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Abstract In this paper we study the finite element approximation of systems of p(·)-Stokes
type, where p(·) is a (non constant) given function of the space variables. We derive –in some
cases optimal– error estimates for finite element approximation of the velocity and of the
pressure, in a suitable functional setting.
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1 Introduction

The stationary flow of an incompressible homogeneous fluid in a bounded domain Ω ⊂ Rn is
described by the set of equations

−divS + div(v ⊗ v) +∇q = f , div v = 0 in Ω. (1.1)

Here v : Ω → Rn and q : Ω → R are the unknown velocity field and pressure respectively,
whereas f : Ω → Rn is a given volume force. A popular model for Non-Newtonian (Newtonian
if p = 2) fluids is the power-law model

S = S(Dv) = µ(κ+ |Dv|)p−2Dv, (1.2)

with µ > 0, κ ∈ [0, 1], and 1 < p < ∞. The extra stress tensor S(Dv) depends on Dv :=
1
2 (∇v + ∇v>), the symmetric part of the velocity gradient ∇v. Physical interpretation and
discussion of some non-Newtonian fluid models can be found, e.g., in [8,28]

In this paper we consider a further generalization of (1.2), which is motivated by a model
introduced in [32,33] to describe motions of electrorheological fluids, further studied in [34].
Electrorheological fluids are special smart fluids, which change their material properties due
to the application of an electric field; especially the viscosity can locally change by a factor
of 103 in 1ms. Electrorheological fluids can be used in the construction of clutches and shock
absorbers. In the model introduced in [33] the exponent p is not a fixed constant, but a function
of the electric field E, in particular p := p(|E|2). The electric field itself is a solution to the
quasi–static Maxwell equations and is not influenced by the motion of the fluid. In a first
preliminary step, it is then justified to separate the Maxwell equation from (1.1) and to study,
for a given function p : Ω → (1,∞), the system (1.1) with S : Ω ×Rn×nsym → Rn×nsym satisfying for
all x ∈ Ω and for all η ∈ Rn×nsym

S(x,η) = µ(κ+ |η|)p(x)−2η. (1.3)
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This model comprises all the mathematical difficulties of the full system for electrorheological
fluids (as in [34]) and the results below can be directly extended to the general case. In
this first study we consider the case of a slow flow and therefore neglect the convective term
div(v⊗v) = (∇v)v. A reintroduction of this term causes the usual difficulties as for instance the
possible non-uniqueness of the solution. This problem also arises for the continuous problem.
For small data and large exponents p one can recover uniqueness. In this situation it should be
possible to generalize the results of this paper to the presence of the convection term. However,
a numerical analysis for small exponents will be complicated, but this difficulty also appears
for constant exponents.

Therefore, as a first step (to focus on peculiar difficulties of variable exponents) in this
paper we study the numerical approximation of steady systems of the p(·)-Stokes type

−div S(·,Dv) +∇q = f in Ω,

−div v = 0 in Ω,

v = 0 on ∂Ω,

(1.4)

with S with variable exponent given by (1.3). Our approach is based on conforming finite
element spaces satisfying the classical discrete inf-sup condition. We assume that Ω ⊂ Rn is a
polyhedral, bounded domain.

The mathematical investigation of fluids with shear-dependent viscosities (p =const.)
started with the celebrated works of O.A. Ladyzhenskaya [24] and J.-L. Lions [25] in the
late sixties. In recent years there has been an enormous progress in the understanding of
this problem and we refer the reader to [22,27,36] and the references therein for a detailed
discussion.

The first results regarding the numerical analysis date back to [37], with improvements
in [4]) where the error estimates are presented in the setting of quasi-norms. The notion of
quasi-norm is the natural one for this type of problem, cf. [2,3,4,21,26], since the quasi-norm is
equivalent to the distance naturally defined by the monotone operator −divS(Dv). Given the
discrete solution vh and the continuous solution v, the error is measured as the L2-difference

of F(Dv) and F(Dvh), where F(η) = (κ + |η|)
p−2
2 η. For the system (1.1)–(1.2), (without

convective term) the following error estimates are shown for constant p > 1 in [5]:

‖F(Dv)−F(Dvh)‖2 ≤ c h
min {1, p

′
2
}, (1.5)

‖q − qh‖p′ ≤ c h
min
{

p′
2
, 2
p′

}
. (1.6)

For the validity of the above estimates the natural assumptions that F(Dv) ∈ (W 1,2(Ω))n×n

and also that q ∈ W 1,p′(Ω) are made. The convergences rates in (1.5) and (1.6) are the best
known ones.

The purpose of the present paper is to extend the estimates (1.5)-(1.6) to the setting of
variable exponents for the p(·)-Stokes system. Since the development of the model for elec-
trorheological fluids in [32,33,35] there has been a huge progress regarding its mathematical
analysis [20,1,6,18] and especially the precise characterization of the corresponding functional
setting [19]. However there are only very few results about the numerical analysis, see for
instance results for the time-discretization in [16].

We observe that in [14] a time-dependent system with the same stress-tensor (1.3) and
(smoothed) convective terms is studied and the convergence of the finite element approxima-
tion is shown without convergence rate. To our knowledge no quantitative estimate on the
convergence rate for problems with variable exponents is known, while recent results for the
p(·)-Laplacian (i.e. the scalar system without pressure) can be found in [12]

The main purpose of the present paper is to obtain precise convergence estimates for the
system (1.4), generalizing to the variable exponent the estimates (1.5)-(1.6). By assuming
Hölder regularity on the exponent p(·), the main results we will prove (see Theorem 3.6) are
the following estimates

‖FT (·,Dv)− FT (·,Dvh)‖2 ≤ c
(
hmin {1, (p

+)′
2
} + hα

)
,

‖q − qh‖p′(·) ≤ c
(
h

min {((p+)′)2,4}
2(p−)′ + hα

)
.
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Here FT is a locally constant approximation to F(x,η) = (κ+|η|)
p(x)−2

2 η, see (3.4), the number
α ∈ (0, 1] is the Hölder exponent of p(·) and p+ and p− supremum and infimum value of p(·),
respectively. As usual (p+)′ and (p−)′ are their conjugate exponents. Our analysis is based on
the recent studies in [12] about the finite element approximation of the p(·)-Laplacian and on
the numerical analysis in [5] for the p-Stokes system.

Plan of the paper: In Sec. 2 we recall the basic results on variable exponent space, we will
use. In Sec. 3 we recall the basic existence results for the p(·)-Stokes system, the finite element
setting, and we state the main results of the paper. The convergence analysis of the velocity is
presented in Sec. 4 and the convergence analysis of the pressure in Sec. 5. An appendix with
some technical results on Orlicz spaces is also added

2 Variable exponent spaces

For a measurable set E ⊂ Rn let |E| be the Lebesgue measure of E and χE its characteristic
function. For 0 < |E| <∞ and f ∈ L1(E) we define the mean value of f over E by

〈f〉E := −
∫
E

f dx :=
1

|E|

∫
E

f dx.

For an open set Ω ⊂ Rn let L0(Ω) denote the set of measurable functions.
Let us introduce the spaces of variable exponents Lp(·). We use the same notation used in

the recent book [19]. We define P to consist of all p ∈ L0(Rn) with p : Rn → [1,∞] (called
variable exponents). For p ∈ P we define p−Ω := essinfΩ p and p+Ω := esssupΩ p. Moreover, let
p+ := p+Rn and p− := p−Rn .

For p ∈ P the generalized Lebesgue space Lp(·)(Ω) is defined as

Lp(·)(Ω) :=

{
f ∈ L0(Ω) : ‖f‖Lp(·)(Ω) <∞

}
,

where

‖f‖p(·) := ‖f‖Lp(·)(Ω) := inf

{
λ > 0 :

∫
Rn

∣∣∣∣f(x)

λ

∣∣∣∣p(x) dx ≤ 1

}
.

By using a standard notation, by ‖ ·‖p we mean the usual Lebesgue Lp-norm, for a fixed p ≥ 1.
We say that a function g : Rn → R is log-Hölder continuous on Ω if there exist constants c ≥ 0
and g∞ ∈ R such that

|g(x)− g(y)| ≤ c

log(e+ 1/|x− y|)
and |g(x)− g∞| ≤

c

log(e+ |x|)
,

for all x 6= y ∈ Rn. The first condition describes the so called local log-Hölder continuity and
the second the decay condition. The smallest such constant c is the log-Hölder constant of g.
We define P log to consist of those exponents p ∈ P for which 1

p : Rn → [0, 1] is log-Hölder

continuous. By p∞ we denote the limit of p at infinity, which exists for p ∈ P log. If p ∈ P
is bounded, then p ∈ P log is equivalent to the log-Hölder continuity of p. However, working
with 1

p gives better control of the constants especially in the context of averages and maximal

functions. Therefore, we define clog(p) as the log-Hölder constant of 1/p. Expressed in p we
have for all x, y ∈ Rn

|p(x)− p(y)| ≤
(p+)2clog(p)

log(e+ 1/|x− y|)
and |p(x)− p∞| ≤

(p+)2clog(p)

log(e+ |x|)
.

