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Using two-nucleon and three-nucleon interactions derived in the framework of chiral perturbation theory
(ChPT) with and without the explicit � isobar contributions, we calculate the energy per particle of symmetric
nuclear matter and pure neutron matter in the framework of the microscopic Brueckner-Hartree-Fock approach.
In particular, we present for the first time nuclear matter calculations using the new fully local in coordinate-space
two-nucleon interaction at the next-to-next-to-next-to-leading-order (N3LO) of ChPT with � isobar intermediate
states (N3LO�) recently developed by Piarulli et al. [arXiv:1606.06335]. We find that using this N3LO�

potential, supplemented with a local N2LO three-nucleon interaction with explicit � isobar degrees of freedom,
it is possible to obtain a satisfactory saturation point of symmetric nuclear matter. For this combination of two-
and three-nucleon interactions we also calculate the nuclear symmetry energy and we compare our results with
the empirical constraints on this quantity obtained using the excitation energies to isobaric analog states in
nuclei and using experimental data on the neutron skin thickness of heavy nuclei, finding a very good agreement
in all the considered nucleonic density range. In addition, we find that the explicit inclusion of � isobars
diminishes the strength of the three-nucleon interactions needed to get a good saturation point of symmetric
nuclear matter. We also compare the results of our calculations with those obtained by other research groups
using chiral nuclear interactions with different many-body methods, finding in many cases a very satisfactory
agreement.
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I. INTRODUCTION

Effective field theory (EFT) for low-energy quantum
chromodynamics (QCD) opened a new and systematic way
to describe the nuclear interaction [1] (for comprehensive
and thorough reviews on this subject see Refs. [2–5]). The
considerable advantage of using such a method lies in the fact
that two-body, three-body, as well as many-body nuclear in-
teractions can be calculated perturbatively, i.e., order by order,
according to a well-defined scheme based on a low-energy
effective QCD Lagrangian which retains the symmetries of
QCD, and in particular the approximate chiral symmetry.
This chiral perturbation theory (ChPT) is based on a power
counting in the ratio Q/�χ , where Q denotes a low-energy
scale identified with the magnitude of the three-momenta of
the external nucleons and with the pion mass mπ whereas
�χ ∼ 1 GeV denotes the chiral symmetry breaking scale. In
this framework single-pion exchange and multipion exchange
give the long- and intermediate-range part of the nuclear
interaction, whereas the short-range component is included
via nucleon contact terms. Within this approach the details of
the QCD dynamics are contained in parameters, the so-called
low-energy constants (LECs), which are fixed by low-energy
experimental data. This systematic technique is especially
fruitful in the case of nucleonic systems where the rele-
vance of the three-nucleon force (TNF) is a well-established
feature [6–8].

Nucleon-nucleon (NN) interactions plus TNFs based on
ChPT have been recently used to investigate the properties
of medium-mass nuclei [9,10] and heavy nuclei [11]. A
very important task along this line, is the evaluation of the
uncertainties originating in the nuclear Hamiltonian [12] and

in particular on the LECs and to establish which should be the
best fitting procedure to fix them [13]. For example, in Ref. [9]
a simultaneous optimization of the NN interaction plus a TNF
in light and medium-mass nuclei was performed.

The standard version of ChPT is based on pion and
nucleon degrees of freedom only. However, because of its
low excitation energy �m = m� − mN = 293.1 MeV and to
the strong coupling with the pion-nucleon (πN) system, as
it is well known, the �(1232) isobar (hereafter the � isobar)
plays an important role in nuclear physics. In the standard, i.e.,
�-less, ChPT the effects of the � isobar are taken into account
implicitly and are incorporated in the LECs (such as c3 and c4)
which are fixed using πN scattering data or by fitting NN phase
shifts. Alternatively, because �m � �χ , one could extend
ChPT to include the � isobar as an additional and explicit
degree of freedom. It was shown by various authors [14,15] that
this �-full ChPT has an improved convergence with respect to
the �-less ChPT. In addition, the �-full ChPT naturally leads
to TNFs induced by two-pion exchange with excitation of an
intermediate � (the celebrated Fujita-Miyazawa three-nucleon
force [16]).

Recently Piarulli et al. [17] have developed a fully local in
coordinate-space two-nucleon chiral potential which includes
the � isobar intermediate state. This new potential represents
the fully local version of the minimally nonlocal chiral
interaction reported in Ref. [18]. Local coordinate space
interactions are particularly suitable for quantum Monte Carlo
calculations of nuclei and nuclear matter.

In this work, we present for the first time microscopic
calculations of the equation of state (EOS) of symmetric
nuclear matter and pure neutron matter using the local
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chiral potential of Ref. [17] and employing the Brueckner-
Bethe-Goldstone (BBG) [19,20] many-body theory within the
Brueckner-Hartree-Fock (BHF) approximation. The present
work represents a development with respect to our previous
works [21,22] where ChPT nuclear interactions have been
used in BHF calculations of nuclear matter properties. Nuclear
interactions based on ChPT have been also used by several
groups for calculating the EOS of pure neutron matter [23–30]
and symmetric nuclear matter [31–35]. A comparison with
some of these calculations will be performed in the last part of
this work.

