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Abstract

This manuscript attempts to present a way in which the classical construction of the Dirac operator
can be carried over to the setting of diffeology. A more specific aim is to describe a procedure for
gluing together two usual Dirac operators and to explain in what sense the result is again a Dirac
operator. Since versions of cut-and-paste (surgery) operations have already appeared in the context
of Atiyah-Singer theory, we specify that our gluing procedure is designed to lead to spaces that
are not smooth manifolds in any ordinary sense, and since much attention has been paid in recent
years to Dirac operators on spaces with singularities, we also specify that our approach is more of a
piecewise-linear nature (although, hopefully, singular spaces in a more analytic sense will enter the
picture sooner or later; but this work is not yet about them).

To define a diffeological Dirac operator, we describe the diffeological counterparts of all the main
components (with the exception of the tangent bundle, of which we use a simplistic version; on
the other hand, in the standard case it does become the usual tangent bundle): the diffeological
analogue of a vector bundle, called a pseudo-bundle here, endowed with pseudo-metric playing a
role of a Riemannian metric, the spaces of sections of such pseudo-bundles, the pseudo-bundles of
Clifford algebras and those of exterior algebras (as specific instances of Clifford modules), and then
the diffeological analogue of differential forms, which in particular provides a standard counterpart of
the cotangent bundle, the pseudo-bundle A*(X). The dual pseudo-bundle (A'(X))* is what is used in
place of the tangent bundle. We then consider a notion of diffeological connection, a straightforward
generalization of the standard notion, leading also to the notions of Levi-Civita connections and
Clifford connections. A diffeological Dirac operator on a diffeological pseudo-bundle E of Clifford
modules is then the composition of a given Clifford action of CZ(A(X),g"), where g* is a fixed
pseudo-metric on A'(X), with a (Clifford) connection on E.

To give a more concrete angle to our treatment, we concentrate a lot on the interactions of these
constructions with the operation of the so-called diffeological gluing. On the level of underlying sets
it is the same as what is usually called gluing, and the diffeology assigned to the resulting space is
a standard quotient diffeology (although it is a rather weak one and so does probably risk being too
weak for any potential applications). For each of the above-listed notion we outline how it behaves
under the gluing procedure, perhaps under additional assumptions on the gluing map (or maps, as
the case might be). These assumptions, although they progressively get more restrictive, do allow to
treat spaces more general than smooth manifolds. Finally, we do attempt to give example whenever
possible and for illustrative purposes; according to one’s personal taste, these may or may not appear
artificial. The majority of the statements are cited without proofs, with references to other works
(more restricted in scope) where such can be found.

MSC (2010): 53C15 (primary), 57R35 (secondary).

Introduction

Diffeology as a subject, introduced by Souriau in the 80’s [29, 30], belongs among various attempts made
over the years to extend the usual setting of Differential Calculus and/or Differential Geometry.! Many
of these attempts were particularly aimed to address the needs of mathematical physics, such as smooth
structures a la Sikorski or a la Frolicher, the issue being that many objects naturally appearing in, say,
noncommutative geometry, such as irrational tori, orbifolds, spaces of connections on principal bundles in
Yang-Mills theory... are not smooth manifolds and do not easily lend themselves to more standard ways

1This depends on who you ask, and when.



of treatment. A rather comprehensive summary of other attempts made to develop a common setting for
such objects can be found in [31].

The few words just said about the general location of diffeology in the mathematical landscape do
justify the attempt to look at the eventual extension of the Atiyah-Singer theory to its setting, and certain
attempts in that direction have already been made (see [13]); this theory does find itself at the crossroads
of all the same subjects. How successful, or useful, further attempts in this sense might be, is a different
matter, but, as it is commonly said, you never know until you try.

A diffeological space and its diffeology The notion of a diffeological space is a simple and elegant
extension of the notion of a smooth manifold. Such a spaceis a set X endowed with a diffeological
structure analogous to a smooth atlas of a smooth manifold. The charts of such an atlas are maps from
domains of Euclidean spaces into X, but the difference is that these domains have varying dimensions (all
possible finite ones, for the definition rigorously stated). On the other hand, two charts with intersecting
ranges are related by a smoothsubstitution wherever appropriate (in analogy with smooth manifolds),
and the ranges of all the charts cover X. Constant maps are formally included in the atlas, whose proper
name is the diffeology of X (or its diffeological structure). Later on we give precise definitions; for the
moment it suffices to think of a diffeological space as an analogue of a smooth manifold, more general in
that the charts do not have to have the same dimension.

The basic notion of the Dirac operator The most basic definition of a Dirac operator is as follows.

Definition 0.1. A Dirac operator D is the following composition of maps:
D =coVF¥ where V¥ :C®(M,E) — C®*(M,T*M ® E) and c: C*(M,T*M @ E) — C*(M, E).
The data that appear in this definition have the following meaning:

e M is a Riemannian manifold, whose metric is denoted by g;

e the metric that g induces on the cotangent bundle T*M is also denoted by g;

E is a bundle of Clifford modules over M. This means that each fibre E,, with x € M, of E is
a Clifford module over the corresponding Clifford algebra C(T M, g,) and the action of the latter
depends smoothly on x. Finally, E is assumed to be endowed with a Hermitian metric;

o VE is a connection on E, compatible with the above hermitian metric;

c:C®(M,T*M ® E) — C*(M, E) is the map that is pointwise given by the Clifford action on E:
0(1/) ® S)(x) = Cm(qu)(sm) € k.

There are two other conditions that are usually imposed on ¢ and on V¥, respectively. The condition
on c asks that the action of C/(T}M,g,) be unitary; whereas the connection V¥ must be a Clifford
connection, that is,

VE(e(®)s) = c«(VETP)(5) + c(¥) Vs,

where V€ is the Levi-Civita connection on the cotangent bundle.

The diffeological version In principle, obtaining a diffeological version of the Dirac operator is an
obvious matter: just replace each item appearing in the above list by its diffeological counterpart, and
consider the same composition co V#. The trouble is that for some of these items a diffeological counter-
part has not yet been defined, or it has been little studied. This regards even the most basic items, such
as the notion of a Riemannian manifold; the main problem is that there is no standard construction of
the tangent space for diffeological spaces (although there are several proposed versions, see the discussion
in [10], the constructions in [6], [7], [3], and references therein).

On the other hand, the center of the standard construction of the Dirac operator (as it is described
above) is the cotangent bundle, and this does have a rather well-developed diffeological counterpart.



Coupled with the construction of the so-called diffeological vector pseudo-bundle (see[8], [10], [32], [3],
[19]), that in diffeology takes place of a smooth vector bundle, it provides a reasonable (or at least one
that is not unreasonable) starting point for the construction of a diffeological Dirac operator. For that,
both are endowed with a diffeological counterpart of a Riemannian metric, called pseudo-metric g (see
[20]), and we note right away that fibrewise this is not a scalar product (which in most cases does not exist
on a finite-dimensional diffeological vector space, see [10]), but rather a smooth symmetric semi-definite
positive bilinear form with the minimal possible degree of degeneracy.

The pseudo-bundle that takes place of the cotangent bundle (see [10] for a recent and comprehensive
exposition) is called the bundle of values of differential forms A*(X) (we will always call it a pseudo-
bundle, since more often than not it is not really a bundle, not being locally trivial). An element of
the pseudo-bundle A*(X) is a collection of usual differential 1-forms associated one to each diffeological
chart. Such collection is required to be invariant under the usual smooth substitutions on the domains
of charts. Whereas, whenever some kind of tangent vectors is needed, we use the dual pseudo-bundle
(AY(X))* of A(X) (the duality is meant in the diffeological sense, which extends the standard one; it
was introduced in [32]). This choice is formal and is based on the existence of the obvious natural pairing
between the elements of (A*(X))* and A'(X), but there is no clear geometrical interpretation attached
to it; however, if X is a usual smooth manifold then A'(X) is the cotangent bundle 7*X and (A(X))*
is indeed T'X.

Assuming, as we will do throughout, that A'(X) has finite-dimensional fibres, it can be endowed
with a diffeological pseudo-metric (or simply a pseudo-metric). On each fibre, a pseudo-metric is a semi-
definite positive symmetric bilinear form that satisfies the usual requirement of smoothness, both within
a fibre and across the fibres. It is defined, more generally, on any finite-dimensional pseudo-bundle V,
although sometimes it may not exist. Assuming that it does, we obtain the corresponding pseudo-bundle
of Clifford algebras C¢(V, g), where V is the pseudo-bundle and g is the chosen pseudo-metric on it, in
a more or less straightforward manner; in particular, we obtain a Clifford algebra C¢(A'(X), g*), where
g" is a pseudo-metric on A'(X) (once again, assuming it exists). Even more straightforward is the
construction of the pseudo-bundle of exterior algebras AV, which, as in the standard case, turns out
to be a pseudo-bundle of Clifford modules over C¢(V,g). There is also the more abstract definition of a
pseudo-bundle of Clifford modules, that is analogous to the standard one and which we consider at some
length.

Subsequently, we consider the pseudo-bundle of differential 1-forms A'(X) and its dual (A'(X))*,
particularly to their interactions with the diffeological gluing procedure. Our treatment of them is not
comprehensive and is for the most part subject to significant restrictions. Still, we do what at the moment
is doable (and seems reasonable to do). We then consider diffeological connections, with the three varieties
of them: a diffeological connection on an abstract pseudo-bundle V', a diffeological Levi-Civita connection
on A'(X), and a Clifford connection on a pseudo-bundle of Clifford modules over C/(A(X), "), where
g" is some pseudo-metric on A'(X) (again, assuming it exists). The end result of the entire discussion,
the notion of a Dirac operator, is then indeed fully analogous to the standard one, as outlined in the
beginning of this introduction.

Definition of a diffeological Dirac operator The initial data for our version of a diffeological Dirac
operator thus consist of the following:

e a diffeological space X;
e a pseudo-metric g* on A'(X);

e a pseudo-bundle E of Clifford modules over C¢(A(X), g*), with Clifford action ¢ that determines
the usual map C*(X,AY(X)® E) — C*(X, E);

e a diffeological connection V¥ : C* (X, E) - C*(X,AY(X) ® E).

The corresponding operator is then, as usual, D = co V¥. A lot of what we do consists in considering
how all these notions interact with the diffeological gluing construction.



The diffeological gluing The term diffeological gluing (see [19]) stands a simple procedure that allows
to obtain out of two diffeological spaces a third one; it then gets extended to the case of pseudo-bundles,
spaces of smooth maps, etc. This notion mimics the usual topological gluing (a classic instance is a wedge
of two smooth manifolds). The diffeology that the result is endowed with is usually weaker than other
natural diffeologies on the same space; an interesting example due to Watts [33] shows, for instance, that
the gluing diffeology on the union of the two coordinate axes in R? is strictly weaker that its diffeology
as a subset of R2.

The spaces and pseudo-bundles obtained by gluing can also be a useful testing ground for diffeological
constructions: they can be quite simple while being different from any space carrying a smooth structure
in the usual sense, and the weakness of gluing diffeologies increases the likelihood of quickly revealing
the impossibility of a such-and-such construction in any one of all potential diffeologies (of course, on the
other hand, it may give rise to false hopes of something being true more often when it actually is). It
is also curious to observe that gluing to a one-point space provides a natural setting for considering the
usual J-functions as plots (so in particular as smooth maps).

The structure The text naturally splits into three parts. In the first of them (Sections 1-3) we collect
the introductory material, such as some basic facts regarding Dirac operators (Section 1), diffeological
spaces and particularly vector spaces (Section 2), and diffeological differential 1-forms as they have been
treated elsewhere (Section 3). The second part (Sections 4-7) deals with pseudo-bundles and related
notions. The pseudo-bundles themselves, and the diffeological gluing procedure, are discussed in Section
4. We then consider pseudo-metrics on them (Section 5), spaces of smooth sections (Section 6), and
finally the pseudo-bundles of Clifford algebras and those of the exterior algebras associated to a given
pseudo-bundle carrying a pseudo-metric (Section 7; not all of this material is necessary). The third
part (Sections 8-13) treats the rest: differential 1-forms and particularly their behavior under gluing,
with a complete answer being reached only under the assumption of the gluing map being a diffeological
diffeomorphism, the assumption carried from that point onwards (Section 8), the dual pseudo-bundle
(AY(X))* (Section 9), diffeological connections (Section 10), the analogue of Levi-Civita connections as
connections on A'(X) endowed with a pseudo-metric (Section 11). In Section 12 we say what we can
about Clifford connections, and in the concluding Section 13 we wrap everything together, stating and
then illustrating via examples the resulting notion of a diffeological Dirac operator.

What is not in here Here is a very brief and incomplete list of things that we do not even attempt
to treat in the present work.

e We have already mentioned that the gluing diffeology, a rather weak one on its own, is a precursor
to stronger and therefore more useful diffeologies. We do not discuss any such extension;

e we give no applications. In particular, all our examples are for illustrative purposes only and might
appear artificial to some;

e we say almost nothing about the index. This is left for future work;

e there exists an established notion of the diffeological de Rham cohomology, but we do not really
discuss it. Neither do we consider the potential de Rham operator;

e a great number of other things.

Acknowledgments 2 This paper is meant to be a collection, in a single place, and a summary, of other
projects carried out separately (all united by the same theme, however). As such, it came out too lengthy,
and so its destiny is uncertain.? It also took forever to complete; yet, whatever becomes of it, it has been,
and still is, a satisfying process in a way that goes much beyond the satisfaction that one might draw
from having just one more item to add to one’s publication list. And, if nothing more, it led to various

2 “Cercare e saper riconoscere chi e cosa, in mezzo all’inferno, non & inferno, e farlo durare, e dargli spazio” (I. Calvino)

3¢]...] but the delight and pride of Aulé is in the deed of making, and in the thing made, and neither in possession,
nor in his own mastery; wherefore he gives and hoards not, and is free from care, passing ever on to some new work.” J.
Tolkien, in “Silmarillion”.



other papers being written along the way; they would not have come into being otherwise. These are
among the reasons why completing this paper is of particular significance to me; and its existence is in
large part due to contribution from many other people, first of all, Prof. Riccardo Zucchi (who, without
knowing it, gave me its idea) and Prof. Paolo Piazza (I first learnt the Atiyah-Singer theory from his
notes on the subject). Also, quite a few anonymous referees made very useful comments on the papers
originating from this project, for which I am grateful to all of them.

1 The Dirac operator

In this section (which is rigorously for a non-specialist) we recall some of the main notions regarding the
Dirac operator, mostly following the exposition in [1].

1.1 Clifford algebras and Clifford modules

These are the most basic constructions that come into play when defining the Dirac operator.

Clifford algebras There is more than one way to define a Clifford algebra; a more constructive one is
as follows.

Definition 1.1. Let V' be a vector space equipped with a symmetric bilinear form q(, ). The Clifford
algebra CU(V,q) associated to V and q is the quotient of T(V)/I(V') of the tensor algebra T(V) =Y, V&
by the ideal I(V)) C T(V') generated by all the elements of the form v@w+w@v+2q(v, w), where v,w € V.

The natural projection wey : T(V) — CU(V,q) is a universal map in the following sense: if ¢ :
Cl(V,q) — A is a map from V to an algebra A that satisfies ¢(v)? = —4(v,v)1 then there is a unique
algebra homomorphism ¢ : C¢(V,q) — A such that ¢ =t o mey. An easy example of a Clifford algebra
is the exterior algebra of a given vector space, which corresponds to the bilinear form being identically
zero.

Clifford modules Let V be a vector space endowed with a symmetric bilinear form gq.

Definition 1.2. A Clifford module is a vector space E endowed with an action of the algebra CL(V, q),
that is, a unital algebra homomorphism ¢ : C¢(V,q) — End(FE).

If the space F is Euclidean, i.e., if it is endowed with a scalar product g, then there is the notion
of a unitary action, as a homomorphism ¢ : C¢(V,q) — End(E) such that ¢(v) is an orthogonal
transformation for each v € V, i.e.,

g(c(v1), c(va)) = g(v1, va).

More precisely, let a — a* be the anti-automorphism of T'(V') such that v is sent to —wv; this obviously
induces an automorphism v — v* of C¢(V, q).

Definition 1.3. A Clifford module E over CU(V,q) endowed with a scalar product is self-adjoint if

c(v*) = c(v)*. This is equivalent to the operators c(v) with v € V being skew-adjoint.

The exterior algebra as a Clifford module The exterior algebra AV of V is a standard example
of a Clifford module over C¢(V, q); let us describe the action of the latter on the former. Let (v)a denote
the exterior product of v with «, and let i(v)«a stand for the contraction with the covector ¢(v,-) € V*:

!
i(w)(wr AL Awy) = Z(—l)j+1w1 Ao Agu,wi) AL Ay
j=1

The Clifford action on A V' is then defined by the formula:

c(v)a =e(v)a —i(v)a,



which defines a homomorphism V' — End(A V); it is extended to a homomorphism defined on C¢(V q)
by linearity (obviously) and with the tensor product being substituted by the composition.

To see that it is indeed a Clifford module action, it is sufficient to consider the identity e(v)i(w) +
i(w)e(v) = q(v,w) (see [1], p. 101). If ¢ is positive definite (that is, if it is a scalar product), the operator
i(v) is the adjoint of £(v), so the Clifford module AV is also self-adjoint.

Isomorphism of the graded algebras C{(V,q) and AV Both of these algebras have a natural
grading (see below), and there is a standard isomorphism between them that respects the grading.

Definition 1.4. ([1], Definition 3.4) The symbol map o : CU(V,q) — AV is defined in terms of the
Clifford module structure on \V by

o) =c(v)l € /\V,
where 1 € N’V is the unit of the exterior algebra \'V.

Suppose that ¢ is a scalar product; then the symbol map has an inverse, called the quantization
map, which is described as follows. Let {e;} be an orthonormal basis of V', and let ¢; be the element of
CU(V, q) corresponding to e;. The quantization map c¢: AV — C¢(V,q) is given by the formula

c(eil /\.../\eij) = Gy, -~-Cij~

This preserves the natural Zs-grading of the two modules (also see below).

Grading and filtration on C/(V,q) As has just been alluded to, every Clifford algebra C¢(V, q) carries
the following Zs-grading:
CUV,q) = CUV,q)° © CU(V, q)",

where Cl(V,q)° is the subspace generated by the products of an even number of elements of V', while
Cl(V, q)* is the subspace generated by the products of an odd number of elements of V; this is well-defined
because I(V) is generated by elements of even degree in T'(V).

Besides, Cl(V, q) inherits from T(V) its filtration T(V) = @D, (&%_,V®"), via the natural projection.
Therefore

CU(V, q) = &xCL (V. q), where Cl*(V,q) = {v € CU(V,q) | 3u € y_oV®" such that [u] = v}.
The use of natural projections allows also to define a surjective algebra homomorphism
VR ClF(V, )/ CO T (V, g).

Considering the kernel of the latter, one sees that

k
Cl8(V,q)/CC* 1 (V.g) = A\ V.

This implies that the graded algebra associated to the just-described filtration on C¢(V, ¢q), namely, the
algebra @, Cl*(V, q)/Cl =1(V, q), is isomorphic to the exterior algebra A V (in particular, dim(C¢(V, q)) =
24im V) " The following statement provides a summary of what has just been said.

Proposition 1.5. ([1], Proposition 3.6) The graded algebra C¢(V,q) is naturally isomorphic to the exte-
rior algebra \'V, the isomorphism being given by sending v1 A ... Av; € /\Z V to oi(vy...v;) € CE(V,q).

The symbol map o extends the symbol map o; : CO(V,q) — CUV,q)" = /\1 V', in the sense that if
a € Cl'(V,q) then o(a)y = oi(a). The filtration Cl*'(V,q) may be written

k
CU(V,q) = ®_Cli(V), where Cli(V) = ¢(/\ V).

Using the symbol map o, the Clifford algebra C¢(V,q) may be identified with the exterior algebra
A"V with a twisted, or quantized, multiplication « -, 3.



1.2 Clifford connections

As has already been said, the type of the connection that is typically used in constructing a Dirac operator
is a Clifford connection. It is defined as follows.

Definition 1.6. Let E be a Clifford module, and let V¥ be a connection on it. We say that V¥ is a
Clifford connection if for any a € C°(M,CI(M)) and X € C*(M,TM) we have

VX, ela)] = e(Vx(a)),
where Vx is the Levi-Ciwita covariant derivative extended to the bundle C{(M).

When associated to a Clifford connection, the Dirac operator described in the Introduction may be
written, in local coordinates, as:

D =Y c(d2")V.

There always exists a Clifford connection on any bundle of unitary Clifford modules. In particular, recall
from the previous section that if (M, g) is a Riemannian manifold then A* M is naturally a bundle of
Clifford modules (via the action ¢ of thebundle of Clifford algebras C¢(T™* M, g*)); the connection VA" M
induced on A" M by the Levi-Civita connection on M is a Clifford connection.

Example 1.7. The operator

coVA"M . C’DO(M,/*\M) — C‘X’(M,/*\M)

is a Dirac operator. It is called the Gauss-Bonnet operator, or the Euler operator.

1.3 What does it mean for a given operator to be a Dirac operator?

Recall that so far we have only given a constructive definition of a Dirac operator. There is however an
abstract, and more general definition of this notion, which is as follows:

Definition 1.8. ([1], Definition 3.36) A Dirac operator D on a Zy-graded vector bundle E is a first-
order differential operator of odd parity on E,

D :C>®(M,E*) - C®(M, ET),
such that D? is a generalized Laplacian.

This way of defining the Dirac operator shows that the relation of such with (bundles of) Clifford
modules goes in two directions. To be specific, in the first, constructive, definition, a Dirac operator
is associated to a bundle of Clifford modules. On the other hand, if we are given a Dirac operator, in
the sense of the definition just cited, on a Zs-graded vector bundle F, thenFE inherits a natural Clifford
module structure, over the bundle of Clifford algebras C¢(T*M, g*), whose Clifford action (which, again,
it suffices to define on T* M) is described by the following statement.

Proposition 1.9. ([1], Proposition 3.38) The action of T*M on E defined by
[D, f] = e(df), where f is a smooth function on M,

is a Clifford action, which is self-adjoint with respect to a metric on E if the operator D is symmetric.
Conversely, any differential operator D such that [D, f] = c(df) for all f € C>*°(M) is a Dirac operator.

It can be easily observed that a Dirac operator D = =, ¢(dz")V} (meaning the one obtained by the
explicit construction outlined in the Introduction) defined with respect to a Clifford connection is indeed
a Dirac operator in the sense of Definition 1.8, since it is easy to calculate that [D, f] = ¢(df).



1.4 The index space of Dirac operators

Let E be a Zs-graded vector bundle on a compact Riemannian manifold M, and let D : C*°(M, E) —
C>(M, E) be a self-adjoint Dirac operator. We denote by D* the restrictionsof D to C*(M, E*), that

is,
0 D~
r=(o %)

where D~ = (D%)*. The index of D is defined as follows. First, if E = ET & E~ is a finite-dimensional
superspace, define its dimension to be

dim(F) = dim(E™) — dim(E™);
note that the superspace ker(D) is finite-dimensional.

Definition 1.10. The index space of the self-adjoint Dirac operator D 1is its kernel
ker(D) = ker(D") @ ker(D™).
The index of D is the dimension of the superspace ker(D):
ind(D) = dim(ker(D™")) — dim(ker(D™)).

One remarkable property of the index is that it does not really depend on the whole of the operator,
but rather on its domain of definition, that is:

Theorem 1.11. ([1], Theorem 3.51) The index is an invariant of the manifold M and of the Clifford
module E.

In other words, if D? is a one-parameter family of operators on C*° (M, E) which are Dirac operators
with respect to a family of metrics g% on M and Clifford actions ¢* of C¢(M, g%) on E, then the index of
D7 is independent of z. This follows from the famous McKean-Singer formula, that expresses the index
of D as the supertrace of e~*P 2, equal to the integral over M of the supertrace of the heat kernel of the
Laplacian D?:

Theorem 1.12. (McKean-Singer) Let <x|e’tD2|y> be the heat kernel of the operator D*. Then for any
t>0
ind(D) = Str(etP%) = / Str((z|e~P° |z))dx.
M
The application of this to a family D? is then straightforward (see [1], the proof of Theorem 3.50):
Lind(D?) = d%Str(e_t(Dz)z) = —tStr([%, D7e~HP)?]) Then that the latter supertrace is equal to 0,

is a general fact that holds for any two differential operators on F such that the second of them has a
smooth kernel (see [1], Lemma 3.49).

1.5 Classical examples of the Dirac operator

For completeness, we now list some classical linear first-order differential operators of differential geometry,
which turn out to be Dirac operators.

The De Rham operator Let M be a Riemannian manifold, let A*(M) be its ith De Rham cohomology
group, and let d; : AY(M) — A""1(M) be the usual exterior derivative operator. The bundle A(T*M)
is a Clifford module via a certain standard action, that we recall in the next Section; the Levi-Civita
connection is compatible with this action. Then the following is well-known.

Proposition 1.13. ([1], Proposition 3.53) The Dirac operator associated to the Clifford module \(T*M)
and its Levi-Civita connection is the operator d + d*, where

d*: A (M) — A*"H(M)

is the adjoint of the exterior differential d.



The square dd* + d*d of the operator d + d* is the so-called Laplace-Beltrami operator and is a
generalized Laplacian; for reasons of general interest, we mention that the following is true.

Proposition 1.14. The kernel of the Laplace-Beltrami operator dd* + d*d on A*(M) is naturally iso-
morphic to the De Rham cohomology space H'(M,R). The index of the Dirac operator d + d* on A(M)
s equal to the FEuler number of the manifold M.

The signature operator This operator is constructed as in the previous example (thus the Dirac
operator is the same), but the definition of the Zs-grading on the Clifford module A(T*M) is changed;
indeed, this Zs-grading comes from the Hodge star operator.

Definition 1.15. If V is an oriented Euclidean vector space with complexification V¢, the Hodge star
operator x on \ V¢ equals to the action of the chirality element T' € CU(V) @ C.4

Applying this operator to each fibre of the complexified exterior bundle A\ (T*M) = \(T*M) @ C
of an oriented n-dimensional Riemannian manifold M, we obtain the Hodge star operator:

* 0 ART*M — ALFT* M.

Since 2 = 1 and % anticommutes with the Clifford action ¢, it can be used to define another Zy-grading
on the exterior bundle A(T*M) ® C: the differential forms satisfying xa = 4+« are called self-dual, and
those satisfying xa = —« are called anti-self-dual. Note that, in particular, the following is then true:

Proposition 1.16. The index of the signature operator d + d* is equal to the signature o(M) of the
manifold M .

The Dirac operator on a spin manifold Let £ be the spinor bundle over an even-dimensional
manifold M. The most basic example of the Dirac operator is the Dirac operator associated to the Levi-
Civita connection V* on £; this is usually called the Dirac operator. More generally, one can consider
the Dirac operator Dy g, on a twisted spinor bundle W & £ with respect to a Clifford connection of the
form VW®£ = VW ® 1 4+ 1 ® V~. This more general operator, together with the so-called Lichnerowicz
formula (see, for instance, [1], Theorem 3.52), allows to obtain the following result, that applies to the
above (non-twisted) Dirac operator:

Proposition 1.17. (Lichnerowicz) If M is a compact spin manifold whose scalar curvature is non-
negative, and strictly positive at at least one point, then the kernel of the Dirac operator on the spinor
bundle L vanishes; in particular, its index is zero.

The O-operator on a Kihler manifold We limit ourselves to just a few brief remarks about this
operator; further details can be found in [1], Section 3.6. Let M be a Kédhler manifold, and let W be a
holomorphic vector bundle with a Hermitian metric over M. Then:

Proposition 1.18. ([1], Proposition 3.67) The tensor product of the Levi-Civita connection with the
canonical connection of W is a Clifford connection on the Clifford module \(T®*M)*@W , with associated
Dirac operator \/5(6 +0%).

There is a relation between this operator and the Dolbeaut cohomology of the holomorphic bundle W,
which is somewhat similar to that between the De Rham operator and the De Rham cohomology. More
precisely, the following is true.

Theorem 1.19. (Hodge) The kernel of the Dirac operator v/2(0+0*) on the Clifford module \(T%*M)*®
W is naturally isomorphic to the sheaf cohomology space H* (M, O(W)).

Corollary 1.20. The index of 0+0* on the Clifford module \(T%'M)*@W is equal to the Euler number
of the holomorphic vector bundle W :

ind(0 + 0%) = Bul(W) = (~1)" dim(H' (M, O(W))).

4This definition, that comes from [1], Definition 3.57, differs from the usual one by a power of i so that x2 = 1.




2 Diffeology: the main notions

In this section we review (some of ) the main notions of diffeology, starting from what a diffeological space
is, and ending with the concept of a diffeological bundle (not necessarily a vector bundle) and that of a
connection on it, as this notion appears in [10]. (The other parts of the section are also based on the
same source).

2.1 Diffeological spaces and smooth maps

We start by giving the precise definitions of these basic objects.

The concept We first recalling the notion of a diffeological space and that of a smooth map between
such spaces.

Definition 2.1. ([30]) A diffeological space is a pair (X,Dx) where X is a set and Dx is a specified
collection of maps U — X (called plots) for each open set U in R™ and for each n € N, such that for all
open subsets U C R™ and V C R™ the following three conditions are satisfied:

1. (The covering condition) Every constant map U — X is a plot;

2. (The smooth compatibility condition) If U — X is a plot and V' — U is a smooth map (in the usual
sense) then the composition V.— U — X is also a plot;

3. (The sheaf condition) If U = U;U; is an open cover and U — X is a set map such that each
restriction U; — X is a plot then the entire map U — X is a plot as well.

Usually, instead of (X, Dx) one writes simply X to denote a diffeological space. A standard example
of a diffeological space is a smooth manifold M, endowed with the diffeology consisting of all smooth
maps into M; this diffeology is called the standard diffeology of M.

Let now X and Y be two diffeological spaces, and let f : X — Y be a set map. We say that f is
smooth if for every plot p : U — X of X the composition f o p is a plot of Y. The typical notation
C*>(X,Y) is used to denote the set of all smooth maps from X to Y.

The D-topology There is a canonical topology underlying every diffeological structure on a given set,
the so-called D-topology; this notion appeared in [8].° It is defined by imposing that a subset A C X of a
diffeological space X is open for the D-topology (and is said to be D-open) if and only if p~*(A) is open
for every plot p of X. In case of a smooth manifold with the standard diffeclogy, the D-topology is the
same as the usual topology on the manifold; this is frequently the case also for non-standard diffeologies.
This is due to the fact that, as established in [4] (Theorem 3.7), the D-topology is completely determined
smooth curves, in the sense that a subset A of X is D-open if and only if p~1(A) is open for every
p € C®(R,X).

Comparing diffeologies Given a set X, the set of all possible diffeologies on X is partially ordered by
inclusion (with respect to which it forms a complete lattice). More precisely, a diffeology D on X is said
to be finer than another diffeology D’ if D C D’ (whereas D’ is said to be coarser than D). Among all
diffeologies, there is the finest one (the natural discrete diffeology, which consists of all locally constant
maps U — X) and the coarsest one (which consists of all possible maps U — X, for all U C R™ and for
all n € N and is called the coarse diffeology). Furthermore, due to the above-mentioned structure of
a lattice on the set of all diffeclogies on a given X, it is frequently possible to claim the existence of the
finest, or the coarsest, diffeology possessing a certain desirable property. A number of definitions are of
this type.

5A frequent restriction on the choice of a diffeology on a given topological space is that the corresponding D-topology
coincide with the given one.
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The generated diffeology A lot of specific examples are constructed via this simple notion. Given a
set X and a set of maps A = {U; — X} into X, where each U; is a domain in some R™:  there exists
the finest diffeology on X that contains A. This diffeology is called the diffeology generated by .A; its
plots are precisely the maps that locally are either constant or filter through a map in A.

Pushforwards and pullbacks of diffeologies Let X be a diffeological space and let X’ be any set.
Given an arbitrary map f : X — X', there exists a finest diffeology on X’ such that f is smooth; this
diffeology is called the pushforward of the diffeology of X by the map f. Its plots are precisely
the compositions of plots of X with the map f. If, vice versa, we have a map f : X’ — X, there is the
coarsest diffeology on X’ such that f is smooth; it is called the pullback of the diffeology of X by
the map f. A map p: U — X' is a plot for this pullback diffeology if and only if f o p is a plot of X.

The quotient diffeology Any quotient of a diffeological space is itself a diffeological space for a
canonical choice of the diffeology. Namely, if X is a diffeological space and ~ is an equivalence relation
on X, the quotient diffeology on X/ ~ is the pushforward of the diffeology of X by the natural
projection X — X/ ~.

The subset diffeology Let X be a diffeological space, and let Y C X be its subset. The subset
diffeology on Y is the coarsest diffeology on Y making the inclusion map Y — X smooth; it consists
of all maps U — Y such that U — Y < X is a plot of X (less formally, we can say that the subset
diffeology consists of all plots of X whose image is contained in Y C X).

Disjoint unions and products of diffeological spaces Let {X;};c; be a collection of diffeological
spaces. The disjoint union of {X;};c; is the usual disjoint union [],.; X; = {(4,2)|i € I and = € X},
endowed the so-called disjoint union, or sum diffeology that is the finest diffeology such that each
natural injection X; — [[,.; X; is smooth. Locally, every plot of this diffeology is a plot of one of the
components of the disjoint union. The product diffeology D on the product [],.; X; is the coarsest
diffeology such that for each index i € I the natural projection m; : [[,c; Xi — X; is smooth. If the
collection of the spaces X; is finite, then any plot of the product diffeology on X7 x ... x X, is an n-tuple
of form (p1,...,pn), where each p; is a plot of X;.

The functional diffeology Let X and Y be two diffeological spaces. The functional diffeology on
the set C*°(X,Y) of all smooth maps from X to Y is the coarsest diffeology for which the following map,
called the evaluation map is smooth:

EV:C®(X,Y)x X =Y and EV(f,2) = f(z).

Occasionally, one speaks of a functional diffeology, which is any diffeology such that EV is smooth.
These are the main notions of diffeology that we will use; occasionally some other term will be needed,
at which point we will recall it as we go along.

2.2 Diffeological vector spaces

The concept of a diffeological vector space is the obvious one: it is a set X that is both a diffeological
space and a vector space such that the operations of addition and scalar multiplication are smooth (with
respect to the diffeology).

The definition Let V be a vector space (over real numbers and in most cases finite-dimensional,
although the definition that follows is more general). A vector space diffeology on V is any diffeology
such that the addition and the scalar multiplication are smooth, that is,

[(u,v) = u+v] € C°(V x V,V) and [(A\,v) = Av] € CC(R x V, V),

where V' x V and R x V are equipped with the product diffeology. Equipped with such a diffeology, V'
is called a diffeological vector space.
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The following observation could be useful to make the distinction between V' diffeological vector
space, and V diffeological space proper. Since the constant maps are plots for any diffeology and the
scalar multiplication is smooth with respect to the standard diffeology of R, any vector space diffeology
on a given V includes maps of form f(x)v for any fixed v € V and for any smooth map f : R — R;
furthermore, since the addition is smooth, any vector space diffeology includes all finite sums of such
maps. This immediately implies, for instance, that any vector space diffeology on R™ includes all usual
smooth maps (since they write as Y 1, fi(2)e;).5

Given two diffeological vector spaces V' and W, the space of all smooth linear maps between them is
denoted by L (V,W) = L(V,W)NC>(V,W); it is endowed with the functional diffeology, with respect
to which it becomes a diffeological vector space. A subspace of a diffeological vector space V' is a vector
subspace of V endowed with the subset diffeology; it is, again, a diffeological vector space on its own.
Finally, if V is a diffeological vector space and W < V' is a subspace of it then the quotient V/W is a
diffeological vector space with respect to the quotient diffeology.

The direct sum of diffeological vector spaces Let {V;};cs be a family of diffeological vector spaces.
Consider the usual direct sum V = @®;<;V; of this family; then V', equipped with the product diffeology,
is a diffeological vector space.

Euclidean structure on diffeological vector spaces A diffeological vector space V is Euclidean if
it is endowed with a scalar product that is smooth with respect to the diffeology of V' and the standard
diffeology of R; that is, if there is a fixed map (-,-) : V x V — R that has the usual properties of
bilinearity, symmetricity, and definite-positiveness and that is smooth with respect to the diffeological
product structure on V' x V and the standard diffeology on R. Note that a finite-dimensional diffeological
vector space admits a smooth scalar product if and only if it is diffeomorphic to some R™ with the standard
diffeology (see [10], Ex. 70 on p. 74 and its solution). Thus, a finite-dimensional diffeological vector space
(or a bundle of such) is endowed, not with a scalar product, but with a “minimally degenerate” smooth
symmetric bilinear form, which we call a pseudo-metric (see Section 5.1).

Fine diffeology on vector spaces The fine diffeology on a vector space R is the finest vector space
diffeology on it; endowed with such, V is called a fine vector space. Note that any linear map between
two fine vector spaces is smooth ([10], 3.9). An example of a fine vector space is R” with its standard
diffeology, i.e., the diffeology that consists of all the usual smooth maps with values in R™.”

Smooth linear and bilinear maps In the case of diffeological vector spaces it frequently happens
that the space L*°(V,R) of all smooth linear maps V' — R (where V is a diffeological vector space and R
is considered with its standard diffeology), and more generally, the space L>(V, W) of all smooth linear
maps V' — W, is a priori smaller than the space of all linear maps between the respective spaces; see
Example 3.11 of [34] (and also [16], Example 3.1). In fact, such examples can easily be found for all
finite-dimensional vector spaces. Accordingly, the same issue presents itself for bilinear maps; given V|
W two diffeological vector spaces, let B(V, W) be the set of bilinear maps on V with values in W, and
let B> (V, W) be the set of those bilinear maps that are smooth with respect to the product diffeology
on V x V and the given diffeology on W. Just as for linear maps, the space B> (V, W) is frequently a
proper subspace of B(V, W), although some of the usual isomorphisms continue to exist.

The dual of a diffeological vector space The diffeological dual V* (see [32], [34]) of a diffeological
vector space V is the set L>°(V,R) of all smooth linear maps V' — R, endowed with the functional
diffeology. As all spaces of smooth linear maps (see above), it is a diffeological vector space, which
in general is not isomorphic to V. For one thing, in the finite-dimensional case it almost always has a

6This is not the case for a non-vector space diffeology of R™; the simplest example is the discrete diffeology, which
consists of constant maps only. This is not a vector space diffeology, since the scalar multiplication is not smooth. A more
intricate example is that of the so-called wire diffeology, one generated by the set C°° (R, R™). For this diffeology, the scalar
multiplication is smooth, but the addition is not.

"It is easy to see that this set of maps is indeed a (vector space) diffeology. Furthermore, it is the finest one, since, as
we have already observed above, it is contained in any other vector space diffeology.

12



smaller dimension: as shown in [18], the diffeological dual of a finite-dimensional diffeological vector space
is always a standard space (in particular, it is a fine space), so the equality L>(V,R) = L(V,R) holds if
and only if V is a standard space.® The matters become less straightforward in the infinite-dimensional
case, which in this work we do not consider.

The tensor product The definition of the diffeological tensor product was given first in [32] and then
in [34] (see Section 3). Let Vi, ..., V;, be diffeological vector spaces, and let Vi X ... x V,, be their free
product, endowed with the finest vector space diffeology that contains the product diffeology on the
Cartesian product of Vq,...,V,,. Let T : Vi x ... xV,, = V1 ®...® V, be the universal map onto their
tensor product as vector spaces, and let Z < Vi x ... x V,, be the kernel of T. The tensor product
diffeology on V1 ®...®V,, is the quotient diffeology on V1 ®...®V,, = (Vi X...xV,,)/Z coming from the
free product diffeology on the free product of the spaces Vi, ..., V,; the free product diffeology is in turn
defined as the finest vector space diffeclogy on the free product Vi * ... * V,, that contains the product
diffeology. The diffeological tensor product thus defined possesses the usual universal property established
in [32], Theorem 2.3.5: for any diffeological vector spaces Vi, ..., V,, W the space L*®(V; ® ... V,,, W)
of all smooth linear maps V; ® ... ® V,, — W (considered, as usual, with the functional diffeology) is
diffeomorphic to the space Mult™ (V; x ... x V,,, W) of all smooth (for the product diffeology) multilinear
maps Vi x ... x V,, = W (also endowed with the functional diffeology).

The spaces V*QW* and (V®@W)* The standard diffeomorphism between these two spaces continues
to hold, in the sense that that the usual isomorphism (when it exists) is smooth.

2.3 Diffeological bundles

The notion of a diffeological fibre bundle was first studied in [8]; a more recent exposition appears in
[10], Chapter 8. A smooth surjective map 7 : T — B is a fibration if there exists a diffeological space F'
such that the pullback of 7 by any plot p of B is locally trivial, with fibre F'. The latter condition means
that there exists a cover of B by a family of D-open sets {U; };er such that the restriction of = over each
U; is trivial with fibre F. There is also another definition of a diffeological fibre bundle available in [10],
8.8, involving the notion of a diffeological groupoid (we do not recall it since we will not use it).

Principal diffeological fibre bundles Let X be a diffeological space, and let G be a diffeological
group.” Denote by g — gx a smooth action of G on X, that is, a smooth homomorphism from G to
Diff(X). Let F be the action map:

F: X xG— X x X with F(z,9) = (z,gx(x)).

Then the following is true (see the Proposition in Section 8.11 of [10]): if F is an induction!'® then the
projection 7 from X to its quotient X/G is a diffeological fibration, with the group G as fibre. In this
case we say that the action of G on X is principal. Now, if a surjection 7 : X — @ is equivalent to
class : X — G/H, that is, if there exists a diffeomorphism ¢ : G/H — @ such that m = o class, we shall
say that 7 is a principal fibration, or a principal fibre bundle, with structure group G.

Associated fibre bundles Let 7 : 7T — B be a principal fibre bundle with structure group G, and let
E be a diffeological space together with a smooth action of G, that is, a smooth homeomorphism g — gg
from G to Diff(E). Let X =T X¢ E be the quotient of T' x E by the diagonal action of G:

grxe : (t,e) = (97(t), ge(e)).

Let p : X — B be the projection class(t,e) — 7(t). Then the projection p is a diffeological fibre bundle,
with fibre E; it is called the fibre bundle associated with © by the action of G on FE.

8Note also that, as shown in [16], Proposition 4.4, if V* and V are isomorphic as vector spaces then they are also
diffeomorphic.

9A diffeological group is a group G endowed with a diffeology such that the group product map G x G — G and the
inverse element map G — G are smooth.

10A map f: X — Y between two diffeological spaces is called an induction if f is a diffeomorphism of X with the image
Im(f), the latter endowed with the subset diffeology.
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2.4 Connections on diffeological bundles

As discussed in [10] (see Foreword to 8.32), there is not yet an immutable notion of connection in
diffeology. We briefly recall the definition given in the just-cited source, although in Section 10 we will
attempt to develop a notion of diffeological connection, on diffeological vector bundles, or extensions of
such, following a different approach (which mimics the standard one).

Let Y be a diffeological space, and let Paths;,.(Y") be the space of local paths in Y, i.e., the set of
1-plots of Y defined on open intervals,

Pathso.(Y) = {¢ € C*((a,)),Y)|a,b € R},

equipped with the functional diffeology induced by the functional diffeology of the 1-plots of Y. Let us
denote by tbPaths;,.(Y) equipped with the sub-diffeology of the product diffeology,

tbPaths;,.(Y) = {(¢,t) € Paths;,.(Y) x Rt € def(é)}.

Finally, let 7 : Y — X be a principal diffeological fibration with the structure group G, and let (g,y) —
gy (y) denote the action of G on Y.

Definition 2.2. A connection on the G-principal fibre bundle 7 : Y — X is any smooth map
Q2 thPaths;oc(Y) — Pathsjoc(Y)
satisfying the following series of conditions:
1. Domain. def(2(¢,t)) = def(é).
Lifting. 70 Q(&,t) = 7o é.

Basepoint. (¢, t)(t) = é(t).

e

Reduction. Q(y - é,t) = v(t)y o Q(é,t), where v : def(¢) = G is any smooth map and v - é = [s —

v(s)7(e(s))]-

5. Locality. Q(¢o f,s) = Q(¢, f(s)) o f, where [ is any smooth local path defined on an open domain
with values in def(¢).

6. Projector. Q(Q(¢,t),t) = Q(¢, t).

The local path Q(¢,t) is the horizontal projection of ¢ pointed at ¢; it is a horizontal path for
the connection 2. It is also denoted by €;(¢) or Q(é)(¢).

3 Differential k-forms on a diffeological space

As is observed in the Foreword to Chapter 6 of [10], the definition of a diffeology on a set X by means
of maps to X allows for a relatively simple extension of those standard constructions that are based on
geometric covariant objects. In particular, there exists a well-established notion of diffeological differential
forms, even if an agreed-upon concept of tangent vectors is not there yet.11

3.1 Bundles of differential k-forms

Differential forms on diffeological spaces are defined by their evaluations on the plots, which are regarded
as pull-backs of the forms by the plots; these pullbacks are ordinary smooth forms. The condition on
the pullbacks, to represent a differential form of a diffeological space, expresses just the condition of
compatibility under composition.

1 The extension just mentioned goes up to by-now standard version of the diffeological De Rham calculus; in this section
we give its brief description.
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3.1.1 What is a differential k-form

We now state, and illustrate, the definition of a differential k-form on a diffeological space, showing how
it admits a sort of finite description via the concept of the generated diffeology.'?

Differential forms on diffeological spaces Let X be a diffeological space. A differential k-form
on X is a map « that associates with every plot p: U — X a smooth k-form, denoted by «(p), defined
on U and satisfying the following condition: for every smooth map g : V — U, with V a domain, it must
hold that

a(pog) = g"(a(p)).

This condition is called the smooth compatibility condition, and we say that a(p) represents the
differential form « in the plot p. The set of differential k-forms on X is denoted by QF(X).

The differential of a smooth function The simplest example of a differential form on a diffeological
space is, of course, the differential of a smooth function; it is defined as follows. Let X be a diffeological
space, and let f : X — R be a smooth (for the standard diffeology on R) function. Then for any plot
p: U — X the composition f o p is a smooth function U — R in the usual sense. Associating to each
plot p the 1-form d(f o p), that is

Dx >prd(fop) € AI(U)v

satisfies the smooth compatibility condition and therefore defines a differential 1-form on the diffeological
space X; it is called the differential of f.

As an easy example, consider X = R with the diffeology generated by the plot p : R 3 = — |zf;
by the definition of the generated diffeology, this means that locally every non-constant plot has form
q: U 3 uw |h(u)| for some domain U C R™ and an ordinary smooth function A : U — R. Thus,
f: X — R given by f(z) = 22 is a smooth function; we have (f o q)(u) = (h(u))?. The differential df is
then the 1-form given by df (q) = 2h(u)h/(u)du.

Differential forms through generating families Let X be a diffeological space, let D be its
diffeology, and let A = {p; : U; — X |i € I} be a set of plots that generates D. A collection
{a(p;)|p; € A,i € I} of smooth k-forms yields the values of a differential form a € QF(X) if and
only if the following two conditions are satisfied:

1. For all p; € A, a(p;) is a smooth k-form defined on the domain of definition of p; (that is, on U;);

2. For all p;, p; € A, for every smooth g: V — g(V) = U;, and for every smooth ¢’ : V — ¢'(V) = Uj,
the following holds:
piog=pjog = g (alp)) = (9")" (alp))).

A sample differential 1-form Let us now construct a differential 1-form which is not the differential of
a smooth function. Let X be R? endowed with the vector space diffeology generated by the plot = +— |x|;
this means that a generic (non-constant) plot of it locally has form u — (f1(u), fa(u) + g1(u)|h1(uw)| +
oo+ gr(w)|hk(w)]). It follows that a generating (in the usual sense, not vector space sense) set for this
diffeology can be given by the infinite sequence {gx}r>1 of plots of the following form:

qk - R2k+2 B (ul,...,uk,vl,...,vk,zl,ZQ) — (2’1,2’2 +v1|u1| + +vk|uk|)

Note that any two consecutive plots in this sequence are related by a smooth substitution g = qx+1 © g,
where gy, : R?*2 — R2k+4 acts by

gk(ula'“ ;ukvvla"'vvkvzlaZQ) - (ula'"7uk‘v’U15"'3’Uk‘3050721722)'

12For this description to be finite, that is, to be given by a finite list of usual k-forms, the diffeology must be generated
by a finite set of plots.
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The smooth compatibility condition means therefore that, for a prospective form w on X, we should have

w(gr) = gi(w(grs1))-

This condition suggests the following description of a given differential 1-form w on X. Choose an
index k and let wy := w(qx). By the smooth compatibility condition, the forms w(qy), ..., w(gr—1) are
then uniquely defined by the form wg. On the other hand, we can see that, for instance, w(ggt1) = wo+w’,
where w’ is any 1-form on R?**4 vanishing on the hyperplane of equation w1 = vgp1 = 0 (this could
be the zero form, or any 1-form in the C°°(R?**4 R)-span of up1dvsy1,Vkr1dugyy, et cetera). Here we
consider wy (which is a 1-form on R?*2) as a form on R?*** with respect to the inclusion R?*+2 ¢ R2k+4
that identifies the former with the hyperplane of equation ugi1 = vip4+1 = 0; notice that this description
suggests that wo can be any 1-form on R?**2: furthermore, it does define the differential 1-form w on X
up to quotienting over (some set of) vanishing 1-forms.

Finally, a specific example of a 1-form can be (this is probably one of the simplest examples) given
by:

k
w(gr) = Z w;dv;.
i=1

Closed and exact forms The meaning of these terms for differential forms on diffeological spaces
is the same as in the standard case; we wish to illustrate them. The exact k-forms are differentials
of (k — 1)-forms, such as differentials of smooth functions in the case of k = 1. It is easy to see that
the notion of the differential easily extends to the case of arbitrary k; given a differential k-form «, the
(k + 1)-form da is given by associating to each plot p : U — X of X the form d(a(p)) € A¥*H(U), the
usual differential of the form «(p). The fact that this assignment does define a differential form on the
diffeological space X, i.e., that the smooth compatibility condition still holds, follows from the standard
properties of differential forms (those on domains of Euclidean spaces). The closed forms, as usual, are
those whose differential is the zero form; recall that for a diffeological space X this means that w(p) =0
for any plot p of X (this trivially means that every form w(p) is closed).