For a cube Q ⊂ Rn we denote by `(Q) its side length and we have the following results.

Lemma 2.1 (Lemma 2.1 in [12]) Let p ∈ P log(Rn) with p+ < ∞ and m > 0. Then for every

cube Q ⊂ Rn with `(Q) ≤ 1, κ ∈ [0, 1], and t ≥ 0 such that |Q|m ≤ t ≤ |Q|−m, then

(κ+ t)p(x)−p(y) ≤ c,

for all x, y ∈ Q. The constant depends on clog(p) ,m, and p+.
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For every convex function ψ and every cube Q we have by Jensen’s inequality

ψ

(
−
∫
Q

|f(y)| dy
)
≤ −
∫
Q

ψ(|f(y)|) dy. (2.1)

This simple but crucial estimate allows for example to transfer the L1-L∞ estimates for the
interpolation operators to the setting of Orlicz spaces, see [21]. A suitable analogue for variable

exponent spaces bounds (−
∫
Q
|f(y)| dy)p(x) in terms of −

∫
Q
|f(x)|p(x) dx (but an additional error

term appears). In order to quantify this let us introduce the notation

ϕ(x, t) := tp(x), (MQϕ)(t) := −
∫
Q

ϕ(x, t) dx, MQf := −
∫
Q

|f(x)| dx.

For our finite element analysis we need this estimate extended to the case of shifted Orlicz
functions. For constant p this has been done in [21]. We define the shifted functions ϕa for
a ≥ 0 by

ϕa(x, t) :=

t∫
0

ϕ′(x, a+ τ)

a+ τ
τ dτ,

where the prime denotes the partial derivative of ϕ(x, t) with respect to the variable t.
Then ϕa(x, ·) is the shifted N-function of t 7→ tp(x), see (A.2). Note that characteristics and

∆2-constants of ϕa(x, ·) are uniformly bounded with respect to a ≥ 0 if 1 < p− ≤ p+ <∞, see
Section A.

We recall three fundamental results we will use in the sequel.

Theorem 2.2 (Shifted key estimate, Thm. 2.5 in [12]) Let p ∈ P log(Rn) with p+ <∞. Then

for every m > 0 there exists c1 > 0 only depending on m, clog(p), and p+ such that

ϕa(x,MQf) ≤ cMQ(ϕa(|f |)) + c |Q|m,

for every cube (or ball) Q ⊂ Rn with `(Q) ≤ 1, all x ∈ Q and all f ∈ L1(Q) with

a+−
∫
Q

|f | dy ≤ max {1, |Q|−m} = |Q|−m.

Theorem 2.3 (Shifted Poincaré inequality, Thm. 2.4 in [12]) Let p ∈ P log(Rn) with p+ <

∞. Then for every m > 0 there exists c > 0 only depending on m, clog(p), and p+ such that∫
Q

ϕa

(
x,
|u(x)− 〈u〉Q|

`(Q)

)
dx ≤ c

∫
Q

ϕa(x, |∇u(x)|) dx+ c |Q|m,

for every cube (or ball) Q ⊂ Rn with `(Q) ≤ 1 and for all all u ∈W 1,p(·)(Q) with

a+−
∫
Q

|∇u| dy ≤ max {1, |Q|−m} = |Q|−m.

Theorem 2.4 (shifted Korn inequality) Let p ∈ P log(Rn) with p+ <∞. Then for every m > 0
there exists c > 0 only depending on m, clog(p), and p+∫

Q

ϕa

(
x,
|u(x)−RQu(x)|

`(Q)

)
dx ≤ c

∫
Q

ϕa(x, |Du(x)|) dx+ c |Q|m,

for every cube (or ball) Q ⊂ Rn with `(Q) ≤ 1 and all u ∈ (W 1,p(·)(Q))n with

a+−
∫
Q

|Du| dy ≤ max {1, |Q|−m} = |Q|−m.

Here RQ is a suitable rigid motion, i.e. RQx = Ax+ b is affine linear with AT + A = 0.
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Proof Due to (2.33)-(2.39) in [31] there is a rigid motion RQu such that the difference of u

and RQu can be represented as a Riesz-potential of Du, i.e. there holds

|u(x)−RQu(x)| ≤ c
∫
Q

|Du(y)|
|x− y|n−1

dy.

Due to this inequality we can prove the claim by the lines of [12], Thm. 2.4, replacing ∇u by
Du. ut

3 The p(·)-Stokes problem: notation and main results

In this section we introduce the main existence results for the p(·)-Stokes and we describe the
Finite Element formulation we will study

3.1 The p(·)-Stokes problem

Let us briefly recall some well-known facts about the p(·)-Stokes system (1.4). Let Ω ⊂ Rn be
a bounded, polyhedral domain. Then we define the function spaces

X :=
(
W 1,p(·)(Ω)

)n
, V :=

(
W

1,p(·)
0 (Ω)

)n
,

Y := Lp
′(·)(Ω) , Q := L

p′(·)
0 (Ω) :=

{
f ∈ Lp

′(·)(Ω) : −
∫
Ω

f dx = 0

}
.

With this notation the weak formulation of problem (1.4) is the following.

Problem (Q) For f ∈ V ∗ find (v, q) ∈ V ×Q such that

〈S(·,Dv),Dξ〉 − 〈div ξ, q〉 = 〈f , ξ〉 ∀ ξ ∈ V,
〈div v, η〉 = 0 ∀ η ∈ Y.

Alternatively, we can reformulate the problem “hiding” the pressure:

Problem (P) For f ∈ Lp
′(·)(Ω) find v ∈ Vdiv such that

〈S(·,Dv),Dξ〉 = 〈f , ξ〉 ∀ ξ ∈ Vdiv,

where

Vdiv := {w ∈ V : 〈div w, η〉 = 0 ∀ η ∈ Y }.

The names “Problem (Q)” and “Problem (P)” are traditional, see [13,23]. By using the inf-
sup condition or again the solvability of the divergence equation one easily checks that the two
formulations are equivalent.

The problems (Q) and (P) have a discrete counterpart, whose analysis is the ultimate goal
of this section. Let T be a triangulation of our domain Ω consisting of n-dimensional simplices.
For a simplex K ∈ T let hK denote its diameter and let ρK be the supremum of the diameters
of inscribed balls. We assume that T is non-degenerate, i.e., maxK∈T

hk
ρK
≤ γ0. The global

mesh size h is defined by h := maxK∈T hK . Let SK denote the neighborhood of K, i.e., SK is
the union of all simplices of T touching K. One easily sees that under these assumptions we
get that |K| ∼ |SK | and that the number of simplices in SK is uniformly bounded with respect
to K ∈ T .

We denote by Pm(T ), with m ∈ N0, the space of scalar or vector-valued continuous func-
tions, which are polynomials of degree at most m on each simplex K ∈ T . Given a triangula-
tion of Ω with the above properties and given k,m ∈ N0 we denote by Xh ⊂ (Pm(T ))n and
Yh ⊂ Pk(T ) appropriate conforming finite element spaces defined on T , i.e., Xh, Yh satisfy
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Xh ⊂ X and Yh ⊂ Y . Moreover, we set Vh := Xh ∩ V and Qh := Yh ∩Q. For the applications
it is convenient to replace the exponent p(·) by some local approximation.

pT :=
∑
K∈T

p(xK)χK =
∑
K∈T

p−KχK ,

where xK := argessinfKp(x), i.e. p(xK) = p−K , and consider

ST (x, ξ) =
∑
K∈T

χK(x)S
(
xK , ξ

)
,

instead of S. Now the discrete counterpart of (P) and (Q) can be written as follows:

Problem (Qh) For f ∈ Lp
′(·)(Ω) find (vh, qh) ∈ Vh ×Qh such that

〈ST (·,Dvh),Dξh〉 − 〈div ξh, qh〉 = 〈f , ξh〉 ∀ ξh ∈ Vh,
−〈div vh, ηh〉 = 0 ∀ ηh ∈ Qh.

(3.1)

If (vh, qh) ∈ Vh×Qh is a solution of the “Problem (Qh)” then (3.1)2 is satisfied for all ηh ∈ Yh,
since div vh is orthogonal to constants.