The paper is organized as follows: In Sec. II we review
the two-body and three-body chiral interactions used in our
calculations; in Sec. III we briefly recall the basic features of
the BBG many-body theory and we discuss how to include a
TNF in the BHF approach; Sec. IV is devoted to show and
discuss the results of our calculations; finally in Sec. V we
summarize our results and outline the main conclusions of the
present study.

II. CHIRAL NUCLEAR INTERACTIONS

We consider interactions fully derived in ChPT both for the
two- and three-nucleon sectors. We use indeed NN potentials
calculated at next-to-next-to-next-to-leading-order (N3LO)
of ChPT, in conjunction with three-nucleon interactions at
next-to-next-to-leading-order (N2LO). Currently, chiral NN
potentials have been calculated up to order N4LO by Epelbaum
et al. [36] and by Entem et al. [37]. In addition, dominant
contributions at order N5LO have been analyzed in Ref. [38]
where it was found a satisfactory convergence of the pertur-
bative expansion of the NN potential. Also chiral TNFs have
been calculated at higher orders of the perturbative expansion.
In Ref. [39] the N3LO contributions to the TNFs have been
derived. Sub-leading contributions to the TNFs appear at order
N4LO [40] and they may be potentially important. The use of
these large variety of forces in practical calculations is not an
easy task and many efforts are currently devoted to incorporate
part of these interactions in studies of few- and many-body
systems. In this work we restrict our calculations to the use of
chiral TNFs evaluated at order N2LO.

Let us now focus on the specific interactions we have
employed in the present work. As the two-body nuclear
interaction, we have used the fully local chiral potential at
N3LO including � isobar excitations in the intermediate state
(hereafter N3LO�) recently proposed in Ref. [17]. Originally
this potential was presented in Ref. [18] in a minimal nonlocal
form. The first chiral NN potential in the local form was
derived by Gezerlis et al. [41] considering a �-less ChPT
up to order N2LO. Notice that Ref. [17] reports different
parametrizations of the local potential obtained by fitting
the low-energy NN experimental data using different long-
and short-range cutoffs. In the calculations presented in this
work, we use the model b described in Ref. [17] (see their
Table II) which fits the Granada database [42] of proton-proton
(pp) and neutron-proton (np) scattering data up to an energy
of 125 MeV in the laboratory reference frame and has a
χ2/datum ∼ 1.07.

There are several indications that the � isobar plays an
important role in nuclear processes. For instance, the excitation
of the � isobar is needed to reproduce the observed energy
spectra of low-lying states in s- and p-shell nuclei as well as
the correct spin-orbit splitting in low-energy n-α scattering. It
is therefore very important to use this new chiral potential [17]
also in nuclear matter calculations.

We have also used the N3LO chiral NN potential by Entem
and Machleidt (EM) [43], considering two different values
of the cutoff, � = 500 MeV and � = 450 MeV, employed to
regularize the high momentum components of the interaction.
Notice that for consistency reasons, the same value of the
cutoff was employed in each calculation, both in the two- and
three-nucleon interactions. However the assumed shape of the
cutoff in the two-body and in the three-body interaction is in
general different (see next section for more details).

Concerning the TNF, we have used the N2LO potential by
Epelbaum et al. [44] in its local version given by Navratil [45].
We note that the nonlocality of the N2LO three-nucleon
interaction depends only on the cutoff used to regularize the
potential. The N2LO TNF force has the following structure in
momentum space:

V
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∑
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8f 4
π
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cE
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where qi = pi
′ − pi is the difference between the final and

initial momentum of nucleon i and

F
αβ
ijk = δαβ

(−4c1m
2
π + 2c3qi · qj

)
+ c4ε

αβγ τ
γ
k σ k · (qi × qj ). (4)

In Eqs. (1)–(4) σ i and τ i are the Pauli matrices for the
spin and isospin spaces while gA = 1.29 and fπ = 92.4 MeV
are the axial-vector coupling and the pion decay constant.
The nucleon labels i, j , k can take the values 1, 2, 3,
which results in six possible permutations in each sum. The
factors c1, c3, c4, cD , and cE are the low-energy constants.
The interaction described above keeps the same operatorial
structure both including or not the � degrees of freedom
([15]). We note that the constants c1, c3, and c4 entering
in Eq. (4) are already fixed at the two-body level by the
N3LO interaction. However when including the � isobar
in the three-body potential, the parameters c3 and c4 take
additional contribution from the Fujita-Miyazawa diagram.
Such a diagram appears at the NLO and is clearly not present
in the theory without the �. To properly take into account this
contribution, one has to add to the values of c3 and c4 ([18]),

the quantity given by the relation [15]: c�
3 = −2c�

4 = − h2
A

9�m

being hA = 3gA√
2

= 2.74 and �m = m� − mN = 293.1 MeV,
where m�, mN are the � isobar and the nucleon masses and
hA is the leading order �Nπ axial-vector coupling constant.
Because of this, we have for the TNF, c3 = c̃3 + c�

3 and
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TABLE I. Values of the low-energy constants (LECs) of the TNFs
models used in the present calculations. In the first and in the second
row, we report the parametrizations of the N2LO three-body force
with the � isobar excitations [17]. Notice that the values c1, c3,
and c4 have been kept fixed. In the third and in the forth rows we
report the N2LO TNF parametrizations obtained in conjunction with
the EM [43] N3LO two-nucleon potential with � = 500 MeV (third
row) and with � = 450 MeV (forth row). The LECs c1, c3, and c4 are
expressed in GeV−1, whereas cD and cE are dimensionless.

