the model by performing dynamics tests. This
means that we sent the same torque control [Nm] action, i.e.,
u(t) = π sin(2πt), t ∈ [0, 1], to both the model and the real
platform. Fig. 8 reports the comparison results showing the
tip evolution in Fig.s 8(a)-8(b) and the body Fig. 8(c). We
refer to the video attachment for further details. We record

7Fishing rod and reel commercial description.

https://www.decathlon.it/p/set-scoperta-pesca-ufish-350/_/R-p-311297?mc=8577296
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(a) Assembly. (b) Explored view. (c) Setup. (d) Assembly. (e) Explored view. (f) Setup.
Fig. 5. Design of the two components. Fig.s 5(a), 5(b), and 5(c) display the fishing rod module, Fig.s 5(d), 5(e), and 5(f) depict the reel component.

(a) Example of a load test using Kinovea software. (b) Example of loads.
Fig. 6. Gathering data for the stiffness estimation via load tests. The fishing rod’s tip is highlighted with a green ball 6(a). We combined loads in Fig. 6(b).

Fig. 7. Stiffness estimation or each joint. The light red band represents the
STD while and the red line is the mean value.

the robot tip with a Canon Camera and track its Cartesian
position obtained using Kinovea software.

VII. VALIDATION

In this section, we test the effectiveness of the proposed
method. We performed simulations and experiments. We vary
trajectories, payloads, model uncertainties, and scenarios. The
experimental campaign is divided into Learning Experiments
Sec. VII-B and Testing Experiments Sec VII-C. The for-
mer implements ILC, the latter validates the effectiveness
of both the learned controller and the proposed design by
repeating the same tests 10 times. To quantify the tracking
performance, root-mean-square error (RMS) is employed, i.e.,
rms =

∫ tf

0
1
tf
(yd(t)− y(t))

2 dt. Note that the output function
(2) is selected as y(t) = Xtip(t).

A. Simulation
We tested two desired trajectories: Task 1 and Task 2. For

Task 1, the target goal is Pd = [5, 0]m, which leads to
Ξtip = [0.33, 2.75, 10, 0] relying on (4), while Tasks 2’s target
is Pd = [3.75, 0]m, which leads to Ξtip = [0.2, 3.0, 5, 0].
For both Tasks, the time horizon is tf = 1s, and recalling
(7), the weights related to control regularization is 10−1, state
regularization is 1, goal and velocity tracking costs are 1 and

10−1, respectively, and terminal cost contains a goal-tracking
and velocity-tracking cost with 102 and 10, respectively [12].

We use the model (1) for the planning phase implementing
DDP, Sec. V-A2, which provides the Cartesian references for
the iterative process described in Sec. V-B1. DDP also reports
the optimal model-based initial guess and keeps constant the
control action between two-time steps. Since only one actuator
is at disposal at the fishing rod base, as output function (2),
we employ the X−Cartesian coordinate of the fishing rod tip,
i.e., (2) is y = Xtip(q). Moreover, recalling Proposition 2, the
error on the Z−Cartesian tip coordinate decreases. To exploit
the learning capability, for both Tasks, we vary the elasticity
and damper parameters by 50% w.r.t. the nominal ones, i.e.,
derived in Sec. VI-B, and we added a 20% uncertainty in the
mass and inertia of all the even links.

Recalling (14), and Proposition 1, and leveraging the bound-
edness of the inertia matrix of any robot, we select a constant
learning rate such that (17)-(18) are fulfilled, i.e., φfb = −0.1,
φff = 0.1, and

[
υ0 , υ1 , υ2

]
= [1, 0.1, 0.01]. It is worth

nothing that υi , i = 0, 1, 2 affect the convergence velocity
[13].

Fig 9 reports the simulation results. Fig. 9(a) depicts the
RMS error over iterations. Fig. 9(b) displays the final output
tracking, i.e., (2) selected as the X−Cartesian position of the
robot tip y = Xtip(q), while Fig. 9(c) depicts the control action
over time. Fig. 9(d) displays the active joint evolution. Finally,
Fig. 9(e) reports the velocities of the robot tip. The DDP pure
feedforward torque is the initial guess u0 ∈ U in Fig. 9(c).