Problem (Ph) For f ∈ Lp
′(·)(Ω) find vh ∈ Vh,div such that

〈ST (·,Dvh),Dξh〉 = 〈f , ξh〉 ∀ ξh ∈ Vh,div,

where

Vh,div := {wh ∈ Vh : −〈div wh, ηh〉 = 0 ∀ ηh ∈ Yh}.

The coercivity of ST implies that Dvh ∈ (LpT (·)(Ω))n×n with ‖Dvh‖pT (·) ≤ c(f). The next

lemma actually shows that this is equivalent to Dvh ∈ (Lp(·)(Ω))n×n.

Lemma 3.1 On the space Pk(T ) the norms ‖ · ‖p(·) and ‖ · ‖pT (·) are equivalent. (See also Re-

mark 4.7 in [12].)

Proof Let gh ∈ Pk(T ) with ‖gh‖pT (·) ≤ 1 (which is equivalent to
∫
Ω
|gh|pT (·) dx ≤ 1 by the

very definition of the Luxemburg norm). As gh is a polynomial of order k on K we have the
local estimate (recall p(xK) = p−K)

‖gh‖L∞(K) ≤ c(k) −
∫
K

|gh| dx ≤ c(k)

(
−
∫
K

|gh|p(xK) dx

) 1
p(xK )

≤ c(k)

(
1

hnk

∫
K

|gh|pT (·) dx

) 1
p(xK )

≤ c(k)h
− n

p(xK )

K .

(3.2)

Thus we can apply Lemma 2.1 with m = 1
p(xK) , κ = 0 and t = 1 + |gh| to find∫

Ω

|gh|p(·) dx =
∑
K∈T

∫
K

|gh|p(·) dx ≤
∑
K∈T

∫
K

(1 + |gh|)p(·) dx

≤ c
∑
K∈T

∫
K

(1 + |gh|)pT dx = c

∫
Ω

(1 + |gh|)pT dx ≤ c.

On the other hand, if ‖gh‖p(·) ≤ 1 there holds

‖gh‖L∞(K) ≤ c
(
−
∫
K

|gh|p
−
K dx

) 1

p
−
K ≤ c

(
−
∫
K

1 + |gh|p(·) dx
) 1

p
−
K ≤ c h

− n

p
−
K

K ,

and as before
∫
Ω
|gh|pT (·) dx ≤ c. ut
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So we have Dvh ∈ (Lp(·)(Ω))n×n and Korn’s inequality as in [19] (Thm. 14.3.21) yields vh ∈
(W 1,p(·)(Ω))n uniformly in h.

In the following we will measure the approximation error in terms of the following adapted
version of the quasi-norm

‖FT (·,Dv)− FT (·,Dvh)‖22 =
∑
K∈T

∫
K

|F(xK ,Dv)− F(xK ,Dvh)|2 dx, (3.3)

where FT (x, ξ) :=
∑
K∈T

χK(x)F
(
xK , ξ

)
. (3.4)

Recall that F(x, ξ) = (κ+ |ξ|)
p(x)−2

2 ξ.

3.2 Main results

Throughout the paper we will make the following assumptions on our finite element spaces for
approximate velocity and pressure.

Assumption 3.2 We assume that (P1(T ))n ⊂ Xh and there exists a linear projection operator

Πdiv
h : X → Xh which

(a) preserves divergence in the Y ∗h -sense, i.e.,

〈div w, ηh〉 = 〈divΠdiv
h w, ηh〉 ∀w ∈ X, ∀ ηh ∈ Yh ; (3.5)

(b) preserves zero boundary values, i.e. Πdiv
h (V ) ⊂ Vh;

(c) is locally W 1,1-stable in the sense that

−
∫
K

|Πdiv
h w| dx ≤ c −

∫
SK

|w| dx+ c −
∫
SK

hK |∇w| dx ∀w ∈ X, ∀K ∈ T . (3.6)

Assumption 3.3 We assume that Yh contains the constant functions, i.e. R ⊂ Yh, and that there

exists a linear projection operator ΠY
h : Y → Yh which is locally L1-stable in the sense that

−
∫
K

|ΠY
h q| dx ≤ c −

∫
SK

|q| dx ∀ q ∈ Y, ∀K ∈ T . (3.7)

Remark 3.4 Note that the Clément and the Scott–Zhang interpolation operators satisfy As-
sumption 3.3.

Remark 3.5 It is possible to weaken the requirements on the projection operators Πdiv
h and

ΠY
h . In fact, we can replace the requirement Πdiv

h wh = wh for all wh ∈ Xh by the requirement
Πdiv
h q = q for all linear polynomials (not in the piecewise sense), and the requirement ΠY

h qh =
qh for all qh ∈ Yh by the requirement ΠY

h c = c for all constants c.

Certainly, the existence of Πdiv
h depends on the choice of Xh and Yh. Some concrete two-

dimensional examples based on the Scott-Zhang interpolation and a correction of the diver-
gence are provided in the Appendix of [5].

Let us now state our main results and shortly explain the strategy of their proofs. The
first result we prove is that the error for the velocity in the natural distance is controlled by
some best approximation error for the velocity (with prescribed divergence) and the pressure
(cf. Lemma 4.1). We work directly with a divergence-preserving operator Πdiv

h (cf. Assump-
tion 3.2), which can be used (cf. [13]) to derive the inf-sup condition. From the local W 1,1-
stability of Πdiv

h , we derive its non-linear, local counterparts in terms of the natural distance
(cf. Theorem 4.3). Thus we can replace the best approximation error for the velocity (with
prescribed divergence) by local averages of the solution v in terms of the natural distance
(cf. Theorem 4.5)

Once we have in hand these best approximation estimates we obtain convergence rates in
terms of the mesh size. More precisely we will prove the following result (see Corollary 4.6 and
Theorem 5.6):
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Theorem 3.6 Let Πdiv
h satisfy Assumption 3.2 and ΠY

h satisfy Assumption 3.3. Let (v, q) and

(vh, qh) be solutions of the problems (Q) and (Qh), respectively. Suppose p ∈ C0,α(Ω) with α ∈
(0, 1] and p− > 1. Furthermore, let F(·,Dv) ∈ (W 1,2(Ω))n×n and also let q ∈W 1,p′(·)(Ω). Then

‖FT (·,Dv)− FT (·,Dvh)‖2 ≤ c
(
hmin {1, (p

+)′
2
} + hα

)
, (3.8)

‖q − qh‖p′(·) ≤ c
(
h

min {((p+)′)2,4}
2(p−)′ + hα

)
. (3.9)

Here c depends on p−, p+, [p]α, and γ0.

Remark 3.7 It is standard to show F(·,Dv) ∈ W 1,2 in the interior of Ω. The proof follows for
instance along the lines of [7,10] where even more general constitutive relations than (1.3)

were considered. Note that F(·,Dv) ∈ W 1,2 implies F(·,Dv) ∈ L
2n

n−2 (by Sobolev’s Theorem)

and Dv ∈ L
n

n−2
p(·). For the space periodic case see [16]. See also [15] for the problem with

small data.
The regularity up to the boundary still seems an open challenging problem. The difficul-

ties, even for constant exponents, are due to the combination of zero Dirichlet data with the
symmetric gradients and the pressure. The closest result to F(Dv) ∈W 1,2(Ω) is in [9], where
it is shown for a constant p that F(Dv) ∈ W 1,s1(Ω) and q ∈ W 1,s2 for certain s1 < 2 and
s2 < p′; see also the references therein for other results in this direction.

In the absence of a pressure and for constants exponents the regularity F(Dv) ∈ W 1,2(Ω)
is shown in [38].

4 Best Approximation Error for the Velocity

In this section we prove error estimates for the velocity in terms of best approximation prop-
erties measured in the natural distance.

4.1 Equation for the error

Taking the difference between (Q) and (Qh) we get the following equation for the numerical
error

〈S(·,Dv)− ST (·,Dvh),Dξh〉 − 〈div ξh, q − qh〉 = 0 ∀ ξh ∈ Vh. (4.1)

We start with a preliminary approximation result which will be improved later on in Theo-
rem 4.5.

Lemma 4.1 Let (v, q) and (vh, qh) be the solutions of the problems (Q) and (Qh), respectively.

Suppose p ∈ C0,α(Ω) with α ∈ (0, 1] and p− > 1. Then for some s > 1 (close to 1 for h small) we

have the following estimate

‖FT (·,Dv)− FT (·,Dvh)‖22 ≤ c inf
wh∈Vh,div

‖FT (·,Dv)− FT (·,Dwh)‖22

+ c inf
µh∈Yh

∑
K∈T

∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx

+ c h2α
(∫
Ω

(1 + |Dv|p(x)s) dx
)
.

