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Abstract

We consider the notion of the De Rham operator on finite-dimensional diffeological spaces such
that the diffeological counterpart A'(X) of the cotangent bundle, the so-called pseudo-bundle of
values of differential 1-forms, has bounded dimension. The operator is defined as the composition
of the Levi-Civita connection on the exterior algebra pseudo-bundle A(A*(X)) with the standardly
defined Clifford action by A'(X); the latter is therefore assumed to admit a pseudo-metric for which
there exists a Levi-Civita connection. Under these assumptions, the definition is fully analogous the
standard case, and our main conclusion is that this is the only way to define the De Rham operator
on a diffeological space, since we show that there is not a straightforward counterpart of the definition
of the De Rham operator as the sum d + d* of the exterior differential with its adjoint. We show
along the way that other connected notions do not have full counterparts, in terms of the function
they are supposed to fulfill, either; this regards, for instance, volume forms, the Hodge star, and the
distinction between the k-th exterior degree of A'(X) and the pseudo-bundle of differential k-forms
AF(X).
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Introduction

The concept of a diffeological space (introduced in [22], [23]; see [9] for a recent and comprehensive
treatment, and also [3], [4], [27], [26], [8] for the development of various specific aspects) is a simple
and flexible generalization of the concept of a smooth manifold (see [24] for a review of other similar
directions). Many constructions of differential geometry also generalize, although for some of them there
is not (yet) a universal agreement on the choice of the proper counterpart of such-and-such notion; this
is the case of the tangent bundle, for which there are many proposed versions; the most accepted one at
the moment seems to be that of the internal tangent bundle [2] (see [5] for the earlier construction on
which it is partially based). Whereas for the cotangent bundle and higher-order differential forms there is
a standard version, see for instance [9], [11], [10] (as well as [6]). Finally, see [12], [13] for a more analytic
context.

A certain development of other concepts of differential geometry on diffeological spaces appears in
[25], where (in particular) the basic concept of the diffeological counterpart of a smooth vector bundle was
developed to some extent. However, the notion itself and its peculiarities with respect to the standard one
were already investigated in [7]; this is where diffeological bundles (which herein we call pseudo-bundles)
were first introduced. The other concepts follow from there, in particular, those needed to define a Dirac
operator, which was done in [19]. Since diffeological versions of some classic instances of Dirac operators
were not considered therein, in this paper we try to fill this void, describing the diffeological version of the
most classic one of all, the De Rham operator. Our main conclusions in this respect are of two sorts. The
first is that there does not appear to be any straightforward way of defining a diffeological counterpart of
the classical operator d+d* in the diffeological context. This starts from the fact that the differential itself,
defined on the spaces QF(X), does not descend to the pseudo-bundles A*(X). Furthermore, the exterior
product defined between the former vector spaces does not yield an identification between /\k(Al(X )
and A¥(X), although it gives a natural, possibly surjective, map from the former to the latter. We also
show that the dimensions of the fibres of A¥(X) do not truly correlate with the (diffeological) dimension
of the space X; if dim(X) = n then A*(X) are indeed trivial for k > n, but for k& < n the dimensions



of fibres of A¥(X) can be arbitrarily large. Finally, since A'(X) may have fibres of varying dimension,
there does not seem to be a straightforward definition of the Hodge star on its exterior degrees.

Diffeological spaces form a very wide category, so that a statement applying to them all would nec-
essarily risk being too general so as to be meaningless. This issue we resolve by dedicating significant
attention to the diffeological gluing procedure ([14]) applied to pairs of diffeological spaces, that in turn
satisfy some additional assumptions. Mostly these assumptions have to do with being able to put a
pseudo-metric on the corresponding pseudo-bundles A¥(X), and with the extendability of differential
forms, that we define below. Under these assumptions we do describe the behavior of pseudo-bundles
AF(X) under gluing, as well as that of the De Rham groups.

Acknowledgments Discussions with Prof. Riccardo Zucchi benefitted significantly this work.

1 Main definitions

A recent and comprehensive exposition of the main notions and constructions of diffeology can be found
in [9]; that particularly includes the De Rham cohomology (see also [6]). The homological algebra is
discussed in a recent [27].

1.1 Diffeological spaces, pseudo-bundles, and pseudo-metrics

The concept of a diffeological space is a natural generalization of that of a smooth manifold; briefly, the
two differ in that for a diffeological space the notion of atlas is taken by that of a diffeological structure
whose charts have domains of definition of varying dimension. Furthermore, a diffeological space is not
subject to the same topological requirements, such as paracompactness etc.

Definition 1.1. A diffeological space is any set X endowed with a diffeological structure (or diffe-
ology), which is the set D of maps, called plots, D = {p:U — X}, for all domains U C R™ and for all
n € N that satisfies the covering condition of every constant map being a plot, the smooth compatibility
condition of every pre-compostion poh of any plot p: U — X with any ordinary smooth map h : V. — U,
being again a plot, and the following sheaf condition: if U = U;U; is an open cover of a domain U and
p:U — X is a set map such that each restriction p|y, : Uy — X is a plot (that is, it belongs to D) then
p itself is a plot.

For two diffeological spaces X and Y, a set map f : X — Y is smooth if for every plot p of X the
composition fop is a plot of Y. If the vice versa is always true locally, i.e. if, whenever the composition
of fop with some set map p: U — X is a plot of Y, the map p is necessarily a plot of X, and furthermore
f is surjective, then f is called a subduction. Said in reverse, if, given two diffeological spaces X and Y,
there exists a subduction f of X onto Y, then the diffeclogy of Y is said to be the pushforward of the
diffeology of X by the map f. For instance, if X is a diffeological space and ~ is any equivalence relation
on X then the quotient diffeology on X/ ~ is defined by the requirement that the quotient projection
X — X/ ~ be a subduction. Notice in particular that, unlike in the case of smooth manifolds, every
quotient of a diffeological space is again a diffeological space. The same is true for any subset Y C X of
a diffeological space X; it is endowed with the subset diffeology that consists of precisely the plots of
X whose ranges are contained in Y.

A smooth manifold is an instance of a diffeological space; the corresponding diffeology is given by the
set of all usual smooth maps into it. Standard diffeologies are defined for disjoint unions, direct products,
and spaces of smooth maps between two diffeological spaces (see [9]). For a diffeological space carrying
an algebraic structure there is an obvious notion of smoothness of that structure, so there are notions of
a diffeological vector space, diffeological group, etc.

The diffeological counterpart of a smooth vector bundle, that we call a diffeological vector pseudo-
bundle, is defined analogously to the standard notion, with the exception that there is no requirement
of there being an atlas of local trivializations. The precise definition is as follows.

Definition 1.2. A diffeological vector pseudo-bundle is a smooth surjective map © : V — X be-
tween two diffeological spaces that satisfies the following requirements: 1) for every x € X the pre-image



7 Y(z) carries a vector space structure; 2) the induced operations of addition V xx V — V and scalar
multiplication R x V. — V' are smooth for the subset diffeology on V. xx V C V x V, for the product
diffeologies on V- x V and R x V', and for the standard diffeology on R; 8) the zero section X — V is
smooth.

This notion appeared in [7], where it is called diffeological fibre bundle, and was considered in [25]
under the name of regular vector bundle and in [2], where it is termed diffeological vector space over X.
Some developments of the notion appear in [14].

For such pseudo-bundles there are suitable counterparts of all the usual operations on vector bundles,
such as direct sums, tensor products, and taking dual bundles. It is worth noting that already in the
case of (finite-dimensional) diffeological vector spaces the expected notion of duality leads, in general, to
different conclusions, specifically the diffeological dual of a vector space may not be isomorphic to the
space itself. A long-ranging consequence is that there is no proper analogue of a Riemannian metric on
a diffeological vector pseudo-bundle, although there is an obvious substitute ([15]).

Definition 1.3. Let 7 : V. — X be a diffeological vector pseudo-bundle such that the vector space
dimension of each fibre 71 (x) is finite. A pseudo-metric on it is a smooth map g : X — V*®@V* such
that for all x € X the bilinear form g(x) € (7~ (x))* @ (7~ (z))* is symmetric, positive semidefinite,
and of rank equal to dim((7~1(x))*).

The reason why this definition is stated as it is, is that in general a finite-dimensional diffeological
vector space does not admit a smooth scalar product ([9]). The maximal rank of a smooth symmetric
bilinear form on such a space is the dimension of its diffeological dual, and there is always a smooth
symmetric positive semidefinite form that achieves that rank ([19], Section 5). The latter is called a
pseudo-metric on the vector space in question, and the notion of a pseudo-metric on a pseudo-bundle
is an obvious extension of that. Notice that not every finite-dimensional pseudo-bundle admits a pseudo-
metric (see [14]).

If 7 : V — X is a finite-dimensional diffeological vector pseudo-bundle and g is a pseudo-metric on it
then there is an obvious pairing map

®,:V = V* given by @,(v)(-) = g(m(v))(v,-).

This map is a subduction onto V*; it is bijective and a diffeomorphism if and only if the subset diffeology
on all fibres of V is the standard one, while in general it has a canonically defined right inverse which,
however, is not guaranteed to be smooth. The latter is also the reason why the standard construction of
the dual ¢g* via the identity

g (x)(Py(v), Py(w)) = g(x)(v,w) forall z € X, v,weV,
although it yields a well-defined family of pseudo-metrics on fibres of V*, may not itself be a pseudo-
metric.

