HOLDER REGULARITY OF THE DENSITIES FOR THE
NAVIER-STOKES EQUATIONS WITH NOISE

MARCO ROMITO

ABSTRACT. We prove that the densities of the finite dimensional projections of
weak solutions of the Navier-Stokes equations driven by Gaussian noise are
bounded and Hoélder continuous, thus improving the results of Debussche and
Romito [DR14].

The proof is based on analytical estimates on a conditioned Fokker—Planck
equation solved by the density, that has a “non-local” term that takes into ac-
count the influence of the rest of the infinite dimensional dynamics over the
finite subspace under observation.

1. INTRODUCTION

In this paper we improve the results of [DR14] for the law of the solutions
of the Navier-Stokes equations with Gaussian noise in dimension three. We
consider the problem

1) {u—vAu+ (W V)u+Vp =7,

V-u=0,

on the torus with periodic boundary conditions and driven by a Gaussian noise
7. In the equations above u is the velocity, p the pressure and v the viscosity of
an incompressible fluid. It is known that the above problem admits global weak
solutions, as well as unique local strong solutions, as in the deterministic case.
Nevertheless the presence of noise allows to prove additional properties, such
as continuous dependence on initial data [DPD03, DO06, FR06, FR07, FR08], as
well as convergence to equilibrium [Oda07, Rom08]. See also the recent surveys
[FRO8, Deb13] for a general introduction to the problem.

Our interest in the existence of densities stems from a series of mathematical
motivations. The first and foremost is the investigation of the regularity prop-
erties of solutions of the Navier-Stokes equations. We study here the regularity
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2 M. ROMITO

properties of densities associated to the probabilistic distribution of the solu-
tion, as existence and regularity of densities can be seen as a different type of
regularity.

Our results concern the existence of densities for suitable finite dimensional
projections of the solutions of (1.1), and one reason for this is that in infinite
dimension there is no standard reference measure (as is the Lebesgue measure
in finite dimension), any choice should be necessary tailored to the problem at
hand, and in our case we do not know enough of the problem.

An interesting difficulty in proving regularity of the densities emerges as a
by-product of the more general and fundamental problem of proving unique-
ness and regularity of solutions of the Navier-Stokes equations. Indeed, a clas-
sical tool for existence and regularity of densities is the Malliavin calculus, and
it is easy to be convinced that it is not available here. Formally, the equation
satisfied by the Malliavin derivative is the linearisation of (1.1) and thus, esti-
mates on the linearized equation are as good for the density as for uniqueness.
We remark that in the case of the two dimensional Navier-Stokes equation, ex-
istence and smoothness of densities for the finite dimensional projections of the
solutions are proved in [MP06] with Malliavin calculus.

This settles the need of methods to prove existence and regularity of the den-
sity that do not rely on this calculus, as done in [DR14]. For other works in this
direction, see for instance [DM11, BC14, KHT12, HKHY13, HKHY14].

Existence of densities and their regularity in Besov spaces has been proved
in [DR14] (see also [Rom13, Rom14, Rom16a]), by extending and generalising
a one dimensional idea from [FP10]. Time regularity of the density has been
proved in [Rom16b]. The method introduced in [DR14] is simple but effective
and has been already used in other problems (see for instance [DF13, Foul5,
SSS15a, SSS15b]).

The results of [DR14] ensure that the density of the projection of solution at
some fixed time on some finite dimensional sub-space is in the Besov space
B} - Roughly speaking, this says that densities (almost) have integrable deriv-
ative (see Section 2.1 for a short introduction to Besov spaces).

In this paper we show a proof of Holder regularity of densities of finite di-
mensional projections that is completely analytic and, unlike [DR14], does not
rely on probabilistic ideas. In fact we follow a classical approach to existence
and regularity of densities, namely the Fokker-Planck equation. The Fokker—
Planck equation describes the evolution of the density of the Itd process solu-
tion of a stochastic equation. Here we only look at a partial information on the
solution (a finite dimensional projection), thus we derive in Section 3 a Fokker—
Planck equation with a “non-local” term that takes into account the effect of the
dynamics outside the finite—-dimensional space under observation. The non-
local term is indeed a conditional expectation and its regularity is known only
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in terms of the unknown density itself. This makes our Fokker-Planck equation
slightly non-standard. We re—derive in this framework the results of [DR14]
(see Proposition 4.1), we then prove the core result of the paper, namely bound-
edness of the densities, in Proposition 4.4, and finally the Holder regularity.

Our proof of boundedness requires that, at least at the level of the Galerkin
approximations we work with, we already know that the densities are bounded,
possibly with bounds depending on the approximation (and so useless for the
limiting problem). We derive these bounds on the approximations in the ap-
pendix by standard results for hypo-elliptic diffusions and to do so we need to
assume that the noise is “sufficiently non—-degenerate” (see Section 2.3). With
periodic boundary conditions the problem has been already thoroughly ana-
lyzed in [Rom04] and this is the reason we mainly focus on the problem on the
torus. There is in principle no limitation for the problem with Dirichlet bound-
ary conditions, once smoothness of the densities at the level of approximations
is settled.