One immediate question at this point is the following one. Let w be a differential 1-form on a
diffeological space X such that for every plot p : U — X of X the usual 1-form w(p) € AY(U) is exact;
does this mean that w is the differential of some smooth function on X? The answer is positive, as follows
from Sect. 6.31 and 6.34 of [10].

3.1.2 The vector space Q2*(X) and the pseudo-bundle A*(X)

As has been said already, Q¥(X) denotes the set of all differential k-forms on X. By analogy with the
usual differential forms (of which their diffeological counterparts are generalizations), one can expect that
it is not just a set. Indeed, it has a natural structure of a diffeological vector space.

The functional diffeology on Q¥(X) The vector space structure on Q¥(X) is given by the following
operations: for all a,a’ € Q¥(X), for all s € R, and for all plots p of X we have

{ (a+a)(p) = a(p) + o/ (p)
(s-a)(p) =s-a(p)

the sum a(f) + o/(p) and the product by scalar s - a(p) of smooth differential forms are pointwise. It is
also a diffeological vector space, for the functional diffeology, whose characterization is as follows.

Consider the set of all maps ¢ : U’ — QF(X), for all domains U’ C R™ and for all m € N, that satisfy
the following condition: for every plot p : U — X the map U’ xU — A¥(R™) given by (s,7) — (¢(s)(p))(r)
is smooth. This collection of plots forms a vector space diffeology on QF(X), called the standard
functional diffeology, or simply the functional diffeology, on QF(X).

)
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The fibre A¥(X) There is a natural quotienting of Q¥(X), which gives, at every point € X, the set
of all distinct values, at x, of the differential k-forms on X. The resulting set is denoted by A¥(X) and
is defined as follows.

Let X be a diffeological space, and let x be a point of it. A plot p: U — X is said to be centered
at  if U 3 0 and p(0) = x. Let k be an integer, and let us consider the following equivalence relation
~g: two k-forms a, 8 € QF(X) are equivalent, a ~, 3, and are said to have the same value in z if
for every plot p centered at x, we have a(p)(0) = B(p)(0) (& (o — B)(f)(0) = 0). The class of « for the
equivalence relation ~, is called the value of o at the point z; we occasionally denote it by a,. The
set of all the values at the point z, for all k-forms on X, is the set A¥(X),

AZ(X) = OMX)/ ~o= {as | € QF(X)}.

An element o € A¥(X) is said to be a k-form of X at the point z (and 7 is said to be the basepoint
of a). The space A¥(X) is then called the space of k-forms of X at the point z.

A form « vanishes at the point x if and only if, for every plot p centered at x we have a(p)(0) =0
(so a ~; 0, and we will write a; = 0,). Two k-forms a and 8 have the same value at the point z if
and only if their difference vanishes at this point: (o — 3), = 0. The set {a € QF(X)|a, = 0} of the
k-forms of X vanishing at the point x is a vector subspace of Q¥(X); furthermore,

ANX) = QF(X) /{a € Q¥ (X) | a, = 0,}.

In particular, as a quotient of a diffeological vector space by a vector subspace, the space A¥(X) is
naturally a diffeological vector space; the addition and the scalar multiplication on A¥(X) are given
respectively by o, + B = (a4 ), and s(a,) = (sa),.

The k-forms bundle A*(X) Let X be a diffeological space; consider the vector space A¥(X) of values
of k-forms at the point z € X. The bundle of k-forms over X, denoted by A¥(X), is the union of all
spaces AF(X):
ARX) = T ASX) = {(z, @) |a € AS(X)}.
zeX

It has an obvious structure of a bundle over X. In fact, most often it is a pseudo-bundle and not a
true bundle (we will illustrate later on that in many cases it is not locally trivial); we will tend to call it
pseudo-bundle, although in the original sources it is just called a bundle.

The pseudo-bundle A¥(X) is endowed with the diffeology that is the pushforward of the product
diffeology on X x QF(X) by the projection x* : X x QF(X) — A*(X) acting by x*(z,a) = (z,a,).'3
Note that for this diffeology the natural projection 7* : A¥(X) — X is a local subduction;'* furthermore,
each subspace (7)~!(x) is smoothly isomorphic to A¥(X).

The plots of A¥(X) A map p:u+— (p1(u),p2(u)) € A¥(X) defined on some domain U is a plot of
AF(X) if and only if the following two conditions are fulfilled:

1. The map p; is a plot of X;

2. For all ug € U there exists an open neighborhood U’ of ug and a plot ¢ : U’ — QF(X) (recall that
QF(X) is considered with its functional diffeology described above) such that for all ' € U’ we

have py(u') = (q(u'))(p1)(w).

3.2 The corresponding approach to tangent and cotangent spaces

At least from the formal point of view, the construction described in the previous two sections allows to
define the corresponding concept of the cotangent space and the tangent one. These are not standardly
used definitions (which do not exist yet; see [10], particularly p. 167, for a very useful discussion of this
state of matters), just the most straightforward consequences of the above construction.

13We stress again that AF(X) is not the diffeological disjoint union of the spaces A (X)
14 A surjective map f : X — Y between two diffeological spaces is called a subduction if the diffeology of Y coincides
with the pushforward of the diffeology of X by f.
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The cotangent bundle A'(X) By a formal analogy, a version of the cotangent bundle of X could be
defined as A'(X), although it is not determined (at least not a priori) by the duality to some tangent
bundle (and its geometric meaning is not clear). The so-called space of tangent 1-vectors (that we briefly
describe below, although we will not make any further use of it) can be defined by the diffeological
duality to A'(X); although in general it provides a finer construction than the entire dual pseudo-bundle

(AL(X))*.

Tangent k-vectors at a point We describe here the space of so-called tangent k-vectors to a
diffeological space (see [10]). Let X be a diffeological space, let p : R¥ > U — X be a plot of X,
let uw € U, and let o € QF(X). Then a(p)(u) € AF(R¥), so as a k-form on R, it is proportional to
the standard volume form vol,. Let p(u)(a) be the coefficient of proportionality, so we have a map
p(u) : QF(X) — R that acts by the rule:

ap)(u)

VOlk

pu) : a

This map is smooth and so belongs to the dual vector space of QF(X). Let us state again that such map
is associated to every plot p defined on (a sub-domain of) R¥ and possesses the following property:

V a € QF(X) we have a(p)(u) = p(u)voly.

In particular, for k = 1 we would just have a(p)(u) = p(u)du.

The generating set S¥(X) The space of tangent k-vectors has the following generating set. For an
arbitrary x € X, consider S¥(X) C (Q2F(X))* defined as

SF(X) = {p(0) € (*(X))* |p: R* = X is smooth, and p(0) = z}.

For all z € X we have 0 € S¥(X); moreover, for all z € X, for all v € S¥(X), and for all s € R we have
s-v € S*(X). Therefore S¥(X) is a star-shaped subset of (Q¥(X))* with origin 0; however, a priori it
is not a vector subspace.

The spaces 7%(X) The space of tangent k-vectors of X at the point z is then defined as the
subspace of (2F(X))* generated by the set S¥(X), that is,

TF(X) = Span(SE(X)) ={v =) wvi[neN, andVi=1,...,n v; € SL(X)}.

i=1

The pseudo-bundles T%(X) For a fixed k, the pseudo-bundle composed of all k-vector spaces T (X),
when 2 runs over the whole X, defines the k-vector pseudo-bundle of X. It is denoted by 7%(X) and
is pointwise defined as

TH(X) = {(z,v) |z € X and v € T¥(X)}.

This space is endowed with the following diffeology. A map p : U — T*(X) with p(u) = (px (u), pr(u))
is a plot of T*(X) if for all u € U there exist an open neighbourhood U’ of u and a finite family qi, ..., q
of plots of R¥ 5 U’ — X such that ¢;(0) = p,(u) for all i = 1,...,1 and pr(u) = Y ._, 4;(0).

Note that the restriction of this diffeology to each T*(X) is a vector space diffeology; furthermore,
the zero section X — T*#(X) is smooth. Thus, T%(X) is a diffeological vector space over X in the
terminology of [3] (which is the same object as a regular vector bundle in [32] and belongs to a wider
class of diffeological bundles introduced originally in [8]; further on we use the term diffeological vector
pseudo-bundle for this type of object).

Finally, as suggested in [10], the pseudo-bundle T!(X) can be regarded as the tangent bundle of X,
although we will not do it. More in general and as already mentioned, this is not the standard theory
of the tangent bundle (such theory does not exist yet; there is a recent summary of various attempts to
develop one, see [3], Section 3.4).
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3.3 The diffeological De Rham calculus

The content of this section is a brief summary of the exposition of the subject in [10], that we include for
completeness only.

The exterior derivative of forms We have already spoken about the differentials of k-forms, and
this is just another name for it. Recall that if « is a k-form on a diffeological space X then the equality
(da)(p) = d(a(p)), for all plots p of X, yields a well-defined, which is called the exterior derivative of
a, or the differential of «. This is a smooth linear operator

d: Q" (X) — QFFL(X),

where QF(X) and QF*1(X) are equipped with their usual functional diffeology.

The exterior product Let X be a diffeological space, and let a € QF(X) and 3 € QY(X). The
exterior product a A f is the differential (k + I)-form defined on X by

(A B)(p) = a(p) A B(p)

for all plots p of X (it is easy to see that this is well-defined). Regarded as the map
A OF(X) x QYX) — QFFH(X) with A (o, B) = a A B,

the exterior product is smooth and bilinear with respect to the above-mentioned functional diffeology of
the spaces of forms.

The De Rham cohomology groups Let X be a diffeological space. The exterior derivative defined
above satisfies the coboundary condition

d:OF(X) = QF(X) for k> 0and dod = 0.

Thus, there is a chain complex of real vector spaces Q*(X) = {Q*(X)}22, with a coboundary operator
d, to which the usual construction of a cohomology theory can be applied in an obvious fashion: define
the space of k-cocycles as the kernel in Q¥(X) of the operator d, and the space of k-boundaries as the
image, in Q% (X), of the operator d. These are denoted by

ZEa(X) =Ker[d: QF(X) = Q] and BYn(X) =d(Q" (X)) C Zkp(X) with BY5(X) = {0}.

The De Rham cohomology groups of X are then defined as the quotients of the spaces of cocycles
by the (respective) spaces of coboundaries:

Hip(X) = Zjip(X)/Bip(X).

These groups are diffeological vector spaces for the following diffeology: both Z%;(X) and B, (X) are
endowed with the subset diffeology coming from the functional diffeology on QF(X), and the quotient
H §R(X ) is then endowed with the quotient diffeology. If X is a smooth manifold endowed with the
standard diffeology, this construction gives the usual De Rham cohomology of X.

The De Rham homomorphism For the sake of completeness, we also mention the De Rham
homomorphism. Let X be a diffeological space, and let a € Q¥(X) for a positive k. The integration
of o on the cubic k-chains (see [10], Section 6.65 for details) defines a cubic k-cochain f, for the reduced
cubic cohomology. If the form « is closed, i.e., da = 0, then f, is closed as a cochain. Thus, the
integration of o on chains defines a morphism from Z%,(X) to Z*(X) (the group of cubic cochains on
X, see [10], Section 6.63). If « is exact then f, is exact as a cochain. Hence, the integration on a chain
defines a linear map, denoted by h%, from HE,(X) to H*(X) (the cubic cohomology of X); this is the
morphism that is called the De Rham homomorphism.
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3.4 Examples of differential forms on diffeological spaces

For illustrative purposes, we provide here a few examples illustrating the basic constructions having to
do with differential forms on diffeological spaces.

3.4.1 Forms and differentials of functions

We start with some simple, but still non-trivial examples, one of a diffeological differential 1-form and
another of the differential of a diffeologically smooth function.

A diffeological differential form on a space with non-standard diffeology Let X = R? be
endowed with the vector space diffeology generated by p : © — |z|es. Notice that it is possible (see [10],
Section 6.41) to describe a differential form on a given diffeological space (X, D), with the diffeology
D generated by some set A, by assigning the local form wy to all maps f € A, and only to those;
this assignment must of course satisfy some appropriate additional conditions (see [10]): namely, that if
p:U — X and q:V — X are two plots of X, and f : U’ — U, g : U' — V are usual smooth functions
such that po f = gog, then f*(w,) = ¢*(wq)-

However, A must generate D in the sense of the usual generated diffeology. Whereas in our case p
generates the diffeology of (our specific) X in the sense of vector space diffeology; as a diffeology proper
it needs a larger generating set.

To find such a set, recall that a plot of X is (locally) a finite linear combination, with smooth
functional coefficients, of compositions of p with ordinary smooth functions, namely, it has the form U >
u = (h(u), fo(w)+ fi(w)|gr(u)|+. ..+ fr(u)|gr(u)|) for some smooth functions h, fo, f1,- -, frs g1, -+, k-
Its generating set, in the sense of just a diffeological space, can therefore be represented by the following
infinite family of plots {qx }r>0:

qk - R2k+2 > (ul,...,uk,vl,...,vk,zl,zg) — (2’1,22 +v1|u1| + +vk|uk|)

Let us now consider the mutual relationships between these plots. It is quite easy to find that for all
k we have

qk = qk+1 ° [k,
where fp : R2%*2 5 R2k+4 ig defined by
fk(ul,...,uk,vl,...,vk,zl,zz) = (ul,...,uk,vh...,vk,O,O,zl,zg)7

and therefore we must have
w(gr) = fi (w(gr+1))-

Thus, the following choice satisfies the smooth compatibility condition:

k k
wige) = d(z122) + > d(ugvy) = d(z122 + > uivy).
=1 =1
Indeed,
k+1 k
Fi(w(grin)) = d((z122 + Y wgvi) 0 g) = d(z122 + Y wivi) = w(ar).
=1 i=1

Do note that in the example just made, the 1-form constructed assigns to each plot an exact form.
As is easy to see, this does not mean that, considered as a differential 1-form on the diffeological space
X, it is an exact form in the usual sense, i.e., that it is a differential of some smooth function on X (see
below).
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Differential of a function Let us now consider differentials of functions, using as the domain of
definition the diffeological space of the previous example, X = R? with the vector space diffeology
generated by x — (0, |z|). Recall that a generating set for this diffeology is given by by the sequence
{qrx}32, of plots, where g, : R?*+2 — X acts by qg(u1, ..., uk, v1,. .., Uk, 21, 22) = (21, 220 + v1|ur| + ... +
vglugl). I f: X — R is a (diffeologically) smooth function then all f o g, must be smooth in the usual
sense, so f(z,y) for (z,y) € X = R? must essentially be a usual smooth function depending on x only.'®

On the other hand, let X have the same underlying space R?, but its diffeology be the product
diffeology corresponding to R? = R x R, with the first factor carrying the standard diffeology, and the
second, one generated by y — |y| (we mean the diffeology proper). Thus, the generating set for the
diffeology on X is given by a single plot p : R> — X, p(z,y) = (=, |y|); this is because a generic plot of X
has form (u,v) — (f(u),|g(v)]), foru e UCR™ v €V CR, and f:U — R, g: V — R some ordinary
smooth functions.

This description of a generating set for the diffeology on X implies two things. First, any 1-form is
determined by assigning a usual 1-form on R? to p (and this can be any arbitrary 1-form), and, second, a
smooth function f : X — R can be any usual smooth function which is even in the second variable. Thus,
f(z,y) = zy is not a smooth function for the chosen diffeology on X, while f(z,y) = xy? is. Its differential
from the diffeological point of view is obviously the same as its usual differential, (df)(p) = y%dx + 2xydy.

On the other hand, what is interesting to note is that f does not have to be smooth in the usual
1 if y >0,
-1 ify<0. "’
Indeed, it suffices to verify that the composition fop is smooth in the usual sense, and since f(p(z,y)) =
fz,|y]) = sgn(ly|) = 1, it is a constant function, so it is smooth (its differential does vanish everywhere).
Yet, in the usual sense it is not even continuous.

sense; for example, f(z,y) = sgn(y) is a smooth function on X, if we define sgn(y) =

3.4.2 Spaces of forms

Let us now consider the whole spaces Q%(X).

R? with the diffeology generated by = — |z|es Recall the space X mentioned in the second of the
examples above; its underlying space is R?, and its diffeology is generated by the plot p : R? 3 (z,y)
(x,|y|). Thus, for k > 1 each k-form on X is uniquely defined by a usual k-form on R?; in fact, due to
the local property of diffeological forms, the correspondence is bijective. In particular, this means that
only the spaces Q°(X), Q'(X), and Q?(X) are non-trivial; moreover, the latter two are the same as the
analogous spaces of the standard R2.

On the other hand, the space Q°(X) is diffeomorphic to the space C>°(X,R) of diffeologically smooth
functions (see [10], Section 6.31). We have already noted that this is not the same as the space C°°(R?, R)
of the usual smooth functions, nor is the former strictly contained in the latter. Let us now consider
these statements in detail.

The space Q1(X) As we have just said, if w € Q'(X), it is uniquely defined by the 1-form w(p) on
R2. The form w(p) can be any usual 1-form on R?, so we have a bijective correspondence Q'(X) <
C>(R?%, AY(R?)).

Let us now check that the assignment ; : Q1(X) > w — w(p) € C°(R?%, A*(R?)) determines a smooth
map for the functional diffeology on Q!(X). This is a direct consequence of the diffeology’s definition;
indeed, let ¢ : U’ — Q'(X) be a plot for this functional diffeology, and let p be the above generating plot
for the diffeology on X. The map ¢ being a plot means that, just as for any plot of X, we have for p that

U B2 5 (u/,u) = (q()(p) (1) = o1 (q(u))(u) € A (R?)

is smooth, which is precisely the meaning of the map ¢; being smooth.

Let us now consider the smoothness of its inverse; the latter is obtained by assigning to each 2-form «a
on R? the form w given by w(p) = a. Let ¢’ : U' — C°(R?, A'(R?)) be a plot of C*°(R?, A1 (R?)), where
U’ is a domain; the composition ¢ = ¢! o ¢’ yields a map ¢ : U’ — Q!(X) defined by q(u’)(p) = ¢’ (v').
Let us also consider a generic plot p’ : U — X; since the diffeology of X is generated by p, locally (thus,

15This implies, in particular, that the 1-form w on X is not an exact form, although its values on all plots are exact.
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we assume that U is small enough) p’ = po f for some ordinary smooth function f : U — R2. Therefore
qu")(p") = f*(q(u)(p)) = f*(¢'(u')), which implies that the requirement for ¢ to be a plot of Q'(X) is
indeed satisfied.

The space Q%(X) This case is completely analogous to the case of Q(X); assigning to each w € Q?(X)
the form w(p) € C*°(R?%, A%(R?)) yields a diffeomorphism of these two spaces. Furthermore, since every
2-form on R? is proportional to the volume form, this implies that the 2-forms on X are essentially defined
by the usual smooth functions of two variables; and this is in contrast with the case that immediately
follows.

The space Q°(X) As we have said already, the space Q°(X) coincides with the space C°°(X,R) of all
smooth functions on X; and we have also said, that there is a (significant, in some sense) difference
between C*°(X,R) and C*°(R?,R). In particular, we noted that a usual smooth function on R? is
diffeologically smooth as a function on X if and only if it is even in y, that is, if it filters through
(,y) = (z,y?). On the other hand, there are function on R? that are not even continuous, let alone
smooth, in the usual sense; yet, they belong to C*°(X,R). We have already given an example of such
function, which we called sgn and defined as sgn(z,y) = 1 if y > 0 and sgn(z,y) = —1 if y < 0. There
is therefore a substantial difference between Q°(X) and Q2?(X), since the latter is essentially defined by
the usual smooth functions on R? (see above). This suggests (at least at first glance) that the analogue
of the Poincaré duality would be more intricate for diffeological spaces (although our present observation
is not meant to be precise).

R? with a non-standard vector space diffeology We now turn to the space X of that appear in the
first example of this Appendix. Unlike the previous case, we do not aim to give a complete description
of its Q*’s; rather, we consider a few instances of plots of Q(X).

So, let ¢ : U'" — Q'(X) be such a plot. It is defined by specifying for each u/ € U’ the differential
1-form ¢(v’) on X. Recall that g(u’) is determined by an infinite sequence of 1-forms {g(v')(qx)}3q,
where each ¢ is the plot of X defined by

g : R?*2 5 X with Qr(Uty oo Uk, V1, - -« Uk, 21, 22) = (21, 22 + V1]ur] + ... + vk lugl);

for the form g(u’) to be well-defined, we must have g(u')(gr) = f; (¢(u')(gr+1)), where fj, : R2F+2 — R2k+4
is the map
fk(ul, ¥ % P ,Uk,zl,ZQ) = (ul, Y N % ,Uk,0,0,Zl,Zg).

In general, to obtain a 1-form w on X it suffices to choose, for some fixed k, the form w(gy); this
uniquely defines the forms w(q;) for ¢ < k. The form w(gx41) is far from being unique; however, it
differs from w(qx) by adding a term that is a differential 1-form on the (standard) 2-plane of coordinates
(uk+1,vk+1) and that vanishes at 0.1¢ Such a term could be, for instance, ugi1dviy1; so, to give an
example of a plot of Q'(X), we could take wy € ;(X) defined by

k
wolgr) = z1dza + Y usdvy,

i=1
whose product by any ordinary smooth function f : U’ — R would be a plot ¢ : U’ — Q' (X), with

k

g()(qe) = f(u')(z1dze + > widv;)

i=1

(sums of such expressions, for varying choice of smooth coefficients f’s, would yield other plots). This is
because Q! (X) is a diffeological vector space; this fact, moreover, has further implications in that locally
every plot ¢ : U’ — Q1(X) is a finite sum of constant plots (thus essentially of 1-forms on X ) with usually
smooth functional coefficients.

16 This leads to the existence of a natural quotient space for Q'(X), where the sequence {w(qx)} is uniquely defined by
just one term of it; this is the space A'(X) below, whose definition we recall below.
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To conclude this example, we stress again that up to forms vanishing at 0, we can represent any
wo € NY(X) in the following way:

k
wolqr) = f1(21, 22)dz1 + fo(z1,22)dze + Zuidvi

i=1

for some ordinary smooth fi, fo, thus wq is essentially determined by a usual smooth 1-form in variables
Z1,%2.

4 What is a vector bundle in diffeology?

We now turn to describing the diffeological counterparts of those components of the construction of the
Dirac operator, that are perhaps most different from the usual smooth case. The concept we illustrate first
is that of a diffeological vector pseudo-bundle, an analogue of a usual smooth vector bundle obtained from
the latter via a couple of rather obvious modifications; one is that the notion of diffeological smoothness
is used instead of the usual smoothness, and the other consists in dropping the requirement of local
triviality. As one can expect, it is this latter change that makes the most difference. Note also that
pseudo-bundles appear under different names in the literature (see, for instance, [8], [32], [3]).

4.1 Why pseudo-bundles?

As has just been said, this is an existing notion; let us briefly motivate its appearance (as well as our
use of it). There exists, of course, an absolutely straightforward notion of a diffeological vector bundle
(see, for instance, [8], [32], or [10] for a comprehensive exposition), as a diffeological bundle 7 : V' — X
(see above) such that each fibre is a diffeological vector space for the subset diffeology, with the addition
V xx V — V and the scalar multiplication R x V' — V being smooth, and admitting an atlas of local
trivializations. It is then a technicality to extend all the usual considerations regarding vector bundles
to the category of diffeological spaces.

This has obviously been done (see the above sources), but for the reasons that we are about to explain,
and that were already present in the above-cited works where the extended notion appears, this is not
sufficient. Such reasons (which can of course be described in many ways) can also be illustrated by the
work of Christensen-Wu [3] on internal tangent spaces and bundles, specifically by Example 4.3 of [3],
which we now recall.

Let X = {(z,y) € R?|zy = 0}, that is, the union of the coordinate axes in R?; endow it with the
subset diffeology relative to the standard diffeology R?. The internal tangent space at a point € X
is denoted by T%"$(X); the corresponding internal tangent bundle is denoted by 79v*(X). The latter
is a rigorous construction of Christensen-Wu, which, when applied to the specific example of X, yields
the following: the internal tangent space at the origin is R?, while it is R elsewhere. Thus, the internal
tangent bundle of X is “almost” a diffeological vector space bundle: each fibre is a diffeological vector
space, and the addition and the scalar multiplication are smooth over X. But it does not satisfy the
essential condition to be a bundle: it is not locally trivial, since its fibre is not always the same.

The difficulty cannot be dispensed with the naive manner of considering objects that are true vector
bundles everywhere except at some isolated points (which would include the example just made). The
reason is that by Proposition 3.6 of [3] (see also Proposition 4.13(2) of same), the internal tangent bundles
respect the direct product of diffeological spaces, that is, if X and Y are two diffeological spaces, and
xz € X and y € Y are two points, then the tangent space Tg}jz) (X xY) at the point (z,y) € X xY is
isomorphic as a diffeological vector space to the direct product of the respective single tangent spaces,
that is, to T4 (X) x Tg**(Y). Applying this statement to the case of X = {(z,y) € R?|zy = 0} and
Y = R!, we conclude that the internal tangent space of the direct product X x Y is R? at any point of
the line {(0,0)} x R, and it is R? elsewhere.

Obviously, just using direct products, one can construct a multitude of similar examples. What we
mean here by “similar example” is a pair (X,Y’), where X is a diffeological space, Y C X is a subset of
it, and the internal tangent space behaves as follows: all spaces T%V*(X) for x € X \ Y are diffeomorphic
to a given diffeological vector space Vjy, while all spaces T;“s (Y) are distinct from Vj. Furthermore, the
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inequality Tj”S(Y) # Vo would be true already at the level of vector spaces, and the subset Y does not
admit a simple characterization.

We end this section with observing, informally, that even the description in the preceding paragraph
does not give a complete picture. Indeed, consider X C R? defined as X = {(z,y,2) € R3]z = 0} U
{(z,y,2) € R®|z =y = 0}, i.e., the union of the horizontal plane z = 0 and the vertical axis; endow X
with the subset diffeology coming from R3. Then it can be deduced from the characterization of internal
tangent spaces by Christensen-Wu in [3], Proposition 3.3 and Proposition 3.4, that the internal tangent
space at a point of X is R3 at the origin, it is R? at any point of the plane which is not the origin, and
it is R at a point of the vertical line which, again, is not the origin. Note, finally, that on the connected
components of X \ {(0,0,0)} the corresponding connected components of the internal tangent bundles
are however true diffeological vector bundles, of which, then, 79 (X) is somehow “pieced together” (and
this final remark opens the way to the discussion carried out in the next section).

4.2 Diffeological vector pseudo-bundles

The considerations in the previous section are probably sufficient to justify focusing our attention on
this weaker notion of a vector bundle, which is obtained, in addition to intending smoothness in the
diffeological sense, by dropping the requirement of the existence of an atlas of local trivializations. We
obtain what we call a diffeological vector pseudo-bundle; this is precisely the same object as described
by the following definition.

4.2.1 The notion of a diffeological vector pseudo-bundle

What we are giving below is the definition a diffeclogical vector space over a given diffeclogical space X,
as it was given in [3]; a diffeological vector pseudo-bundle is precisely the same object (we explain the
reason for the change in terminology later).

Definition 4.1. ([3], Definition 4.5) Let X be a diffeological space. A diffeological vector space over
X is a map w:V — X where V is a diffeological space and 7 is a smooth map V — X such that each
of the fibres 7Y (z) is endowed with a vector space structure for which the following properties hold: 1)
the addition map V xx V — V is smooth with respect to the diffeology of V' and the subset diffeology on
V xx V (relative to the product diffeology on V x V'); 2) the scalar multiplication map R x V.= V is
smooth for the product diffeology on R x V'; 3) the zero section X — V is smooth.

Obviously, all usual smooth vector bundles over smooth manifolds fall under this definition, if both
the base space and the total space are considered with the standard diffeology. In the above section
we already described Example 4.3 of [3], which is an instance of a diffeological vector pseudo-bundle (=
diffeological vector space over X) that is not locally trivial.

The choice of terminology The notion of a diffeological vector space over another diffeological space
actually coincides with that of a regular vector bundle of [32], and is a particular instance of a diffeological
fibre bundle that appeared first in [8]. We will use the term diffeological vector pseudo-bundle to
refer to precisely the same object, in order to avoid confusion between a single diffeological vector space (a
V with a vector space structure and a vector space diffeology) and a collection of such, i.e., a diffeological
counterpart of a vector bundle; and we avoid the term of Vincent, as well as that of [8], to stress the fact
that in general these objects are not really bundles.

4.2.2 Constructing diffeological vector pseudo-bundles

As we have already indicated, sometimes diffeological vector pseudo-bundles naturally arise in other
contexts, as it occurs in the Christensen-Wu example. Otherwise, there are a few systematic ways of
obtaining them, that we now describe.
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The diffeology on fibres Diffeological vector pseudo-bundles may arise from so-called vector space
pre-bundles (this term appears in [32]). A pre-bundle is a smooth surjective map V' — X between two
diffeological spaces such that the pre-image of each point has vector space structure but the subset diffe-
ology on it might be finer than a vector space diffeclogy. That this can actually happen is demonstrated,
once again, by the Example 4.3 of [3]: the internal tangent bundle of the coordinate axes in R? considered
with the Hector’s diffeology (see Definition 4.1 of [3] for details). As is shown in [3], the tangent space at
the origin is not a diffeological vector space for the subset diffeology.!”

In both [32] (Theorem 5.1.6) and [3] (Proposition 4.16), it is shown that the diffeology on the total
space can be “expanded” to obtain a diffeological vector space bundle. We now cite the latter result.

Proposition 4.2. ([3], Proposition 4.6) Let 7 : V — X be a smooth surjective map between diffeological
spaces, and suppose that each fibre of m has a vector space structure. Then there is a smallest diffeology
D on V which contains the given diffeology and which makes V into a diffeological vector pseudo-bundle.

The diffeology whose existence is affirmed in this proposition can be described explicitly (see [3],
Remark 4.7). It is the diffeology generated by the linear combinations of plots of V' and the composite
of the zero section with plots of X. More precisely, a map R”™ > U — V is a plot of D if and only if it is
locally of form uw — r1(u)qi(u) + ... 4+ rg(u)gr(u), where ri,...,r; : U = R are usual smooth functions
(plots for the standard diffeology on R) and ¢1,...,qx : U — V are plots for the pre-existing diffeology
of V such that there is a single plot p: U — X of X for which 7o ¢; = p for all 1.

Generating a vector pseudo-bundle diffeology The above-mentioned proposition comes in handy,
in particular, when constructing specific examples. An instance of this, and one which we will encounter
frequently below, is the case of the standard projection m of R™ onto its first k coordinates (i.e., on R¥).

In this situation we will often have a map p : U — R” such that wop is smooth for the chosen diffeology
on R* and we wish to put a diffeology on R™ that contains p and makes R™ into a diffeological vector
space over R¥. Then the smallest diffeology with this property is the diffeology obtained by applying
Proposition 4.2 to the usual diffeology generated by p;'® we call this diffeology a diffeological vector
pseudo-bundle diffeology generated by p.

Note that in general this diffeology is different not only from the usual diffeology generated by p, but
also from the vector space diffeology on R™ generated by it (the reason for the latter is obviously that
the operations on the fibres are not the usual vector space operations of R™). Let us state the precise
definition.

Definition 4.3. Let V be a set, let X be a diffeological space, and let m: V — X be a set map such that
that for every x € X the pre-image ™ 1(x) carries a vector space structure.'® Let A be any collection
of maps p; : U; = V such that each p; has the property that w o p; is a plot of X (which implies, in
particular, that every U; is a domain of some R™i ), and let D be the diffeology on V' generated by A. The
pseudo-bundle diffeology on V generated by A is the smallest diffeology containing D and such that
the subset diffeology on each 7=1(z) is a vector space diffeology.

Let us illustrate this definition with two simple examples that indicate the differences between the
(diffeological space) diffeology, the vector space diffeology, and the pseudo-bundle diffeology, all three
generated by the same map on a vector space acting as the total space of a vector space fibration.

Example 4.4. Let V = R?, and let m : V — R be the projection onto its first coordinate, so the base
space X is R, which we consider with its standard diffeology. Consider first the map p1 : R — V defined
by p1(u) = (0,|ul). The usual diffeology (i.e., without taking into account the vector space structure)
generated on'V by py is not a vector space diffeology; indeed, the subset diffeology on the x-axis (which is
a vector subspace of V') is the discrete diffeology,?® which is not a vector space diffeology.?* The vector

17The existence of such examples motivates the introduction of the dvs diffeology on internal tangent bundles by the
authors.

18Possibly with whatever assumption allows us to obtain the usual underlying D-topology on R™.

19We could also say that V is a disjoint union of vector spaces indexed by some X, and this indexing set is endowed with
some diffeology; 7 assigns to every v € V' the index of the space to which x belongs.

20Recall that this is the diffeology that includes constant maps only.

21'Whereas a vector space diffeology induces, again, a vector space diffeology on any subspace.

25



space diffeology on' V' generated by p; is the product diffeology corresponding to the presentation V = RxR,
where the first copy of R is endowed with the standard diffeology and the second one with the vector space
diffeology on R generated by the plot u — |ul.

Let now py : R?2 — V act by pa(u,v) = (u,ulv|). Let us first show that the usual diffeology on V
generated by ps is not a vector space diffeology. Indeed, any vector space diffeology on R?, the space
underlying V', contains all plots of form y — (0, f(y)) for all usual smooth functions f : R — R; such that
a map cannot be obtained by smooth substitution in pa, because of the first coordinate being 0. For the
same reason it is not a pseudo-bundle diffeology, since the subset diffeology over 0 would have to contain
all smooth functions.

Let us now consider the vector space diffeology generated by ps. A mon-constant plot of it locally has
form (u,v) = (fi(u) + ...+ fu(w), f1(w)|g1(®)| + ...+ fu(w)|gr(v)|), for some ordinary smooth functions
fisgi- Let us consider the subset diffeology on the fibre over some point (x9,0). A plot of it consists of all
maps (u,v) — fi(u)|gi(v)|+...+fk(w)lge(v)| such that (fi+. . .+fr)(u) = o, ie. fr =zo—fi—...—fo-1.
Thus, except in the case xog = 0, this property is not preserved by the summation. This means that the
diffeology in question is not a pseudo-bundle diffeology.

Constructing a pseudo-bundle from simpler ones For many examples of diffeological vector
pseudo-bundles (see [32], [3]) such an object can be seen as the result of a kind of a diffeological gluing
of standard vector bundles along subsets composed of whole fibres. In the next section we describe a
formalization of this idea, an operation of the so-called diffeological gluing (introduced in [19], where more
details appear).

4.3 In place of local trivializations: diffeological gluing

The main difference of diffeological vector pseudo-bundles from their usual counterparts (smooth vector
bundles) is the absence of local trivializations; in this section we describe what can be a partial substitute
for these. The line of thinking that we follow is to consider the usual local trivializations as elementary
pieces (building blocks) from which the whole bundle is reconstructed by some sort of assembling (gluing
along diffeomorphisms). We therefore adopt the same approach in the case of diffeological vector pseudo-
bundles, by expanding the assortment of these building blocks, as well as (more importantly) admitting
gluings along maps that may not be diffeomorphisms and, especially, may not be defined on open??
subsets of diffeological spaces being glued. What we obtain is the procedure of diffeological gluing, first
between two diffeological spaces, then between two diffeological vector pseudo-bundles, along smooth
maps (in the case of pseudo-bundles, linear on fibres), which a priori can be defined on any kind of
subset. It should be noted that this procedure does extend the notion of local trivializations, in the sense
that a usual smooth vector bundle admitting a finite atlas of local trivializations, considered with its
standard diffeology, is indeed the result of the diffeological gluing of the trivial bundles that compose the
atlas, along the transition maps (see [20] for details).

The idea of the construction Suppose that we have two (locally trivial, so true vector bundles)
diffeological vector pseudo-bundles 7 : V; — X; and 7 : Vo — X5. We wish to describe a gluing
operation on these, that would give us an object similar in nature to that appearing in the example(s)
of Christensen-Wu. This obviously requires, first of all, a smooth map f: X; DY — X, and its lift to a
smooth map f : m; 1 (V) — Va; this lift should be linear on the fibres.?> The idea is then to perform the
usual gluing (which we will talk more about below, perhaps in more in detail) simultaneously of X; to
X, via f, and of V4 to V via f; and then to specify the diffeology obtained.

As an illustration (or clarification), we comment right away on how this construction would relate, for
instance, to the example of the coordinate axes in R?. It is not meant to produce it immediately; rather,
it describes the first step in the construction, by setting X; one of the axes with its subset diffeology
and V; the corresponding internal tangent bundle (which is the usual tangent bundle to R), the subset
Y is the origin, and finally X5 is a single point and the corresponding bundle is the map 7o that sends

22For D-topology, they are called D-open.
231t is of course essential that f be defined on the whole fibres; if not, the gluing can be done, of course, but some fibres
of the result would not be vector spaces; thus, the result would not be a vector pseudo-bundle.
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(another copy of) R?, with the standard diffeology, to this point. The map f is obvious and sends the
origin (0,0) € R? to the point that composes X5. The lift f must be specified, since the options a priori
are numerous. Indeed, f is defined on R = 77 *(0,0) and so is a linear map from R to R? = 7, }(Xy). Tt
thus can be described by its image, which is either the origin or any 1-dimensional linear subspace of R?,
with an uncountable number of possibilities in the latter case.?*

Gluing of two diffeological spaces Due to the concept of the quotient diffeology (see the definition
in Section 2 and the original paper [9]), the construction is quite straightforward. On the level of the
underlying topological spaces, it is a usual topological gluing, whose precise definition is as follows.
Suppose we have two diffeological spaces X; and X5 that are glued together along some smooth map
f:X1 DY — X, (the smoothness of f is with respect to the subset diffeology of Y'). We set X, Uy Xp =
(X1 U X3)/ ~, where ~ is the following equivalence relation: x; ~ x1 if 21 € X3 \Y, 29 ~ x9 if
29 € Xo \ f(Y), and &1 ~ xo if 1 € X5 and xo = f(x1).

Now, for X; and X5 diffeological spaces, there is a natural diffeology on X LI X5, namely the disjoint
union diffeology (see Section 2); and for whatever equivalence relation exists on a diffeological space
(which is X U X5 in this case) there is the standard quotient diffeology on the quotient space. This is
the gluing diffeology on X; Uy Xo.

Example 4.5. Take X; C R? the x-coordinate azis and Xo C R? the y-coordinate azis; both are con-
sidered with the subset diffeology of R? (so it is the standard diffeology of R). Gluing them at the origin
yields, from the topological point of view, the same space that appears in the Christensen-Wu example.
Note that its gluing diffeology, as has just been described, is strictly finer than the subset diffeology of R?,
see Example 2.67 in [33].

Gluing together diffeological vector pseudo-bundles The operation of gluing of two diffeological
spaces easily extends to the definition of gluing of two diffeological vector pseudo-bundles. Let X7 and X5
be two diffeological spaces; let 71 : V3 — X7 and w9 : Vo — X5 be two diffeological vector pseudo-bundles
over X; and X respectively. Let f: X7 DY — X5 be a smooth map (we will frequently assume it to
be injective, although this is not always necessary). Let also f Ty 1(Y) — V5 be a smooth map that is
linear on fibres and such that m o f = fo (7r1)|7r1_1(y) (namely, f is a smooth fibrewise linear lift of f).
The latter property yields a well-defined map

m: W Uf'VvQ*)Xl UfXQ.
This map is indeed a diffeological vector pseudo-bundle (see [19]).

Theorem 4.6. The map 7 : V; Uf Vo = X1 Uy Xy is a diffeological vector pseudo-bundle.

The extension from the standard case As we stated in the beginning of the present section, the
operation of diffeological gluing can be seen as an extension to diffeological vector pseudo-bundles of
the usual representation of smooth vector bundles by an atlas of local trivializations (this is also true
of representing smooth manifolds by their atlas). The idea is to replace the atlas of local trivializations
by a finite collection of standard bundles of form R® — R* and with the difference that this collection
would generally include bundles of different dimensions (be of form {R™ — R¥}™ with ny,...,n,, and
k1,..., ks, being in general not all equal to the same fixed n and the same fixed k, respectively) and the
transition charts would consist of smooth injections rather than diffeomorphisms; perhaps calling such a
collection a pseudo-atlas.

Such an extension has its limits (we do not claim that every diffeological space is a result of diffeological
gluings of a reasonable selection of other diffeological spaces; so much less we make a similar claim
regarding pseudo-bundles — both claims in their full generality are in fact false). On the other hand, it
is indeed an extension of the usual notion, in the sense that a smooth vector bundle 7 : E — M which
admits a finite atlas of local trivializations (for instance, if M is compact) can be seen as a diffeological
vector pseudo-bundle, with respect to its standard diffeology, obtained by a finite number of diffeological

24Since the diffeology on R = ﬂfl(O, 0) is standard, it suffices for it to be a linear map; its smoothness then is automatic.
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gluings of several copies of the standard bundle R™ x R¥ — R*. The precise form of this statement (which
is found in [20]) is as follows.

To specify the notation, recall that a smooth vector bundle of rank % is a smooth map w : E — M
between two smooth manifolds E and M (we assume that M admits a finite smooth atlas) such that

a) for every x € M the fibre 7—!(z) carries a vector space structure;

b) M admits a finite atlas {(U;, ¢; : Uy — R™)}™, such that for every index ¢ = 1,...,m there is a
fixed diffeomorphism 1; : 7~ (U;) — U; x R* such that for every = € U; the restriction of v; to the
fibre 7—1(z) is an vector space isomorphism 7~1(z) — {z} x R*.

The transition functions are then defined, for every pair of indices %, j such that the intersection U; N U;
is non-empty, by setting g;;(v) = ¥;|r-1(q) © (w;1|{w}ka) for all # € U; N Uy, which is a vector space
isomorphism {z} x R¥ — {x} x R¥. Thus, each map g;; is a map U; NU; — GLg(R). We can then state
the following:

Theorem 4.7. Let m: E — M be a smooth vector bundle of rank k over an n-dimensional manifold M
that admits a finite atlas of m local trivializations. Then 7 is the result of gluing of m diffeological vector
pseudo-bundles m; : R"F — R™, where

-1

T =piomo;t ot x Idgr) fori=1,...,m,

and the gluing (ﬁ-j7 fij) between m; and m; is given by the maps
Jij =pjo0 (‘pi|UiﬁUj)71a and
Fis(w,v) = (fi5 (), 915 (0" (0))v), fory € UiNUj and v € w7 (y).

The motivation for the choice of diffeology We conclude this section with commenting on the
reasons for our specific choice of the diffeology on a diffeological space obtained by gluing of two other
spaces (in particular, when the gluing is between two total spaces of pseudo-bundles). These reasons have
to do with the fact that the gluing diffeology as defined above possesses some important properties that
we state below; these properties are heavily used in the proofs of various results that are cited below,
although we do not give the proofs themselves. (Another reason, of course, is that this is a very natural
definition).

Lemma 4.8. Let X7 and Xy be two diffeological spaces, and let f : X1 DY — Xa be a smooth map.
Then:

1) the obvious inclusions i1 : X1 \'Y < X1 Uy Xz and iz : Xo — X1 Uy Xo are inductions;

2) every plot p : U — X1 Uy Xy locally has the following characterization: either there exists a plot
p2: U DU — Xo of Xo such that p|ly = iz 0o pa, or there exists a plot p1 : U DU’ — X1 of X1 such that

n_ J i(p(w)) if pr(u') € X1\Y,
p(w) = { io(f(pr(u) if pr(u) € Y.

Note in particular that i1 (X7 \'Y) and i2(X3) cover X7 Uy Xo.

On the alternative choices The gluing diffeology is perhaps the one most closely related to the initial
two diffeologies. There are of course other choices that we now briefly mention (these do not enjoy the
properties indicated in the above Lemma, in particular, they do not have the crucial property 2); crucial
in that it much helps with various proofs).

Example 4.9. Let X be the diffeological space of the Example 4.5, and let us describe a diffeological
vector pseudo-bundle over X which has non-standard fibres. Write X = X; U X5, where X1 = {(x,0)}
(the x-azwis) and Xo = {(0,y)} (the y-awis). We now take three copies of R%, which we denote by Vi, Va,
and Vy; we will identify, as needed, X1 with the x-axis of V1 and Xs with the y-axis of Vo. Their crossing
point, the origin, will be identified with the origin of Vj.

28



Consider the projections m : Vi — Xy (the projection on the x-axis), 7o : Vo — Xo (the projection
to the y-azis), and mo : Vo — X1 N Xy € X (the projection of the whole space to the origin). Consider
also maps f1 : Vi D {(0,y)} — Vo, where f1(0,y) = (0,y), and fo : Vo D {(z,0)} — Vb, where
f2(x,0) = (x,0); denote by V the result of the usual topological gluing of Vi and Vi to Vy along the
maps f1 and fo respectively. Clearly, the maps w1, w2, 7o yield a well-defined map 7 : V. — X (which
is continuous in the usual sense). Furthermore, the pre-image 7~ '(z) of every x € X inherits a vector
space structure from one of Vi, Vo, Vj.

The space X already carrying a diffeology Dx, there is a well-defined pullback, which we denote by
Dy, of it to V', via the map 7; let us show that Dy induces the coarse diffeology on fibres. Letp: U —V
be a plot of Dy ; then wop is a plot of Dx, i.e., as has been observed above, it is either a map of form
u > (p1(u),0) or a map of form u > (0, pa(u)), where p1 and ps are ordinary smooth maps with values in
R. This implies, first of all, that the image of p is contained in either V1 UVy or Vo U Vy. If it is entirely
contained in Vy, it can be any map, since its composition with 7 is always a constant map. This implies
(recall that the pullback diffeology is the coarsest diffeology such that the pulling-back map is smooth)
that Vi has coarse diffeology. Furthermore, if the image of p is contained in, say, Vi, then writing it as
p(u) = (p1(u), p2(u)), we obtain that py is an ordinarily smooth map, while py is any map. Therefore the
fibre over any point of X1 has coarse diffeology; an analogous conclusion can be obtained for Xo. Thus,
the subset diffeology on any fibre of V is the coarse diffeology, although the diffeology of V' as a whole is
not the coarse one.?

4.4 Constructing a desired fibre

For diffeological vector pseudo-bundles, there continue to exist all the same operations that are performed
with the usual smooth vector bundles, such as taking direct sums, tensor products, and dual pseudo-
bundles. They were probably first described in [32] and indeed necessitate a separate description, because
they cannot be defined in the classic way, using local trivializations, since pseudo-bundles do not have
them. The typical procedure for the pseudo-bundles is to describe them on individual fibres (where they
are just the same operations on diffeological vector spaces — these are described in [32] and [34], and
were briefly recalled above), and then explain which diffeology is assigned on the union of the new fibres
thus obtained.

Sub-bundles and quotient pseudo-bundles It is useful to note that if we are given a pseudo-
bundle 7 : V' — X, and a vector subspace W, < 7~ !(z) of each fibre, then the union W = U,exW, C V,
endowed with the subset diffeology, is always a diffeological vector pseudo-bundle on its own. Likewise,
the collection of fibrewise quotient spaces V/W = Ugexm~ ! (z)/W, is trivially a quotient space of V; the
corresponding quotient diffeology induces the same (subset) diffeology on each fibre 7= (z)/W, of it; the
latter diffeology coincides with the quotient diffeology relative to the projection m=*(z) — 7= 1(x)/W,.
These properties come in handy when describing the further constructions with pseudo-bundles.

The direct product bundle Let 71 : Vi — X and w5 : Vo — X be two diffeological vector pseudo-
bundles with the same base space. The total space of the product bundle consists of fibrewise direct
products, Vi xx Vo = Ugexm; () x my *(x). The product bundle diffeology?® (see [32], Definition
4.3.1) is the coarsest diffeology such that the fibrewise defined projections are smooth; this diffeology
includes, for instance, for each € X all maps of form (pi,ps2), where p; : U — (V;), is a plot of (V;),
fori =1,2.

The direct sum pseudo-bundle It suffices to add to the above direct product bundle the operations
on all fibres (that are defined in the usual manner), to get a well-defined direct sum pseudo-bundle
m B my: V1 & Vo — X. Each fibre of it is the usual direct sum of the corresponding fibres, in the sense
of diffeological vector spaces, (11 ® m2) " (x) = 71 }(x) ® w5 ' (z) for all z € X.

251t is quite clear that the pullback diffeology is way too big; typically, we would like to at least preserve the ordinary
topology of V. For this to happen, the subset diffeology on fibres should include continuous maps only.

26 The result is usual a pseudo-bundle rather than a standard (locally trivial) bundle; we do call it a product bundle, just
as we say sub-bundle rather than the cumbersome sub-pseudo-bundle, to avoid making the terminology too complicated.
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The tensor product pseudo-bundle This notion was also described in [32] (see Definition 5.2.1);
it is again defined fibrewise as the collection of the tensor products of all fibres over the same point.
Its diffeology is defined as follows. Let m; X my : V7 x Vo — X be the direct product bundle; for each
x € X let ¢y : 1y H(x) x my H(x) = 71t (2) ® 75 ' (2) be the universal map onto the corresponding tensor
product of diffeological vector spaces. The collection of maps ¢, defines a map ¢: Vi x Vo = Vi @ V; =:
Upex; *(z) @ my *(2). Let also Z, be the kernel of ¢, for all z € X; recall that Z := U,exZ, is a
vector sub-bundle for the subset diffeology. The tensor product pseudo-bundle diffeology on the
total space space V7 ® V5 tensor product pseudo-bundle m ® 7o : V3 ® Vo — X is the pushforward of
the diffeology of Vi x V5 by the map ¢. Equivalently, it can be described as the quotient diffeology on
the quotient pseudo-bundle (V; x V3)/Z (the equivalence follows from the above-mentioned properties of
quotient pseudo-bundles). Each fibre (71 ®m)~!(x) of the tensor product pseudo-bundle is diffeomorphic,
as a diffeological vector space, to the tensor product 7, *(2) ® 75 *(x) of the corresponding fibres.