(4.2)

Here c depends on p−, p+, [p]α, and γ0, while (ϕK|Dv|)
∗ is defined in (4.3).

Proof For wh ∈ Vh,div we have vh −wh ∈ Vh,div. Consequently for all µh ∈ Yh, we obtain with
Lemma A.4 and Eq. (4.1) that

‖FT (·,Dv)− FT (·,Dvh)‖22 ≤ c
∫
Ω

(
ST (·,Dv)− ST (·,Dvh)

)
:
(
Dv −Dvh

)
dx
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= c

∫
Ω

(
S(·,Dv)− ST (·,Dvh)

)
:
(
Dv −Dwh

)
dx

+ c

∫
Ω

(
ST (·,Dv)− S(·,Dv)

)
:
(
Dv −Dvh

)
dx

− c
∫
Ω

div
(
wh − vh

)
(q − µh) dx

= c

∫
Ω

(
ST (·,Dv)− ST (·,Dvh)

)
:
(
Dv −Dwh

)
dx

+ c

∫
Ω

(
ST (·,Dv)− S(·,Dv)

)
:
(
Dv −Dvh

)
dx

+ c

∫
Ω

(
S(·,Dv)− ST (·,Dv)

)
:
(
Dv −Dwh

)
dx

− c
∫
Ω

div
(
wh − vh

)
(q − µh) dx.

As before this implies

‖FT (·,Dv)− FT (·,Dvh)‖22 ≤ c ‖FT (·,Dv)− FT (·,Dwh)‖22

+ c

∫
Ω

(
ST (·,Dv)− S(·,Dv)

)
:
(
Dv −Dvh

)
dx

+ c

∫
Ω

(
S(·,Dv)− ST (·,Dv)

)
:
(
Dv −Dwh

)
dx

− c
∫
Ω

div
(
wh − vh

)
(q − µh) dx

=: (I) + (II) + (III) + (IV ).

We begin with the estimate for (II).
To estimate the difference between ST and S we need the estimate∣∣ST (x,Q)− S(x,Q)

∣∣
≤ c |pT (x)− p(x)| |ln(κ+ |Q|)|

(
(κ+ |Q|)pT (x)−2 + (κ+ |Q|)p(x)−2

)
|Q|

≤ c hα|ln(κ+ |Q|)|
(

(κ+ |Q|)pT (x)−2 + (κ+ |Q|)p(x)−2
)
|Q|,

for all Q ∈ Rn×nsym using also that p ∈ C0,α. Hence, we get

(II) :=

∫
Ω

(
ST (·,Dv)− S(·,Dv)

)
:
(
Dv −Dvh

)
dx

≤ c hα
∫
Ω

|ln(κ+|Dv|)|(κ+|Dv|)pT (x)−2|Dv||Dv−Dvh| dx

+ c hα
∫
Ω

|ln(κ+|Dv|)|(κ+|Dv|)p(x)−2|Dv||Dv−Dvh| dx

=: (II)1 + (II)2.

We begin with the estimate for (II)1 on each K ∈ T . Define the N-function

ϕK(t) :=

t∫
0

(κ+ s)pK−2s ds. (4.3)
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Using this definition we estimate

(II)1 ≤ c
∑
K∈T

∫
K

hα|ln(κ+|Dv|)|(ϕK)′(|Dv|)|Dv−Dvh| dx.

Using Young’s inequality with ϕK|Dv| := (ϕK)|Dv| on |Dv−Dvh| and its complementary func-
tion on the rest, we get

(II)1 ≤ δ
∑
K∈T

∫
K

(ϕK)|Dv|(|Dv−Dvh|) dx

+ cδ
∑
K∈T

∫
K

(
(ϕK)|Dv|

)∗(
hα|ln(κ+|Dv|)|(ϕK)′(|Dv|)

)
dx.

Now we use Lemma A.4 for the first line and Lemma A.8 and Lemma A.7 (with λ = hα ≤ 1
using h ≤ 1) for the second line to find

(II)1 ≤ δc‖FT (·,Dv)− FT (·,Dvh)‖22

+ cδ
∑
K∈T

∫
K

(1 + |ln(κ+|Dv|)|)max {2,p′K}
(
(ϕK)|Dv|

)∗(
hα(ϕK)′(|Dv|)

)
dx

≤ δc‖FT (·,Dv)− FT (·,Dvh)‖22

+ cδ
∑
K∈T

h2α
∫
K

(1 + |ln(κ+|Dv|)|)max {2,p′K}(ϕK)(|Dv|) dx.

The term (II)2 is estimate similarly. We get

(II)2 ≤ δc‖FT (·,Dv)− FT (·,Dvh)‖22

+ cδ
∑
K∈T

h2α
∫
K

(
1+|ln(κ+|Dv|)|(κ+|Dv|)p(x)−pT (x))max {2,p′K}(ϕK)(|Dv|) dx.

Overall, this yields

(II) ≤ δc ‖FT (·,Dv)− FT (·,Dvh)‖22 + cδcsh
2α
∫
Ω

(
1 + |Dv|p(x) s

)
dx,

Here we used ln(κ+ t) ≤ c(κ)tκ for all t ≥ 1 and κ > 0. For h small we can choose s close to 1.
For (III) the analogous estimate is

(III) ≤ c ‖FT (·,Dv)− FT (·,Dwh)‖22 + csh
2α
∫
Ω

(
1 + |Dv|p(x) s

)
dx.

Next, we estimate the term (IV ) involving q − µh. We add and subtract Dv, use Young’s
inequality (A.1) for ϕK|Dv|, and apply Lemma A.4 to obtain∣∣〈div(vh −wh), q − µh〉

∣∣
≤
∫
Ω

(
|Dvh −Dv|+ |Dv −Dwh|

)
|q − µh| dx

=
∑
K∈T

∫
K

(
|Dvh −Dv|+ |Dv −Dwh|

)
|q − µh| dx

≤ ε
∑
K∈T

∫
Ω

ϕK|Dv|(·, |Dvh −Dv|) + ϕK|Dv|(·, |Dwh −Dv|) dx

+ cε
∑
K∈T

∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx
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≤ ε c
(
‖FT (·,Dv)− FT (·,Dvh)‖22 + ‖FT (·,Dv)− FT (·,Dwh)‖22

)
+ cε

∑
K∈T

∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx.

Collecting the estimates and choosing ε > 0 small enough we obtain the assertion by noticing
that wh ∈ Vh,div and µh ∈ Yh are arbitrary. ut

4.2 The divergence-preserving interpolation operator

In this section we derive the non-linear estimates for ΠY
h and the divergence preserving operator

Πdiv
h .

Theorem 4.2 (Orlicz-Continuity/Orlicz-Approximability, [12, Section 3]) Let ϕa(x, t) :=∫ t
0
(κ+ a+ s)p(x)−2s ds. Suppose p ∈ P log(Ω) with p+ <∞.

a) Let ΠY
h satisfy Assumption 3.3. Then for all K ∈ T and q ∈ Lp(·)(Ω) with

a+−
∫
Q

|q| dy ≤ max {1, |Q|−m} = |Q|−m,

we have for every m ∈ N there exists cm such that

∫
K

ϕa
(
·, |ΠY

h q|
)
dx ≤ cm

∫
SK

ϕa
(
|q|
)
dx+ cmh

m
K .

Moreover, for all K ∈ T and q ∈W 1,p(·)(Ω) with

a+−
∫
Q

|∇q| dy ≤ max {1, |Q|−m} = |Q|−m,

we have ∫
K

ϕa
(
·, |q −ΠY

h q|
)
dx ≤ cm

∫
SK

ϕa
(
hK |∇q|

)
dx+ cmh

m
K .

b) Let Πdiv
h satisfy Assumption 3.2. Then Πdiv

h has the local continuity property∫
K

ϕa
(
·, |∇Πdiv

h w|
)
dx ≤ c

∫
SK

ϕa
(
·, |∇w|

)
dx+ cmh

m
k ,

for all K ∈ T and w ∈ (W 1,p(·)(Ω))N with

a+−
∫
Q

|∇w| dy ≤ max {1, |Q|−m} = |Q|−m.

The constant cm depends only on n, clog(p), p+, and the non-degeneracy constant γ0 of the trian-

gulation T .