We believe that the assumption of hypo-ellipticity is just a technical require-
ment (indeed it is not needed in [DR14]) that depends on the approach we have
followed. Moreover, there is an inherent limitation in the Fokker-Planck ap-
proach, in that it is less flexible than the method developed in [DR14] and thus
cannot be used, in general, to evaluate the density of quantities that do not have
an associated evolution equation, as for instance in [SS515a, SSS515b], as well as
for nonlinear functionals of the solution of a diffusion process. On the other
hand the method is by no means limited to the Navier-Stokes equations and
can be, in principle, applied to other stochastic PDEs with similar features. The
development of a probabilistic proof of the results of this paper via a general-
ization of [DR14] is currently the subject of an on—-going work.

2. MAIN RESULT

2.1. Notations. We shall use the following notations. If K is a Hilbert space,
and F C K a subspace, we denote by 7y : K — K the orthogonal projection
of K onto F, and by span[x, ..., x,] the subspace of K spanned by its elements
X1,...,Xn. Given a linear operator Q : K — K’, we denote by Q* its adjoint.

We recall the definition of Besov spaces. Given f : R — R, define

(ALF)(x) = f(x +h) — f(x),

n

(ATF)(x) 1= AL (AP () = Y (—1)n) (Tj‘)f(x i),

j=0
and, fors > 0,1 <p < oo,1<q< oo,

iy (| 10BAE dn:
P i<y sa Jhjd/ 7
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and for q = oo,

1ARfl[cr
[flgs = sup ———
Pt < s
where n is any integer strictly larger than s (the above semi—norms are inde-
pendent of the choice of n, as long as n > s). Givens > 0,1 < p < oo and
1 < q < o0, define

B} o (RY) :={f : ||f][L» + [flgs, < oo}.

This is a Banach space when endowed with the norm ||f|[g; . == [|f[[tr + [fls; -

When in particular p = q = oo and s € (0, 1), the Besov space Bgoyoo(Rd)
coincides with the Holder space C§(RY), and in that case we will denote by
|- llcs and []c; the corresponding norm and semi-norm. Notice that a more
general definition of Besov spaces, that includes also the case s < 0, is based on
the Littlewood-Paley decomposition. We refer to [Tri83, Tri92] for more details
on the definitions we have given and the connection with the general definition.

For a Hilbert space K and a finite dimensional sub—space F of K, we shall
denote by LP(F), Ci(F) and Bj ,(F) the Lebesgue, Holder and Besov spaces,
respectively, on F, when F is identified with a Euclidean space.

2.2. The Navier-Stokes equations. Let H be the standard space of periodic
square summable divergence free vector fields, defined as the closure of pe-
riodic divergence free smooth vector fields with zero spatial mean, with inner
product (-,-)n and norm || - ||4. Define likewise V as the closure of the same
space of functions with respect to the H' norm. Let TT; be the Leray projector,
and let A = —TT; A be the Stokes operator.

In view of Section 2.3 we specify in details an orthonormal basis of H. Let
Z? = 77\ {0} and consider for every k € Z? an orthonormal basis x;, x} of the
subspace k* of R? orthogonal to the vector k. Choose moreover xi, x% so that
x', = xi, 1 = 1,2. An orthonormal basis of H is given by & = (e})i—12xez,
where e} = xi el**. Clearly € is a basis of eigenvectors of the Stokes operator
A, and different choices of (Xi)i:m,kezﬁ yield different bases.

Define the bi-linear operator B: VxV — V'asB(u,v) =TI (u-Vv),u,veV,
and recall that (uy, B(us, u3)) = —(us, B(us,uy)). We will use the shorthand
B(u) for B(u,u). We refer to Temam [Tem95] for a detailed account of all the
above definitions.

Let 8 : H — H be a Hilbert-Schmidt operator, then with the above notations,
we can consider the following Navier-Stokes equations

(2.1) du+ (VAu+ B(u)) dt =8 dwW,

with initial condition u(0) = x € H, where W is a cylindrical Wiener process
(see [DPZ92] for further details) in H. It is well-known [Fla08] that for every
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x € H there exists a martingale solution of this equation, that is a filtered proba-
bility space (Q,.7,P, (% )t>0), a cylindrical Wiener process W and a process u
with trajectories in C([0, c0); D(A)’) N L2, ([0, 00), H) N L3 ([0, 0); V) adapted to

(#+)1>0 such that the above equation is satisfied with W replacing W.

2.2.1. Galerkin approximations. Given an integer N > 1, denote by Hy the sub-
space Hy = spanfef, : i = 1,2, [k] < N] and denote by iy = 714, the projection
onto Hy. It is standard (see for instance [Fla08]) to verify that the problem

(2.2) du™ + (vVANuN + By (uM)) dt = 8 dW,

where By () = 7inB(7in+), admits a unique strong solution u™ for every initial
condition xN € Hy. The proof is based on the simple fact that in finite dimen-
sion all norms are equivalent, thus given any finite dimensional sub—space F of
H, there is ¢; > 0 such that

e AX |1 < callx[ln, l7eB (s x2) [ < e llxaffnllxz |-

If x € H, xN = myx and PY is the distribution of the solution of the problem
above with initial condition xV, then any limit point of (PY)n>; is a solution of
the martingale problem associated to (2.1) with initial condition x. In the rest
of the paper we will consider only solutions of (2.1) of this type, as specified by
the following definition.