TNF cD cE c1 c3 c4

N2LO�1 −0.10 1.30 −0.057 −3.63 3.14
N2LO�2 −4.06 0.37 −0.057 −3.63 3.14
N2LO500 −1.88 −0.48 −0.810 −3.20 5.40
N2LO450 −0.11 −0.24 −0.810 −3.40 3.40

c4 = c̃4 + c�
4 being c̃3 and c̃4 the values fixed at the two-body

level. For the N3LO� potential we have c̃3 = 0.79 GeV−1 and
c̃4 = 1.33 GeV−1 [18]. For the EM potential [43], ci and c̃i

coincide because there is no additional diagram to sum up. The
values of the constants ci for the TNFs that we have considered
in the present work are reported in Table I.

The remaining parameters cD and cE are not determined
by the two-body interaction and have to be fixed con-
straining some specific observables in few-nucleon systems
or to reproduce the empirical saturation point of symmet-
ric nuclear matter. In particular, for the interaction model
N3LO+N2LO(450), following Ref. [46], we have set cD =
−0.24 and cE = −0.11; these values are able to reproduce
the binding energies of 3H and 3He and the Gammow-Teller
matrix element for the 3H β decay considering contributions
to the axial nuclear current up to order N3LO [46]. For
the interaction model N3LO+N2LO(500), we have adopted
a recent constraint on cD and cE employing the same
strategy of Ref. [46] but considering contributions to the axial
nuclear current up to order N4LO [47]. We note that this
parametrization has also the valuable property to reproduce
the neutron-deuteron doublet scattering length.

Finally, for the very recent model N3LO� + N2LO� [17]
no calculation for few-body nuclear systems was done so far.
Thus we have fitted the LECs cD and cE to get a good saturation
point for symmetric nuclear matter. We want to point out that
different values of cD and cE can produce equally satisfactory
nuclear matter saturation points. To explore this possibility,
we provide two parametrizations of the N2LO� TNF able
to fulfill this constraint (see Table II). Hereafter we refer to
these two parametrizations of the three-body interaction as the
N2LO�1 and N2LO�2 models. However, it is important to
note that depending on the particular choice adopted to fit the
TNF, the properties of the energy per particle at large density
may change considerably. We shall discuss this point in the
next sections.

III. THE BHF APPROACH WITH AVERAGED
THREE-BODY FORCES

The BHF approach is the lowest order of the BBG
many-body theory [19,20]. In this theory, the ground state

energy of nuclear matter is evaluated in terms of the so-
called hole-line expansion, where the perturbative diagrams
are grouped according to the number of independent hole
lines. The expansion is derived by means of the in-medium
two-body scattering Brueckner G matrix which describes the
effective interaction between two nucleons in the presence of
the surrounding nuclear medium. In the case of asymmetric
nuclear matter1 with neutron density ρn, proton density ρp,
total nucleon density ρ = ρn + ρp, and isospin asymmetry
β = (ρn − ρp)/ρ (asymmetry parameter), one has different G
matrices describing the nn, pp, and np in medium effective
interactions. They are obtained by solving the well-known
Bethe-Goldstone equation, written schematically as

Gτ1τ2;τ3τ4 (ω) = Vτ1τ2;τ3τ4 +
∑
ij

Vτ1τ2;τi τj
Qτiτj

ω − ετi
− ετj

+ iε

×Gτiτj ;τ3τ4 (ω), (5)

where τq (q = 1,2,i,j,3,4) indicates the isospin projection of
the two nucleons in the initial, intermediate, and final states,
V denotes the bare NN interaction, Qτiτj

is the Pauli operator
that prevents the intermediate state nucleons (i,j ) from being
scattered to states below their respective Fermi momenta kFτ

and ω, the so-called starting energy, corresponds to the sum
of nonrelativistic energies of the interacting nucleons. The
single-particle energy ετ of a nucleon with momentum k and
mass mτ is given by

ετ (k) = �
2k2

2mτ

+ Uτ (k), (6)

where the single-particle potential Uτ (k) represents the mean
field felt by a nucleon because of its interaction with the other
nucleons of the medium. In the BHF approximation, Uτ (k) is
calculated through the real part of the so-called on-energy-shell
G matrix, and is given by

Uτ (k) =
∑
τ ′

∑
k′<kFτ ′

Re 〈kk′ | Gττ ′;ττ ′(ω∗) | kk′〉A, (7)

where the sum runs over all neutron and proton occupied states,
ω∗ = ετ (k) + ετ ′(k′) and the matrix elements are properly
antisymmetrized. We make use of the so-called continu-
ous choice [50–53] for the single-particle potential Uτ (k)
when solving the Bethe-Goldstone equation. As shown in
Refs. [54,55], the contribution of the three-hole-line diagrams
to the energy per particle E/A is minimized in this prescription
and a faster convergence of the hole-line expansion for E/A is
achieved [54–56] with respect to the so-called gap choice for
Uτ (k).