The dual pseudo-bundle It remains to define the dual pseudo-bundle, which is the most intricate
case. This definition is also available in [32], Definition 5.3.1. Let 7 : V — X be a diffeological vector
pseudo-bundle; the dual (pseudo-)bundle of it is obtained by taking the union Ugex (7= 1(z))* =: V*
(where (77!(z))* is the diffeological dual of the diffeological vector space m~!(x)) with the obvious
projection, which we denote 7*. The dual bundle diffeology on V* is the finest diffeology on V* such
that: 1) the composition of any plot with 7* is a plot of X; and 2) the subset diffeology on each fibre
coincides with its diffeology as the diffeological dual (7~ (z))* of fibre 771 (z).

The proof that such a diffeology exists, and more explicit characterization of its plots were given in
[32]. This explicit characterization is as follows.

Lemma 4.10. ([32], Definition 5.3.1 and Proposition 5.3.2) Let U be a domain of some R'. A map
p: U — V* is a plot for the dual bundle diffeology on V* if and only if for every plot q : U' — V the
map Y’ — R acting by (u,u') — p(u)(q(u’)), where Y’ = {(u,u)|7*(p(u)) = n(q(v')) € X} CU x U’, is
smooth for the subset diffeology of Y' C RAAUY) gnd the standard diffeology of R.

Just like it happens with the diffeological duals of diffeological vector spaces, the dual pseudo-bundles
can be quite different from what one obtains in the usual smooth case. The following is a more extreme
case of this.

Example 4.11. Let 7w : V — X be the diffeological vector pseudo-bundle with the base space X of Example
4.5, where V is the space (endowed with the appropriate 7) that we have constructed in the Example 4.9.
Since all fibres have coarse diffeology, their diffeological duals are always zero spaces, which means that
the dual bundle in this case is just a trivial covering, in the usual meaning of the term, of X by itself.

On the other hand, if we have a usual smooth vector bundle (of finite rank and dimension) then it can
be seen as a diffeological vector pseudo-bundle for its standard diffeology. Then, as long as it admits a
finite atlas of local trivializations, its diffeological dual pseudo-bundle is the same as its usual dual bundle
(see [20]). In fact, the usual construction of the dual bundle via local trivializations is mimicked by the
concept of the diffeological gluing described in the previous section.

Finally, here is an example which is somewhat in between.

Example 4.12. Let V be R? endowed with the vector pseudo-bundle diffeology generated by the plot
q : R? — R2, with q(z,y) = (x,|zy|), let X be the standard R, which we identify with the x-azis of
R2 =V, and let 7 be the projection of the latter onto its first coordinate. Let now U be a domain of
some R™ and let p: U — V* be a plot for the dual pseudo-bundle diffeology. Note that in some sense
we can write p(u) = (p1(u), p2(u)), where py(u) = 7*(p(u)) determines the fibre (which is given by the
first coordinate) and ps(u) determines a linear map on this fibre; this map can be identified with ps(u)e?.
Now, the smoothness of the projection ©* is equivalent to p; being an ordinary smooth map U — R. As
for pa, consider the evaluation of p(u) on the plot q; we get that p(u)(q(z,y)) = p2(uw)|zy|. This implies
that outside of the subset Y’ \pfl(O) the function ps must be identically zero (this agrees with the fact
that it is py that defines the subset diffeology of each fibre; recall that, except for the fibre (7*)~1(0), the
dual is trivial and, in particular, is standard, while, on the other hand, the diffeology generated by the
zero function, or any other constant function, is precisely the standard one). Furthermore, ifpl_l(()) has
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non-empty interior (which it might well have, since the only restriction on py is that it be smooth), then
for any open subset Uy C Int(py *(0)) such that its closure is also contained in Int(p;*(0)), and for any
smooth function Uy — R, we can find py that coincides on Uy with this function and satisfies all the
required conditions. This also agrees with the fact that the fibre at 0 is the standard R.

To summarize the above discussion, we state that p = (p1,p2), where p1 and ps are two smooth
functions such that p;*(0) D (Y \ p;*(0)).2” Note also that this condition ensures also the smoothness
of any composition of p with qo f, for any smooth function f.

4.5 Trivial bundles R" — R*

What at the moment we mean by a trivial bundle is one whose underlying topological map is the projection
Tnk of R™ to its first k& coordinates, i.e., to the subspace that is naturally identified with R*. As we
illustrate below, there are choices of diffeologies on R™ (particularly) and on R¥ (this seems less important)
that make the same bundle non-trivial from the diffeological point of view, meaning that, although all
fibres are isomorphic as vector spaces, they are not diffeomorphic as diffeological (vector) spaces. In
this section we collect several examples of this, but also of other diffeologies that can be put on the two
spaces, producing different instances of pseudo-bundles. Finally, we observe that such pseudo-bundles,
being among the simplest ones, can be used as building blocks for assembling, via the gluing construction,
a wealth of more complicated pseudo-bundles. It is this class of pseudo-bundles to which we intend to
apply our further considerations; this does leave aside many (even simple) instances of pseudo-bundles
that one might consider, but on the other hand it still produces a reasonably wide class of them.

Diffeologically trivial pseudo-bundles From the point of view of the above-mentioned building-
blocks’ idea, these are the natural starting point (we will explain later why we shall avoid non-locally
trivial pseudo-bundles of form R™ — R¥). For these, we first consider the largest diffeology possible: the
pullback diffeology.

Example 4.13. Consider the projection © of R? to its x-azis X = R, the latter being endowed with the
standard diffeology of R; the pre-image 7~ 1(x) of any point x € X has an obvious vector structure.?® Let
us endow R? with the pullback of this diffeology by the map ; let p : U — R? be a plot of this pullback
diffeology, written as p(u) = (p1(u),p2(w)). Then (7o p)(u) = p1(w), and this has to be an ordinary
smooth map. But since no condition is thus imposed on po, and the pullback diffeology is defined as the
coarsest diffeology such that wop is a plot of X (i.e., simply smooth in this case), p2 can be any map.
In particular, every fibre of m has coarse diffeology.

Example 4.14. Consider V =R" (a finite-dimensional diffeological vector space whose underlying space
is identified with R™) and X = R, which is naturally identified with the subspace of V spanned by the
first k coordinate axes. This defines the obvious projection mp : V — X.

Let Dx be any vector space diffeology?® on X; let Dy be its pullback to V by the map m, . Let
p:U =V =R" be a plot for Dy written as p(u) = (p1(w),...,pn(w)). Then by the definition of pullback
diffeology the map u — (p1(u),...,pr(u)) is a plot of Dx, while the map u — (prr1(u),...,pn(u)) is a
plot for the coarse diffeology on R" ™% (and the statement is also vice versa). Thus, denoting the coarse
diffeology on Rk by f?n,k, we can write Dy = Dx X f)n,k, with the obvious meaning.

The pullback diffeology is the largest diffeology making the projection 7, smooth,3’ but it is not
particularly interesting nor is it desirable (if nothing else, it does not induce the usual topology on R"™).
Many other diffeologies can be constructed, however, by taking any vector space diffeology D,,_j on
R"* and setting Dy to be the product diffeology on R"” = R* x R"~* coming from Dx on the first
factor and D, on the second. The biggest “sensible” choice for the diffeology D,,_ seems to be that
of the diffeology consisting of all continuous, with respect to the usual topology, maps to R”~*: this is
the largest diffeology whose underlying D-topology coincides with the usual topology of R™; it also seems
reasonable to ask the same of the diffeology on the base space R¥.

2TWe could also summarize this as Y’ = p7 *(0) U p; ' (0).

28This vector space structure is obtained by representing R? as the direct product R x R (with respect to the standard
coordinates); each fibre then has form {z} X R, and the vector space structure is that of the second factor.

29Tt does not have to be vector space diffeology; our choice is somewhat arbitrary.

30The smallest of such diffeologies is obviously the fine (standard) diffeology on R™.

31



A non-locally trivial pseudo-bundle R?> — R Although we have said already that we will not
include such instances in our main treatment, for reasons of completeness we describe an example of how
such a pseudo-bundle arises (and what it looks like).

Example 4.15. Let us take V = R? and X = R identified with the x-azis of V. Endow X with the
standard diffeology and V' with the pseudo-bundle diffeology generated by the map p : R2 — V acting by
p(z,y) = (x,|zy|). The map ™ = mo 1 is obviously smooth with respect to this diffeology; let us consider
the diffeology on a given fibre 7=1(xq) for an arbitrary xg € X = R. The subset diffeology on this fibre
is the vector space diffeology generated by the map y — |xo| - |y|; this is the standard diffeology if xg =0
(the generating plot is just a constant map, so the generated diffeology is the finest vector space diffeology,
namely, the standard one), and a non-standard one if xo # 0. This implies the bundle in question is not
trivial as a diffeological vector pseudo-bundle, although it is so as a topological bundle. In fact, it is not
even locally trivial as diffeological pseudo-bundle: its fibres are all isomorphic as usual vector spaces, but
they are not all diffeomorphic, since there is one fibre whose diffeology is different from that of all the
others.

4.6 Gluing and operations: commutativity conditions and diffeomorphisms

We now turn to considering the behavior of the operation of gluing for pseudo-bundles with respect to
the (diffeological counterparts of) usual vector bundles’ operations on them (see [19]). In all cases but
one there is a simple description of this behavior — they commute, — and the one (expected) exception
is the operation of taking the dual pseudo-bundle; the reason stems from the fact that, on one hand, the
operation of gluing is not symmetric and, on the other, the operation of taking duals is covariant.

Before proceeding with the details of what has just been said, we introduce some further notation
notation, that we will use from this point onwards. Since in what follows we will frequently find ourselves
working with more than one pair of pseudo-bundles, each one forming a glued pseudo-bundle, we modify
the notation for the corresponding standard inductions. Specifically, if we have a pseudo-bundle &; Uth.n)
& Wy Uj, Wo — Z1 Uy, Zs, where h has the domain of definition Y, then we write ijl W \ﬁ_l(Y) —
W1 U; Wy for the corresponding standard induction (which was previously denoted just by j;). Likewise,
we will have j2W2 s Wo — Wy Uy W, i1Z1 : Z1\Y = Zy Up, Zs, and z'2Z2 2 Zo — Z1 Uy, Zs.

4.6.1 The switch map

As follows from its definition, the operation of gluing for diffeological spaces is asymmetric. However, if
we assume that gluing map f is a diffeomorphism with its image then obviously, we can use its inverse to
perform the gluing in the reverse order, with the two results, X; Uy X5 and X, U;-1 X, being canonically
diffeomorphic via the so-called switch map

PX,Xs - X, Uf X — Xo Uf—l X;.
Using the notation just introduced, this map can be described by

Px,0x, (07 () = i (x) for z € X1\ Y,
ox,0x, (052 (f(2) =iy (x) forz e,
Ox, 0%, (152 (2)) = i32 (2) for z € X5\ Y.

1 2

This is well-defined, not only because the maps z{( and 25( are injective with disjoint ranges covering
X1 Us Xo, but also because f is a diffecomorphism with its image.

4.6.2 Gluing and operations

Diffeological gluing of pseudo-bundles is relatively well-behaved with respect to the usual operations
on vector bundles. More precisely, it commutes with the direct sum and the tensor product, while he
situation is somewhat more complicated for the dual pseudo-bundles, see [?] (the facts needed are recalled
below).
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Direct sum Gluing of diffeological vector pseudo-bundles commutes with the direct sum in the following
sense. Given a gluing along (f, f) of a pseudo-bundle 71 : V; — X; to a pseudo-bundle 75 : Vo — X5, as
well as a gluing along (f’, f) of a pseudo-bundle 7 : V/ — X, to a pseudo-bundle 7} : V§ — Xy, there
are two natural pseudo-bundles that can be obtained by applying to them the operations of gluing and
direct sum, namely

(M1 Uf gy m2) @ (T Uiy m3) 2 (Vi Up Vo) @ (V] U, Vo) — X1 Up X and

(M @ 7)) Ugfgr gy (M2 @m5) s (Vi @ V) U (Vo ® Va) — X1 Uy Xo;
they are diffeomorphic as pseudo-bundles, that is, there exists a fibrewise linear diffeomorphism
i (ViUpVa) @ (Vi Up V3) = (Vi@ Vi) U (V2@ V3)
(see below) that covers the identity map on the base X7 Uy Xo.

Tensor product What has just been said about the direct sum, applies to the tensor product as well.
Specifically, we obtain two a priori different pseudo-bundles

(1 U gy m2) ® (71 Ufpy ™) + (Vi Up Va) @ (V] U Vy) = X1 Uy X5 and

(m @) Ui .f (mo@mh): (Vi @ V) Usgfr (Vo Vy) = X Uy Xo,
which turn out to be diffeomorphic via
Pue: (ViU Vo) ® (Vi Up Vy) = (Vi @ V) Upg 7 (V2 @ V3)
covering the identity on X; Uy Xo.

The dual pseudo-bundle The case of dual pseudo-bundles is substantially different. For one thing,
to even make sense of the commutativity question, we must assume that f is invertible (and so the above-
mentioned switch map is defined). However, even with this assumption, the operation of gluing does not
commute with that of taking duals, for the following reason. Let 71 : V3 — X3 and s : Vo — X5 be two
diffeological vector pseudo-bundles, and let ( f , /) be a gluing between them; consider the pseudo-bundle
™ U(f’f) o W1 Uf Vo — X1 Uy X5 and the corresponding dual pseudo-bundle

(7‘(‘1 U(f,f) 772)* : (Vl U]; ‘/2)* — X1 Uf Xo;

compare it with the result of the induced gluing, which is along the pair (f*, ), of w5 : VJFf = X5 to
i« V" = X4, that is, the pseudo-bundle

’]'(';< U(f*,f) ’/T)lk : ‘/2* Uf* ‘/1* — X Uf—l X;.

It then follows from the construction itself that for any y € Y (recall that Y is the domain of gluing) we
have

(71 Uf gy ™))" 2 (F ) 2 (3 (F@)))" and (w5 Upepy 1)~ (50 (9)) = (7 ()

since i3 % (f(y)) and i3 (y) are related by the switch map, for the two pseudo-bundles to be diffeomor-

phic (in a way that we want them to be) the two vector spaces (w5 *(f(y)))* and (77 *(y))* must be
diffeomorphic, and @ priori they are not.3!
Thus, we obtain one condition necessary for there being a diffeomorphism (V3 U i Va)* =2 VU PV

which is that (75 *(f(y)))* = (77 }(y))* for all y € Y. We do note right away that this condition may not
be sufficient, in the sense that two pseudo-bundles over the same base may have all the respective fibres
diffeomorphic, without being diffeomorphic themselves (this can be illustrated by the standard example
of open annulus and open Mébius strip, both of which, equipped with the standard diffeology®? can be
seen as pseudo-bundles over the circle). Thus, in general we impose a certain gluing-dual commutativity
condition (see below) as an assumption, although later on we will also discuss how it correlates with
other conditions (see Section 5).

31They may have different dimensions.
32The one determined by their usual smooth structure.
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4.6.3 The commutativity diffeomorphisms

We now say more about the commutativity diffeomorphisms mentioned in the previous section.

The diffeomorphism ®, ¢ As we have stated above, this diffeomorphism always exists and is defined
as a map
Dy (ViUpVa) @ (V{Up V3) = (Vi @ V) Usg o (Vo @ V3),

that covers the identity map on X; Uy X, and is given by the following identities:

. V! Viev! . V) Vo®dVY
Dueo( @i ) =47 " and Qugo(jy’ ®jp’) =Jp 0 2.

The diffeomorphism ®_ g Also in this case, there is always a diffeomorphism
Oy (V1 Uy Vo) @ (V/ Ug Vi) = (Vi@ V) Usefr (Vo2 V)
covering the identity map. It is given by

i®vy

WV V! . Va®VY
Pugo(i' ®@ii') =4 PO

. .V
and @U7® ] (];/2 ®]22) =7

The gluing-dual commutativity conditions, and diffeomorphism ®_,, We have already ex-
plained that the gluing-dual commutativity is far from being always present. Here we define what it
actually means for this commutativity to occur, without discussing under which conditions it does (later
on we discuss some instances, but we do not have a complete answer). Specifically, we say that the
gluing-dual commutativity condition holds, if there exists a diffeomorphism

@U’* : (V1 Uf Vg)* — VQ* Uf* Vl*
that covers the switch map, that is,
(M3 U p-1) 1) © Pue = 9X16X, © (M1 U7 p) T2)7,

and such that the following are true:

=V k) — v * — 1
Py 0 ((JY )) =4 on (73 U 1) 1) l(lé( (X1\Y)),
= Vo k) — v * * — 1
Py o ((J;/) )"t =yt o f* on (7 U r-1 1) 1(15( (Y)),
= Vo k) — Vo * *\—1 /X2
Py 0 ((]X )t =11 on (73 U 1) 1) 1(1{( (X2 \ f(Y))).

5 Diffeological pseudo-metrics on diffeological vector pseudo-
bundles

To proceed with our discussion we now need a diffeological counterpart of a Riemannian metric, and it
is not immediately clear what this should be. In this section we consider a notion of a pseudo-metric on
a pseudo-bundle, something which comes as close as possible to the standard notion, although it has its
own limitations, the first of which is that it does not always exist. Specifically, in this section we show
that a pseudo-metric, which on any individual fibre is supposed to be the best possible substitute for
the scalar product (such a substitute can easily be defined for any finite-dimensional diffeological vector
space, and is called just a pseudo-metric on such), does not always exist on the pseudo-bundle as a whole.

Another item that we point out is that our aim at this moment is to define a pseudo-metric, meant
as a diffeological counterpart of a Riemannian metric, on a generic diffeological vector pseudo-bundle,
although the proper analogy would be to put it on a suitable model of the tangent bundle. But, as we
already pointed out in the Introduction and in Section 3, there is not yet a standard theory of tangent
spaces and tangent bundles for diffeological spaces, although various attempts to develop such have been
made, see [6], [7], [3], and references therein. We therefore avoid tying ourselves down to a specific
construction in favor of a more abstract treatment, applicable to any diffeological vector pseudo-bundle
(with finite-dimensional fibres). The material in this section is based on [20] and in part on [21].
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5.1 The case of a single vector space

As recalled in the Introduction, already in the case of a finite-dimensional®3 diffeological vector space
the appropriate analogue of the scalar product is not, in fact, a scalar product. What this means that a
finite-dimensional diffeological vector space V' admits a smooth symmetric definite-positive bilinear form
V x V — R if and only if V is diffeomorphic to the standard R™ for an appropriate n (see [10], p. 74,
Ex. 70). It follows that a generic diffeological vector space the notion of the scalar product must be
replaced by something that, for the given space, comes as close as possible to the scalar product, i.e., a
smooth form of the maximal rank possible. We call such a form a pseudo-metric on V; it turns out
(not surprisingly) that its rank is the dimension of its diffeological dual.

The absence of scalar products The following easy example shows why a diffeological vector space
typically does not admit a smooth scalar product. We stress how the presence of just one non-smooth
plot is sufficient to prevent the existence of such.

Example 5.1. Let V = R", and let vg € V be any non-zero vector. Let p : R — V be defined as
p(x) = |z|vo; let D be any vector space diffeology on V that contains p as a plot.>* Suppose that A is a
symmetric n X n matriz, and assume that the bilinear form (vjw)a = v*Aw associated to A is smooth
with respect to D and the standard diffeology on R. We claim that A is degenerate.

Indeed, (v|w)a being smooth implies, in particular, that for any two plots p1,ps : R = V of V the
composition map (-]-ya o (p1,p2) : R — R is smooth in the usual sense; this map acts as R 3 x —
(p1(z))tApa(x). Let w € V be an arbitrary vector; denote by c,, : R — V the constant map that sends
everything to w, ¢,(xz) = w for all x € R. Such a map is a plot for any diffeology on V. But then
((:])a o (p,cw))(z) = |z|vl Aw; the only way for this to be smooth is to have vl Aw = 0, and since there
was no assumption on w, this implies that (vo|-)a is identically zero on the whole of V, i.e., that A is
degenerate. In other words, V does not admit a smooth scalar product.

Note that the above example would work just the same if we had taken p(z) = f(x)vg with f(z) any
function R — R that is not differentiable (for instance) in at least one point. We now cite the reverse
statement, giving its proof for illustrative purposes.

Proposition 5.2. (This is actually a solution to Exercise 70 on p. 74 of [10].)3® Let V be R™ endowed
with a vector space diffeology D such that there exists a smooth scalar product. Then every plot p of D is
a smooth map in the usual sense.

Proof. Let A an n x n non-degenerate symmetric matrix such that the associated bilinear form on V'
is smooth with respect to the diffeology D, and let {vy,...,v,} be its eigenvector basis. Let A; be the
eigenvalue relative to the eigenvector v;.

Let p: U — V be a plot of D; we wish to show that it is smooth as a map U — R™. Recall that (-|-) 4
being smooth implies that for any two plots p1,ps : U — V the composition (-|-) 4 o (p1,p2) is smooth as
amap U — R. Let ¢; : U = V be the constant map c¢;(x) = v;; this is of course a plot of D. Set p; = p
and py = ¢;; then the above composition map writes as A;(p(z)|v;), where (:|-) is the canonical scalar
product on R™.

Since A is non-degenerate, all \; are non-zero; this implies that each function (p(x)|v;) is a smooth
map. And since vy, ..., v, form a basis of V, this implies that for any v € V the function (p(x)[v) is a
smooth one. In particular, this is true for any e; in the canonical basis of R"™; and in the case v = ¢; the
scalar product (p(x)|e;) is just the j-th component of p(z). Thus, we obtain that all the components of
p are smooth functions, therefore p is a smooth map. O

Note also that the example given prior to this proposition can easily be extended to obtain a finite-
dimensional diffeological vector space, with not too large a diffeology, such that the only smooth linear
map is the zero map. Namely, it suffices to take the vector space diffeology generated generated by the
n maps x — |z|e; for i = 1,...,n. By the same reasoning as in the example, applied n times, one sees
that a linear map, assumed to be smooth, must necessarily be the zero map, although the diffeology in
question is a very specific one.

331t is more complicated in the infinite-dimensional case, which we do not consider.
348uch diffeology does certainly exist; for instance, the coarse diffeology would do.
351t is similar to the solution of the exercise given on p. 387 of [10]; perhaps it is a bit more direct.
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A pseudo-metric: the best possible substitute This is a very natural notion. A pseudo-metric on
a finite-dimensional diffeological vector space V is a smooth symmetric bilinear of form of maximal rank
possible. It is easy to see ([18]) that this maximal rank is the dimension of the diffeological dual of V.
Thus, we have the following definition:

Definition 5.3. Let V be a diffeological vector space of finite dimension n, and let ¢ : V xV — R be
a smooth symmetric positive semidefinite bilinear form on it. We say that ¢ is a pseudo-metric if the
multiplicity of its eigenvalue 0 is equal to n — dim (V™).

Such a pseudo-metric always exists on any finite-dimensional diffeological vector space. One interesting
use of it is that it naturally determines, in V, its (unique) subspace maximal for the following two
properties: its subset diffeology is the standard one, and it splits off as a smooth direct summand.?® The
restriction of the pseudo-metric on this subspace is the usual scalar product.

The dual of a pseudo-metric We now consider induced pseudo-metrics on the diffeological dual
spaces (and then on the dual pseudo-bundles). The situation is rather simple here: for any finite-
dimensional diffeological vector space, a pseudo-metric on it induces a true metric on the diffeological dual,
which, in particular, turns out to be a standard diffeological vector space of the appropriate dimension
(see [18]).

Theorem 5.4. Let V' be a finite-dimensional diffeological vector space, and let V* be its diffeological
dual. Then the functional diffeology on V* is standard.

The proof of this statement is actually carried out using a pseudo-metric to construct a basis of V*
that generates its standard diffeology; thus, it is analogous to what happens in the usual smooth case.
Also in complete analogy with the standard case, to a pseudo-metric on V' there corresponds a true metric
on V*:

Corollary 5.5. Any pseudo-metric (:|'Ya on V induces a true metric on the diffeological dual V* of V,
via the natural pairing that assigns to each v € V' the smooth linear functional {-|v) 4.

It is quite easy to see that this is a vice versa statement: if (-|-)p is a smooth scalar product on V*
then it suffices to take an orthonormal (with respect to the canonical scalar product associated to the
standard structure on V*) basis {f1,..., fr} of V* to get a pseudo-metric on V that induces (-|-) p: this

pseudo-metric is given by Z?Zl fi ® fi.

An example of a pseudo-metric on a diffeological vector space Let us consider V = R? endowed
with the vector space diffeology generated by the plot p : R — V acting by p(x) = (0, |z|, |z|). We first
note that the diffeological dual of V' is generated by the maps e! and e2—e? (where {e!, €2, €3} is, obviously,
the canonical basis of the usual dual of R?). In particular, we have that dim(V*) = 2. It is then easy to

—a —b b
some a, b, ¢ € R. A specific example can be obtained by taking, for instance, a = 1, b = ¢ = 2, which gives

C a —a
see that any smooth symmetric bilinear form on V is given by a matrix of form ( a b —b > for

2 1 -1
A= ( 12 =2 ) Finally, the diffeological dual of V is generated by the vectors e! and e? — €3,
-1 -2 2

which form its basis; with respect to this basis, the induced metric on V* has matrix é( g 2 )

5.2 Pseudo-metrics on diffeological vector pseudo-bundles

Given a diffeological vector pseudo-bundle 7 : V' — X such that its fibres are finite-dimensional, there is
an obvious way to define a pseudo-metric on V' (it extends pretty much verbatim from the definition of
a Riemannian metric, just the notion of a scalar product gets replaced by that of a pseudo-metric).

36 Meaning that the diffeology on V coincides with the corresponding vector space sum diffeology.
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Definition 5.6. A pseudo-metric on the diffeological vector pseudo-bundle m : V — X is any smooth
section g of the corresponding pseudo-bundle 7* @ 7* : V* @ V* — X such that for every x € X g(x) is
a pseudo-metric on m*(x).

Note that by Theorem 2.3.5 of [32] g(z) is indeed a bilinear map on 7~ !(z), so the notion is well-
defined; on the other hand, it naturally presents existence questions. Indeed, just as it happens with the
non-existence, in general, of a smooth scalar product for diffeological vector spaces, also a pseudo-metric
on a diffeological vector pseudo-bundle, in the sense of the definition just given, might easily fail to exist.
We are not able to give a complete answer to this question, but we do observe that the existence of a
pseudo-metric on a pseudo-bundle seems to be related to the pseudo-bundle being, or not, locally trivial.
In this section we provide some preliminary observations, as well as some technical remarks; we provide
explicit examples of when a pseudo-metric does not exist in Section 5.3, while in Section 5.4, on the
other hand, we discuss the interactions of the gluing construction with pseudo-metrics, showing how,
under certain natural conditions, gluing two pseudo-bundles endowed with a pseudo-metric each allows
to obtain again a pseudo-bundle with a pseudo-metric.

A diffeological vector pseudo-bundle R” — R¥ Our first examples are based, as underlying topo-
logical map, on the standard projection of R™ onto its first k& coordinates, therefore on R¥. While in most
cases the diffeology on the total space R™ is a product diffeology (corresponding to its presentation as
R* x R"=*) it is also among such pseudo-bundles, the simplest ones from the topological point of view,
that we find non-locally trivial pseudo-bundles, see Example 5.9 above, and instances of those that do
not admit a pseudo-metric (as we will see, this also occurs for the Example 5.9).

Notation for topologically trivial pseudo-bundles The notation that we use in the examples
below, particularly for pseudo-metrics, is an ad hoc choice designed to apply not more than to the
instances being described. Pretty much always we use pseudo-bundles that are based on the projection
of some V = R™ onto its first k& coordinates, and so each fibre is of form {z} x R"~* with z € R¥; the
vector space structure (but not the diffeology) is that of the factor R"~*. It follows that the dual of each
fibre can be viewed as an element of Span(ef*1 ... e"), so a generic element of the dual bundle V* can
be written as ((z1,...,2x), apr1e" Tt + ... + a,e”), or, more briefly, as

(z, ak+1ek+1 +...tane™) eV,

although this is not vice versa, in the sense that not all such expressions define an element of V*, the
diffeological dual being in general a proper subset of the usual dual. By extension, then, a smooth bilinear
form and, more specifically, a prospective pseudo-metric in particular writes as

(z, Z agel@el) eV @V*
ij=k+1

(once again, with various restrictions on the coefficients to account for the fact that in general not all
such expressions would define a smooth form on V).

A sample pseudo-metric on a trivial non-standard pseudo-bundle The following is an example
of a pseudo-metric on a pseudo-bundle, which is both topologically and diffeologically trivial, but has
non-standard fibre.

Example 5.7. Let n =3 and k = 1, so we have 7 : R® — R given by 7(x,y, 2) = x; endow R with the
standard diffeology and R® with the finest vector space diffeology generated by the map p : U = R? — R3
acting by p(ui,us) = (u1,0,|us|). This is a diffeology seen before and is a simple example of a non-
standard diffeology; recall in particular that the fibre is diffeomorphic to R? with the vector space diffeology
generated by the map u v+ |ules. Setting g(z) = (z, (z% 4 1)e? ® €2) gives a pseudo-metric on this bundle
(if we consider the latter expression as a bilinear form in the coordinates y,z on the fibre m=1(x)). In
fact, it is easy to see that any pseudo-metric on this pseudo-bundle writes, in global coordinates of R, as
g(z) = (z, f(x)e? @ €?), where f : R — R is a smooth everywhere positive function.
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The example is particularly simple in that it admits a constant pseudo-metric (we could take f to
be a positive constant). Now, starting from the standard bundles, as well as simple pseudo-bundles such
as the one above, and utilizing the gluing procedure for pseudo-bundles, it is easy to construct more
complicated examples of pseudo-bundles carrying a pseudo-metric, in particular, examples where both
the total space and the base space are non-trivial topologically.®”

A topologically non-trivial pseudo-bundle with a pseudo-metric We now give an example of a
pseudo-bundle which is not a topologically trivial one (meaning that it is different from all the projections
R"™ — RF). Tt is obtained by the gluing construction from two standard projections.

Example 5.8. The following pseudo-bundle is obtained by gluing together two copies of the standard
(trivial) bundle R? — R, with the bundle map (x,y) — x. Namely, denote by V the result of gluing of
R?, written in coordinates (x1,y1), to R%, written in coordinates (xa,y2), via the map f(O,yl) = (0,y2).
From the topological point of view, this space is homeomorphic to the union of two coordinate planes in
R3, for instance, V = {(0,y,2)}U{(z,0,2)}. Notice that the gluing diffeology on V' coming from the first
representation (where the two copies of R? are endowed with the standard diffeology) is the same as the
subset diffeology relative to the standard diffeology of R? coming from the second representation.

The space V is the total space of our pseudo-bundle; define X to be the wedge, at their respective
origins, of two copies of standard R. Once again, it can be represented as the result of gluing and as the
subset X = {(0,y,0)}U{(x,0,0)} of R3; just as for V, the resulting diffeology is the same. Relative to the
first representation, the pseudo-bundle map acts by (x1,y1) — x1 and (x2,y2) — xo (which is well-defined
with respect to the gluing); relative to the second, it is the restriction on V. C R? of the standard projection
of R? onto its first coordinate.

As for the choice of a pseudo-metric, it is of course natural to choose them separately on each of
the two pseudo-bundles. It is also natural that on the two fibres being identified, the choices must be
compatible; we can use the fact that we have actually two identical pseudo-bundles, with gluing by identity
(see the first presentation of each), and so choose the same pseudo-metric on each. Observe finally that
any pseudo-metric on the projection R? — R, seen as a pseudo-bundle in our sense, writes in the form
x — (2, f(r)e? ® e2) for any smooth (in the usual sense) everywhere positive function f : R — R.
Other compatible choices would simply be f1 and fo with the same properties as just stated and satisfying
f1(0) = f2(0) (such as fi(x) = €® and fo(x) = 2% + 1, for instance).

5.3 Existence and non-existence of pseudo-metrics

It is quite easy to see that there are diffeological vector pseudo-bundles that do not admit pseudo-metrics;
below we give an example of such. On the other hand, the construction of gluing applied to compatible
maps frequently allows to obtain pseudo-metrics on many pseudo-bundles that result from gluings between
the domains and ranges of these pseudo-metrics. This suggests that some highly nontrivial pseudo-bundles
carrying a pseudo-metric could be obtained starting with a collection of standard bundles (ones modeled
on projections R — R¥ and carrying a product diffeology) and performing a multitude of gluings.

Non-existence of pseudo-metrics Let us consider the following example of a non locally trivial
pseudo-bundle (it is one of the simplest examples of such; we have already encountered it above).

Example 5.9. Consider the usual projection m of R? on its x-axis R; endow R with the standard dif-
feology, and endow R? with the pseudo-bundle diffeology generated by the plot p : R2 — R? given by

p(z,y) = (z, |zyl).
Lemma 5.10. The pseudo-bundle of Example 5.9 does not admit a pseudo-metric.

Proof. We have already observed that all fibres of m, except one, have non-standard diffeology; the only
standard fibre is 7~1(0). Now, as vector spaces all these fibres are isomorphic to R, so they have dimension
one. This allows us to conclude that for any x # 0 the diffeological dual of 7~!(z) is trivial; thus, any

37Non-trivial at this moment means first of all not being homeomorphic to R™ for some m, so includes contractible
spaces; but it is also easy to obtain spaces with non-trivial homotopy.
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pseudo-metric, being an element of the tensor product of this dual with itself, is a zero map. On the
other hand, the space 771(0) is standard and so admits a non-zero pseudo-metric (in fact, a true metric).
Observe also that the dual bundle 7* of 7 is not a true bundle even from a topological point of view.
Indeed, its total space V* is the union of two copies of R joined at the origin; one of these copies projects
(trivially) to R which is the base space and the other gets sent to the origin of the base. It is also easy
to see that V* is diffeomorphic, as a diffeological space, to the union of coordinate axes in R? considered
with the subset diffeology.

It follows from the remarks above that the potential pseudo-metric g on V writes as g(z) = (z,§(x)e?®
e?), where § : R — R is a version of the d-function, one given by §(x) = 0 for x # 0 and §(0) = 1 (or
any other positive constant).?® Let us check whether such a g defines a smooth section of V* ® V*.
By an extension (to the case of tensor products) of our characterization of plots of dual bundles we
should check that the evaluation of g on ¢ ® s, where ¢,s with ¢,s : U — V are two arbitrary plots
of V, is a smooth function (on an appropriate domain of definition). Now, if g(u) = (q1(u), ¢2(u)) and
s(u) = (s1(u), s2(u)), the domain of definition is the set of u such that g1 (u) = s1(u) and the evaluation
is the function u — §(q1(u))ga(u)s2(u); for it to be smooth, we must have ¢1(u) = 0 = g2(u)s2(u) =0
(otherwise the function would not even be continuous), which does not have to happen. Since we have
already observed the g proposed is essentially the only choice for a pseudo-metric on this pseudo-bundle,
we must conclude that in the sense of the definition given this pseudo-bundle does not admit any pseudo-
metric.?? O

Examples similar to the above ones can easily be constructed for any dimension (and the absolute value
function can be replaced by any function which is not smooth in at least one point of its domain). This
also allows us to observe that, given 7 : V' — X a diffeological vector pseudo-bundle whose image under
the forgetful functor into the category of topological spaces?’ is a usual vector bundle, the corresponding
(diffeological) dual 7* : V* — X may not be a topological vector bundle. This also indicates why we
cannot limit the discussion to just locally trivial diffeological vector pseudo-bundles (in addition to all

the reasons already listed in the previous section and coming from [8], [3], and others).

Existence What has been said in the previous paragraph, shows that the existence issue for pseudo-
metrics cannot be avoided via simple measures, such as, for instance, imposing some obvious restrictions
on the class of pseudo-bundles under consideration. Furthermore, there does not yet seem to be a complete
answer to when a pseudo-metric does or does not exist.*! Thus, in the rest of this section we attempt to
use the gluing construction as an approach to this issue, focusing on the following very natural question:
given a gluing between two pseudo-bundles carrying a pseudo-metric each, under what conditions is there
an induced pseudo-metric on the resulting pseudo-bundle?

5.4 Pseudo-metrics and gluing

We now consider the interaction between pseudo-metrics and diffeological gluing. The starting point is
an immediately obvious one: a pseudo-metric on a pseudo-bundle is a collection of pseudo-metrics on all
fibres, and when a gluing is performed, each fibre of the result corresponds to a fibre of one of the two
factors of gluing. Thus, the resulting pseudo-bundle comes, it as well, with a collection of (diffeological
vector space) pseudo-metrics on each fibre. The real issue is, is this collection a pseudo-metric on the
whole pseudo-bundle, i.e., does it depend smoothly on the point in the base space?

38This is the only possibility for g, up to choosing the specific value of §(0).

39That we obtained zero-maps-only conclusion is an extreme which does not have to happen. Below we will see that in
analogous situations with fibres of higher dimension(s), there is an almost-pseudo-metric, meaning that does give one on
most fibres, but, just as in this case, not all of them.

40That is, if we do not take into account the diffeologies of V and X.

417 am not aware of existence of one.
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5.4.1 Preliminary considerations

Consider two diffeological vector pseudo-bundles 71 : Vi — X7 and w9 : Vo — X5, each endowed with a
pseudo-metric, denoted respectively by g1 and go. This means that we are given two smooth maps

912X1—>V1*®V1* andgg:X2—>V2*®V2*.

Let us also fix a gluing of V] to V4 along ( fif ); recall that there is then an induced gluing of Vi* @ Vi* to
Vs ® V5. Under some conditions, g; and ge will be compatible, as smooth maps, with the latter gluing,
but the result of gluing of one to the other is not a pseudo-metric on the pseudo-bundle m; Ui T2
Vi Us Vo — X7 Uy X, (although it might be used to define one).

Indeed, a pseudo-metric g on the latter pseudo-bundle is first of all a map of form

X1Up Xo = (ViUpV2)" @ (Vi Up V2)".

On the other hand, the above-mentioned induced gluing is along the map f*® f*, which goes Ve Vs —
Vi* ® Vy*, and, if anything, it covers the inverse of f, which therefore we must assume exists (and is
smooth). Assuming it does, the gluing along (f~!, f* ® f*) yields the map

go U(ffl,f*®f*) g1 X2 Uf—l X1 — (V; ® ‘/2*) Uf*®f* (Vl* ® Vl*)v

which does not have the same shape as a pseudo-metric should have. Finally, assuming that f is a
diffeomorphism of its domain with its image, then the switch map (see above) yields a diffeomorphism
between X; Uy Xo and X3 Uy—1 Xy; the main issue then is whether there is a diffeomorphism between
the spaces

(Vi Up Va)" ® (Vi Up Va)* and (V§ @ V&) Ug. o (V7 © 1)

that covers it. The answer thus depends on the commutativity conditions, and the corresponding com-
mutativity diffeomorphisms, that were discussed in Section 4.

5.4.2 Compatible pseudo-metrics

As has already been mentioned, in order to speak of an induced pseudo-metric on a pseudo-bundle
obtained by gluing, the existing pseudo-metrics on the factors of this gluing should satisfy some natural
compatibility condition. Indeed, the basic operation of gluing (between diffeological spaces) is that of
identifying 7, (y) with (a subspace of) 75 !(f(y)). Since both are endowed with a pseudo-metric, g; (y)
the former and go(f(y)) the latter, it stands to reason that the identification map (the corresponding
restriction of f ) should preserve the pseudo-metrics.

Definition 5.11. Let g1 be a pseudo-metric on V1, and let g2 be a pseudo-metric on Va. We say that g1
and go are compatible (with the gluing along (f, f)) if for all y € Y and for all vy, v € 77 *(y) we have
that

91(y)(v1,v2) = g2(f<y))(f(vl)7 f(w))-

The following is then true.

Lemma 5.12. Suppose that f is invertible. Then the pseudo-metrics g1 and ga are compatible if and
only if they are (f~1, f* ® f*)-compatible.

5.4.3 Choosing the commutativity diffeomorphisms
Assuming that g; and g, are compatible, we have a well-defined smooth map

g2 U(f’l,f*®f*) g1: XaUp1 Xy — (Vo' @ V) Uf*®f* (V@ Vi).
Since the tensor product always commutes with gluing, we have

Vo, vy * * * * * * * *
Pyt (VE @ Ve ) Upgr (V@ V) = (V3 Up V) @ (V5" Up V),
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where q)&*éVf is the version of the commutativity diffeomorphism ®_ g described in Section 4.7.3, ob-
tained by taking both V; and V] to be V5, and V4 and V3 to be Vi* (the upper index that appears in
the present notation serves to remind us of this), while switching the lower indexes indicates taking the
inverse: g = (Py.g) L.

*

The composition <I>§QV1 o (92 Uis—1 fraf) g1) is therefore a map
XoUpr Xy = (V5 Up Vi) @ (V3 U V).
To turn it into the desired form, that is, a map
X1Up Xo = (ViU Vo)* @ (Vi Uf Vo),

we obviously need to add the switch map and the tensor square of the appropriate gluing-dual commu-
tativity diffeomorphism. More precisely, we first pre-compose it with the switch map

Q0X1(—>X2 : Xl Uf X2 — X2 Uf—l )(17

obtaining the map
V*7V* * * * *
Dt 0 (92U gy 91) 0 (Px10x,) 1 X1 Up Xo — (V5 Up Vi) @ (V3" Up. VY).

It is useful to observe at this point that the construction carried out so far does not require any
additional assumptions except for f being a diffeomorphism with its image. However, the just-obtained
composition map is not yet a pseudo-metric; for it to be one, we need it to take values in the tensor
product of (V4 U P V52)* with itself. This is where the possibility of continuing the construction depends
on whether the gluing-dual commutativity is satisfied. Indeed, this condition is equivalent the existence
of a diffeomorphism

(@Uv*)_l VY Uf* Vi— Uf V)™,

the inverse of the commutativity diffeomorphism described in Section 4.7.3. It is easy to check then, that
if such exists, then the composition

B B Ve v
((CI)U,*) ! ® (Pu,«) 1) °o®gi) ! o (g2 U(f—l,f*@f*)gl)o(‘PX1HX2)
is a pseudo-metric on the pseudo-bundle V; U 7 V.

Observation 5.13. Although the above construction might appear complicated at first glance, it corre-
sponds to a very simple idea: since each fibre of V1 UfVQ is canonically identified with one of either Vi or
Va, and both of the latter already carry a pseudo-metric, the result of gluing, the pseudo-bundle V; Uz Vs is
naturally endowed with a collection of pseudo-metrics on its fibres. If this collection turns out to depend
smoothly on the point in the base, it is then a pseudo-metric on Vi Us Va; and indeed, this is precisely
what the above composition map is.

Now, the same idea can be used in the absence of the gluing-dual commutativity, and indeed, as we say
below, it yields the same end result also in that case (via an explicit construction). The main conceptual
difference lies in the fact that in the latter case the smoothness of the induced pseudo-metric depends
much on the properties of the gluing diffeology (which we defined to be a rather weak diffeology, relatively
speaking).

5.4.4 Constructing a pseudo-metric on V; Uf Vs

Below we give full statements regarding the construction of the induced pseudo-metric on the pseudo-
bundle V; U 7 V5 obtained by gluing together of two pseudo-bundles V; and V5, each endowed with a
pseudo-metric g or go, respectively. As we have said already, the map f that defines the gluing between
the base spaces is assumed to be smoothly invertible, and the pseudo-metrics g; and g are assumed to
be compatible with the gluing (see above).
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When the gluing-dual commutativity condition is satisfied This case has already been discussed
in detail, so now we give the final statement.

Theorem 5.14. Letw; : Vi — X1 and mo : Vo — X5 be two finite-dimensional diffeological vector pseudo-
bundles, and let (f f) be a gluing between them given by a smooth invertible map f : X1 DY — Xy and
its smooth fibrewise linear lift f. Let g; for i = 1,2 be a pseudo-metric on V; such that g1 and go are
compatible with the gluing along (f, f). Finally, assume that Vi, Va, and (f, f) satisfy the gluing-dual
commutativity condition; let ® . be the corresponding commutativity diffeomorphism. Then the map

- - _ VgLV
= ((@0) 71 @ (U)o @2 0 (g2 Us1 fogfy 91) © (Px100X,)
1 a pseudo-metric on the pseudo-bundle U(f f Vi Uf Vo =+ X1 Uy Xo.
A proof (a very direct one) of this statement can be found in [20].

Remark 5.15. Although in the above theorem we are looking for a pseudo-metric on Vi Uz Vo, the
construction applies to any pair of compatible smooth bilinear forms on Vi and Vo respectively. As it
follows from the construction (and the proof), for the bilinear form § thus obtained, the rank of g(x1)
over a point 1 € i1(X1 \'Y) is equal to that of g1(x1), while over a point xo € ia(Xs) it is equal to that
of g2(@2).

When the gluing-dual commutativity is absent As we already mentioned, the absence of commu-
tativity between the operation of gluing and that of taking the dual pseudo-bundle does not necessarily
preclude the existence of a natural pseudo-metric on V; U V5 induced by the existing pseudo-metrics on
the factors. Rather, the flexibility of diffeology might well allow for an ad hoc construction of one — it
just will not be canonical, as it is in the previous case.

Note that the fibrewise construction of the induced pseudo-metric does not present difficulties, pro-
vided that the compatibility condition still holds. Indeed, if we are given two diffeological vector pseudo-
bundles 71 : V1 — X; and 7 : Vo — X3, a gluing of the former to the latter along an appropriate pair
(f, f) of maps, and two compatible pseudo-metrics g; and g on V; and V; respectively, then we can
define a section §: X1 Uy Xo — (V3 Us Va)* @ (W1 Uy V2)* by setting its value on 1 € i1(X71 \Y) to be

g(x1) == g1 iy (1)) o (G P @4 ),

and on x2 € iy(X3), to be

gla2) = galis ' (x2)) 0 (3 ' @3 ).
The map g is thus well-defined and pointwise yields a pseudo-metric on the relevant fibre. The issue is
why it is smooth; this is established in the following statement, the proof of which is given in [20].

Theorem 5.16. Let m : Vi — X1 and 72 : Vo — Xs be two finite-dimensional diffeological vector
pseudo-bundles, let (f,f) be a gluing between them, and let g1 and go be pseudo-metrics on Vi and,
respectively, Vo compatible with respect to the gluing. Define §: X1 Uy Xo — (V1 Uy V2)*® (W Uy Va)* by
setting
g(x) { gl( 1(5("1)) (1:1®¢71:1) fOT’.’L‘E’L:l(Xl\Y)
92(iy (z2)) 0 (Jo ®Jy ) forx € i2(X2).

Then g is a pseudo-metric on the pseudo-bundle mq U(f nr W Uf Vo = X1 Uy Xo.

The end conclusion is that compatible pseudo-metrics on the factors of a gluing always (seem to)
induce a pseudo-metric on the result, although the precise way in which it happens follows different
scenarios.

Example of a pseudo-metric in the noncommutative case We now illustrate the construction
that appears in Theorem 5.16 with the following example ([17]).
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Example 5.17. ([17]) Consider m; : V; — X; for i = 1,2, where X1 = Xo = R with standard diffeology;
Vi and Vy also carry the standard diffeology but they have different dimensions. Specifically, Vi = R?
and Vo = R3; finally, each of the maps m, 7 is the natural projection onto the corresponding first
coordinate. The gluing of these two pseudo-bundles is given by the identification of the origins of X
and Xy (so the map f is obvious, f : {0} — {0}); on the corresponding fibres, which are of form
775 0) = {(0,y)|y € R} € Vi and 751 (0) = {(0,, 2)|y, 2 € R} C Va, it is defined by f : w1 (0) — 75 1(0)
with f((), y) = (0,y,0) (it is obviously linear and smooth).

The two pseudo-bundles are endowed with pseudo-metrics, both corresponding to the canonical scalar
product on the relevant Euclidean spaces (R and R?, which are the fibres); we have gi(z) = (z,e* ® e?)
and gs(z) = (z,€* @ €* + €* @ €). The compatibility, which in this case means that g1(0)(vi,v2) =
92(0)(f(v1), f(v2)) for all vi = (0,y1),v2 = (0,y2), is obvious. ADD

Comparison of Theorem 5.14 and Theorem 5.16 What one may naturally wonder at this point
is whether the construction of Theorem 5.14 is in fact a partial case of that of Theorem 5.16. Let us
compare the two maps pointwise, calling the former g’ and the latter, g§”.

Take 21 € i1(X1\Y), and vy, v2 € (m1 U f p) m2) " (21); note that vy, vy € j1 (Vi \ 7 (Y)). Starting
with ', we obtain

§' (@) (v1,v2) = g1 (iy H(21) Gy (1), 41 (v2)) = (9167 (@) 0 gyt @571 (01,02) = §7 (1)
Similarly, if z9 € i2(X2) and v1, v € (m Ui.h 72) "1 (w2) then vy, vy € j2(V2), and we obtain

§'(w2)(v1,v2) = g2 (i (2)) (J3  (01), J5 (v2)) = (92(iz ' (x2)) 0 ot @ o *) (v1,v2) = G (w2).

Thus, the second construction (that of Theorem 5.16) does include the first one and is more general; the
advantage of the first one (of Theorem 5.14) is that it is canonically related to the map go U (f-1.f e f) 9L
(which in itself is obtained via a canonical construction). Another consideration is the already-mentioned
one, namely, that the smoothness of the pseudo-metric that we construct in the non-commutative case,
depends very much on the structure of the gluing diffeology, specifically, on it being a very weak diffeology
(in relative terms, at least); one might wonder*? whether it is however the strongest diffeology such that
the pseudo-metric thus constructed is the strongest for which it is true. On the other hand, in the
commutative case the construction is a high-level one, thus, the pseudo-metric that we obtain in this case
is always smooth, presumably even if we strengthen the diffeology.