Definition 2.1. A solution of (2.1) with initial condition x € H is any process
u with u(0) = x and with trajectories in C([0,00); D(A)") N Lf2.([0,00), H) N
L2 .([0,00); V), such that there are a sequence of integers Ny 1 oo and a se-
quence xi € Hy, such that x, — u(0), and uis a limit point, in distributions, of

(uN)y>1, where uM is solution of (2.2).

2.3. Assumptions. Consider again the Hilbert-Schmidt operator § : H — H.
We will assume

(2.3) 8 is diagonal in a basis &,

where bases € have been defined in Section 2.2. Under this assumption the
operators A, § commute, € is also an orthonormal basis of eigenvectors of the
covariance 88*, and the noise SW is homogeneous in space. This assumption is
taken for the sake of simplicity (See Remark 2.2 below), in view of applying the
results of [Rom04].

We shall also need the following global non-degeneracy condition,

let X ={k: (Sei,el) > 0,1 = 1,2}, then X is an algebraic system

24) of generators of the group (Z?, +).

This assumption has been introduced in [Rom04] to ensure that Galerkin ap-
proximations (2.2), with N large enough, are hypo-elliptic diffusions. We will
use this fact to deduce, see Theorem A.1, that the solution of (2.2) has a smooth
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density with respect to the Lebesgue measure on Hy. Notice that the assump-
tion essentially requires that the noise is stirring all directions in H, albeit indi-
rectly. We believe this assumption is technical and depends on the way we have
proved our results, namely to ensure that the computations in the next section
are rigorous. As already mentioned in the introduction, a probabilistic proof of
our main results would definitely get rid of this assumption.

We will consider densities for the projections of solutions of (2.1) over finite
dimensional sub-spaces of H. Given a finite dimensional subspace F of H, we
consider the following conditions,

(2.5) F is the span of a finite subset of €,

where the basis € is the same of assumption (2.3), and that the noise is non-
degenerate on F, namely,

(2.6) mr88* 1y is a non-singular matrix.

This condition has been introduced in [DR14, Rom16b], and amounts to say that
the covariance has full range in F or, in different words, that the noise is directly
stirring all directions of F.

Remark 2.2. In general, there is nothing special with the bases € provided by the
eigenvectors of the Stokes operator and our results would work when applied
to Galerkin approximations generated by any (smooth enough) orthonormal
basis of H. On the other hand we are using the results of [Rom04] and the
setting with the bases € is the most suitable.

One could rather work with a general basis of eigenvectors and assume that
the spectral Galerkin approximations are hypo—elliptic diffusions, thus ensur-
ing the conclusions of Theorems A.1 and A.4. We have preferred to proceed
with the explicit version of the assumptions. Similar considerations apply for
the problem on a bounded domain with Dirichlet boundary conditions.

Remark 2.3. The two non—-degeneracy assumptions given above are, in a way,
independent. An easy example where assumption (2.4) holds while assumption
(2.6) does not hold, is provided in [RX11], where all but the “low modes” are
forced by the noise and (2.4) holds. But if F contains low modes components,
(2.6) is not true.

On the other hand, fix k¢ € Z3 and set

8 = Z 0—11<'7 eilk0>e‘11k0 + 0—21<.7 ezlk0>ezlk07
n=1
so that the set X introduced in assumption (2.4) is KX = {nky : n € Z,n # 0}. It
is easy to check that, formally, the Navier-Stokes dynamics (2.1) is closed in the
subspace spanlel, : 1 = 1,2,k € K], and in particular is not hypo—elliptic. If F is
spanned by elements of X, then (2.6) holds.
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We do believe (and this is the subject of a work in progress) that also in this
case the projections on F have Holder densities. Notice that Proposition 4.1
below only ensures that these densities are in By ..

2.4. Main result. The main result of the paper is as follows.

Theorem 2.4. Consider equation (2.1) and assume § satisfies assumptions (2.3) and
(2.4). Let u be a solution of (2.1) as in Definition 2.1 and let F be a finite dimensional
subspace of H satisfying conditions (2.5) and (2.6). For every t > 0 denote by fr(t) the
density of mpu(t) with respect to the Lebesgue measure on F. Then for every T > 0 and
every o € (0,1),

sup t2 @+ || (1) || ca < oo,

(0,T)
where d = dim F.

In particular the density fr is bounded and Holder continuous for every ex-
ponent « < 1. The proof of this theorem will be given at the end of Section 4.