1.2 Diffeological gluing

The diffeological gluing ([14]) is a procedure that mimics the usual topological gluing. Let X; and X5
be two diffeological spaces, and let f : X7 O Y — X5 be a map smooth for the subset diffeology on Y.
The result of the diffeological gluing of X; to X5 along f is the space

X1Uf Xo = (X1 UX3)/~, wherez ~2' &z =2a"or f(z) = f(a)

endowed with the quotient diffeology of the disjoint union diffeology on X; LI X5. In practice, the plots
of X; Uy X5 can be characterized as follows.

Let us first define the standard inductions i1 : X7 \ Y — X; Uy X3 and i3 : Xo — X7 Uy X5 given
as the compositions

z'lzXl\Y<—>X1I_IX2—>X1UfX2, ig:ng—>X1I_IX2—>X1UfX2



of the obvious inclusions with the quotient projection. Notice that the images i1(X1\Y") and i5(X5) form
a disjoint cover of Xy Uy X, a property that is used to describe maps from/into X; Uy Xo. For instance,
the plots of X; Uy X5 can be given the following characterization. A map p: U — X; Uy X, defined on
a connected domain U is a plot of X; Uy Xy if and only if one of the following is true: either there exists
a plot p; of X such that

| p(u) ifu€p71(X1\Y),
p(u) { io(f(p1(u))) ifu Gp%l(Y)a

or there exists a plot py of X5 such that
D =12 0DPa.
The right-hand factor X, always embeds into X; Uy X5, while X; in general does not, unless f is a
diffeomorphism (which is the case we will mostly treat). If it is one then the map

T . ~ o il(.’fl) if xq1 EXl\Yv,
i1 X1 — X1 Uy Xo given by zl(xl){ is(f(21)) ifar €Y

is also an inclusion.

Suppose now that we are given two pseudo-bundles m; : Vi — X3 and 75 : Vo — X5, a gluing map
f: X1 2Y — Xy, and a smooth lift f: Wfl(Y) — V5 of f, that is linear on each fibre in its domain
of definition. Then f defines a gluing of V3 to V5 that preserves the pseudo-bundle structures, and
specifically, we obtain in an obvious way a new pseudo-bundle denoted by

T U(f,f) m: Vi Ung-)Xl UfXg.

The standard inductions V; \wfl(Y) - Wi U];VQ and Vo — V) Uf‘/Q are denoted by j; and jo respectively.

The gluing of pseudo-bundles is well-behaved with respect to the operations of direct sum and ten-
sor product, while for dual pseudo-bundles its behavior is more complicated, unless both f and f are
diffeomorphisms (see [14] and [15]). Certain pairs of pseudo-metrics on V5 and V;, allow to obtain a
pseudo-metric on Vi U 7 Vs.

Definition 1.4. Let m; : Vi — X1 and my : Vo — X5 be two finite-dimensional diffeological vector
pseudo-bundles, let (f, f) be a gluing between them, and let g1 and g2 be pseudo-metrics on Vi and V3
respectively. The pseudo-metrics g1 and go are said to be compatible (with the gluing along (f, 1)) if for
ally €Y and for all vi,w; € 7 ' (y) we have

g1(y) (w1, w1) = g2(f () (f(v1), f(wr)).

If g1 and go are compatible then the induced pseudo-metric g on V; Up V2 is defined by

) [ T @)U ) W) e e in(X)\Y),
§@)(v,w) = { 02031 (2)) (G M (0), 3 (W) if & € ia(X)

Jor all v € X1 Uy X5 and for all v,w € (m1 U5 ¢ m2) " (z).

See [15] for details.

1.3 Differential forms, diffeological connections, and Levi-Civita connections

The notion of a diffeological differential form is a rather well-developed one by now, see [9]; it is defined
as a collection of usual differential forms satisfying a certain compatibility condition. Namely, let X be a
diffeological space, and let D be its diffeclogy. A diffeological differential k-form on X is a collection
w = {w(p)}pep, where p : U — X with U C R™ a domain and w(p) € C>°(U, A¥(R™)), such that for
any ordinary smooth map F : V — U defined on another domain V' and with values in U we have that
w(po F) = F*(w(p)). The collection of all such forms for a fixed k, denoted by Q*(X), is a real vector



space and is endowed with the diffeology given by the following condition: a map ¢ : V — QF(X) is a
plot of Q%(X) is a plot of Q*(X) if and only if for every plot p : R® C U — X the map

VX U3 (v,u) = q(0) (p(u)) € AF(R")

is smooth in the usual sense.
A specific example of a diffeological differential form on X is the differential of a smooth function
h: X — R, where R is considered with the standard diffeology. The differential dh is defined by setting

dh(p) = d(hop) for every plot p: U — X,

where d(h o p) is the usual differential of an ordinary smooth function U — R. Checking that dh is
well-defined as an element of Q! (X) is trivial.

The definition of Q¥(X) then extends to that of the pseudo-bundle A¥(X) of k-forms over X
(termed the bundle of values of k-forms on X in [9]), in the following way. We first define, for every
r € X, the space QF(X) of k-forms on X vanishing at z. A form w € Q¥(X) vanishes at x if for
every plot p: U — X of X such that U 3 0 and p(0) = = we have that w(p)(0) = 0, the zero form; the set
of all such k-forms is the subspace Q%(X), which is indeed a vector subspace of Q¥(X) and is endowed
with the subset diffeology. Consider next the trivial pseudo-bundle X x Q*(X) over X. The union
Usex{z} x Q%(X) is a sub-bundle of X x Q%(X) in the sense of diffeological vector pseudo-bundles, so
the corresponding quotient pseudo-bundle is again a diffeological vector pseudo-bundle; A¥(X) is precisely
this pseudo-bundle:

AH(X) = (X % ON(X))/ ( Ut} x ﬂii(X)) .
zeX
The quotient projection is denoted by A"

In particular, if k = 1 the pseudo-bundle A'(X) acts as a substitute of the usual cotangent bundle.
Indeed, if X is a smooth manifold considered as a diffeological space for the standard diffeology of a
smooth manifold (see above), A'(X) coincides naturally with the cotangent bundle T (X). Thus, a
diffeological connection on a pseudo-bundle 7 : V — X is defined as an operator

V:0®(X,V) = OC®(X, A (X)®V),
satisfying then the usual properties of linearity and the Leibnitz rule.

Definition 1.5. Let 7 : V. — X be a diffeological vector pseudo-bundle. A diffeological connection
on V is a smooth linear operator

V:C®(X,V) = C®X,A (X)) V)
such that for all h € CX® and for all s € C*(X,V) we have
V(hs) =dh ® s+ hVs,

where dh € AY(X) is defined by dh(x) = 7%*(x,dh), where dh on the right-hand side is the already-
defined differential dh € Q'(X).

A particular instance of a diffeological connection is the Levi-Civita connection on A*(X) endowed
with a pseudo-metric g*. Two assumptions are implicit in this notion: that X is such that A'(X) has
finite-dimensional fibres, and that A'(X) admits a pseudo-metric. If it does then the following definition
([18]) is well-posed.

Definition 1.6. Let X be a diffeological space such that A*(X) admits pseudo-metrics, and let g™ be
a pseudo-metric on A'(X). A Levi-Civita connection on (A'(X),g") is a connection V on A*(X)
which satisfies the usual two conditions. Specifically, V is compatible with the pseudo-metric g",
that is, for any two sections s,t € C°°(X, A1 (X))

d(g*(s,t)) = g™ (Vs,t) + g* (s, Vt),



where on the left we have the differential of g™(s,t) € C®(X,R) that is an element of C>(X,A* (X))
and g" is extended to sections of A*(X) ® A (X) by setting g™ (a ® s,t) == a - g (s,t) = g™ (s,a @ t) for
any a € C*°(X, A (X)). Second, V is symmetric, that is, for any s,t € C>°(X, A (X)) we have

Vst — Vis = [s,t],

where Vst is the covariant derivative of t along s and [s,t] is the Lie bracket of s and t, both of
which are defined via the pairing map ®4a corresponding to the pseudo-metric gh.

The (very few, this is a straightforward extension of the standard notion) details concerning the
definitions of covariant derivatives and the Lie bracket can be found in [19], Sections 10.2 and 11.1. It is
not quite clear when X admits a Levi-Civita connection, but if it does, it is unique.

The pseudo-bundles of differential forms are rather well-behaved with respect to the gluing, provided
that certain estendibility conditions are satisfied (see [19], Section 8.1, for the case of k = 1), and as a
consequence, the same is true for diffeological connections and the Levi-Civita connections. Specifically,
given two connections V' and V2 on pseudo-bundles 7 : Vi — X; and m : Vo — X, yield a well-
defined connection on U(ﬁf) m Vi Uf Vo — Xi Uy X, as long as V! and V2 satisfy a certain
compatibility condition with respect to the gluing along (f, f), and A*(X;) and A(X3) satisfy (one of)
the already-mentioned extendibility conditions relative to f. Furthermore, if A'(X;) and A!(X5) satisfy
the extendibility condition and are endowed each with a connection then under a certain additional
condition (this is also called a compatibility condition, but it is a different one from that in the case
of Vi Uz Va, see [19], Section 11.4.1; compare with [19], Section 10.3.1) two connections on A'(X;) and
A'(X2) yield a well-defined connection VA on A'(X; Uy Xz). Moreover, if A'(X;) and A'(X5) are
endowed with pseudo-metrics gf and g4 well-behaved (see [19], Section 8.4.2, for definition) with respect
to f, and the initial connections on them are the Levi-Civita connections then V4 is the Levi-Civita
connection on A'(X; Uy X5) endowed with a certain induced pseudo-metric g* ([19], Section 8.4.3).