B. Learning Experiments
We here report the results of the experiments using the setup

Sec. VI. We perform the tasks presented in the simulation
section (Sec. VII-A) for Task 1 and Task 2, where we track
the X−Cartesian coordinate of the robot tip, i.e., (2) is
y = Xtip(q) and the learning stops when reaching the RMS
error equal to or less than 5 cm and 3 cm for Task 1 and Task
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(a) Tip X−Cartesian.
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(b) Tip Z−Cartesian. (c) Comparison real and simulated dynamics.
Fig. 8. Comparison of the tip and beam motion between the real data (Kinovea) and estimated model (simulation) plugging u(t) = π sin(2πt), t ∈ [0, 1].
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(c) Control action.
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(e) Tip velocities.
Fig. 9. Simulation results of Task 1 and Task 2 using a pure feedforward controller and combining feedback and feedforward.

2, respectively. We set the position of the actuated module, q1,
and its pure feedforward torque. The first joint is the planned
one which is tracked by a low-level PD control, and the
feedforward torque is updated via ILC. To test the robustness
of the method, we vary the mass of the tip of the robot, i.e.,
10g and 25g, respectively. The presence of both the 10g and
25g mass is not modeled in the robot description and they are
repetitive disturbances [59]. The learning gains and the control
gains are selected such as in Sec. VII-A, i.e., φff(t) ≡ 0.1 via
Proposition 1 except for φfb(t) ≡ 0, ∀t ∈ [0, tf], i.e., pure
feedforward controller (14) whose convergence is proved in
Corollary 2.

Fig.s 10-11 report the experimental results. Fig.s 10(a) and
11(a) depict the RMS error over iterations. Fig.s 10(b) and
11(b) display the final output tracking, i.e., (2) equal to y =
Xtip(q), Fig.s 10(c) and 11(c) report the velocities of the robot
tip, and Fig.s 10(d) and 11(d) display the active joint evolution,
which is selected within PD controller. Finally, Fig.s 10(e) and
11(e) show the pure feedforward control action, i.e., ILC. We
refer to the video attachment for further details.

C. Testing Experiments

In this section, we test the overall throwing and retrieving
capability of the system. We selected the most challenging
between Task 1 and Task 2, i.e., Task 1. We combined the
learned control action in Sec. VII-B and the reel strategy
performing multiple tests with varying scenarios and payloads.

We perform two sets of experiments. The first set, namely
Garden, aims to establish in a controlled ambient the accuracy
and repeatability of the object launch. The fishing rod is fixed
on a solid base and the payload weighs 35g. The second
set, namely Pond, is a real test where the system serves as
equipment for a quadruped robot, i.e., ANYmal C8 and a Go-
Pro Session camera is launched into a pond. The use of the
legged robot does not affect the planning and control pipeline.

8ANYmal description.

The controller of Sec. VII-B considering the case of Task
1 with payload 25gr is tested in all cases. Thus, the desired
Cartesian position to be reached is [5, 0]m.

The overall action is divided into four phases (P):
P1: the fishing rod follows the learned control action in Sec.

VII-B while the reel accelerates linearly up to the peak
velocity ωreel ∈ R, i.e., vtip = rreelωreel.

P2: the fishing rod maintains the final position, while the reel
decelerates linearly down to 0rad/s.

P3: The fishing rod and the reel stay still to gather data.
P4: The fishing rod and the reel go back to the home position.

From the learning phase, we record the velocity of the
fishing rod tip. This information together with the reel and
fishing rod geometry (e.g., radius, L0) allows us to tune the
ωreel, i.e., reel rotation velocity. The basic idea is to release
enough wire to throw the object while the fishing rod is
swinging, and then, retrieve it. To tame the reel actuation,
we just use one motor that handles all the phases of the
throwing tasks, namely, holding the object in the vertical
position, releasing the fishing line, and retrieving the sensor.

Note that the use of the legged robot in the Pond experi-
ments does not affect the planning and control pipeline.

In Fig.s 12 and 14, one can observe the overall throwing and
retrieving strategy during the tests. Fig.s 12(a) and 14(a) depict
the position and velocity of the reel. Note here that the phases
(P1-P4) are depicted with different patches. Fig.s 12(b) and
14(b) report the evolution of the object. In the Garden case,
Fig. 12(b) displays also the going home/retrieving phase, i.e.,
P4. Fig.s 12(c) and 14(c) plot the motor position, where the
learned feedforward control action is loaded. In the Garden
case, it also comprehends the retrieving phase. Conversely, in
the Pond scenario, inspired by fishermen, the position of the
fishing rod stops when reaching the final holding position, i.e.,
P3. During P4, only the reel goes back home, while the fishing
rod stays in the final holding position. We refer to the video
attachment for further details.