Proof a) Due to Assumption 3.3 the operator ΠY
h satisfies Assumption 1 of [12] both for

r0 = l0 = l = 0 and r0 = l0 = 0, l = 1. The first choice and [12, Corollary 3.5] imply the first
assertion, while the second one and [12, Lemma 3.4] yield the second assertion.
b) It follows from Assumption 3.2 and the usual inverse estimates that Πdiv

h satisfies Assump-
tion 1 of [12] with l = l0 = r0 = 1. Therefore, the local Orlicz-continuity follows from [12,
Corollary 3.5] and the local Orlicz-approximability follows from [12, Lemma 3.4]. ut

Next, we present the estimates concerning Πdiv
h in terms of the natural distance.



12 Luigi C. Berselli et al.

Theorem 4.3 Let Πdiv
h satisfy Assumption 3.2. Suppose p ∈ C0,α(Ω) with p− > 1 and let s > 1.

Then we have uniformly with respect to K ∈ T and to v ∈ (W 1,sp(·)(Ω))n∫
K

∣∣FT (·,Dv)− FT (·,DΠdiv
h v)

∣∣2 dx ≤ c ∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx
+ c h2αk

∫
SK

(1 + |Dv|p(x)s) dx.

Here c depends on p−, p+, [p]α, s, γ0, and ‖Dv‖p(·).

Remark 4.4 In contrast to Lemma 4.7 in [12] we have to deal with symmetric gradients instead
of full ones. So we need an appropriate version of Korn’s inequality (bounding gradients by
symmetric gradients). A modular version for shifted functions with variable exponents is not
known in literature (but expected). Instead of this we switch to the level of functions and bound
an integral depending on the function by an integral depending on the symmetric gradient (see
Theorem 2.4). This is possible if we subtract a suitable rigid motion.

Proof (of Theorem 4.3) We estimate the best approximation error by the projection error using
wh = Πdiv

h v.∫
K

|FT (·,Dv)− FT (·,DΠdiv
h v)|

2
dx ≤

∫
K

|F(·,Dv)− F(·,DΠdiv
h v)|

2
dx

+

∫
K

|FT (·,Dv)− F(·,Dv)|2 dx

+

∫
K

|FT (·,DΠdiv
h v)− F(·,DΠdiv

h v)|
2
dx

=: [I] + [II] + [III].

Note that v ∈ (W 1,p(·)(Ω))n implies F(·,Dv) ∈ (L2(Ω))n×n. For arbitrary Q ∈ Rn×nsym we have

[I] := −
∫
K

|F(·,Dv)− F(·,DΠdiv
h v)|

2
dx

≤ c −
∫
K

|F(·,Dv)− F(·,Q)|2 dx+ c −
∫
K

|F(·,DΠdiv
h v)− F(·,Q)|

2
dx

=: [I]1 + [I]2.

Let p ∈ (P1)n(SK) be such that Dp = Q. Due to Πdiv
h p = p there holds Q = Dp = DΠdiv

h p.
We estimate by Lemma A.4 as follows

[I]2 ≤ c −
∫
K

ϕ|Q|+κ
(
·, |DΠdiv

h v −Q|
)
dx

= c −
∫
K

ϕ|Q|+κ
(
·, |DΠdiv

h (v − p)|
)
dx. (4.4)

Now we want to estimate |DΠdiv
h (v − p)|. Since the function Πdiv

h (v − p) belongs to a finite
dimensional function space we can apply inverse estimates. So we have for every rigid motion
RK

‖DΠdiv
h (v − p)‖∞,K ≤ c h−1

K ‖Π
div
h (v − p)−RK‖∞,K

= c h−1
K ‖Π

div
h (v − p−RK)‖∞,K

≤ c −
∫
K

∣∣∣Πdiv
h (v − p−RK)

hK

∣∣∣ dy.
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Now applying Theorem 4.2 and Theorem 2.4 with an appropriate choice of RK yields for
mK := max {n(p+SK

− 2) + 2, 2}

‖DΠdiv
h (v − p)‖∞,K ≤ c −

∫
SK

∣∣∣ (v − p−RK)

hK

∣∣∣ dy + c hmK

K

≤ c −
∫
SK

|D(v − p)| dy + c hmK

K .

Inserting this in (4.4) and using convexity of ϕ|Q|+κ(x, ·) implies

[I]2 ≤ c −
∫
K

ϕ|Q|+κ

(
·, −
∫
SK

|D(v − p)|
)
dy + c hmK

K

)
dx

≤ c −
∫
K

ϕ|Q|+κ

(
·, −
∫
SK

|D(v − p)|
)
dy

)
+ c −

∫
K

ϕ|Q|+κ(·, hmK

K ) dx.

As a consequence of Theorem 2.2 for v − p , m = 2 and a = |Q| we gain

[I]2 ≤ c −
∫
SK

ϕ|Q|+κ(·, |D(v − p)|
)
dx+ c h2K + c −

∫
K

ϕ|Q|+κ(·, hmK

K ) dx.

In order to proceed we need a special choice of Q. Following the arguments from [12] (Sec. 4)
one can show the existence of Q ∈ Rn×nsym such that

−
∫
SK

F(·,Q) dx = −
∫
SK

F(·,Dv) dx, |Q| ≤ c h−nK , (4.5)

−
∫
SK

∣∣F(·,Q)− 〈F(·,Q)〉SK

∣∣2 dx ≤ c h2αK

(
−
∫
SK

ln(κ+ |Dv|)2(κ+ |Dv|)p(x) dx+ 1

)
. (4.6)

Due to (4.5), convexity of ϕ|Q|+κ(x, ·), and the choice of mK we have

[I]2 ≤ c −
∫
SK

ϕ|Q|+κ
(
·, |D(v − p)|

)
dx+ c h2K + c −

∫
SK

hmK

K ϕ|Q|+κ(·, 1) dx

≤ c −
∫
SK

ϕ|Q|+κ
(
·, |D(v − p)|

)
dx+ c h2K + c −

∫
SK

hmK

K (1 + h
−n(p(·)−2)
K ) dx

≤ c −
∫
SK

ϕ|Q|+κ
(
·, |Dv −Q|

)
dx+ c h2K .

Now, with Lemma A.4

[I]2 ≤ c −
∫
SK

|F(·,Dv)− F(·,Q)|2 dx+ c h2K .

Since, |K| ∼ |SK | and K ⊂ SK we also have

[I]1 ≤ c −
∫
SK

|F(·,Dv)− F(·,Q)|2 dx.

Overall, we get

[I] ≤ c −
∫
SK

∣∣F(·,Dv)− F(·,Q)
∣∣2 dx+ c h2K ,
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which means we have to estimate the integral on the right-hand-side. Choosing Q via (4.5)
and using (4.6) we have

−
∫
SK

∣∣F(·,Dv)− F(·,Q)
∣∣2 dx

≤ c −
∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx+ c −
∫
SK

∣∣F(·,Q)− 〈F(·,Q)〉SK

∣∣2 dx
≤ c −

∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx+ c h2αK

(
−
∫
SK

ln(κ+ |Dv|)2(κ+ |Dv|)p(x) dx+ 1

)

≤ c −
∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx+ c h2αK

(
−
∫
SK

(1 + |Dv|)sp(x) dx
)
.

The estimate for [II] and [III] are similar. We have∣∣FT (x,Q)− F(x,Q)
∣∣

≤ c |pT (x)− p(x)| |ln(κ+ |Q|)|
(

(κ+ |Q|)
pT (x)−2

2 + (κ+ |Q|)
p(x)−2

2

)
|Q|.

This implies

[II] ≤ c h2α
(∫
Ω

(1 + |Dv|)sp(x) dx
)
,

[III] ≤ c h2α
(∫
Ω

(1 + |DΠdiv
h v|)sp(x) dx

)
.

We can use the stability of Πdiv
h , see Theorem 4.2 (for a = 0 and the exponent sp(·)) to get

[III] ≤ c h2α
(∫
Ω

(1 + |Dv|)sp(x) dx
)
.

ut

4.3 Error estimate for the velocity

Collecting the estimates and results of the previous sections we obtain the most useful error
estimate.

Theorem 4.5 Let Πdiv
h satisfy Assumption 3.2. Let (v, q) and (vh, qh) be solutions of the problems

(Q) and (Qh), respectively. Suppose p ∈ C0,α(Ω) with p− > 1 and let s > 1. We have the following

estimate

‖FT (·,Dv)− FT (·,Dvh)‖22 ≤ c
∑
K∈T

∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx
+ c inf

µh∈Yh

∑
K∈T

∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx

+ c h2α
∫
Ω

(1 + |Dv|)p(x)s dx.

Here c depends on p−, p+, [p]α, γ0, and ‖Dv‖p(·).

