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VRLO�DQG�D�EXULHG�SLSH�GXULQJ�D�VHLVPLF�HYHQW��WKH�ZRUN�RI�0DUXL�DQG�.DWR�>�@��ZKLFK�DGGUHVVHV�WKH�G\QDPLFV�RI�DQ
H[FLWHG�VLQJOH�GHJUHH�RI�IUHHGRP�V\VWHP�WKURXJK�WKH�LQWURGXFWLRQ�RI�WKH�mVWRSSLQJ�UHJLRQ�RI�PRWLRQn��WKDW�RI�6KDZ�>�@
LQ �ZKLFK�WKH�UHVXOWV �RI �'HQ�+DUWRJ�DUH �H[WHQGHG�WR �WKH�FDVH�WKDW �WKH�VWDWLF �IULFWLRQ�FRHIILFLHQW �LV �GLIIHUHQW �IURP�WKH
G\QDPLF�RQH��WKDW�RI�+RQJ�DQG�/LX�>�@��ZKLFK�LOOXVWUDWHV�VRPH�DQDO\WLFDO�VROXWLRQV�IRU�D�PDVV�VSULQJ�V\VWHP�VXEMHFWHG�WR
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VXUIDFH �DQG �WKH �QDWXUDO �IUHTXHQF\ �RI �WKH �PDVV�VSULQJ �V\VWHP� �WKH �UDWLR �EHWZHHQ �WKH �NLQHWLF �DQG �VWDWLF �IULFWLRQ
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FRQWDFW �ZLWK �DQ �XQGHUO\LQJ �ULJLG �URXJK �VXUIDFH �E\ �D �IRUFH �3� �:H�FKRRVH �WR �GHVFULEH �WKH �V\VWHPoV �PRWLRQ �IURP�WKH
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UHIHUHQFH�V\VWHP�DW�SRLQW�2� �ZKHUH� �LV�WKH�LQLWLDO�OHQJWK�RI�WKH�XQVWUDLQHG�VSULQJ��/DVWO\��ZH�LQGLFDWH�E\�[�W��WKH
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WLPH�WKH�SRVLWLRQ��[E��RI�WKLV�SRLQW�LV�GHVFULEHG�E\�WKH�KDUPRQLF�ODZ�[E� �$VLQgEW��ZKHUH�$��IRU�VLPSOLFLW\oV�VDNH�DVVXPHG
WR�EH�SRVLWLYH��DQG�gE�DUH�WKH�DPSOLWXGH�DQG�WKH�DQJXODU�IUHTXHQF\�RI�WKH�VXUIDFHoV�PRWLRQ��UHVSHFWLYHO\�
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7KH �IULFWLRQ �ODZ �XVHG �LQ �WKLV �PRGHO �LV �D �VXLWDEO\ �PRGLILHG �YHUVLRQ �RI �&RXORPEoV �RULJLQDO �IRUPXODWLRQ� �$V �LV
FXVWRPDU\� �WKH �VWDWLF �DQG �G\QDPLF �IULFWLRQ �FRHIILFLHQWV �DUH �LQGLFDWHG �E\ �bV �DQG �bN� �UHVSHFWLYHO\� �7KH �IULFWLRQ �IRUFH
DSSOLHG�WR�WKH�EORFN�E\�WKH�VXUIDFH��)D��LV�GHWHUPLQHG�DFFRUGLQJ�WR�WKH�IROORZLQJ�UHODWLRQV��'HQRWLQJ�jUHO� �j�jE�DV�WKH
UHODWLYH�YHORFLW\�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH��ZH�VHW�)D� ��)N�jUHO���_jUHO_��ZKHUH�)N� �bN��PJ���3���ZKHQ�jUHO�h����J�LV
WKH�DFFHOHUDWLRQ�RI�JUDYLW\���ZKLOH�_)D_�j�)V� �bV��PJ���3��LI�WKH�EORFN�LV�VWLFNLQJ�WR�WKH�VXUIDFH�

)URP�D�VWULFWO\�IRUPDO�SRLQW�RI�YLHZ��DFFRUGLQJ�WR�WKH�VWDQGDUG�YHUVLRQ�RI�&RXORPEoV�ODZ��DV�VRRQ�DV�D�VOLGLQJ�SKDVH
HQGV��WKH�PDJQLWXGH�RI�WKH�IULFWLRQ�IRUFH�_)D_�FRXOG�UDLVH�LQVWDQWDQHRXVO\�XS�WR�WKH�PD[LPXP�VWDWLF�YDOXH�)V�IURP�WKH
YHU\�ILUVW�LQVWDQW�RI�VWLFNLQJ��7KLV�LV�QDWXUDOO\�DQ�LGHDOL]DWLRQ��,Q�DFWXDO�IDFW��ZKHQ�WKH�EORFN�VWRSV�VOLGLQJ��L�H���IURP�WKH
PRPHQW�jUHO� ����LW�ZLOO�WDNH�D��XVXDOO\�YHU\��VKRUW�WLPH�WR�UHHVWDEOLVK�FRQWDFW�FRQGLWLRQV��ZKLFK�FRUUHVSRQG�WR�VWDWLF
IULFWLRQ�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH��LQ�WKLV�UHJDUG��VHH��IRU�H[DPSOH��WKH�H[SHULPHQWDO�VWXGLHV�RI�6DPSVRQ�HW�DO�
>��@��7KXV��DFFRXQWLQJ�IRU�WKLV�DVSHFW�FDOOV�IRU�DOORZLQJ�IRU�D�JUDGXDO�FKDQJH�LQ�WKH�IULFWLRQ�IRUFH�IURP�WKH�G\QDPLF�WR
WKH�VWDWLF�YDOXH�DW�WKH�EHJLQQLQJ�RI�HDFK�VWLFNLQJ�SKDVH�RI�WKH�EORFN�

1RZ��LQ�RUGHU�WR�DFFRXQW�IRU�WKH�DIRUHPHQWLRQHG�IHDWXUH�LQ�D�UHODWLYHO\�VLPSOH��DSSUR[LPDWH�ZD\��ZH�DVVXPH�WKDW�WKH
IULFWLRQ�IRUFH�REH\V�WKH�IROORZLQJ�UXOHV�

LQ�DQ\�VOLGLQJ�SKDVH��WKH�IULFWLRQ�IRUFH�LV�HTXDO�WR�WKH�NLQHPDWLF�YDOXH�
DW�WKH�EHJLQQLQJ�RI�DQ\�VWLFNLQJ�SKDVH��WKH�IULFWLRQ�IRUFH�FDQQRW�H[FHHG�WKH�NLQHPDWLF�YDOXH�
DW�DQ\�JLYHQ�WLPH�ZLWKLQ�DQ\�VWLFNLQJ�SKDVH��WKH�IULFWLRQ�IRUFH�FDQQRW�H[FHHG�WKH�VWDWLF�YDOXH�

k m

x(t)

(rigid block)

(moving rough surface)

F O

x  (t) = A sin ω tO b

B

b

x(t)

bx  (t)

m, k

(a) (b)
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,Q�RWKHU�ZRUGV��DW�DQ\�JLYHQ�WLPH� ��WKH�DGRSWHG�IULFWLRQ�ODZ�PD\�EH�H[SUHVVHG�DV�

���

$V�ZLOO�EH�VKRZQ�LQ�WKH�IROORZLQJ��UHODWLRQ�����HQDEOHV�GHFLGLQJ�ZKHWKHU�D�QHZ�VWLFNLQJ�SKDVH�IRU�WKH�EORFN�PD\
DFWXDOO\�VWDUW�GXULQJ�LWV�PRWLRQ��7R�WKLV�HQG��ZH�GHWHUPLQH�WKH�YDOXH�RI�WKH�IULFWLRQ�IRUFH��)D��WKDW�VKRXOG�EH�H[HUWHG�RQ
WKH�EORFN�XQGHU�VWLFNLQJ�FRQGLWLRQ��DQG�ZH�FKHFN�ZKHWKHU�WKH�QHFHVVDU\�FRQGLWLRQ�_)D_���)N�LV�IXOILOOHG�DW�WKH�RQVHW�RI�WKH
VWLFNLQJ�SKDVH��D�PRUH�GHWDLOHG�H[SODQDWLRQ�RI�WKLV�LV�JLYHQ�LQ�VHFWLRQ������

���'ESCRIPTION OF THE MOTION

,Q�WKH�IROORZLQJ��ZH�DVVXPH�WKDW�REVHUYDWLRQ�RI�WKH�EORFNoV�PRWLRQ�EHJLQV�DW�D�JLYHQ�LQLWLDO�WLPH�W����:H�LQGLFDWH�E\
[�� �[�W����DQG�j�� �j�W����WKH�LQLWLDO�SRVLWLRQ�DQG�YHORFLW\��UHVSHFWLYHO\��,Q�WKH�JHQHUDO�FDVH��WKH�PRWLRQ�RI�WKH�V\VWHP�ZLOO
EH�PDGH�XS�RI�D�VHTXHQFH�RI�VWLFNLQJ�SKDVHV��GXULQJ�ZKLFK�WKH�EORFN�IROORZV�WKH�PRWLRQ�RI�WKH�VXUIDFH��DQG�VOLGLQJ
SKDVHV��GXULQJ�ZKLFK�WKH�PDVV�PRYHV�ZLWK�UHVSHFW�WR�WKH�VXUIDFH��)URP�D�IRUPDO�SRLQW�RI�YLHZ��WKH�HTXDWLRQ�RI�PRWLRQ
PD\�EH�ZULWWHQ�DV