Finally, Fig. 13 displays a photo-sequence of the Garden
task; while Fig. 15 reports Pond tasks execution using ANY-

https://www.anybotics.com/anymal-autonomous-legged-robot/
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Fig. 10. Experiments results of Task 1 using a feedforward control action. The time horizon ends when the object is launched.
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Fig. 11. Experiments results of Task 2 using a feedforward control action. The time horizon ends when the object is launched.

(a) Reel strategy throughout the task.
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(b) Position of the launched object (Kinovea). (c) Control action up to retrieving phase.
Fig. 12. Experiments result with a feedforward control action in Fig. 10(e) and a fixed base. The wind is about ≈15km/h in the throwing direction. Fig. 12(a)
displays the reel encoder measurements during the throwing and retrieving strategy. Fig. 12(b) reports the X−Cartesian coordinate of the thrown object, while
Fig. 12(c) shows the position of the fishing rod actuator and its standard deviation in 10 tests. Note that in Fig.s 12(a) and 12(c) colored patches indicate the
different phases: throwing, resting, going home, and retrieving.

Fig. 13. Photo-sequence of the throwing experiments on a fixed based with the wind ≈ 15km/h. The red circle highlights the throwing object.
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mal C and Fig. 16 depicts the camera view.

VIII. DISCUSSION

We here discuss the results of the proposed throwing and
retrieving framework for flexible links robots.

Different control-oriented models lead to a similar descrip-
tion of the fishing rod dynamics, i.e., Lagrangian formulation
(1). The discretization approach, the selected lumped parame-
ters model, and the load tests in Sec. IV-B fit the real system
dynamics with an acceptable error in Fig. 8 after performing
a few load tests outperforming the geometric one in Sec.
IV-A. This is a key point since feasibility-driven Differential
Dynamic Programming (DDP) in Sec. V-A2 is a model-based
algorithm for planning and control [40].

DDP can manage box constraints on the input [12], [18]
and preserve the system’s feasibility. Recent libraries, see, e.g.,
[42], [43], allow for state constraints, however, they consider
a rigid dynamic of the robot. In our DDP framework, the
limits on the state, e.g., velocities, are expressed as soft ones
satisfying (6) and in the cost functional (7). In other words,
DDP cannot manage box constraints on the state. However,
in this application, feasibility-driven fashion leverages the
elasticity of the beam and reaches the final state, precisely.
Moreover, state constraints would be hard to select since the
joints are virtual.

The target tip velocity is set vd = 10 m/s and vd = 5
m/s on the X−Cartesian coordinate for Task 1 and Task 2,
respectively. Note that the overall error is less than 10% in both
Tasks. The final state is weighted the most in (7) to ensure the
correct motion of the robot.

Note that the underactuation of the system leads to the
possibility of setting only a precise value for one output
function, i.e., the X−Cartesian tip position, and the feasibility
fashion of the algorithm may lead to error in the final pose. The
control problem (7) is solved in less than 2 minutes (Python
implementation).

Lemma 1, displays the advantage of using a model-aware
initial guess w.r.t. the literature [13]. In other words, the
iterative controller does not learn the whole system evolution
but only the reality gap (28), this speeds up the learning
process. Note that the planning and control framework can be
applied to any flexible link robots regardless of the selected
model. In simulations, recalling Fig. 9, the feedback term
of (14) leads to a faster convergence than in the case of
a pure feedforward one. The feedback term stiffens up the
robot motion as proved in [20] but strengthens the controller
robustness. Hence, depending on the application, the use of
feedback plays a key role.

In the experimental learning phase, i.e., Sec. VII-B, results
show that the control algorithm can compensate for the uncer-
tainties of the model reaching satisfying tracking performance,
i.e., RMS threshold 5cm or 3cm, within a few iterations Fig.s
10 and 11. The convergence w.r.t. iterations is not monotonic
due to nonrepetitive uncertainties [59] and underactuation,
however, shows a decreasing evolution in both Tasks.

Even if the tip mass changes, the learning obtains similar
tracking performances at the cost of a less smooth convergence
in the case of unmodeled mass, i.e., 25g in Fig.s 10(a) and

11(a). Additionally, the pure feedforward control, in Corol-
lary 2, does not allow for reject disturbances in Fig.s 10(e)
and 11(e). However, it entirely preserves the manipulator’s
elasticity, allowing it to exploit fast task execution. It also
simplifies using sensors and noisy derivative data to implement
closed-loop control. Furthermore, the camera rate must be
increased to apply a proper feedback action on the Cartesian
tip coordinate.