Once a self-consistent solution of Eqs. (5)–(7) is achieved,
the energy per particle can be calculated as

E

A
(ρ,β) = 1

A

∑
τ

∑
k<kFτ

(
�

2k2

2mτ

+ 1

2
Uτ (k)

)
. (8)

1In the present work we consider spin unpolarized nuclear matter.
Spin polarized nuclear matter within the BHF approach was consid-
ered, for example, in Refs. [48,49].
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TABLE II. Properties of nuclear matter at saturation density for the various models described in the text. In the first column of the table
is reported the model name; in the other columns we give the saturation point of symmetric nuclear matter (ρ0), the corresponding value of
the energy per particle E/A, the symmetry energy, its slope L, and the incompressibility K∞. All these values are referred to the calculated
saturation density.

Model ρ0(fm−3) E/A (MeV) Esym (MeV) L (MeV) K∞ (MeV)

N3LO� + N2LO�1 0.171 −15.23 35.39 76.0 190
N3LO� + N2LO�2 0.176 −15.09 36.00 79.8 176
N3LO+N2LO(500) 0.135 −12.12 25.89 38.3 153
N3LO+N2LO(450) 0.156 −14.32 29.20 39.8 205

A. Inclusion of three-nucleon forces in the BHF approach

As it is well known, within the most advanced nonrel-
ativistic quantum many-body approaches, it is not possible
to reproduce the empirical saturation point of symmetric
nuclear matter, ρ0 = 0.16 ± 0.01 fm−3, E/A|ρ0 = −16.0 ±
1.0 MeV, when using two-body nuclear interactions only.
In fact, the saturation points obtained using different NN
potentials lie within a narrow band [57,58], the so-called
Coester band, with either a too large saturation density or
a too small binding energy (B = −E/A) compared to the
empirical values. In particular, there is an overbinding of
symmetric nuclear matter, with a too large saturation density,
when using modern high precision nucleon-nucleon (NN)
potentials, which are able to fit NN scattering data up to energy
of 350 MeV, with a χ2 per datum next to 1 [59]. As in the case
of few-nucleon systems [6–8], also in the nuclear matter case
TNFs are considered as the missing physical effect of the whole
picture. The inclusion of TNFs is thus required to reproduce
a realistic saturation point ([60–65]). In addition, TNFs are
crucial in the case of dense β-stable nuclear matter to obtain
a stiff equation of state (EOS) [61,62,66,67] compatible with
the measured masses, M = 1.97 ± 0.04 M� [68] and M =
2.01 ± 0.04 M� [69] of the neutron stars in PSR J1614-2230
and PSR J0348+0432, respectively.

Within the BHF approach TNFs cannot be used directly in
their original form. This is because it would be necessary to
solve the three-body Faddeev equations in the nuclear medium
(Bethe-Faddeev equations) [70,71] and currently this is a task
still far to be achieved. To circumvent this problem an effective
density-dependent two-body force is built starting from the
original three-body one by averaging over one of the three
nucleons [72,73].

In the present work, we consider the in-medium effective
NN force derived in Ref. [74]. The momentum space average
proposed in [74] produces an effective density-dependent NN
potential of the following form:

Veff( p,q) = VC + τ 1 · τ 2 WC + [VS + τ 1 · τ 2 WS]σ 1 · σ 2

+ [VT + τ 1 · τ 2 WT ]σ 1 · q σ 2 · q

+ [VSO + τ 1 · τ 2 WSO] i(σ 1 + σ 2) · (q × p)

+ [VQ + τ 1 · τ 2 WQ] σ 1 · (q × p) σ 2 · (q × p),

(9)

where the subscripts on the functions Vi , Wi stand for central
(C), spin (S), tensor (T), spin orbit (SO), and quadratic spin
orbit (Q). Explicit expressions for these functions can be

found in Ref. [74]. Such effective interaction was obtained
closing one of the three fermion lines in the Feynman diagrams
concerning the original TNF, and evaluating the resulting
two-body diagram which takes into account the in-medium
modification of the nucleon propagator because of the bubble
insertion. We also note that the same effective interaction
can be obtained by averaging the original three-nucleon
interaction VNNN over the generalized coordinates of the third
nucleon [75]:

Veff = Tr(σ3,τ3)

∫
d p3

(2π )3
n p3 VNNN (1 − P13 − P23), (10)

where

Pij = 1 + σ i · σ j

2

1 + τ i · τ j

2
P pi↔ pj

(11)

are the spin-isospin-momentum exchange operators and n p3

is the Fermi distribution function at zero temperature of
the third nucleon. Here we assume for n p3 a step function
approximation. A possible improvement of this treatment is to
consider instead of a step function, a correlated distribution
function [33,52,76]. The total NN interaction V [entering
in the Bethe-Goldstone Eq. (5)] is finally given by V =
VNN + Veff/3. The factor 1/3 is introduced to get the correct
normal ordered two-body part of the TNF at the Hartree-Fock
level [23].