Proof Since Πdiv
h is divergence-preserving (see (3.5)) v ∈ Vdiv implies that Πdiv

h v ∈ Vh,div. The

claim follows from Lemma 4.1 with wh := Πdiv
h v and Theorem 4.3. ut



Finite Element for Electrorheological fluids 15

Corollary 4.6 Let the assumptions of Theorem 4.5 be satisfied.

In addition to all previous hypothesis assume that F(·,Dv) ∈ (W 1,2(Ω))n×n

and q ∈W 1,p′(·). Then we have

‖FT (·,Dv)− FT (·,Dvh)‖2 ≤ c
(
h

min {(p+)′,2}
2 + hα

)
.

Proof We estimate the three integrals which appear in Theorem 4.5 separately. By Poincaré’s
inequality we have∑

K∈T

∫
SK

∣∣F(·,Dv)− 〈F(·,Dv)〉SK

∣∣2 dx ≤ c
∑
K∈T

∫
SK

h2K
∣∣∇F(·,Dv)

∣∣2 dx
≤ c h2

∫
Ω

∣∣∇F(·,Dv)
∣∣2 dx ≤ c h2.

As F(·,Dv) ∈W 1,2(Ω) ↪→ L
2n

n−2 (Ω) we gain∫
Ω

|Dv|p(·)s dx <∞,

provided s ≤ n
n−2 . This allows us to bound the third term by c h2. The term involving the

pressure requires more effort. We choose µh by µh = ΠY
h q on K and decompose∫

Ω

(ϕK|Dv|)
∗(·, |q − µh|) dx =

∑
K∈T

∫
K

(ϕK|Dv|)
∗(·, |q −ΠY

h q|) dx

=
∑

K∈T +

∫
K

(ϕK|Dv|)
∗(·, |q −ΠY

h q|) dx+
∑

K∈T −

∫
K

(ϕK|Dv|)
∗(·, |q −ΠY

h q|) dx,

with the abbreviations

T + := {K ∈ T : p−K ≥ 2},

T − := {K ∈ T : p−K < 2}.

For K ∈ T + we have (ϕK|Dv|)
∗(·, t) ≤ (ϕK)∗(·, t) ≤ tp

′
K(·) such that∫

K

(ϕK|Dv|)
∗(·, |q −ΠY

h q|) dx ≤
∫
K

|q −ΠY
h q|

p′K(·)
dx.

In the following we will show that

−
∫
K

|q −ΠY
h q|

p′K(·)
dx ≤ c h

(p+)′

K −
∫
K

(
|∇q|p

′(·) + 1
)
dx+ c hn+2

K . (4.7)

We use the identity q −ΠY
h q = (q − 〈q〉SK

) −ΠY
h (q − 〈q〉SK

), the triangle inequality together
with ∆2(ϕ∗) <∞, and the local stability of ΠY

h from Lemma 4.2 with m = n+ 2 to conclude
that

−
∫
K

|q −ΠY
h q|

p′K(·)
dx ≤ c −

∫
K

|q − 〈q〉SK
|p
′
K(·) dx+ c−

∫
K

|ΠY
h (q − 〈q〉SK

)|
p′K(·)

dx

=: {I}+ {II}.

We estimate the first term by

{I} ≤ c −
∫
K

|q − 〈q〉K |p
′
K(·) dx+ c −

∫
K

|〈q〉K − 〈q〉SK
|p
′
K(·) dx

≤ c −
∫
K

|∇q|p
′
K(·) dx+ c |〈q〉K − 〈q〉SK

|p
′
K(·)
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=: {I}1 + {I}2,

using Poincaré’s inequality on Lp
′
K (K). If |〈q〉K − 〈q〉SK

| ≤ hnK we clearly have {I}2 ≤ c hn+2
K .

Otherwise we can use Lemma 2.1 with m = n, Theorem 2.2 with a = 0 and Poincaré’s
inequality from Theorem 2.3 and gain

{I}2 ≤ c |〈q − 〈q〉SK
〉K |p

′(·) ≤ c −
∫
K

|q − 〈q〉SK
|p
′(·) dx+ c hn+2

K

≤ c −
∫
SK

|q − 〈q〉SK
|p
′(·) dx+ c hn+2

K ≤ c −
∫
SK

|hK∇q|p
′(·) dx+ c hn+2

K .

Note that the application of Lemma 2.1 was possible as 4.2

|〈q〉K − 〈q〉SK
| ≤ −
∫
K

|q| dx+ −
∫
SK

|q| dx ≤ c −
∫
SK

|q| dx

≤ |SK |‖q‖1 ≤ c h−nK .

For {II} again we first consider the case |ΠY
h (q − 〈q〉SK

)| ≤ hnK in which the estimate is obvious.
Otherwise, we apply Lemma 2.1 with m = n as well as Lemma 4.2 to gain

{II} ≤ c −
∫
K

|ΠY
h (q − 〈q〉SK

)|
p′(·)

dx

≤ c −
∫
K

|q − 〈q〉SK
|p
′(·) dx+ c hn+2

K

≤ c −
∫
SK

|q − 〈q〉SK
|p
′(·) dx+ c hn+2

K

≤ c −
∫
SK

|hK∇q|p
′(·) dx+ c hn+2

K .

Note that the application of Lemma 2.1 is justified since

‖ΠY
h (q − 〈q〉SK

)‖∞ ≤ −
∫
K

|ΠY
h (q − 〈q〉SK

)| dx ≤ c −
∫
SK

|q − 〈q〉SK
| dx

≤ |SK |‖q‖1 ≤ c h−nK .

Here, we used the inverse estimates on Yh and Assumption 3.7. Finally (pK)′ ≤ p′(x) on K

yields the claimed inequality (4.7). This implies∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx ≤ c h(p

+)′
∫
K

(1 + |∇q|p
′(·)) dx+ c hn+2,

for K ∈ T −. If K ∈ T − we estimate∫
K

(ϕK|Dv|)
∗(·, |q − µh|) dx ≤

∫
K

|q − µh|p
′
K(·) dx+

∫
K

(κ+ |Dv|)p
′
K(·)−2|q − µh|2 dx

≤
∫
K

|q − µh|p
′
K(·) dx+

∫
K

(κ+ |Dv|)p
′
K(·)−2|q − µh|2 dx.

The first integral can be estimated via the calculations above, whereas for the second we gain
by Young’s inequality and (4.7)∫

K

(κ+ |Dv|)p
′
K(·)−2|q − µh|2 dx = h2K

∫
K

(κ+ |Dv|)p
′
K(·)−2|h−1

K (q −ΠY
h )|

2
dx
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≤ h2K
(∫
K

(κ+ |Dv|)pK(·) dx+

∫
K

|h−1
K (q −ΠY

h )|
p′(·)

dx

)

≤ c h2
(∫
K

(1 + |Dv|p(·)s) dx+

∫
K

|∇q|p
′(·) dx+ hn

)
.

Plugging all together yields∫
Ω

(ϕK|Dv|)
∗(·, |q − µh|) dx

≤ c h2
∫
Ω

(1 + |Dv|p(·)s) dx+ c hmin {(p+)′,2}
∫
Ω

|∇q|p
′(·) dx+ c|T |h2+n

≤ c h2
∫
Ω

(1 + |Dv|p(·)s) dx+ c hmin {(p+)′,2}
∫
Ω

|∇q|p
′(·) dx+ c h2

≤ c hmin {(p+)′,2}.

Plugging all estimates together proves the claim. ut

5 Best Approximation for the pressure

We are now discussing best approximation results for the pressure. As in the classical Stokes
problem we need the discrete inf-sup condition to recover information on the discrete pressure.
We start by extending this condition to Orlicz spaces.

5.1 Inf-sup condition on generalized Lebesgue spaces

The next lemma contains a continuous inf-sup condition. It is formulated for John domains.
Note that all Lipschitz domains and in particular all polyhedral domains are John domains.
We will apply the following lemmas to simplices K and their neighborhood SK , which have
uniform John constants due to the non-degeneracy of the mesh. For a precise definition of
John domains we refer to [19].

Lemma 5.1 ([19], Thm. 14.3.18) Let G ⊂ Rn be a John domain and let p ∈ P log(G) with

1 < p− ≤ p+ <∞. Then, for all q ∈ Lp
′(·)

0 (G) we have

‖q‖
L

p′(·)
0 (G)

≤ c sup
ξ∈W 1,p(·)

0 (G) : ‖∇ξ‖p(·)≤1

〈q,div ξ〉,

where the constants depend only on p and the John constant of G.

An appropriate discrete version reads as follows.

Lemma 5.2 Let G ⊂ Rn be a polyhedral domain, let p ∈ P log(G) with 1 < p− ≤ p+ <∞ and let

Πdiv
h satisfy Assumption 3.2. Then for all qh ∈ Qh holds

‖qh‖p′T (·) ≤ c sup
ξh∈Vh : ‖ξh‖1,pT ≤1

〈qh,div ξh〉,

where the constants depend 1 only on p and on G.