The planning and control problem is formulated in 2D.
However, using any floating-based robots, the proposed frame-
work will be able to span the entire 3D space as shown in Fig.s
1 and 15. Moreover, the design of the launching mechanism
is modular, inexpensive, and allows the task to be performed
with limited numbers of actuators while reaching satisfactory
distances ≈ 5m. The reel design and strategy are cheap,
simple, and versatile, and it does not require precise high-level
control. The reel velocity can be designed after the learning
phase automatically in Fig.s 12(a) and 14(a). The peak reel
velocity might also depend on the payload weight as shown
in Fig.s 12(a) and 14(a).

The ballistic motion is simple and it does not take into
account the presence of air frictions in Sec. V-A1. However,
it does provide a suitable solution for the motion of the object.
The error reached up from the tip (Fig.s 10) leads to an error
on the desired Cartesian position less than 0.40m in all cases.
Note that the precision of the launches in Fig. 14(b) is higher
than that of the ones in Fig. 12(b) because of the strong wind
in the latter scenario.

The results show good repeatability and accuracy of the
thrown object also in real-life scenarios and the case of wind
in the opposite direction of the thrown in Fig.s 12(b) and 14(b).

During all the Pond tests, the movement of the fishing rod
and the torque generated on the base does not disturb the
robot’s balance which remains perfectly still thanks to the ac-
tive controller. Therefore, this lightweight casting system may
be used as quadruped equipment for environmental monitoring
purposes Fig. 15. The camera turned out to help detect the
strong turbidity of the water, and the launch provided a picture
of the pond bottom Fig. 16.

IX. CONCLUSION AND FUTURE WORK

This paper presented a new automatic throwing and retriev-
ing framework for small objects using a flexible link robot.
We proposed a pipeline, i.e., planning and control strategies,
which had been tested thanks to an innovative casting and
retrieving mechanism design. The overall framework applies
to all flexible robots, however, we focused on a fishing rod
robot. We start by selecting and estimating the dynamic model
by discretizing its beam. Next, we tackle the planning problem
in two phases. First, relying on the ballistic motion and
providing the target Cartesian position, we compute the desired
tip position and module velocity. Next, we plan the flexible
robot dynamic motion via Differential Dynamic Programming.
This optimal framework also provides the model-based control
action, which we employ as an initial guess for the Iterative
Learning Controller. In doing so, we compensate for model
errors and uncertainties relying on data. Next, we present
the design of two innovative components of the casting and
retrieving mechanism. Finally, we validate the framework’s
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(a) Reel strategy throughout the task.
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(b) Position of the launched camera (Kinovea). (c) Control action up to holding phase.
Fig. 14. Experiments results with a feedforward control action in Fig. 10(e) using a quadruped robot on the shore of the pond of Platamona, Sardinia (IT).
The wind is ≈ 3km/h. Fig. 14(a) displays the reel encoder measurements during the throwing and retrieving strategy. Fig. 14(b) reports the X−Cartesian
coordinate of the thrown object, while Fig. 14(c) shows the position of the fishing rod actuator and its standard deviation in 10 tests. Note that in Fig.s 14(a)
and 14(c) colored patches indicate the different phases: throwing, resting, going home, and retrieving.

Fig. 15. Photo-sequence of the experiments using quadruped robot on the shore of Platamona pond, Sardinia (IT) with wind ≈ 3 km/h. The red circle
highlights the GoPro camera.

Fig. 16. Photo-sequence acquired from the camera recording the throwing and retrieving experiments using a quadruped robot on the shore of the pond of
Platamona, Sardinia (IT). The camera reaches the bottom of the pond, and then, it is recalled by the action of the reel.

effectiveness in simulation and on real hardware with varying
real-life scenarios.

Future work aims to generalize the system’s throwing ca-
pability, mixing the ability of learning-while-doing of the ILC
and the robustness of Reinforcement Learning. Additionally,
we aim to employ the proposed framework to conduct an
experimental campaign gathering data in out-of-reach natural
environments for monitoring purposes.
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X. APPENDIX

We here report proofs of Theorems and Lemmas.