3. FORMULATION OF THE CONDITIONED FOKKER-PLANCK EQUATION

Under our assumptions (see Theorem A.1) we know that, if u" is a solution
of (2.2), then for every t > 0 the law of u™(t) has a smooth density fn(t) with
respect to the Lebesgue measure in the Schwartz space. Then it is a standard
fact that fy satisfies a Fokker-Planck equation, that in our notations reads

1
(31) ath = 552%]\11:1\1 +Vn - ((VANX+ BN(X))fN),

where
JZ){Ng = TI‘(SNST\,DQQJ,
and Vy- is the divergence on Hy.
Fix a subspace F of Hy such that conditions (2.5) and (2.6) hold and consider
the projection 7tru™ of u™ on F. The marginal density is given by

fnltn) = |l +x) @',
FiN

where FV is the space orthogonal to F in Hy. In the sequel we will understand

x € Hy as x = (x/,x”) with x’ € Fand x” € F-N. We wish to derive now an

equation satisfied by fr n. By integrating the equation (3.1) over FV, it is not

difficult to see that

1
(3.2) Ocfrn = §~<27FfF7N + V- (GenTEND,S

where V- is the divergence on F, @ = mr.a/n7tr (the resulting operator is inde-
pendent of N due to the assumption (2.3) that the covariance is diagonal in the
Galerkin basis), and

(3.3) Grn(t,x') = vapAnx’ + Efre B (uM (1)) Imrru™ (1) = /1.
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Indeed, set for brevity Gn(x) = VAnX 4+ Bn(x), then

J VN - (GNTN) :J V- (meGnN) +J Viin - (piy GNTN)
Fin FLN

FiN
where the second integral in the displayed formula above is zero by integration
by parts, and the first integral can be reinterpreted as

J Ve (T[FGNfN) dx” = J Ve (HFGNfFiMF(ta X|X/)fF7N (t,X/)) dx”
Fin

Fin
= Vi - (ElmeGn (u(t))lrru(t) = x I (t, X)),
Here friy¢(t,x|x) is the conditional density of uN(t) given mtruMN(t). An ad-
ditional simplification, due to the fact that Ay is also diagonal in the Galerkin

basis, yields (3.3). Similar but simpler computations show that the contribution
of @/nfn, when averaged over FIN is the term I fEN.

Lemma 3.1. Let N be large enough (that F C Hy) and u™ be a solution of (2.2). Then
Grn(t) € LP(F; fp n dx') for every p > 1 and t > 0. Moreover, for every T > 0 there
iscy; =co(p, v, T,F, |[uN(0)||1y) > O such that

(3.4) G, (T)P = supj Grn (£ X PFrn (£, %) dX' < 0o,
F

(0,T]
Proof. Fix p > 1 and t > 0. Let fr.y¢(t,x"[x") be the conditional density of
uM(t) given mruMN(t), then by the Holder inequality,

Grn(t, X7 <J 7 G (X, XY P g (£ %) dx”,

FiN

hence

J Grn (X)) P (£ %) dX < J I G ()P (£, X) dx
F

[l B (W™ (£)I7])

where we have used the fact that on F all norms are equivalent and the (uniform
in N) estimate (A.1). O

Remark 3.2 (exponential bound for Grn). A slightly (although useless so far)
better estimate can be obtained using (A.2). By the Jensen inequality

’
e)\‘GF,N(t,X )| g J X e)\‘T[]:GN(X)‘ fFLNlF(t,X//b(/) dX//,
F-N
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hence, as in the proof of the lemma above, and by (A.2),
J eMGF,N(tX')\ fF,N (t,XI) dx’ < ]E[e?\”WFGN(uN(t))”H] < E[eAC5(1+|IuN(t)|I,ﬂ)]7
'F

that is finite for A small enough.

Remark 3.3. The equation (3.2) can be recast in a way that shows more explic-
itly how the contribution of modes in FL~ enter in the evolution of fr,n. More
precisely, for x € Hy,

BN (%) = BN (X)) + B (X, x7) 4+ B (X7, X)) + B (X)),
and so
Grn(t,x') = VApx' + Be(x') 4+ Elre B (mrru™ (t), e u™ (1) [rrru™ (1) = %]
+ ElrteBn (mrpoa u™ (1), mipu™ (1)) [ repu™ (1) = ]
+ ElmteBn (e u™ (1) [ rpu™ (1) = x7],

that is fr n solves an equation analogous to (3.1) with additional terms that take
into account the influence of the evolution of modes from F~.

3.1. Integral formulation of (3.2). Due to our assumptions (2.5) and (2.6) on F,
the operator <% is elliptic and with constant coefficients. Let p" be its kernel,
then the integral formulation of equation (3.2) is given by,

t

(35 fraltx) = ol (x' —x) —J (VreoF % (Grn(s, Jfrn(s, ) (x') ds,

0
where x} = ;uN(0).

Proposition 3.4. Under assumptions (2.5) and (2.6) on F, for every p with1 < p < oo
and every . > 1 there is cg > 0 such that for every h € Fwith [|h| <1,and t > 0,

d

_d (41
(36) [ty < st IVeF|lr < cot™(Fat3),
(37) [[ARe: e < cst <1/\ﬁ) . IARVetlle < cst (2“+‘)<1/\$> :

where q is the Holder conjugate exponent of p and d = dim F.