���

ZKHUH�)D�LV�WKH�QRQ�VPRRWK�IULFWLRQ�IRUFH�DFFRUGLQJ�WR������%URDGO\�VSHDNLQJ��DQ\�VWLFNLQJ�SKDVH�IROORZLQJ�D�VOLGLQJ
SKDVH�ZLOO�EHJLQ�DW�D�JLYHQ�WLPH� �LI�ERWK�WKH�EORFN�DQG�WKH�VXUIDFH�KDYH�WKH�VDPH�YHORFLW\��DQG�LI�WKH�PDJQLWXGH�RI�WKH
IULFWLRQ�IRUFH�WKDW�WKH�VXUIDFH�H[HUWV�RQ�WKH�EORFN�DW�W� � �LV�ORZHU�WKDQ�WKH�NLQHWLF�IULFWLRQ�IRUFH��L�H���LI�_)D�� �_���)N�
'HSHQGLQJ�RQ�WKH�YDOXHV�RI�WKH�PDLQ�V\VWHP�SDUDPHWHUV��WKH�VWLFNLQJ�SKDVH�PD\�ODVW�LQGHILQLWHO\��,Q�VXFK�FDVH��_)D_�ZLOO
UHPDLQ�ORZHU�WKDQ�WKH�PD[LPXP�VWDWLF�YDOXH�)V�IRU�DQ\�W�k� �

9LFH�YHUVD��DQ\�VOLGLQJ�SKDVH�IROORZLQJ�D�VWLFNLQJ�SKDVH�PD\�EHJLQ�DW�D�JLYHQ�WLPH�W� � �RQO\�LI�WKH�PDJQLWXGH�RI
WKH�UHDFWLYH�IRUFH�WKDW�WKH�VXUIDFH�H[HUWV�RQ�WKH�EORFN�UHDFKHV�WKH�PD[LPXP�VWDWLF�IULFWLRQ�YDOXH��L�H���LI�_)D�� �_� �)N�
6OLGLQJ�RI�WKH�EORFN�DFWXDOO\�EHJLQV�LI�D�IULFWLRQ�IRUFH�ODUJHU�WKDQ�)V�ZRXOG�EH�UHTXLUHG�WR�HQVXUH�VWLFNLQJ�IRU�W�!� �
8QGHU�DSSURSULDWH�FRQGLWLRQV��WKH�VOLGLQJ�SKDVH�PD\�DOVR�ODVW�LQGHILQLWHO\��1HYHUWKHOHVV��ZKHQ�D�VOLGLQJ�SKDVH�HQGV��WKH
UHODWLYH�YHORFLW\�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH�LV�QLO��,Q�WKH�QH[W�VHFWLRQV��ERWK�WKH�VWLFNLQJ�DQG�WKH�VOLGLQJ�SKDVHV
ZLOO �EH �DQDO\]HG �LQ �GHWDLO� �DQG �SDUWLFXODU �DWWHQWLRQ �ZLOO �EH �GHGLFDWHG �WR �VRPH �RI �WKH �OLPLW �F\FOHV �FRUUHVSRQGLQJ �WR
FRQWLQXRXV�VOLGLQJ�RU�VWLFNLQJ�

,W�LV�ZRUWK�QRWLQJ�WKDW��E\�SHUIRUPLQJ�WKH�FKDQJH�RI�YDULDEOH

[UHO��W�� �[��W����[E��W��

WKH�HTXDWLRQ�RI�PRWLRQ�EHFRPHV�HTXLYDOHQW�WR�WKDW�RI�WKH�ORQJ�VWXGLHG��ZHOO�NQRZQ�PHFKDQLFDO�V\VWHP�DGGUHVVHG�E\
'HQ�+DUWRJ�>�@�DQG��DPRQJ�PDQ\�RWKHUV��6KDZ�>�@��+RQJ�DQG�/LX�>�@��&VHUQbN�DQG�6WcSbQ�>��@��FRPSRVHG�RI�D�EORFN
VXEMHFWHG�WR�D�KDUPRQLF�ORDG�DQG�IUHH�WR�VOLGH�ZLWK�IULFWLRQ�RYHU�D�ULJLG�IL[HG�VXUIDFH��7KH�HTXDWLRQ�RI�PRWLRQ�IRU�VXFK�D
V\VWHP�UHDGV�>��@

PkUHO���N[UHO� �)D��kUHO����SR�VLQ��gE�W�� ���

ZKHUH�WKH�ORDG�DPSOLWXGH�LV�

SR� �P$g
�������s��� ���

DQG�ZKHUH� �LV�WKH�QDWXUDO�IUHTXHQF\�RI�WKH�V\VWHP��ZKLOH�s� �gE���g�LV�WKH�IUHTXHQF\�UDWLR��)RU�JLYHQ
YDOXHV�RI�$��g�DQG�gE��WKH�DERYH�UHODWLRQ�HQDEOHV�DVVHVVLQJ�WKH�FRUUHVSRQGLQJ�YDOXH�RI�S���

$OWKRXJK�WKH�WZR�DOWHUQDWLYH�PDWKHPDWLFDO�GHVFULSWLRQV�DUH�HTXLYDOHQW��WKHUH�DUH�DW�OHDVW�WZR�UHDVRQV�IRU�SUHIHUULQJ
����RYHU�����DV�WKH�HTXDWLRQ�RI�PRWLRQ�IRU�WKH�PHFKDQLFDO�PRGHO�RI�WKH�ZLSHU�EODGH��7KH�ILUVW�LV�D�PDWWHU�RI�FRQYHQLHQFH�
LI �HTXDWLRQ ���� �LV �XVHG� �WKH �PDJQLWXGH �RI �WKH �HTXLYDOHQW �KDUPRQLF �ORDG ���� �GHSHQGV �RQ �ERWK �WKH �DPSOLWXGH �DQG �WKH
IUHTXHQF\ �RI �WKH �VXUIDFH �RVFLOODWLRQV� �7KXV� �WKH �WZR �PDLQ �SDUDPHWHUV �GHVFULELQJ �WKH �LQSXW �LQ �RXU �V\VWHP�ZRXOG �EH

{
 
 

 
 𝐹𝑎(𝑡̅) = −𝐹𝑘

�̇�𝑟𝑒𝑙
|�̇�𝑟𝑒𝑙|

if �̇�𝑟𝑒𝑙(𝑡̅) ≠ 0,

|𝐹𝑎(𝑡̅)| ≤ 𝐹𝑠 if ∃ 𝑡′ < 𝑡̅: �̇�𝑟𝑒𝑙 = 0, ∀ 𝑡′ ≤ 𝑡 ≤ 𝑡̅,
|𝐹𝑎(𝑡̅)| ≤ 𝐹𝑘 if �̇�𝑟𝑒𝑙(𝑡̅) = 0 and ∃ 𝑡′ < 𝑡̅: �̇�𝑟𝑒𝑙 ≠ 0, ∀ 𝑡′ ≤ 𝑡 < 𝑡̅.

 

𝑡̅  

𝑡̅
𝑡̅ 𝑡̅ 

𝑡̅ 

𝑡̅ 
𝑡̅ 

𝑡̅ 

𝑚�̈� + 𝑘𝑥 = 𝐹𝑎(�̇�, �̇�𝑏), 

𝜔 = √𝑘/𝑚
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LQWHUPLQJOHG��7KLV�REVHUYDWLRQ�VXJJHVWV�WKDW�GLUHFW�VWXG\�RI�WKH�G\QDPLFV�RI�WKH�V\VWHP�ZH�DLP�WR�LQYHVWLJDWH��LQ�ZKLFK
WKH�EORFN�LV�VHW�GRZQ�LQ�FRQWDFW�ZLWK�DQ�XQGHUO\LQJ�PRYLQJ�VXUIDFH��LV�IDFLOLWDWHG�E\�XVLQJ�����UDWKHU�WKDQ�����

7KH�VHFRQG��EXW�QR�OHVV�LPSRUWDQW��UHDVRQ�LV�WKDW�UHODWLRQ�����GRHV�QRW�UHSUHVHQW�D�RQH�WR�RQH�FRUUHVSRQGHQFH�LQ�WKH
UHOHYDQW�FDVH�LQ�ZKLFK�s� ����,Q�VXFK�D�FDVH��LQ�IDFW��WKH�DPSOLWXGH�S���RI�WKH�HTXLYDOHQW�KDUPRQLF�ORDG�ZRXOG�EH�HTXDO�WR
]HUR�LUUHVSHFWLYH�RI�WKH�DPSOLWXGH�$�RI�WKH�VXUIDFH�RVFLOODWLRQV��&RQVHTXHQWO\��E\�XVLQJ�WKH�HTXLYDOHQW�KDUPRQLFDOO\
ORDGHG�V\VWHP������WKH�UHOHYDQW�SKHQRPHQRQ�FDOOHG�UHVRQDQW�ORFNLQJ��L�H���WKH�PDVV�RVFLOODWHV�DV�LI�LW�ZHUH�DWWDFKHG�WR�WKH
VXUIDFH�� �UHFHQWO\ �KLJKOLJKWHG �E\ �&KDWWHUMHH �>��@� �ZRXOG �EH �KLQGHUHG� �2Q �WKH �FRQWUDU\� �VXFK �SKHQRPHQRQ �HPHUJHV
FOHDUO\�E\�FRQVLGHULQJ�WKH�VXUIDFH�PRWLRQ�GLUHFWO\��DV�ZH�KDYH�FKRVHQ�WR�GR�

,Q �RWKHU �WHUPV� �WKH �WZR �DOWHUQDWLYH �IRUPXODWLRQV �RI �WKH �SUREOHP �DW �KDQG� �DOWKRXJK �IRUPDOO\ �HTXLYDOHQW� �DUH �QRW
HTXLYDOHQW�LQ�WHUPV�RI�WKH�FODULW\�DQG�UHDGDELOLW\�RI�WKH�UHVXOWV�REWDLQDEOH��:H�ZLOO�UHWXUQ�RQ�WKLV�LVVXH�ODWHU�RQ�

�����7KH�6WLFNLQJ�3KDVH

/HW�XV�DVVXPH�WKDW�WKH�EORFN�VWDUWV�VWLFNLQJ�WR�WKH�VXUIDFH��DQG�OHW�XV�LQGLFDWH�ZLWK�W��WKH�VWDUW�WLPH�RI�WKH�VWLFNLQJ
SKDVH��$W�W� �W���WKH�UHODWLYH�YHORFLW\�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH�LV�]HUR��DQG�WKH�ODZ�RI�PRWLRQ�IRU�WKH�EORFN
GXULQJ�WKH�VWLFNLQJ�SKDVH�LV�

[��W�� �$�VLQ��gE�W����&������W�k�W�� ���

ZKHUH�&�LV�WKH�FRQVWDQW�UHODWLYH�SRVLWLRQ�EHWZHHQ�WKH�EORFN�DQG�SRLQW�%�RI�WKH�VXUIDFH�

7KH�EORFN�ZLOO�VWLFN�WR�WKH�VXUIDFH�XQWLO�WKH�PDJQLWXGH�RI�WKH�IRUFH�H[FKDQJHG�EHWZHHQ�LW�DQG�WKH�VXUIDFH�UHDFKHV�WKH
PD[LPXP�VWDWLF�IULFWLRQ�YDOXH��)V��7KLV�FRQGLWLRQ�LV�H[SUHVVHG�E\�

_Pk��W����N[��W�_�j�)V� ���

IURP�ZKLFK��E\�PDNLQJ�XVH�RI������ZH�REWDLQ�

_c������s���VLQgE�W���f_�j��� ���

ZKHUH �c � �$ �� �[V� �f � �& �� �[V� �[V � �)V �� �N� �DQG �d� gE �� �g �LV �WKH �IUHTXHQF\�UDWLR��LQ �ZKLFK � �LV �WKH �QDWXUDO
IUHTXHQF\ �RI �WKH �PDVV�VSULQJ �V\VWHP� �(TXDWLRQ ���� �DOORZV �IRU �GHWHUPLQLQJ �WKH �SDLUV ��c� �s� �DQG �WKH �YDOXHV �RI �WKH
GLPHQVLRQOHVV �LQLWLDO �SRVLWLRQ �RI �WKH �EORFN� �f� �ZKLFK �FRUUHVSRQG �WR �D �EORFN �VWLFNLQJ �WR �WKH �VXUIDFH �GXULQJ �LWV �HQWLUH
PRWLRQ��:H�WKXV�REWDLQ�

���

,Q�JUDSKLFDO�WHUPV��WKLV�FRQGLWLRQ�FRUUHVSRQGV�WR�WKH�UHJLRQ�RI�WKH�WKUHH�GLPHQVLRQDO�VSDFH��c��f��s��ERXQGHG�IURP
DERYH�E\�WKH�OLPLW�VXUIDFH�c� �I��s��f��

7KH �SRLQWV �EHQHDWK �WKH �VXUIDFH� �ZKRVH �FRRUGLQDWHV �VDWLVI\ ����� �UHSUHVHQW �WKRVH �V\VWHPV �ZKRVH �PRWLRQ �ZLOO �EH
FKDUDFWHUL]HG�E\�FRQWLQXRXV�VWLFNLQJ�IRU�W�k�W���&RQYHUVHO\��WKH�SRLQWV�DERYH�WKH�VXUIDFH�UHSUHVHQW�WKRVH�V\VWHPV�WKDW
ZLOO��VRRQHU�RU�ODWHU��XQGHUJR�DW�OHDVW�RQH�VOLGLQJ�SKDVH��/DVWO\��WKH�SRLQWV�EHORQJLQJ�WR�WKH�VXUIDFH�DUH�ELIXUFDWLRQ�SRLQWV
FRUUHVSRQGLQJ�WR�V\VWHPV�IRU�ZKLFK�UHODWLYH�PRWLRQV�RI�GLIIHUHQW�NLQG�DUH�SRVVLEOH��,Q�WKLV�FDVH��WKH�EORFN�PD\�HLWKHU
NHHS�VWLFNLQJ�WR�WKH�VXUIDFH�LQGHILQLWHO\�RU�JRLQJ�WKURXJK�D�VHTXHQFH�RI�VOLGLQJ�DQG�VWLFNLQJ�SKDVHV�

,W�LV�D�VLPSOH�PDWWHU�WR�FKHFN�WKDW�WKH�PD[LPXP�YDOXH�IRU�c�WKDW�VDWLVILHV�����IRU�IL[HG�s�LV�REWDLQHG�IRU�f� ����7KXV�
LQ�WKH��s��c��SODQH��WKH�FXUYH�c� �����_����s�_� �I���d���)LJ�����HQDEOHV�GLVWLQJXLVKLQJ�WKH�V\VWHPV�IRU�ZKLFK�WKH�EORFN�PD\
XQGHUJR�HQGOHVV�VWLFNLQJ�PRWLRQ��UHJLRQ�XQGHU�WKH�FXUYH��IURP�WKRVH�V\VWHPV�IRU�ZKLFK�VXFK�PRWLRQ�LV�LPSRVVLEOH�
0RUH�SUHFLVHO\��ZKHQ�WKH�SRLQW�ZLWK�FRRUGLQDWHV�c�DQG�s�LV�EHQHDWK�WKH�FXUYH��L�H��

c���IR��s�� ���

WKHUH�H[LVWV�DW�OHDVW�RQH�VHW�RI�LQLWLDO�FRQGLWLRQV�VXFK�WKDW�WKH�EORFN�NHHSV�VWLFNLQJ�IURP�WKH�EHJLQQLQJ��FRQWUDULZLVH�
ZKHQ�WKH�SRLQW�LV�DERYH�WKH�FXUYH��WKH�EORFN�ZLOO�XQGHUJR�DW�OHDVW�RQH�VOLGLQJ�SKDVH�GXULQJ�LWV�PRWLRQ�

,W�LV�ZRUWK�QRWLQJ�WKDW�IRU�JLYHQ�YDOXHV�RI�c�DQG�f��ZLWK�_f_�������LI�s�EHORQJV�WR�WKH�LQWHUYDO�FRPSULVHG�EHWZHHQ�WKH
YDOXHV�

 𝜔 = √𝑘/𝑚  

𝛼 < 𝑓(Ω, 𝜆), where 𝑓(Ω, 𝜆) = 1−|𝜆|
|1−Ω2|

 and |𝜆| < 1. 



�����7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��� %DUVRWWL�HW�DO�

����

�L�H���LI�WKH�FRQGLWLRQ�sF��j�s�j�sF��LV�VDWLVILHG���PRWLRQ�ZLWKRXW�DQ\�VOLSSDJH�EHFRPHV�SRVVLEOH�IRU�WKH�EORFN��,Q�WKH
SDUWLFXODU�FDVH�LQ�ZKLFK�s� ����WKLV�NLQG�RI�PRWLRQ�LV�SRVVLEOH�UHJDUGOHVV�RI�WKH�YDOXH�RI�c��7KXV��LI�WKH�V\VWHPoV�QDWXUDO
IUHTXHQF\�DQG�WKDW�RI�WKH�VXUIDFH�RVFLOODWLRQV�DUH�HTXDO��WKHUH�LV�DW�OHDVW�RQH�VHW�RI�LQLWLDO�FRQGLWLRQV�IRU�ZKLFK�WKH�EORFN
VWLFNV�WR�WKH�VXUIDFH�DV�LI�LW�ZHUH�DWWDFKHG�WR�LW��UHJDUGOHVV�RI�WKH�DPSOLWXGH�RI�WKH�RVFLOODWLRQV��7KLV�LV�ZKDW�&KDWWHUMHH
>��@�KDV�WHUPHG�UHVRQDQW�ORFNLQJ�

:KHQHYHU�WKH�IRUFH�WKDW�WKH�VXUIDFH�H[HUWV�RQ�WKH�EORFN�UHDFKHV�WKH�PD[LPXP�VWDWLF�IULFWLRQ�YDOXH��D�VOLGLQJ�SKDVH
PD\�WDNH�SODFH��,Q�WKHVH�FDVHV��E\�XVLQJ�HTQ�������ZH�FDQ�HYDOXDWH�WKH�FRUUHVSRQGLQJ�WLPH��W���E\�VROYLQJ�

����

7KLV�HTXDWLRQ�KROGV�UHJDUGOHVV�RI�WKH�LQLWLDO�WLPH��W���RI�WKH�VWLFNLQJ�SKDVH��DQG�KDV�WZR�VROXWLRQV�

���D�E�

,W�FDQ�EH�SURYHG�WKDW�RI�WKH�WZR�VROXWLRQV��WKH�DSSURSULDWH�RQH�WR�FRQVLGHU�ZLOO�GHSHQG�RQ�WKH�YDOXH�RI�c�_����s�_��DQG
WKH�VLJQ�RI�FRVgEW���GHWDLOV�DUH�JLYHQ�LQ�$SSHQGL[�$���,Q�RWKHU�ZRUGV��WKH�SURSHU�HQG�WLPH��W���IRU�WKH�JHQHULF�VWLFNLQJ
SKDVH�FDQ�EH�GHWHUPLQHG�DFFRUGLQJ�WR�WKH�IROORZLQJ�VWLFNLQJ�HQG�WLPH�FULWHULRQ�

f�,I�f� ����WKHQ

��LI������s���FRVgEW��!����W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����D��

��LI������s���FRVgEW�������W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����E��

f�,I�f�!���DQG�LI�c_����s�_�������f��W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����D��

f�,I�f�!���DQG�LI�c_����s�_�k�����f��WKHQ

��LI������s���FRVgEW��!����W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����D��

��LI������s���FRVgEW�������W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����E��

f�,I�f�����DQG�LI�c_����s�_�������f��W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����E��

f�,I�f�����DQG�LI�c_����s�_�k�����f��WKHQ

��LI������s���FRVgEW��!����W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����D��

��LI������s���FRVgEW�������W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����E��

�����7KH�6OLGLQJ�3KDVH

/HW�XV�DVVXPH�WKDW�DW�VRPH�JLYHQ�LQVWDQW�W� �W��WKH�EORFN�LV�VOLGLQJ�RYHU�WKH�VXUIDFH��7KH�EORFNoV�HTXDWLRQ�RI�PRWLRQ
LQ�WKH�VOLGLQJ�SKDVH�UHDGV�

Pk���N[� �i)N� ����

ZKHUH�WKH�VLJQ�GHSHQGV�RQ�WKDW�RI�WKH�UHODWLYH�YHORFLW\��jUHO� �j�jE��GXULQJ�WKH�VOLGLQJ�SKDVH��,QWHJUDWLRQ�RI�(TXDWLRQ������
\LHOGV�WKH�ODZ�RI�PRWLRQ�

[��W�� �F��FRVgW���F��VLQgW�i�[N� ����

ZKHUH�[N� �e[V��DQG�e� �bN���bV�

Ω𝑐1 = {√1 −
1−|𝜆|
𝛼

(𝛼 > 1 − |𝜆|),

0 (𝛼 ≤ 1 − |𝜆|),

Ω𝑐2 = √1 + 1−|𝜆|
𝛼
,

 

|𝛼(1 − Ω2)sin𝜔𝑏𝑡 + 𝜆| = 1. 

sinZ bt2  

1� O
D (1�:2 )

,

1� O
D (1�:2 )
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$�6LPSOH�0HFKDQLFDO�0RGHO�IRU�D�:LSHU�%ODGH 7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��������

)LJ�������7KH��s��c��UHJLRQV�ZKHUH�HQGOHVV�VWLFNLQJ�LV�SRVVLEOH�DQG�ZKHUH�LW�LV�QRW�

,Q �PDQ\ �FDVHV� �KRZHYHU� �WKH �VOLGLQJ �SKDVH �RI �WKH �EORFNoV �PRWLRQ �VWDUWV �DW �WKH �HQG �RI �D �VWLFNLQJ �SKDVH� �,Q �WKLV
VLWXDWLRQ��WKH�VWDUW�WLPH�RI�WKH�VOLGLQJ�SKDVH�FRLQFLGHV�ZLWK�WKH�VROXWLRQ�WR����D��RU����E���L�H��W�� �W���DQG�WKH�UHODWLYH
YHORFLW\�DW�WKH�EHJLQQLQJ�RI�WKH�VOLGLQJ�SKDVH�LV�]HUR��jUHO�W��� ����7KXV��WKH�VLJQ�RI�WKH�IULFWLRQ�IRUFH�LV�XQGHWHUPLQHG��DQG
D�FULWHULRQ�IRU�GHWHUPLQLQJ�WKH�VLJQ�RI�WKH�IRUFH�DW�WKH�RQVHW�RI�WKH�VOLGLQJ�SKDVH�LV�QHHGHG��,W�LV�D�UHODWLYHO\�VLPSOH�PDWWHU
WR�YHULI\�WKDW��UHODWLYH�YHORFLW\�VLJQ�FULWHULRQ��

,I�W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����D���WKH�UHODWLYH�YHORFLW\�DW�WKH�RQVHW�RI�VOLGLQJ�ZLOO�EH�QHJDWLYH��DQG�WKH�ULJKW�
KDQG�VLGH�RI������LV��)N�
,I�W��LV�GHWHUPLQHG�DFFRUGLQJ�WR����E���WKH�UHODWLYH�YHORFLW\�ZLOO�EH�SRVLWLYH��DQG�WKH�ULJKW�KDQG�VLGH�RI������LV��)N�

7KH�QHFHVVDU\�FRQGLWLRQ�IRU�D�VOLGLQJ�SKDVH�WR�VWRS�DW�LQVWDQW�W��LV�WKDW�WKH�UHODWLYH�YHORFLW\�EHWZHHQ�WKH�EORFN�DQG�WKH
VXUIDFH�EHFRPH�]HUR��j�W�� � �jE�W��� �+RZHYHU��D�VWLFNLQJ�SKDVH�PD\�DFWXDOO\�EHJLQ�DW�LQVWDQW�W� �RQO\�LI�WKH�DGGLWLRQDO
FRQGLWLRQ�_Pk��W�����N[�W��_�j�)N�LV�IXOILOOHG��WKDW�LV�LI�

_��cs��VLQ��gE�W�����[����[V_�j�e�j��� ����

ZKHUH�[�� �[�W����ZKLFK�HQVXUHV�WKDW�DW�WKH�EHJLQQLQJ�RI�D�VWLFNLQJ�SKDVH�WKH�PDJQLWXGH�RI�WKH�IRUFH�H[FKDQJHG�EHWZHHQ
WKH�EORFN�DQG�WKH�VXUIDFH�LV�ORZHU�WKDQ�WKH�NLQHPDWLF�IULFWLRQ�IRUFH��)N�

,I�UHODWLRQ������LV�QRW�VDWLVILHG��WKH�IRUFH�WKDW�WKH�VXUIDFH�H[HUWV�RQ�WKH�EORFN�DW�W� �W��ZRXOG�EH�JUHDWHU�WKDQ�)N��RU�DW
OHDVW�HTXDO�WR�LW��,Q�WKLV�FDVH��D�VWLFNLQJ�SKDVH�FDQQRW�EHJLQ��DQG�WKH�EORFN�ZLOO�FRQWLQXH�VOLGLQJ�RYHU�WKH�VXUIDFH�

���6OME REMARKS ABOUT LIMIT CYCLES

/LPLW�F\FOHV�DUH�SHULRGLF�VROXWLRQV�WR�WKH�HTXDWLRQ�RI�PRWLRQ�FKDUDFWHUL]HG�E\�D�QHW�EDODQFH�EHWZHHQ�WKH�DPRXQWV�RI
HQHUJ\�GLVVLSDWHG�E\�DQG�VXSSOLHG�WR�WKH�PDVV�VSULQJ�V\VWHP�RYHU�HDFK�SHULRG��'LIIHUHQW�W\SHV�RI�OLPLW�F\FOHV�PD\�EH
REVHUYHG�IRU�V\VWHPV�VLPLODU�WR�WKRVH�FRQVLGHUHG�KHUH��>�@��>��@��

%\�IROORZLQJ�WKH�HYROXWLRQ�RI�WKH�V\VWHP�VWDUWLQJ�IURP�GLIIHUHQW�LQLWLDO �FRQGLWLRQV� �DQG�E\�FRQVLGHULQJ�GLIIHUHQW
YDOXHV�RI�WKH�PDLQ�V\VWHP�SDUDPHWHUV��L�H���c��s�DQG�e���LW�FDQ�EH�VHHQ�WKDW�WKH�WUDMHFWRULHV�WHQG�WRZDUGV�D�SHULRGLF�WUHQG�



�����7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��� %DUVRWWL�HW�DO�

,Q�SDUWLFXODU� �DIWHU�DQ�LQLWLDO�WUDQVLHQW�SKDVH��WKH\�DSSURDFK�OLPLW�F\FOHV� �ZKHUH�WKH�EORFN�NHHSV�VOLGLQJ�LQGHILQLWHO\�
RWKHUV�ZKHUH�LW�NHHSV�VWLFNLQJ��DQG�\HW�RWKHUV�ZKHUH�LW�DOWHUQDWHO\�VOLGHV�DQG�VWLFN��,Q�WKLV�VHFWLRQ��ZH�FRQFHQWUDWH�RXU
DWWHQWLRQ�RQ�WKH�OLPLW�F\FOHV�RI�WKH�VDPH�SHULRG�DV�WKH�VXUIDFHoV�RVFLOODWLRQV��FRUUHVSRQGLQJ�WR�SXUH�VOLGLQJ�DQG�SXUH
VWLFNLQJ�

�����6WLFNLQJ�/LPLW�&\FOHV

,W �LV �VWUDLJKWIRUZDUG �WR �FRQFOXGH �WKDW� �LI �VWLFNLQJ �FRQGLWLRQ ���� �LV �IXOILOOHG� �SHULRGLF �VROXWLRQV �WR �WKH �HTXDWLRQ �RI
PRWLRQ �FKDUDFWHUL]HG �E\ �FRQWLQXRXV �VWLFNLQJ �WR �WKH �VXUIDFH �EHFRPH �SRVVLEOH� �$OO �WKHVH �SHULRGLF �VROXWLRQV �PD\ �EH
H[SUHVVHG�DV