To regularize the density-dependent interaction Veff , we
have used local cutoffs of the form,

F� = e−q2n/�2n

, (12)

where q is the exchanged momentum of the two remaining
nucleons after the average of the TNF. In particular, to
regularize the Veff(ρ) associated with the EM [43] NN potential
we use n = 2, 3 for � = 500, 450 MeV, respectively, while
to regularize the Veff(ρ) associated with the new potential of
Refs. [17,18] we use the same form employed for the bare NN
interaction, which in momentum space reads FRS

= e−RS
2q2/4

with RS = 0.7 fm [17,18]. We note that for the local cutoffs
employed in this work, a more correct procedure would require
to use a three-body regulator directly in Eq. (10); this is because
of the fact that in this case the regulator is not symmetric under
cyclic permutations and some additional terms contribute to
the average. In the present work we do not consider this aspect
and we plan to study it in the future.
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FIG. 1. Energy per particle of pure neutron (a) and symmetric
nuclear matter (b) as function of the nucleonic density for the models
described in the text. Continuous lines have been obtained using
two- plus three-body interactions, while the dashed lines have been
obtained considering only the two-body interaction. The empirical
saturation point of nuclear matter ρ0 = 0.16 ± 0.01 fm−3, E/A|ρ0 =
−16.0 ± 1.0 MeV is denoted by the gray box in (b).

IV. RESULTS AND DISCUSSION

In this section we present and discuss the results of our
calculations for the equation of state (EOS), i.e., the energy
per particle E/A as a function of the density ρ, for symmetric
nuclear matter (SNM), and pure neutron matter (PNM) using
the chiral nuclear interaction models and the BHF approach
described in the previous two sections. Making the usual
angular average of the Pauli operator and of the energy
denominator [51,53], the Bethe-Goldstone Eq. (5) can be
expanded in partial waves. In all the calculations performed in
this work, we have considered partial wave contributions up
to a total two-body angular momentum Jmax = 8.

In Fig. 1 we show the energy per particle of PNM (a)
and SNM (b) for the considered interaction models. The
dashed lines, in both panels, refer to the calculations performed
employing the two-body potential without any TNF, whereas
the continuous lines refer to the calculations where the
contribution of the TNFs to the energy per nucleon was
included. Concerning the results for the new local chiral
interaction with � isobar degrees of freedom [17], we show in
Fig. 1 the energy per particle relative to the parametrizations
N3LO� + N2LO�1 and N3LO� (i.e., without TNF). A com-
parison between the parametrizations N3LO� + N2LO�1
and N3LO� + N2LO�2 is then shown in a separate figure
(Fig. 2).

Focusing first on the case of PNM [Fig. 1(a)], we note
sizable differences between the three energy per nucleon
curves produced by the different NN interactions. The model
N3LO� [upper (black) dashed line] gives indeed a much stiffer
EOS than the N3LO ones for both cutoff values, � = 500 MeV
[middle (red) dashed line] and � = 450 MeV [lower (blue)
dashed line]. This behavior is both because of the local form
of the potential and to the inclusion of � isobar.
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FIG. 2. Energy per particle of symmetric nuclear matter versus
the nucleonic density for the two TNF models which take into account
the contribution of the � isobar.

Concerning the role of TNFs in neutron matter, we note that
when the original N2LO TNF is reduced to an effective density
dependent two-body interaction Veff(ρ), using the momentum
space average proposed in [74] and used in the present work,
the only terms that survive in PNM after the average are the
ones proportional to c1 and c3. Thus calculations using the
models N3LO� + N2LO�1 and N3LO� + N2LO�2 give
the same results in PNM because they are not affected by
the values of the low-energy constants cD and cE , and they have
the same values for the LECs c1 and c3. In addition, looking
at Table I, we see that the values of c1 and c3 are very similar
for the considered models. Thus we expect a comparable
effect of TNFs on the EOS for PNM. This expectation is
confirmed by our results. In fact, we find that the contribution
�(E/A)TNF to the energy per particle of PNM because of
the inclusion of TNFs at the empirical saturation density
ρ0 = 0.16 fm−3 is �(E/A)TNF = 3.49 MeV in the case of
the N2LO�1 TNF and �(E/A)TNF = 3.58 MeV (4.20 MeV)
for the N2LO(500) [N2LO(450)] TNF. At ρ = 0.40 fm−3 we
find �(E/A)TNF = 29.37 MeV for the N2LO�1 model and
�(E/A)TNF = 30.06 MeV (33.25 MeV) for the N2LO(500)
[N2LO(450)] TNF.

The EOS for symmetric nuclear matter is shown in Fig. 1(b).
When only two-body interactions are included, the models
based on the EM N3LO potential [43] give unsatisfactory
nuclear matter saturation properties. More specifically the
model N3LO(500) [middle (red) dashed line] gives a saturation
point (ρ0 = 0.41 fm−3, E/A|0 = −24.25 MeV), whereas the
EOS curve for the model N3LO(450) [lower (blue) dashed
line] shows no saturation point up to density of ∼0.5 fm−3.
The EOS for the N3LO� NN interaction [17] [upper (black)
dashed line] has instead a very different trend. In this case the
saturation point turns out to be (0.24 fm−3, −18.27 MeV). In
addition to the explicit inclusion of the � isobar, this sizable
difference in the energy per particle of SMN between the new
local chiral potential of Ref. [17] and the EM potential [43] is
also due to the strong nonlocality of the EM N3LO potential.
It is very interesting to note that the behavior found for the
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N3LO� potential is very similar to the one (saturation point
ρ0 = 0.23 fm−3, E/A|ρ0 = −16.43 MeV) [21] obtained using
the Argonne V18 (AV18) interaction [77].