1.4 Pseudo-bundles of Clifford modules, diffeological Clifford connections,
and Dirac operators

As we have mentioned already, the operations of direct sums, tensor products, and quotienting are
defined also for diffeological vector pseudo-bundles; this in particular allows to obtain a well-defined
pseudo-bundle 7 : C¢(V,g) — X of Clifford algebras starting from a given pseudo-bundle 7 : V — X
endowed with a pseudo-metric g. Each fibre of C¢(V,g) is the Clifford algebra Cl(7~1(z),g(x)). It
then makes sense to speak of another pseudo-bundle y : E — X over the same X being a pseudo-
bundle of Clifford modules over C/(V,g), in the sense that each fibre y~!(z) is a Clifford module
over Cl(m~1(z), g(z)) with some Clifford action ¢(x). For E to be a pseudo-bundle of Clifford modules,
it suffices to add the requirement that the total action ¢ be smooth. This condition of smoothness can
be stated as follows: for every plot ¢ : U" — C¢(V, g) and for every plot p : U — E the map

U' % U 2{(u,u) |7 (q(u)) = x(p(w))} = clg(u)(p(w) € E

is smooth for the subset diffeology on its domain of definition.

Given then a diffeological space X such that A'(X) admits a pseudo-metric g™ such that there
exists the Levi-Civita connection V» on (A'(X),g¢"), and given a pseudo-bundle of Clifford modules
X : E — X over C/(AY(X),g") with Clifford action ¢, the notion of a Clifford connection on E is
well-defined (although its existence is not guaranteed).

Definition 1.7. A connection V on E is a Clifford connection if for every s,t € C°(X, A (X)) and
for every r € C*°(X, E) we have

Vi(e(s)r) = e(VEs)(r) + c(s)(Vr).

This is quite the same as the standard notion, just using the diffeological counterparts of all compo-
nents. Then the composition co V of a given Clifford action with the given Clifford connection is, as
usual, a Dirac operator on E.



Definition 1.8. Let X be a diffeological space such that A*(X) admits a pseudo-metric g® and there
exists a Levi-Civita connection on (A'(X),g™). Let x : E — X be a pseudo-bundle of Clifford modules
over CL(AY(X), g™) with Clifford action c, and let V be a Clifford connection on E. Associated to the
data (X,g*, E,¢,V) is the Dirac operator D : C*(X,E) — C=(X,E) given by D =co V.

All these constructions are well-behaved with respect to gluing, provided that all gluing maps are diffe-
ological diffeomorphisms, and that certain compatibility and extendibility conditions are met. Specifically,
given two pseudo-bundles y; : By — X; and x2 : Es — Xy of Clifford modules over (A!(X;), g{\) and
(AY(X3), gb) with Clifford actions ¢; and ¢z, that are endowed with Clifford connections V! (on F;) and
V2 (on E3), and given a gluing of E; to E», along a pair of diffeomorphisms f : X; 2 Y — X, and
f’ i D) Xfl(Y) — F», we need the following conditions for there being a well-defined Dirac operator
on the result of gluing:

1. The map f is such that the following two diffeologies on Q'(Y") coincide: the pushforward D§? of the
standard diffeology on Q!(X;) by the pullback map i* : Q'(X;) — Q(Y), where i : Y — X is the
natural inclusion, and the pushforward D$} of the standard diffeology on Q!(X5) by the pullback
map j* : QY Xo) — QY(f(Y)), where j : f(Y) — X5 is also the natural inclusion. The equality
D! = DY is what we previously called the extendibility condition, and it ensures that A(X; Uy X5)
admits a particularly simple description in terms of A'(X;) and A'(X5) (it is possible to give a
description without the extendibility condition, but it is far more cumbersome). See [19], Section
8, for details;

2. The pseudo-metrics g and g4 are compatible with the gluing along f, that is, for every y € Y
and for every pair a; € A} (X1), ap € A}(y) (X2) such that i} (1) = (fxjx)(az2) (we say that a;
and as are compatible), where i} : A1(X7) 2 (7)7L(Y) — ANY), fi : AL(F(Y)) — ALY),
g5 AY(Xo) D (m)THF(Y)) = AY(f(Y)) are induced by the pullback maps i*, f*, and j*, we have
that

91 W) (a1, 1) = g5 (f(y)) (a2, a2);

3. The actions ¢; and ¢, are compatible with (f/, f), specifically, for every y € Y, for every compatible
pair a; € Ay(X1), az € A}(y) (X3), and for every e; € x7 '(y) we have that

ca(a2)(f'(e1)) = f'(c1(ar)(er));

4. The pseudo-bundles (A'(X),¢)) and (A'(X5), g5) admit Levi-Civita connections VA1 and VA2,
and these connections are compatible in the following sense: for all ¢; € C*°(X,A*(X;)) and
ty € C*°(X3,A*(X3)) such that for all € Y we have that i} (s1(y)) = (f55%)(s2(f(y))) (these are
compatible sections of A1(X;) and A!(X3)), the following equality holds at every point yinY:

(i @) (VMs1) () = (F273) © (FRia) (VA2s2) (f()));

5. The connections V! and V? are compatible with the gluing along ( f', f), which means the fol-
lowing: for every pair 11 € C*°(Xy, E1), 1o € C*°(Xy, Es) such that for every y € Y we have

f'(s1(y)) = s2(f(y)), and for all y € Y there is the equality
(i @ [)(V's)() = (FRiR) © 1de,) ((V2s2)(f ().

The conditions just listed provide us with the following:
1. Conditions 1 and 2 yield an induced pseudo-metric g* on A'(X; Ur Xa);
2. Condition 3 yields the Levi-Civita connection V* on (A'(X; Uy X2), g™);

Condition 4 provides an induced Clifford action ¢ of C/(A'(X; Uy X3),¢*) on By Ujr Ea;

LR

Condition 5 ensures that there is the induced connection V¥ on E; U 7 FEs, and that it is a Clifford
connection.



Proposition 1.9. ([19], Proposition 13.3) Let Dy and Dy be the Dirac operators associated to the data
(X1,90, E1,c1,V?Y) and (Xo, gb, By, ¢, V?) respectively, and suppose that these data and the gluing pair
(f’, f) satisfy Conditions 1-5 above. The the Dirac operator D associated to the data (X1Uy Xa, g™, E4 Up
E5,¢,VY) satisfies the following: for every s € C°° (X1 Uy X, By Us E») we have that

D(S) = Dl(Sl) U(f,f') DQ(SQ),

where s1 1= 51_1 0so0iy € C>®(X1,Ey) and sq := j2_1 o0s0iy € C®(Xy, Es).

The map 31 above is the natural inclusion F; — E; U 7 F, the analogue of the inclusion i (recall

that also f’ is assumed to be a diffeomorphism), and the sign Ui refers to the gluing of the maps

D1(s1) : X1 — Ey and Da(s2) : Xo — FEs along (f, f'); see [19], Section 6.3, for details.

1.5 Diffeological De Rham cohomology

There is an established notion of the De Rham cohomology for diffeological spaces; a complete exposition
can be found in [9], Section 6.73. The construction mimics the standard one and is as follows. Let X be
a diffeological space. The already-defined differential of a smooth function X — R provides us with the

coboundary operator
d: QF(X) — QX)) for k>0,

defined by dw(p) = d(w(p)) for any plot p of X. This is well-defined and satisfies the coboundary condition
dod =0, see [9]. Define, as usual, the space of k-cocycles to be

ZEa(X) = ker(d : QF(X) — QFFL(X)),

and let
Bro(X) :=d(Q* (X)) C Z5R(X) for k> 1, and BYR(X) = {0}

be the space of k-coboundaries. In particular, every Z§R(X ) is equipped with the subset diffeology
relative to the standard diffeology on the corresponding QF(X).
The de Rham cohomology groups are then defined as quotients

H(licR(X) = Zc]?R(X)/BgR(X)-

They are equipped with the quotient diffeology, with respect to which they become diffeological vector
spaces.

2 The pseudo-bundles A*(X;U; X,), and the groups H%,(X;U; X5)

In this section we consider the behavior of A¥(X) and HX,(X) under gluing. The common prerequisite
for considering this is to describe first the behavior of the spaces Q¥(X) with respect to gluing (as has
already been done for k = 1, [19], Section 8).

2.1 The vector spaces QF(X; Uy X»)

As in the case of k = 1, the spaces Q¥(X; Uy Xo) are subspaces of the direct sum QF(X;) @ QF(Xy).
They can be described as the images of the pullback map

QX Uy Xo) — QF (X U Xo) 2 0F (X)) @ QF(Xy),

where m : X; UX, — XUy X5 is the quotient projection that defines X; Uy X7, and also given an explicit
description in terms of an appropriate compatibility notion. Doing so does not require any additional
assumptions on f, which appear when we want to establish the surjectivity of the images of the direct
sum projections 7$? : QF(X; Uy Xo) — QF(X7) and 75 : QF (X7 Uy Xo) — QF(Xo).