M

Proof. The operator 7 is a second order elliptic constant coefficients operator,
so its kernel ! is, up to an invertible linear change of variables, the standard
heat kernel. In particular, by parabolic scaling, pf(x) = t=%/2¢pf(x/+/t). With
these observation at hand the proof of the proposition follows from similar
computations for the heat kernel. The computations are elementary and thus
omitted. O
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4. HOLDER REGULARITY

In this section we prove our main Theorem 2.4. Prior to this, we give a
proof of the result of [DR14] using the Fokker—Planck formulation (see Propo-
sition 4.1). Notice that, consistently with [DR14], we do not need assumption
(2.4) to do so. Then, as an intermediate step, we prove boundedness of the den-
sities. This is, not surprisingly in fact, the crucial step and with boundedness at
hand the Holder regularity follows easily. In order to obtain L* bounds we need
to know though that densities are smooth (albeit with bounds not necessarily
uniform in N). We will take care of this in the appendix.

Notice finally that, unlike in [DR14], we have not been able to derive better
bounds for stationary solutions. This may have a twofold reason. On the one
hand the higher summability needed to derive better bounds for stationary so-
lutions are not as good as those of Lemma 3.1. On the other hand the method
of [DR14] exploits non-trivially some correlations in time that are harder to use
in this framework.

4.1. Basic Besov regularity. In this section we wish to illustrate a proof of the
Besov regularity of the density fr alternative to [DR14], using the formulation
with the conditioned Fokker—Planck (3.5). This is to emphasize that in [DR14]
Lemma 3.1 is (implicitly) used only with p = 1 and thus that there is space for
improvement. This will be then the subject of the rest of the section.

Proposition 4.1. Let F be a subspace of H satisfying (2.5) and (2.6). Then there is
c7 > 0 such that for every N > 1, %9 € Hy, and t > 0

Ifen (s < = (1+ 51 (1),

VIAt

where fr N is the density of the solution of (2.2) with initial condition x,.

Proof. Clearly for each t > 0 ||fr n(t)]|: = 1, so we need to estimate only the
Besov semi-norm [f n (t)]B% _- Leth € F, with [h|r < 1, then by Proposition 3.4

|h| Ce Co |h| 2
A oF|lir <ce([1N=) < h/, A2V < =2 (1A2) .
bl < eo(LA ) < il IRl < (14 )

We have by (3.5) that

t
B trn() = Al | (83560 % (Gra(s)fen(s) ds.
0
and, by the Holder inequality and Lemma 3.1, for every s < t,
(AL Vi) * (Gen(8)Fen (8]l < 1ALV sl l|Gen(s)fen(s) |

Co h| 2
<m(mm) 9 (1),
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where G, is defined in (3.4). Therefore,

C t C h 2
1A ()]s < —= |h|+91(t)J (1A ) g

VIAt o VE—s VvVt—s
4C6
< 1+ G (t))hl,
1/\t( G1(t))Ih
and, by definition, [fr g1 < 4dee(1AL)7V2(1 + Gy (t)). O

In the above proof we have only used that Grn € L'(F). As long as we
only know this, the previous result is essentially optimal. Indeed, the term
Vr - (GgnfEN) IS, roughly, in W1 hence, by convolution with the heat ker-
nel, we can expect that fr n is at most in Wh! (that is very close to what we have
proved).

Since by Lemma 3.1 the quantity G, is uniformly bounded in N, in the limit
N — oo we can derive a result for solutions of the infinite dimensional problem,
as in [DR14].

Corollary 4.2. Given a weak martingale solution u of the Navier—Stokes equations as
in Definition 2.1 and a finite dimensional sub—space F of H such that conditions (2.5)
and (2.6) hold, for every t > 0 the random variable Teu(t) admits a density in By  (F)
with respect to the Lebesgue measure on F.

Proof. Let u be a solution of (2.1) according to Definition 2.1. Then u is a limit
point, in distribution, of the sequence (uN)n>; of solutions of (2.2). By Propo-
sition 4.1 and the embedding of Bj , in L (for a p > 1 depending on the di-
mension of F), the densities ¢ n(t) of tpu™ (t) are uniformly integrable. We can
thus find sub-sequences, that we will keep denoting by (u™)n>1 and (fr N)ns1,
such that u™ converges in distribution to u and fy n(t) converges weakly in L'
to the density f¢(t) of tru(t). The B%,oo bound on fr follows now easily because
of the weak convergence. O

4.2. Boundedness of the densities. As an intermediate step in the proof of our
main result we prove that under our assumptions the densities are bounded.
This is the crucial step and having boundedness at hand, Holder regularity then
is not difficult to prove.

Given a finite dimensional sub—space F of H satisfying conditions (2.5) and
(2.6), an integer N > 1 large enough that F C Hy, and a solution u™ of (2.2),
define for every T > 0 and « > 0,

4.1) FEn(T) = sup t%[fen(t)]|co-

t€(0,T]
Lemma 4.3. Under assumptions (2.3) and (2.4), if N > 1 is large enough (that F C
HN), there is o > § such that if u™ is a solution of (2.2) and fr N (-) is the density of
mruN (), then FE(T) < oo for every T > 0.
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Proof. Fix k > N. By Theorem A.4 we know that there is «; > 0 such that
M = sup, , (1 A t)*(1 + |x[*)fn(t,x) < co. Hence

LAD™frn(t ) = (AU | |l ax” <

Fin

< T L vk Xk k "< .
\LN o (LA DHL+ X)f(tx) dx” < M

Therefore I7§, < oo. O

The next result provides a uniform (in N) estimate of fﬂ?ﬁ (T).