The overall repulsive effect introduced by the inclusion of
TNFs produces a significant improvement of the calculated
SNM saturation point [see the continuous lines in Fig. 1(b)]
with respect to the results described above for the case with no
TNFs. We find that the contribution �(E/A)TNF to the energy
per particle of SNM because of the inclusion of TNFs at the
empirical saturation density ρ0 = 0.16 fm−3 is �(E/A)TNF =
1.80 MeV in the case of the N2LO�1 TNF and �(E/A)TNF =
6.22 MeV (6.39 MeV) for the N2LO(500) [N2LO(450)] TNF.
At ρ = 0.40 fm−3 we find �(E/A)TNF = 15.69 MeV for the
N2LO�1 model and �(E/A)TNF = 45.42 MeV (49.33 MeV)
for the N2LO(500) [N2LO(450)] TNF.

These results clearly show that in the case of �-full chiral
nuclear interactions the contribution to the energy per particle
generated by the TNFs is strongly reduced in comparison
to the case where the EOS is obtained from �-less chiral
interactions. Our results thus confirm that a �-full ChPT for
nuclear interactions has an improved convergence with respect
to a �-less ChPT [14,15].

In Table II we report the calculated values of the saturation
points of SNM for the interaction models considered in
the present work. All the models, with the exception of
the N3LO+N2LO(500) one, provide reasonable saturation
points. We want to remark that using nonlocal cutoff to
regularize the TNF adopted in conjunction with the two-
body EM [43] N3LO interaction, the saturation points can
be slightly improved. Assuming indeed the same cutoff of
the bare NN interaction to regularize the effective density-
dependent NN potential after the average of the three-nucleon
force, for model N3LO+N2LO(450) the saturation point
turns out to be (0.17 fm−3, −15.05 MeV) while for model
N3LO+N2LO(500) we have found (0.155 fm−3, −13.0 MeV).

In Fig. 2 we compare the energy per particle of SNM
obtained using the two parametrizations of the N2LO� TNF,
namely N2LO�1 (black continuous curve) and N2LO�2
(purple dashed-dotted curve). It is apparent that at low density,
up to ∼0.25 fm−3, the two models produce an almost identical
result while at a density of 0.4 fm−3 the difference between
the energy per particle is of the order of 3 MeV. Increasing the
nucleonic density this difference is expected to increase. This
has important implications for the stiffness of the resulting
β-stable equation of state, in particular for astrophysical
applications such as the study of neutron stars structure.

The energy per nucleon of asymmetric nuclear matter can
be accurately reproduced [78] using the so-called parabolic (in
the asymmetry parameter β) approximation,

E

A
(ρ,β) = E

A
(ρ,0) + Esym(ρ)β2, (13)

where Esym(ρ) is the nuclear symmetry energy [79,80].
The nuclear symmetry energy, and particularly its density
dependence, is a crucial ingredient to determine the proton
fraction in β-stable nuclear matter [61] and ultimately it plays
an important role to determine the radius and the thermal
evolution of neutron stars [81]. Using Eq. (13), the symmetry
energy can be calculated as the difference between the energy
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FIG. 3. Nuclear symmetry energy as a function of the nucleonic
density for the four interaction models used in the present work.
The triangles labeled DSS represent the results of Ref. [82]. The
black-dashed band, labeled IAS, represents the constraints on the
symmetry energy obtained in Ref. [85] using the excitation energies of
isobaric analog states (IAS) in nuclei. The additional constraints from
neutron skin thickness �rnp of heavy nuclei give the more limited
region covered by the red-dashed band labeled IAS + �rnp [82].

per particle of pure neutron matter (β = 1) and symmetric
nuclear matter (β = 0).

The symmetry energy, calculated within this prescription,
is plotted as a function of the nucleon density ρ in Fig. 3. In
the case of the N3LO+N2LO interaction model, we obtain
a symmetry energy which shows a feeble dependence on the
value of the cutoff � in all the considered density range. For
example, at the empirical saturation density ρ0 = 0.16 fm−3,
we get Esym = 28.1(29.5) MeV for � = 500(450) MeV. The
symmetry energy calculated with the new local chiral potential
of Ref. [17] (continuous and dot-dashed lines in Fig. 3) is
systematically above and has a larger slope with respect to the
one calculated with the N3LO+N2LO interaction model. In
the same figure, we show Esym (triangles) as obtained from re-
cent calculations [82] of asymmetric neutron-rich matter with
two- and three-body interactions determined, respectively, at
N3LO and N2LO of the chiral perturbation theory. The results
of Ref. [82] have confirmed the validity of the quadratic
approximation [Eq. (13)] for describing the EOS highly asym-
metric matter. However, it was recently shown [83,84] that
the β4 term in the energy per nucleon of asymmetric nuclear
matter could not be negligible, especially at supranuclear
densities, thus having sizable influence, e.g., on neutron star
cooling [81]. The two bands in Fig. 3 represent the constraints
on the symmetry energy obtained by Danielewicz and Lee [85]
using the excitation energies to isobaric analog states (IAS)
in nuclei (black-dashed band labeled IAS) and with the
additional constraints from neutron skin thickness �rnp of
heavy nuclei [86,87] (red-dashed band labeled IAS+�rnp). It
should be noted that the IAS constraints have been determined
up to saturation density ρ0 while at larger density they have
been extrapolated [85]. The symmetry energy obtained in
the present work both for the N3LO� + N2LO�1 and the