2.1.1 The diffeomorphism QF(X; U X5) = QF(X,) @ QF (X))

The existence (and the construction) of this diffeomorphism is essentially obvious from the definitions.
Let 41 : X7 — X7 U X5 and 75 : X9 < X7 U X5 be the obvious inclusions.

Theorem 2.1. For any two diffeological spaces X1 and Xo and for any k > 0 the map
@ OF (X U Xy) = QF(X)) @ QF(Xy)
acting by (¥ @ 13)(w) = 15 (w) @ 15(w) is a linear diffeomorphism.

Proof. Tt suffices to show that i’{ ® i; has a smooth linear inverse. This inverse is given by assigning
to each pair wy @ ws, where wy € Qk(Xl) and wy € Qk(X2>, the form w that is defined as follows. Let
p: U — X1 U X5 be a plot; then there exists a decomposition U = Uy U Us of the domain U as a disjoint
union of two domains U; and Us such that p; := z'l_l oply, and py := i;l oply,. We define

w(p) = (w1(p1), w2(p2)),

the latter pair being naturally seen as a usual differential k-form on the disjoint union U; UUy = U. That
such assignment defines the inverse of i} @ 5, and that this inverse is smooth and linear, is immediate
from the construction. O

2.1.2 The subspace Q’}'(Xl) of f-invariant k-forms

Let f: X7 DY — Xs. In general, the k-forms on X; which can be carried forward to the glued space
X1 Uy Xo must satisfy a certain additional condition.

Definition 2.2. Two plots p1 : U — Xy and p, : U’ — X1 are called f-equivalent if U = U’, and for

every u € U such that p1(u) # p)(u) we have that py(u),pi(u) € Y and f(pi1(u)) = f(pi(u)). A k-form

wy € Q¥ (X)) is said to be f-invariant if for any two f-equivalent plots p; and py of X1 we have that
wi(p1) = wi(py).

The set of all f-invariant k-forms on X, is denoted by Q’}'(Xl).

It is trivial to establish the following statement (whose proof we therefore omit).

Lemma 2.3. For every diffeological space X1 and for every smooth map f defined on a subset of X1 the
set Q’;(Xl) is a vector subspace of QF(X1).

2.1.3 The inverse of the pullback map 7*

Using the diffeomorphism of Theorem 2.1, we can now describe the inverse of the (kth) pullback map 7*
as a map on the subspace of Q%(X;) @ QF(X3) determined by the following condition.

Definition 2.4. Let X; and X2 be two diffeological spaces, let f: X1 O Y — X5 be a smooth map, and
let k > 0. Two forms wy € QF(X,) and wy € QF(X3) are said to be compatible if for every plot p; of
the subset diffeology on'Y we have

w1(p1) = wa(f o p1).

We denote by
Qk(Xl) Deomp 0k (X2) = {w1 Qwa|wy and we are compatible}

the subset in QF(X1) ® QF(Xy) that consists of all pairs of compatible forms.

We define next the map
LF Q5 (X1) @eomp U (X2) — QF (X1 Uy Xo)
given by setting, for every plot p : U — X; Uy X2 defined on a connected U,

k [ wi(p1) if p =1y 0p; for some plot p; of X7,
LM w1 @ wa)(p) = { wa(p2) if p =g o po for some plot ps of Xo.



Lemma 2.5. For any two diffeological spaces X1 and Xo and for every smooth map f: X1 2 Y — X,
the map LF is well-defined.

Proof. We need to show that £*(w; @ ws)(p) does not depend on the choice of the lift of p to a plot p; of
X;, and that the assignment p +— L£¥(w; @ ws)(p) satisfies the smooth compatibility condition. The former
of these claims is obvious if p lifts to a plot of Xs; indeed, since i5 is injective, such a lift is unique. Let pq
and p) be two lifts of p to some plots of X;. Then they are obviously f-equivalent. Since w; is f-invariant
by assumption, we have that w;(p1) = wi(p}), which implies that £*(w; @ ws)(p) is well-defined.

Let us now show that £¥(w; @ wy) satisfies a smooth compatibility condition. Let h : U’ — U be an
ordinary smooth map; then either £¥(w; @ wo)(po h) = wi(p1 o h) = h*(w1(p1)) = h*(LF (w1 ® wa)(p))
or L¥(wy @ wa)(poh) = wa(pa oh) = h*(wa(p2)) = h*(LF(w1 ® we2)(p)), and we deduce the smooth
compatibility condition for £F(w; @ ws) from those for w; and wy respectively. O

The map L£* is therefore well-defined, and it is quite obvious that it is linear.

Theorem 2.6. The map L* is a smooth inverse of the pullback map 7* : QF (X1 Uy Xo) — QF(X;UX7) &
Qk(Xl) @ Qk(Xz)

Proof. Let wy ® wy € Range(n™*), and let us show that w; and wy are compatible, and that w; is f-
invariant. Let p; be a plot for the subset diffeology on Y; it is thus a plot of X;, and f o p; is a plot of
X>. To both of them there corresponds a plot p of X; Uy X5 given by p =420 fop; = i1 0 p1. Since
w1 @ ws is in the range of 7*, it is the image 7*w of some w € Qk(Xl Us X2). The forms w; and wsy are
given by .

wi(p1) =w(irop1) and wa(pz) = w(iz op2)

respectively (for any arbitrary plots p; of X and ps of X5. Thus, in the present case we have

wi(p1) = w(iyop1) = w(p) = w(izo fopr) = wa(fop1),

which implies the compatibility of w; and ws.
Suppose now that p; and p) are two f-equivalent plots. Then obviously 110p1 =110 p}, therefore we
have
wi(p1) = W(%l op1) = W(gl opy) = wi(ph),

that is, w; is f-invariant. In particular, we conclude that the two compositions £¥ o 7* and 7* o £ are
always defined. That they are inverses of each other, is obvious from the construction of £F.

It remains to check that £F is smooth. Let ¢ be a plot of Q’}(Xl) Bcomp OF(X3), and let U be its
domain of definition. Then for all u € U we have that g(u) = ¢q(u); @ g(u)2 for some g(u); € Q’;(Xl)
and q(u)s € QF(X5), and the assignments v +— q(u); and u > g(u), are plots of Q’}(Xl) and of Q% (X5)
respectively.

To show that u — L£F(g(u); & q(u)2) is a plot of QF(X; Uy X5), as is required for showing the
smoothness of £*, we need to consider a plot p : U’ — X; U ¢ X2 and show that the evaluation map
(u,u’) = LF(q(u)1 ® q(u)2)(p)(u') is a usual smooth section of A¥(U x U’). Tt suffices to assume that U’
is connected; then p lifts to either a plot p; of X7 or to a plot ps of X5. Depending on these two cases,
the evaluation map for ¢ either has form (u,u’) — q(u)1(p1)(w') or (u,u’) — g(u)2(p2)(w'), which in both
cases is a smooth section of A*(U x U’), because q(u)1, q(u)s are plots, whence the claim. O

Theorem 2.6 trivially implies the following.
Corollary 2.7. The map ©* is a diffeomorphism Q*(X; Uy Xo) — Q’}(Xl) Beomp F(X2).

2.2 The differential and gluing

We shall consider next the behavior of the differential (the coboundary) d operator under gluing. Let
X7 and X5 be two diffeological spaces, and let f : X; O Y — X be a smooth map. For every
w € QF(X71 Uy X») the differential dw € Q*1(X; Uy Xo) is determined by the collection of the usual
differentials of standard k-forms w(p) for all plots p of X3 Uy Xo. Now, we have just seen that w is
essentially the union (or the wedge) of a k-form on X; with a k-form on X5, and every plot p of X7 Uy X,
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is in some sense a union of a plot of X; with a plot of Xs (one of which could be absent if the domain
of definition of p is connected), see [14] and Lemma 4.1 in [15]. The following therefore is an expected
statement.

Theorem 2.8. Let X1 and X5 be two diffeological spaces, let f: X1 O Y — X5 be a smooth map, and
let w € QF (X7 Uy X2) be a k-form. Let 7*(w) = wq & wa. Then

W*(dW) = dw1 D dC(JQ.

Proof. Let p: U — X1 U X5 be a plot of Xy L X5. We need to compare 7*(dw)(p) with (dwy @ dws)(p). Tt
suffices to assume that U is connected; then p essentially coincides with either a plot p; of X7 or a plot
p2 of X5, Suppose it coincides with p;. Then by construction and definition

7 (dw)(p) = dw(m o p) = d(w(m o p)) = d(wi(p1)),

(dwi @ dw2)(p) = (dw1)(p1) = d(w1(p1)),

so the desired equality is true. Since the case when p is equivalent to a plot of X5 is completely analogous,
we obtain the desired claim. O

2.3 The extendibility conditions D" = D" and the images of 7, 7

So far we have only assumed that the gluing map f is smooth (which is always required for the gluing
construction). Obtaining further claims needs some additional conditions, that we call extendibility
conditions and describe in this section.

Definition 2.9. Let X7 and Xo be two diffeological spaces, let f : X1 O Y — X5 be a smooth map,
and let i 'Y — Xy and j : f(Y) — Xa be the natural inclusions. We say that f satisfies the k-th
extendibility condition if

(Q8(X1)) = (f757)(Q(X2)).