5.4.5 The spaces of pseudo-metrics with functional diffeology

The above construction that assigns to two compatible pseudo-metrics on two given pseudo-bundles
w1 : Vi — X1 and 7o 1 Vo — X5 the pseudo-metric g on the result of their gluing U(f’f) Tt Vq Uf Vo —
X1 Uy Xo, can be see as a map on the appropriate subset of C™ (X7, Vi* @ Vi*) x C®(Xo, V5 ® V5) into
the space C°(X1 Uy Xa, (V1 Uj V)" @ (Vi Us V2)*). Specifically, for any finite-dimensional diffeological
vector pseudo-bundle 7 : V' — X, denote by G(V, X) the set of all pseudo-metrics on it; endow it with
the subset diffeology relative to the functional diffeology on C*°(X,V* ® V*). The map just mentioned,
that we denote by P, is a map of form

P g(VlaXl) ><comp g(v27X2) — g(‘/l U]F ‘/Q,Xl Uf XQ),

acting by (g1,92) — ¢, where g; and g, are two compatible pseudo-metrics on m : Vi — X; and
my 1 Vo — X respectively. It is defined on the subset G(Vi, X1) X comp G(Va, X2) C G(V1, X1) X G(Va, X3)
of the direct product G(Vi,X1) X G(Va, X2) composed of all pairs of compatible pseudo-metrics; its
diffeology is the subset diffeology relative to the product diffeology on G(Vi, X1) x G(Va, Xs). Thus, P
acts between diffeological spaces, and it is not hard to see that it is smooth; below we give some details.

42We do not know the answer.
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The commutative case In the case when the gluing-dual commutativity condition is satisfied, that
is,

_ _ _ Vv
P(91792) =9= ((‘I)u,*) ! & ((I)U,*) 1) © CI)®27U to (92 U(f—l’f*@)f*) gl) © (§0X1<—>X2)7

the map P is the composition of the following:

1) the map G(V1, X1) Xcomp G(Va, X2) = G(Va, X2) Xcomp G(V1,X1), which acts by exchanging the two
factors inside the direct product (this is induced by, or is analogous to, the switch map ¢x, < x,);

2) the appropriate restriction of

Fvyovy vrevy  OF(Xe, Vo @Vy) XeompC™ (X1, VI®VT) = CF (XoUp1 Xy, (V2 @V ) U g . (VI OVY))

(this is a case of a map obtained by gluing; see above and [20] for details); and
3) the appropriate restriction of

Cx(XpUp1 X1, (V3 @ Vy') Upg o (V@ VYY) = CF (X2 Up-1 Xo, (V1 U V2)" @ (Vi Up V2)7),

obtained by the post-composition with the map (®y.)" ! @ (®y.) L

The first of these maps is smooth by definition of the product diffeology, while the third is so because it
is a post-composition with a fixed smooth (it is a general fact, that follows from the properties of functional
diffeologies). The smoothness of the map Fy;gvy vyov; follows from Theorem 4.6 of [20]. Thus, we can
conclude that under the assumption of the gluing-dual commutativity condition, the corresponding map
P is smooth.

The non-commutative case The conclusion that the map P is smooth, is true in the non-commutative
case as well (see [20]); although the construction of the map § does not fall within the standard procedure
of gluing of two smooth maps, the proof is quite similar to this latter setting. In particular, the pseudo-
bundle (ViU V2)*®@(V1U;V2)" is disjointly covered by the sets (j1 ® ji1) (Vi \ 7N (Y)) ®x,\v (V1 \ 7 H(Y)))
and (j2 ®j2§ (Va2 ®x, Va), and this corresponds both to the two parts of the definition of g and to the
presentation of plots of the appropriate gluing diffeology.

5.5 The induced pseudo-metrics on dual pseudo-bundles

Let us now consider the dual pseudo-metrics, meaning the ones that are — possibly — induced in some
natural way on the corresponding dual pseudo-bundles. We use the standard pairing to define them,
noting right away that we are only able to prove their existence under the assumptions that the initial
pseudo-bundle is locally trivial,*3 although this may not constitute a significant restriction, as we are not
aware of any examples of non locally trivial pseudo-bundles that admit pseudo-metrics. This exposition
closely follows that in [21].

5.5.1 The induced pseudo-metric on V*

Let w: V — X be a locally trivial finite-dimensional diffeological vector pseudo-bundle, and let g be a
pseudo-metric on it. Let us first define the pseudo-bundle map ® : V' — V* (the meaning of the term
pseudo-bundle map is the obvious one, m = 7* o @), that fibrewise corresponds to the natural pairing map
given by the pseudo-metric g. Specifically, we define:

®(v) = g(w(v))(v,-) for all v € V.

It is easy to show (see [18] for the case of a single diffeological vector space, and then [20] for the case of

pseudo-bundles) that ® is surjective, smooth, and linear on each fibre. Furthermore, although in general

it is not invertible, we can still use it to correctly define a pseudo-metric on the dual pseudo-bundle.
Indeed, the induced pseudo-metric g* is defined by

g ()(P(v), ®(w)) := g(x)(v,w) for all x € X and for all v,w € V such that 7(v) = 7(w) = =.

43Notice that this implies that the dual pseudo-bundle is locally trivial itself
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This is well-defined, because whenever ®(v) = ®(v’) (which obviously can occur only for v, v’ belonging
to the same fibre), the vectors v and v’ differ by an element of the isotropic subspace of the fibre to
which they (both) belong. We can also observe that, since all fibres of any dual pseudo-bundle carry the
standard diffeology,** g*(x) is a scalar product.

5.5.2 Existence of compatible pseudo-metrics on diffeological vector spaces

What we are mostly interested in as far as the dual pseudo-metrics are concerned, is whether a pair of
pseudo-metrics dual to a pair of compatible ones is in turn compatible (with what, will become clear
later). However, before considering such induced pseudo-metrics on dual pseudo-bundles, we need to
consider the analogous question for the simpler case of individual diffeological vector spaces; and this
requires us to reflect some more on compatibility of pseudo-metrics in general.

Let V and W be finite-dimensional diffeological vector spaces, let gy be a pseudo-metric on V, and
let gw be a pseudo-metric on W. Let f : V — W be a smooth linear map, with respect to which gy
and gy are compatible, gy (vi,v2) = gw (f(v1), f(v2)). As one can expect by analogy with the standard
case, existence of f, gy, and gy has implications for the spaces V and W themselves, which are best
explained in terms of a small preliminary notion.

The characteristic subspaces of V and W Given a pseudo-metric on a finite-dimensional diffeo-
logical vector space, the subspace generated by all the eigenvectors of this pseudo-metric relative to the
non-zero eigenvalues is a subspace whose subset diffeology is that of a standard space, and its dimension is
maximal for this property. Moreover, this subspace splits off as a smooth direct summand,*® and among
all standard subspaces, it is unique with this property. Thus, the subspace in question does not actually
depend on the choice of a pseudo-metric and is an invariant of the space itself (see [18]). We call this
subspace the characteristic subspace of the diffeological vector space in question.

Let Vp and Wy be the characteristic subspaces of V' and W respectively. Let also V7 < V and
W1 < W be the isotropic subspaces relative to gy and gy, so that V =V &V, and W = Wy & W1, with
each decomposition being smooth. Recall also [18] that V; is diffeomorphic to V* via (the restriction
to Vp of) the natural pairing map ®v : v — gy (v,-), and likewise, Wy is diffeomorphic to W* via
Dy w — gw(w,-). Let us consider the necessary and sufficient conditions for the compatibility of gy
and gy .

The necessary conditions These are easily found, also by using the standard reasoning. For instance,
let v € V belong to the kernel of f; then by definition of compatibility we have

gv(v,0') = gw (0, f(v)) = 0 for any v" € V.

Thus, the kernel of f is contained in the maximal isotropic subspace Vi, therefore the restriction of f to
Vo is a bijection with its image.
A number of similar arguments easily yield the following:

Lemma 5.18. Let V and W be finite-dimensional diffeological vector spaces, and let f : V — W be a
smooth linear map. If V and W admit pseudo-metrics compatible with f then:

1. Ker(f)nVy ={0};
2. The subset diffeology of (Vi) is the standard one;
3. dim(V*) < dim(W*).

In particular, if dim(V*) > dim(W*), then no two pseudo-metrics on V and W are compatible,
whatever the map f. This is a reflection of the compatibility being an extension of the standard situation:
there is no isometry from the space of a bigger dimension to one of smaller dimension.*6

44Because the dual space of any finite-dimensional diffeological vector space is always standard.

45This means that the direct sum diffeology coincides with V’s or W’s own diffeology, or, alternatively, that the compo-
sition of each plot of V' (respectively W) with the projection on Vg (respectively Wy) is a plot of the latter.

46The choices of f however could be plenty; it suffices to take V the standard R™ and W any other diffeological vector
space of dimension strictly smaller than n. Any linear map from V to W is then going to be smooth (see Section 3.9 in
[10]).
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Sufficient conditions The same type of reasoning allows us to obtain the following statement.

Theorem 5.19. Let V' and W be two finite-dimensional diffeological vector spaces, and let f : V — W be
a smooth linear map. Then V and W admit compatible pseudo-metrics if and only if Ker(f)NVy = {0}
and f(V()) < W(].

Remark 5.20. The fact that f(Vo) < Wy is not entirely obvious (without there being pseudo-metrics
compatible with f it does not have to occur), since in general W might contain many subspaces with
standard diffeology, which are not contained in its characteristic subspace. The reason why f(Vo) is
contained in it, follows from the fact it splits off smooth in W (and this is a direct consequence of V and
W admitting pseudo-metrics compatible with f).

5.5.3 The compatibility of the induced pseudo-metrics on the duals of diffeological vector
spaces

Consider now the dual pseudo-metrics in the case of finite-dimensional diffeological vector spaces. Let V'
be such a space.

The induced pseudo-metric on V* Recall ([18]) that if ¢ is a pseudo-metric on V, the diffeological
dual of V' carries the induced pseudo-metric g* (actually, a scalar product, since the diffeological dual of
any finite-dimensional diffeological vector space is standard) defined by

!f(”fa ’U;) = g(v17v2)a

where v; € V' is any element such that v}(-) = g(v;,-) for ¢ = 1,2. This is well-defined, in the sense that
the result does not depend on the choice (that in general is not unique) of v;, as long as g(v;, ) remains
the same, and furthermore. v} always admits such a form.

The compatibility condition for ¢{, and gj;; Let now V and W be two diffeological vector spaces,
and let gy and gy be pseudo-metrics on V' and W respectively, compatible with respect to f. Let
wi,ws € W*; then there exist wi,ws € W, defined up to the cosets of the isotropic subspace of gy, such
that w}(-) = gw (w;,-) for i = 1,2; for any such choice gjy, (w}, ws) = gw (w1, wz). Furthermore, by the
usual definition of the dual map f*(w;)(:) = w(f(-)) = gw (ws, f(-)). The compatibility condition
for gy, and gy then takes the following form:

gw (w1, w3) = gy (f*(w1), f*(w3))-

When the dual pseudo-metrics are, or are not, compatible Let us now consider the pseudo-
metrics induced by a pair of compatible ones. A priori, the dual pseudo-metrics may easily not be
compatible; it suffices to observe that the duals of finite-dimensional diffeological vector spaces are stan-
dard spaces, so pseudo-metrics on them are usual scalar products, while the notion of compatibility
translates into f* being a usual isometry. This last point is a matter of additional assumptions on the
original V', W, and f.

Example 5.21. Let V be the standard R™, with the canonical basis denoted by ey, ..., e,, and let W

be the standard R™" % with the canonical basis denoted by uy,. .., Un, Upi1,. .. Unik. Let f:V — W
be the embedding of V wia the identification of V with the subspace generated by ui,...,un, given by
e —u; fori=1,...,n. Let gy be any scalar product on R™; this trivially induces a scalar product on
f(V) = Span(uq, ..., u,) < Wy, and let gw be any extension of it to a scalar product on the whole W.

Let us consider the dual map on the dual the standard complement of the subspace Span(uq, ..., uy,),
that is, on the dual of Span(uni1,...,unir). This dual is the usual dual, so it is Span(u™t!,... u"tk).
Let v be any element of V'; since f(v) € Span(uq,...,u,), we have

") () = u" T (f(v) =0,

s0 in the end we obtain that Ker(f*) = Span(u™*?, ... u"tk).
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Finally, let us consider the compatibility condition. We observe that

* (un—i-i7 un—i—i)

9w = gw (Un+i; Unti) > 0,

since gy 18 a scalar product, while, of course,
gy (f*(u"), f* (")) = 0.
Quite evidently, the compatibility condition cannot be satisfied (unless k =0).

The criterion for compatibility of the induced pseudo-metrics with the dual map has the following
form.

Theorem 5.22. Let V and W be two finite-dimensional diffeological vector spaces, and let f:V — W
be a smooth linear map such that Ker(f) N Vo = {0} and f(Vo) < Wy. Let gy and gw be compatible
pseudo-metrics on V. and W respectively. Then the induced pseudo-metrics gy, and gy, are compatible
with f* if and only if W* and V* are diffeomorphic.

Remark 5.23. The condition f(Vy) < Wy implies implies in particular that it is precisely the map f*
that yields a diffeomorphism between W* and V*. We also notice that the existence of a diffeomorphism
between W* and V* does not mean that W and V are themselves diffeomorphic; only their characteristic
subspaces are.

5.5.4 The induced gluing and compatibility of the induced pseudo-metrics: diffeological
pseudo-bundles

We now consider the same question for diffeological pseudo-bundles. Namely, let g; and g2 be pseudo-
metrics on 7 @ V3 — X3 and 7y : Vo — X5, compatible with respect to the gluing along a given pair
of maps (f, f), when is it true that ¢g5 and gi are compatible with the gluing of 73 : V5* — X5 and
w5 Vi — Xy along (f*, f71)?

By the general definition, the compatibility of ¢g5 and g7 means the following. Recall first that
g5 Xo — (V5)* @ (V5)* and ¢7 : X1 — (Vi)* @ (V1")*, and that the induced gluing of the dual pseudo-
bundles produces the pseudo-bundle 75 U -1 o Vo Up Vi = X2 Us—1 Xy. The compatibility
condition is then that there be

G YN @), F*(w") = g5 () (0", w")
for all y € Y/ = f(Y) and for all v*,w* € (7 *(y/))".

The necessary condition The compatibility between g; and g implies in particular that for ally € Y
the pseudo-metrics g1 (y) and g2(f(y)) are compatible with the smooth linear map f |7T;1(y) between dif-

feological vector spaces 77 *(y) and 75 *(f(y)). Therefore the following statement is a direct consequence
of the results stated in the previous section.

Proposition 5.24. Let my : Vi — X1 and 5 : Vo — Xs be diffeological vector pseudo-bundles with
finite-dimensional fibres, and let (f, f) be a gluing between them such that f is smoothly invertible. Let
g1 and gs be two pseudo-metrics on these pseudo-bundles compatible with the gluing along (f, f). If the
induced pseudo-metrics g5 and gy are compatible with the gluing along (f*,f_l) then for everyy € Y
the restriction of f on the fibre Wfl(y) yields a diffeomorphism between the characteristic subspaces of

™1 (y) and w3 (f(y)).

Assuming furthermore that the two pseudo-bundles are locally trivially, we can then get more than
just fibrewise diffeomorphism. Indeed, the collection of all the characteristic subspaces in the total space
V of some pseudo-bundle (like any other collection of subspaces, one per fibre, see [19]), forms a sub-
bundle of V', called its characteristic sub-bundle; f gives a pseudo-bundle diffeomorphism between
the characteristic sub-bundles of V; and V5 over Y and f(Y).
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Criterion of compatibility The above statement can easily be reversed to obtain a criterion of when
the induced pseudo-metrics on the dual pseudo-bundles are compatible with the dual map f* This
criterion is quite close to the standard one, asking for f * to be a usual fibrewise isometry and as close as
possible to a usual smooth bundle map, although it is not one exactly, due to the fact that it does not
have to be defined on usual open sets.

Theorem 5.25. Let w1 : Vi — X7 and o : Vo — X35 be two diffeological vector pseudo-bundles, locally
trivial and with finite-dimensional fibres, let (f, f) be a gluing between them, and let g1 and g be pseudo-
metrics on Vi and Vo respectively, that are compatible with the gluing along (f, f). Then the induced
pseudo-metrics g5 and gy on the corresponding dual pseudo-bundles are compatible with the gluing along
(f*, 1) if and only if f* is a pseudo-bundle diffeomorphism of its domain with its image.

Do notice that f* being a diffeomorphism does not imply that f itself is a diffeomorphism, only that
its restriction to the characteristic sub-bundle is so.

Compatibility of g; and ¢} implies the gluing-dual commutativity It follows from Theorem
5.25, the remark that follows it, and the criterion of the compatibility of pseudo-metrics g1 and gz, that
the gluing-dual commutativity condition for Vi, Va, and (f, f) is closely related to the compatibility of
the dual pseudo-metrics. In fact, under the assumptions we have already imposed, they are equivalent,
as the next theorem shows.

Theorem 5.26. Let w1 : Vi — Xy and wo : Vo — X5 be diffeological vector pseudo-bundles, locally trivial
and with finite-dimensional fibres, and let (f,f) be a gluing of Vi to Va, with a smoothly invertible f.
Suppose that Vi and Vo admit pseudo-metrics compatible with this gluing, and let g1 and go be a fixed
choice of such pseudo-metrics. Then the induced pseudo-metrics g5 and gi on the dual pseudo-bundles
Vst and Vi are compatible with the gluing along (f*, f=1) if and only if Vi, Va, and (f,f) satisfy the
gluing-dual commutativity condition.

We notice the only if part of the statement uses explicitly the assumption that Vi and V5 admit a
choice of compatible pseudo-metrics, and specifically, the implications of their existence for the behavior
of f on the corresponding characteristic sub-bundles.

5.5.5 The pseudo-metrics §* and ¢*

~

Assuming the gluing-dual commutativity for V;, V5, and ( 1, f), not only implies that (V5 U 7 Vo)* =
Vo u P V¥, it also allows us to consider two pseudo-metrics on it. Indeed, there is a natural pseudo-
metric corresponding to the presentation of this space by the left-hand side expression, and there is one
corresponding to the right-hand side.

Specifically, the pseudo-bundle on the left carries the pseudo-metric g* that is induced by the pseudo-
metric §g. The pseudo-bundle on the right is obtained by gluing of two pseudo-bundles carrying compatible
pseudo-metrics each; it therefore carries a pseudo-metric g* corresponding to this gluing. They are,
respectively, maps

g XaUp Xo = (Vi Up Vo)™ @ (Vi Uf Vo)™ and 9"t XoUpr Xy — (V5 Up V)" @ (V5 Up V)™

It turns out that they are related by the natural diffeomorphisms between their domains and their ranges.

The pseudo-metric §* It is defined as the pseudo-metric dual to the pseudo-metric g on (V; U 7 Va)*.
Specifically, if ¥ : V3 UpVe — (1 Us V52)* is the pairing map relative to g, that is, ¥(v) = g((m1 Ui
m2)(v))(v, ), then we have, for any x € X1 Uy X3 and any v*, w* € ((m1 U7 5, m3)*) "1 (), that

g (@) (v*, w") = g(z)(v, w),

where v, w are such that ¥(v) = v* and ¥U(w) = w*. We can also write in more detail that

—~
—
<
fin

() (v w®) = d(2) (v. w) = g1 () @) (G ) W), (YY)~ (w))  if 2 € Range(ip ),
T’ =5 ){ 92((25(2)71(%))((j;/?)*l(v),(ji/z)*l(w)) ifoRange(zé(?).

48



The pseudo-metric g~* This one is defined on the pseudo-bundle V5" Uz, V" fibrewise, by imposing
it to coincide with g5 or g¢f, as appropriate. Specifically, let ¥, : V; — V*, for ¢ = 1,2, be the natural
pairing maps associated to g1 and go; for all z € X5 Up-1 Xy and for all v, w* € (73 Up o1y ) (z)
we have '

* *

N *):{g;«z'i@)1<x>><<j¥1>1<v*>,<j¥i>1<w*>>:gz<<z‘¥2>1<z>><v,w> if @ € Range(i*)
gr (@) @) (G ) ), () M) = g1 ((137) " (@) (v, w)  if @ € Range(iy ™),

where v, w are determined®” in the following way. If 2 € Range(i}2) then v* = j¥2*(\112(1})) and w* =
jYQ (Ws(w)); and if 2 € Range(i3 ) then v* = j;l (T1(v)) and w* = j;l (T (w)).

Comparing §* and ¢g* To say that they define the same pseudo-metric means to claim the existence
of a diffeomorphism

W (Vi Up Vo)™ @ (Vi U Vo)™ — (V3 Up V)" @ (Vs Up 177)°

such that B
U'og" = g* o (px;0x,)-
It suffices to take the tensor square of the inverse of the conjugate of the gluing-dual commutativity
diffeomorphism, that is,
(@u)) " (VIUp Vo)™ = (V5 U V1)
the desired equality

(@0 @ (@0 ") 05" = g% 0 (pxye0xs)

follows from the above presentations of §* and g*.

5.6 More on gluing-dual commutativity

We now consider the specific instances of the gluing-dual commutativity. Actually, the main result in
this direction has already been stated as Theorem 5.25. Here we add some other specific instances of
when the gluing-dual commutativity is satisfied, including one that is the main auxiliary tool in proving
the just-mentioned theorem.

5.6.1 The gluing-dual commutativity and gluing along diffeomorphisms

Gluing along a diffeomorphism is not a strictly necessary condition for the gluing-dual commutativity,
but it is a sufficient one, see [19] and then [21] for an explicit construction. That it is not necessary, is due
to the fact that the dual pseudo-bundles are essentially determined by the characteristic sub-bundles; f
may behave to its liking outside of these. On the other hand, it is sufficient for it to be a diffeomorphism
of its domain of definition with its image, in order for the gluing-commutativity condition to be satisfied:

Theorem 5.27. ([21], Theorem 3.3) Let my : Vi — X1 and my : Vo — X5 be two finite-dimensional
diffeological vector pseudo-bundles, let f : X1 O Y — Xs be a diffeomorphism with its image, and let f
be its fibrewise linear lift that is also a diffeomorphism with its image. Then the map

Byt (ViUf Vo) — V5 Up Vi

defined by
j;/i o (j11)* on ((my Ui m)*) T (i (X1 \ V)
Dy . = j;l* o f* o (Jg/z)* on ((m U(f,f) 72)*)71(25(2 (f(Y)
j¥2 o (jo2)* on ((m1 Uirp m)*) (i3 (X2 \ F(V)))

is a pseudo-bundle diffeomorphism covering the switch map ©x, - x,-

47Not uniquely, unless we assume to take them in the characteristic subspace of the corresponding fibre.
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The proof of the above-stated Theorem 5.25 is actually based on this statement, together with the
implications of the existence of compatible g; and go whose dual pseudo-metrics g5 and g are compatible
as well. We also note that the surprising thing about the above statement is not the existence itself of a
bijective map @ . — this is quite obvious from the definition of a dual pseudo-bundle, but the fact that
defining it by concatenating some rather disomogenous pieces does yield a diffeologically smooth map.

5.6.2 The gluing-dual commutativity condition for V5 and V;*

Let us consider the existence of the gluing-dual commutativity condition for V5, V*, and ( f * 1), under
the assumption that such condition holds for V4, Vo, and (f, f). For the duals, this condition takes form
of the existence of a diffeomorphism

o)+ (V5 Up V)" = V™ U V5

covering the inverse of the switch map ¢x,« x,. Its existence is stated in the following theorem (see [21]
for the proof) and is a direct consequence of Theorem 5.27.

Theorem 5.28. Let m : V; = X1 and wo : Vo — X5 be two locally trivial finite-dimensional diffeological
vector pseudo-bundles, let (f, f) be a pair of smooth maps that defines a gluing of the former pseudo-
bundle to the latter, and let Dy . : (V4 UfVQ)* = ViUp Vr be the diffeomorphism fulfilling the gluing-dual
commutativity condition. Let g1 and go be pseudo-metrics on Vi and Vs respectively, compatible with
respect to the gluing. Then there exists a diffeomorphism

(I)EJ*)* . (Vv2* Uf* ‘/1*)* N V]_** Uf** 2**

covering the map (px,esx,) L : Xo Up-1 X1 — X Uy X,

The main point here is that the assumptions imply that f * is a diffeomorphism.

6 The space of sections of a diffeological vector pseudo-bundle

Let 7 : V — X be a finite-dimensional diffeological vector pseudo-bundle; we now consider the space
C>®(X,V) of its sections, under two main respects. For one thing, it is quite easy to observe that
this space may easily turn out to be (locally) infinite-dimensional, even for very simple examples of a
pseudo-bundle, which of itself has finite dimension; this we illustrate immediately via a specific example
of such. After that, we turn to a more general treatment of the behavior of the spaces of sections under
diffeological gluing; this implies, in particular, that if we glue together two pseudo-bundles m; : Vi — X3
and 7o : Vo — X5 such that C*° (X5, V) and C*(Xs, V3) are (locally) finite-dimensional then the space
of sections of the resulting pseudo-bundle is finite-dimensional as well,*® but this is not quite vice versa.
The proofs of statements in this section appear in [23].

6.1 A pseudo-bundle with no local basis

We now illustrate the issue of there possibly not being a local basis of smooth sections with coefficients
in C*°(X,R). This easily occurs as soon as we have fibres with non-standard diffeology, as it does in the
following example.

Example 6.1. Let 7 : V — X be the projection of V = R? onto its first coordinate, so X is R, which
we endow with the standard diffeology. Endow V with the pseudo-bundle diffeology generated by the plot
R? 5 (u,v) + (u,0,|v]); recall that this diffeology, already seen before, is a product diffeology for the
decomposition R? = R x R? into the direct product of the standard R with R? carrying the vector space
diffeology generated by the plot v — (0, |v]).

Observation 6.2. The space C*°(X,V) of smooth sections of the pseudo-bundle 7 is not finitely gener-
ated over C*(X,R).

48 This is an expected finding, but given the flexibility of the diffeology with what can be considered as a smooth map, it
is not entirely trivial to establish formally.
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This observation (which certainly can be obtained by some standard analytic argument) can be verified
directly, recalling that any arbitrary plot of V' has form

RF™ DU 3 (2,y,2) = (f1(2), fa(y), 90(2) + 91(2)[h1(2)] + - .. + gr(2) [hk(2)]),

where U is a domain, and f; : R C U, = R, fo : R™ D U, — R and go,91,...,9%,h1,..., At : R" D
U, — R are some ordinary smooth functions. Thus, any smooth section s € C*°(X,V) has (at least
locally) form

s(x) = (2, f(2),90(x) + g1 (@) |ha ()| + - .. + gr(2) | (2)])

for some ordinary smooth functions f, go,91,---,9k, h1,.-.,hx : R D U — R; and wvice versa every such
expression corresponds (at least, locally) to a smooth section X — V. But since ¢g; and h; are any
smooth functions at all, and they can be in any finite number, for any finite arbitrarily long collection
x1,...,2, € R there is a diffeologically smooth section s that, seen as a usual map R — R3, is non-
differentiable precisely at the points 21, ..., z) (and smooth outside of them). Thus, it is impossible that
all such sections be linear combinations over C*°(R,R) of the same finite set of continuous?® functions
R — R3.

6.2 The (f, f)-invariance of a section, and compatibility of two sections

What we obtain from the example to which the previous section is dedicated is that for a given pseudo-
bundle the space of sections can a priori be infinite-dimensional, and whether it is, or it is not, depends on
the specific pseudo-bundle at hand. So in particular, we relate the matter of (finiteness of) the dimension
of C*°(X,V) in terms of its interaction with the gluing procedure. Accordingly, we concentrate on how
the space of sections C*°(X; Uy X5, Vi Us V2) of some pseudo-bundle obtained by gluing is related to the
spaces of sections of the factors of that gluing.

(f, f)-invariant sections X; — Vi Let s; € C°°(X1, V1) be a section. It is said to be (f, f)-invariant
if for all y,y" € Y such that f(y) = f(y') we have f(s1(y)) = f(s1(y')). As is obvious from this definition,
if the map f is injective, any section is automatically (f, f)-invariant.

The subset of C*°(Xy, V1) that consists of all (f, f)-invariant sections is denoted by CE’;’ A (X1,11).

This subset is closed with respect to the summation of sections, and with respect to the multiplication
by f-invariant smooth functions, that is, functions h : X7 — R that possess the following property: for
all y,y/ € Y such that f(y) = f(y') we have h(y) = h(y’). Thus, if we denote the latter set of functions
by C%°(X1) (once again, this is simply C°°(X) if f is injective) then C?Jf A (X1, V1) is a module over the
ring C3°(X), with the module structure obviously inherited from that of C'°°(X1,V1) as a module over
C>(X).

The need for the notion of (f, f)-invariance of sections will be illustrated below through the notion of
compatibility of sections.

Compatibility of a section s; € C*°(X;,V;) with a section sy € C*°(X3,V3) Suppose that we have
two diffeological vector pseudo-bundles m; : V3 — X; and w3 : Vo — X», a gluing between them given by
maps f: X1 DY — X and f: ﬂfl(Y:) — Va, and a pair of sections s; € C*°(X,;,V;) for i = 1,2. We

say that the sections s; and sy are (f, f)-compatible, or simply compatible, if for all y € Y we have

f(s1(y)) = s2(f(v)).

It is now trivial to observe the following:

Lemma 6.3. Let s; € C°° (X4, V1) be such that there exists so € C°°(Xa,Va) compatible with s1. Then

s1 18 (f, f)-invariant.
Thus, if we consider the subset

COO(Xlavl) XCOT)'L]) COO(XQaVYQ) g Coo(Xla‘/l) X COO(XQa‘/Q)

49That all sections in C*°(X, V') are continuous in the usual sense follows from their explicit description given above.
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consisting of all pairs (s1, s2) with s, € C*°(X,;, V;) for i = 1,2 such that s; and sy are (f, f)-compatible,

then in fact we obtain a subset of Caf A (X1, V1) x C*°(X3,V2). Thus, we will denote the set of all pairs

of compatible sections by

C’E);f)(Xth) X comp C™° (X2, V2) = {(s1,82) | si € C*°(X;, Vi), f(sl(y)) =s(f(y))Vy e Y}

Compatibility of sections s; € C*°(X;,V;), and sections in C* (XU X5, V; Ung) Our motivation
for introducing a separate compatibility notion for sections of pseudo-bundles will be clarified immediately
below, but here we provide an initial indication to that effect.

Lemma 6.4. Let s € C®(X1 Uy X5, V4 Us Va) be such that there exist s; € C*(X;,V;), withi = 1,2, for
which the following is true: ) R
j1081 =804, and J20Sy = S0is,

where i1 : X1 — X1 U Xy — X3 Uy Xo is tﬁe composition of the obvious inclusion X1 — X1 U X5 with
the quotient projection onto X1 Uy Xo, and j1 : V1 — V) Uy V4 is analogously defined. Then si and sq are
compatible.

Notice that if our gluing is along a pair of diffeomorphisms then s; and sy are essentially the restrictions
of s onto appropriate subsets of X; Uy X5. In the general case, sp always exists, but s; a priori may not,
since in general V; does not inject in V3 U 7 Va, nor does X; in X; Uy X5. This is also the reason why the
statement of the above lemma, simple in essence, becomes rather convoluted.

6.3 The gluing of compatible sections

As we just stated, it is not a priori clear (but it is true; we will establish this later) that every section
XU Xo = V1 U 7 V5 determines a pair of compatible ones. The reverse, on the other hand, is easily
seen; indeed, the compatibility of two section is a partial case of compatibility of two smooth maps with
respect to the gluings of, respectively, their domains and their ranges (see [20]).

From two compatible sections to a section X; Uy Xo — V3 Uz V,  Given two compatible sections
s1 € O®(X1,V1) and so € C*°(X3,Va), we define a map, that we denote by s; Uis.f) S2 and that is a
section in C*(X; Uy X2, V3 Ug V5). It is determined by the following formula:

Vi(sy(z)) if x€iX (X, \Y), and
(s1 Y h s2)(2) = { ji/z ESQECC§§ if x 2 ’Lé{z EXZ)\ )

Since ifl (X1\Y) and i§2 (X2) cover X; Uy X5 and are disjoint, s; Us.f) 2 is well-defined. Finally, it
follows from Proposition 4.2 of [20] that it is smooth, i.e., it does belong to C°°(X1 Uy Xa, V1 Uf V2).

Gluing of compatible sections and operations The compatibility of sections is a property that is
well-behaved with respect to the operations. More precisely, this means the following.

Lemma 6.5. Let m Vi — X1 and 7y : Vo — X5 be two finite-dimensional diffeological vector pseudo-
bundles, and let (f, f) be a gluing between them. Let 7) : V{ — Xy and 75 : V3 — Xo be two other
pseudo-bundles over the same X1 and Xs respectively, and let (f', f) be a gluing between these. Then:

1. If s1,t1 € C°(X1,V1) and s2,ta € C®(Xa,Va) are such that both (s1,s2) and (t1,t2) are (f, f)-

compatible pairs, then also (s1 + t1,s2 +t2) is a (f, f)-compatible pair, and

(s1+11) Uy fy (52 +t2) = 51Uy 7y 82+ b1 Ug 7y ta;

2. If s € C°(X1, V1) and sy € C(Xa,Va) are (f, f)-compatible sections, and hy € C°(X1,R)
and hy € C*(Xg,R) are such that ha(f(y)) = hi(y) for all y € Y, then hisy and hysy are also
(f, f)-compatible and

(hl Uf hg) (51 U(f,f) SQ) = (hlsl) U(f,f) (h282),
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where h1 Uy ho € C®°(X1 Uy Xo,R) is defined by

(@) fore e (X0 Y)
m””““”‘{hm@ﬂ*uDJMxeém&x

3. If s, € C®(X;,V;) fori=1,2 are (f, f)-compatible, and s; € C°(Xy, V) are (f, f’)—compatible,
then s1 ® 8§ € C° (X1, V1 @ V) and s3 ® sh € C° (X2, Vo @ V3) are (f, f @ f')-compatible, and

(51 @ 1) Uy jpfn (52 @ s5) = (31 Yird) 32) ® (53 Vs 3'2) :
Let us illustrate the proof (which is very simple) of the first item.
Proof. Let y € Y; then
Fls1(y) +t1(y)) = F(s1(v)) + [t () = s2(f () + t2(F (1)),

S0 s1 + t1 and s9 + to are (f, f)—compatible. Now, by definition

_ [ () @) = 51 () (@) + 0 (G
0&*““Wﬁ“2””y”{<@+éw 1 (0)) = sa () 1)) 1 (1))

- X1\—1
s1((4 x
= { 1((.1 )~ @) + { ! E 3 E ;; = (s1 Ui s2)(x) + (t1 Ui t2)(@),
where in each two-part formula the first line applies to z € i * (X;\Y) and the second line, to = € i3 2 (X>).

The final equality that we obtain is precisely the first item in the statement of the lemma, so we are
done. O

Ha
H
(i1
t2((iy

6.4 The space C™(X; Uy Xy, V} Us Va)

Let again 7; : V; — X, for i = 1,2 be two pseudo-bundles, and let ( 1, f) be a gluing between them. We
now consider thespaces C> (X1, V1), C>®(X2,V2), and C*°(X1 Uy X2, Vi Uy V4), and how they are related.

6.4.1 The induced map S : Coo(Xth) X comp COO(XQ,VQ) — Coo(Xl Uy X9, V1 Uf VQ)
The construction of gluing of two compatible sections considered above obviously defines a map
S C®(X1, V1) Xcomp CF (X2, Vo) = C(X; Uy X0, V3 Uz V2)
acting by
8(81,82) = 51 U(f,f) S9.
We have already seen that S is well-defined. We have also seen that

COO<X17 Vl) ><(:omp COO(X27 VYQ) CE);f)(Xh ‘/1) Xcomp COO(X27 ‘/2)7

so we will actually consider S as defined on the latter space.

We now consider further properties of S. We discover, first of all, that S is smooth for some natural
diffeologies on its domain and its range; that it may or may not be injective, which depends on the maps
f and f being so; and finally, that it always surjective and in fact, it is a subduction.

6.4.2 The map S is smooth

The range of S, the space C°(X; Uy Xo, V4 Us Va), is endowed with its usual functional diffeology, while
its domain carries the subset diffeology relative to its inclusion into C*° (X1, V1) x C°° (X3, V2). The latter
space carries the product diffeology relative to the functional diffeologies of C*° (X7, V1) and C*° (X3, V).
The map S is smooth for these diffeologies (see [20], Theorem 4.6).

Theorem 6.6. The map S : C’ (Xl,Vl) X comp C (X2, V2) = C®(X1 Uy X2, V3 Us Va) is smooth.

The proof of this statement is stralghtforward from the definitions of the diffeologies involved.
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6.4.3 S is not in general injective

As can be expected, the map S may easily fail to be injective. Indeed, this has to do with f having a
non-trivial kernel within at least one fibre. As a trivial example, one could consider, for m; : Vi — X; the
trivial fibering of the standard R3 over the standard R (its z-axis), for 7o : Vo — Xo, the trivial fibering
of the standard R? over R (also the z-axis), and for the gluing, the maps f : R — R which is just the
identity map, and f : R3 — R? acting by f(:v, y,2z) = (x,2). The result of this gluing is trivially identified
with the second factor, the pseudo-bundle 75 : Vo — Xs.

Now, if s1,s) € C>°(X1, V1) are given by s1(z) = («,0, f(z)) and sj(z) = (z,1, f(z)) for any usual
smooth f, and sy € C°°(X3, V2) acts by sa(z) = (, f(x)) (for the same f) then s1U; 7 s2 and s1 U, 7 s2
are well-defined and equal to each other. On the other hand, s; # s/, and so the pairs (s1, $2) and (s}, s2)
are distinct elements of CE’;J;)(Xh V1) Xcomp C°(X2, Va).

Now, the gluing just described is a degenerate case, in the sense that its result is simply the second
factor. However, it can easily be extended to a non-trivial one in the following way. Consider any other
pseudo-bundle 7o : Vo — Xo, let 29 € X be a point, and let (fo, fo) be such that fo: {0} — {0} C X3
and fo : 75 H(w0) — {(0,y,2)} be any linear map. Define V{ = V; Uy, Vi and Xi = XUy, X1; then there
is an obvious gluing of mq Ufoufo) ™1 V] = X{ to ma : Vo = X induced by the above maps f and f.
The result of this gluing has the same property, that the corresponding S is not injective, and it is also
non-trivial, in the sense that its result (provided that Xj is not simply a one-point set) does not coincide
with either of its factors.

Finally, we can obtain a more abstract result. Denote by Ker( f ) the following subset of V;:

Ker(f) = UyeDomain(f)ker(ﬂnfl(y)) U Range(so),
where sg : X7 — V is the zero section.

Lemma 6.7. Let m; : V; — X; fori = 1,2 be two diffeological vector pseudo-bundles, and let (f, f) be

a gluing between them. If Ker(f) admits a non-zero section and splits off as a smooth direct summand
then S is not injective.

Notice that, when we say that Ker(f) is non-trivial, we mean that it is strictly bigger than the range
of the zero section.

6.4.4 The map S is always surjective

We can actually say more: S turns out in fact to be a subduction.

If f and f are diffeomorphisms, then so is & This is quite obvious and is due to the fact that,
when the gluing is performed along a pair of diffeomorphisms, then both X; and X5 smoothly embed
into X7 Uy X (recall that in general, only X, does), and the same is true of V1, V5, and V3 Uf V5. The
embeddings of X, into X; Uy Xy and of V; into V3 U 7 V5 are given by the usual inductions i3 and js

respectively, while the embeddings Xy — X; Uy X3 and V; — V; U V5, that we denote by i1 and 31
respectively, are defined as 3
11 2X1 ‘—>X1 HXQ —))(1Uf)(27

j1:Vi=s ViV — Vi Ug Vs,

i.e. in the manner exactly similar to that of io and j;. Notice also that they are extensions of the
always-present inductions ¢; and ji.

The claim made in the title of the paragraph is based on the explicit construction, for any given
section s € C™(X; Uy X2, V3 Uy V2), of two compatible sections

s1 € C’(Ojff)(Xl,Vl), s9 € O°(X2, V) such that S(s1,s$2) = s.
The two sections have the obvious definition:
=il esoh, s =it osois

Furthermore, it is rather easy to prove the following.
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Lemma 6.8. For any s € C°(X; Uy X5, V1 Uf Va) the above-defined sections s1 and so are compatible,
and the assignment s — (s1, S2) determines the smooth inverse of S.

The pseudo-bundle 7T§f oL Vlf — X{ of (f, f)-equivalence classes We introduce this construction
in order to reduce the case of gluing along an arbitrary pair of maps, to the case of gluing along two

diffeomorphisms. The two spaces involved, Vlf and X { , are similarly defined; the space X{ (which we
will also encounter in the section dedicated to diffeological forms) is the space X; quotiented by the
following equivalence relation: y ~y ' if and only if f(y) = f(y’) (this applies only to points in Y, of

course; points outside of Y are equivalent to themselves only). The space Vlf is the quotient of V7 by the
analogous equivalence relation, only defined with respect to the map f. Both spaces are endowed with

the respective quotient diffeologies; we will denote the two quotient projections by X{ and X{
Since f is a hft of f, the pseudo-bundle projection my induces the map 7y R Vf — X{ such that

X1 om = 7rf o X1 It is clear from the construction that 7 IF defines a pseudo-bundle, of which V1 and

X { are respectively the total and the base space. In particular, the vector space structure on each fibre

(7r{c o )’1()({ (7)) is inherited from such structures on the fibres of V1; that it is well-defined follows from
the linearity of f.

Finally, the new pseudo-bundle 7rf o Vlf - X { comes with the two induced maps that define its
gluing to mo : Vo — X5. These are the maps

fe X{(Y) — Xy and fo : xT(n7 (YY) = Va
that are determined respectively by f = f. o x{ and f = fN ) X{ . The following is then an obvious
consequence of the construction itself.

Lemma 6.9. If f or f is a subduction then either f. or, respectively, f- is a diffecomorphism. Further-
more, for any pair (f, f) we have

ViU =V Up Vo and X1 Up Xo = X Uy Xo.

The latter two diffeomorphisms mentioned in the lemma in particular commute with the two pseudo-

bundle projections, m; and 7r{ o , so we actually have a pseudo-bundle diffeomorphism. The most impor-
tant, at the moment, consequence of it is the following statement.

Corollary 6.10. There is the following diffeomorphism:
C=(X1 Uy Xo, Vi Us Vo) 2 C®(XT Up Xo, VI Uz Va)
1Yf A2, V1UgVe) = 1 Yfe 2,V Yo V2).
Furthermore, if f and f are both subductions,
C™ (X1 Up Xo, Vi U V) 22 C%(X{, Vi) Xcomp C%(Xa, V2),

where in this last case the compatibility is with respect to the maps (f~, fN)

In particular, the second diffeomorphism filters through the first one and is due to the fact that under
the assumptions made the maps f. and f..

) (X1,V1) — CE’; e )(X{, Vlf) The corollary stated immediately above allows for

a sort of splitting of any section s : X; Uy X — V) Uf~ V5 into a section sy’ If Xf — Vf and a section
s9 : Xo — Vo, The word splitting means precisely that

The map S; : C%

s=s1T Uy 55
What we however would like to do is to split it as a section of V; and one of V5, that is to find s; €

C(O;?f (X1,V1) and s5 € C°Jff)(X2, Va) such that s = s Uir ) 2
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For generic maps f and f the existence of such an s; is not immediately clear, therefore we need to

(X1,V1) and C* (x{, V). To this end we define

consider first the relation between the spaces C'™ FeFo)

(£
the map

X, Vi) = o= . (x{v))

S1: 0 (frsf~)

(f f)(

via the condition

S1(s1) ox{ = X{ osy forany s;€C (X1, V).

(£.F) (
Although this definition of S; is an indirect one, it is rather easy to check that defines it univocally,

and that S1(s1) is always a smooth section X { — Vlf . Furthermore, S; enjoys several natural properties,
that are listed in the paragraphs that follow.

The map S; is additive and smooth A straightforward reasoning allows first of all to show that

S; preserves the structure of C' ) (X1,V7) as a module over the ring of f-invariant functions, as well as

that of C*°(X { , V1 ) (which is a module over the ring of f.-invariant functions). The following is shown
in [23] (the proof is straightforward).

Theorem 6.11. The map Sy is additive. Furthermore, for any s; € C(f B (X1,V1) and f-invariant

(and smoofch) function h : X1 — R we have Si(hs1) = h/Si(s1), where h' : le — R is determined by
h="hloxi.

It is also quite straightforward to show that

Theorem 6.12. The map 81 is smooth for the functional diffeologies on its domain and its range.

The map S; has smooth right inverses A reasoning analogous to that carried out for S shows that
in general S; is not injective. Therefore we cannot expect it to be invertible, of course. On the other
hand, it turns out that it admits right inverses, and that these inverses are smooth.

To construct one of them, recall the sub-bundle Ker( f ) of V;. Fix any decomposition V; = Ker( f YyovP
of V1 into a direct sum of its sub-bundles.

Notice that over a point of X; \ Y the decomposition is trivial, i.e. the fibre of V;? coincides with that
of V1, while over a point y € Y it is any direct complement of ker( f ‘ﬂ_;l(y)). For any such choice V; is
of course a sub-bundle (for the subset diffeology), however the resulting decomposition does not have to
be smooth, and frequently is not so, i.e. the direct sum diffeology on Ker(f) @ V¥ may be strictly finer
than the diffeology of V;. Surprisingly, the following construction produces a right inverse of §; which is
smooth independently of the smoothness of the decomposition V; = Ker( f ) V0.

Let s{’f be any smooth section X{ — Vlf. Define Sfl(s{’f) by the following two conditions:

{81 (ff)(x)eVOforallmeXl,
wd oS (sff) = s oxd.

These two conditions guarantee, first of all, that S; 1(8{’f ) is well-defined as a map X; — V; (this is

based simply on Ker(f) @ V being a direct sum). Furthermore, the smoothness of the section S; 1(5{ o ),
as a map X; — Vi, follows from the second condition and the definition of a pushforward diffeology.

Next, it is straightforward to check that S;*(s{) is (f, f)-invariant. Finally, a direct calculation
shows that ~
Si(Si(sPT)) = s

so indeed we have a right inverse of S;.

Remark 6.13. It is also clear from the construction that 81 admits many right inverses, one for each
choice of a direct sum decomposition Vi = Ker(f) ® V2.
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The map §&; is surjective This is a direct consequence of the existence of right inverses, so of the
previous paragraph.

Theorem 6.14. The map S1 is surjective as a map

C Xl,Vl)—>C°°(X{,V1)

(ff)(

To this we add that, if Ker( f) is trivial, then there exists a unique right inverse of the map Sy,
which is then a true inverse of it; it is also easy to check that in this case Sy !'is smooth as a map

c=(x{, Vlf) — C’E);’ f)(X1, V1). This allows us to obtain the following statement.

Proposition 6.15. If Ker(f) is trivial then CE’; f)(Xl, Vi) and C=(XI V) are diffeomorphic.
S1 is a subduction Even in more general case, the map &; turns out to be not only surjective, but

also a subduction. This follows from the existence of right inverses, and more precisely, we can obtain
the following statement.

Lemma 6.16. Let ¢/ : U — c=(x{, Vlf) be a plot of C*°(X7, Vlf) (for its standard functional diffe-
ology), and let Sfl be any choice of a right inverse of S1. Then Sl ) qff is a plot of C(f f)(X17V1)~
This lemma states in a detailed form that the diffeology of C'*° (X{ , Vlf ) is the pushforward, by Sy,

of the diffeology of C(f B (X1, 11).

S1 preserves compatibility In the next paragraph we will explain how the map & relates to the map
§; therefore we should now consider its interaction with compatibility. More precisely, recall that X; and
Vi are equipped with, respectively, the maps f and f, with respect to which compatibility is defined, and

X f and Vlf are equipped with the maps f. and f.. The following then is true.

Proposition 6.17. Let s; € C(ff (X1,V1) and sg € C*(X2,V3). Then s1 and so are (f, f)—compatible

if and only if S1(s1) and sy are (f~, fN)—compatible.

The splitting of S as (Si,Idg~(x,,15)) The proposition just stated allows thus to consider, given
compatible sections s; € C(f B (X1,V1) and sy € C°° (X3, V3), to consider both

S1 U(f,f) so and 81(51) U(fo*N) S9.

These sections are identical under the already-mentioned diffeomorphisms
X1Up Xo 2 X{ Up_ Xo, Vi Up Va2 v Uz Va,
which allows us to identify the map

S: Caff (levl) X comp COO(XQ,V2> — Coo(Xl Us X2, Vi Uf V2)

with the map
(S1,ldee (x5,v3)) C( )(Xl,V1) X comp C% (X2, Vo) — C(X{ Up. X0, V/ Uz Va).

It now follows from Theorem 6.14 and Proposition 6.17 that (S1, Idge(x,,1z)) is in particular surjec-
tive. Thus, we obtain

Corollary 6.18. The map S is surjective.
Thus, given a section s € C™(X; Uy X5, V4 Us V3), there always exists (s1,s2) € C°(X1, V1) Xcomp

C° (X3, V3) such that s = s; Uis.f) S2- Furthermore, sy is uniquely determined by s, while s; is not.
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7 Pseudo-bundles of Clifford algebras and Clifford modules

In this section we consider diffeological pseudo-bundles of Clifford algebras and those of Clifford mod-
ules, with a particular emphasis on the interactions between Clifford algebra/module structure, and the
operation of gluing. Most of these interactions do turn out in the end to be of the expected form, due to
the various commutativity diffeomorphisms considered in the previous two sections. In addition to the
case of abstract Clifford modules, we consider in detail the pseudo-bundles of exterior algebras, which,
as in the standard case, carry the natural Clifford action. The material of this section is based on [17]
and [21], in particular, all proofs can be found therein (some bits are also cited here for illustration).