Proposition 4.4. Under assumptions (2.3) and (2.4), given T > 0and M > 0, if Fisa
subspace of H satisfying (2.5) and (2.6), there is c19 = c19(v, T, F, M) > 0 such that if
N is large enough (that F C Hy), and if u™ is a solution of (2.2) with [[uN(0)||n < M,
then

373,/13 (T) < cp.

Proof. Fix T > 0 and a solution u™ of (2.2) with initial condition x;, and set
Xy = TtrXg. By (3.5), for every x’ € Fand t € (0,T],

t
42) a6 X)) < 9] +J V65 (Grn(s)frn (8))]|c ds.
0

Fix € € (0, %) and let d = dim F. On the one hand, by Proposition 3.4,

t—te t—te
J HV{QLS * (GF,N(S)fF,N(S))||Loo ds < J ||V29Ls||L°O||(GF,NfF,N)(S)HLl ds
0 0

t—te

(4.3) Co

< G (T) L TERED ds

< Cll(te)ié(dfl)gl(T)

On the other hand, if « > 0, p € (1, 3%;), and q is such that % + % = 1, by the

Holder inequality and again Proposition 3.4,
(4.4)
t

t
J Vi * (Gen(s)frn(S))]|Le ds < J IVei_sllie || (Genfrn)(s)ra ds
t—te t—te

t

< TN, | as

1 d 1 x_d
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Take p > 4V (% o - 1), then by using together (4.3) and (4.4) into (4.2) we
obtain
?EN(T) < TP s Ci1€ —3(d- UTB*Hd*l)?’l(T)

4.5 ’ x 1
(+5) +epe? ZqTBJrEiFi%?%,N(T)ng(T)-

We can now prove that 3’{3,/]3 (T) < c0. Indeed, let &, be the exponent given by
Lemma 4.3, so that F¢{ (T) < co. If &g = 4 there is nothing to prove. Otherwise

we can take o; = % V (% + % — %) and, by (4.5), SL"]‘E‘j\, (T) < oo as well. By the
choice of p (that gives q > d), it turns out that &; < ;. It is also clear that by

iterating the above procedure with exponents o, a3, ..., in a finite number of
steps we will obtain the exponent 4 and thus that ?{:17/]3 (T) < oo.

Finally, we prove the uniform bound on 3’“?@2 (T) < oo. Consider again (4.5)
with « = B = ¢, and use the Young inequality,

FER(T) < cg+cne 24 VTG (T) + cpne? 5 VTG (T)FFR(T)»
1
< co+ e 2DV (T) + a(Clz€%“’d\/_ ) prer/Q(T)-

Since p > 1 we deduce that H’d/Z(T) < C(T,G1(T),G4(T)) and the conclusion of
the theorem finally follows. O

The singularity in time of the L* norm in the previous result clearly originates
only from the singularity in the initial condition. It is reasonable then that, when
we look for an initial distribution for u™ with a smoother law, the same result
should hold with a smaller power for the time. As an example, we give a direct
proof of the L* bound of the density of the (unique, see [Rom04]) invariant
measure. Denote by kr n its density, then as in Section 3, the density satisfies
the equation

1
§«WFkF,N + V- (Genken) = 0.

Notice that when the averaging in (3.3) is done with respect to the invariant
measure, Gy N does not depend on time. Lemma 3.1 holds though and Grn €
LP(F; kg n dx') for every p > 1.

Proposition 4.5. Under assumptions (2.3) and (2.4), given a subspace F of H satis-
fying (2.5) and (2.6), and N > 1 large enough, let k¢ N be the density of the unique
invariant measure of (2.2). Then there is c13 > 0 depending only on v, F and some
polynomial moment of the invariant measure in H such that ||kr N1 < C13.

Proof. Let d = dimF and denote by g the Green function of @%. As in Propo-
sition 3.4, gr can be obtained by an invertible linear transformation from the
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Poisson kernel. Hence Vgr < cyyfx|' 4. We have
keN (x") = —(Vgr) * (GF,NkEN)(X/)
=—(Vgrls,(0) * (Grnken) (x') — (Vgrlge o)) * (Genken) (X')
~0+B

where € > 0 will be chosen later. Fix q > d and let p be its Holder conjugate
exponent. Then

d_(q_ 1—1
[ < IVarllir .o Grnkenllie < ciser 4G kel

and likewise

C
o]l < [[Vge|lLacee(0)]|GrnkeN]r < 1

1—1
——9pllk -
€(d71)7% ‘PH F,NHL

where §,,, §4 are the quantities in (3.4) but computed on the stationary solution
(so there is no need to evaluate the supremum in time).

Collecting the two estimates above and choosing € = ||kr.n|[[+/ ¢ yields

Ci6

d_(g— 1-1 1-1
ken (X < ciser G kNt + ngHkF,NHpr
q

da—1
<c7(Gq + Gp)llkenlod

and hence the statement of the proposition, since ||k¢ n|/L~ is non—zero and fi-
nite by Lemma 4.3. O

Clearly both results above immediately extend to solutions of the infinite di-
mensional problem that are limit point of Galerkin approximations as in Corol-
lary 4.2.