A. Proof of Lemma 1

Proof. Let us subtract the real system, i.e., ẋ = f̃(x)+g̃(x)u,
to the desired one, i.e., ẋd = f(xd) + g(xd)ud such that

∆ẋ = −φf (x)−φg(x) (ud − uILC) + g(xd)uILC , (19)
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where ∆ẋ = ẋd − ẋ and ∆u = ud − uILC. After ±φf (xd)
and ±g(xd)ud, one can write the following inequality

||∆ẋ|| ≤ bφf
||∆x||+ b+

(
bg + bφg

)
|∆u| , (20)

where b ≜ bφf
+ bgbud finite and bg = supt {||g(x)||} whose

existence is guaranteed from Assumption 2. Computing the
λ−norm, integrating (20), Computing the λ−norm, integrating
(20), and applying the Gronwall Lemma, we can write what
follows

||∆x||λ ≤
bx0

(
1− e−λtf

)
λ

+
b

λ− bφf

(
1− e(bφf

−λ)tf
)

+
bg + bφg

λ− bφf

(
1− e(bφf

−λ)tf
)
|∆u|λ ,

(21)
which can be reorganized as (16). Note that
∀ bφf

, bφg
, bg, bx0 , bud , ∃λ > 0 finite such that b, bg < 1,

arbitrary small, in (16). The proof is completed.

B. Proof of Theorem 1

Proof. Recalling (15), one has

e2 (t) = 0υ (h(qd)− h(q)) + 1υ

(
∂h(qd)

∂qd
q̇d −

∂h(q)

∂q
q̇

)
+

2υ

(
∂

∂qd

(
∂h(qd)

∂qd
q̇d

)
q̇d −

∂

∂q

(
∂h(q)

∂q
q̇

)
q̇

)
+

2υ

(
∂h(qd)

∂qd
M−1(qd)Sud −

∂h(q)

∂q
M−1(q)Su

)
−

2υ
∂h(q)

∂q
M−1(q) (C(q, q̇)q̇ +Kq +Dq̇ +G(q))+

2υ
∂h(qd)

∂qd
M−1(qd) (C(qd, q̇d)q̇d +Kqd +Dq̇d +G(qd))+

2υ
∂h(q)

∂q
M−1(q)J⊤(q)τext − 2υ

∂h(qd)

∂qd
M−1(qd)J

⊤(qd)τd ,

(22)
which can be rewritten for the sake of the space as

e2 (t) = 0ϕ (qd, q) +
1ϕ (qd, q, q̇d, q̇) +

2ϕ (qd, q, q̇d, q̇)+

τext(q) +
2υ

(
∂h(qd)

∂qd
M−1(qd)Sud −

∂h(q)

∂q
M−1(q)Su

)
,

(23)
with 0ϕ(qd, q) ≜ 0υ (h(qd)− h(q)),
1ϕ(qd, q, q̇d, q̇) ≜ 1υ

(
∂h(qd)
∂qd

q̇d − ∂h(q)
∂q q̇

)
, τext(q,qd)

2υ ≜
∂h(q)
∂q M−1(q)J⊤(q)τext − ∂h(qd)

∂qd
M−1(qd)J

⊤(qd)τd, and

2ϕ(q, qd, q̇, q̇d)
2υ

≜
∂

∂qd

(
∂h(qd)

∂qd
q̇d

)
q̇d −

∂

∂q

(
∂h(q)

∂q
q̇

)
q̇

− ∂h(q)

∂q
M−1(q) (C(q, q̇)q̇ +Kq +Dq̇ +G(q))

+
∂h(qd)

∂qd
M−1(qd) (C(qd, q̇d)q̇d +Kqd +Dq̇d +G(qd)) .

(24)

Without lost of generality let us consider τext(·) ≡ 0 further
details can be found in [59]. Recalling (14) and (23), one has(
1 + φfbj+1 υ2

∂h(qj+1)

∂qj+1
M−1(qj+1)S

)
∆uj+1 =(

1− φffj υ2
∂h(qj)

∂qj
M−1(qj)S

)
∆uj

−φfbj+1

2∑
i=0

ϕ(qdj+1 , qj+1, q̇dj+1 , q̇j+1)
i

− φffj

2∑
i=0

ϕ(qdj , qj , q̇dj , q̇j)
i

− φfbj+1 υ2
(
∂h(qd)

∂qd
M−1(qd)−

∂h(qj+1)

∂qj+1
M−1(qj+1)

)
Sud

− φffj υ2
(
∂h(qd)

∂qd
M−1(qd)−

∂h(qj)

∂qj
M−1(qj)

)
Sud .