7.1 Gluing of pseudo-bundles of Clifford algebras and those of Clifford mod-
ules

We now recall some facts regarding diffeological gluing of two given pseudo-bundles of Clifford algebras,
or two pseudo-bundles of Clifford modules.

7.1.1 The pseudo-bundle C{(V, g)

Let 7 : V — X be a finite-dimensional diffeological vector pseudo-bundle endowed with a pseudo-metric
g: X — V*®V* The construction of the corresponding pseudo-bundle of Clifford algebras is the
immediate one, since all the operations involved (direct sum, tensor product, and taking quotients), and
their relevant properties have already been described.

The pseudo-bundle of Clifford algebras 7 : C/(V,g) — X is given by

CUV, g) = UzexCl(m~*(z), 9(x))

endowed with the following diffeology. Consider first the pseudo-bundle of tensor algebras 77 (V) :
T(V) — X, where

T(V) = UxGXT(Tr_l (1’)),

with each T'(7m!(z)) = @, (7! (x))®" being the usual tensor algebra of the diffeological vector space
7 1(x); the collection T(V) of the tensor algebras of individual fibres is endowed with the vector space
direct sum diffeology relative to the tensor product diffeology®® on each factor.

By the properties of these diffeologies, the subset diffeology on each fibre of T'(V) is that of the tensor
algebra of the diffeological vector space 7~ '(z). Now, in each fibre (77(V))~"1(z) = T(x~(x)) of T(V)
we choose the subspace W, that is the kernel of the universal map T'(7~1(x)) — C¢(7~*(z), g(z)). Then,
as is generally the case, W = UzexW, C T(V), with the subset diffeology relative this inclusion, is a
sub-bundle of T'(V'). The corresponding quotient pseudo-bundle has C¢(r~1(x), g(z)) as the fibre at z,
both as an algebra and from the diffeological point of view (by the properties of quotient pseudo-bundles).
This quotient is C¢(V, g) that we defined above and carries the quotient diffeology; by the aforementioned
properties, the subset diffeology on each fibre is the diffeology of the Clifford algebra of the corresponding
fibre 7—1(x) of V.

Remark 7.1. We denote the pseudo-bundle projection of CL(V, g) by m, when it is clear from the context
which initial pseudo-bundle V we are referring to. When dealing with more than one pseudo-bundle at a
time, we might use the extended notation 7¢V-9) to distinguish between them.

7.1.2 The pseudo-bundle C/(V; Uy Va2, ) as the result of a gluing

The main result, that we immediately state and that appears in [17], is the following one.

Theorem 7.2. Let w1 : Vi — Xy and w1 Vo — Xo be two finite-dimensional diffeological vector pseudo-
bundles, let (f, f) be a pair of smooth maps, each of which is a diffeomorphism, defining a gluing between

50We define the tensor product diffeology as the quotient diffeology, with respect to the kernel of the universal map,
relative to the free product diffeology. The latter in turn is the finest vector space diffeology on the free product of the
factors, containing the product diffeology.
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them, let Y C X be the domain of definition of f, and let g1 and g2 be pseudo-metrics on V1 and Va,
compatible with the gluing along (f, f). Then there exists a map

FO: (r VD) U Y) = CU(Va, go)
such that (F, f) defines a gluing of C0(Vi,g1) to CU(Va, gs), and a diffeomorphism
O CU(V1, 91) Uper CU(Va, g2) — CL(V1 U Va, )
that covers the identity map on X, Uy Xo.

The construction of the map F is the immediately obvious one. It is defined on each fibre over a
point y € Y as the map

CE(Wfl(y),gl‘ﬂl—l(y)) - Cg(ﬂ-gl(f(y)))92‘772_1(‘]“(:[})))

induced by f via the universal property of Clifford algebras. That this is well-defined follows from the
compatibility of pseudo-metrics g; and ¢o.°* The diffeomorphism ®* is then the natural identification;
essentially, it follows from the gluing construction that over a point of form x = zf( '(x1) the fibres of both
Cl(V1,g1) Uper CU(Vz, g2) and CU(Vy Uj Va, §) are naturally identified with C’E(Wfl(:v)7gl|ﬂ;1(w)), while
over any point of form x = iy(zy) these fibres are identified with Cl(my *(z), gg|ﬂ,2—1(m)).

It is also quite clear that this theorem naturally extends to any finite sequence of consecutive gluings,
as long as they are all done along diffeomorphisms. The main point is that the Clifford algebras’ pseudo-
bundle of the result is obtained by some natural gluing of the initial pseudo-bundles; and if the latter are
standard, the end result is also a gluing of some standard bundles of Clifford algebras, with each fibre of
this result (which might well be non-standard itself) inherited from one of the factors.

7.1.3 Gluing of Clifford modules F; and F>

Let us now consider the behavior of the pseudo-bundles of Clifford modules under the operation of gluing.
In what immediately follows, we consider a gluing of two abstract pseudo-bundles of Clifford modules
over two given pseudo-bundles of Clifford algebras whose gluing is also fixed, and define what it means
for the two actions to be compatible with respect to the gluing of the Clifford modules. There is then
a natural induced action of the result-of-gluing (of algebras) on the result-of-gluing (of modules), which
turns out to be smooth.

The setting Let X; and X5 be two diffeological spaces, and let f : X; D Y — X5 be a smooth
map. Consider two finite-dimensional diffeological vector pseudo-bundles over them, 7; : V3 — X; and
Ty« Vo = X, and a smooth fibrewise-linear lift f of f to a map 77 (Y) — 75 '(f(Y)). Suppose that
each of these pseudo-bundles carries a pseudo-metric, g1 and go respectively, and suppose that these
pseudo-metrics are compatible for the gluing along (f, f); consider the corresponding pseudo-bundles of
Clifford algebras, 7 : C¢(V1,g1) — X1 and 75% : Cl(Va, g2) — Xa, their gluing along the map

FC. (wcz(vl’gl))_l(Y) — Cl(Va, g2),
as well as the resulting pseudo-bundle

over the space X; Uy Xo; the above equality actually stands for the diffeomorphism P,

Assume also that we are given two pseudo-bundles of Clifford modules, y; : F1 — X; and x2 :
Ey — X5, over CU(Vy,g1) and Cl(Va, g2) respectively; this means there is a smooth pseudo-bundle map
¢i : CUV;, g;) — L(E;, E;) that covers the identity on the bases. Suppose further that there is a smooth

51 As we have said in the previous section, the compatibility of pseudo-metrics is an extension of the concept of an isometry
map.
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fibrewise linear map f': x7*(Y) = x5 L(f(Y)) that covers f. We wish to specify under which conditions
Ey Uf, Es is a Clifford module over C¢(V; UJ; Va2, ), via an action induced by ¢; and cs.

Notice that we will avail ourselves of the extended notation for the standard inductions j,, while still
writing i for if(l, and iy for ig("’; the base space is the same for all pseudo-bundles throughout the section,
so this shall not create confusion, while allowing for simpler formulae. We will also use, whenever it is

reasonable to do so (but not at the expense of clarity), the notation ¢, rather than the full form such

CoV;
as, for example, j; Vi.91)

Compatibility of ¢; and c¢; Let y € Y, and let v € (7{*)~!(y). Consider
Y (j5 " (F(v)) € (1 Uf ) m2) ) (i2(f () € CUVL Uf V2, 9).

Compare the following two:

aw):xi 'y = xit(y), and (FEYW) o (fy) = xa (FW);
compare also ~ ~ B
flolei(v)) and (c2(F(v)))o f"

In order to define the induced action on E; U 7 E5, we essentially need to specify it for elements of
form ®C(j$1V292) (FCC(1))). An element of the latter form acts on the fibre (y1 Ui gy x2) ™ (i2(f(y)-
Its action therefore could be described by

O (g P (FC (@) (f (1)) = Fer(v)(er)) for an arbitrary €1 € X7 (1):

On the other hand, for any given element ey € x5 Y(f(y)) (whether it does or does not belong to the
image of f’) we might have R }
DU(j5" (F (v)))(e2) = c2(F ¥ (v))(e2)-

In order to obtain a smooth induced action, we wish to ensure that these expressions are compatible with
each other. We thus obtain the following notion.

Definition 7.3. The actions ¢, and cy are compatible if for ally €Y, for allv € (¢~ (y), and for
all e; € x7*(y) we have

Fler()(er) = e2(FX(0))(f'(ex)).

We remark that compatibility of two Clifford actions in the sense just stated is mot an instance of
(f, g)-compatibility of smooth maps; see [17] for explanation.

The induced action Assuming that ¢; and c¢o are compatible in the above sense allows us to define
the corresponding induced action, which first of all is a homomorphism

c: C’é(Vl Uf Vg,g) — ,C(El Uf’ FEs, F4 Uf’ Eg).

Using the diffeomorphism (®<)~! : C¢(V; Us V2,9) = Cl(V1,91) Uper CU(V2, g2), we can describe the
action ¢ as:
c(v)(e) =
i (en (G @) T @) (G THe)) i (@) (v) € Im (5T Y) = e € Im(57),
357 (ca((G8 29T (@) T ) (5 7He) ) if (89) 7 (v) € Im(j529)) = e € Im(557).

Since the images of the inductions ®¢* Ojlcg(vl’gl), ot Ojge(vg"(h)

are disjoint and cover Ct(Vi Uz V2, g),
and those of jfl, sz2 cover F; U 7 E5 (and are disjoint as well), this action is well-defined. Furthermore,
each c(v) is an endomorphism of the corresponding fibre, because both ¢;((5)~1((®“*)~1(v))) and
c2((GSH (@)~ (v))) (whichever is relevant) are so. Furthermore, the following is true (see [17]).

Theorem 7.4. The action ¢ is smooth as a map Cl(V}y Us Va,9) = L(E; U Es, By U Es).
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7.1.4 Unitary Clifford modules

The definition of a unitary Clifford module in the diffeological context is just a wverbatim extension of
the usual one. Let 7 : V — X be a diffeological vector pseudo-bundle endowed with a pseudo-metric g,
let 7 : C¢(V,g9) — X be the corresponding pseudo-bundle of Clifford algebras, and let x : E — X be
a finite-dimensional diffeological vector pseudo-bundle endowed with a pseudo-metric gg and such that
each fibre xy~!(z) carries the standard diffeology.

Definition 7.5. The pseudo-bundle x : E — X is said to be a unitary Clifford module over V if there
exists a smooth pseudo-bundle map ¢ : CU(V,g) — L(E, E) such that its restriction onto each fibre is an
algebra homomorphism and for all x € X, for all unitary vi,ve € 7~ (), and for all wy,ws € x (),
we have

ge(z)(c(v1)(w1), c(ve)(w2)) = gr(z) (w1, w2).

We note that this definition makes sense when applied to dual pseudo-bundles (whose fibres are all
standard, and so pseudo-metrics give scalar products on them), not so much for arbitrary pseudo-bundle.

7.2 Gluing of pseudo-bundles of exterior algebras: contravariant version

In this section we consider the contravariant®® version of the exterior algebra (first of a diffeological
vector space, then of a diffeological vector pseudo-bundle), by which we mean the following. Let V' be
a finite-dimensional diffeological vector space; for each tensor degree of V' consider the usual alternating
operator

1
Alt:V®..0V -V ®...0V, where Alt(v; ®...®) = EZ(—l)*‘igm‘”vg(l) ® ... ® Vs(n)

n n

is extended by linearity. The contravariant n-th exterior algebra of V' is the image

AV) =AYV @...® V) with /O\(V) =R;

n n

the whole exterior algebra A, (V') is the direct sum of all such terms,

/*\V =P AW).

n=>0 n

We obtain a pseudo-bundle of exterior algebras by employing the same operations in the pseudo-bundle
version, and defining the alternating operator fibrewise.

What we consider in this section is the behavior of such objects under gluing. Specifically, having
assumed that we are, as usual, given two pseudo-bundles 71 : V1 — X; and 72 : V2 — X5, and a gluing of
the former to the latter along the maps (f, f), we extend this gluing to one of the pseudo-bundle A, (V1)

to the pseudo-bundle A, (V2), along the natural induced map f*/\ (and the same map f on the bases);
and then show that the result is diffeomorphic to A(Vi Us V2).

7.2.1 Gluing of A (V1) and A,(V2) along the induced map ﬂ\

If V; and Vs are just two diffeological vector spaces, and f, : Vi — V5 is any smooth linear map between
them, then it extends, by linearity and tensor product multiplicativity, to a smooth linear map between

the respective tensor degrees of these spaces; thus, to the smooth linear map (f,)®" : V1 ®...@V; —
—_————

n
Vo ®...® V. Such extension commutes with the corresponding alternating operators, that is,
—_———

n

ALtV o (£)°" = (£.)®" o Alt™,

52T0 justify the distinction from the covariant case, recall that for diffeological vector spaces there almost never is an
isomorphism between the space itself and its dual.
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where Altz(-") is the n-th degree alternating operator on the space V;. This yields a smooth linear map
AV = AL(V). .

Let now mp : V4 — X5 and 7o : Vo — X5 be two vector pseudo-bundles, and let ( f,, f) be a pair of maps
defining a gluing between them; let Y C X7 be the domain of definition of f. Then the corresponding

collection of maps
~ A
U (f*|7r;1(y)) )
yey

yields the smooth and fibrewise linear map ﬂ\ between the corresponding subsets of A, (V1) and A, (Va).
Thus, it defines a gluing between the corresponding pseudo-bundles of contravariant exterior algebras
w{\* A\, (V1) = X7 and wé\* : A\, (Va) = Xo, with the gluing on the base spaces given by the same map
f~53

7.2.2 The pseudo-bundles A (Vi U; V2) and A, (V1) Un A, (V2)

We have just seen that a given gluing map f* extends to a map f*/\ that defines a gluing between A, (V1)
and A\, (V3); on the hand, the same map f, can be used to first perform the gluing of V; to V5, and then
construct the contravariant exterior algebra of the resulting pseudo-bundle V; U 7. Va.

Indeed, as any diffeological vector pseudo-bundle, V; Uz V> has its own alternating operator Alt,
whose image is the pseudo-bundle A, (V4 U 7. Va). Since each fibre of the pseudo-bundle of tensor algebras
T'(ViUg, V2) coincides with either a fibre of T'(V1) or one of T'(V2), and fibrewise each alternating operator
is the usual one of a (diffeological) vector space, it makes sense to wonder whether the pseudo-bundles
A (Vi Uz, V) and A, (V1) Uzn N\, (Va) are diffeomorphic in a canonical way.

The alternating operators Alt, Alt;, and Alty; The fact that there indeed is such a diffeomorphism,
follows essentially from the commutativity of gluing with the operations of tensor product and the direct
sum, as well as the definition of the operator Alt, and more precisely, the fact that its restriction to any
given fibre coincides with either Alt; or Alt,. Indeed, it is a matter of a technicality to observe that there
is the following relation between the n-th components of these three operators:

Alt™ — q)g?ﬁ) o (Altg”) U(f@n}f@) Altg”) ° (I)Efg)’

where @&?g) and @éfﬁ) are the two mutually inverse commutativity diffeomorphisms for the operations

of gluing and tensor product.?®* More precisely,
®
fI)L(J,g) (N Us, Vo)®" — (V)®™ U7, yon (Vo)®m
and @((86?3) is its inverse. Do note that the notation @Eﬁg) might be misleading, since we are not referring
to the n-th tensor degree of the diffeomorphism @ g, but rather a new diffeomorphism that is defined
from the beginning on the n-th tensor degree of V; U 7 Vo (we avoid giving further details here, but see
[21]). For the moment, we just rewrite the same expression as

B A= (3 o ) 0062

jon.fo

53To go into a bit more detail, for each of T'(V7), T'(V2) there is the fibrewise-defined alternating operator Alt;, for i = 1,2;
it is a map T'(V;) — T(V;) that covers the identity on the base space X; and that is defined, on each fibre, as the usual
alternating operator associated to the fibre. The image A, (V;) of each Alt; is a sub-bundle of T'(V;), consisting of fibres of

form A, (ﬂi_l (z)); it has both the sub-bundle diffeclogy (the usual subset diffeology) and the pushforward diffeology (relative
to Alt;), with the two diffeologies easily shown to coincide. Between these two pseudo-bundles, A, (V1) and A, (V2), there

is the map ﬂ{\ just-mentioned; the result of gluing of A, (V1) to A, (V2) along it is the pseudo-bundle A, (V1) Uf/\ A, (V2).
54Informally we could just say that Alt is obtained by, or that it splits as, gluing together Alt; and Alto.
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The diffeomorphism ®A- : A (7} Uz, Va) = A.(V1) Uzn N\, (V2) Having essentially defined the map

®A- on each tensor degree, we now set
Xn
oA = @q)&’@) |/\*(V1Uf;V2) :

This expression is actually abbreviated, since the commutativity of gluing with the direct sum is only

Xn
implicit therein. Indeed, ®/\+ is defined on the subspace of antisymmetric tensors in D, (V1 Ug, ‘/2) ,

that is, on A, (V1 Uy, V2) (as wanted), but it takes values in the space P, (V1®” Ujen V2®"), whereas we

need it to take values in (@nV{X’") Ug, fon (@nV2®"). For this to happen, ®\« must be post-composed
with the appropriate diffeomorphism between the latter two pseudo-bundles, specifically with the diffeo-
morphism

0 D (Vi Upen VEM) = (@2V) U, jon (V5")
n

The full form of ®A« therefore is

PN = Py 0 (@ @&?g) |/\*(V1Uf~*V2)> ;

its inverse is given by

-1
. (®n)
(@/\*> *@%,3 I/\*<v1>uf§/\*(vz>

(in the abbreviated form) and by

-1
(q)/\*) — <€B <I>§§f(f> ° (%,u I/\*<v1)uf.*A/\*<v2>) »

where ®g , is the inverse of @y g.

7.3 Gluing pseudo-bundles of covariant exterior algebras

We now turn to the (more usual) covariant version of the exterior algebra. This case is somewhat trickier
than the contravariant one, due to a complicated behavior of the gluing operation with respect to taking
dual pseudo-bundles.

7.3.1 The covariant exterior algebra

Let V' be a diffeological vector space; the covariant alternating operator Alt is defined just as the con-
travariant one, but it acts on each space V* @ ... ® V*; by definition, A" (V) is Alt(V* ®@...® V"), and
the direct sum of all A" (V) is the exterior algebra A\(V), with respect to the exterior product. It is

smooth for the pushforward diffeology by Alt, so A(V) is a diffeological algebra.
If V1 and V; are two diffeological vector spaces and f : V1 — V5 is a smooth linear map, there is a
natural induced map fA : \(Va) — A(V1), which is smooth and linear. On each space Vi ®@...® Vy
—_——

n

it acts as (f*)®". This commutes with the alternating operator, in the sense that Alt; o (f*)®" =
(f*)®" o Alty, where Alt; is the alternating operator for the space V;, and Alty is one for the space V5.
Hence the direct sum of all maps of form (f*)®" is a well-defined map between A(V2) and A(V1).

Let now m : V — X be a finite-dimensional diffeological vector pseudo-bundle. The collection Alty
of the covariant alternating operators associated to each fibre yields a pseudo-bundle map of T(V*)
into itself, whose image is, by definition, the pseudo-bundle of covariant exterior algebras, which

we denote by A(V), with the corresponding pseudo-bundle projection denote by 7A : A(V) — X.
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(Obviously, the construction of Alty is that the contravariant case, it is just applied to the dual pseudo-
bundle 7* : V* — X). Also in this case, A(V') carries a priori two natural diffeologies: one as a subset of
T(V*), the other obtained by pushing forward the diffeology of T'(V*) by the alternating operator Alty .
Once again, these two diffeologies coincide.

7.3.2 The induced gluing of A(V2) to A(V1)

Let now m : V1 — X, and w9 : Vo — X5 be two finite-dimensional diffeological vector pseudo-bundles,
and let (f, f) be a gluing between them such that f is smoothly invertible; let Y C X7 be the domain of
definition of f, and let Y’ stand for f(Y). There is then the natural induced map

PN AV2) 2 A ' (Y) = Al ' () € AV,

which is defined on each fibre by taking the already-defined map A (5 *(v/)) — A(x (£ (%)) between
the exterior algebras of diffeological vector spaces. This map is smooth for the subset diffeologies on
A H(Y")) and A(7;'(Y)), and, together with the map f~!, it defines a gluing of A(Vz2) to A(V1),
whose result is the pseudo-bundle

TN Uap-ny ™11 \N(V2) Upn \(V1) = X2 Upor X1

7.3.3 Comparison of \(V1 Uz V2) with A(V2) Uza A(V1)

There is another possibility for the interplay between the operation of gluing and one of building the
pseudo-bundle of exterior algebras, and specifically, that of first gluing the pseudo-bundle V; to V5 along
(f, f), thus obtaining

T U(f,f) ™ Vi UJE‘/Q — X3 UfXg,

and then considering the corresponding pseudo-bundle

(71'1 U(f,f) 71'2)A : A(Vl Uf Vg) — X1 Uy Xo.

It is quite natural then to ask under which assumptions the two pseudo-bundles thus obtained (A(V1U7V5)
and A\(V2) Usn A(V1)) are diffeomorphic, and it is also quite clear that the necessary conditions should
include the gluing-dual commutativity; this turns out to be a sufficient condition as well.

Let &y, : (V4 U 7 Vo)* — V5 Ug. Vi* be the gluing-dual commutativity diffeomorphism. It can be
extended to a diffeomorphism

oTA /\(V1 Uj Va) — /\(V2) Ujn /\(Vl)

that covers the switch map, is linear on the fibres, and is smooth, in the following way. If we omit
the pre- and post-compositions with the gluing-direct sum and the gluing-tensor product commutativity

diffeomorphisms, ® is simply
CD/\ = (@ (I)gji) |/\(V1UfV2) .

Note that that this time, by @81 we do mean the n-th tensor degree of ® ..

Adding ®,,g5 We need the n-th tensor degree component of ® to be a map of form

Xn

(AUF1) ) > (V)" Uggyen ()P,

while each ®&”. has form

o ((v1 U; 1/'2)*)®" = (1/2 U;. vl*)®”.
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The diffeomorphism that we need to add to this component is
(I)(®n) AvEUL v @n Vi @n U, = v @n
ue (Y2 Vg Vi = (V3) (Fyen V1),

the already-mentioned extension of the gluing-tensor product commutativity diffeomorphism to the case
of n factors.?® Thus, the full form of the n-th degree component of ®/ is

(2575) © (28%) InGauva) -

Adding ®, ¢ It now suffices to add the gluing-direct sum commutativity diffeomorphism, that is, the

map
e @ (V)" Uifoyon (7)) = (@(vm@”) Ugp. (j-yom (Z(vm@”) .

n n

Thus, the entire diffeomorphism ®/\ is the following map:

oM =0y o D ((28%) ° (O52) Inviusm ) -

n

Its inverse is obtained by taking the inverse of ®y g and then inverting (separately) each component
under the sum.

The range of ®\ Finally, we mention why the range of ®/\ is indeed the space A (V2) Uza A(V1). This
follows from the properties of alternating operators

®n ®n
At (GUpWe)) T = ((BUpVa)) o Al s (V)" = (V)" Alty : (V)" = (V)%
in particular, up to adding the appropriate commutativity diffeomorphisms, we have

D% 0 Alts,e = (Alto U7 yon (72yon) Altr ) 0 BET,
where

Altg U(( )®'n,) Altl

Foen.(f

is the result of the gluing of maps Alts and Alt; along the pair ((f*)®", (f*)®”) Since it has range
/\(‘/2) Uf/\ /\(‘/1)7 so does AltU,*-

7.4 The Clifford actions on A (Vi U;V3) and on A(Vi Uf V2)

Let 7 : V1 — X7 and m3 : Vo — Xo be two diffeological vector pseudo-bundles, and let ( 1, f) be a
gluing between them. Suppose that V3 and Vs are equipped with pseudo-metrics g1 and go respectively,
compatible with this gluing; let g stand for the pseudo-metric obtained from the gluing of g; and gs.
In this case each fibre of A (Vi Us V2) at a point € X; Uy X5 is naturally a Clifford module over
Cl((m Uz, p m2) " (x), §(x)), and the same is true for fibres A, (V;) at = € X; and Cl(n; *(x), g;(x)) for
i = 1,2. Thus, we have three pseudo-bundles of Clifford modules; indeed, for all the three fibres usual
action, which is smooth on each fibre, turns out to be smooth across the fibres (this is something that is
true in its maximal generality). On the other hand, we have seen that the pseudo-bundle A, (V1 U7 V5)
is obtained by gluing A, (V1) to A,(V2), so next, we consider the interaction of the Clifford action with
this gluing, showing that the natural induced action on A, (V1 Uy V2) coincides with the standard one.

All the same is true also in the covariant case, although, as we have already noted (in the case of the
dual pseudo-metrics especially), it requires more intricate assumptions.

55Recall that it is not the n-th tensor degree.
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7.4.1 The Clifford action of C/(V,g) on A (V) is smooth

Let 7 : V — X be a finite-dimensional diffeological vector pseudo-bundle that admits a pseudo-metric g,
let 7 : C¢(V, g) — X be the corresponding pseudo-bundle of Clifford algebras, and let 7\« : A (V) — X
be the corresponding pseudo-bundle of contravariant exterior algebras. The standard Clifford action ¢
of CU(V,g) on A,(V) (see, for instance, [1], Ch. 3.1) is defined by setting, for all x € X and for all
v € n~1(x), that c(v) = e(v) —i(v) € End(n~(x)), where

k
e)(vy A AvE) =vAv AL Avg and i(v) (v AL Avg) Z DI o AL A g(@) (v,05) A A v
j=1
this extends to the rest of the Clifford algebra by linearity and substituting the tensor product with
the composition. Considered on each single fibre, that is, on a finite-dimensional diffeological vector
space, this fibrewise action is smooth (see [17]). This quite easily extends to the case of locally trivial
pseudo-bundles:

Proposition 7.6. Let w: V — X be a locally trivial finite-dimensional diffeological vector pseudo-bundle
that admits a pseudo-metric g. Then the fibrewise Clifford action c is smooth as a map CU(V,g) —

LAV, A(V)).

7.4.2 The case of A\ (V1 U;V2) = A, (V1) Ugn A, (V2)

As we already indicated, in the case where we are given two pseudo-bundles 7y : V3 — X7 and 73 :
Vo — Xo, and a gluing (f., f) between them,?® there are essentially two ways of seeing the same pseudo-
bundle A, (Vi Uz V2) = A, (V1) Ujn A, (V2). In particular, the left-hand side of this expression is by
construction a pseudo-bundle of exterior algebras and comes immediately with the standard Clifford
action of C¢(V, U f~V2, J), while the right-hand side is the result of gluing of two pseudo-bundles of exterior
algebras,5” each of which comes with its own smooth Clifford action, ¢1 : C¢(V1,g1) — L(A,(V1), A, (V1))
and co : CU(Va, g2) = LN, (Va), A\, (V2)), respectively. It thus suffices to show that they are compatible,
in order to obtain the induced Clifford action on A, (Vi Uf V2); which can then be compared to the
standard Clifford action ¢ : C¢(Vy U Va2, g) = LI\, (Vi Uf Va), A(Vi Uf V2)).

Compatibility of the two actions It is of course sufficient to check the compatibility condition for
elements v € V; C Cl(V;, g;) and for individual exterior products vy A ... A vy in A, (7 (y)) and their
images in A, (75 ' (f(y))). For them, the condition is

M) (w1 A A o)) = e2(F ) (FL M0 A A o)),

where y € Y is any element in the domain of gluing, v € 77 *(y) € C4(V1, g1), and vy A. . . Avy, € (71'{\ )L (y)
(in particular, v1,...,vx € 71 (y)).
Let us consider the left-hand part of the smoothness condition. We have, first of all,

k
cl(v)(vl/\.../\vk):v/\vl/\.../\vk.72(71)7*1111/\.../\gl(v,vj)/\.../\vk7
j=1

therefore by the definition of f*/\ and by the linearity of it we have
FNer(w) (i AL Avg)) =

k
= f) A f(v1) A .. ) = > (=1 g @) (v, ) f(1) A A F(0j21) A F(wjen) A A Flue).

j=1

Furthermore, and again by the definition of ﬂ\, the right-hand side of the compatibility condition is

56Suppose for simplicity that both are diffeomorphisms of their respective domains with their images.
57Which at the moment we consider as its primary structure, while its identification via the diffeomorphism &N\« with
the left-hand side pseudo-bundle is secondary to that.
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e (F) A Av) = e (FO)FE) A A Flog) =

S

= JW)A ) A A Flon) =Y (=1 g2 (F ) (F(0), F0)) f o) Ao A F(0jm0) A (o) Ao A for).

Jj=1

The two expressions clearly coincide, since the compatibility of pseudo-metrics g; and g means precisely

that g1(y)(v,v;) = g2(f(y))(f(v), f(v;)) for all y, v, and v;. We therefore conclude that the standard
Clifford actions ¢; and cg of CU(V1, ¢g1) and Cl(Va, g2) on A, (V1) and A, (V2), respectively, are compatible

the gluing along (f*/\, -

The induced action on A (Vi3 U; V2) It remains to comment on the action of C¢(Vy Uy V2, g) on
A.(Vi Uj V2). This is an instance of Theorem 6.3 (more precisely, of the induced action ¢ described
immediately prior to its statement), and once again, it is sufficient to specify this action for v € V; U 7 Vs

and vy A ... Avg € A (Vi U V) with (m Uj m2)(v) = 7N« (vy A ... Avg). Furthermore, the formulae are
the already-seen ones, and we just add the appropriate standard inclusions, obtaining

c()(vy A Avg) =
= 0 (e (GE) T @GE) T w0 A A GE) T (@) ) B (m Up mo)(v) € Range(i),
c(W)(vy A Avg) =

=0 (ea Y T @G @) A A GE) T (k) ) B (1 U ma) (v) € Range(i3).

7.4.3 The action of CU(V5', g3)U ) CE(VT, g7) on \(V2)Usp A(V1): compatibility of the actions
on the two factors

We now consider the covariant case, which is a more complicated one, mainly due to the existence of
various ways of presenting the pseudo-bundles involved (that of Clifford algebras and that of exterior
algebras), although, due to the diffeomorphisms described in the previous sections, essentially there is
only one of each. In this section we treat the two respective presentations given by gluing.

The Clifford actions ¢; and ¢f Let now ¢ : C¢(V5, g5) — LIA(V2), A(V2)) and ¢} : CU(V}*, gF) —

L(A(V1), A(V1)) be the standard Clifford actions.?® Then for v* € V;* and for v! A. . .AvF € (2 =1(xF (v7))
we have

k
WAL AV = vt At AL AR — Z(—l)jHUl A A g () (vF, ) L

3
Jj=1

This action turns out to be closely related to ¢; and the natural pairing map ®; : V; — V;*, that acts by
v = gi(m;(v))(v,-). The map ®; is always smooth and (in the finite-dimensional case) surjective; since
the pseudo-bundles we are considering are assumed to be locally trivial, it also has a smooth inverse
onto the characteristic sub-bundle of V;. Finally, each ®; extends to a smooth fibrewise linear map
A, (Vi) = A.(Vi*) = A(V;), that is well-behaved with respect to the exterior product:

q)i(vl VANIAN Uk) = (I)i(vl) VANAN (I)Z(”Uk)
The natural implication is the following statement.

Proposition 7.7. Fori=1,2 and for all v,v1,...,vx € V; such that m;(v) = m;(v1) = ... = m;(vg) we
have
D(c;i(v)(v1 Ao Avg)) = ¢ (Pi(0)(Pi(v1) Ave o A D ().

In other words, there is a natural commutativity between each ¢;, ¢, and the corresponding ®; (which
is actually two-way if restricted to the characteristic subspace).

58The * in c; is just a choice of notation; obviously, we do not mean the map dual toc;.
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The actions of C/(V5', g5) and CU(V}*, ¢g7) on A(V2) and A(V1) are compatible The above allows
to easily check that the standard actions c¢5 and c] are compatible with the respect to the gluing of
CU(Vst, g3) to CU(Vy, gt), which is along ((F*)°, f~1), and the gluing of A(V2) to A(V3), that is along
(fA\, f=1). Specifically, this means the following.

Proposition 7.8. For all v*,v', ... vk € V5 such that 75 (v*) = m3(vl) = ... = w3 (v*) € f(Y) we have
M)A AD)) = GE)D N A AV =GR A A TN,

The corollary of this is that there is the induced action c.u of Cl(V5',g5) Upayee CUVY, g7) on
A(V2)Uga A(V1). Since the presentation CU(V5', g3) U p.yce CE(VY', g7) does not automatically imply that
it is a pseudo-bundle of Clifford algebras, we cannot yet say that cy . is a Clifford action; although it is
one, as we explain in the section that follows.

7.4.4 The diffeomorphism A(Vi U V2) = A(V2) Usp A(V1): comparing the Clifford actions
The summary of the situation as it appears now, is that we have three pseudo-bundles of Clifford algebras
CO((VA U V)", 3%) = CE(Vs U Vi'og%) = CE(Vy, g3) Uyonyer CE(VY g7)

and two pseudo-bundles of exterior algebras

AV U;V2) = \(V2) Upn A(V2),

with various identifications and Clifford-type actions between them. All of this therefore reduces to a
just one pseudo-bundle of Clifford algebras acting on just one pseudo-bundle of exterior algebras; let us
see how exactly this happens for each case.

The Clifford algebra pseudo-bundle C/(V5" Uy. Vi*,9*) The pseudo-metric g* was described in

Section 5.5.5; essentially, its meaning is that on a fibre over a point in i32(Xy \ f(Y)) it coincides
with the pseudo-metric g3, while elsewhere it coincides with the pseudo-metric g7. The construction of
Cl(V3 Up. Vi, g*) allows for a ready identification of it with CU(V5', g3) U . e CE(VY', g).

Furthermore, g* is related to §* in the way described in the same section, that is, by the formula

((@u)) ™" @ (@u,))7") 0" = ¢ o (pxioxa);
this allows us to see that C{(V3" Up. VT, g*) = Cl(V Uj V2)*,g") in a natural way.

Summary of diffeomorphisms: Clifford algebras In this section we have mostly discussed dif-
feomorphisms for the pseudo-bundles of exterior algebras, mentioning only briefly (Theorem 6.2) the
diffeomorphism

O CU(V1, 1) Uper CUVa, g2) = CU(V1 U Va, ).

Furthermore, written in this form it appears to refer to the contravariant case; of course, it suffices to
substitute (V5*, ¢5) for (V1,g1), and (V{*, g7) for (Va,g2), to obtain the diffecomorphism, that we denote
by &™) and that goes

) Vs, g3) U(F‘*)Cl VY, g1) — CU(Vy' Uf* Vl*’gﬂ:k)’

one of the diffeomorphisms that we referred to at the beginning of this section.
What we need now is a diffeomorphism

CU(Vi Uj Vo)*,§%) = CU(V5 U Vi, g%).

This is essentially recovered from the gluing-dual commutativity diffeomorphism @ . : (V3 U 7 Vo)* —
V5 Uz Vi, in a way somewhat similar to how it was used in the case exterior algebras. Specifically, we
first extend it by the tensor product multiplicativity to the tensor algebras pseudo-bundle and then take
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its pushforward along the two projections onto the respective Clifford algebras pseudo-bundles. That
this is well-defined (that is, that the defining relation of a Clifford algebra is preserved by ®y ) easily
follows from the above formula that relates §* and g*. We introduce the following notation for the
diffeomorphism thus obtained:

O, CU(Vi Up Vo), 0%) — CU(Vs U Vi, g%).

We note that possibly the main advantage that comes from the discussion carried out so far is possibly
the existence of the composite diffeomorphism

—1
(@Ca*)) 0 B, 1 CU(V1 U Va)*, §%) — OUV5 ,g5) Ugeyer CEVY, 1),

which allows to view the (covariant version of the) Clifford algebra of a pseudo-bundle obtained by gluing
as itself being the result of gluing of the Clifford algebras of the factors. Let us finally give a unique list
of the diffeomorphisms for Clifford algebras:

o ®FL : CU(Vi Uf Va)",3%) = CU(V5 Up. Vi, g%);
o O CUVE, 95) Ugpeyer CUVE, gt) = CEV Up Vi, 6°);

—1 ~ % * % * ok
b ((I)CZ(*)) © (I)Sﬁk : CE((Vl Uf ‘/2)*79 ) — CK(‘/Q 792) U(ﬁ*)ce CE(Vl agl)'

Summary of diffeomorphisms: covariant exterior algebras For pseudo-bundles of exterior alge-
bras, there are only two options,

AU Ve) = \(Ve) Usa A(V2).

As we have seen shortly before (Section 6.3.3), there is a natural diffeomorphism between them:
oM A(Viup1e) = A\ (Ve) Usn A1)

Summary of actions Turning now to the Clifford actions, we outline first which Clifford algebra (or
the result of gluing of such) has natural action on which pseudo-bundle of exterior algebras:

o Cl((V1UfV2)*, ") acts on /\(V1 U V3) via the standard Clifford action ¢;

o CUVF,g3) Upuyee CUVT, g7) acts on A(V2) Upa A(V1) via the action cy . (see Proposition 6.8)
induced by the standard Clifford actions ¢ and c¢f of C¢(V5,g35) and CO(V*, g7) on A(Va) and
A(V1) respectively;

o CUVyU * Vi, g* ) has, again, the standard Clifford action, which we have not mentioned yet and
which we now denote by ¢, u, on A, (V53U * Vi*). Notice that the latter is the contravariant exterior
algebra of the pseudo-bundle V3'Uz. Vi*; it is naturally diffeomorphic to /\(V1Uj V) via the obvious

extension @O’* of the gluing-dual commutativity diffeomorphism; this diffeomorphism goes

o), : \(Vi Uz Vo) = \(Vs Us. V).

The equivalence of actions Let us now specify how the diffeomorphisms ®“*), 7, and (&) 1

@8’{“ as well as the actions ¢, ¢y, and ¢, y, are related to each other (it is quite clear that they are).
The most natural, or the most immediate, relations to check are:

e the action ¢ of C{((V1UfV2)*, §*) on A(V1U;V2) should be compared to the action c,,, of C¢(V5 U
V5, 9%) on A, (V5 Uz Vi), with respect to the diffeomorphisms o, and @L/}y*;
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e the action cy,« of CU(V5', g5) U puyer CUVY", g7) on A(V2) Uga A(VA) should be compared, again, to
the action ¢, of CU(V5 Uz V', g)on A, (Vs Uz V1"), with respect to the diffeomorphisms PC)
and <I>07* o (@A),

Notice that these equivalences imply the equivalence of ¢ and cy . automatically.

Let us consider first the actions ¢ and ¢, . We give a down-to-earth description of their interrelation,
which is as follows. Let v € Cl((V1 Uf V2)*, "), and let e € A(V1 U7 V2) be such that wN\(e) = 7% (v)
(that is, e belongs to the fibre on which ¢(v) acts). Then we have

o)) (c(v)(e)) = er (@, (0) (@) (€))-

Let us now consider cy. and c. . The same kind of relation holds, i.e., if v € CUV5", g3) U poyer
CU(Vy, g7) and e € \(V2) Ugn A(V1) are such that cy . (v)(e) is well-defined (since the base space is the
same for both pseudo-bundles, this means that they are taken in the two fibres over the same point), we
have the following:

(20 0 (@M)7) (b @)(e) = eru (27 ) (@D 0 (@) 7)(e))

Finally, for completeness we give the equivalence formula for the action ¢ (of C¢((V; U 7 V2)*,3*) on
. —1
A(V1U;V2)) and cy . (of CE(V5', g3) U ey CE(VY, g1) on A(V2)Uga A(VA1)), with respect to (@) "o

P, and ®N\. For v € CU((V; U V2)",g%) and e € \(V1 U V2) that project to the same point in the base
space X1 Uy X, we have

N (e(v)(€)) = cun (@) 71 0 1) (0)) (2N (e)).

7.5 Some examples

In selecting examples to illustrate the constructions described in the present section, there are two main
considerations to keep in mind. First of all, most of our constructions ask for f * to be a diffeomorphism;
we note that this does not imply that f itself is so, only that its restriction on the characteristic sub-
bundle should be one. The distinction is particularly important in the covariant case. Notice also that in
this case the purely diffeological side of matters has less to do with some unusual function being regarded
as smooth (all fibres having standard diffeologies), and more to do with some unusual spaces being looked
at, as if they were smooth manifold.

7.5.1 The by-now-classic: two planes over a cross

We dedicate this section to considering a rather simple, but not entirely trivial, example that illustrates
the above abstract constructions. The basic object for it is the trivial fibering of the standard R? over
the standard R (via the projection onto the first coordinate). The easiest way to glue together two copies
of such, is to take the wedge of the two copies of the base R at their respective origins, and then identify
the lines over them in some obvious fashion.

The pseudo-bundles 7 : Vi — X7 and 73 : Vo — X5, the gluing (f, f), and the pseudo-metrics
g1 and g» Thus, as we just said, we have V; = V5 = R? with its standard diffeology, X; = Xy = R,
also standard, and the two standard projections on the z-axis, 71 : Vi 3 (x,y) — « € R = X; and
my : Vo O (x,y) —» & € R = X5. The pseudo-bundle structure is given by imposing on each fibre
(x,y1) + (x,y2) = (x,y1 + y2) and A(z,y1) — (2, y1) (recall once again that this is different from the
standard operations on R?). Next, we have the gluing of these two pseudo-bundles along ( f , ), where f is
defined on the origin {0} C X; of R via f(0) = 0 € X, = R; its lift f acts on the fibre {(0,y)} C V1 = R?,
mapping it to the fibre {(0,4)} C Vo2 = R? via a usual linear transformation. Thus, f is uniquely defined
by some constant a € R via the rule

7(0,1) = (0,a) € Vo = R2.
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Notice that since all fibres have standard diffeology, the characteristic subspace of any fibre coincides
with the fibre itself; the implication of this, that is relevant at the moment, is that, for there to exist
compatible pseudo-metrics g; and go, we must have a # 0. Then, said in simpler terms, any pseudo-metric
g1 on V7 is determined by a usual smooth and everywhere positive function f; : R — R by setting

g1(2)(v,w) = fi(x) - *(v) - €*(w),

where e? is the second element of the canonical dual basis (in other words, €?(v) is just the y-coordinate
of v). Likewise, go can be written as

92(2)(v,w) = fa(x) - *(v) - € (w),

and the compatibility means that f1(0) = a?f2(0). Indeed, the compatibility condition means that we
must have

91(0) ((0,1), (0.12)) = g2(0) (£(0.92). F(0,2)) & SOy = 92(0) (0, aya). (0. ay2)) = a* o0}y

The result of gluing The pseudo-bundle that results from the gluing described in the previous para-
graph can be described by representing Vi Uz Vo as the union {(z,0,2)} U {(0,y,2)} of two planes in
R3, and, accordingly, X; Uy X5 as the union {(x,0,0)} U {(0,y,0)} of the two axes, with the projection
m1 U(f,p) T2 acting by (z,0,z) — (x,0,0), (0,y,2) — (0,y,0). Notice that this is more of a topological
representation than a diffeological one, in the sense that the subset diffeology on the two subsets relative
to the standard one on R is coarser than the gluing diffeology (see [33], Example 2.61).

The pseudo-metric g (recall that in the gluing-dual commutative case, such as the one we are consid-
ering at the moment, it does not depend of the specific way of constructing it) on V; U 7 V5 thus presented

can be described as @) 2 4
- _ 1(x)dz® ify=0and x #0,
g(@.y,0) = { fa(y)dz? if 2 = 0.

The pairing maps ¥, , ¥ ,,, and V; Since all fibres are standard, the characteristic sub-bundles
coincide with the pseudo-bundles themselves, so all three maps are automatically invertible. Written
explicitly, they act by:

\I]gl (Qi,y) = f1(1')y€2, \Ilgz (.’1?7y) = fg(l‘)yeg,

and then, using the just-mentioned presentation of V; U 7 Vs as the subset of R? given by the equation
zy = 0, we have
i | A@)zdz ify=0,
Vg(2,y,2) = { faly)zdz ifz =0

The dual pseudo-metrics The dual pseudo-metrics are therefore described in the same manner as g,
and go, but the coeflicients are inverted:

G5(@) (0", 0") = o 0" (e2) -w*(e2) and g}(&)(v",w") = —

fa(z)

Indeed, let v* = (x,y"€?) and w* = (z,y“e?); then
95 (@) (V" w") = g2(2) (P! (v7), W, H(w")) = falz)e® (Vg (v7))e? (P, (w"))

by definition. If (z,y,) = ¥ ' (v*), we have y’e* = go(x)(v,-) = f2(x)yve?, so in the end

2 —1/,.% _ 1 ’U* e 62 —1 w* — 1 U}* e
€ (\Ij92 (U )) - f2($) ( 2)7 (\Ijgg ( )) fQ(x) ( 2) =
. 1, 1,
= g5 (z)(v*,w") = faf )‘m” (e2) - mw (e2),

as we claimed.
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Notice also that by definition of the dual map f* we have f*(0,e2) = (0, ae?). By direct calculation

we obtain )

73(0)(€2,¢?) = f#(o) G O)(F(e). fe2) = £

since the assumption that we have made already, that of f1(0) = a?f5(0), is equivalent to #(0) = 7o)
we indeed obtain that the compatibility of g; with go implies the compatibility of g3 with g7, by the sole
assumption that f = fy be a diffeomorphism (as it should be by one of the results cited in this section).

Finally, we can write the pseudo-metric g* = g* as
19 9 _
AL P Ay
3 A
T oz ®s: iz =0

g*(«',y',0) = {

This is of course a rather artificial choice, that we make in order to stay as close as possible to the
standard notation (in particular, when writing % we implicitly identify the second dual of R3, with R3
itself; we have already done in describing the dual pseudo-metrics).

The pseudo-bundles of Clifford algebras All fibres in our case are 1-dimensional, so as a vector
space, the Clifford algebra of any of them coincides with the direct of the fibre itself with a copy of R,
which is the span of the unit. Let x; € X; be a fixed point; then the fibre ;' (z;) is the set {(zs,y)}.
The Clifford relation is then (z;,1) ® (z;,1) = —fi(z;), so the multiplication in the Clifford algebra
CO(r (1), gi(ws) is given by

(@i, y1) ce (@i, y2) = —fi(@i)y1yoe.
The gluing of C¢(77(0), g1(0)) to Cl(m5(0), g2(0)) is given by the direct sum of f with the identity on

the scalar part, F“ = f @ Idg, and we have
FE((0,1) ce (0,92)) = = f1(0)y1y2 and

F(0,91) -ce F(0,42) = (0,ay1) -cx (0, ay2) = —a*f2(0)y1y2 = — f1(0)y19o-
Each of the two individual Clifford algebras’ pseudo-bundles is thus a trivial fibering of R? over R;
the result of their gluing can be described as the subset in R* given by the equation xy = 0, so that

Cé(‘/lagl) U]:"Cl CE(‘/Q?QQ) = {(3?, Oa Z,'UJ), Where X 7& 0} U {(O7y’ Z,’UJ)},
with the pseudo-bundle projection given by

(2,0,0,0), ify=0and z#0
(

ce . (e/4 —
(7T1 U(Fcl,f) Ty )($3y723w) - { O7y’070)7 lfxzo,

and the Clifford multiplication being defined by
(2,0, 21,w1) e (2,0, 22, w2) = (2,0, 21w2 + 20w1, — f1(2)2122 + W1W2),

(0,9, 21,w1) “ce (0,y, 22, w2) = (0,9, 21w2 + 22wy, — f2(y) 2122 + wrws).

From this, it is also quite evident that the result trivially coincides with C¢(V; U 7 Va2, §), so much in
fact, that we can only distinguish between the two by choosing two slightly different forms of designating
the same subset in R*. Specifically, in the case of C¢(V; Uy Va, §) we describe the set of its points as

{(z,y,z,w), where zy = 0}.

Obviously, this is the same set as we described as the set of points of C¢(Vi, g1)U zce C€(Va, g2); the chosen
presentation of the latter emphasizes its structure as the result of a gluing.

Notice also that, viewing Vi U V2 as the subset of R? given by the equation zy = 0, the Clifford
relation, for elements of V; U 7 Vs, yields

{ (I70721) e (IvanQ) = 7f1($)2122
(0,9,21) -ce (0,9, 22) = — fa(y) 2122,
(

the Clifford multiplication in C¢(Vi Uf V2, ) (obtained by adding the fourth coordinate) is given by
precisely the same formula as in the case of Cl(V1, g1) Upce CU(Va, g2).
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The pseudo-bundles of covariant Clifford algebras The case of the Clifford algebras associated
to the dual pseudo-bundles of Vi*, V5, and (V; U 7 V2)* is the same as that in the contravariant case.
There is one formal distinction that we can make in order to stress the difference between (V3 Uz Va)*
and V5" Uz V", which we indicate immediately for the Clifford algebras as a whole.

Specifically, consider again the subset in R* given by the equation xy = 0. This is the subset that
is identified with all three (shapes of) the Clifford algebra, in accordance with the fact that all three
are diffeomorphic. For all three possibilities, we identify the copy of V;* contained in either of them,®’
with the hyperplane {(z,0, z,0)}, and the copy of V5", with the hyperplane {(0,y, z,0)} (once again, the
fourth coordinate w corresponds to the scalar part of the Clifford algebra of a fibre). The distinction
mentioned above consists in the following. When this subset is viewed as CC((V1 UfV2)*, §*), we describe
the Clifford multiplication as

{ (2,0, 21,w1) ~cr (2,0, 29, w2) = (2,0, z1wa + 20w1, —ﬁzlzg + wyws) for x # 0,

(0,9, 21,w1) -ce (0,9, 22, w2) = (0, z1w2 + 20w1, 7%2122 + wiwy) otherwise.

On the other hand, when we view the same subset as either C¢(V5", g3) Ugmyor CU(Vy', g1) or CUV5 Up.
Vi, 57*), we describe the corresponding product by

(2,0, 21,w1) ~cr (2,0, 29, w2) = (2,0, z1wo + 20w1, —ﬁzlzg + wyws) for all x,
(0,9, z1,w1) ~ce (0,9, 22,w2) = (0,y, z1w2 + 22w, *ﬁm)zlzz +wyws) for y # 0.