Remark 5.3 Note that the inf-sup condition from Lemma 5.2 only holds on the finite element
space Qh. It is not possible to extend it to the whole space LpT (G). This is due to the fact
that the exponent pT is not continuous. Log-Hölder continuity is a necessary assumption
for continuity of singular integrals and the maximal function on generalized Lebesgue spaces
(see [29]). The inf-sup condition is based on the negative norm theorem which follows from
the continuity of (the gradient of) the Bogovskĭı-operator.

1 More precisely, on p and the John constant of G.
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Proof (of Lemma 5.2.) We use Lemma 5.1, Assumption 3.2, and Theorem 4.2 to get

‖qh‖Qh
≤ c sup

‖ξ‖V ≤1

〈qh,div ξ〉 = c sup
‖ξ‖V ≤1

〈qh,divΠdiv
h ξ〉

≤ c sup
‖Πdiv

h ξ‖
Vh
≤1

〈qh,divΠdiv
h ξ〉 ≤ c sup

‖ξh‖Vh
≤1

〈qh,div ξh〉.

Due to Lemma 3.1 this is equivalent to the claim. ut

5.2 Error estimate for the pressure

We now derive a best approximation result for the numerical error of the pressure.

Lemma 5.4 Let Πdiv
h satisfy Assumption 3.2. Let (v, q) and (vh, qh) be solutions of the problems

(Q) and (Qh), respectively. Suppose p ∈ C0,α(Ω) with p− > 1. Then, we have the following

estimate

‖q−qh‖p′T (·) ≤ c‖ST (·,Dv)−ST (·,Dvh)‖p′T (·) + c inf
µh∈Qh

‖q−µh‖p′T (·) + c hα.

Proof We split the error q− qh into a best approximation error q− µh and the remaining part
µh − qh, which we will control by means of the equation for qh. In particular, for all µh ∈ Qh
it holds

‖q−qh‖p′T (·) ≤ c ‖q−µh‖p′T (·) + c ‖µh−qh‖p′T (·),

by the triangle inequality. The second term is estimated with the help of Lemma 5.2 as follows

‖µh−qh‖p′T (·) ≤ sup
ξh∈Vh : ‖ξh‖1,pT (·)≤1

〈µh − qh,div ξh〉.

Let us take a closer look at the term 〈µh − qh,div ξh〉. By using the equation (4.1) for the
error, we get

〈µh − qh,div ξh〉 = 〈µh − q,div ξh〉+ 〈q − qh,div ξh〉
= 〈µh − q,div ξh〉+ 〈S(·,Dv)− ST (·,Dvh),Dξh〉
= 〈µh − q,div ξh〉+ 〈ST (·,Dv)− ST (·,Dvh),Dξh〉
+ 〈S(·,Dv)− ST (·,Dv),Dξh〉.

Applying Hölder’s inequality and taking the supremum with respect to ξ yields

‖µh−qh‖p′T (·) ≤ c ‖q−µh‖p′T (·) + c ‖ST (·,Dv)−ST (·,Dvh)‖p′T (·)

+ c‖S(·,Dv)−ST (·,Dv)‖p′T (·).

The last term can be estimated as follows: we have for some s1 ∈ (1, s)∫
Ω

( |S(·,Dv)− ST (Dv)|
C hα

)p′T (·)
dx

=
∑
K∈T

∫
K

( |S(x,Dv)− S(xK ,Dvh)|
C hα

)p′(xK)

dx

≤
∑
K∈T

∫
K

( log(1 + |Dv|)(1 + |Dvh|)p(xK)−1

C1

)p′(xK)

dx

≤
∑
K∈T

∫
K

( (1 + |Dv|)s1(p(xK)−1)

C2

)p′(xK)

dx.
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Here we took into account p ∈ C0,α(Ω). An appropriate choice of C (depending on s1 and s)
implies that, for small enough h > 0,∫

Ω

( |S(·,Dv)− ST (Dv)|
C hα

)p′(·)
dx ≤ 1

C3

∑
K∈T

∫
K

(
1 + |Dv|

)p(x)s
dx

=
1

C3

∫
Ω

(
1 + |Dv|

)p(x)s
dx ≤ 1.

The claim follows, since µh ∈ Qh was arbitrary. ut

Unfortunately, the estimate for the error of the pressure q − qh involves the error of the stresses
ST (·,Dv) − ST (·,Dvh). Our error estimates for the velocity in Theorem 4.5 are however ex-
pressed in terms of FT (·,Dv) − FT (·,Dvh). The following lemma represents the missing link
between the error in terms of ST and the error in terms of FT (with an additional term with
respect to the estimate for fixed p).

Lemma 5.5 Under the assumptions of Corollary 4.6 It holds∫
Ω

|ST (·,Dv)− ST (·,Dvh)|p
′(·)

dx ≤ c
(
hmin { ((p+)′)2

2
,(p+)′} + hαmin {2,(p+)′}). (5.1)

Proof By standard arguments we gain

ST (x,Dv)− ST (x,Dvh) =

1∫
0

DST (x,Dv + t(Dvh −Dv)) dt : (Dv −Dvh)

≤ c

1∫
0

(κ+ |Dv + t(Dvh −Dv)|)pT (x)−2 dt |Dv −Dvh|

≤ c (κ+ |Dv|+ |Dvh −Dv|)pT (x)−2 |Dv −Dvh|.

(5.2)

Let us decompose T again into T + and T −, where

T + := {K ∈ T : pT > 2},

T − := {K ∈ T : pT ≤ 2}.

It follows for K ∈ T + by Young’s inequality for every γ > 0∫
K

|ST (·,Dv)− ST (·,Dvh)|p
′
T dx

≤ c

∫
K

(κ+ |Dv|+ |Dvh −Dv|)
pT −2

2
p′T |Dv −Dvh|p

′
T (1 + |Dv|+ |Dvh|)

pT −2

2
p′T dx

≤ c γ−2

∫
K

(κ+ |Dv|+ |Dvh −Dv|)pT −2 |Dv −Dvh|2 dx

+ c γ

2p′T
2−p′T

∫
K

(1 + |Dv|+ |Dvh|)pT dx.

Due to Lemma 2.1 and 3.2 we gain for some s > 1 as a consequence of p ∈ C0,α(Ω)∫
K

|ST (·,Dv)− ST (·,Dvh)|p
′
T dx

≤ c γ−2

∫
K

(κ+ |Dv|+ |Dvh −Dv|)pT (x)−2 |Dv −Dvh|2 dx
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+ c γ

2p′T
2−p′T

∫
K

(1 + |Dv|p(·)s + |Dvh|pT (·)) dx,

If (p+)′ = minK∈T + minK p′ < 2 we obtain (in the other case the following calculations are
not necessary because of T + = ∅)∑
K∈T +

∫
K

|ST (·,Dv)− ST (·,Dvh)|p
′
T dx

≤ cγ
2(p+)′

2−(p+)′

∫
Ω

(κ+ |Dv|p(·)s + |Dvh|pT (·)) dx+ cγ−2

∫
Ω

|FT (·,Dv)− FT (·,Dvh)|2 dx

=: c
(
γ

2(p+)′

2−(p+)′ A+ γ−2B
)
.

We minimize the r.h.s. with respect to γ which leads to the optimal choice

γ =

(
2− (p+)′

(p+)′

) 2−(p+)′
4

(
B

A

) 2−(p+)′
4

∼
(
B

A

) 2−(p+)′
4

.

Note that for h � 1 we can assume that γ ≤ 1 as a consequence of Corollary 4.6. So we end
up with ∑

K∈T +

∫
K

|S(·,Dv)− S(·,Dvh)|p
′(·)

dx

≤ c
( ∫
Ω

(κ+ |Dv|p(·)s + |Dvh|pT (x)) dx

) 2−(p+)′
2

×
( ∫
Ω

|FT (·,Dv)− FT (·,Dvh)|2 dx
) (p+)′

2

.

As a consequence of Corollary 4.6 and Dvh ∈ LpT (Ω) uniformly we gain∑
K∈T +

∫
K

|S(·,Dv)− S(·,Dvh)|p
′(·)

dx ≤ c
(
hmin {(p+)′, ((p

+)′)2
2
} + h(p

+)′α).
For K ∈ T − we have due to Dv ∈ Lp(·)s(Ω) and Dvh ∈ LpT (·)(Ω) uniformly in h∫

K

|ST (·,Dv)− ST (·,Dvh)|p
′
T (·)

dx

≤ c

∫
K

(κ+ |Dv|+ |Dvh −Dv|)pT (x)−2 |Dv −Dvh|2 dx

≤ c

∫
K

|FT (·,Dv)− FT (·,Dvh)|2 dx,

such that ∑
K∈T −

∫
K

|ST (·,Dv)− ST (·,Dvh)|p
′
T (·)

dx

≤ c

∫
Ω

|FT (·,Dv)− FT (·,Dvh)|2 dx

≤ c
(
hmin {2,(p+)′} + h2α

)
.