Denote now by D?k the diffeology on Q*(Y') that is the pushforward of the diffeology of Q¥(X1) by the map
1*; likewise, denote by ng the diffeology on QF(Y) that is the pushforward of the diffeology of QF(X>)
by the map f*j*. We say that f satisfies the k-th smooth extendibility condition if

QF QF
Dy =Ds5 .
The need for these two conditions is based on the following lemma and is rendered explicit by the
corollary that follows it.

Lemma 2.10. Let w; € QF(X1) and wy € QF(X3) be two k-forms, and let f : X; O Y — X5 be a smooth
map. The forms wy and we are compatible if and only if

i"wy = (") )wa.

Proof. Let wi and wy, be compatible, and let p : U — Y C X; be an arbitrary plot of Y. Since
(*w1)(p) = wi(iop) = wi(p) and (f*5*)(w2)(p) = wa(f ojop) = wa(f op), we obtain the desired equality
1*wy = (f*j*)wa by the assumption of compatibility of wy and ws.

Suppose now that i*wy = (f*j*)ws holds; let us show that w; and wy are compatible. Let again p be
any plot of Y. Then

wi(p) = wi(iop) = (i"w1)(p) = (f*57)(w2)(p) = wa(f 0 j o p) = wa(f op),
therefore the compatibility condition wq(p) = wa(f o p) follows from the assumption. O

Corollary 2.11. Let 7! : Q¥(X1) @eomp QF(X2) — QF(X1) and 7 1 QF(X1) Beomp Q¥ (Xa) — QF(X2)
be induced by the standard direct sum projections. Then w5t and 7§t are both surjective if and only if f
satisfies the extendibility condition i*(QF(X1)) = (f*5*)(QF(X2)).
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Proof. A form w; € QF(X) belongs to the range of 7§ if and only if there exists a form wy € QF(X5) such
that w; and wy are compatible. By Lemma 2.10 this is equivalent to i*w; € (f*5*)(Q¥(X2)). Asking for
this being true for all w; € Q¥(X;) is obviously equivalent to the inclusion i* (QF(X1)) C (f*5*)(QF(X2)).
Applying exactly the same reasoning to an arbitrary wy € QF(X5), we obtain the claim. O

Remark 2.12. As is clear from the proof of Corollary 2.11, the necessary and sufficient condition for only
78! to be surjective is i* (2F(X1)) C (f*5%)(Q%(X5)); that for surjectivity of only s} is (f*5*)(QF(Xz)) C
i*(QF(X1)).

2.4 The De Rham groups H%,(X; Ur Xo)

We shall now consider the De Rham groups of X; Uy X3 as they relate to those of X; and X,. Their
description is based on the straightforward behavior of the differential under gluing (Theorem 2.8).

Cocycles and coboundaries Some observations regarding the complex of the coccyges, and that of
the coboundaries, are immediate from Theorem 2.8.

Lemma 2.13. Let Xy and Xo be two diffeological spaces, and let f: X1 DY — X5 be a diffeomorphism
such that D?k = ng. Then:

Zhr(X1 Uy X2) € Zjp(X1) ® Zjp(Xa),
Blip(X1 Us X2) C Bip(X1) ® Bip(Xa).

Proof. This follows from Theorem 2.8, whose essence is that dw, for any w € Q*(X;U #), is canonically
identified, via an isomorphism, to dw;®dws. It is then obvious that B§R(X1 UrXs) C BsR(Xl)EBijR(Xg.
Furthermore, dw = 0 if and only if both dw; = 0 and dws = 0, therefore ZgR(Xl Uy Xo) C ijR(Xl) &)
Zjip(Xa). O

Compatibility of dw; and dw vs. compatibility of w; and ws That the latter implies the former,
is implicit in Theorem 2.8. We shall now discuss why the former implies the latter.

Lemma 2.14. The differentials dwy and dws of two forms w; € QF71(X)) and wy € QF1(Xy) are
compatible if and only if the forms w1 and ws are themselves compatible. In particular,

Zhr(X1 Uy Xa) = Zijp(X1) @ Zjp(Xa)
Blip(X1 Us Xa) = Bip(X1) ® Bip(Xa).

Proof. Let p: R*" DU — Y C X; be aplot, and let w; € Q*~1(X;) and wy € Q¥1(X3) be two forms such
that dw; and dwy are compatible. Thus, (dw)(p) = (dw2)(f o p), that is, d(w1(p)) = d(wa(f o p)), where
w} = wi(p) and wh := wy(f op) are two usual differential forms in Q*~1(U). Furthermore, they are such
that w) —wh is a cocycle, hence its defines an element of H*~1(U). If U is simply connected, H*~1(U) is
trivial, so wy(p) = wa(f o p). It remains to recall the locality property for diffeological differential forms
([9], Section 6.36) to conclude that wy(p) = wa(f o p) for all other plots p of Y.

Thus, if dw; and dws are compatible, which includes the case when they are both zero, then £~ (w; @
wy) is well-defined. Since d o £L¥~! = L¥ o (d @ d), we obtain the claim. O

The diffeomorphism HX,(X1U;X5) = HX (X))@ HEL(X2) The following is now a trivial consequence
of Lemma 2.14.

Theorem 2.15. Let X7 and X5 be two diffeological spaces, and let f : X1 O Y — Xo be a diffeomorphism
such that D?k = ng for all k. Then

Hjip(X1) ® Hjp(X2) = Hjp(X1 Uy Xo)

via the isomorphism induced by the chain map {LF}.
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2.5 The pseudo-bundles A*(X; U; X,) relative to A*(X;) and A*(X,)

We now consider the pseudo-bundles AF(X; Uy Xa) (see [17] for the case of k = 1, which is treated
in a somewhat more general manner). We only do so under substantial restrictions on f. The first of
them is that f be a diffeomorphism of its domain with its image, and this is necessary for us (we do
not know yet how to treat a more general case); the second restriction is that f satisfy the k-th smooth
extendibility condition, and this, in some cases, may not be strictly necessary (but the results would get
far more cumbersome with it). Notice that due to the assumption that f is a diffeomorphism, the map
i1 is invertible, and Q’}(Xl) = QF(X)), that is, every k-form on X is f-invariant.

2.5.1 The vanishing of forms in QF(X; Ur Xo)
Recall that each fibre of A*(X; Uy X5) is the quotient of form QF(X; Uy X5)/Qk (X7 Uy X2).

Theorem 2.16. Let X7 and X3 be two diffeological spaces, let f: X1 DY — Xs be a diffeomorphism
satisfying the k-th smooth compatibility condition D?k = ng, and let x € X1 Uy Xy be a point. The the
space QX (X1 Uy Xo) of k-forms vanishing at x is defined by the following:

Q'ljl_l(a:)(Xl) @comp Qk(Xg) ’Lf.’E Ell(Xl\Y),

7T*(QIQZ(Xl Uy Xp)) = Q%l(x) (X1) Beomp Q%l(x)(X2) if v €ix(f(Y)),
Qk(Xl) @comp 0551(1)()(2) fo S iQ(XQ \ f(Y))

Proof. Let first w € Qﬁ()gl Uy X9), and let 7*w be written as w1 S wy. If ¢ € i1(X1 \Y), we need to

show that w; vanishes at if~(x). Let p; be a plot of X7, with connected domain of definition, such that

p1(0) = i7" (z). Then p :=i; op; is a plot of X; Uy X5 such that p(0) = x. We have by construction

w(p) = wi1(p1), therefore w (p1)(0) = w(p)(0) = 0, therefore w; vanishes at i, *(x). This proves that

W*(QI;:(Xl Uy XQ)) - fol(m)(Xl) DBeomp Qk(XQ)

The proof that

P (Q4(X) Uy X)) € QF(X0) By Vo) (o)
is completely analogous.
Let thus @ € is(f(Y)). If po is a plot of X, such that py(0) = i5*(2), we have, as before, wa(p2) =

w(iz 0p2), and i2(p2(0)) = z, so w vanishes at iy ' (x). Let p; be a plot of X;. Again, wi(p1) = w(ii opr)
and (i1 0 p1)(0) = &, s0 wy vanishes at i; ' (x). Therefore

W*(Qﬁ(Xl Ur X2)) € Q%l(m)(Xl) Deomp Qfgl(m)(Xﬂ-

Let us establish the reverse inclusion. Let wy € QF (X;) and wy € QF(X5) be two compatible forms,
and let w= Lk (w1 Bws). Let p b~e a plot of X; Uy X5 with connected domain of definition and such that
p(0) = i1(z1) =: 2. Then p; :=i; ' opis a plot of X; and p;(0) = x;. Furthermore, w;(p1) = w(p) by
construction. We thus conclude that w(p)(0) = 0, hence w vanishes at z, and in particular, we obtain

the first claim. Analogously, if w; € QF(X1) and wy € QF (X;) are compatible then w = L*(w; & ws)
vanishes at i5(X5); this yields the third claim. Finally, since

O, (X1) Seomp Vi) (X2) = (06, (X1) Seomp 2°(X2)) 1 (25(X1) Soomp U1, (X))
for any x € Y, we obtain the second claim, and the proof is finished. O

2.5.2 The fibres of A*(X; Uy X»)

We first define an appropriate compatibility notion for elements of fibres of form A¥(X;) and A’JE (x)(Xg),
forzeY.
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Definition 2.17. Letz € Y, let a1 = wy + QF(X;) € AR(Xy), and let ag = w2—|—Qf( ) (X2) € Af(l (Xs).