����

ZKHUH�WKH�f�SDUDPHWHU�UHSUHVHQWV�WKH�GLPHQVLRQOHVV�LQLWLDO�SRVLWLRQ�RI�WKH�EORFN��ZKLFK�LQ�WXUQ�PXVW�YHULI\�WKH�OLPLWDWLRQ

_f_�j�����c�_����s�_� ����

,W�LV�ZRUWK�REVHUYLQJ�WKDW��ZKHQ�c� �����_����s�_��f� ���LV�WKH�RQO\�YDOXH�WKDW�VDWLVILHV�������DQG�WKH�FRUUHVSRQGLQJ
V\VWHPV�DUH�LQ�D�OLPLW�FRQGLWLRQ�

7KH�FRQWLQXRXV�VWLFNLQJ�SHULRGLF�VROXWLRQV�LOOXVWUDWHG�DERYH�PD\�DOVR�UHSUHVHQW�SRVVLEOH�OLPLW�F\FOHV��LI�DQ\��IRU
V\VWHPV�ZKRVH�SDUDPHWHUV�c�DQG�s�GR�IXOILOO�FRQGLWLRQ������1HYHUWKHOHVV��LW�FDQQRW�EH�H[FOXGHG�D�SULRUL�WKDW�RWKHU�OLPLW
F\FOHV��IRU�H[DPSOH�OLPLW�F\FOHV�UHSUHVHQWHG�E\�DOWHUQDWLQJ�VWLFNLQJ�DQG�VOLGLQJ�SKDVHV��PD\�EHFRPH�SRVVLEOH�IRU�VXFK
V\VWHPV� �$FWXDOO\� �VWLFN�VOLS �OLPLW �F\FOHV �PD\ �EH �QXPHULFDOO\ �GHWHUPLQHG �E\ �VXLWDEO\ �ILQH�WXQLQJ �WKH �V\VWHPoV
SDUDPHWHUV��:H�ZLOO�UHWXUQ�WR�WKLV�SRLQW�LQ�WKH�IROORZLQJ��ZKHUH�ZH�ZLOO�VKRZ�WKDW�E\�FKRRVLQJ�VXLWDEOH�YDOXHV�RI�c��s
DQG�e��WKH�VDPH�V\VWHP�PD\�HYHQ�H[KLELW�GLIIHUHQW�OLPLW�F\FOHV�GHSHQGLQJ�RQ�WKH�SDUWLFXODU�LQLWLDO�FRQGLWLRQV�

�����6OLGLQJ�/LPLW�&\FOHV

/HW�XV�FRQVLGHU�D�EORFN�WKDW�E\�K\SRWKHVLV�LV�XQGHUJRLQJ�SHULRGLF�PRWLRQ��/HW�XV�DVVXPH�WKDW�WKH�EORFN�VOLGHV�RYHU
WKH�VXUIDFH��ZLWKRXW�HYHU�VWLFNLQJ�WR�LW��DQG�WKDW�WKH�SHULRG�RI�PRWLRQ�FRLQFLGHV�ZLWK�WKDW�RI�WKH�RVFLOODWLQJ�VXUIDFH��7E� 
�h���gE��$FFRUGLQJ�WR�WKH�UHVXOWV�RI�>��@��LW�LV�VWUDLJKWIRUZDUG�WR�FRQFOXGH�WKDW�WKH�EORFNoV�WUDMHFWRU\�LQ�WKH��W��[��SODQH�LV
V\PPHWULFDO� �H[FHSW�IRU�WKH�SDUWLFXODU�FDVHV�FRUUHVSRQGLQJ�WR�s� ���� �Q ��Q� �������� �7KXV��ZH�UHVWULFW�RXU�DWWHQWLRQ�WR
V\PPHWULFDO�PRWLRQ�ZLWK�UHVSHFW�WR�WKH�SRLQW��7E���������RQ�WKH�WLPH�D[LV��DW�ZKLFK�WKH�EORFN�RVFLOODWHV�DURXQG�WKH�RULJLQ�
5HVWULFWLQJ�RXU�DWWHQWLRQ�WR�WKH�VLQJOH�SHULRG�FRYHULQJ�WKH�WLPH�LQWHUYDO�>���7E@��ZH�VHW�

[��W�� ��[��W���7E������
[����� �[��7E������ �[��7E�� ���

����

0RUHRYHU��ZLWK�UHIHUHQFH�WR�WKH�VDPH�WLPH�LQWHUYDO��ZH�ZULWH�WKH�ODZ�RI�PRWLRQ�RI�WKH�VXUIDFH�DV�[E�W�� �$VLQ�gEW��
i���ZKHUH�WKH�DQJOH�i�DFFRXQWV�IRU�WKH�SKDVH�VKLIW�EHWZHHQ�WKH�KDUPRQLF�RVFLOODWLRQ�RI�WKH�EORFN�DQG�WKH�VXUIDFH�

'XH�WR�WKH�DVVXPHG�V\PPHWU\�SURSHUWLHV�RI�WKH�WUDMHFWRU\��WKH�FRPSRQHQW�RI�WKH�IULFWLRQ�IRUFH�LQ�WKH�GLUHFWLRQ�RI�WKH
[�D[LV�ZLOO�EH�HTXDO�WR��)N�RYHU�RQH�KDOI�RI�WKH�SHULRG�DQG�WR��)N�RYHU�WKH�RWKHU�KDOI��%\�DFFRXQWLQJ�IRU�FRQGLWLRQV�����
DQG�E\�UHIHUULQJ�WR�(TQ��������WKH�EORFNoV�WUDMHFWRU\�LQ�WKH�WLPH�LQWHUYDO�GXULQJ�ZKLFK��IRU�H[DPSOH��WKH�IULFWLRQ�IRUFH
FRPSRQHQW�LV�SRVLWLYH��FDQ�EH�H[SUHVVHG�DV�

����

$Q�DQDORJRXV�H[SUHVVLRQ�IRU�WKH�RWKHU�KDOI�SHULRG��ZKHUH�WKH�IULFWLRQ�IRUFH�FRPSRQHQW�LV�HTXDO�WR��)N��FDQ�EH�HDVLO\
REWDLQHG�

:H�FDQ�IXUWKHU�GHWHUPLQH�WKH�SKDVH�DQJOH�i�E\�LPSRVLQJ�WKDW�WKH�YHORFLW\�RI�WKH�VXUIDFH�EH�HTXDO�WR�WKDW�RI�WKH�EORFN
DW�WKH�EHJLQQLQJ�RI�DQ\�KDOI�SHULRG��L�H���E\�VHWWLQJ�jUHO���� �jUHO�7E������ �jUHO�7E�� �����WKXV�\LHOGLQJ�

����

𝑥
𝑥𝑠
= 𝛼sinΩ𝑡 + 𝜆, 

𝑥(𝑡) = 𝑥𝑘(1 − cos𝜔𝑡) − 𝑥𝑘  
sin𝜋/Ω

1+cos𝜋/Ω
sin𝜔𝑡. 

cos𝜙 = − 𝜂 sin𝜋/Ω
𝛼Ω (1+cos𝜋/Ω)

. 



$�6LPSOH�0HFKDQLFDO�0RGHO�IRU�D�:LSHU�%ODGH 7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��������

7KH�SHULRGLF�PRWLRQ�GHVFULEHG�E\�(TQ�������PD\�DFWXDOO\�WDNH�SODFH�LI�WKH�SKDVH�DQJOH�i�VDWLVILHV�������0RUHRYHU��DW
WKH�EHJLQQLQJ�RI�DQ\�KDOI�SHULRG��ZKHQ�WKH�UHODWLYH�YHORFLW\�LV�]HUR��WKH�VWLFNLQJ�FRQGLWLRQ������PXVW�QRW�EH�IXOILOOHG�
7KHUHIRUH��E\�WDNLQJ�LQWR�DFFRXQW�WKDW�IRU�W� ����7E������7El��WKH�SRVLWLRQ�RFFXSLHG�E\�WKH�EORFN�LV�[� ����ZH�REWDLQ�WKH
IROORZLQJ�DGGLWLRQDO�FRQGLWLRQ�IRU�WKH�YDOLGLW\�RI�WKH�SHULRGLF�VROXWLRQ�ZH�DUH�FRQVLGHULQJ�

����

%\ �XVLQJ �ERWK ����� �DQG ������ �ZH �FDQ �HOLPLQDWH �WKH �SKDVH �DQJOH �i� �7KXV� �LW �LV �SRVVLEOH �WR �UHGXFH �WR �RQH �VLQJOH
FRQGLWLRQ�H[SUHVVHG�LQ�WHUPV�RI�WKH�V\VWHP�SDUDPHWHUV�c��s�DQG�e�

����

([SUHVVLRQV�DQDORJRXV�WR������KDYH�EHHQ�REWDLQHG�E\�+RQJ�DQG�/LX�>�@�DQG�&VHUQbN�DQG�6WcSbQ�>��@�E\�FRQVLGHULQJ
D�KDUPRQLFDOO\�ORDGHG�V\VWHP�IUHH�WR�VOLGH�RYHU�D�IL[HG�URXJK�VXUIDFH��DOWKRXJK�PLQRU�GLIIHUHQFHV�FDQ�EH�UHFRJQL]HG
EHWZHHQ�WKH�IULFWLRQ�ODZ�DFFRXQWHG�IRU�LQ�WKHVH�ZRUNV�DQG�WKDW�LQWURGXFHG�KHUH��/DVWO\��DV�ZDV�UHFHQWO\�HYLGHQFHG�E\
%XWLNRY�>��@��H[SUHVVLRQ������LV�QRW�YDOLG�LI�����s�LV�DQ�RGG�LQWHJHU��ZKLOH�DQ�LQILQLWH�QXPEHU�RI�QRQ�V\PPHWULFDO�OLPLW
F\FOHV��SOXV�WKH�V\PPHWULFDO�RQH��DUH�SRVVLEOH�LQ�WKH�SDUWLFXODU�FDVH�LQ�ZKLFK�����s�LV�DQ�HYHQ�LQWHJHU�

�����/LPLW�&\FOHV�D�*LYHQ�6\VWHP�0D\�$WWDLQ��6RPH�&RQVLGHUDWLRQV

$V�KDV�DOUHDG\�EHHQ�SRLQWHG�RXW��WKH�PRWLRQ�RI�WKH�V\VWHP�FDQ�EH�GHWHUPLQHG�LI�WKH�DGRSWHG�YDOXHV�RI�WKH�V\VWHPoV
PDLQ�SDUDPHWHUV��c��s�DQG�e��DUH�FKRVHQ��WRJHWKHU�ZLWK�VRPH�JLYHQ�LQLWLDO�FRQGLWLRQV��&RQVHTXHQWO\��LW�LV�UHDVRQDEOH�WR
DVVXPH�WKDW�VHWWLQJ�WKH�YDOXHV�RI�VDLG�SDUDPHWHUV�VKRXOG�DOVR�HQDEOH�GHWHUPLQLQJ�WKH�ORQJ�WHUP�UHVSRQVH�RI�WKH�V\VWHP�
,Q�RWKHU�ZRUGV��LI�c��s�DQG�e�ZHUH�NQRZQ��LW�VKRXOG�EH�SRVVLEOH�WR�SUHGLFW�WKH�V\VWHPoV�HYROXWLRQ�DQG�WKH�H[LVWHQFH�RI
VRPH�OLPLW�F\FOH�WR�ZKLFK�WKH�V\VWHP�SRWHQWLDOO\�WHQGV�DV�ZHOO�

+HUH��ZLWK�QR�FODLP�WR�SURYLGLQJ�D�IXOO�VROXWLRQ�WR�WKH�LVVXH�GHVFULEHG�DERYH��ZH�ZLVK�WR�GHPRQVWUDWH�WKDW�WKH�WZR
LQHTXDOLWLHV ���� �DQG ����� �HQDEOH �PDNLQJ �VRPH �SUHGLFWLRQV �DERXW �WKH �SHULRGLF �VROXWLRQV ��L�H�� �FRQWLQXRXV �VOLGLQJ�
FRQWLQXRXV�VWLFNLQJ��DOWHUQDWLQJ�VWLFNLQJ�DQG�VOLGLQJ��WKDW�PD\�DFWXDOO\�EH�REVHUYHG�LQ�D�JLYHQ�V\VWHP��7KDW�LV��ZH�ZLOO
VKRZ�WKDW�LI�WKH�SDUDPHWHUV�GHVFULELQJ�WKH�V\VWHP��c��s�DQG�e��DUH�DVVLJQHG��LW�LV�SRVVLEOH�WR�IRUHFDVW�VRPH�IHDWXUHV�RI�LWV
FRUUHVSRQGLQJ�ORQJ�WHUP�UHVSRQVH�

)RU�JLYHQ�e��WKH�OLPLWDWLRQV�H[SUHVVHG�E\�WKH�DIRUHPHQWLRQHG�WZR�LQHTXDOLWLHV�FDQ�EH�HIIHFWLYHO\�UHSUHVHQWHG�LQ�WKH
�s��c��SODQH��%\�ZD\�RI�H[DPSOH��)LJ������VKRZV�WKH�SDUWLWLRQ�RI�WKH��s��c��SODQH�JHQHUDWHG�E\�LQHTXDOLWLHV�����DQG�����
IRU�e� ������DQG�e� ������UHVSHFWLYHO\��2XU�DQDO\VLV�ZLOO�EH�OLPLWHG�WR�VOLGLQJ��VWLFNLQJ��DQG�VWLFN�VOLS�OLPLW�F\FOHV�

7KH�SRLQWV�ZKRVH�FRRUGLQDWHV�VDWLVI\������DUH�WKRVH�DERYH�WKH�J�� �FXUYH� �,QVWHDG� �WKH�SRLQWV�EHORZ�WKH�I �� �FXUYH�
DOUHDG\�UHSUHVHQWHG�LQ�)LJ�������FRUUHVSRQG�WR�WKH�V\VWHPV�WKDW�DOORZ�FRQWLQXRXV�VWLFNLQJ��DFFRUGLQJ�WR�LQHTXDOLW\�����
7KH�WZR�VHWV�RI�SRLQWV�PD\�EH�GLVMRLQHG��)LJ���D��RU�QRW��)LJ���E���GHSHQGLQJ�RQ�WKH�YDOXH�RI�e��0RUH�SUHFLVHO\��VXFK�DQ
LQWHUVHFWLRQ�LV�QRW�HPSW\�ZKHQ�e �IDOOV�EHORZ�WKH�WKUHVKROG�YDOXH� � ��������

(DFK�UHJLRQ�GUDZQ�LQ�)LJ������FRUUHVSRQGV�WR�GLIIHUHQW�SRVVLEOH�ORQJ�WHUP�UHVSRQVHV�IRU�WKH�V\VWHP��,Q�SDUWLFXODU��LI
WKH�SRLQW�FRUUHVSRQGLQJ�WR�D�JLYHQ�V\VWHP�EHORQJV�WR�UHJLRQ����VWHDG\�VWLFNLQJ�LV�DOORZHG��EXW�FRQWLQXRXV�VOLGLQJ�LV�QRW
SRVVLEOH�DW�DOO�ZKDWHYHU�WKH�LQLWLDO�FRQGLWLRQV�PD\�EH��2Q�WKH�FRQWUDU\��FRQWLQXRXV�VOLGLQJ�LV�DOORZHG��EXW�VWHDG\�VWLFNLQJ
LV�QRW��LQ�UHJLRQ���

,Q�WKH�V\VWHPV�ZKRVH�FRUUHVSRQGLQJ�SRLQWV�IDOO�LQ�UHJLRQ����WKDW�LV��DW�WKH�LQWHUVHFWLRQ�EHWZHHQ���DQG����LQ�FDVH�LW�LV
QRW �HPSW\�� �ERWK �VWHDG\ �VWLFNLQJ �DQG �FRQWLQXRXV �VOLGLQJ �EHFRPH �SRVVLEOH� �)RU �VXFK �V\VWHPV� �WKH �VSHFLILF �LQLWLDO
FRQGLWLRQV �GHWHUPLQH �WKH �NLQG �RI �ORQJ �WHUP �UHVSRQVH �WKH �V\VWHP �DFWXDOO\ �XQGHUJRHV� �2Q �WKH �FRQWUDU\� �LQ �UHJLRQ ���
H[WHUQDO�WR�ERWK�UHJLRQ���DQG����QHLWKHU�WKH�FRQWLQXRXV�VOLGLQJ�QRU�WKH�FRQWLQXRXV�VWLFNLQJ�SHULRGLF�VROXWLRQ�LV�UHDFKDEOH
IRU�WKH�V\VWHP��,Q�WKH�ODWWHU�FDVH��OLPLW�F\FOHV�FRPSULVHG�RI�DQ�DOWHUQDWLQJ�VWLFNLQJ�DQG�VOLGLQJ�SKDVHV�DUH�ZLWKRXW�GRXEW
SRVVLEOH�

7KH�ODUJH�QXPEHU�RI�QXPHULFDO�VLPXODWLRQV�SHUIRUPHG��RPLWWHG�KHUH�IRU�WKH�VDNH�RI�EUHYLW\��VHHP�WR�FRQILUP�VXFK
SUHGLFWLRQV��,W�LV�ZRUWK�VWUHVVLQJ�WKDW�WKH�DQDO\VHV�SHUIRUPHG�VR�IDU�FDQQRW�H[FOXGH�WKH�SUHVHQFH�RI�VWLFN�VOLS�SHULRGLF
VROXWLRQV �LQ �WKH �RWKHU �WKUHH �UHJLRQV �DV �ZHOO� �7KXV� �ZLWKLQ �UHJLRQ ��� �QR �FRQFOXVLRQV �FDQ �EH �GUDZQ �IURP�WKH �SUHVHQW

|sin𝜙| ≥ 𝜂
𝛼Ω2

. 

�̅�

𝛼 ≥ 𝑔0(Ω, 𝜂), where 𝑔0(Ω, 𝜂) =
𝜂
Ω2 √1 + Ω

2 1−cos𝜋/Ω
1+cos𝜋/Ω

. 