Here we used again corollary 4.6. The claim follows by combining the estimates for T + and
T −. ut
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Combining Lemma 5.4 and Lemma 5.5 we get our desired error estimate for the pressure.

Theorem 5.6 Let Πdiv
h satisfy Assumption 3.2. Let (v, q) and (vh, qh) be solutions of the problems

(Q) and (Qh), respectively. Assume further that F(·,Dv) ∈ (W 1,2(Ω))n×n, q ∈ W 1,p′(·) and

suppose p ∈ C0,α(Ω) with p− > 1. Then we have for

αp :=
α

(p−)′
min {2, (p+)′}, βp :=

1

(p−)′
min { ((p+)′)2

2
, (p+)′},

the following estimates.

(a) ‖q − qh‖Lp′T (·) ≤ c hmin {αp,βp};

(b)
∫
Ω
|q − qh|p

′
T (·) dx ≤ c h(p

+)′min {αp,βp}.

Proof We choose µh :=
∑
K χK −

∫
K
q dx and apply (4.7) such that∫

K

∣∣∣q −ΠY
h q

ChK

∣∣∣p′K dx ≤ c

∫
SK

(
|∇q|p

′(·) + 1
)
dx+ c hn+2

K .

Since q ∈W 1,p′(·) we obtain for C large enough∫
Ω

∣∣∣q − µh
C hK

∣∣∣p′T (·)
dx =

∑
K

∫
K

∣∣∣q − µh
C hK

∣∣∣p′T (·)
dx ≤ 1

C′

∑
K

((∫
K

|∇q|p
′(·) + 1

)
dx+ hn+2

K

)

≤ 1

C′

(∫
Ω

(
|∇q|p

′(·) + 1
)
dx+ 1

)
= 1,

such that a) follows from Lemma 5.4 and 5.5.
In order to show b) we define κ(h) := hmin {αp,βp} and estimate∫

Ω

|q − qh|p
′
T (·) dx ≤ cκ(h)(p

+)′
∫
Ω

∣∣∣ q − qh
C κ(h)

∣∣∣p′(·) dx ≤ cκ(h)(p
+)′ ,

using a). ut

A Orlicz spaces

The following definitions and results are standard in the theory of Orlicz spaces and can for example be
found in [30]. A continuous, convex function ρ : [0,∞) → [0,∞) with ρ(0) = 0, and limt→∞ ρ(t) = ∞ is
called a continuous, convex ϕ-function.

We say that ϕ satisfies the ∆2–condition, if there exists c > 0 such that for all t ≥ 0 holds ϕ(2t) ≤ c ϕ(t).
By ∆2(ϕ) we denote the smallest such constant. Since ϕ(t) ≤ ϕ(2t) the ∆2-condition is equivalent to ϕ(2t) ∼
ϕ(t) uniformly in t. For a family ϕλ of continuous, convex ϕ-functions we define ∆2({ϕλ}) := supλ∆2(ϕλ).
Note that if ∆2(ϕ) <∞ then ϕ(t) ∼ ϕ(c t) uniformly in t ≥ 0 for any fixed c > 0. By Lϕ and Wk,ϕ, k ∈ N0,
we denote the classical Orlicz and Orlicz-Sobolev spaces, i.e. f ∈ Lϕ iff

∫
ϕ(|f |) dx < ∞ and f ∈ Wk,ϕ iff

∇jf ∈ Lϕ, 0 ≤ j ≤ k.
A ϕ-function ρ is called a N -function iff it is strictly increasing and convex with

lim
t→0

ρ(t)

t
= lim
t→∞

t

ρ(t)
= 0.

By ρ∗ we denote the conjugate N-function of ρ, which is given by ρ∗(t) = sups≥0(st− ρ(s)). Then ρ∗∗ = ρ.

Lemma A.1 (Young’s inequality) Let ρ be an N-function. Then for all s, t ≥ 0 we have

st ≤ ρ(s) + ρ∗(t).

If ∆2(ρ, ρ∗) <∞, then additionally for all δ > 0

st ≤ δ ρ(s) + cδ ρ
∗(t),

st ≤ cδ ρ(s) + δ ρ∗(t),

ρ′(s)t ≤ δ ρ(s) + cδ ρ(t),

ρ′(s)t ≤ δ ρ(t) + cδ ρ(s),

where cδ = c(δ,∆2({ρ, ρ∗})).
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Definition A.2 Let ρ be an N-function. We say that ρ is elliptic, if ρ is C1 on [0,∞) and C2 on (0,∞)
and assume that

ρ′(t) ∼ t ρ′′(t), (A.1)

uniformly in t > 0. The constants hidden in ∼ are called the characteristics of ρ.

Note that (A.1) is stronger than ∆2(ρ, ρ∗) <∞. In fact, the ∆2-constants can be estimated in terms of the
characteristics of ρ.

Associated to an elliptic N -function ρ we define the tensors

Aρ(ξ) :=
ρ′(|ξ|)
|ξ|

ξ, ξ ∈ Rn×n

Fρ(ξ) :=

√
ρ′(|ξ|)
|ξ|

ξ, ξ ∈ Rn×n.

We define the shifted N -function ρa for a ≥ 0 by

ρa(t) :=

t∫
0

ρ′(a+ τ)

a+ τ
τ dτ. (A.2)

The following auxiliary result can be found in [17,21].

Lemma A.3 For all a, b, t ≥ 0 we have

ρa(t) ∼
{
ρ′′(a)t2 if t . a

ρ(t) if t & a,

(ρa)b(t) ∼ ρa+b(t).

Lemma A.4 ([17, Lemma 2.3]) We have(
Aρ(P)−Aρ(Q)

)
·
(
P−Q

)
∼
∣∣Fρ(P)− Fρ(Q)

∣∣2
∼ ρ|P|(|P−Q|)

∼ ρ′′
(
|P|+ |Q|

)
|P−Q|2,

uniformly in P,Q ∈ Rn×n. Moreover, uniformly in Q ∈ Rn×n,

Aρ(Q) ·Q ∼ |Fρ(Q)|2 ∼ ρ(|Q|)

|Aρ(P)−Aρ(Q)| ∼
(
ρ|P|

)′
(|P−Q|).

The constants depend only on the characteristics of ρ.

Lemma A.5 (Change of Shift) Let ρ be an elliptic N-function. Then for each δ > 0 there exists Cδ ≥ 1
(only depending on δ and the characteristics of ρ) such that

ρ|a|(t) ≤ Cδ ρ|b|(t) + δ ρ|a|(|a− b|),

(ρ|a|)
∗(t) ≤ Cδ (ρ|b|)

∗(t) + δ ρ|a|(|a− b|),

for all a,b ∈ Rn and t ≥ 0.

The case a = 0 or b = 0 implies the following corollary.

Corollary A.6 (Removal of Shift) Let ρ be an elliptic N-function. Then for each δ > 0 there exists
Cδ ≥ 1 (only depending on δ and the characteristics of ρ) such that

ρ|a|(t) ≤ Cδ ρ(t) + δ ρ(|a|),

ρ(t) ≤ Cδ ρ|a|(t) + δ ρ(|a|),

for all a ∈ Rn and t ≥ 0.

Lemma A.7 Let ρ be an elliptic N-function. Then (ρa)∗(t) ∼ (ρ∗)ρ′(a)(t) uniformly in a, t ≥ 0. Moreover,
for all λ ∈ [0, 1] we have

ρa(λa) ∼ λ2ρ(a) ∼ (ρa)∗(λρ′(a)).

Lemma A.8 Let ρ(t) :=
∫ t
0 (κ+ s)q−2s ds with q ∈ (1,∞) and t ≥ 0. Then

ρa(λt) ≤ c max {λq , λ2}ρ(t),

(ρa)∗(λt) ≤ c max {λq
′
, λ2}ρ(t),

uniformly in a, λ ≥ 0.

Remark A.9 Let p ∈ P(Ω) with p− > 1 and p+ < ∞. The results above extend to the function ϕ(x, t) =∫ t
0 (κ+ s)p(x)−2s ds uniformly in x ∈ Ω, where the constants only depend on p− and p+.
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