We say that oy and as are compatible if any two forms W} € a1 C QF(X1) and wh € as C QF(Xy) are
compatible.

We denote
A’;(Xl) Bcomp A’;(m)(Xz) :={a1 @ as |y and as are compatible}

for every x € Y.

Theorem 2.18. Let X1 and X5 be two diffeological spaces, let f: X1 DY — Xs be a diffeomorphism
such that D?k = ng, and let v € X1 Uy Xo. Then:

Al ,l(x)(Xl) ifrei(X,\Y),
AF(X) Uy Xo) A~ 1 (X1) @eomp AF i (X2) ifz e ix(f(Y)),
A . )(X2) if v €ia(Xa \ f(Y)).

Proof. This is a simple consequence of Theorem 2.16. It amounts to checking that

(Qk(X1) ©® Qk(Xz)) / (Qul (Xl) @comp Qk(X2)) = Qk(X1>/QZ*1(l.) (X1),

()
(94(X1) @ QX)) / (21, (X0) Bromp O, (X2) )

(Q5(X1) © Q% (X2)) / (Q5(X1) Beomp Vs, (Xa) ) = QF(Xa) /0L (Xa),

and this is done by completely standard reasoning, of which we omit the details. O

2.5.3 The characteristic maps [)fk and ﬁé\k

It is worth noting that under the assumption of the gluing map f being a diffeomorphism such that
D?k = ng, the total space A*(X; Uy Xo) is a span of the total spaces AF(X7) and A*(X2): it admits
two (surjective partially defined) maps

A () THE(XG)) = AR, 5 () T (6(X2)) — AR(X),

where 72" is the pseudo-bundle projection A*(X; Ur Xo) = X1 Uy Xo.
The maps ﬁ‘l\k and ﬁé\k are induced by the pullback maps 7 and i3 respectively, and can also be given
a more direct description, by representing A¥(X; U ¢ X2) as a quotient of

(X1 U X2) X (2%(X1) @eomp 2(X2)) = X1 x (Q°(X1) Beomp 2"(X2)) U X X (¥(X1) Seomp QF(X2)).

The domain of definition of p”l\k corresponds to X1 x (QF(X1) @eomp 2F(X2)), and ﬁfl\k itself is induced
by the projection of X; x (2%(X1) Geomp 2 (X2)) to X1 x Q¥(X;). The direct construction of 75" is
completely analogous.

Both of these maps are smooth and linear by construction. Furthermore, the following is true.

Proposition 2.19. Let X and X5 be two diffeological spaces, and let f: X1 O Y — Xs be a diffeomor-
phism such that ’D?k = Dg’k. Then the maps

Ak ky_1,~ ~AF ky_1/.
A ()T (X)) > AR), A () L (ia(Xa)) > AR(X),
where (wAk)*l(zl(Xl)) and (WAk)’l(ig(Xg)) are considered with the subset diffeologies relative to their

inclusions in AF(X; Uy X3), are subductions.
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Proof. The two cases of ﬁ’l\k and ﬁé\k are fully analogous, so we only consider the first of them. Let
q1 : U — A¥(X}) be a plot of A¥(X;) (possibly a constant one). We need to show that (at least up to
restricting U) there exists a plot ¢ : U — A*(X; Uy X5) such that ¢; = ﬁfl\k 0gq.

By definition of the diffeology of any AF(-), there exists a (local) lift p; : U — X1 x QF(X;) of q1,
of form p;(u) = (W{\k(ql(u)),p?k(u)) for u € U, where p?k : U — QF(X) is a plot of Q¥(X1). By the
smooth compatibility condition, there exists a plot pgk :U — QF(X,) of QF(X,) such that

.3k k *k ek k
*opl = (f*j*)opy .

By Lemma 2.10 this means that p?k (u) and pgk (u) are compatible for all w € U. Therefore p : U —
(X1 Uy X2) x (Q8(X1) @eomp QF(X2)) given by

p(u) = (G (" (@ (w)), pE (u) & p§ (u))

is well-defined, and by construction it is a plot of (X1 Us X2) x (2%(X1) @eomp 2¥(X2)). Therefore its
composition ¢ = 7% o p with the defining projection 74 of AF(X; Uy X5) is a plot of A¥(X; Uy Xo),
and by construction ﬁ’l\k o q = ¢, which completes the proof. O

The proof of Proposition 2.19 provides a working characterization of the diffeology of AF(X; Ur Xa),
even without any additional conditions on the gluing map f. Namely, any plot of A¥(X; U # X2) locally

has a lift of form u — (p(u), p" (u) & p" (u)), where p is any plot of X, Ur X2, and P and p§ are any
two plots of QF(X1) and QF(X3) respectively such that i* o p?k = f*oj*o pgk.

3 The operator d + d* in general is not defined

In this section we examine the ingredients that usually go into the construction of the De Rham operator
as the operator d + d*, showing (via examples based on the gluing construction) that they do not extend,
in any straightforward manner, to the diffeclogical context; whenever, as in the case of volume forms, a
formally defined extension exists, it is not really suitable for the purpose it is meant to achieve.

3.1 The differential is not well-defined as a map on A*(X)

Let a € AF(X), and let o := A" (a). A priori, if a form w € QF(X) vanishes at z, it is not clear why its
differential should vanish at z as well; this condition would be needed to ensure that the differential on
AF(X) could be defined by d(w+Qk(X)) = dw +QF1(X). However, already the case of k = 0 illustrates
that this cannot be done. It suffices to consider, on the standard R, any smooth function h such that
h(0) =0 and h’(0) # 0 (for instance, h(x) = sin(z)).

3.2 The dimension of a diffeological space and pseudo-bundles A*(X)

Although there exists a notion of dimension for diffeological spaces that is similar to the standard one, its
implications for the dimensions of fibres of A*(X) are not entirely similar to those in the standard case.
Specifically, if dim(X) = n then all pseudo-bundles A"T*(X), k = 1,2, ..., are trivial; but the dimensions
of A¥(X) with k = 1,...,n are not bounded by n and can in fact be arbitrarily large.

3.2.1 The dimension of X; Uy X,

The dimension of a diffeological space is an extension of the usual notion. It is based on the fact that,
although the diffeology D of any given diffeological space X can be quite large, it is usually determined
by a smaller subset A of it, called a generating family of D. More specifically, a subset A C D is called
a generating family of D if for any plot p: U — X in D and for any v € U there exists a neighborhood
U’ C U of u such that either p|y is constant or there exists a plot ¢ : U” — X in A and an ordinary
smooth map h : U’ — U” such that p|yr = ¢ o h. We can re-state this briefly by saying that locally
every p € D either is constant or filters through a plot in A. Almost always, a diffeology admits many
generating families.
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Definition 3.1. Let X be a diffeological space, and let D be its diffeology. The dimension of any
generating family A = {qo : Uy — X}o is the supremum of the dimensions of the domains of definition
of all g, € A,

dim(A) = sup{dim(Uy,)}.

If no supremum exists, the dimension is said to be infinite. The dimension of X is the infimum of the
dimensions of all generating families of D,

dim(X) = inf{dim(A) | A C D is a generating family of D}.
If D has no generating family with finite dimension, X is said to have infinite dimension.

The following is then a trivial observation.

Lemma 3.2. Let Xy and X5 be two diffeological spaces of finite dimensions, and let f : X1 2 Y — X5
be a smooth map. Then

dim(Xq Uy Xo) = maz{dim(X1),dim(X2)} ifY # X1, and dim(X; Uy Xo) = dim(X2) otherwise.
In particular, X1 Uy Xo has finite dimension if and only if both X, and Xy have finite dimension.

Proof. Let A be a generating family of the gluing diffeology on X; Uy X>. We can assume that all plots
in A have connected domains of definition. If ¥ = X; then X; Uy X5 = X5, so the second statement is
obvious. Assume that Y is properly contained in X;. Let A; C A be the subset of all plots of A that
have lifts to plots of X7; let Ay C A be the subset of plots with lifts to X5. Then A = A; U Ay, and A;
and Ajg are in a natural correspondence with specific generating families A} and A5 of the diffeologies of
X1 and X> respectively, and since X7 \ Y is non-empty, A\ Az is non-empty as well. Therefore we have
the inequality dim(X; Uy X5) < max{dim(X;), dim(X5)}.

Vice versa, any two generating families of the diffeologies on X; and X5 yield automatically a gen-
erating family for the gluing diffeology on X; Uy X5. Therefore we obtain the reverse inequality, and so
the final claim. O

3.2.2 The dimension of X and pseudo-bundles A*(X)

For any diffeological space X and for any differential form w € QF(X), there is a standard way to associate
to w a smooth section of A*(X). This section is defined as the assignment

z s 72 A (z,w),
where, recall, 7" 1 X x OF(X) — A¥(X) is the defining quotient projection of A¥(X) (this is the
tautological k-form corresponding to w, that is mentioned in [9], p. 160). The following is a known fact
(see [9], Section 6.37), but for completeness we provide a proof.

Lemma 3.3. Let X be a diffeological space of finite dimension n. Then QF(X) is trivial for k > n.