4.3. Holder regularity. Using the boundedness of the densities proved so far
we can give an estimate on G n different from (3.4). Indeed, if p > 1 and t > 0,

IGen (OFen (e = (| IBralt X fen(tx )P &)’
F

<~

1_1 / / /
(46) < [fen ()]l (J G (6, X )P (%) dx)
F

< Gp()Tpn(t) ot 2,
where q is the conjugate Holder exponent of p. In particular it is elementary to
verify that Gg nfrn € L7([0, T; LP(F)) for every T > 0 and every p,r > 1, with
% + % > d. In other words Gg nfF N has classical summability.

Proposition 4.6. Under assumptions (2.3) and (2.4), given a subspace F of H satisfy-
ing (2.5) and (2.6), x € (0,1), T > 0 and M > 0, there is c;3 = c13(v, &, T,F,M) > 0
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such that if N is large enough (that F C H), and if uN is a solution of (2.2) with
[uN(0)||n < M, then

1
sup 2 TN (1)l ex < cas,
te[0,T]

where d = dim F and fr n(-) is the density of u™(-)
Proof. Fix o« € (0,1), T > 0 and a solution u™ of (2.2) with initial condition x,
and set x| = mrxo. By (3.2), forevery x’ € F,t € (0, Tland h € Fwith [h| < 1,

t
| ARFEN ()| < |ARg] ||~ +J ARVl ) * (Grn(s)fEn(S))|[1 ds.

Fix € € (0, 3] and set g = ¢—. On the one hand, by Proposition 3.4,

L H(Ahv&’f_s) * (GEN(S)fF,N(S))HLw ds

t—te
<J 1ALV oL |l (Grn(s)fEn(s) | ds
0

G, (T)h/® J &g
1 o (t - S) d+§+cx

d+oa—1

< cpolte)™

S1(T) |

On the other hand, by the Holder inequality, the estimate (4.6) and again Propo-
sition 3.4,

J ||(AthQLS) * (GrN(s)frN(S)]| e ds

t—te

t
<| ATl () ds
t—te

< FY2TYHG(T) Jt Co <1/\ [h| )ds
S ‘ tte s (t—s)%at? Vit—s

< et HFRT) P G (T,
where p is the conjugate Holder exponent of q. Since by definition 1 — % =«
the two estimates above together yield
| Anfe N (t)][re < et 3(d+e) Jh|™ + C19(t€)7%(d+“71)91(1—)|h’
1
+eat NG (M)FEN (TP ),
and therefore

sup(t (T (Vg ) < e (14 VTG(T) + VTS 4 (NTER (T ).

[0,T]

The conclusion follows since B, = Cy. O
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Proof of Theorem 2.4. Let ube a solution of (2.1) according to Definition 2.1. Then
u is a limit point, in distribution, of the sequence (u™)n>; of solutions of (2.2),
and the density fr of 7ru is a limit point for the weak convergence in L' of
(fEN )N}l by Corollary 4.2,

Proposition 4.6 above states that the sequence (fr n)n>1 is bounded in Cg(F),
hence by the Ascoli-Arzela theorem each sub-sequence admits a further sub-
sequence converging uniformly on compact sets of F (and weakly in L' since it
is also uniformly integrable) to a C{(F) function. This proves the theorem. [J

APPENDIX A. TECHNICAL ESTIMATES

In this appendix we derive some (non—uniform in N) quantitative bounds on
the density fny of u™ that are necessary as an intermediate step in the proof of
our main result. To this end we recall that the solutions of the Galerkin approx-
imations (2.2) satisfy
(A1)

.
E [SUI?HLLN(UHQAD +VJ MR N W17 dt] < coalp, v, T, [uM (0|14, 8),
0,T 0

forevery N > 1, u™N(0) € H, T > 0and p > 1, and the number on the right hand
side depends on N only through ||[u™(0)|/11. In fact there is a stronger estimate:
there is A > 0 such that for every N > 1, uN(0) e Hand T > 0,

.
(A2) E[exp(x sup [N (b)]J2, +v7\L N ()2, dt)] <en(v, T, UM (0) |, 8),

[0,T

See for instance [Fla08] for details.

The main point in our estimates of Section 4 is that, in order to prove uniform
(in N) bounds in L* for the marginal density fn, we already need to know
that frn is regular. This in principle does not follow immediately from the
regularity of fn (see Example A.3 below) unless the joint density fy is in the
Schwartz space, as shown in the result below.

Theorem A.1. Under assumptions (2.3) and (2.4), for every xo € Hy the density fn
of the solution uN of (2.2), with initial condition x,, is in the Schwartz space.

Proof. The conclusion follows immediately from [Nua06, Proposition 2.1.5] once
we show that u™(t) is a non—degenerate random variable (see [Nua06, Defini-
tion 2.1.1]), namely that u™(t) € D>, where D> is the space of random variable
with Malliavin derivatives of arbitrary order, and that (det My ()~ € LP for
every p > 1, where My ; is the Malliavin matrix of u™(t).