064001-6



NUCLEAR MATTER PROPERTIES FROM LOCAL CHIRAL . . . PHYSICAL REVIEW C 94, 064001 (2016)

N3LO� + N2LO�2 interaction models is in a very good
agreement with the experimental constraints [85] reported in
Fig. 3, whereas Esym as calculated with the N3LO+N2LO
model (with both � = 500 MeV and 450 MeV) lies slightly
below the IAS + �rnp red-dashed region.

To compare our results with the value of the symmetry en-
ergy extracted from various nuclear experimental data [79,88],
we report in Table II the symmetry energy and the so-called
slope parameter,

L = 3ρ0
∂Esym(ρ)

∂ρ

∣∣∣∣
ρ0

, (14)

at the calculated saturation density ρ0 (second column in
Table II) for the interaction models considered in the present
work. As we can see our calculated Esym(ρ0) and L are in
a satisfactory agreement with the values obtained by other
BHF calculations with two- and three-body interactions
(see, e.g., [59,66,89,90]) and with the values extracted from
various experimental data, Esym(ρ0) = 29.0–32.7 MeV, and
L = 40.5–61.9 MeV, as summarized in Ref. [88].

The incompressibility K∞ of symmetric nuclear matter at
saturation density is given by

K∞ = 9ρ2
0
∂2E/A

∂ρ2

∣∣∣
ρ0

. (15)

K∞ is a very important quantity characterizing the stiffness
of the nuclear matter EOS with its value having strong
implications for the physics of neutron stars [91–93] and
supernova explosions [94,95]. The incompressibility K∞ is
usually extracted from experimental data of giant monopole
resonance (GMR) energies in medium-mass and heavy nu-
clei. This analysis gives K∞ = 210 ± 30 MeV [96] or more
recently K∞ = 240 ± 20 MeV [97]. Recently the authors of
Ref. [98] performed a re-analysis of GMR data in even-even
112−124Sn and 106,100−116Cd plus earlier data on nuclei with
58 < A < 208 finding 250 MeV < K∞ < 315 MeV. The
incompressibility K∞, at the calculated saturation point for the
various interaction models used in the present work, is reported
in the last column of Table II. These calculated values for K∞
are somewhat low when compared with the empirical values
extracted from GMR in nuclei. This is a common feature with
many other BHF nuclear matter calculations with two- and
three-body interactions (see, e.g., [66,89]).

In Fig. 4 we compare our results for the energy per particle
of PNM [Fig. 4(a)] and SNM [Fig. 4(b)] with those obtained by
other researchers using different many-body approaches. In the
first place in Fig. 4(a) we consider the case of neutron matter.
The black- and red-dashed regions in Fig. 4(a) represent the
results of the many-body perturbative calculations of Ref. [24]
using complete two-, three-, and four-body interactions at
the N3LO of the ChPT. In particular, the region between
the two short-dashed black curves (black-dashed band par-
tially overlapped by the red-dashed band) is relative to the
N3LO Entem-Machleidt (EM) [43] NN potential, whereas
the red-dashed band refers to the Epelbaum-Glockle-Meißner
(EGM) potentials [99]. The width of the bands represents
the uncertainties related to the values of the LECs and the
cutoff of the three- and four-body forces. The dot-dashed
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FIG. 4. Comparison of energy per particle of pure neutron (a) and
symmetric nuclear matter (b) between various many-body methods
(see text for more details).

(magenta) curves in Fig. 4(a), represent the results [28] of an
auxiliary field diffusion Monte Carlo (AFDMC) calculation of
neutron matter using a local form of two- and three-body chiral
interactions at N2LO and two different values of the NN cutoff
(see [28] for more details). The green-dotted line corresponds
to the results of Ref. [26] with the auxiliary field quantum
Monte Carlo (AFQMC) obtained with chiral N3LO two-body
force plus N2LO TNF. As one can see, our results are in a
very good agreement with all the other calculations considered
in Fig. 4(a), except with the calculations of Ref. [28] for
densities close to the empirical saturation density. In fact, in
this density region the AFDMC curves are somewhat “flat”
compared to other calculations [28], thus implying low values,
in the range L = (16.0–36.5) MeV, for the slope parameter
calculated using the parabolic approximation Eq. (13) at
the empirical saturation density ρ0 = 0.16 fm−3. We next
consider in Fig. 4(b) the case of symmetric nuclear matter. The
dot-dashed curve labeled N2LOsat corresponds to the energy
per nucleon of SNM calculated by the authors of Ref. [9]
using the coupled-cluster method (see [100] and references
therein quoted) and the so-called N2LOsat interaction [9]. In
this interaction model, two- and three-body chiral potentials,
at the N2LO of ChPT, have been simultaneously optimized
to reproduce low-energy NN scattering data as well as the
binding energies and radii of few-nucleon systems and of
selected carbon and oxygen isotopes. Notice that the N2LOsat

interaction has the remarkable feature to reasonably reproduce
the binding energies and radii of medium-mass nuclei up
to 40Ca and also to give [see Fig. 4(b)] a satisfactory
saturation point (0.166 fm−3, −14.58 MeV) of SNM. The
green dashed curve in Fig. 4(b) corresponds to the results
of Ref. [31] using many-body perturbation theory (MBPT)
and adopting the similarity renormalization group (SRG)
evolution [101] of the initial NN interaction [43] to produce
a soft low-momentum interaction so that the convergence of
the many-body calculation is greatly accelerated. As one can
see, there is a satisfactory agreement between our results for
the N3LO� + N2LO�1 interaction and those obtained by the
authors of Refs. [9] and [31].
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V. SUMMARY