Proof. Choose a fixed k > n. Let A be a generating family of plots of the diffeology of X that has
dimension n (that is, every plot in A is defined on a domain in R™ with m < n, and at least one plot
is defined on a domain in R") and let w € QF(X) be a form. We need to show that w is the zero form.
Let first p € A; by assumption, the (usual) dimension of its domain of definition is strictly less than k.
Therefore obviously w(p) = 0. Let now g : U — X be any random plot of X. Then for every u € U there
exists a subdomain U’ C U such that ¢|yr = p o F' for some ordinary smooth map F : U’ — U” and for
some plot p : U” — X that belongs to A. Therefore w(q|ys) = F*(w(p)) = 0. Since this is true for any
u € U, we conclude that w(q) = 0, whence the claim. O

The following is then immediately obvious.

Corollary 3.4. If X is a diffeological space of dimension n then all pseudo-bundles A*(X) for k > n are
trivial.
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Suppose now that there exists a volume form w € Q"(X) on X of dimension n. Let A be a generating
family for the diffeology of X that has dimension n; let A,, C A be the subset consisting of precisely the
plots in A whose domain of definition has dimension n. Obviously, if p € A\ A, then w(p) = 0. On the
other hand, there are diffeological spaces such that A4,, contains at least two plots that are not related by
a smooth substitution, which implies that the dimension, in the sense of pseudo-bundles, of A"(X) can
be greater than n. In fact, it can be arbitrarily greater, as the following example shows.

Example 3.5. Let m € N, m > 2, be any, and let X be the wedge at the origin of m copies of R (each
copy endowed with its standard diffeology), endowed with the corresponding gluing diffeology. It is quite
clear that X is finite-dimensional, and that its dimension is equal to 1. However, applying repeatedly
(m — 1 times) Theorem 8.5 of [19] (or Theorem 2.18 in the case k = 1), we obtain that the fibre of X at
the wedge point has dimension m.

3.3 The volume forms

The notion of a volume form is well-defined for (a subcategory of) diffeological spaces ([9], Section 6.44).
After recalling the necessary definitions, we consider its behavior under gluing. Let X be a diffeological
space of dimension n. A volume form on it is then a nowhere vanishing n-form on X; alternatively, it is
a collection of usual volume forms on the domains of definition of plots of X.

Definition 3.6. Let X be a diffeological space, and let n = dim(X). A volume form on X is a form
w € Q"(X) such that for every x € X there exists a plot p: U — X of X such that p(U) > z and w(p) is
a volume form on U.

An alternative way to define a volume form is to ask that, for any x € X, there be a plot p such
that p(0) = z and w(p)(0) # z (see [9], p. 158). As in the case of smooth manifolds, volume forms do
not always exist (obviously, any non-orientable smooth manifold considered with its standard diffeology
is an instance of a diffeological space that does not admit any). A characterization of volume forms on
X1 Uy X, follows from the definition and the characterization of the space Q"(X; Uy X5) given above
(Corollary 2.7).

Lemma 3.7. Let X1 and X5 be two diffeological spaces of the same finite dimension n, let f : X1 D
Y — X5 be a smooth map, and suppose that both X1 and X5 admit volume forms and that such forms
can be chosen to be compatible. Then X1 Uy X9 admits a volume form.

Proof. By assumption and Lemma 3.2 we have dim(X; U I Xs3) = n. Let wy and wy be compatible volume
forms on X5 and X, respectively. It is then trivial to check that £™(wq @ws) is a volume form on X7 Uy Xo.
Indeed, by Lemma 3.2 dim(X; Uy X3) = n. Let z € X3 Uy X3 be an arbitrary point. Then it has a lift
to either X7 or Xy (possibly to both). Suppose that it has a lift 7 € X;; since w; is a volume form on
X1, there exists a plot p; of X; such that Range(p;) 3 x1 and wi(p1) is a volume form on the domain
of definition of p;. Then p = i1 o py is plot of X3 Uy X such that Range(p) > « and w(p) = wi(p1) is a
volume form on the domain of p. The case when z has a lift to X is treated analogously, so we obtain
the claim. [

Corollary 3.8. An instance of a volume form on X1 Uy Xy is the form L™ (w1 & wa), where w1 and wy
are compatible volume forms on X1 and X5 respectively.

It is not clear whether the vice versa of this statement is always true; we can only obtain it under
some rather restrictive assumptions.

Proposition 3.9. Let X1 and Xs be two diffeological spaces of finite dimension and such that dim(X;) =
dim(Xs), let f: X1 2 Y — Xy be a smooth map such that is(f(Y)) is D-open in X1 Uy Xo, and let w be
a volume form on X1 Uy Xo such that 7*(w) = w1 G wa. Then wi and we are volume forms on X, and
Xo respectively.

Proof. Let x1 € X1 be any point, and let x = m(21) € X3 Uy Xo. Let p: U — X1 Uy X5 be a plot such
that p(U) 2 = and w(p) is a volume form on U. The assumption that iz (f(Y")) allows us to claim that p
has a lift to a plot p; of X; (which does not have to be true in the case of 1 € Y)). Then p1(U) 3 3
and w1 (p1) is a volume form on U. Since x; is an arbitrary point, we conclude that w; is a volume form
on Xi. The case of wy is treated analogously. O
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Remark 3.10. In the above proposition, let n be the dimension of X1 Uy Xo. Recall that wi = it(w) €
O"(X1) and wy = i5(w) € Q"(Xa) respectively. The assumption that dim(X;) = dim(X; Uy Xy) =
dim(X2) was not really used in the proof of Proposition 3.9; rather, we could obtain this equality as
part of the conclusion. Notice also that Example 3.5 implies that there might be many volume forms on
X1 Uy X5 that are not proportional.

3.4 A"(AY(X)) and A¥(X) are not diffeomorphic

Let X be a finite-dimensional diffeological space, and let k > 2. We now show that A¥(X) and A*(A(X))
are in general not the same.

Example 3.11. Let X be the wedge at the origin of two copies of the standard R?, endowed with the
corresponding gluing diffeology. Then by Theorem 2.18 we have that A}(X) = R? @ R? =2 R*. Since by

construction \*(AL(X)) = (/\Q(Al(X)))O, the fibre of N*(AL(X)) at the wedge point, this is a space of
dimension 6. However, A3(X) = A3(R?) & A2(R?) has dimension 2.

We conclude from the above example that A"(A(X)) is a priori a much larger space than AF(X).
We shall see next whether there is any other natural relation between the two, for instance, whether an
element of A¥(A*(X)) determines naturally an element of AF(X).

Recall first that there is a well-defined notion of the exterior product w A p € Q+(X) of any two
differential forms w € Q%(X) and pu € Q'(X) ([9], Section 6.35), which is defined by setting

(WA p)(p) :=w(p) A p(p)
for all plots p of X.

Lemma 3.12. The exterior derivative A : QF(X) x QY (X) — QF(X) induces a well-defined and smooth
pseudo-bundle map
AF(X) xx AY(X) — AMH(X).

Proof. Let x € X; we need to show that if at least one of w, u vanishes at x then w A p vanishes at x.
Let p be a plot of X such that p(0) = x. Obviously,

(w A 1) (p)(0) = w(p)(0) A p(p)(0),

so if one of w(p)(0), w(p)(0) is zero then (w A p)(p)(0) = 0. The smoothness is immediate from the
definitions of the respective diffeologies, so we obtain the claim. O

We thus can obtain the following.

Lemma 3.13. The exterior derivative yields a well-defined pseudo-bundle map
(AR (X)) N\ (A(X)) = AR (X).

Proof. This is immediate from Lemma 3.12 and the construction of the diffeology on the exterior product
of pseudo-bundle (based essentially on the properties of the tensor product diffeology, see [27]). O

The obvious consequence of Lemma 3.13 is the following statement.
Corollary 3.14. There is a well-defined pseudo-bundle map

1,k

k
N\ \NQHX) = AF(X)
induced by the exterior derivative.

As follows from the example given in this section, the map /\Lk is in general not injective. It is not
clear whether it is surjective.
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3.5 The Hodge star operator does not take values in A" (A} (X))

For a diffeological vector space V of finite dimension n, the standard definition of the Hodge star x :
k n—=k .
ANV = A"V by setting

Co(1) N+ Aoy > S8N(T)eq(ki1) N - A €g(n)

for all 0 € Symm(n) and for all k = 1,...,n, where {e;}}_; is a fixed basis of V' (we avoid the requirement
of it being an orthonormal basis), yields a well-defined operator that is smooth for the natural diffeology on
/\IC V (induced by the tensor product diffeology). Thus, if 7 : V' — X is a finite-dimensional diffeological
vector pseudo-bundle that is locally trivial in the standard sense (in particular, it admits a local basis of
smooth sections) then the operator * is defined on each A"(V) for k = 1,...,n = dim(V), where dim(V)
is the maximum of the usual vector space dimensions of fibres of V.

Let now X be a diffeological space of finite dimension such that A'(X) is finite-dimensional and
admits pseudo-metrics; let g* be a fixed pseudo-metric on A'(X). Then for all x € X the fibre AL(X)
admits an orthonormal, with respect to g™ (z), basis 1z, .., Qp g, With respect to which the map *, is
obviously defined. The collection of the maps x, for all x € X yields in a usual way the operator x on
AF(AY(X)). However, it does not take values in A" "(A!(X)), as the next example shows.

Example 3.15. Let X be the wedge at the origin of two copies, denoted by X1 and Xa, of R?, endowed
with the gluing diffeology; then dim(X) = 2. The fibres of N'(AY(X)) = AY(X) can be described as
follows:

Span(dxy, dy1) if €1(X, \ {(0,0)})
AL(X) =< Span(dzy @ dxy, dry @ dys, dyy ® dxo, dys ® dys)  if z = (0,0)
Span(dxa, dys) if €1i2(X2\{(0,0)})

Notice that endowing each fibre with the scalar product for the basis indicated is orthonormal yields a
well-defined pseudo-metric on A'(X).