The fact that u™ (t) € D™ for every t > 0 can be proved as in [Nua06, Theorem
2.2.2]. The quoted theorem requires that the coefficients should have bounded
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derivatives of any order larger or equal than one. The coefficients of our equa-
tion (2.2) are second order polynomials, and it is not difficult to verity, by go-
ing through the proof of the quoted theorem, that the boundedness condition
can be replaced by (A.1) to prove existence and uniqueness, and by (A.2) to
prove existence of the Malliavin derivatives, since the equations for the Malli-
avin derivatives are linear.

Finally, the fact that the inverse of the Malliavin matrix has all polynomial
moments finite follows as in [Nua06, Theorem 2.3.3] (where again we use (A.2)
to replace the boundedness condition on the derivatives), once the Hormander
condition (see [Nua06, Section 2.3.2]) holds. Under assumptions (2.3) and (2.4)
the Hormander condition follows from [Rom04, Lemma 4.2]. (l

From the previous theorem we immediately deduce the following conse-
quence, whose proof is based on elementary computations. Notice that, in view
of Example A.3, the fact that the density fy is in the Schwartz space is crucial
for the proof of boundedness of ff .

Corollary A.2. Under the same assumptions of the previous theorem, the marginal
density fr N is in the Schwartz space.

Example A.3. It is easy to construct a density ¢ € C*°(R%) NL>(R%) such that at
least one of its marginals is not bounded. Indeed, take d = 2 and let ¢ € C*(R?)
such that @ >0, Supp ¢ C (—=1,2)% @[ =1, and @ (0, )[[r: + [|@ (-, 0)[2 > 0.
Set for every k € Z?,

bu(x) — {cp(klkgxx Ky #0,ky # 0,

0, otherwise,

and ¢ = ) , dx(x — k). Then ¢ is a smooth, bounded density (up to a re—
normalization constant), but both marginals are unbounded.

We provide a more quantitative version of the previous theorem by giving
the explicit dependence of the supremum norm of the density with respect to
time. This is necessary for the proof of Proposition 4.4. Similar bounds can be
also given for the derivatives of the densities, although we do not need these
estimates in the article.

Theorem A.4. Under assumptions (2.3) and (2.4), let xo € Hyn and let fn be the
density of the solution uN of (2.2) with initial condition x,. Then for every k > 1 there
is o > 0 such that for every T > 0,
sup ((1 A1) (1 4 [x[®)fn (1, x)) < 00.
tE(O,T],XEHN
Proof. By the previous theorem we know that fy is in the Schwartz space, so we
only have to understand the singularity at t = 0. By [Nua06, Proposition 2.1.5]
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we have the following formulas for the density,

Dn
fn(t,x) =E [H ﬂ{uN,j(t)>xj}HN,t] =K [H ﬂ{uN,j(t)>xj}ﬂ{uN,i(t)<xi}HN,t] ;
j=1 A

for x € Hy and t > 0, where Dy = dim Hy, Hy ¢ € D is a suitable random
variable arising from integration by parts, and (un j)j-1,.,p, are the compo-
nents of u™(t) with respect to a basis of Hy. By the Cauchy-Schwartz inequal-
ity, the representation formulas above and (A.1),

(14 XY fn () < erBIL + WM @)F)H 1 1
< eI(1 4 [[u™ (1)K EIH ]2 < cooR[H[*]2,

for every k > 1. By [Nua06, formula (2.32)], given p > 1 there are 3,y > 1 and
integers n, m > 1 such that

1 _
E[H*17 < caoll det ML [ITh (o) DU ()][oy,vs

where DuM (t) and My ¢ are respectively the Malliavin derivative and the Malli-
avin matrix of u™(t), and || - ||x,p, for k > 1 and p > 1 is the norm of the
Malliavin-Sobolev space D*P, see [Nua06, Section 1.2]. By [Nua06, Theorem
2.2.2], together with our exponential bound (A.2), as in the proof of the previ-
ous theorem, we see that

sup [ DUN (V)| pyy < 00,

[0, T]
and that the singularity at t = 0 originates, not unexpectedly, from the inverse
Malliavin matrix, or equivalently, from the smallest eigenvalue An ¢ of My .
Indeed, | det Myl | < ALY, hence

| et Mﬁ}t”}}((}) < E[A;ﬁDN]%'

To conclude the proof, we briefly go through the proof of [Nua06, Theorem
2.3.3] and point out only, for brevity, the arguments where the dependence in
time arises. To show the finiteness of the moments of Ay';, we look for the tail
probabilities P[An ¢+ < €] at 0. By [Nua06, Lemma 2.3.1]

PN < €] < care 2PN sup Pv My v < €] + P Myl > e '
lvl=1
The second term on the right hand side is not the source of singularity in time
and can be easily bounded since My ¢ has all the polynomial moments finite.
The first term is bounded using the Norris lemma ([Nua06, Lemma 2.3.2]). In-
deed for every q > 2 there is c3 > 0 such that

sup ]P’[\)TMNtv < €] < cxef,
[vi=1
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if € < €y, for a suitable ¢ > 0. The value of ¢, is identified through the
aforementioned Norris lemma, and here one has to look for the singularity in
time. It is elementary to see, just by going through the proof of the lemma, that
€0 ~ (1 At)%, for some o that depends on q. By this, it follows that

EAEN < cas(1 A1) *BON,

as needed. 0
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