We have investigated the behavior and properties of
nuclear matter using four microscopic models fully based
on interactions derived in chiral effective field theory, in
the framework of the Brueckner-Hartree-Fock approach. In
particular we have tested, for the first time, the new fully
local chiral potential at order N3LO which includes the �
isobar contributions in the intermediate states of the NN
interaction [17]. We have also considered two versions of the
N3LO chiral NN potential by Entem and Machleidt [43], which
differ in the value of the cutoff employed in the calculations.
All the two-nucleon interactions have been supplemented with
TNFs required to produce a good saturation point of symmetric
nuclear matter. For each interaction model we have calculated
the energy per particle of SNM and PNM as a function of
the nucleonic density. From these results we have obtained
the saturation point and the incompressibility of SNM and
in addition the symmetry energy and its slope parameter at
the saturation density. Our results for these quantities are in
good agreement with the available experimental data except
for the incompressibility K∞ which is underestimated with
respect to the highly uncertain empirical value [96–98]. A

remarkable agreement was found with recent experimental
predictions for low-density behavior of the symmetry energy.
We have found that the inclusion of the � isobar in the NN
potential, diminishes the strength of the TNF needed to get
a good saturation point of symmetric nuclear matter. This is
consistent with the fact that the chiral effective Lagrangians
that incorporate the � degrees of freedom allow for a faster
convergence of the perturbative series. In conclusion the chiral
models considered in this work provide a solid basis both
for the physics light nuclei and low-density nuclear matter.
However, a more consistent description would require one
to go at order N3LO also for what concerns TNFs as done
in Refs. [24,30] using MBPT and self-consistent Green’s
function approaches. Such possible extensions will be the
focus of future works.
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[51] P. Grangé, J. Cugnon, and A. Lejeune, Nucl. Phys. A 473, 365

(1987).
[52] M. Baldo, I. Bombaci, G. Giansiracusa, U. Lombardo, C.

Mahaux, and R. Sartor, Phys. Rev. C 41, 1748 (1990).
[53] M. Baldo, I. Bombaci, L. S. Ferreira, G. Giansiracusa, and U.

Lombardo, Phys. Rev. C 43, 2605 (1991).
[54] H. Q. Song, M. Baldo, G. Giansiracusa, and U. Lombardo,

Phys. Rev. Lett. 81, 1584 (1998).
[55] M. Baldo, G. Giansiracusa, U. Lombardo, and H. Q. Song,

Phys. Lett. B 473, 1 (2000).
[56] M. Baldo, I. Bombaci, G. Giansiracusa, and U. Lombardo,

J. Phys. G: Nucl. Part. Phys. 16, L263 (1990).
[57] F. Coester, S. Cohen, B. Day, and C. M. Vincent, Phys. Rev. C

1, 769 (1970).
[58] B. Day, Phys. Rev. Lett. 47, 226 (1981).
[59] Z. H. Li, U. Lombardo, H.-J. Schulze, W. Zuo, L. W. Chen,

and H. R. Ma, Phys. Rev. C 74, 047304 (2006).
[60] B. Friedman and V. R. Pandharipande, Nucl. Phys. A 361, 502

(1981).
[61] M. Baldo, I. Bombaci, and G. F. Burgio, Astron. Astrophys.

328, 274 (1997).
[62] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall, Phys.

Rev. C 58, 1804 (1998).
[63] Z. H. Li, U. Lombardo, H. J. Schulze, and W. Zuo, Phys. Rev.

C 77, 034316 (2008).
[64] G. Taranto, M. Baldo, and G. F. Burgio, Phys. Rev. C 87,

045803 (2013).
[65] W. Zuo, I. Bombaci, and U. Lombardo, Eur. Phys. J. A 50, 12

(2014).
[66] Z. H. Li and H.-J. Schulze, Phys. Rev. C 78, 028801 (2008).

[67] N. Chamel, A. F. Fantina, J. M. Pearson, and S. Goriely, Phys.
Rev. C 84, 062802(R) (2011).

[68] P. Demorest, T. Pennucci, S. Ransom, M. Roberts, and J.
Hessels, Nature (London) 467, 1081 (2010).

[69] J. Antoniadis et al., Science 340, 1233232 (2013).
[70] H. A. Bethe, Phys. Rev. 138, B804 (1965).
[71] R. Rajaraman and H. A. Bethe, Rev. Mod. Phys. 39, 745 (1967).
[72] B. A. Loiseau, Y. Nogami, and C. K. Ross, Nucl. Phys. A 401,

601 (1971).
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