Now, applying the standard construction of the Hodge star to each fibre yields a map that does not
take values in /\Q(Al(X)), Indeed, on the fibre at the wedge point (0,0) we would, by formal definition,

have
3

*(O,(])(dxl &b d.’Eg) = (d.’l?l D dyg) VAN (dyl (5) dﬂ?g) AN (dyl D dyg) € /\(A%O,O)(X»

The example just made indicates that, at a minimum, the Hodge star is not readily defined on exterior
degrees of A'(X).

4 The De Rham operator on A(A}(X))

We have established so far that there is no readily available counterpart of the standard operator d+d* in
the diffeological context. Therefore the De Rham operator on A(A*(X)) (endowed with a pseudo-metric)
can only be defined as the composition of the standard Clifford action with the Levi-Civita connection,
assuming that the latter exists. Another assumption that is needed is that A(A'(X)) have only a finite
number of components (summands of form A"(A'(X))), that is, that there is a uniform bound on the
dimensions of fibres of A'(X); as we have seen in the previous section, this is not implied by X having
finite dimension.

4.1 Bounding the dimension of A'(X)

Let X be a diffeological space of finite dimension. The next example shows that the set of the dimensions
of fibres of A'(X) may not have a supremum.

Example 4.1. Consider the following sequence { X, }nen of diffeological spaces: Xq is the standard R,
and if X, is already defined then X, 11 is obtained as the wedge of X,, at the point t =n+ 1 € X,, with
n + 1 copies of the standard R at zero of each copy; formally, X,+1 is the result of a sequence of n + 1
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gluings of X,(Lli)l (this is X,,11 to which k copies of R have already been added) to the standard R along the
map {n} — {0}. Each X,, is thus endowed with a well-defined diffeology based on the gluing construction;
furthermore, there is a sequence of smooth inclusions Xo C X1 C ... C X, C .... Let X = UneN Xn;
endow it with the minimal diffeology such that all these inclusions are smooth (the diffeology of X is
essentially the union of the diffeologies of all X,, and can be called the inductive limit diffeology).

Since all the gluing points are isolated and the differential forms are local, we obtain that A(ln)(X) ~

Aln) (X)) and in particular has dimension n, by the reasoning made already. Thus, AY(X) admits fibres
OJS arbitrarily large dimension, although the dimension of X itself is equal to 1.

The above example shows that the existence of max{dim(AL(X))} should be imposed as a separate
assumption. If such a maximum exists, we say that A'(X) has bounded dimension.

4.2 The definition of the De Rham operator

Let X be a diffeological space of finite dimension and such that the following two conditions hold. First,
A'(X) has bounded dimension; second, A'(X) admits a pseudo-metric g® such that there exists a Levi-
Civita connection VA on (A*(X), g"). Let n = max,¢cx{dim(AL(X))}, and consider

n k
AAH X)) =P Anx)),
k=0

which is a diffeological vector pseudo-bundle for its standard diffeology based on the tensor product diffe-
ology. Then the standard Clifford action ¢* of CZ(A'(X), g") on A(A'(X)) is smooth ([16]); furthermore,
the connection VA induces (in a completely standard way) a connection VA®) on A(A'(X)).

Definition 4.2. Let X be a diffeological space satisfying the above conditions. The diffeological De
Rham operator on (X, g") is the operator

Dar : C>(X, \(A'(X))) = C>=(X, \(A' (X))

defined as the composition

DdR = CA 9] VA(A)

Example 4.3. Let X be a wedge of two copies of the standard R? at the origin; endow X with the
corresponding gluing diffeology and denote the two copies of R? by X, and Xy respectively. Each of the
two spaces A*(X1), AY(X2) can thus be standardly identified with T*R?, and every fibre written in the

form, A:(Lzl,yl)(Xl) = Span(dzy,dy,) and A%z%yg)(Xg) = Span(dxq,dys). Let gt be the pseudo-metric on
AYN(X;) given by
0 0 0 0
A 0} — TiYi i —1.92
gz (x“yl) 6331 ® 61'1 + € ayz ® ayz fO’f’Z )<

where O%i is the dual map of dx; and 6%1- is the dual of dy;. Let g be the corresponding induced

pseudo-metric on A'(X). Notice that g and gy are automatically compatible, since all the compatibility
conditions are empty in the case of gluing along a single-point set; in particular, we have

1,0 0 0 0 0 0 0 0

N 1t 0 0 90 9 9 9 0
g (0’0)*2((%1®8x1+8y1®6y2+6x2®8x2+5y2®3y2)'

Every fibre of \(AY (X)) outside of the wedge point coincides with \(R?), while at the wedge point it is
AR? & R?). The Clifford algebra C{(A*(X), g") behaves as CL(AY(X;), gl), for the appropriate i = 1,2,
outside of the wedge point. At the wedge point it is equivalent to CE(R*, (-,-)), where (-,-) is the canonical
scalar product. The Clifford action ¢ is standardly defined; for instance,

1
cA(dxl)(dyg) =dxy Ndys — 7

The sections of A*(X) are in one-to-one correspondence with pairs of sections of A*(X1) and A'(Xa):
if s € C(X, A (X)) then s; = plosoiy € C®(X 1, AN (X1)) and sy = ph osoiy € C(Xy, A (X5)). Vice
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versa, and this is specific to the present instance, given s; € C°(X1, A (X1)) and so € O (X2, A1 (X3)),
we set s(0,0) = s1(0,0) @ s2(0,0), while outside the wedge point s is equivalent to either sy or sg in the
obvious sense.

Both X1 and Xy are endowed with the standard Levi-Civita connections V&' and VA2 respectively.
These induce the Levi-Civita V» on X (relative to the induced pseudo-metric g*); for a section s of
AY(X) determined by a pair of sections s; € C=(X1, A (X1)) and sy € O®(Xo, A1 (X5)), Vs coincides
(up to appropriate identifications) with either VM'sy or VA2s,, while at the wedge point its value is
essentially (V151)(0,0) @ (VA255)(0,0) (a formalization of this construction is available in [18]). A
fully standard procedure completes the construction.

Remark 4.4. In a previous section we indicated that one (but not the only one) problem in defining
the Hodge star for diffeological spaces is that the standard definition does not, in general, yield a map
AF(AY(X)) = A" F(AY(X)) for a fized n independent of k. Tt follows that there might be a way to define
x as taking values in \(AY(X)) if AY(X) has bounded dimension. Since this was not the only difficulty
in extending the definition of d + d* to the diffeological context (recall that already d does not descend to
a pseudo-bundle map on A (X)), we do not go in that direction for now.

Appendix: on the possibility of the De Rham-like operator d* + d**

We briefly consider here the possibility of defining a De Rham-like operator d*+d**, based on the map d* :
(X)) — (2%(X))* dual to the differential. This construction comes from the following observations.
One, each dual pseudo-bundle (A¥(X))* embeds into the trivial pseudo-bundle X x (QF(X))* via the

map (ﬂQk’Ak)* that is the map dual to the defining projection 724" : X x OF(X) — A¥(X) (the dual

map is an embedding simply because A" g surjective, and by definition of the dual pseudo-bundle

diffeology). Suppose for the moment that we have

then d* is well-defined as a map
d*: (AMHX))" = (AF(X)*

The second observation is that if A*(X) has only finite-dimensional fibres, then all of these fibres are

standard; so if each A¥(X) is endowed with a pseudo-metric gA)c then the corresponding pairing map
® ax is a diffecomorphism AF(X) — (A*(X))*. Therefore the composition

(q)gAk )_1 od* o (I)gAk+1 s
also denoted by d*, is a well-defined smooth operator A¥*1(X) — A¥(X). The corresponding dual map
(@) : (AF(X))* = (AFF1(x))"

likewise provides us with a well-defined operator
d™ = (q)gAkJrl)_l o (d*)* o (I)g,\k : Ak(X) — Ak+1(X).
It then suffices to assume that X has finite dimension n to obtain a well-defined De Rham-like operator
on A(X) =@, _, A*(X) which is
d* 4+ d* : A(X) = A(X).

Let us now consider the potential inclusion

Let aj,; € (A*1(X))*; consider

d*((r AT (@ ) (i) = @ (dwg + QEFL(X)).
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Under the assumption that all ALk(X) are finite-dimensional, it is the image of some af € (A*(X))* if
and only if
dwy, + QETH(X) € Ker(aj ) for all wy, € QF(X).

Although this is a less restrictive condition than dw;, € QF+1(X), there is no obvious reason for it to hold a
priori; it essentially requires that each element of (A¥*1(X))* vanish on the image AR (BAEH(X)
of the space of the coboundaries. We thus conclude that the operator d*+d** might be defined, not on the
entire pseudo-bundle @A*(X), but rather on its reduction by the complex of the coboundaries, by which
we mean the pseudo-bundle obtained by taking, instead of A¥(X) = (X x QF(X))/(Uzex ({z} x Q(X))),
its quotient pseudo-bundle

Ajr(X) = (X x Q"(X))/(Usex ({2} x Span((X), Bip(X)))).

We leave for other work the question of whether the construction thus obtained would be anything other
than trivial.
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