As we see the difference, albeit minimal, is found precisely over the domain of gluing (a single point in our
case). It is also clear how the compatibility condition f1(0) = a?f2(0) ensures that the two expressions
coincide, so that the presentation reflects the diffeomorphism of the two objects.

The pseudo-bundles of exterior algebras These can be presented in exactly the same way as those
of Clifford algebras (but the multiplication works differently). Namely, in the contravariant case we have
a unique presentation immediately, which is, again, as a subset of R* given by the equation zy = 0, with
the exterior product

(2,0,21,w1) A (2,0, 22, w2) = (2,0, 21w + 22wy, Wiwa),
(07 Y, 21, ’U}l) A (O’ Y, 22, U}g) = (07 Y, z1w2 + Z2W1q, ’U}l’LUQ)

(this is simply because all fibres are 1-dimensional). Notice that if the exterior algebras A (V1) and
N, (V2) are seen as the hyperplanes of the equations y = 0 and x = 0, the gluing map ﬂ\ acts by

i {y =0} > (0,0, z,w) — (0,0, az, w).

The case of the three exterior algebras relative to the dual pseudo-bundles is analogous, and the
expression that defines the exterior product is exactly the same. There is a slight formal difference in
describing the gluing map ( f*)/\7 which acts by

{zx =0} >3 (0,0,2,w) — (0,0,az,w);

the formula is exactly the same, and the difference consists in considering its domain of definition (which
remains the same) as a subset of the hyperplane {# = 0} rather than one of {y = 0}.

The Clifford actions Finally, we use the same presentations to describe the Clifford actions. These
are of course standard, since all fibres are standard, so we shall see them only over the domain of gluing.

In the contravariant case, we have two exterior algebras, A, (V1 U7 V2) and A, (V1) U A, (V2), with
the actions ¢ and ¢ of, respectively, C¢(V; Uj Va, g) and C(Vi, g1) Upce C(Va, g2). In the former case, we
have

59Recall that our gluing is along a diffeomorphism, so all our pseudo-bundles admit natural inclusions of both V¥ and
V5'; in general, this would not be the case for one of them.
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C((07 07 22, ’LUQ))(O, Oa 2, ’LU) = (07 07 22, wQ) A (Oa Oa 2, ’LU) - (07 Oa Oa g(ov Oa 0)((07 07 22)3 (07 07 Z))) =
= (0,0, zow + woz, waw + f2(0)z22);

in the latter case, the only thing that changes with respect to the formula just given, is that the term
3(0,0,0)((0,0, 22), (0,0, 2) is replaced by the term g2(0,0)((0, 22), (0, 2)), whose value however is exactly
the same.

The covariant case is in fact analogous, although in principle we have three exterior algebras, A (V3 U 7
V2), Ao(V3" U Vi), and A\(V2) U(F)A A(V1), with the actions ¢, ¢.,u, and cy .« of, respectively, CE((V1 Uy
V2)*,g%), CUV5 Up V', g*), and CL(Vy, g3) Upeyee CUVT, g7). Once again, these actions have the same
form everywhere except over the point of gluing (the origin), where we would formally write the formulae
for ¢((0,0, z2,w2))(0,0, z,w), cxu((0,0, 22, w2))(0,0, z,w), and ¢y ((0,0, z2,w2))(0,0, z, w) with respect
to §*, g*, or g1, respectively, with the compatibility condition ensuring the same result in all three cases.
Thus, we have

¢((0,0, z2,w2))(0,0, z,w) = (0,0, 22, w2) A (0,0, z,w) — (0,0,0,g*(0,0,0)((0,0, 22), (0,0, 2))) =

= (0,0, 20w + w22, wow + #(O)ZQZ),
c.0((0,0, 20,w2))(0,0, 2,w) = (0,0, 29, w2) A (0,0, z,w) — (0,0,0,g*(0,0,0)((0,0, 22), (0,0,2))) =
= (0,0, zow + woz, wow — g (0,0)((0, 22), (0, 2))) = (0,0, zow + waz, Wow + f%(o)zgz)?
cu+((0,0, 22,15))(0,0, 2,w) = (0,0, 25, w2) A (0,0, z,w) — (0,0,0, g7(0,0)((0, 22), (0, 2))) =
= (0,0, zow + waz, wow + #(O)zgz).

In particular, we see from the last two expressions that even written with extreme formality, the difference
between the latter two pseudo-bundles is very slight, reflecting the fact that the diffeomorphisms involved
are very natural indeed.

7.5.2 An example when f is not a diffeomorphism, while f* is

As we have noted quite a few times already, this possibility is a peculiarity of diffeology. It can be easily
illustrated by extending the example considered in the previous section, in the following way.

Let w5 : Vo — X5 be the same, i.e., the standard projection R? — R; define m; : Vi — X; to be
the projection of V; = R? to X; = R, where X; carries the standard diffeology, and V; = R x R x R
carries the product diffeology relative to the standard diffeologies on the first two factors and the vector
space diffeology generated by the plot R > z + |z| on the third factor.5° The projection 7 is just the
projection onto the first factor. The gluing map f for the bases is the same, {0} — {0}, and the one for
the total spaces is almost the same, specifically, f(O, y,2) = (0, ay) with a # 0 (again, notice that zeroing
out the third coordinate is necessary for f to be smooth). The pseudo-bundle 75 : Vo — X5 carries the
same pseudo-metric go as in the previous example, while the pseudo-metric g; on m : Vi — X3 extends
the previous one in a trivial manner:

gl(m)((a?,yl, Zl)a (.%‘,yg, 22)) = fl(x)y1y2~

The compatibility condition remains the same.

It should also be noted right away that the entire covariant case coincides with that of the example
treated in the previous section. We only consider the pseudo-bundle V; U 7 V5 and the corresponding
contravariant constructions.

60In fact, any non-standard vector space diffeology would be sufficient for our purposes.
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The pseudo-bundle V; U 7 Vo We represent it as a subset in R*, specifically as the union of the plane
given by the equations x = 0 and w = 0 (the part corresponding to V3), and of the set {y = 0} \ {z =
0,y = 0,w = 0}; this is the part corresponding to Vi, where excising the line {x = 0,y = 0,w = 0}
reflects how Vi U 7 Vs contains V4 \ 7y 1(Y), and not the entire V. Thus, the entire set can be described

as
(x,0,z,w) except the points (0,0, z,0)
(0,y,2,0) for all y, .

The two Clifford algebras The Clifford algebra of V5 is the already seen one; relative to the presen-
tation of V; Uz Vi given above, we could describe it as a subset of R®, adding the 5th coordinate u; for
the scalar part of C¢(Va, g2) 2 R @ Va. Thus,

Ce(‘/Zv 92) - {(07 Y,z 07 ul)}a
with the Clifford multiplication given by
(07 Y, Z/a 07 u/1> ‘Ce (Oa Y, 'ZN’ Oa ulll) = (0’ Y, ulllzl + ullzlla Oa ullulll - fQ(y)ZIZN)'

The Clifford algebra C¢(V1, g1) is bigger; since the fibres of V; have dimension 2, each fibre of C¢(V7, g1)
has dimension 4. Thus, we represent it as a subset in RS, by adding the coordinates w;,us, where wu;
corresponds to the scalar part and us corresponds to the degree 2 vector part. Thus,

Cl(Vy,g1) = {(x,0, 2, w,u1, u2)},

with the Clifford multiplication given by
(2,0, 2w uy,ub) oo (2,0, 2", w” uf,uf) =

= (2,0, 2'u] + 2"u), wul +w'u) + fr(x)w”, wijul — fr(x)2' 2" ujul + ufub).
Finally, C¢(V1 U V5, §) can be described as the following subset in RS:

{(z,y, 2z, w,uy,usz) such that zy =0, z =0 = w = ug = 0},
while CC(V1, 1) Upce C(Va, g2) is presented as the subset in R® of the following form:
{(z,0, z, w, u1,uz) such that  # 0} U {(0,y, 2,0, u1,0) for all y, z}.

The fibrewise multiplication is given by
(2,0, 2w ul,ub) o1 (2,0, 2" w" uf ul) =

= (2,0, 2'uf + 2"u}, wul +w'u) + fr(x)w”, wjul — fr(x)2' 2" wiul + ufub),
(0,y,2',0,u1,0) -ce (0,y,2",0,uf,0) = (0,y, uf 2" +uiz",0,uiuf — fa(y)z'2",0).

The distinction between the two shapes of the Clifford algebra could be made by referring to § in the
former case, and to g7 and go in the latter case; the end result would immediately be the same, specifically
the one just indicated.

The contravariant exterior algebras Likewise, the exterior algebras A, (V1) and A,(V2) are given
by the same sets. Both of these we immediately represent as subsets of RS, with the 5-th coordinate being
the scalar part and the 6-th coordinate being the exterior product corresponding to the exterior product
relative to the 3-rd and the 4-th coordinates; in the case of V5, this part is obviously trivial. Thus, we
have

/\(‘/1) = {(xaoaszvu1’u2)}v /\(VQ) = {(an7za0au1’0)}a

*

with the exterior product given by
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/! / !/ / 1 " 1 "y
(I307Z7w7ul7u2)/\(z7072 , W aulvu2) -

" ! 1 I ",/ /! 1 1,11 ",/ 1,1 1,01 ",/
= (x,0,uyz" + uy 2", ufw +ujw” wiuy, uful + wiulf + 2w’ — 2"w'),

(0’ y7 217 07 ull? O) /\ (O’ y? Z,/’ 07 uﬁ’? 0) = (07 y7 u’llz/ + u321/7 07 uﬁ”’{? 0)'

The exterior algebras A, (V1 Uz V2) and A, (V1) Ua. A\, (V2) are then represented respectively by the sets

/\(V1 U Va) = {(z,y, 2, w,u1, uz), where 2y =0, 2 =0 = w = uz = 0},

*

A Upn. A(Ve) = {(2,0, 2w, u1, uz) such that @ # 0} U {(0,, 2,0,u1,0)}.

* *
It is obvious that the two presentations determine the same set, with the second one possibly giving a
better idea of the structure of the set, and the first one allowing for the uniform description of the exterior
product, in the following way:

! / ! !/ 1 2 1! "y __
(55;%2'71117“17“2)/\(357%2 , W ,’U/17’U,2)—
" ! i ",/ !, 11 ",/ 1,1 Tonl I

! 1
= (z,y,ufz + ) 2" ufw' + wjw”  huf ufuh + i + 2w — 2.

The Clifford actions It remains to describe the corresponding Clifford actions. As is standard, in the
case of Cl(V7, g1), it suffices to consider the action of elements of form (z,0, z,0,0,0) and (z,0,0,w, 0,0)
on elements of form (z,0, z,0,0,0), (z,0,0,w,0,0), (x,0,0,0,uy,0), and (x,0,0,0,0,us).

For these elements the multiplication is determined as follows

c1(x,0,2,0,0,0)(x,0,2,0,0,0) = (z,0,0,0, — f1()22,0)
¢1(z,0,2,0,0,0)(x,0,0,w,0,0) = (z,0,0,0,0, zw)
¢1(z,0,2,0,0,0)(x,0,0,0,u1,0) = (x,0,u12,0,0,0)
c1(z,0,2,0,0,0)(x,0,0,0,0,us) = (2,0,0, —us f1(x)z,0,0)
¢1(z,0,0,w,0,0)(x,0,2,0,0,0) = (2,0,0,0,0, —zw)
¢1(z,0,0,w,0,0)(z,0,0,w’,0,0) = (,0,0,0, — f1 (z)ww’, 0)
¢1(z,0,0,w,0,0)(z,0,0,0,u1,0) = (z,0,0,u;w, 0,0)
¢1(z,0,0,w,0,0)(z,0,0,0,0,us) = (2,0,0,0,0,0)

In the case of C¢(V43, g2), it suffices to consider the action of (0, y, 2,0, 0, 0) on elements of form (0, y, 2, 0, 0,0)
and (0,y,0,0,u1,0), and we have

CQ(Oa Y, z, Oa 0, 0) (07 Y, Z/a 07 07 0) = (Oa Y, 07 07 —fQ(y)ZZ/7 0)
CQ(Ou v,2,0,0, 0) (07 y,0,0,uq, 0) = (07 Y, u12,0,0, 0)

Finally, the Clifford action on both A, (V1 U7 Va) and A, (Vi) Usa, A, (V2) is obtained by concatenating
the two lists; the difference between the two pseudo-bundles is not seen on the level of defining the action,
but rather in how we determine the two sets of points (as already been indicated above), underlying the
commutativity between the gluing and the exterior product.

7.5.3 Remarks on other examples

The two examples considered in the previous sections were necessarily (for reasons of length) among the
simplest possible without being entirely trivial. Many similar ones can be constructed by taking other
pairs of standard bundles; we note that the difference would be in length and not in substance. On the
other hand, a substantially difference might be obtained by considering a non-simply-connected domain
of gluing, more interestingly, one with a non-trivial homotopy (in the sense of the standard topology).
Presumably, this would influence the possibility of finding compatible pseudo-metrics; we make no further
comments on this, concluding the section at this point.
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8 The pseudo-bundle of diffeological 1-forms A'(X; Uy X5)

In Section 3 we recalled the abstract definition of the pseudo-bundle A'(X) of diffeological 1-forms on
a given diffeological space X. We now consider how it behaves with respect to gluing. Namely, given
two diffeological spaces X; and X5, and a gluing map f: X3 O Y — X5 between them, there are three
pseudo-bundles of 1-forms, A'(X;), A'(X5), and A*(X; Uy X5); we wonder how the latter pseudo-bundle
is related to the former two. It turns out that it is not the result of any kind of gluing between A!(X)
and Al(X3), but rather a partially defined direct sum of them. To illustrate what is meant by this, take
a one-point gluing, i.e. a wedge of X; and X5 at some xg. Then the fibre over zy of the pseudo-bundle
A (X1 Vg, X2) is the direct sum of AL (X1) with AL (X3), while elsewhere the fibre is inherited from one
of them, as appropriate. For instance, if X; and X, are the coordinate axes in R?, then Aio (X1 Vi X2)
has fibre R everywhere except at the origin, where it is R? (disregarding for the moment its diffeology).
Note also that it is not even locally trivial, although the two initial ones are so. The section is based on
the results of [22].

8.1 The space Q'(X; Uy X»)

The diffeological vector space Q'(X; U Xo), which is the main precursor to the pseudo-bundle A*(X; Uy
X53), has a rather simple description in terms of Q!(X;) and Q'(X3). It is based on the description of
the image of the pullback map

™ QX Up Xo) — QN(X U Xo) 2 QNXG) x QY(Xy),

where 7 : X; U Xo = X7 Uy X5 is the quotient projection that appears in the definition of diffeological
gluing. The diffeomorphism Q'(X; U X5) = QY(X;) x Q1(X3) is based on the following property of
the disjoint union diffeology: for every plot p : U — X; U X5 there is a disjoint union decomposition
U = U, UU,, where each U; is either empty or a domain, and if U; # () then p; = pl|y, is a plot of X;. The
pullback map itself is almost never surjective; its image, under the assumption that f is a subduction,
can be determined using the fact that the space X; Uy X5 admits an alternative representation, which is
in terms of gluing along a diffeomorphism. This is considered in the section immediately following.

8.1.1 The space Q'(X; Us X») as Q}(Xl) X comp U (X2)

The set Q3(X1) Xcomp ' (X2) appearing in the title of this is a (generally proper) subset of Q'(X7) x
Q(Xy). If the latter is given the structure of the direct sum Q'(X;) @ Q'(X53), which is consistent with
its identification with Q'(X; LU X5), this set is also a vector subspace. Its composition is determined by
the map f.

The space Q}(Xl) of f-invariant forms Let p;,p} : U — X; be two plots of X;; we say that
they are f-equivalent if for any w € U such that pi(u) # pi(u) we have that pi(u),pj(u) € Y and
f(p1(u)) = f(P)(u)). Aformw; € Q1(X7) is said to be f-invariant if for any two f-equivalent plots p1, p}
we have wy(p1) = wi(p}). The subset Q}(X;) of Q'(X1) that consists of all f-invariant forms is obviously
a vector subspace of Q!(X). It is easy to observe that if we denote i X o (X1 UXo) = X1Up Xo
then the image of the pullback map 5’{ is contained in Q} (X1); therefore the image of the pullback map
7* is contained in Q}(X;) x Q'(X2), which in general is a proper subset of Q'(X;) x Q'(X5). However,
the image of 7* is still smaller than Q}(X1) x Q'(X2), as we explain immediately below.

Compatibility of a form w; € Q'(X;) with a form wy € Q'(X,) It is rather easy to find that a
pair (wi,ws) € NY(X7) x Q1(X3) that belongs to the image of 7* must satisfy the following condition:
for every plot p; of the subset diffeology on Y (the domain of gluing), we have

wi1(p1) = wa(fopr).

Two forms w; and ws that satisfy this condition are said to be compatible (the full term would be,
compatible with f; we omit indicating the gluing map whenever it is clear from the context).
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The image of the pullback map Denote
Q}(Xl) X comp U (X2) = {(w1,w2) |wy € Q}(Xl), wy € OY(X5), wy and wy are compatible}.
It is relatively easy to show (see [22]) that 7* is a diffeomorphism
T QN (X Uy Xo) = QF(X1) Xeomp Q'(X2).
Its inverse is given by the following formula:

wi(p1) if p lifts to a plot p; of X; and

(w1, wz) = w1 U wp such that (wy Uy w)(p) = { wa(pe2) if p lifts to a plot py of Xo

for every plot p of X; Uy X5 that has a connected domain of definition. Obviously, the values of wy Uf wo
on plots with connected domains uniquely determine it. The form w; Ur wy is well-defined, since any
plot of X1 Uy X5 has at most one lift to X»; whenever it has more than one lift to X1, all such lifts are
f-equivalent, and finally, if a given p has lifts p; and p2 to both X; and X5, the equality wi(p1) = wa(p2)
follows from the compatibility condition.

A criterion for compatibility of forms TLeti:Y «— X; and j: f(Y) < X5 be the natural inclusions,
and let
i NX)) = QYY) and 5 QN(XL) = QUF(Y))

be the corresponding pullback maps. It is quite easy to show the following.

Lemma 8.1. Two forms w; € QY(X) and we € QY (X2) are compatible if and only if
i*w1 = f*(]*LUQ)

8.1.2 The natural projections Q!(X; Uy X5) — Q!(X;) and Q' (X; Uy X3) — Q' (X5)

The two projections are the pullback maps associated to the compositions X; — X; U Xy — X Uy X»
of the natural inclusions X; < X7 U X5 with the quotient projection 7.

The reduced space X{ The construction that we are about to describe allows us to consider, instead
of an arbitrary gluing map, only the case when f is a diffeomorphism. This is achieved by first replacing
X1 by its reduction by f-equivalence, that is, by the space

X{ = X1/ ~, where y1 ~y2 & f(y1) = f(yo);

X { is endowed with the quotient diffeology, as well as with the quotient projection 77{ :Xq = X{ and
the pushforward f. : 71'{ (Y) — X5 of the map f. The following properties then hold:

o« QX)) Q}(X1) via the pullback map (w))*;

) w{ preserves the compatibility, in the sense that if wy € Q}(Xl) is f-compatible with some wy €

Q!(X5) then ((7))*)~L(wy) is fo-compatible with the same ws;
e if f is a subduction then f. is a diffeomorphism of its domain with its image;
e there is a diffeomorphism X{ Uy, Xp = X Uy Xy, that commutes with the natural inductions.

The properties just listed allow in many cases to consider, instead of the gluing of X; to X5 along an
arbitrary smooth map, a gluing of X { to X5 along a diffeomorphism, with the obvious advantages of the
latter.
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The images of the two projections Assume, by the reasoning just made, that f is a diffeomorphism.
Let us consider the images of the two projections

pry : Ql(Xl) X comp Ql(XQ) — Ql(Xl) and pry : Ql(Xl) X comp Ql(Xg) — Ql(Xg);

since f is a diffeomorphism, the two cases are symmetric.
By definition of Q'(X1) X comp Q' (X2), we have

Im(pr;) = {w; € Q' (X})|there exists wy € Q*(X2) s. t. wy,ws are compatible}.
By Lemma 8.1 this is equivalent to
Im(pr;) = {w1 € Q1(X1) [i*wi € Im(f*57)}.

We thus obtain that
Im(pry) = (i) (Tm(f*5%)) = (i)~ (f*5*(Q1(X2))) -

Likewise,

Im(pry) = (5°) 7 ((f) 71 (Q'(X1))) -

The surjectivity of pr; and pr, We will mostly treat the case when the two projections are surjective,
the condition that can be expressed as,

QN (X)) = (f757)(Q (X2)).

We will usually put it in as an assumption, noting that it is quite frequently satisfied (such as for gluings
along one-point sets and usual open domains). For the rest, we shall avoid discussing when it is, or is
not satisfied; given the breadth of what can be considered a diffeological space (pretty much anything, in
relative terms), leaving it as an assumption just stated seems a reasonable thing to do.

8.2 The fibres of the pseudo-bundle A'(X; U; X5)

In this section and further on, we mostly assume that the gluing map f is a diffeomorphism with its
image, although some of the statements can be given without this assumption.

8.2.1 Preliminary considerations on A'(X): compatible elements, and pullback maps

We start our consideration of the pseudo-bundle A*(X; U 7 X2) by collecting in this subsection the prelim-
inary notions, regarding the pseudo-bundle A'(X), that are relevant to its behavior under gluing. Apart
from stating our main viewpoint on A*(X) as a quotient pseudo-bundle, two main items that we consider
are the compatibility notion and a version of the pullback map.

The pseudo-bundle A!(X) as a quotient pseudo-bundle Let X be any diffeological space. By the
original definition, each fibre of A'(X) is a diffeological quotient of form Q!(X)/QL(X), where z € X is
an arbitrary point and QL(X) is the subspace of all 1-forms on X vanishing at z (see Section 3).

Compatibility of elements in A'(X;) with those in A!(X3) The compatibility notion for elements
of A1(X;) and A'(X3) is almost immediate from that of compatible forms in Q'(X;) and Q2*(X5) and is
as follows (it does not require any particular assumption on f).

Definition 8.2. Let y € Y, and let oy = wy + Q}/(Xl) IS A;(Xl) and ay = wy + Q}(y) (X2) € A}(y) (X2).
We say that oy and as are compatible if for every wi € a1 and for every wh € as the forms wi and W)
are compatible.
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This definition is consistent with the alternative definition of Ay (X1) ®comp A}, (X2) as the image
of Q1 (X1) Beomp 2*(X2) in the quotient
(21 (X0) © 91(X2)) / (2(X0) © Q) (X2)).
We will use the notation A'(X7) @eomp A'(X2) to mean the collection Uyey (A;(Xl) Beomp A}(y) (Xg))
of all such fibres, for all y € Y. This can also be described as the image of ¥ x (2(X1) @eomp Q' (X2))
in the quotient

(v x (@'(x1) @ (X)) / | (T} x (Q4(X1) @ 9}, (X2))) -
yey

The pseudo-bundle version of a pullback map The pullback map can also be defined for elements
of pseudo-bundles of form A!(X), although the construction that we are about to describe is not always
applicable and, when it comes to smooth maps between proper subsets, it gets somewhat cumbersome.
It is however sufficient for the uses that we will make of it.

Let first f : X; — X5 be a diffeomorphism between two diffeological spaces. Then the map (f~1, f*) :
Xo x QY(X3) — X7 x QY(X7), where f* : Q1(X3) — Q1(X7) is the already-seen pullback map, descends
to a well-defined map f% : A'(X2) — A'(X;). In particular, if two diffeological spaces X; and X» are
glued along a diffeomorphism f: X; DY — Xp, then there is a pullback map

fA A F(Y)) = ANY).
However, A1(Y) and A'(f(Y)) do not, in general, embed in, respectively, A1(X7) and A*(X5); the best
that we can do is the following.
Let
Y x QYY) = ANY) and wip s f(Y) x QYY) = ANF(Y))
be the defining projections of A*(Y) and A'(f(Y)) respectively. Then it is easy to obtain the following
statement.
Lemma 8.3. The following is true:

1. The map (i~1,i*) :i(Y) x QY (X1) = Y x QYY) descends to a well-defined map
ih  ANXL) D (7)) THY) = AY(Y) such that 772’1\ o(i7t,i*) =i} o W?’Ah(y)xgl(xl);
2. The map (571,7%) : 5(f(Y)) x QY (X2) = f(Y) x QL(f(Y)) descends to a well-defined map
Ji AY(XG) D (rd) U F()) = AL (F(V)) such that 7% 0 (771,57) = 43 0 72 s r vy e

Compatibility in terms of pullback maps We have already related the compatibility notion for
forms w; € Q1(X;) and wy € Q'(X3) to the pullback maps i* and j*, corresponding to the natural
inclusions 7 : ¥ < X; and j : f(Y) — X, (Lemma 8.1). The analogous statement is also true for
elements of the pseudo-bundles A*(X;) and A'(X3).

Proposition 8.4. Two elements a; € AY(X1) and ag € AY(X2) are compatible if and only if 71t (o) € Y,
3 (a2) = f(71 (1)), and
inar = fi(jras).

The conditions #*(2!(X1)) = (f*j*)(Q'(X2)) and i} ((x2) 1Y) = (fa-gp )(7)L(F(V)))  As we
previously said, from this section onwards we will carry forward also the assumption that the two direct
product projections pry : Q1(X1) Xeomp QH(X2) — Q1(X7) and pry 1 Q1H(X1) Xeomp Q1 (X2) — QH(Xa),
expressed equivalently as the equality i*(Q'(X1)) = (f*5*)(Q'(X2)). The basic meaning of this condition
is that for every form w; € Q!(X;) there is at least one form wy € Q'(X3) such that w; and wy are
compatible, and vice versa. The obvious question then is whether this assumption implies the analogous
equality for the pseudo-bundles A*(X;) and A'(X5), that is, is it true that

QN (X)) = (f5)QN(XR) = A((m1)HY)) = (Fariy ) () TH(F(Y))?

That this is indeed the case easily follows from the definition of the map f}.
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8.2.2 The characteristic maps 5} and j%: definition

As we will see in the sections that follow, the pseudo-bundle A (X;U +X2) does not admit any description
in terms of standard constructions applied to A'(X;) and A'(X3), not even via the gluing operation. On
the other hand, it is of course strongly related to them; to describe this relation, we need the two auxiliary
maps pf and pb defined in this section.
As any pseudo-bundle of diffeological 1-forms, A'(X; Uy X5) is defined as a specific pseudo-bundle
quotient of
(Xl Uy XQ) X (QI(XI) X comp Ql(XQ)) :

Since X7 Uy X5 is a diffeological quotient of X7 U Xa, A'(X; Uy Xo) is also a pseudo-bundle quotient of
(X1 U X5) x (QH(X1) Xcomp QH(X2)) =
=~ (X7 x (QM(X1) Xeomp QH(X2))) U (X2 x (21(X1) Xcomp QH(X2))).
Let now
p1: X1 % (QH(X1) Xeomp (X2)) = X1 x Q1(X1) and
P2+ Xo X (QH(X71) Xcomp 1 (X2)) = Xo x QH(X2)

be the maps acting by identity on X; or X5, as appropriate, and by the projection on the first, respectively,
the second factor on Q' (X7) xcomel (X2). It is rather easy to find that these maps preserve the vanishing
of 1-forms and therefore descend to well-defined and smooth maps

pr s AN(X1 Uy X)) O ()71 (i0(X0) Uiz (£(Y))) = A'(X1) and

PA+ AL(Xy Up Xa) D (1) 71 (i(X2)) — AT(Xa).

8.2.3 The fibrewise structure of A'(X; Uy X5)
We shall now consider the fibres of A(X; Ur X5).

Theorem 8.5. Let X1 and Xo be two diffeological spaces, and let f : X1 2 Y — X5 be a gluing
diffeomorphism such that i*(QY(X1)) = (f*5*)(QY(X2)), where i : Y < X3 and j : f(Y) < Xo are the
natural inclusions. Let x € Xy Uy Xo, Then:

1. Ifx €y (X1 \Y) then AL(X; Uy Xo) = AL(X), where & = iy ();

2. If v €ig(Xa \ f(Y)) then AL(X, Uy Xo) = AL(Xy), where & = iy ' ();

8. Ifx € is(f(Y)) then AL(Xy Uy X2) = AL(X1) X comp A}(y) (Xy), where y = (f~' oiy ') ().
Remark 8.6. If f is not a diffeomorphism with its image, the first two items above may hold still provided
that the equality i*(QY(X1)) = (f*5*)(QY(X2)) is maintained; if it is not, they are probably not true.

8.3 The pseudo-bundle decomposition of A'(X; Uy X3)

Throughout this section we again assume that the gluing map f is a diffeomorphism and is such that
i*(QN(X1)) = (f*5*)(2Y(X3)). Then Theorem 8.5 applies, suggesting the following decomposition of
Al (Xl Uy Xg).
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8.3.1 The main statement

The following is, together with Theorem 8.13, the best description that we can give of A'(X; Uy X5) as
a diffeological pseudo-bundle (in addition to some concrete observations regarding its plots, immediately
after).

Theorem 8.7. Let X1, Xo, and the gluing diffeomorphism f be such that i*(Q1(X1)) = (f*5*)(Q1(X2)).
Then the following is true:

1. Zh@ map
p | AY—1(; :Al(X U X):)(Tr ) 1(i (X \Y))—>(7 ) 1<X \Y)CAl(X)
1 (M) =1(i1 (X1\Y) 1Up X2) 2 1(X1 1 1 - 1

is a diffeomorphism for the subset diffeologies on (m)~1(i1(X1\Y)) € AY(X1UsX>2) and (7)1 (X1 \
Y) - Al(Xl);

2. The map
ol ()1 (i (xa\ p(v))) AKX Uy Xo) 2 (%) 7 (i2(X2 \ £(Y))) = (m9) 7 (X2 \ f(Y)) € AN(Xo)

is a diffeomorphism for the subset diffeologies on (7%)71(i2(X2 \ f(Y))) C AYX1 Uy X5) and
(m3) " H(X2 \ f(Y)) € AY(X2);

3. The map
P (em) =1 (12 () B ey -1 (i (p (v © () THE2(F(Y))) = (7)™ (i2(F (V) Beomp (m5) ~H (i2(f(Y)))

is a diffeomorphism for the subset diffeology on (7*)~1(i2(f(Y))) € AY(X1 Uy Xo) and the subset
diffeology on ()~ (ia(f(Y))) @eomp (75)"L(i2(f(Y))) relative to the direct sum diffeology on the
direct sum of (78)7L(i2(f(Y))) and (75) "L (i2(f(Y))) considered as pseudo-bundles over Y = f(Y).

Theorem 8.7 provides a partial description of diffeology of A'(X; Us X3). It is more direct than
that given by Theorem 8.13, but it has the disadvantage of not explaining how the diffeology behaves in
between the different pieces. Below we make some comments to that effect.

8.3.2 General observations

Every plot p: U — AY(X; Uy X5) of AY(X; Uy X3) locally lifts to a plot p of (X7 Ur Xa) x QX1 Uy X3).
Furthermore, we can assume right away that U is small enough so that 5 has form (py,p%), where pg
is a plot of X7 Uy X5 and p* is a plot of Q1(X; Uy X2). Assuming in addition that U is connected, we
obtain that py lifts to either a plot p; of X7 or a plot ps of X3, so that it has one of the following forms:

_ { i10p1 on py (X1 \Y)
Pu =

i20f0p1 onpfl(Y) or py =12 ©p2.

Restricting U even further, if necessary, we obtain that the composition 7* o p (has form 7* o p* =
(p, pS), where each pf! is a plot of Q'(X;), for i = 1,2.

Thus, we can summarize the discussion carried out so far by saying that, for every plot p : U —
AY(X, Uy X5) of AM(X; Uy X5) there exists a sub-domain U’ such that the lift p of p|y to (X7 Up X2) x
(Ql(Xl) X comp Ql(Xg)) has either form

p={ om Gl onmhonly)HO0AY)
(120 Fopr, (6,p) o (x* o plur) (V)

or form
P = (i2 0 pa, (p1', p3)) if Range(r™ o plur) C ia(X2).
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8.3.3 The two pushforward diffeologies on Q!(Y)

Let D§! be the diffeology on Q!(Y) that is the pushforward of the diffeology on Q'(X;) by the map 7*.
Similarly, let DS’ be the diffeology on Q!(Y) that is the pushforward of the diffeology on Q!(X3) by the
map f* o j*. The two diffeologies D$? and D are a priori different and, since all pullback maps are
smooth, both are contained in the standard functional diffeology of Q!(Y).

As we have said before, if p® : U — Q(X1) is a plot of Q'(X;) and p§ : U’ — Q'(X3) is any plot
of Q'(X5), then the pair (p{(u),p$(u')) is compatible if and only if i*(p$t(u)) = (f*5*)(p$(w')). For
simplicity we will consider such pairs for plots of Q!(X;) having the same domain of definition U, as this
can be done without loss of generality. The following two statements are then a direct consequence of
the definition of a pushforward diffeology:

e D! C D < for any plot p§t : U — Q(X;) there exists a plot p! : U — Q(X5) such that p$(u)
and p$(u) are compatible for all v € U, and

e DS} C DY < for any plot p$ : U — Q!(X) there exists a plot p{ : U — Q'(X;) such that p$(u)
and p$(u) are compatible for all u € U.

8.3.4 The plots of A'(X; Us X2) and those of A'(X7)

As follows from the definition of gluing diffeology (and as has been said above), the local shapes of
plots of A'(X7 Uy X5) naturally separate into two groups: those whose compositions with the projection
s AN (X, Uy X2) = X1 Uy Xy lift to plots of X, and those for which such compositions lift to plots of
X5. In this section we consider plots from the first group.

From a plot of A'(X;Us X5) to one of A'(X;) Letp:U — A'(X;Us X5) be a plot with U connected
and small enough so that p lifts to a plot p = (pu,p®) : U — (X1 Uy X2) x (21(X1) Xcomp 2 (X2)) of
(X1 Uy X2) x (2(X1) Xcomp 2'(X2)), the component p, = 7 o p lifts to a plot py of X, and p®* has
form p? = (p{, pl), where p$¥ and p$! are plots of Q'(X;) and Q!(Xz) respectively. The fact that p
is a plot of A'(X; Uy X5) means, in particular, that p(u) and p$(u) are compatible for any u € U.
Moreover, p, = 7™ o p is a plot of X Uy Xo, and by the assumption that it lifts to a plot of X, it has
. -1
form py = { Z Z?IO . gﬁ gi_lgf(; \Y) , whereas p = 7% o j, and by definition

p(u) = (0 (W, P () + 7" (U, (X1 Uy Xa))

Altogether we have:

( ) (p?(u)vpg(u)) =+ Qél(u) (Xl) X comp Ql(XQ)) if 7TA op=1410py
plu) = ) ‘
(p?(u)’pg(u)) + Qél(u)(Xl) X comp Q}(pl(u))(XQ)) if op=igo fop.

In particular, there is a plot p! of A'(X;) naturally associated to p, that is given by,

pH(u) = p(u) + Q) (,y(X1) forall ueU.
It is also clear from this form that the same p' may correspond to many different p’s, as will also be
evidenced by the discussion in the next paragraph.

From plots of A'(X;) to those of A'(X; Uy Xo) Let p: U — A'(X;) be a plot of A'(X;), and
let p = (p1,p{) be its lift to a plot of X; x Q*(X7). For p to extend to a plot of A'(X; Uy X») it is
necessary and sufficient that there exist a plot pf : U — Q'(X5) of Q!(Xs) such that p$(u) and p$(u)
are compatible for all u € U, i.e. such that i*p$}(u) = (f*5*)(p$(u)). In other words, i* o p{’ must be a
plot of DS!. This leads to the following statement.
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Lemma 8.8. Let p : U — AY(X1) be a plot of A'(X1), and let p1 = (p1,p{) be its lift to a plot of
X1 x QYX1). If DY C D then there exists a lift

P:U = (X1 Up X2) x (Q4(X1) Xcomp 2'(X2))
of a plot of AY(X1 Uy X5), that has form

]'5 _ { §Zl °P1, (p?apg)) )
iz o fop1, (p1, %))

for an appropriate plot p$ of Q' (X>).

This means that p = 57 o (74 0p), that is, p belongs to the pushforward by ﬁ{\ of the subset diffeology
on (7)1 (i (X1 \ Y) Uia(£(V))) € AL (X, Uy Xa).

The map 5} as a subduction We now describe under which conditions 5% is a subduction.

Proposition 8.9. Let X7 and X5 be two diffeological spaces, and let f : X1 O Y — X5 be a gluing
diffeomorphism. The map

P AN XL Up Xo) 2 (%) TN (X0 \ Y) Uida(f(Y))) = A (X0)

is a subduction onto its range if and only if D C DS, In particular, if i*(Q(X1)) = (f*5*)(QH(X2))
and DS = DS} then pb is surjective and a subduction onto A*(X;).

The vice versa of the second statement of this Proposition is also true: if ) is a subduction onto
A'(X;) then both i*(QY (X)) = (f*7*)(Q(X2)) and Df! = DS} are satisfied. Observe also that, since
each point of Q!(X;) can be (non uniquely) represented by a constant plot, elements of i*(Q!(X1)) can
be seen as forming a subset of D{?, and similarly there is an inclusion (f*5*)(Q(X2)) C DE.

Remark 8.10. The equality D = D implies i*(Q1(X1)) = (f*5*)(Q(X2)). Indeed, let i*(wy) €
i*(QN(X1)), where w; € QY(X); choose any constant map p : U — {w1} C QY(X4), defined on a
domain U in some R. This is a plot of Q*(X1) since all constant maps are so. Thus, i*op{ € D = DY.
Since DS} is defined as the pushforward of the diffeology of Q'(X2) by the map f*j*, there exists a plot
P U — QY(X3) of Q1 (X2) such that i* o p = (f*j*) o pS. Let wa € QY (X2) be any form in the
range of pS. Then i*(w1) = (f*5*)(w2). Since wy € QY(X) is arbitrary, this means that i*(Q (X)) C
(f*5*)(QY(X2)). The reverse inclusion is proved in exactly the same way.

8.3.5 The plots of A'(X; Us X2) and those of A'(X5)

The consideration of this case is entirely analogous to the previous one. Apart from the fact that gluing
along a diffeomorphism is by nature symmetric, this is also due to the symmetric behavior of A*(X;Ur X2)
over the domain of gluing.

From a plot of A'(X; Us X5) to a plot of A'(Xs5) As in the case of the factor Xi, a plot p: U —
A' (X1 Uy Xo) whose range lies over i2(X2), is described by

Q(y),
oy = { P

P2(w) + (QH(X1) X comp Q;Q(u)(XQ)), for us. t. 7 (p(u)) € in(Xa2 \ F(Y)),
(pY’ (u),p

Q
2
$(u)) + Q_lf_l(pz(u))(Xl) X comp Qzl,z(u) (XQ)) foru € s. t. 7 (p(u)) € i2(f(Y)),
assuming that U is small enough so that there is a lift of p to a plot of (X1Uy X2) x (' (X1) X comp Q*(X2)),
and that this lift has form (i o po, (p$},p%)), where py is a plot of Xy and (p$,pS) is a pair of plots of
Q(X1) and Q'(X3) respectively. These plots are again such that p$*(u) and p$}(u) are compatible for all
u € U, that is,

i*(p1(w) = (f*5) (3 (u)) forallu e U.

In particular, the pair (pg,p$) is a plot of X5 x Q'(X5), and therefore descends to a plot of A1(X3).
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The vice versa: from a plot of A!'(X,) to a plot of A'(X; Uy X5) By exactly the same reasoning
as in the previous section (i.e., in the case of a plot of A'(X;)), we obtain the following statement.

Lemma 8.11. Let p: U — AY(X3) be a plot of A*(Xz), and let py = (pa, p$) be its lift to a plot of X x
QY(X3). If f is such that DY = D§ then there exists a lift p: U — (X1 Ug X2) x (Q1(X1) Xcomp Q' (X2))
of some plot of A*(X1 Uy X2) that has form p = (iz o p2, (p$}, p%)), where p§ is a plot of QL (X7).

The map p) is a subduction This obviously holds under the same conditions as Proposition 8.9, and
the claim is fully analogous.

Proposition 8.12. Let X and X3 be two diffeological spaces, and let f : X1 2 Y — X5 be a diffeomor-
phism of its domain with its image. The map

Py AN (X1 Uy X2) D (r) 71 (ia(X2)) — A'(X2)

is a subduction onto its range if and only if DS C D, In particular, p5 is a subduction onto A'(Xs) if
and only if DS} = DS}

8.3.6 Characterizing the diffeology of A'(X; Uy X5) via the maps 5} and 53
These maps allow for the following characterization of the diffeology of A'(X; Us X2).

Theorem 8.13. Let Xy and Xo be two diffeological spaces, and let f : X1 O Y — X5 be a gluing
diffeomorphism such that D = DY. Then the diffeology of A*(X; Uy Xo) is the coarsest one such that
both p3 and p% are smooth.

8.4 Endowing A'(X; U; X,) with a pseudo-metric

As we already mentioned in the dedicated section, many pseudo-bundles do not admit pseudo-metrics.
We therefore need to consider whether requiring a pseudo-bundle of form A'(X) to carry one is a sensible
assumption. The specific approach to this question, that we follow in this section, is to assume that
AY(X;) and A'(X3) do admit pseudo-metrics and to introduce conditions allowing to obtain out of them
a pseudo-metric on A'(X; Uy Xs).

8.4.1 The starting point: a straightforward construction

The most obvious way to go about constructing a pseudo-metric on A*(X; Uy X5) is the following one.
Assume that f is a diffeomorphism with its image, let it, for simplicity, be such that D = D$, and
suppose that A'(X;) and A'(X3) admit pseudo-metrics; denote them by gf* and g4 respectively.

All fibres of A'(X; Uy X3) coincide with either a fibre of A'(X7) or A'(X3), or with a subset of their
direct sum. Thus, the most obvious way to define a (prospective) pseudo-metric g* on A*(X; Uy X») is
to set that:

e on (m)71(i1 (X1 \Y)), ¢* coincides with g{;
e on ()7 1(ix(X2 \ £(Y))), g* coincides with g4

e for any given point = € iy(f(Y)), ¢g”(z) should be a bilinear form on a subspace of the direct
sum A}fl(_,l( ))(Xl) ® A_l,l( )(Xg) of two vector spaces, each of which is already endowed with
Z2 xT 742 x

a pseudo-metric, gf(f~'(i; ' (x))) and g4 (i5 ' (z)) respectively. The definition of g*(x) is then a
standard construction, carried out by requiring the two direct summands to be orthogonal and the
restriction of g*(x) to either of them to coincide with the already existing pseudo-metric on that
summand.

This construction is not applicable always; the two pseudo-metrics should be well-behaved with respect to
each other over the domain of gluing (this is still another version of compatibility, described immediately
below). Even for a well-chosen pair of pseudo-metrics g{‘ and gé\, it needs to be adjusted somewhat in
order to ensure the smoothness across fibres.
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8.4.2 The compatibility for ¢ and g%

Two pseudo-metrics on A*(X;) and A'(X3) are defined to be compatible (with a given gluing of the base
spaces X7 and X5) if they behave in the same way on pairs of compatible forms. The precise definition
is as follows.

Definition 8.14. Let X; and X5 be two diffeological spaces, and let f : X3 O Y — X5 be a smooth
map. Let gi* and g} be pseudo-metrics on A*(X1) and A'(Xy) respectively. We say that gi* and gb are
compatible, for anyy € Y and for any two compatible pairs (W', w") and (', "), where W',/ € AY(Xy)

and ", 1" € A(X3), we have
g W)W 1) = g3 (F)(W", ")

The above notion is stated for an arbitrary smooth gluing map, although we will only use it in the
case when this map is a diffeomorphism, usually satisfying one of our extra conditions. To apply it to a
construction of a pseudo-metric on A'(X; Uy X3), we observe the following.

Proposition 8.15. Let X; and Xy be diffeological spaces, let f be a gluing map, and let g and g5 be
pseudo-metrics on A (X1) and AN (X5). If g) and g5 are compatible then if for all y € Y and for all

w,p € (T8 L(ia(f())) we have
91 @) (A1 (@), 51 (1) = 95 (F () (75 (), 75 (1)
If f is a diffeomorphism such that D = DS then this is an if and only if condition.

Proof. Indeed, for any w € A'(X; Uy X3) the forms 57 (w) and g4 (w) are compatible by construction. To
establish the equivalence with the extra assumption of D§ = D}, it suffices to observe that for any pair
of compatible forms (wy,ws), where w; € A*(X;), there exists w € A'(X; Uy X») such that pi(w) = wi,
which follows from Propositions 8.9 and 8.12. O

8.4.3 The definition of ¢*

Given two compatible pseudo-metrics gf* and g2, we can now combine them in the following manner:

))s if z €i1(X1\Y),
P2 () + g (g L (@) (5 (), 3 (), if w € dia(f(Y)),
))s if z €ia(Xa \ f(Y)).

It is not hard to see that the result is indeed a pseudo-metric on A*(X; Uy X5); the coefficient % is added
to ensure the smoothness, as discussed below.
Observe that the compatibility condition ensures (and it was chosen precisely for this reason) that

3 (Gt (FH G @A), A1 () + 98 (i3 (2)) (55 (), 55 (1)) =
=5 (95 Gz (@)(P2 (), P2 () + g8 (i () (85 (-), 55 (1)) = 98 (i3 (2)) (55 (), 5 (1))

This occurs over every point in i2(f(Y)) and would have happened if the two summands were given
different coefficients, as long as these coefficients sum up to 1. We choose % because the gluing is
symmetric in the present case.

We also mention why we do not define, over such points, g* to simply be equal to g5 (i5 ' (z)) (55 (), 2 ()
from the start (as is the usual way of going about maps defined on spaces obtained by gluing). This
is simply to stress the symmetricity between the two factors, that exists for A'(X; U X5) (such sym-
metricity usually is absent from the gluing diffeology) and, although the two-part (rather than three-part)
definition would emphasize the smoothness property of ¢*, it would make it harder to see why it has the
desired rank.

i (2))( N D, P (-
g @) () =19 3 (eh(f 1(25 (z (ﬁ
iy ( (), P5 (-
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8.4.4 Evaluating ¢ on plots

In general, the smoothness of a prospective pseudo-metric g on some pseudo-bundle V' — X is verified by
considering its evaluation on an arbitrary plot of X and two plots of V. Let us consider such evaluation
for the prospective pseudo-metric g*. Let p: U — X7 Uy X3 be a plot of X1 Uy Xo, and let ¢,s: U' —
AY(X7 Us X5) be some plots of A'(X; Uy X3) (we can, without loss of generality, assume them to be
defined on the same domain, and also assume that U and U’ are connected). Consider the evaluation

map
(u,u') = g™ (p(u)) (g(u), s(u')) € R,

defined on the set of (u,u’) such that 7 (g(u')) = 7 (s(«')) = p(u).
Since U is connected, p lifts to either a plot p; of X7 or a plot py of Xo. Restrict, if necessary, U’ so
that each of g, s lifts to a plot of (X; Uy X») X (Ql(Xl) X comp QI(X2)), and that these lifts have form

qg= (QUa (qqug))a s= (3U7 (5?58522))'

Notice that qu, sy are both plots of X; Uy X5, and, since by assumption they have the same domain of
definition, g, = sy on the entire U’. Moreover, for all (u,u’) in the domain of definition of the evaluation
map we have g, (u') = sy(u') = p(u). Thus, if p lifts to a plot of X; then so do ¢, and sy, and the same
occurs in the case when p lifts to a plot of Xs.

If p lifts to a plot p; of X7, we shall have

g™ (p(w)) (q(w), s(u')) =

{ g1 (p1(w) (P (g (W), p r (s (1)) on py (Xl\Y)
3 (91 (1 () (P2 (g (U’)), s(u')) + g5 (f (pr(w)) (55 (a(w)), 55 (s(w))))  on py*(Y).

In the case when p lifts to a plot ps of X5, we obtain
g (p(w)(g(u'), s(u')) =

_ { 95 (p2(w) (P2 (a(u'), 5 (s())) on py (X2 \ f(Y)
3 (g (F 7 (p2(w)) (51 (a(w)), 57 (s(w))) + g8 (p2(w)) (55 (a(u'), 55 (s(u'))))  on py* (F(Y)).

It follows then from Proposition 8.15 that for p that lifts to a plot of X; the evaluation function coincides
with one for gf, while if p lifts to a plot of ps, it coincides with one for gf'. All such evaluation functions
are smooth, because gi* and g are pseudo-metrics to begin with, and therefore so is any arbitrary
evaluation function for g*.

8.4.5 Proving that ¢* is a pseudo-metric on A'(X; Uy X3)

We can now collect everything together to justify the claim in the title. We have already explained in
Section 8.15 why ¢” is smooth, so it remains to consider its rank, i.e., to show that it is the largest
possible for any given fibre. This is entirely obvious for points not in is(f(Y")), so let = € i2(f(Y)).

The fibre AL (X; U X5) has form Al X1) xcompA e )(Xg) which in particular is a subspace

f*l(ier(fv))(
in A 101 ))( 1) x Al it )( 2). The definition of g* obvrously extends to that of a bilinear form on
the latter space; furthermore this extension is a multiple, with a constant and positive coefficient, to
the standard direct sum bilinear form on a direct sum of vector spaces. It follows that the extension

itself has the maximal rank possible, and therefore so do its restrictions to all vector subspaces, of which
A1 I ))( 1) xcompA o )(XQ) is an instance.