(25)
Recalling (17), (18), (25), and the Lipschitz property of the
system (1) and (2), one can write

|∆uj+1|≤ σfb
(
σff |∆uj |+

∣∣φfbj+1

∣∣ϕj+1 ||∆xj+1||
+
∣∣φfbj+1

∣∣h0m υ2 |ud| ||∆xj+1||
+
∣∣φffj

∣∣ϕj ||∆xj ||+
∣∣φffj

∣∣h0m υ2 |ud| ||∆xj ||
)
,

(26)
where ∆x and ∆u are defined in Lemma 1, h0 is the
Lipschitz constant of the output function (2), and ϕ =
supt

∑2
i=0

∣∣ ϕ(qd, q, q̇d, q̇)
i

∣∣.
Computing µj+1 = supt

{∣∣φfbj+1

∣∣ϕj+1 + h0m υ2 |ud|
}
<

+∞, and similarly for µj , then one can define µj+1
j ≜

max {µj , µj+1}. For the sake of the space, we recall the
definition of the stare vector (6), and (26) becomes

|∆uj+1| ≤ σfb (µ (||∆xj+1||+ ||∆xj ||) + σff |∆uj |) . (27)

Recalling (16) in Lemma 1, one can write

|∆uj+1|λ ≤ σfb

(
µj+1
j bg |∆uj+1|λ

+
(
σff + µj+1

j bg

)
|∆uj |λ + 2µj+1

j b
)

,
(28)

with b = b(bφf
, bφg

, λ). Defining σfb ≜ σfb/(1 − σfbµ
j+1
j bg),

σff ≜ (σff + µj+1
j bg), and bµ ≜ 2µj+1

j b, (28) becomes

|∆uj+1|λ ≤ σfb
(
σff |∆uj |λ + bµ

)
. (29)

Recalling , (17), (18), and (29), we highlight that ∀j, ∀bg ∈
[0, 1], ∃λ ≫ 0 large enough to ensure that µj+1

j b̄g is small
enough (Lemma 1) and that σfb ≤ 1 and σff < 1.

Substituting l ∈ (0, j] trials into (29) leads to

|∆uj+1|λ ≤ (σfbσff)
j−l |∆uj−l|λ + σfbbµ

1− (σfbσff)
j−l

1− σffσfb
.

(30)
Computing the limit yields to

lim
j→+∞

|∆uj+1|λ ≤ σfbbµ/ (1− σffσfb) ≜ bu , (31)

where bu > 0 is finite.
Recalling (15) and (26), the following inequality holds∣∣2ej∣∣λ ≤ (ϕ+ bgbud) ||∆xj ||λ + bg |∆uj |λ . (32)
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Recalling (16) and (31), one has∣∣2ej∣∣λ ≤
((
ϕ+ bgbud

)
bg + bg

)
bu = bfbu ≜ be (33)

This leads to limj→+∞
∣∣ e2 j(t)

∣∣
λ
= be, which is finite. The

proof is completed.

C. Proof of Corollary 1

Proof. The proof follows reproducing the one of Theorem 1
considering, for the case A) bφf

= bφg = be = 0, while for
the case B) bφf

= bφg = 0.

D. Proof of Corollary 2

Proof. The proof follows the same steps of the one of Theo-
rem 1.

E. Proof of Proposition 1

Proof. Recalling that
∣∣∣∂h(q)∂q

∣∣∣ ≤ h0 ≤ L0, ∀q ∈ Xn, i.e.,
Lipschitz property of (2), and (1), the proof comes directly
substituting the value of the learning gains into (17) and (18).

F. Proof of Proposition 2

Proof. We start recalling that the fishing rod dynamics is
locally Lipschitz, see, e.g., [5], [13], [14]. Plugging the con-
trol action (14) into (1) leads to a Lipschitz, time-varying,
and nonlinear system. The Lipschitz property is a sufficient
condition to ensure the uniqueness of the solutions, see,
e.g., [61]. Therefore, q(·), q̇(·) : [0, tf] → Xn are unique,
which leads to (an unique) Cartesian evolution of the tip, i.e.,
Ξtip(t), ∀t ∈ [0, tf].

Finally, recalling Corollary 2-A claim, i.e., perfect con-
vergence be = 0, and choosing as output function (2) one
of the components of Ξtip(t), the controlled system can
track the output precisely. The other components will follow
the unique path since they depend on the same state, i.e.,
q(·), q̇(·) : [0, tf] → Xn.
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