Theorem 8.16. Let X, and X5 be two diffeological spaces such that A'(X1) and A*(X3) admit pseudo-
metrics, and let f: X1 DY — Xy be a gluing map such that D = DY. Let g and g4 be pseudo-metrics
on A'(X1) and A'(Xs) respectively compatible in the sense of Definition 8.14. Then the corresponding
g™ is a pseudo-metric on AY(X; Uy X5).
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8.5 The case of a conical gluing

We now consider a specific case when f is not a diffeomorphism, namely that of an arbitrary subset
Y C X, being glued to a one-point space X5. Let x € X; Uy X5 be the image 9 (X2); we will refer to x
as the conical point. As always, the fibre at x of A'(X; Uy X5) is the quotient

Q1 (X1 Uy X5)/Q5(X1 Uy Xo);

since any diffeological form assigns the zero form to any constant plot, Q2!(X5) is the zero space, and the
compatibility condition is empty. Therefore Q(X; Ur X5) = Q} (X1) as a set (the space of all f-invariant
forms, see Section 8.1.1), and it can be checked that

OL(X1 U Xa) = (1) (2)),(X1);
yey

see Proposition 6.8 in [22].
We therefore conclude that the fibres of A'(X; Uy X5) outside of the conical point coincide with those
of A'(X1). The fibre at the conical point has form

Ay (X1 Uy Xa) = Q5(X1)/ [ (Q)y(X0).
yey

It is thus distinct from a fibre of A'(X;), unless Y is a one-point set. It furthermore admits a surjection
on any fibre of form A} (X,).

Let us consider the plots of X; Uy X and those of A'(X; Uy X») in the vicinity of (the fibre over) the
conical point x. Let first p : U — X; Uy X5 be a plot whose range contains x. By definition of the gluing

( ) { le(pl(u)) fOYUEU\p_l(x) )

diffeology, this means that there exists a plot p; of X; such that p(u) = for u € p~1(z)

This means that p is essentially a plot of the reduced space X{ (see Section 8.1.2), so we have
OMX Uy Xo) 2 QN (X]) 2 Q) (XY).

The definition of f-invariance in the present case takes form wq(p1) = wy(p}) for all f-equivalent plots py
and p) of X3, and the f-equivalence in this case means that p; and p} have the same domain of definition
U, and for all u such that p1(u) # p}(u), we have that p1(u),p}(u) € Y. Since X7 and Y can be anything,
this is quite likely a non-trivial condition.

Let us now consider the plots of the pseudo-bundle A!'(X; Uy X2) in the vicinity of the fibre over
the conical point. At first approximation at least, these plots can be characterized by their lifts to plots
(X1 Uf X2) x Q1(X7 Uy X2) (this is the general case), and thus in our specific case it lifts to a plot of
X! x Q'(X7). This in fact is true of any plot of A'(X; Uy X3), whether its range intersects Y or not.
The final conclusion (and this is likely the shortest way to put it) that we thus can draw is that

AN (X1 Uy Xo) = AN(X]),

with a somewhat more explicit description being as follows: every plot is (locally) a projection of a map
of form (py, p§t), where p; can be taken to be any plot of X; and p{ is a plot of 2!(X;) such its value at
every point is an f-invariant form.

9 The dual pseudo-bundle (A}(X))*

There is not yet a fully established standard version of the tangent pseudo-bundle of a diffeological space.
The most promising, and prominent, version appears at the moment to be that of the internal tangent
bundle (see [3]); a number of other constructions have been proposed over time, such as the external
tangent bundle, see again [3], and the pseudo-bundle T} (X) of 1-tangent vectors, see [10], Chapter 6. In
the present work we adopt probably a simpler version with respect to those, by using the dual pseudo-
bundle (A*(X))* of the pseudo-bundle A'(X) of diffeological 1-forms. The reason for this is entirely
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obvious; indeed, the elements of (A!(X))* have a natural pairing with elements of A'(X), and this is
sufficient within the scope of the present work.
Throughout this section we will carry on the assumptions from the previous section, that:

e the gluing map f is a diffeomorphism of its domain with its image and is such that D! = DS}, and
(this may not be always needed)

e the pseudo-bundles A'(X;) and A'(X5) have only finite-dimensional fibres.

The second assumption, and an application of results based on the first one, imply in particular that also
AN (X, U ¢ X2) has finite-dimensional fibres, and therefore, by the definition of the dual pseudo-bundle,
so does (A'(X; U X))*.

9.1 General considerations on (A'(X))*

We first make several observations regarding the pseudo-bundle (A!(X))* on its own; some of them are
not specific to it, but rather apply to any dual pseudo-bundle V* where V is a pseudo-bundle with
finite-dimensional fibres that admits a pseudo-metric.

9.1.1 Embedding (A'(X))* in X x (Q}(X))*

Let 7 : V — X be a diffeological vector pseudo-bundle. We can describe (A!(X))* in the following way.
By definition, A'(X) is a quotient pseudo-bundle, and more precisely the following one:

AN X) = (X x QY(X))/ ( U {=} x Qi(X)) .

zeX

We can view X x Q!(X) as the total space of the trivial pseudo-bundle over X with fibre Q'(X). Then
Usex{z} x QL(X) is a sub-bundle of it,and A*(X) is the corresponding quotient pseudo-bundle.
Consider the quotient projection

oA X X QY X)) — AY(X).

The corresponding dual map
(7 (ANX)F = X x (Q1(X)*

between the duals of the pseudo-bundles A'(X) and X x Q%(X) is of course smooth. Furthermore, since
7l\is surjective, the map dual to it is injective. Moreover, it is an induction, so on (7%)*((A*(X))*) it has

asmooth inverse. Thus, (7)* is a natural diffeomorphism of (A*(X))* with a subset of X x (Q'(X))*.

Remark 9.1. Since (7*)* : (AY(X))* — X x (QY(X))* is an induction, (A*(X))* can be identified
with a sub-bundle of the trivial pseudo-bundle X x (Q1(X))*. Notice that in the diffeological context this
does not imply that (AY(X))* is trivial, or even locally trivial, itself. Indeed, every collection of vector
subspaces of fibres of a diffeological pseudo-bundle, one per fibre, determines a sub-bundle, so any trivial
diffeological bundle contains many non-trivial sub-bundles. This is specifically the case of pseudo-bundles
of form AY(X), as it follows from the description of (A'(X1 Uy X2))* that we develop in this section.

9.1.2 If A'(X) admits pseudo-metrics then (A'(X))* =2 A1(X)

The reasoning below applies to any finite-dimensional diffeological vector pseudo-bundle 7w : V' — X that
admits a pseudo-metric. For such a pseudo-bundle and for the chosen pseudo-metric g on it, recall the
corresponding pairing map ®,: V' — V* given by

Dy (0)(-) = g(x(v)) (v, -)-

It is a general consequence of the definition of the dual pseudo-bundle diffeology that @, is a subduction.
Furthermore, it can be rather easily deduced from the basic construction of the pseudo-bundle A'(X)
that the subset diffeology on any finite-dimensional fibre is standard, so restricted to that fibre, ®, is a
diffeomorphism. In particular, we have the following.
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Proposition 9.2. If AY(X) has only finite-dimensional fibres then the subset diffeology on each fibre
is the standard one. In particular, if AY(X) admits a pseudo-metric g™ then b is a diffeomorphism

ANX) = (AH(X)™.

9.2 The compatibility notion for elements of (A'(X,))* and (A'(X;))*

As in the case of elements of A'(X7) and A!(X3), the compatibility notion for (A'(X;))* and (A!(X2))*
is relevant only for fibres over the domain of gluing, and only over the points related by f. That is to

say, for o} € (A'(X1))* and ob € (A'(X2))* to be compatible it is necessary that af € (A'(X,)); and
a5 € (Al(XQ));( v) for some y € Y. Furthermore, this compatibility notion explicitly refers to a choice of
compatible pseudo-metrics on (fibres of) (A'(X7))* and (A*(X3))*, in addition to its dependance on the

gluing map f.
Let y € Y, and let gf(y) and g3(f(y)) be compatible pseudo-metrics on AL(X;) and A}( )(X2)

respectively (presumably coming from pseudo-metrics gi* and g4 on the entire pseudo-bundles A'(X;)
and A'(X3), although this is not essential at the moment). Since by assumption A}(X;) and A}( (X2)

ort

are just standard spaces, gi(y) and g5 (f(y)) are scalar product. Let {"y'¥ be the orthogonal projection

of A; (X1) onto the orthogonal complement of A;(Xl) N Ker(iy),
or .
71'17K’y : A;(Xl) — (A;(Xl) N Ker(zA))

Let ﬂ'ort T he the analogous orthogonal projection of A}(y) (X32) onto the orthogonal complement of

Af(y)(Xg) NKer(53),

1
w0 M) () = (A, () N Ker(73))

Definition 9.3. Two elements aj € (A}(X1))* and o3 € (Al(y)( 2))* are compatible (with respect to
I, 9My), and gb(f(y))) if for every compatible pair 31 € AL (Xy) and By € A}(y) (X2) we have that

Q@Y (B) = aj(my TV (Ba)).

Assuming that the two respective fibres of A'(X;) and A'(X3), i.e. those of form A}(X;) and
A}(y)(Xz) for y € Y, admit compatible pseudo-metrics g2 (y) and g4 (f(y)) (which is not strictly necessary

for stating the above definition), there is a natural correspondence between pairs of compatible functions
in (A} (X1))* and (A}(y)( 2))*, and pairs of compatible forms in A}(X;) and A}(y) (X32). It is expressed
by the following statement.

Lemma 9.4. Let X1 and X5 be two diffeological spaces, let f : X1 O Y — X be a diffeomorphism
such that i*(QY(X1)) = (f*7*)((X2)), and let y € Y be a point. Suppose furthermore that A} (X1) and

A}(y)(Xg) are finite-dimensional and admit compatible pseudo-metrics gi*(y) and g5 (f(y)) respectively.
Then for any on € Ay(X1) and ay € Af(y)( X5) the functions o (-) = g(y)(ou,-) € (AL(X1))* and
i) = g (f()(az,-) € (A}(y)( 2))* are compatible if and only if a1 and ay are compatible as elements
of Ay(X1) and A}, (Xa).

Proof. Let first a1 and g be compatible, and let us show that the corresponding a} and a3 are compatible

in the sense of Definition 9.3. Let 3; and (2 be any compatible pair, and let z; := Wfrﬁy(ﬁl) and

2y 1= wsm’f y)(ﬁg) so that in particular, 81 = wi + z; and B = wy + 23 with w; € Ker(i}) and
we € Ker( %)- Thus, z; and z2 are compatible as well, and the desired equality

ai(21) = g1 (y) (a1, 21) = g2 (F(y)) (a2, 22) = a5 (22)

follows from the compatibility of the pseudo-metrics g9 (y) and g4 (f(y)).
Vice wversa, let of € (Ay(X1))* and a3 € (A}, (X2))* be compatible, and let a1 € A}(X:1) and

ag € A}(y) (X32) be such that of(-) = gM(y)(au,-) and a3(-) = g2 (f(y))(az,-); we need to show that ay
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and ap are compatible, which is equivalent to iy a1 = fi(jraz) & ii2z1 = fi(jxz2), where 21 = Wf@i’y(al)

ort, f(y)<

and zp = 7, s).

Observe that the restriction of i} to (A%(Xl) N Ker(i A)) is obviously invertible; for brevity we
denote this inverse simply by (i3)~" (since Ay(X1) has standard diffeology, this inverse is smooth). Let

1
now ujy,...,u; be an orthonormal basis of (A1 (X3) ﬁKer(j}‘\)) . We claim that its image under

(iy)"to fA o jx is an orthonormal basis of (A}(X1)N Ker(zA))l. To show this, it suffices to observe
that (i3)~! o fi ojx is an isomorphism , which follows from the condition 4 (Ql(Xl)) = (f*5*)(QY(X2))
(that implies the corresponding equality i} (A} (X1)) = (f3jx)(A f(y)( 2))), and also an isometry, which
is implied by the compatibility of g (y) and g (f(y)).

Let now v; == ((i3) 7' o fX o ji)(w) for i = 1,... k; write z; = Zle a;v; and z9 = Zle biu;. It
suffices to show that a; = b; for all i = 1,... k. Indeed, a; = of(v;) = a5(u;) = b;; the middle equality
is true because v; and u; are compatible by conitruction and are their own orthogonal projections on
(A} (X1) NKer(i})) *and (A}( o (X2) N Ker( jj{)) respectively, so the equality follows from compatibility

of aj and o3. O

Recall, as has already been observed, that whenever Al (X 1) has finite dimension, for any pseudo-

metric g (y) on it and for any af € (A}(X1))* there exists a; € Ay(X;) such that aj(-) = g1 (y) (a1, ")
(that is, of = ®ga,y(1)), and the analogous statement is, of course, true for A ,)(X2). We therefore
conclude the following.

Corollary 9.5. Let the gluing diffeomorphism f be such that i*(Q'(X1)) = (f*j*)(Q(X2)). Then the set
of all a} € (Ay(X1))* such that there exists at least one a3 € (A}(y) (X2))* compatible with of coincides
with (Ay(X1))*. Similarly, for every o € (A}(y)( 2))* there exists af € (A, (X1))* compatible with a.

9.3 The fibres of (A'(X; Uy X5))*

In this section we state and prove the following result.

Theorem 9.6. Let X; and Xo be two diffeological spaces such that both A'(X;) and A'(Xs2) admit
pseudo-metrics, and let f : X1 2 Y — Xo be a diffeomorphism such that i*(Q'(X1)) = (f*5*)(Q1(X2)).
Assume that there exists a choice of pseudo-metrics on A'(Xy) and A'(X3) that are compatible with
respect to f. Then the fibre of (A'(X1 Uy X2))* at any arbitrary x € Xy Uy X2 has the following form:

(Al(Xl)) *1(;8) fo € il(Xl \Y)a
(Al(Xl Uf Xg))* = (Al(Xl)) 1(171(r)) @comp (Al(X2)) —1( ) fo S ZQ(f(Y))a
(N (X)), o€ (X2 F(V)),
where (A (Xl)) 1151 () Beomp (AY(X2))* iy S C (A! (Xl)) Py ,l(x))@(A (X)) () is the subset of all

compatible pairs in (A (Xl)) @ (AL (Xo))*

1(fl(:r)) iy ' (x)
Proof. The claim is entirely obvious for fibres over points outside of the domain of gluing, i.e., points in
11(X1\Y) orin i (X2 \ f(Y)); in fact, it is a direct consequence of the definition of a dual pseudo-bundle
and of Theorem 1.6. On the contrary, it is not as obvious for fibres over points of form is(f(y)), i.e.,
those in the domain of gluing.

Let y € Y be a point. By Theorem 1.6, we have that Aj (f(y) (X1 Uy X2) can be identified with

AL (X1) ®comp A}(y)(Xg). We need to prove that there is an (automatically smooth, since all diffeologies
are standard) isomorphism

(A3(X0) @eomp Al (X2) ) = (A}(X0))" Beomp (A (X2))"
Defining such a prospective isomorphism is straightforward. Let o] + a5 € (A}/ (X1))* Bcomp (A}(y) (X2))*;

¥
define o* € (A;(Xl) Bcomp A;(y)( )) by setting a* (a1 + ag) := af(a1) + ad(az). In order to show
that this is an isomorphism, we construct its inverse.
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To describe the inverse, we essentially need to define a way to split a given function
Oé* c (A;(Xl) @comp A}(y) (XQ))

into the sum o = af + o3 of two compatible functions aj € (A} (X;))* and o3 € (A}(y)(Xg))*. We do
this by first extending o* to a function &* on the entire direct sum A} (X) ® A}(y) (X2), splitting the
function thus obtained into the sum of some functions on A} (X;) and A}(y)(Xg) (the obvious standard

step), and then showing that the two resulting functions are compatible in the sense of Definition 9.3.
In order to extend o to a linear function on A} (X1) ® A}(y) (X2), let us write, as in the proof of
Lemma 9.4,

AL(X) = (AL(X)) NKer(i3)) " @ (AL(X1) N Ker(i}))

L
Ay (X2) = (M) (X2) N Ker(i3)) - @ (Af (X2) NKer(3) )

where the orthogonal complements are with respect to the pseudo-metrics gi*(y) and g2 (f(y)). Thus
write their direct sum as

e L e - e\t
(AL(X1) NKer(i})) " @ (AL(X1) N Ker(i3)) & (A;(y)(xz) N Ker( ]A)) @ (A;(y) (X2) N Ker( ]A)) ,
and observe that for this presentation A;; (X1) @eomp A}( Y (X2) becomes the subset of all elements of form
(((22)71 X]Z)(ﬂé)a 617 BQa 65) )

L
where ay € Ay(Xy) NKer(i}), a2 € Aj, (X2) NKer(j3), and B € (A}(y)(Xg)ﬁKer(jz)) are all

arbitrary.

For this four-term decomposition of the direct sum All/(Xl) &) A}(y) (X2), let p1,p2,p3, ps be the pro-
jections onto the respective terms. We define &* by setting, for any arbitrary o € Ay (X;) ® A}c(y)(Xz)7
that '

a*(a) = %a*(((ifx)_l AJn)(Pa(@)) +pafa)) + %Oé*(m(a) +((0) (R TR (1)) + o (p2(a) +ps ().
It is clear in particular that if a € A}(X;) @ A}(y) (X2) then &*(a) = a*(a).

The natural presentation of &* as an element of (A} (X1))* @ (A}(y) (X2))* is by the sum of + a3,
where af € (A}(X1))* acts on an arbitrary a; € AL(X;) by

aj(a) = %a*(pl(al) + (X)) A (1 () + @ (p2(an),

and a3 € (A}, (X2))* acts on az € A} (X2) by
az(az) = %a*(((ﬁ\)_lﬁji)(m(az)) + pa(a2)) + " (ps(az)).

It now remains to check that o and of are compatible. Since o1 and ag are compatible if and only if
pi(ar) = (i3) 71 f1j5) (pa(a2)), the compatibility of o is the direct consequence of their construction. It
is then obvious that the assignment a* — aj + a3 is the desired inverse, so we obtain the final claim. [

The diffeology of (A'(X71U; X5))* can be described via the pseudo-metric g* on A*(X; Uy X2) induced
by ¢ and g4, and the corresponding pairing map. The end description can be summarized as follows.

Observation 9.7. Let p: U — (A (X1 Uy X2))* be a plot of (A'(X1 Uy X5))*. Then, up to replacing U
with its smaller sub-domain, the following is true: either there exists a plot ¢ : U — A(X7) of AY(X7)
such that

p(u)(-) = g1 (m1 (a1 (w))) (g1 (w), 52 (@3 () for all u € U,
or else there exists a plot ga : U — A (X3) of A*(X2) such that

p(u)(-) = g2 (15 (a2(w)))(g2(w), 5 (2,1 (1)) for allu € U.
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Finally, the following statement allows to obtain an overview of the pseudo-bundle (A*(X; Uy X5))*
as a whole.

Theorem 9.8. Let f be such that DS = DS'. Then there are the following diffeomorphisms:
1 (™))" (X \ V) 2 (7)) "N X1\ Y) wia the restriction of the map (p2)* to ((72)*)™ (X1 \
V) C (AN(X1))"
2. ((PN)) = (a2(f (V) = (7)) 1Y) @comyp ((73)*) 71 (f(Y)) via the diffeomorphism defined by the

*

appropriately restricted direct sum of the dual maps (p2)* and (55)*;

3 (™M) T (X \ F(Y))) = ((7h)*) "1 X\ f(Y)) via the restriction of the map (p5)* to ((75)*)~1( X2\
f(Y)) € (AN (X2))".

Proof. This is a direct consequence of the properties of the maps 7 and 3. O
The spaces
(PN 7@ (X1\Y)) € (AN(X1 Uy Xa))*, (7)) "M (@2(F(Y) © (AM(X1 Ur X2))7,
(1)) "1 (X2 \Y) € (A (X1))*, and ((m2)%) 71 (X2 \ f(V)) C (A'(X2))*
are considered with the corresponding subset diffeologies. The space

(7)) 1Y) eomp ((75))H(F(YV)) € (1)) THY) @ (75)*) T (f(Y))

is considered with the subset diffeology relative to the direct sum diffeology, in the sense of pseudo-
bundles, on ((m)*)~1(Y) @ ((74)*) "1 (f(Y)) (the latter being considered as a pseudo-bundle over Y, or
f(Y), in the obvious way).

9.4 Endowing (A'(X; U; X3))* with an induced pseudo-metric

We are actually interested here in pseudo-metrics on (A'(X;Uf X3))* induced by those on A'(X; Us X),
and among the latter, in those that come from two compatible pseudo-metrics g and g on A!'(X1)
and A'(X3). Given such choice, the assumption of compatibility provides us, on one hand, with the
pseudo-metric g* on A'(X; Uy X»), and on the other hand, with the dual pseudo-metrics (g{*)* and (g5)*
on (A'(X7))* and (A'(X3))*. These dual pseudo-metrics are also compatible in the sense of a notion that
mimics that of compatible pseudo-metrics on A'(X;) and A'(X3) and in a similar manner they provide
us with a direct construction of a certain pseudo-metric (g)* + (g2)* on (AY(X; Uy X5))*. The latter
actually coincides with the dual (¢")* of the pseudo-metric g* on A'(X; Uy Xo) induced by gi and g2
(see Section 8).

9.4.1 1If g) and g} are compatible then so are (¢i")* and (g4)*

Let g2 and g4 be pseudo-metrics on A'(X;) and A'(X3), and let f: X; DY — X5 be a gluing diffeo-
morphism. Assume that ¢gf* and g5 are compatible. There is a natural induced notion of compatibility
for pseudo-metrics on (A*(X1))* and (A'(X2))*.

Definition 9.9. Let g be some pseudo-metric on (A'(X1))* (not necessarily coinciding with the dual
pseudo-metric (g)*), and let gb be a pseudo-metric on (A'(X5))*. The pseudo-metrics gl and g~ are
compatible if for every compatible pair o € (A*(X1))*, i € (AY(X2))* we have that

gt ((r1))(ai,al) = g5 ((m5)") (a5, ).

The above definition is stated for some arbitrary pseudo-metrics on (A*(X7))* and (A!(X3))* but we
indeed are mostly interested in the case of the dual pseudo-metrics (g:*)* and (g4')*.

Lemma 9.10. Let X; and X5 be two diffeological spaces such that (A'(X1))* and (A'(X2))* have only
finite-dimensional fibres, and let f : X1 O Y — Xs be a gluing map that is a diffeomorphism and is
such that D = D Let g and gb be compatible pseudo-metrics on A'(X1) and A*(X3). Then the dual
pseud-metrics (gP)* and (g5)* are compatible as well.

Proof. This is a direct consequence of the two compatibility notions. O
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9.4.2 The pseudo-metric (¢0")* + (¢4)*

We have just seen in Lemma 9.10 that the duals of compatible pseudo-metrics are themselves compatible.
Thus, it should be possible to define a pseudo-metric (g1')* + (g5)* on (A*(X; Uy X2))* induced by them,
in the same manner that it was done for compatible pseudo-metrics on A'(X7) and A'(X3). To define
this pseudo-metric, we first introduce the following notation (used also in Section 11):

X = By 0 0 ()1 s (AN(X1 Uy X2))7 2 (7)) (i (X0 \ Y) Uia(F(Y))) = (A (X1))" and
Xo = Byp 0 0 (Byn) " 1 (AN(Xy Uy X)) 2 (1)) (i2(X2)) — (A (X2))".

The pseudo-metric (g{)* + (g2)* is then defined as follows:

(91)* (i (™) (7)) (xi (%), xi(a")) if (r4)*(0*) € i (X1 \ V),
_ ) s (P () (0))) (i (@), X (@) +
+%(gé‘)*(2151((7TA)* a)) (xz(@*),x3(e%)) i (1) (o *;Ezz( (Y)),

(98)" (i ((m™)* (")) (5 (), x5 (")) if (74)* (o) € ia(X2 \ f(Y))

for all a* € (A'(X1 Uy Xo))*. Observe that, since for any a* such that (7)*(a*) € i2(f(Y)) the images
xi(a*) and x3(a*) are compatible, over i5(f(Y)) the pseudo-metric (gi)* + (¢8)* can be identified with
gt (as well as with g2'), which guarantees its smoothness.

9.4.3 Comparison of (¢gi')* + (g5)* with (¢")*

To put everything together, observe that on (A'(X; Uy X2))*, there is the pseudo-metric (gi)* + (g4)*
obtained by combining the dual pseudo-metrics (¢2*)* and (g4)*; indeed, by Lemma 9.10 we know that
these pseudo-metrics are compatible. On the other hand, since g{* and g5 are compatible from the start,
there is also the dual pseudo-metric (g")*.

Theorem 9.11. Let X; and Xo be two diffeological spaces such that A'(X1) and A'(X3) have only
finite-dimensional fibres, and let f : X1 DY — Xy be such that D = DS, Let g and g5 be compatible
pseudo-metrics on A'(X1) and A*(X3) respectively. Then the pseudo-metrics (gP)* + (g5)* and (g™)*
coincide.

Proof. The proof is by direct calculation of which we omit the details. O

10 Connections on diffeological vector pseudo-bundles

We now turn to considering a diffeological version for the notion of a connection. A certain (preliminary,
by the author’s own admittance) version of this notion appears in [10], Section 8.32 (it is the one we
recalled in Section 2). The version in the above source however appears to be more in the spirit of
algebraic topology; in the present section we give a separate exposition in the form which seems more
suitable for our purposes. The covariant derivatives are defined with respect to sections of the dual
pseudo-bundle (A'(X))* (and using pairing maps can be similarly defined with respect to sections of
AY(X;) itself), which thus play the role of smooth vector fields. The proofs of the results stated can be
found in [23].

10.1 What is a diffeological connection

The verbatim extension of the usual definition of a connection on a vector bundle E — M as a linear
operator C°(M, E) — C™(M,T*M ® E), to the case of a diffeological vector pseudo-bundle 7 : V' — X,
is as follows.
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Definition 10.1. Let m : V. — X be a finite-dimensional diffeological vector pseudo-bundle, and let
C™®(X,V) be the space of its smooth sections. A connection on this pseudo-bundle is a smooth linear

operator
V:C®(X, V)= C‘X’(X,Al(X) ®V),

which satisfies the Leibnitz rule: for every function f € C®(X,R) and for every section s € C°(X,V)
there is the equality:
V(fs)=df @ s+ fVs.

Notice that on the left-hand side of the equality we have a term that, by explicit definition, is a section
of AY(X) ® V, whereas the term on the right-hand side includes the differential of a smooth function
on X, that so far has been defined as an element of Q'(X). Thus, taken literally, the definition is not
well-stated. What is being meant, however, is that there is a section of A*(X) that is associated to df in
a natural way. This is the section

df - x — Mz, df), df € C°(X, A (X)),

where 744 is the quotient projection that defines A'(X). It should always be clear from the context
whether df stands for an element of the vector space Q2'(X) or for a section of A*(X), so we use the same
notation for both.

A wusual connection on a smooth manifold is of course a diffeological connection in the above sense.
We first illustrate the definition with a non-standard example; after that, we define covariant derivatives
along smooth sections of (A'(X))*, and consider the behavior of this construction under the operation
of diffeological gluing.

Example 10.2. Let X be the wedge at the origin of two copies of R; denote these two copies by X,
and X, so that X = X; Vo Xs. Consider X as the subset {xy =0, z =0} C R3, identifying X1 with
the x-azxis y = z = 0 and Xo, with the y-axis * = z = 0. Let V be the union of the xz-coordinate
plane {y = 0} with the yz-coordinate plane {x = 0}, and let m : V. — X be the restriction to V of the
standard projection of R® onto the xy-coordinate plane. The pre-image m1(x,y,0) = {(z,y,2) |z € R}
of any point (x,y,0) € X has a natural structure of a vector space given by the operations on the third
coordinate, keeping the first two fixed (so, for instance, the sum of the vectors (x,y,z1) and (x,y,2z2) is
the vector (x,y,z1 + 22)).

Below we describe in a generic diffeological connection on this pseudo-bundle.

10.1.1 The gluing presentation of 7 : V' — X and a choice of pseudo-metric on it

We consider X as the result of gluing of X; to X, along the obvious origin-to-origin map f, and V, as a
result of gluing of Vi = {y = 0} to Vo = {x = 0} along the identity map f on the line {(0,0,2)|z € R}.
Let 7 : V1 — X7 and 7y : Vo — X5 be the corresponding restrictions of w. Consider the following
pseudo-metrics on V; and Va: g1(x,0,0) = hy(z)dz? and g2(0,y,0) = ha(y)dz?, where hi,hy : R — R
are two usual smooth everywhere positive functions. Assume also that hi(0) = hy(0); apart from these
conditions, hy and he can be any. We then endow V with the pseudo-metric g obtained by the usual
gluing of g1 and go (see Section 5); indeed, their compatibility in the required sense is reflected by the
condition hj(0) = h2(0). This means that

. ~f hi(x)dz? ify=0
9(z,y,0) = { ha(y)dz? ifx=0

Equivalently, we can also write that
G = (h1 Uy ho)dz?,

where hy Uy ho is the function on X obtained by the usual gluing of h; and hs.
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10.1.2 The standard connections V! and V? on the factors of gluing

Since both 71 and 7y are, on their own, standard bundles R? — R, each can be endowed with a usual
connection; and since both g; and gy are usual scalar products (Riemannian metrics), there are connec-
tions compatible (in the standard sense) with them. Let us choose the specific functions h; and hy (for
instance, hi(xz) = e and ha(y) = e~ Y) and calculate the corresponding Christoffel symbol of each. We
shall have, for g1, that @)
1 1 11dgn hy(x)
M0 = 59 = ()

let us denote by V! the corresponding connection on the tangent bundle T'(R) of the real line. This is
the Levi-Civita connection on this tangent bundle corresponding to the Riemannian structure given by
g1. There is a natural identification of the bundle T(R) — R with V; — X that acts by (z,s1(z) %) —
(2,0,s1(x)). Likewise, we identify Vo — X, with another copy of T(R) — R, via (y,sz(y)d%) —
(0,9, 52(y)). This allows to endow Va with the connection V? that corresponds to the Levi-Civita con-
nection on T(R) with the Riemannian structure given by gs, with the Christoffel symbol is

hi(x)
I =2
11(92) 2]7,2 (JJ)
The two connections can be described by
/ /
14 Mm@ e ged M@)o d

dr  2hy(x) dx dy  2hs(z) dy

We can also put them in our coordinates x, ¥, z, so obtaining

I I
Vi(z,0,1) = Iz )dx®(x,0,1), V2(0,y,1) = h

X
dy @ (0,y, 1
2 () . y®(0,y,1),

where respectively dr and dy are the standard sections of A'(X;) and A'(X,). More generally, by the
Leibnitz rule we have

h (z
Vis) = 2]111((;)(181 (2,0,1) + ((m))sld:r(@ (z,0,1) =

= th ((xz)) (d51 +81d$) (x,O,l) = %de(@ (33,0,1),

h hi
V2sy = gizlhidsy @ (0,y,1) + 52t sady © (0,y,1) =

= 2h (y) (d32 + s2dy) ® (0,,1) = Wdy ® (0,y,1).

10.1.3 Towards a connection on V

The total space V of 7 is a union of V; and V3 along the line (0,0, z). The rough idea is that outside of
this line the prospective connection V on V should coincide with either V! or V2, as appropriate. Let us
consider how it should behave on this line (more precisely, in a neighborhood of it). Since a connection
is an operator C*(X,V) — C®(X,A}(X)® V), consider a section s : X — V. By the results of Section
6, s has form s = s Us.7) 52 for some compatible sections s; € C°° (X1, V;) and sg € C°° (X2, V). These
sections can be written as

(.’ﬂ, 070) = (.’E, O» 81(1')) and (O,y,O) = (anv 32(y)) such that 51(0) = 82(0)7
the last equality corresponding to the compatibility condition. We can thus consider the assignment

s = Vs € C°(X, AN (X)) @ V1), VZsy € C®(Xo, A (X2) @ V2).
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In order to assign to V's; and V2sy an appropriately defined section Vs in C*°(X, A1 (X) ® V), we
first consider their values at the origin. The value of V's; at the origin is

h1(0)(s1(0) + 51(0))

1 _
\Y sl‘m:O - 2h1(0) dl‘@ (07071)3
while the value of V2s, is
/ !
2 5(0)(s5(0) + s2(0))
g = 1).
v 52|y70 2h2(0) dy X (05 O? )

Let us consider their sum:5!

(hi(o)(S’l(O) +51(0)) h3(0)(55(0) + 52(0))

dx +

2h1(0) 2h5(0) dy) ®(0,0,1),

which we want to be an element of A'(X) ® V, and more precisely, of its fibre Aj(X) @ 7=1(0) at 0.

Recall that this fibre is (A§(X1) eomp AF(X2)) @ 75 5(0). Thus, in order to view the above sum
as an element of the fibre, we essentially need the compatibility (with respect to f) of the forms
%de and %‘de In this specific example the compatibility condition for 1-
forms is empty, since f is defined on a one-point set, and so the above sum is indeed an element of
AY(X)®V. In a more general situation, there would be some non-trivial identity to be satisfied involving
the two forms; such a purported identity would be a condition (akin to the compatibility condition for
pseudo-metrics, etc.) indicating which pairs (V!, V2) of connections on V; and V, respectively give rise to
a well-defined connection on V; U 7 V5. Likewise, in our case the gluing of V; to V4 is given by the identity
map on the line x = y = 0; more generally (this is the omission mentioned in the footnote above), we
should consider the formal sum

h1(0)(s1(0) 4 51(0))
2h1(0)

h3(0)(55(0) + 52(0))

dz @ f(0,0,1) + 2 (0)

dy ® (0,0,1).

10.1.4 Defining V on V

We can now summarize all of the above reasoning by defining V to be V! @y V? (with Y = {0}),
where the meaning of the latter symbol is the following one. Let s € C*°(X,V) be a section, and let
s=s1Ug 7 S2 for s € C°°(X1, V1) and s3 € C°°(X3, Va); recall that under the assumption that f is a
diffeomorphism, s; and s, are uniquely defined by s (in general, only ss is so). Thus, V1s; and V2s, are
uniquely defined as well, and we can define Vs as follows:

()t @ j1) o Visi(x) if z € X1\ {0},
Vs(z) =3 ((53) ' @ Jja) 0 V2s2(2) if z € X3\ {0},
(i3 ® (ja o f)) 0 Visi(2) + (i5 © ja) 0 V2sa(z) if 2 =0,

where i : AJ(X1) = AJ(X1) @ AJ(X2) and i) : AY(Xo) — AL(X1) @ AL(Xs) are the standard injections
of the factors of the direct sum (i.e., they are the trivial identifications A}(X;) = A}(X1) @ {0} and
A} (Xs) = {0} @ A}(X2)), and js is the standard induction Va < V; Us V2 (notice also that the inverses
of pt and pb are not defined in general, but they are at the points where we consider them). The
term (i{ ® (jo o f)) o V1s1(0) is thus an element of (A}(X7) @ {0}) ® (m U(f.p) T2)~1(0), and the term
(i5 @ j2) 0 V252(0) is an element of ({0} & A§(X2)) @ (m Y. 72)~1(0); the sum of these terms is taken
in (A§(X1) & Ag(X2)) @ (m Uy ™)~ (0) C AN X) V.

As we have observed, s; and s; are uniquely defined by s, therefore Vs is well-defined as a map
X — AYX)®V; we need to check however that it is smooth, that is, that V is indeed a map C*(X,V) —
C>(X,AY(X)®V). We will then need to check, furthermore, that V is a smooth map for the functional
diffeologies on these two spaces of sections.

61We are making a minor omission in describing the passage to the formula that follows, which we will return to later on.
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10.1.5 V is well-defined as a map C*(X,V) - C®(X,AY(X)® V)

As we indicated above, we need to check that, for any arbitrary s € C*°(X, V') the image Vs is a smooth
map. Let p: U — X be a plot of X; assume from the start that U is connected, so, as is the case of all
gluing diffeologies, p lifts to either a plot p; of X; or a plot ps of X5. By assumption, sop is a plot of V;
furthermore, if p lifts to a plot p; then s o p lifts to a plot ¢; of Vi, and if p lifts to a plot ps then sop
lifts to a plot go of V5.

We now need to show that (Vs) o p is a plot of A1(X) ® V. We shall assume that the image of p
contains the origin; if it does not then (Vs) o p coincides up to appropriate smooth identifications with
either (V1s;) opy or (V2s3) o pa, so there would be nothing to prove. It is furthermore sufficient to
consider only the case when p lifts to a plot p; of X7, since the case when it lifts to a plot of X5 is treated
identically.

If p lifts to p; then we have, by direct calculation,

Vs(p(u) = { (P! ®j1)o Visi(p1(u) for u such that py(u) # 0,
(it ® (20 f)) 0 Visi(pr(w)) + (i ® j2) 0 V2s2(f(p1(w))) for u such that py(u) =0

R’ w)) (s u s u
_ 1(/}71( ))/(22(11)(;(1 (L))J)r 1 )l))dx,® (p1(u),0,1) for u such that p;(u) # 0,
(HGHOPr ) gy . MOULOL2O) ) 2 (0,0,1)  for w such that py (u) = 0

We need this to be a plot of A*(X) ® V. As follows from the definition of the tensor product diffeology,
it suffices to ensure that the projection to A'(X) is a plot of it.
More precisely, consider the following auxiliary map g, p, : U — AY(X):

R (p1(w) (s (p1(u)+s1(p1(w)))
Poron (W) = 3 w000 (0) gy, 1 (0)((5’36(0)+sz(0)) for sl that p1{1) 70
T dr + =555 dy for u such that p;(u) = 0.

Since p; is already a plot (of the standard R), it is sufficient to show that the following map

P ()5} ()1 (w)
U= h/l 0 2}Ll()(u) 1 0 o ht(0)(s5(0 0 for ?é 07
10U 01O gy 4. 22O O=2O) gy for 4 such that py (u) = 0

is a plot of A'(X; Uy X5) defined on the interval (—e,¢) for a sufficiently small ¢ > 0. The general
description of plots of A'(X; Uy X5) is that they are given by a pair of plots (¢1(u), g2(u)) (formally,
plots of Q1(X;) and Q!(X3) respectively) whose values are compatible for all v. Finding such a pair is

%de for ¢; and the constant plot u — %Wdy for go. We

can therefore conclude that s, 5, is a plot of A'(X), and therefore (Vs) o p is a plot of A'(X) @ V. It
then remains to observe that the case when p lifts to ps is entirely analogous, to obtain the following.

Lemma 10.3. For every section s € C*°(X,V) the image Vs belongs to C°(X, A} (X))@ V).

trivial: we take u +—

Thus, V is well-defined. It is clear that it has the linearity property and satisfies the Leibnitz rule,
since both of these conditions are fibrewise.

10.1.6 V is smooth for the functional diffeologies on C>(X,V) and C*(X,A'(X)® V)

Let ¢ : U — C*(X,V) be a plot of C*°(X,V); assume that the domain U is connected. Represent,
for each u, the section g(u) as ¢1(u) Ui g2(u); it is easy to see that each ¢; thus defined is a plot of
C>(X;, V7).

We now need to show V o ¢ is a plot of C*°(X,A}(X) ® V); to do so, consider a plot p: U’ — X of
X. Again, it is sufficient to assume that U’ is connected, so that p lifts to either a plot p; of X or a plot
p2 of Xy (these two cases are essentially symmetric, since the gluing is along a diffeomorphism, although
there is a formal difference: the fibre at the origin is one of V2). We need to consider the evaluation map
for V o ¢ and p, which is the map (u,u’) — (V o q)(u)(p(u’)). This is a map U x U’ — AY(X)® V, of
which we need to show that it is a plot of AY(X) ® V.

Suppose that p lifts to a plot pi; as before, we have
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(Vog)(u)(p(u')) =
by (e (u ))((ql(1;);31((1;11((1;/))))+QI(M)(171(“ D) dr ® (p1(v),0,1) for v’ such that p; (u') # 0,

(MOl @ (0] gy . O a2l @ 0O gy ) 3 (0,0,1) for u' such that pi(w') = 0.

This turns out to be the plot of A'(X) ® V for all the same reasons as before. Indeed, as before, p; is
already a plot (an ordinary smooth function), and it suffices to consider the auxiliary map into A'(X)

B () (an (0) (") a1 () ("))
(u,u") = ; ” 2k (u”) . . , for u" 70,
OO0 (O gy o 12O BreO) g, for 4 such that p) (u”) = 0,

of which we need to show that it is a plot of A'(X). Since by assumption u ~ ¢1(u) and u + go(u) are
ordinary smooth functions, we can apply the same reasoning as in the previous section (in fact, the latter
is a partial case of the former). We thus obtain the following conclusion.

Proposition 10.4. The operator V is a diffeological connection on V.

We thus conclude our discussion of this simple example of a diffeological connection on the result of a
gluing induced by two given connections on the factors. We stress again that, since we chose the simplest
possible gluing, it does not fully reflect the general situation; indeed, in our example no role was played
by the potential compatibility condition for the connections on the factors (we also avoided specifying f
and discussing issues related to it). Later on we will consider this more general situation.

10.2 Covariant derivatives

The notion of the covariant derivatives along a smooth section of (A!(X))* is the obvious one.

Definition 10.5. Let X be a diffeological space, let w:V — X be a diffeological vector pseudo-bundle,
let V:C®(X,V) = C®(X,AY(X)® V) be a diffeological connection, and let t : X — (AY(X))* be a
smooth section of (A1(X))*. Let s € C*(X,V). The covariant derivative of s along t is defined as
Vs(t) := V;s.

Written explicitly for s of form s = Y o' ® v*, where o' are some local sections of A'(X) and v
are some local sections of V, we have (V;s)(x) = Y t(x)(ai(x))vi. This local shape allows to see that
V.5 is an element of C°°(X, V). Indeed, the diffeology on (A'(X))*, as on any dual pseudo-bundle in
general, is defined in such a way that any evaluation map x — t(x)(a’(z)) be smooth. Moreover, it is
straightforward to check that for any fixed ¢ the map V; : C(X,V) — C*(X,V) is smooth for the
functional diffeology on C*°(X, V).

Later on we will also make use of covariant derivatives with respect to sections of A'(X), in the case

when Al(X) is endowed with a pseudo-metric.

Definition 10.6. Let X be a diffeological space, let m: V. — X be a diffeological vector pseudo-bundle,
and let V : O®(X,V) — C®(X,A'(X) ® V) be a diffeological connection. Let g* be a pseudo-metric on
AYX), let t € C®(X,AY(X)), and let s € C°(X,V). Then the covariant derivative of s along t is
the covariant derivative of s along ®ga ot,

Vis:= V(@ ,)ot5;

where ®ga is the pairing map corresponding to the pseudo-metric gt

10.3 Diffeological connections and gluing of pseudo-bundles

We now consider the behavior of diffeological connections under gluing. Let 7 U Fp T2 UV —
X1 Uy X3 be a pseudo-bundle obtained by gluing. Suppose that V; and V5 are endowed with diffeological
connections, V! and V? respectively. We might expect that, as it happens for all other objects that we
have considered, under appropriate compatibility conditions, these two connections induce one on the
pseudo-bundle obtained by gluing, ¢.e. V3 U 7 V55 indeed, this is what happens in the example considered
in Section 10.1. Below we describe how this can be done for abstract pseudo-bundles and connections on
them, starting with the appropriate compatibility notion for connections.
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10.3.1 The compatibility notion for connections

Recall the criterion of compatibility of elements of A'(X;) and A'(X3) in terms of the three pullback
maps f*, i}, and j; (Proposition 8.4): for any y € Y, two elements oy € A} (X)) and ay € A}(y) (X2)
are compatible if and only if ija; = f*(jiae). This criterion allows us to give the following definition of

the compatibility of a connection on a pseudo-bundle V; over X; with a connection on a pseudo-bundle
V5 over Xo.

Definition 10.7. Let my : Vi3 — X1 and 7wy : Vo — Xo be two diffeological vector pseudo-bundles, let
f and f be maps defining a gluing of the former to the latter, each of which is a diffeomorphism of its
domain with its image, and let Y be the domain of definition of f. Let V' be a connection on Vi, and
let V2 be a connection on Vo. We say that V' and V? are compatible if for any pair s, € C>(X1,V7)
and sg € C®(X2,V3) of compatible sections, and for any y € Y, we have

(3@ o (V) () = ((F53) @ Tdvs) 0 (V352) (F(1):

10.3.2 Obtaining a connection on V; Uf~ V5 out of compatible V! and V2 on V; and V;

Let m : Vi — X7 and 73 : Vo — X5 be two pseudo-bundles, let (f, f) be a gluing of the former to the
latter such that f: X; DY — X, and f : T YY) — V4, are diffeomorphisms of their domains with
their images, and f is such that D! = DS. Let V! and V? be connections on Vi and V5 respectively,
compatible in the sense of Definition 10.7. We now define an induced connection V¥ on V; U 7 V.

As any connection on V; U 7 V4, the operator V¥ is a map

COO(Xl Uy X2,V Uf Vz) — Coo(Xl Uy XQ,Al(Xl Uy XQ) X (V1 Uf Vg)),

which is defined as follows. Let s be any section in C*(X; Uy X2, V) Uy V32). Since f and f are
diffeomorphisms, s has a unique presentation in the form s = s; U (f.F) 52 for certain compatible sections
s1 € C*(X1,V1) and sy € C*° (X3, Va). Thus, there is a well-defined assignment

C™ (X1 Uy X2, V1 U Va) 2 s (Visy, VZsg)
for V's; € C®(X1, A" (X1) ® V1) and VZsy € O (X2, A (X2) @ Va).
To these, we now assign a section
Vs 0 X1 Uy Xo = AN(X1 Us Xo) @ (Vi Uf Va),
whose value at any given x € X; Uy X5 is determined as follows:
(VVs)(x) =
1

()1 © 32)(V4s) (37 (@))) for v €71(X1 | V),
(75)7" © j2) (T252) iz (@)) for € ia(X2 \ £(Y),
(7 ® 7)™ @ Mdvu)(nclys |, (@ (2o ) (Visr (77 @) +

x
x

+(IDClA}71( (X2) ® J2) (V232(z‘2‘1(m))) for z € io(f(Y))),
7,2 x
where for = € ia(f(Y)) we have
e Incly: (x,) is the standard inclusion
F=l6g @)
1 ~ Al 1 1
A i@ (K1) = A g1 (K1) @O} = Ao 1)) (K1) 8 Ay ) (X2),

e Inclyi | (x,) is likewise the standard inclusion
iz (@)

Al

iy ()

(XQ) — Al

~ 1 1
(XQ) - {O} 2] Algl ffl(lzfl(m))(Xl) S A,L;l(g:) (X2)7

()

and

100



i (/311\ ® [)é\)71 ® IdV1Uf“V2 acts

(AL, o (X)) @A, (X2)® (ViU; V) = AN Xy Uy Xo) @ (Vi U Va).
[y (=) iy (2) f f

By the assumption of the compatibility of the connections V! and V2, the resulting VVs is well-
defined as a map X; Uy Xo — AY(X; Up Xo) @ (Vi Us V5). Furthermore, the following statement is a
matter of a simple (even if lengthy) check.

Proposition 10.8. Let f be a diffeomorphism and such that D = DSt. Then for every smooth section
s€C™®(X1 Uy Xo, V4 Uz Va) we have

Vs € COO(X1 Uy XQ,AI(Xl Uy XQ) ® (Vl Uf VQ)),

that is, VY is a map C° (X1 Uy Xo, V4 Uy Vo) = C°(X1 Uy Xo, AN (X1 Uy Xo) @ (Vi Us Va)).

It is more or less clear from the construction that V" is linear and satisfies the Leibnitz rule (the
latter check is based on the description of the behavior of the differential under gluing, see Section
10.3.3 immediately below). It can also be verified that it is smooth for the functional diffeologies on
C®(X; Uy X9,V Us V2) and on C*(X; Uy Xo, A (X7 Us Xo) ® (V3 Us V32)). There is therefore the
following statement.

T~heorem 10.9. Let w1 : Vi — X1 and 7 : Vo = Xo be two diffeological vector pseudo-bundles, and let
(f, f) be a gluing between them such that both f and f are diffeomorphisms, and f has the property that
DSt = DS, Then the operator V' is a connection on V; U Va.

10.3.3 The differentials and gluing

Let X; and X5 be two diffeological spaces, let f: X7 O Y — X5 be a gluing diffeomorphism, and let
h: X1Uy Xo — R be a smooth function (for the standard diffeology on R). Then, as in the case of smooth
sections of pseudo-bundles, there is a presentation of h in the form h = hy Uy he, where hy € C*(X;,R)
and hg € COO(X27R)

As we have explained already, the three differentials dh, dhq, and dho, defined originally as elements of
QX7 Up X2), Q1(X1), and Q' (X>), are also naturally seen as smooth sections of, respectively, A*(X; Uy
X5), AY(X7), and A'(X3). Between them, there is the following relation.

Proposition 10.10. Let diffeological spaces X1 and Xo and the gluing diffeomorphism f: X1 2 Y — X5
be such that D = DY, and let h = hy Ug ho : X1 Uy Xo — R be a smooth function. Then the following
18 true:

(A1) (dha (i1 (2))) ifren(Xi\Y),
dh(z) = ¢ (5t ® p3) 7" (dh(F71 (i3 (2))) @ dha(iy ' () if w € in(f(Y)),
(p5) " (dha(iy ™ (2))) if v € is( X2\ f(V))-

It is worth noting that for points outside of the domain of gluing we have the following expected
identities:

o (dh(iy(x))) = dhi(z) for all z € X1 \'Y and pd(dh(iz(z))) = dhy(z) for all z € Xo \ f(Y).

10.4 The operations on diffeological connections

For usual connections on smooth vector bundles there are standard ways of obtaining induced connections
on direct sums, tensor products, and dual bundles. We now comment on how this carries over to the
context of diffeological connections. For direct sums and tensor products the result is quite analogous
to the standard case, although, since we avoid using local bases (diffeological vector pseudo-bundles may
easily not have them) and therefore do not make recourse to the local matrix of 1-forms, it is achieved a bit
differently. For dual pseudo-bundles we do not claim any definite answer, limiting ourselves to pointing
out the potential differences; these, however, regard the methods and do not necessarily preclude reaching
the same conclusion. This is a question that we leave in the open.

101



10.4.1 The direct sum

Let 7 : V7 — X and 75 : Vo — X be two diffeological vector pseudo-bundles over the same base space
X; consider their direct sum, the pseudo-bundle

7T1@7T22V1@V2—>X.

Denote by pr'* : Vi @ Vo — V4 and pr*2 : V; @ Vo — V; the obvious projections of the direct sum onto
its summands (on each fibre these are the standard projections associated to the decomposition of a
vector space into a direct sum). Such projections are always smooth, by the definition of the direct sum
diffeology. Let

IIlClV1 ZV1 = V1 @{0} — V1 @‘/2, IHC1V2 : va = {O}@VQ — Vl @Vé,

and let V! : C®(X,V;) — C®°(X,AY(X) ® V1) be a connection on Vi, and let V2 : C®(X, V) —
C>(X,A(X) ® Va) be a connection on Vs.

We define the following connection VI @V? : O®(X, Vi ®V,) — C®(X,AH(X)® (V1@ Vs)) on V1@ V.
Let s € C*°(X, Vi & Va). Denote

sp:=prtos and sy:=prZos,

and set
(Vl D v2)$ = (IdAl(X) (9 IHCIVI) o (Vlsl) D (IdAl(X) & IHCIVQ) o (V282).

Although the formal description is different from the standard smooth case, the essence of the construction
is the same.

10.4.2 The tensor product

This is analogous to the case of the direct sum. Let 7 : V; — X and 73 : V5 — X be two diffeological
vector pseudo-bundles, and consider m; @ my : Vi ® Vo — X. Let V! : C®(X,V;) — C>(X,A}Y(X)® W)
be a connection on Vj, and let V2 : C®(X, V) — C®(X,A'(X) ® V3) be a connection on Va; the
corresponding connection V® : C*(X,V; ® Vo) — C®(X,AY(X) ® (Vi ® V1)) can be defined in a way
that mimics the standard construction, that is, by setting

V= V' @ Ildee(x,15) + o (x,17) ® V2.

10.4.3 The dual pseudo-bundle

Let us now discuss the possibility of carrying over the standard construction of the induced connection
on the dual bundle to the diffeological context. Let m : V' — X be a diffeological vector pseudo-bundle,
endowed with a connection V. The standard construction requires a choice of a local basis {s1,...,s,}, so
we must assume that there exists one. This is the first main difference, since diffeological pseudo-bundles
are not locally trivial, so they are not required to admit any.

Now, as we have seen in the case of (A}(X))*, if V admits a pseudo-metric (also not guaranteed in
general) and has only standard fibres, then V' = V* via the corresponding pairing map. Thus, of course,
there is the obvious dual connection.

Finally, if V, admitting a pseudo-metric, has some non-standard fibres then the pairing map ®, (where
g is the pseudo-metric chosen) is still a subduction. Suppose that V' admits a (local) basis sq,. .., s, of
smooth sections, hence ® 0 s1,...,®, 05, is a local generating set. This might be used to define the
dual connection via the standard rule, with the issue being whether the resulting purported connection is
well-defined (we do not follow through on this, as we are only going to consider a kind of dual connection
in the case of A'(X) with standard fibres).
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10.5 Compatibility with pseudo-metrics and gluing

The notion of compatibility of a given diffeological connection V on a pseudo-bundle 7 : V' — X with a
given pseudo-metric g on V mimics the standard one.

Definition 10.11. Let m : V — X be a diffeological vector pseudo-bundle with finite-dimensional fibres,
let g be a pseudo-metric on V, and let V be a diffeological connection on this pseudo-bundle. The
connection V is said to be compatible with the pseudo-metric g if for every two smooth sections
s,t: X =V we have that

d(g(s,t)) = g(Vs,t) +g(s, Vi),

where for every 1-form w € AY(X) we set by definition g(w ® s,t) = g(s,w @) :=w - g(s,1).

Let now 71 : Vi — X7 and 73 : Vo — X5 be two diffeological vector pseudo-bundles, and let (f, f) bea
gluing between them. Suppose that these pseudo-bundles can be endowed with compatible pseudo-metrics
g1 and go respectively, and that they also admit connections V! and V? that satisfy the compatibility
condition relative to the gluing along ( 1, ).

Recall from Section 5 that, given a choice of g; and go, the pseudo-bundle V; U 7 V5 carries the induced

pseudo-metric g. Assume now that the gluing maps f and f are such that, given a choice of V! and
V2, the induced connection V" is well-defined, 4.e., both maps are diffeomorphisms and f is such that
DS = D, Then it is natural to ask whether the assumption that V! and V2 are compatible with,
respectively, g1 and g is sufficient to ensure that VV is compatible with §; it turns out that this is the
case.

Theorem 10.12. Let my : Vi — Xy and mo : Vo — Xo be two diffeological vector pseudo-bundles, and let
(f, f) be a gluing between them such that both f and f are diffeomorphisms, and f is such that DSt = DS
Assume that Vi admits a pseudo-metric g1 and a connection V! compatible with g1, and likewise, that Va
admits a pseudo-metric gz and a connection V2 compatible with go. Assume finally that g, is compatible
with g, and that V' is compatible with V? (both in terms of the gluing along (f, f)). Then the induced
connection V¥ is compatible with the induced pseudo-metric g.

The proof of this statement is quite straightforward and, in addition to the definition of the induced
connection, uses the above description of the behavior of the differential under gluing.

11 Diffeological Levi-Civita connections on X

In this section we consider diffeological Levi-Civita connections. There are two sorts of them, one is defined
on (A'(X))*, the other on A'(X); the two versions are related by the pairing map diffeomorphism. The
notion itself mimics the standard one. All statements appearing below were proved in [24].

11.1 Levi-Civita connections on (A!'(X))*

Let X be a diffeological space such that (A'(X))* admits a pseudo-metric g*".

Definition 11.1. Let f : X — R be a smooth function, and let t,t;,ty € C*°(X, (AY(X))*). The action
of t on f is then defined by

t(f): X 2z t(df) = t([f]) € C(X,R).
The Lie bracket [t1,t2] € C(X, (AY(X))*) is defined by
[t1,t2](s) = t1(ta(s)) — ta(ti(s)) for any s € A*(X).

In particular,

[t1,t2](f) = t1(t2(f)) — t2(t1(f)) € C(X,R).

Observe that this Lie bracket is antisymmetric (this is obvious from the formula), bilinear, and satisfies
the Jacobi identity (all of these hold for the same reason that they do in the standard case). We can now
define the torsion, whose definition is fully analogous to the standard one.
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Definition 11.2. Let X be a diffeological space, and let V be a connection on (A'(X))*. The torsion
T of V on (AY(X))* is defined by setting, for all ty,ts € C°(X, (AY(X))*),

T(t1,t2) = Vi ta — Vits — [t1, 2] € C(X, (AY(X))*).

Since T is clearly bilinear, it is a map T : C®(X, (A1(X))*) ® C(X, (A}(X))*) — C°°(X, (A}(X))").
The connection V is called symmetric if T is the zero tensor:

thtg — Vt2t1 = [t17t2] fO’I“ all t1,t9 € COO(X, (Al(X))*)
The definition of the Levi-Civita connection is then identical to the standard one.

Definition 11.3. Let X be a diffeological space such that (A*(X))* is endowed with a pseudo-metric
gV, and let V be a connection on (AY(X))*. V is called a Levi-Civita connection if it is symmetric
and compatible with the pseudo-metric g .

Any ((A'(X))*,¢*") admits at most one Levi-Civita connection, for reasons that are essentially the
same as in the standard case. Indeed, the standard formula, which also yields the uniqueness of the
connection, that is,

t1(g" (ta,t3)) +ta(g™ (ts,t1)) — t3(g (t1,t2))+
+g% ([t1,ta], t3) + ™ ([, t1] t2) — g™ ([ta, ta], t1) = 29™ (Vi ta, t3),

with t1,t2,t3 € C*°(X, (A}(X))*) arbitrary, holds in the present context as well. On the other hand, we
cannot make the same claim regarding the existence (notice that in general, we have avoided the existence
questions for connections, or even pseudo-mterics).

11.2 Pushforward and pullback connections

As we have seen in Section 9, if we assume that A'(X) admits a pseudo-metric g* (so in particular,
it has only finite-dimensional fibres) then the corresponding pairing @, is a diffeomorphism A*(X) —
(AY(X))*. Therefore all constructions carry over from one to the other, in particular, a connection V
on A'(X) yields a connection V* on (A'(X))*, and vice versa a connection V* on (A!(X))* induces a
specific connection V on A'(X). We say that V* is the pushforward of the connection V by the
pairing map ® 4, and that V is the pullback of V*.

The explicit relation between the two connections is as follows:

V¥t = (Idp(x) ®@ @ga) o V(L o) for any ¢ € CF(X, (AY(X))"),

VS:(IdAl(X)®(I)g_A1)OV*((I)gAOS) for any s € C*°(X,A*(X)).

This identification trivially preserves covariant derivatives. It is also easy to verify that it preserves
compatibility with pseudo-metrics, in the sense that if V is compatible with the given ¢g* then V* is
compatible with the dual pseudo-metric (¢™)*, and vice versa.

11.3 Levi-Civita connections on A'(X)

Roughly speaking, a Levi-Civita connection on A'(X) is the pullback of the Levi-Civita connection on
(A1(X))*; the pullback connection is the Levi-Civita one for the pullback pseudo-metric. Its definition
can also be stated separately, as that of a symmetric connection compatible with the given pseudo-
metric g*. Since we have already considered covariant derivatives along sections of A'(X), as well as the
compatibility with pseudo-metrics, it now suffices to define the Lie bracket. This is also done through
the pairing map, and in an obvious way:

[s1,82] = <I>g]1 o [P, 081, P,n 0 89],

g g

using the already-given definition of the Lie bracket on (A'(X))*. A connection V on (A(X), g*), where

g" is a pseudo-metric is a Levi-Civita connection if it is compatible with ¢* and is symmetric,

v3152 - v5251 = [51a32]'
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11.4 Compatible connections on A'(X;) and A'(X3), and the induced connec-
tion on A'(X; Uy Xo)

We now turn to considering the interactions between the connections on A'(X;) and A'(X3), and those
on A'(X; Uy X5). More precisely, we show that certain pairs of connections on A'(X;) and A'(X>)
induce a well-defined connection on A'(X; U ¢ X2); these pairs are determined by an appropriate com-
patibility notion. In particular, the Levi-Civita connections on A'(X;) and A(X5) defined with respect
to compatible pseudo-metrics determine the Levi-Civita connection on A'(X; Uy X5).

11.4.1 The compatibility notion for connections on A'(X;) and A'(X>)

We now define the compatibility for connections on A*(X;) and A'(X3). Two sections s; € C° (X1, Al (X))
and sy € C°°(Xo, A}(X3)) are compatible if for all y € Y the images s1(y) and sa(f(y)) are compatible
elements of A} (X) and A}p(y)(Xg) respectively.

Definition 11.4. Let V! be a connection on A*(X1) and let V? be a connection on A'(Xs). We
say that V' and V? are compatible if for every y € Y and for every two compatible sections s, €
C> (X1, (AY(X1))*) and sy € C(X2, (A'(X2))*) we have that

(R ®@d3) o (V's1)) (y) = (((f372) @ (F343)) 0 (V2s2)) (£ (v))-

The aim of this definition is to ensure that for every y € Y and for every pair of compatible sections
51 € O%(X1, AN (X)), 52 € O°(Xa, AY(X5)) the sum (Vis1)(y) @ (VZs2)(f(y)), which in general is an
element of
(AL © AL(X)) @ (Ad,)(Xa) @ Ab, (X2))

be, in a natural sense, an element of
(A X0) Beomp Ay (X2)) © (A5(X1) Eeomp A (X2)) -

11.4.2 The connection on A'(X; Us X5) induced by two compatible ones

Two compatible connections on A'(X7) and A'(X2) naturally induce a connection on A'(X; U X5). To
describe this induced connection, consider first the following. Let s € C*(X; Uy Xo, AN (X Ur X2)).
Define

s1:=plosoi; € C%°(X1, AN (X)), s2:=phosois € C®(Xy, AY(X2)).

Definition 11.5. Let X; and X be two diffeological spaces, let f: X1 O Y — Xo be a map that is
a diffeomorphism of its domain with its image such that D = DY, and let V' and V? be connections
on A'(X1) and A'(X2) respectively, compatible in the sense of Definition 11.4. Let s : X1 Uy Xo —
(AY (X1 Uy X5))* be a smooth section. The induced connection Vi on A'(X; Uy Xs) is defined by
setting

(Vus) (x) =

(1) @ ()" H((VEs1) (i (@) for z €iy(X1\Y),
(7))@ ()~ )((V282)(22_ (2))) Jor z € i3(X2 \ f(Y)),
(ot @p5) ' @ (A @ p5) ) (Vis)(f 1 (i ' (2) @ (VPs2)(in ' (2))  for & € ia(f(Y).
The compatibility notion for connections (Definition 11.4) ensures that V" is well-defined, in the

sense that (V's)(f~'(i5 (z))) @ (V2s2)(iy '(x)) always belongs to the range of (5} @ %) ® (5} @ py).
Moreover, the following is true.

Theorem 11.6. The operator V' is a diffeological connection on A'(X; Ur Xa).
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11.4.3 Compatibility of the Levi-Civita connections on A!(X;) and A'(X>)

Since any Levi-Civita connection is determined by the pseudo-metric, we might expect that those cor-
responding to compatible pseudo-metrics might also be compatible. Of course, this is not completely
immediate, since the two compatibility notions are not completely analogous.

Proposition 11.7. Let g and g5 be compatz'ble pseudo-metrics on AY(X1) and AY(X3) respectively. Let
V! be the Levi-Civita connection on (A*(X1),g)) (which we mean, of course, that V' is in particular
compatible with gi), and let V? be the Levi- szta connection on (AI(XQ),QQ) Then V1 and V? are
compatible.

We thus obtain that the two Levi-Civita connections defined with respect to compatible pseudo-
metrics always give rise to the induced connection VY on A'(X; Uy X5). As we see in the next section,
a stronger statement is actually true: for the appropriate pseudo-metric, VV is itself the Levi-Civita
connection.

11.5 The Levi-Civita connection on A'(X; Uy X»)

Let V! and V2 be the Levi-Civita connections on (A'(X1),g) and (A'(X3),g5), where g and g are
compatible. As follows from Proposition 11.7, A'(X; Uy X5) comes endowed both with the induced
connection V¥ and the induced pseudo-metric g*. It is more generally true that the induced connection
is compatible with the induced pseudo-metric. It remains to check that also the symmetricity is inherited,
to ensure that V" is the Levi-Civita connection in turn.

11.5.1 Compatibility with pseudo-metrics and gluing

Let X; and X5 be diffeological spaces, let f : X; O Y — X, be a diffeomorphism such that D = D, and
let g and g2 be pseudo-metrics on A!'(X;) and A'(X5) respectively, that are compatible with respect
to f. Let also V! and V? be diffeological connections on A'(X;) and A'(X5,) that are compatible with
f in the sense of Definition 11.4. Assume also that each of them is compatible with the corresponding
pseudo-metric (V! is compatible with g* and V? is compatible with g2') in the sense of Definition 10.11.
The following is then established by direct calculation.

Proposition 11.8. The induced connection V¥ is compatible with the pseudo-metric g™.

11.5.2 Symmetric connections and gluing

The analogue of Proposition 11.8 is true also for the symmetricity property. Specifically, we have the
following statement.

Proposition 11.9. Let X; and X5 be diffeological spaces, let f: X1 2O Y — Xs be a diffeomorphism
such that D = D, and let V' and V? be connections on A'(X1) and A'(X3) respectively, compatible
in the sense of Definition 11.4. If both V' and V? are symmetric then the induced connection VV is
symmetric as well.

This statement is based on two lemmas describing the behavior of covariant derivatives and the Lie
bracket under gluing.

Lemma 11.10. Let s, te COO(Xl UfXQ,Al(Xl Ur X5)), and let © € X1 Uy Xo. Denote s1 := ﬁ{\osozl,
So —p2 08019, t1 —,01 otoiy, and ty —p2 otoiy. Then:

(P1)~ ((Vt181)(11_ (x))) ifrein(Xy\Y),
(Vis)(@)=q (o @ p2) " (Vi s1)(i. (x))@(ViSz)(lzl(x))) if x € iz(f(Y)),
(P5)” ((Vt2 2) (i3 () if ¥ € ix(X2 \ f(Y)).

The statement just made is obtained again by direct calculation, as is the statement below.
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Lemma 11.11. Let s,t,r € C®(X; Uy Xo, A' (X1 Uy X5)), let s1,s9,t1,t2 be as above, let 1,72 be
stmilarly defined, and let © € X; Uy Xo. Then

(A1) Hls1, 0] (r1) (57 (=) ifr€il(X1\Y),
[s,8](r)(x) = ¢ (A @ p5) M ([s1, ta](r1) (67 (@) @ [s2, 2] (r2) (i3 ' () if & € ia(f(Y)),
(5) M ([s2, ta] (r2) (i3 (2))) if v €ia( X2\ f(Y)).

11.5.3 The final statement

All the above yields the following result.

Theorem 11.12. Let Xy and X5 be two diffeological spaces, let f: X1 DY — X5 be a diffeomorphism
such that D = DY, and let g and g5 be compatible pseudo-metrics on A*(X1) and A*(Xy) respectively.
Let V' and V? be the Levi-Civita connections on (A'(X1),gd) and (AY(X2),g5). Then VY is the Levi-
Civita connection on (A'(X1 U Xa), gt).

Notice that, due to the assumption that A'(X;) and A'(X5), and as a consequence A'(X; Uy X5), have
finite-dimensional fibres, the pairing maps (I)glA, <I>g£\, and ® s are all diffeomorphisms onto (AY(X1))*,

(A'(X3))*, and (A'(X; Uy X2))*, so the above statements hold for these dual pseudo-bundles as well.

12 Clifford connections

The diffeological counterpart of the notion of a Clifford connection is obtained by straightforward exten-
sion of the standard notion. The results of this section are original to the present manuscript and come
with complete proofs.

12.1 A diffeological Clifford connection

Let X be a diffeological space such that A'(X) has only finite-dimensional fibres and is endowed with a
pseudo-metric g*. Let m: V — X be a pseudo-bundle of Clifford modules over C4(A!(X), g*); we could
for instance have V' = A(A'(X)). The standard notion of a Clifford connection is a connection V¥ on a
smooth vector bundle F of Clifford modules over the cotangent bundle T*M of a Riemannian manifold
(M, g), such that for every vector field X € C(M,TM), every smooth 1-form ¢ € C°(M,T*M), and
every section s € C*°(M, E) the following equality is satisfied:

VE(e(0)s) = c(VE ) () + c(9) (VX ),
where ¢ is the Clifford action (of T*M on E) and VL€ is the Levi-Civita connection on the cotangent
bundle.
12.1.1 Definition

The diffeological notion uses A'(X) for the cotangent bundle, and sections of its dual pseudo-bundle
(AY(X))* as smooth vector fields, leading to the following definition.

Definition 12.1. Let X be a diffeological space such that A'(X) admits pseudo-metrics, let g* be a
pseudo-metric on AY(X), and let V* be the Levi-Civita connection on (AY(X),g"). Let x: E — X be a
pseudo-bundle of Clifford modules over CE(A*(X), g™) with Clifford action c, and let VE be a diffeological
connection on it. Then V¥ is a Clifford connection if for every t € C>(X,(AY(X))*), for every
s € O°(X,AY(X)), and for every r € C*°(X, E) we have

Vi (e(s)r) = e(Vis)(r) + c(s)(VET).
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12.1.2 Example

Let us consider briefly the construction of Section 10.1. Recall that the base space X is the union of the
coordinate axes in R?, and the two pseudo-bundles w1 : Vi — X; and 75 : Vo — X are naturally identified
with two copies of the tangent bundle TR! — R! (endowed with two different pseudo-metrics), so we
can also view them as the diffeological cotangent bundles A'(X;) and A'(X5). Due to the fact that the
gluing is along a single point subspace and the choice of f , the pseudo-bundle V; U 7 V5 coincides then with
A'(X1Us X5). The connections that we considered on Vi and V; are actually the Levi-Civita connections
corresponding to the chosen pseudo-metrics, and the resulting connection on V; U iVais the induced
connection VV. Thus, by Theorem 11.12 it is the Levi-Civita connection on V; Uf Vo & Al(Xl Ur Xo).
As a matter of standard reasoning (see, for instance, [1], Section 3.6), it yields a Clifford connection on
A(AY(X1 Up X5)), seen as a pseudo-bundle of Clifford module over C/((A'(X; Uy X5), g) with the usual
Clifford action.

12.2 Gluing of Clifford modules over A'(X;) and A'(X},)

We have already considered gluing of Clifford modules in Section 7, with the conclusion that the result of
gluing is again a Clifford module over an appropriate Clifford algebra, which itself is the result of gluing.
This situation does not have an automatic carry-over to the case of Clifford modules over A'(X7) and
A'(X5). Indeed, in the latter context we want the result to be a Clifford module over A'(X; Uy X5) (more
precisely, over C£(A' (X1 Uy X5), "), where g* is induced by the pseudo-metrics g2 and g2 on A(X;)
and A'(X2) respectively). Since A'(X7 Uy Xo) is not the result of any gluing of A'(X;) and A!(X5), we
cannot use the same strategy as in Section 7; in this section we show that a certain induced action can
be obtained, but it is defined differently from the induced action considered in Section 7.

12.2.1 Notation and approach

Let X; and X5 be two diffeological spaces, let f : X; D Y — X, be a diffeomorphism such that D! = DS,
and suppose that A'(X;) and A'(X5) admit compatible pseudo-metrics gi* and g4

Let x1 : EF1 — Xi and x2 : E5 — X5 be pseudo-bundles of Clifford modules with Clifford actions
¢; and ¢y by CO(AY(X1),¢D) and CU(AY(X3), gd) respectively, and let f' : x7H(Y) — x5 (f(Y)) be a
smooth fibrewise linear map that covers f. If ¢; and ¢y are compatible actions (Section 7) then there is a
well-defined gluing of these Clifford modules, with the result x; Ugrp X2 E,y Us Ey — X1 Uy Xo, with
each fibre inheriting the Clifford module structure over either C£(A'(X), gi') or CL(AY(X2), g3).

These structures endow FE; U 7 FE5 with a certain structure resembling that of a Clifford module.
However, it is not a Clifford module over C/(A(X; Uy X2), g*); in fact, even the action of A'(X; Uy X»)
on it is not automatic. This is because A'(X7 Uy X5) is not the result of any gluing between A'(X;)
and A'(X5), since it has fibres that do not coincide with any of the fibres of either A'(X7) and Al(X3)
(these are fibres over the domain of gluing). This situation is therefore different from the one considered
in Section 7, where E; Ui E5, obtained by gluing the Clifford modules E; and Es over certain
Cl(Vy,¢91) and Cl(Va, go), inherited under certain assumptions the Clifford action of the appropriate
CUVL U 5.5y Vor 91 Uis ) 92) = OV, g1) Uy e 5y OV, o).

Below we consider what natural action C/(A'(X; Uy X3),¢*) might inherit from CC(A'(X,),g%)
and Cl(A'(X5),g5). The construction is based on using the partially defined maps 1 and p%, and
the universal property of Clifford algebras, which allows to extend the partially defined projections
P AN (X Up Xo) D ()71 (i1(X1)) — AN(Xy) and g - AN (X Uy Xo) D (7)1 (i2(Xa)) — AY(X2) to
the corresponding subsets of C(A' (X7 Uy X5), g™):

LGN (X Up X3), g™ 2 (rO) T (X)) = CEAN (X0), 1),

~CZ(A) Cé(Al(Xl Uy Xa),g ) > (wC‘(A))*l(ig(Xﬂ) — CK(AI(X2),9§\).

Proposition 12.2. Let z € 1,(X;) C X, Us Xo. Then the map py restricted to the fibre AL(X; Uy Xo)
determines a smooth algebra homomorphism

pr T CEAL (X1 Uy Xa), g™ (2)) = CUAL , (X1), 01 (i1 (2)))-
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Likewise, if x € 12(X2) C X1 Uy Xo then the restriction of the map Py to the fibre AL(Xy Us Xo) yields
a smooth algebra homomorphism

ps T CUAL (XY Up Xa), g™ (@) = CU(A 1y, 98 (i (2)))

Proof. This follows from the universal properties of the Clifford algebras; it suffices to observe that the
maps py and p) are isometries, which follows from the construction of g%, and the compatibility of g
and g5, the latter ensuring that for any a € A'(X; Uy Xo) such that 74(a) € i2(f(Y)) we have

gt (M (@) (e, ) = g (i (7™ () (51 (), 1 () = g2 (i (7 (@))) (52 (@), 72 (@)

12.2.2 Compatibility of Clifford actions by A!(X;) and A'(X5)

Let ¢; be a smooth action of C£(A'(X),gl) on Ey, and let ¢y be a smooth action of C£(A'(X5), g5) on
FE5. Consider the gluing of the two base spaces, X; and X5, along a given smooth map f: X; 2 Y — X,
(usually a diffeomorphism and satisfying the extendibility condition D{¥ = D!, although these are not
strictly necessary for the definition below).

Definition 12.3. The actions c¢1 and cy are compatible if for all x € ia(f(Y)), for all a € (7)),
and for all ey € x7'(i7 ' (x)) we have that

(e2(p2 () (i (@) (F'(e1)) = F((e1 (1 () (i1 * ())) (e)).

The aim of this notion is to ensure that F; U 7 FE5 carries a well-defined smooth Clifford action by
A'(X; Uy X5), and in particular the middle line of the formula in Definition 77 allows for the action to
be smooth across both 41 (X7) and i2(X5) (see the next section for the proof).

12.2.3 The induced Clifford action of C/(A'(X; Uy X5),¢*) on E; Uz Eo

As we have seen in Section 7, if there is an appropriate gluing of Clifford algebras then F; U 7 By is

naturally a Clifford module over the result of that gluing. However, in the case of C¢(A(X1),¢%) and
Cl(AY(X2),¢3), the pseudo-bundle of algebras resulting from the gluing is not CC(A'(X; Uy Xa),g"),
whereas we want E; U 7 FE5 to be a Clifford module over the latter. In this section we construct the
appropriate action.

Definition 12.4. Let v € X; Uy Xo, let @ € AL(X; Uy X2), and let e € (x1 Ui x2) "1 (x). Define the
induced action ¢ of A'(X1 Uy Xo) on Ey Uj B by setting that

(@))(iy H(@))(GT) M e)) iz ea(Xi\Y),

pr |
c(e)(@)(e) =4 g ((ca(ph () (iz (@) ((53°) " (e)  if z € in(F(Y)),
J2 ((e2(p () iz ' (@)))((2) 71 (e))) if @ € ia(Xa \ F(Y).

Observe that the compatibility condition ensures that over fl(Xl) the action ¢ is equivalent to c;
(while by definition over i2(X32) it is equivalent to ¢3), which allows to show that ¢ is smooth; it being a
linear action on each fibre is obvious from the construction.

Theorem 12.5. Let X1 and X, be such that A*(Xy) and A (X3) are finite-dimensional, and let f :
X1 DY — Xy be a gluing diffeomorphism such that D = DS. Let g and g5 be compatible pseudo-
metrics on A'(X1) and AY(Xs) respectively, and let g be the induced pseudo-metric on A'(X1 Up X3).
Let x1 : By — X1 be a pseudo-bundle of Clifford modules over CE(A*(X1), g) with Clifford action c1,
let xo : By — Xy be a pseudo-bundle of Clifford modules over CL(A*(X3),g5) with Clifford action co,
let f’ : Xfl(Y) — E5 be a fibrewise linear diffeomorphism that covers f, and suppose that ¢; and co are
compatible with the gluing along (f’7 f). Then the induced action ¢ yields a well-defined smooth Clifford
action of CO(AY (X, Uy X5), ") on By Uz Eo.
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Proof. The fact that ¢ is well-defined follows from the compatibility of ¢; and c3. To show that it is
smooth, it essentially suffices to observe that, again by definition of the compatibility of Clifford actions,
over i1(X1) it essentially (up to technicalities of the gluing construction) coincides with ¢;, and over
i2(X2) it coincides, in the same sense, with cy. To illustrate this, let ¢ : U’ — A*(X; Uy X2) be a plot of
AL(X; Uy Xo) such that Range(r o q) C i1(X1), and let p: U — F Uz Eo be a plot of E; Uz Eo such
that Range((x1 U ;) x2) ©p) € i2(X2). We need to check that the evaluation function

(u',u) = é(q(u))(p(u))

defined on the subset Z,, := {(v/,u) |7*(q(v")) = (x1 U g x2)(p(u)} € U’ x U considered with the
subset diffeology is smooth as a map into E; U 7» E2. This evaluation function has form

o TP (e (P g )Y (GE) (o)) for u such that p(u) € i) (X, \ V),
Aalw))plw)) = {<&fx<Au>m%%frwwm for u such that p(u) € iy (V) = ia(f(Y).

Let j1 : By — E4 Up E5 be defined by

~ _J it (er) if xi(e1) € X1\,
h@”‘{<& o FYer) i xi(er) € Y.

Observe that by the definition of gluing diffeology j; ' o p is some plot p; of Ej, and that g o ¢ is
a plot ¢; of A'(X;). Since c; is a smooth action by assumption, the evaluation function (u/,u)
c1(qi(w) (57 (p(u))) is smooth; in particular, its pre-composition with any plot of Zp.q is a plot of Ej.
Since we have

N (pu)) = { i (e (g (@) G (p(w))) for u such that p(u) € i1(X1\Y),
(js2 o f')(er(q ( NG (p(u))))  for u such that p(u) € i1(Y) = ia(f(Y))

(essentially one of the standard forms of plots of Fy U 7 E5) we conclude that the evaluation function for
¢ relative to plots ¢ and p is indeed smooth as a map into F; U 7 E5. The other case (when ¢ and p take
values in fibres over i2(X32)) is treated similarly (it is actually simpler), so we obtain the claim. O

é(q(u

Usually, Clifford actions involved in the constructions of Dirac operators are assumed to be unitary.
The diffeological concept of a unitary Clifford action does not really differ from the usual notion and is
as follows (we state it only for Clifford modules over some C¢(A!(X), g)).

Definition 12.6. Let X be a diffeological space such that A'(X) carries a pseudo-metric g™, let x :
E — X be a pseudo-bundle of Clifford modules over C{(A*(X), g*) with Clifford action c, and let g be a
pseudo-metric on E. The action c is said to be unitary if

g(z)(c(@)er, c(a)(e2)) = g(w)(e, e2)
for all x € X, for all o € AL(X) such that g™(x)(o, @) = 1, and for all e1,es € X" (z) = E,.

It is essentially the consequence of the compatibility notion for pseudo-metrics on A*(X;) and A'(X5)
(see Definition 8.14) that gluing together two unitary actions yields a unitary action.

Proposition 12.7. Let x1 : By — X1 be a pseudo-bundle of Clifford modules over CE(A*(X1), gi) with
Clifford action c1, let x2 : Bz — X3 be a pseudo-bundle of Clifford modules over CU(A'(X3), g3) with
Clifford action ¢, let f: X1 DY — X5 be a diffeomorphism such that DY = D2 ,and let - x7HY) =
Ey be a fibrewise linear diffeomorphism that covers f. Assume that gi* and g are compatible with f as
pseudo-metrics on A (X1) and A*(X3), and that c1 and co are compatible Clifford actions; let g™ be the
induced pseudo-metric on A*(X1Uy X2), and let ¢ be the induced Clifford action of CE(AY(X1 Uy X), g™)
on Fq Us FEs5. Suppose that E1 and Eo are endowed with compatible pseudo-metrics g1 and gz, and let g
be the induced pseudo-metric on Fq Uf, FEs. If the actions ¢1 and co are unitary then ¢ is a unitary action
as well.
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Proof. 1t suffices to show that o € A'(X; Uy X5) is unitary if and only if either both, or one of (since
they may not be both defined), 51 (a), 53 (a) are unitary. Indeed, let 2 = 7*(c). Indeed, let z = 7 (a),
and let e1,e2 € (X1 U p) X2) " 1(z). Then by definition

g(@)(e(a)er, é(a)(e2)) =
{ iy (@) ((er (A5 (@) (i
g2(i3 " () ((c2(p5 (o)) (i

doere ={ &

HN(G) e))) iz e in(Xi\Y),
Ha)))((G2") 7 (e2))) i @ € ia(Xa),

) ifzei(X1\Y),

) ifx e iQ(XQ).

It thus suffices to show that 5 and p5 preserve the unitarity of the actions. This follows from the
definition of the pseudo-metric g*. Indeed,

) g8 (i (@) (A1 (), o (@) if 2 €i(X1\Y),
g (@) () =S 3ol (i (@) (A (), 52 () + 395 (i3 (2)) (5 (@), ph () if = € in(F(Y)),
95 (i3 1 (2)) (53 (), p5 () if 2 €dx(Xa \ f(Y)),
from which the claim is obvious. O

12.2.4 A Clifford connection on F; Up FE5 out of those on F; and F»

Let V! be a Clifford connection on Ej, that carries a smooth Clifford action ¢; by C¢(A(X1),gd), and
let V2 be a Clifford connection on Fy, that has a smooth Clifford action ¢y of C£(A'(X5), ga). Let VA1
and V42 be the Levi-Civita connections on (A'(X1),¢) and (A'(X3), g2') respectively (whose existence
is by assumption). Let f: X; 2 Y — X, be a diffeomorphism satisfying D{! = DS!. We assume that c;
and ¢y are compatible in the sense of Definition 12.3, g and g4 are compatible in the sense of Definition
8.14, V! and V? are compatible in the sense of Definition 10.7, and V! and V2 are compatible in the
sense of Definition 11.4.

Theorem 12.8. Let VY be the induced connection on E; Ugp Es, and let ¢ be the induced Clifford action
of CU(AY (X1 Us Xa),g") on it. Then VY is a Clifford connection.

Proof. The identity to verify is
Vi (E(s)r) = &(Vis)(r) + &(s)(Vi'r).
Let r € C%°(X1 Uy Xo, E1 Uf, E»), and let s,t € O°°(X1 Uy Xo, A'(X1 Uy X3)). Define
71 ::51—1 oroi; € C®(X1,Eq), ro ::jf2 orois,
and recall the sections s1, s2,11,ts associated to s and t via
S1=prosoiy, so=phosoiy, t] =ptotoiy, ty=photois.

Let us check the desired equality at an arbitrary point x € X Uy X5.
Let first € i;(X1 \ ' Y). Then

(VP (@(s)r) (@) = 57 (V1 (@(s)r)0) (i (@)

Observe that (¢(s)r); = c¢1(s1)r1 by construction, so we actually have

(VP (@) (@) = 51 (Vi,ea(s1)r) (i (2))).

On the right-hand side we have

(@(Vs)(r) +&(s)(Vim)(z) = ji* (ex(pr (Vi) (r) iy (@) + en(s1) (Vi m) (i1 (2))) =
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=i (VY s)) )7 (@) + ea(s0) (Vi r) (7 (@)) = 57 (V3 (ea(s1)m) (i (@))

since V! is a Clifford connection by assumption. This yields the desired equality for = € i;(X; \ Y), and
the case of z € i5(X2 \ f(Y)) is completely analogous.
Thus, let « € i2(f(Y)). Let us write, first of all,

(#6)r) (@) = Sirler(sn)r) (5 (2)) + 538 (ealsa)ra) i 1),

which we can do by compatibility of the actions ¢; and cs, the definition of ¢, and the constructions of
81, 82,71,72. Then we have

(VP (@(s)r) (@) = 51 (Vi (ea(s1)m)) (i1 (2)) + 42 ((VE, (ea(s2)r2)) (i3 (2))) -
On the right-hand side we have
(@(Vis)(r) + &(s)(Vir)) (@) =

5(e(Vi ) (r) (07 (@) + 3 (e2(Viy?s2)) (i (2)) + 5en(s1)(VEr) (i (2)) + Sea(s2) (Vi r2) (i3 (@),

The desired equality follows from the assumption of V' and V? being Clifford connections on E; and E,
respectively. O

12.3 The induced Clifford connection on A(A'(X; Uy X5))

The pseudo-bundles A (A'(X7)) and A(A!(X2)) are specific instances of Clifford modules, over the Clifford
algebras CC(A(X1), g2') and CC(A(X2), g5') respectively. As has been said already, A\(AY(X; Uy X2)) is
not the result of any gluing between them.52

As a matter of standard reasoning, a connection on A'(X) provides us with a connection on A (A (X)),
and in particular, the Levi-Civita connection on (A'(X), g") yields a Clifford connection on A(A'(X)),
where the latter is considered as a Clifford module over C¢(A'(X), g*) with the standard Clifford action.
Thus, if we assume that (A'(X;),¢") and (A'(X2),¢2) admit compatible Levi-Civita connections then
by Theorem 11.12, they induce the Levi-Civita connection on (A!(X; Uy X3),¢%), and this allows to
endow A(A'(X; Uy X5)), seen as a Clifford module over C£(A!(X; Uy X5), g") with the standard Clifford
action, with the corresponding Clifford connection.

13 Diffeological Dirac operators

In this concluding section we put together the standard definition of the Dirac operator and the above-
described diffeological counterparts of its building blocks. The result fully mimics the standard notion
and is well-behaved with respect to the gluing procedure, for which we comment on how it applies to
Dirac operators on wedges of standard smooth manifolds.

13.1 The definition and the gluing procedure

We first spell out the abstract definition, although it is in almost complete analogy with the standard
one (as we cited it in the Introduction), consider very simple examples, and point out that there is an
almost trivial procedure of gluing of two Dirac operators (obtaining again a Dirac operator), as long as
these are associated to all the compatible data.

62 Although, as we have seen in Section 7,the result of a gluing of A(A(X1)) to A(A(X2)) may coincide with A(A!(X1)U
Al(X2)), for some gluing between A!(X1) and A'(X3).
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13.1.1 The definition

This is the same as the standard definition (a version, more precisely); the only difference is that the
diffeological versions of all the components are used.

Definition 13.1. Let X be a diffeological space such that A*(X) is finite-dimensional and admits pseudo-
metrics, let g* be a pseudo-metric on A (X), and let x : E — X be a pseudo-bundle of Clifford modules
over CL(AY(X), g™) with Clifford action c. Suppose, furthermore, that E admits a pseudo-metric g and
a Clifford connection ¥V compatible with g. The operator

D:C*(X,E) - C®(X,E) giwenby D=coV
is the Dirac operator on E corresponding to the data (X, g", E,c, V).

In the standard context it is also required that the Clifford action be unitary with respect to the given
Riemannian metric on the given bundle of Clifford modules. For us, that would mean that ¢ should be
an unitary action with respect to the pseudo-metrics g* on A'(X) and g on E, see Definition 12.6.

13.1.2 Gluing of compatible Dirac operators

This is akin to most of our gluing constructions (since it collects them all). The idea of the construction
should be obvious by now.

The assumptions Let X; and X5 be two diffeological spaces such that A'(X;) and A'(X5) are finite-
dimensional. Let f : X; O Y — X5 be a gluing map, that we need to assume to be a diffeomorphism
and such that D! = D (the reason why we need, as opposed to want, these assumptions is that some
of our constructions, such as ¢g* and V¥, were only defined in their presence).

Let g and g be compatible (see Definition 8.14) pseudo-metrics on A'(X;) and A'(X3) respectively
(thus assuming that each of them admits a pseudo-metric in the first place and, furthermore, that there
exists at least one pair of compatible pseudo-metrics on them). Assume also that (A'(X;),¢d) and
(A1(X3), ) both admit Levi-Civita connections, and that these Levi-Civita connections are compatible
with each other in the sense of Definition 11.4. By Theorem 11.12 they induce the Levi-Civita connection
on (Al(Xl Uf XQ),QA).

Let now x; : B — X; be a pseudo-bundle of Clifford modules over C¢(A'(X1),gt) with Clifford
action c1, and let 2 : B2 — X be, likewise, a pseudo-bundle of Clifford modules over C/(A'(X3), gb).
Let f': E1 D x;'(Y) = Ea be a fibrewise linear diffeomorphism that covers f. Assume that c¢; and
¢o are compatible with the gluing along (f’, f), in the sense of Definition 12.3, and let ¢ be the induced
Clifford action of A'(X; Uy X2) on Ey U E5, see Definition 12.4 and Theorem 12.5.

Let g1 and g5 be pseudo-metrics on F and Fs respectively, and assume that they are compatible with
the gluing along (f’, f) in the sense of Definition 5.11. Let g be the induced pseudo-metric on F4 Uz Es,
see Theorem 5.14 and Theorem 5.16. Assume that ¢; and co are unitary actions. Then by Proposition
12.7 the induced action ¢ is a unitary action as well.

Let V! be a Clifford connection on E;, compatible with g;, and let V2 be a Clifford connection on
E5, compatible with g;. Assume furthermore that V' and V2 are compatible with each other in the
sense of Definition 10.7, and let VY be the induced connection on E; Uz E>. By Theorem 10.12, V"
is compatible with the pseudo-metric g, and by Theorem 12.8 it is a Clifford connection on F; U 7 Es,

considered as a pseudo-bundle of Clifford modules over C¢(A(X; Uy X5), g*) with Clifford action é.
The Dirac operator obtained by gluing The following three 5-tuples
(X1,97, Er, 01, V'), (X295, B2, 02, V%), (X1 Uy Xa,9%, By Uj, B3, VY)
provide each the data necessary to define a Dirac operator. Let
D, :C®(X1,F)) = C®°(X1,Ey), Dy =c;0V! and Dy :C>®(Xy, Ey) — C®(Xo, Ey), Dy = cy 0 V?

be the two given Dirac operators, i.e., corresponding to the first two tuples.
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Definition 13.2. The Dirac operator
D:=¢oVY:C®(X, Uy Xo, By Uj Ea) = C®(X1 Uy Xy, By U, Ey)
is said to be the result of gluing of Dirac operators D, and Ds.

The action of D can easily be described in terms of the actions of Dy and Ds.

Proposition 13.3. Let s € C™(X; Uy X2, By Ugp Es), and let s = 51 Uis, 7y 52 be its splitting as the
result of gluing of compatible sections s; € C® (X1, E1) and so € C°(Xa, E3). Then

D(s) = Di(s1) Ugg ) Da(s2).

Proof. Let us compare D(s)(z) and (D (s;) Us.f) D2(s2))(@) for 2 € X1 Uy Xo. For 2 € 41(X1\Y) and
x € i2(X2\ f(Y)) the equality between the two is obvious, so let z € i2(f(Y")). By definition of the gluing
construction (for diffeological spaces and maps between them), we need to compare (¢ o VY)(s)(z) with

Da(s2)(iy ' () = (2 0 V?)(s2) (i ().
Let us therefore calculate (¢ o VV)(s)(z). We have

(€0 V) (s)(2) = (c20 (53 ® (j2) " )(VYs)(iy ' () = e2(Vs2) (i3 (x)),

respectively by definition of the action ¢ and by the construction of the connection V“, whence the
claim. O

Remark 13.4. The formula in Proposition 13.3 could be taken as a definition of gluing of Dirac operators.
Specifically, say that Dirac operators D1 and Do on Ei and Eo are compatible if for every compatible
pair of sections s1 € C° (X1, Ey), so € C®(Xa, Es) the sections D1(s1) and D2(s2) are again compatible.
For any two compatible Dirac operators D1 and Do define the result of their gluing to be the operator

Dy Us jry Dot C%(X1 Uy Xo, B1 U, Bz) — C%(X1 Uy Xo, By U, Bo)

acting by
(Dl U(f,f’) DQ)(S) = Dl(sl) U(f,f’) DQ(SQ)

for every section s € C™°(X; Uy Xo, B4 U Es) written as s = s1 Us.fr) 52 (recall that, since [ and f/
are diffeomorphisms, this presentation of s is unique). The operator is well-defined by compatibility of
Dy and D5 and is again a Dirac operator, since by construction it coincides with D.

13.2 One-point wedges of smooth manifolds

This is probably the simplest illustration of the gluing procedure for Dirac operators. Let (M, g1, E1, c1, V1)
and (Ma, g2, Ea, ca, V?) be two standard sets of data defining usual Dirac operators D; and Ds. Let
x1 € My and z9 € Ms be two points, and let f : {1} — {22} be the obvious map. Then M; Uy M> is an
instance of gluing of diffeological spaces. ~

Assume now that the fibres over x1 and x5 are isomorphic, and choose an isomorphism f’ of these
fibres, f' : (B1)s, — (E2)a, (it is of course smooth, since it is just a diffeomorphism of standard vector
spaces). To apply the gluing construction, we need the following compatibility conditions:

1. The map f’ should preserve the scalar products ¢ (z1) and go(x2) (this corresponds to the com-
patibility condition for pseudo-metrics); and

2. The actions ¢y and ¢y should be equivariant with respect to f’ , that is, they should satisfy
1 0, (1) ((F)"(1) = e2

for all ay € Ty My and az € T);, Mo (this is the compatibility condition for the actions).

C1

1z, M, (22)()
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Notice that the compatibility condition for the connections is empty. This is because it is based on the
compatibility conditions for elements of A'(X;) and A'(X3), which is always empty in the case of a
one-point gluing.

Obviously, outside of the wedge point D1 Uy, f,)Dg acts either as D; or as Do, whichever is appropriate.
Let s € Qm(Ml Uy M, Ex U, Es). The value (D1 U 7) D2)(s)(x) of the image (D1 U, 7 D2)(s) at the
wedge point x has then form

D (i) @wi(z2) @ (f'(ef) + €3),
where Di(s1)(z1) = Y wj (21) @ ef and Da(s2)(w2) = Y w’ (22) @ €.

13.3 Concluding remarks

A vast amount of topics has been omitted from this manuscript, including everything that has to do
with Dirac operators and the Atiyah-Singer theory proper, and most of the constructions developed
herein come with strong limitations, such as restricting ourselves, particularly from Section 8 onwards, to
gluings along diffeomorphisms and extendable differential forms. As far as the omissions are concerned,
they have to do with finding a reasonable limit for the scope of this work.

These omissions, in any case, are of two sorts. One concerns the notions that go most closely together
with the constructions considered here, such as the curvature tensor of a diffeological connection and
characteristic classes of diffeological vector pseudo-bundles endowed with connections. These were omitted
mostly because they are not strictly necessary for the final purpose, and also for reasons of length. Another
noticeable absence is that of diffeological counterparts of the standard instances of Dirac operators, such
as the de Rham operator (although it is not impossible to have one). That would be nice to have, and it
will probably get done in the future.

The limitations are a somewhat different matter, but in the end it was also a conscious choice to avoid
reaching statements-in-maximal-generality all throughout (this is not to imply that I was able to obtain
all the potential maximal generality statements; sometimes I wasn’t). The reasoning was that, for the
first approach to this subject matter (which is, after all, is not much more than just a systematic way
of piecing together the usual Dirac operators and explaining in which sense, consistent with the existing
theory, the result is again a Dirac operator) it appears, as a matter of opinion to limit the discussion to
bluings along diffeological diffeomorphisms that are defined, although not just on usual open domains,
on sets that are sufficiently well-behaved to ensure our extendability conditions.

Appendix: open questions

There are some obvious open questions that got raised during this work. Here is a rather incomplete list
of them; it is distinct from the list of omissions appearing above, and has little intersection with the list
of limitations, also see above. Unlike the former two, where some objective considerations (the length
and so on) may justify the absence, in this manuscript, of the answer, the list appearing just below is
compiled on the basis of, it would be nice to include an answer here, but I don’t know it.

Existence questions We have mostly avoided dealing with existence issues throughout this manuscript;
when existence was in doubt, we dealt with the matter by just asking for whatever required object as
a matter of assumption. Two factors are behind this. One is the inherent breadth of the concept of
a diffeological space; since this can be pretty much anything at all, some assumptions should always
be needed to ensure the existence of such-and-such object, and it might just happen that a list of such
assumption is better replaced by a plain requirement for the object to exist. The other reason is more
of a technical matter and applies to more concrete objects, such as pseudo-metrics or connections: the
way in which the existence of their standard counterparts is checked is based on local coordinates of sort.
These do not really exist in diffeology, so the standard procedure does not immediately apply. This is
certainly not an insurmountable obstacle (it might be just a matter of using a different approach), so
such existence questions are collected here, starting with the most technical one:

e is there a counterpart of the partition of unity theorem for diffeological spaces?
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e which diffeological vector pseudo-bundles admit pseudo-metrics? (My original hope in considering
the diffeological gluing was to use it as a substitute of local trivializations, first of all, with the
aim of obtaining pseudo-metrics by gluing them. This can certainly be done, but the range of
pseudo-bundles that result from a finite sequence of bluings is rather limited, see below).

e which diffeological vector pseudo-bundles admit diffeological connections?

e which diffeological spaces (and for which pseudo-metrics) admit Levi-Civita connections?

e which diffeological vector pseudo-bundles admit Clifford connections, and for which pseudo-metrics?
Extendibility questions These regard specifically the spaces of sections of pseudo-bundles and the

spaces Q' (X) of differential forms on diffeological spaces, and the behavior of these under gluing, such
as, how frequently the condition D$* = D is satisfied.

Interplay between various compatibility notions A wealth of compatibility notions appears through-
out the paper (too many, actually, for having a common name). These may, or may not, be unrelated to
each other. Here are some specific questions in this respect:

e are the Levi-Civita connections corresponding to compatible pseudo-metrics themselves compatible
(as connections, of course)?

e are Clifford connections on Clifford modules endowed with compatible actions themselves compat-

ible?

Strengthening the gluing diffeology As we pointed out several times throughout, the gluing diffe-
ology is a very weak diffeology, weaker in any case than one would expect in a given setting. The idea of
it is thus of being a precursor to other, stronger diffeologies.

D-topology and gluing This matter was not considered at all here, but it is a very natural one. There
are some obvious questions such as whether the image i2(X2) is a D-open subset of X; Uy X5 (in general
it is not).

Locality and dimensions It would have been suitable to at least mention local dimensions of the
spaces C*°(X, V) of smooth sections of pseudo-bundles in Section 7; we avoided doing this for reasons of
space.
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