�����7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��� %DUVRWWL�HW�DO�

DQDO\VLV�

)LJ�������3DUWLWLRQ�RI�WKH��s��c��SODQH�VKRZLQJ�SRVVLEOH�ORQJ�WHUP�V\VWHP�UHVSRQVHV�IRU��D��e ������DQG��E��e ����

,W�VKRXOG�EH�QRWHG�LQ�SDVVLQJ�WKDW�WKH�RYHUDOO�SLFWXUH�UHSUHVHQWHG�LQ�)LJ������FRXOG�QRW�KDYH�EHHQ�REWDLQHG�LI�WKH
V\VWHP�KDG�EHHQ�VWXGLHG�YLD�WKH�HTXLYDOHQW�KDUPRQLF�ORDG�WHFKQLTXH��2QH�PDLQ�QRYHOW\�RI�WKH�SUHVHQW�VWXG\��DV�DOUHDG\
QRWHG�LQ�VHFWLRQ����FRQVLVWV�LQ�LWV�KLJKOLJKWLQJ�WKH�UHVRQDQFH�ORFNLQJ�SKHQRPHQRQ��ZKLFK�LV�PDGH�FOHDUO\�YLVLEOH�E\
GLUHFWO\�DFFRXQWLQJ�IRU�WKH�VXUIDFH�RVFLOODWLRQV��,Q�WKLV�UHJDUG��LW�LV�HQRXJK�WR�SRLQW�RXW�WKDW�ZKHQ�s�LV�HTXDO�WR�XQLW\��WKH
EORFN�VWLFNV�WR�WKH�VXUIDFH�UHJDUGOHVV�RI�WKH�YDOXH�RI�c��7KXV��LQ�VXFK�FDVH�WKH�DPSOLWXGH�RI�WKH�RVFLOODWLRQV�RI�WKH�EORFN
LV�QRW�LQILQLWH��DV�PD\�EH�HUURQHRXVO\�FRQFOXGHG�XVLQJ�VRPH�DSSURDFKHV�EDVHG�RQ�KDUPRQLFDOO\�ORDGHG�V\VWHPV��EXW
FRLQFLGHV�ZLWK�WKDW�RI�WKH�VXUIDFH�

,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�WKH�SDUWLWLRQ�RI�WKH��s��c��SODQH�GHVFULEHG�DERYH�DSSHDUV�WR�EH�LQ�IXOO�DJUHHPHQW�ZLWK
VRPH�QXPHULFDO�UHVXOWV�RQ�KDUPRQLFDOO\�ORDGHG�V\VWHPV��VXFK�DV�WKRVH�LOOXVWUDWHG�LQ�>��@��ZKHUH�VWLFN�VOLS�PRWLRQ�LV
UHYHDOHG �QXPHULFDOO\ �ZKHQ �WKH �PDJQLWXGH �RI �WKH �KDUPRQLF �ORDG �LV �LQFUHDVHG �DERYH �VRPH �WKUHVKROG �YDOXH� �7KH
DSSHDUDQFH�RI�VXFK�VWLFN�VOLS�PRWLRQ�PD\�EH�HDVLO\�DQG�H[DFWO\�SUHGLFWHG�IRU�ZLWKLQ�WKH�VDPH�UDQJH�RI�SDUDPHWHU�YDOXHV�
ZLWK�QR�QHHG�WR�UHVRUW�WR�QXPHULFDO�VROXWLRQV��E\�VLPSO\�FKHFNLQJ�ZKHWKHU�WKH�UHSUHVHQWDWLYH�SRLQW�RI�WKH�V\VWHP�OLHV
ZLWKLQ�UHJLRQ���RI�)LJ������RU�QRW�

'LUHFW �DQDO\VLV �RI �WKH �V\VWHP �IUHH �WR �VOLGH �RYHU �D �PRYLQJ �VXUIDFH �DOVR �IXUQLVKHV �D �VLPSOH �H[SODQDWLRQ �IRU �WKH
SURJUHVVLYH�JURZWK�RI�WKH�QXPEHU�RI�VWLFNLQJ�SKDVHV�DV�s�JRHV�WR�]HUR��,W�LV�D�VLPSOH�PDWWHU�WR�VHH�WKDW��LQ�VXFK�D�FDVH�
WKH�VXUIDFH�PRWLRQ�WHQGV�WRZDUGV�XQLIRUP�OLQHDU�PRWLRQ�ZLWK�FRQVWDQW�YHORFLW\��DQG�WKHUHIRUH�WKH�V\VWHP�DSSURDFKHV�WKH
EHKDYLRU�RI�D�VLPSOH�VWLFN�VOLS�RVFLOODWRU�>��@�

,W �LV �ZRUWK �QRWLQJ �WKDW �IRU �VPDOO �e ��)LJ� ��D�� �UHJLRQ �� �RQ �WKH �ULJKW�KDQG �VLGH �RI �WKH ��s� �c� �GRPDLQ �GLVDSSHDUV�
0RUHRYHU� �UHJLRQ���DSSHDUV��L�H�� �WKHUH�DUH�V\VWHPV�WKDW �PD\�HYROYH�WRZDUGV�DQ\�RQH�RI�WKH�WKUHH�SRVVLEOH�NLQGV�RI
UHVSRQVHV���DQG�WKH�ERUGHU�EHWZHHQ�WKH�VOLS�DQG�VWLFN�VOLS�UHJLRQV�IRU�s�����EHFRPHV�PRUH�MDJJHG��7KLV�PLJKW�VXJJHVW
WKDW�FKDRWLF�UHVSRQVHV�DUH�OLNHO\�WR�EH�REVHUYHG�LQ�VXFK�FDVHV��D�VXJJHVWLRQ�WKDW�LV�LQ�YHU\�JRRG�DJUHHPHQW�ZLWK�WKH
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UHVXOWV�REWDLQHG�E\�*LEHUW�HW�DO��>��@�

&OHDUO\ �WKH �DERYH�LOOXVWUDWHG �DSSUDLVDO �RI �WKH �V\VWHPoV �ORQJ�WHUP �UHVSRQVH �LV �E\ �QR �PHDQV �FRQFOXVLYH� �)XUWKHU
VWXGLHV�DUH�QHHGHG�WR�FDUU\�RXW�DQ�H[KDXVWLYH�H[DPLQDWLRQ�RI�DOO�SRVVLEOH�SHULRGLF�VROXWLRQV�DQG�WKHLU�FRUUHVSRQGLQJ
OLPLWDWLRQV�DV�ZHOO��1HYHUWKHOHVV��WKH�ILUVW�UHVXOWV�LOOXVWUDWHG�KHUH�VHHP�SURPLVLQJ��DQG�WKH�SDUWLWLRQ�RI�WKH��s��c��SODQH�
WKRXJK�VWLOO�UHTXLULQJ�FRPSOHWLRQ��SURYLGHV�VRPH�ILUVW�EDVLF�LQGLFDWLRQV�

���$N�APPLICATION EXAMPLE: THE POSSIBLE MOTION OF A WIPER BLADE

7KH�OLWHUDWXUH�FRQWDLQV�TXLWH�D�ODUJH�ERG\�RI�ZRUNV�SURSRVLQJ�HLWKHU�QXPHULFDO�RU�VHPL�DQDO\WLFDO�VROXWLRQV�WR�WKH
HTXDWLRQ �RI �PRWLRQ �RI �V\VWHPV �OLNH �WKRVH �FRQVLGHUHG �KHUH� �1XPHULFDO �VROXWLRQ �SURFHGXUHV �DUH �ZLGHO\ �DGRSWHG �DQG
UHSRUWHG�RQ��%\�ZD\�RI�H[DPSOH��ZH�FLWH�WKH�ZRUNV�RI�/HLQH�HW�DO��>��@��DQG�6WHLQ�HW�DO��>��@��ZKLFK�IROORZ�GLIIHUHQW
DSSURDFKHV�WR�VLPXODWLQJ�VLQJOH�GHJUHH�RI�IUHHGRP�V\VWHPV�VXEMHFWHG�WR�IULFWLRQ�

7KH�DOWHUQDWLYH�VWUDWHJ\��ZKLFK�ZH�IROORZ�KHUH��LV�UHSUHVHQWHG�E\�VHPL�DQDO\WLFDO�VROXWLRQV��,W�FRQVLVWV�RI�DVVHPEOLQJ
WKH�DQDO\WLFDO�H[SUHVVLRQV�IRU�WKH�HTXDWLRQV�RI�PRWLRQ�WKDW�KROG�LQ�WKH�VWLFNLQJ�DQG�WKH�VOLGLQJ�SKDVHV��([DPSOHV�RI�VXFK
D�VROXWLRQ�VWUDWHJ\�FDQ�EH�IRXQG�LQ�WKH�ZRUNV�E\�6KDZ�>�@��DQG�PRUH�UHFHQWO\��*LEHUW�HW�DO��>��@��DPRQJVW�RWKHUV�

7R�LOOXVWUDWH�RXU�VROXWLRQ�PHWKRG��OHW�XV�FRQVLGHU�E\�ZD\�RI�H[DPSOH�WKH�VWDUW�WLPH�RI�DQ\�JLYHQ�VWLFNLQJ�SKDVH��SRLQW
D��)LJ������,I�WKH�EORFN�DOWHUQDWLYHO\�VOLGHV�DQG�VWLFNV��WKH�VROXWLRQ�SURFHGXUH�LV�RUJDQL]HG�DV�IROORZV��LI�WKH�EORFN�VOLGHV
RU�VWLFNV�LQGHILQLWHO\��WKH�PRGLILFDWLRQV�WR�WKH�SURFHGXUH�DUH�VWUDLJKWIRUZDUG��

:H�GHWHUPLQH�WKH�VWDUW�WLPH�RI�WKH�QH[W�VOLS�SKDVH��WE��FRUUHVSRQGLQJ�WR�SRLQW�E�E\�PHDQV�RI�(TQ�����D��RU����E���
,Q�WKH�>WD��WE@�LQWHUYDO��ZH�GHVFULEH�WKH��VWLFNLQJ��PRWLRQ�YLD�(TQ��������
:H�GHWHUPLQH�WKH�GLUHFWLRQ�RI�WKH�IULFWLRQ�IRUFH�DW�WLPH�WE�E\�XVLQJ�WKH�UHODWLYH�YHORFLW\�VLJQ�FULWHULRQ���
:H�GHWHUPLQH �WKH �WLPH �WF �FRUUHVSRQGLQJ �WR �SRLQW �F �E\ �VROYLQJ �WKH �WUDQVFHQGHQW �HTXDWLRQ �jUHO � ��� �DQG �FKHFN��
FRQGLWLRQ������
,Q�WKH�>WE��WF@�LQWHUYDO��ZH�GHVFULEH�WKH��VOLGLQJ��PRWLRQ�YLD�(TQ���������
7KH�SURFHGXUH�WKHQ�UHSHDWV�SRLQWV��������VWDUWLQJ�ZLWK�SRLQW�F���

:H �FKRRVH �D �VHW �RI �SDUDPHWHU �YDOXHV �ZKLFK �FDQ �EH �FRQVLGHUHG �UHSUHVHQWDWLYH �RI �D �VHFWLRQ �RI �D �ZLSHU �EODGH� �DV
GHVFULEHG�E\�%RGDL�DQG�*RGD�>��@��,Q�SDUWLFXODU��P� �����q������NJ�LV�WKH�PDVV�RI�WKH�EORFN��N� �����1�P�LV�WKH�VSULQJ
FRQVWDQW� �bV � ���� �LV �WKH �VWDWLF �IULFWLRQ �FRHIILFLHQW� �e � ���� �LV �WKH �UDWLR �EHWZHHQ �WKH �G\QDPLF �DQG �VWDWLF �IULFWLRQ
FRHIILFLHQWV��3� �����1�LV�WKH�DSSOLHG�ORDG��c� �������LV�WKH�GLPHQVLRQOHVV�DPSOLWXGH�RI�WKH�VXUIDFH�RVFLOODWLRQV��DQG
ODVWO\�s� �������LV�WKH�IUHTXHQF\�UDWLR�

)LJ������VKRZV�D�SORW�RI�WKH�EORFNoV�DEVROXWH�GLVSODFHPHQW��WRJHWKHU�ZLWK�WKDW�UHODWLYH�WR�WKH�VXUIDFH��GXULQJ�RQH
SHULRG��+LJK�IUHTXHQF\�RVFLOODWLRQV�VXSHUSRVHG�RQ�WKDW�RI�WKH�VXUIDFH�DUH�FOHDUO\�LGHQWLILDEOH�LQ�)LJ����E���ZKLFK�VKRZV
DQ�HQODUJHPHQW�RI�WKH�EORFNoV�DEVROXWH�GLVSODFHPHQW��7KH�GLDJUDP�RI�WKH�DEVROXWH�YHORFLW\�RI�WKH�EORFN�DQG�VXUIDFH�
SORWWHG�LQ�)LJ����D���DV�ZHOO�DV�WKH�SKDVH�GLDJUDP�VKRZQ�LQ�)LJ����E���UHYHDO�WKDW�WKH�EORFNoV�PRWLRQ�WHQGV�WR�EHFRPH
SHULRGLF �DIWHU �DQ �LQLWLDO �WUDQVLHQW �SKDVH� �,Q �SDUWLFXODU� �D �KLJK�IUHTXHQF\ �VWLFN�VOLS �DOWHUQDWLRQ �ZLWK �VORZO\ �YDU\LQJ
DPSOLWXGH�LV�REVHUYHG��7KH�QXPHULFDO �UHVXOWV�DUH�IXOO\�FRQVLVWHQW�ZLWK�WKH�WKHRUHWLFDO �SUHGLFWLRQV�UHSUHVHQWHG�LQ�WKH
GLDJUDPV�SORWWHG�LQ�)LJ������

7KH �IUHTXHQF\ �FRQWHQW �RI �VLJQDO �[�W�� �LOOXVWUDWHG �LQ �)LJ� ����� �FOHDUO\ �VKRZV �WKDW �WKH �GRPLQDQW �IUHTXHQF\ �QHDUO\
FRLQFLGHV�ZLWK�WKDW�RI�WKH�RVFLOODWLRQV�RI�WKH�PRYLQJ�VXUIDFH��7RJHWKHU�ZLWK�PDQ\�PLQRU�SHDNV��D�VHFRQG�PDMRU�SHDN�LQ
WKH�GLDJUDP�FRUUHVSRQGV�WR�WKH�QDWXUDO�IUHTXHQF\�RI�WKH�PDVV�VSULQJ�V\VWHP��7KHVH�SHDNV�FDQ�EH�H[SODLQHG�E\�REVHUYLQJ
WKDW�WKH�IUHTXHQF\�RI�WKH�DOWHUQDWLRQV�RI�WKH�VWLFN�DQG�VOLS�SKDVHV�YDULHV�RYHU�D�VLQJOH�SHULRG�RI�WKH�VXUIDFHoV�RVFLOODWLRQ�
7KH�VLJQDO�[�W���SURSHUO\�VFDOHG��DOVR�UHSUHVHQWV�WKDW�RI�WKH�UHDFWLYH�HODVWLF�IRUFH��5HFDOOLQJ�WKDW��LQ�RXU�VFKHPH��WKLV�IRUFH
FRUUHVSRQGV�WR�WKDW�H[FKDQJHG�EHWZHHQ�WKH�UXEEHU�OLS�DQG�WKH�YHUWHEUD��WKHVH�UHVXOWV�VHHP�WR�VXJJHVW�WKDW�KLJK�IUHTXHQF\
YLEUDWLRQV �DUH �OLNHO\ �WR �EH �WUDQVPLWWHG �WR �WKH �YHUWHEUD �DQG�WKH �RWKHU �FRPSRQHQWV �RI �WKH �ZLSHU �V\VWHP�DV �ZHOO� �6XFK
YLEUDWLRQV�PD\�LQ�VRPH�FDVHV�OHDG�WR�WKH�RQVHW�RI�WKH�G\QDPLF�LQVWDELOLWLHV��VXFK�DV�FKDWWHULQJ�RU�ILVKWDLOLQJ��WKDW�DUH
VRPHWLPHV �REVHUYHG �LQ �ZLSHU �V\VWHPV� �2Q �WKH �RWKHU �KDQG� �QRWH �WKDW �WKH �IUHTXHQF\ �FRQWHQW �RI �WKH �FRQWDFW �IRUFH
H[FKDQJHG�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH��L�H���WKH�UXEEHU�OLS�DQG�WKH�VFUHHQ��LQ�RXU�VFKHPH��FRQWDLQV�EXW�D�VLQJOH
SHDN�LQ�FRUUHVSRQGHQFH�WR�WKH�IUHTXHQF\�RI�WKH�VXUIDFHoV�RVFLOODWLRQV�
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)LJ�������6NHWFK�RI�D�W\SLFDO�SRUWLRQ�RI�WKH�EORFNoV�PRWLRQ�

)LJ��������D��$EVROXWH�DQG�UHODWLYH�SRVLWLRQ�RI�WKH�EORFN��DEVROXWH�SRVLWLRQ�RI�WKH�VXUIDFH���E��DEVROXWH�SRVLWLRQ�RI�WKH�EORFN��PDJQLILHG
�����WLPHV��

)LJ��������D��$EVROXWH�YHORFLW\�RI�WKH�EORFN�DQG�YHORFLW\�RI�WKH�VXUIDFH���E��3KDVH�WUDMHFWRU\�RI�WKH�EORFN�LQ�WKH��[�j��SODQH�
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)LJ�������)UHTXHQF\�VSHFWUXP�RI�VLJQDO�[�W��

,Q�WKLV�SDSHU�ZH�KDYH�VWXGLHG�WKH�G\QDPLF�UHVSRQVH�RI�ZLSHU�V\VWHPV�YLHZHG�DV�DQ�DVVHPEODJH�RI�HOHPHQWV�WKDW�FDQ
VOLGH�RQH�RYHU�WKH�RWKHU�LQ�WKH�SUHVHQFH�RI�VLJQLILFDQW�IULFWLRQ��,Q�SDUWLFXODU��ZH�KDYH�VWXGLHG�D�ILUVW�HOHPHQWDU\�PRGHO�LQ
ZKLFK�D�ULJLG�EORFN�FRQQHFWHG�WR�DQ�HODVWLF�VSULQJ�LV�IUHH�WR�VOLGH�RYHU�D�URXJK�VXUIDFH�PRYLQJ�DFFRUGLQJ�WR�D�VLQXVRLGDO
ODZ�RI�PRWLRQ��7KH�FRQWDFW�EHWZHHQ�WKH�EORFN�DQG�WKH�VXUIDFH�LV�GHVFULEHG�E\�D�VXLWDEO\�PRGLILHG�YHUVLRQ�RI�&RXORPEoV
ODZ��7KH�PRGLILFDWLRQ�HQDEOHV�DFFRXQWLQJ�IRU�WKH�VKRUW�WLPH�XVXDOO\�QHHGHG�WR�UHVWRUH�VWDWLF�FRQWDFW�FRQGLWLRQ�DIWHU�D
VOLGLQJ�SKDVH�

$OWKRXJK�WKH�V\VWHP�G\QDPLFV�SURYHV�WR�EH�KLJKO\�QRQOLQHDU�RYHUDOO��GXH�WR�WKH�QRQOLQHDU�IULFWLRQ�ODZ�XVHG��WKH
HTXDWLRQV�RI�PRWLRQ�IRU�WKH�EORFN�FDQ�EH�HDVLO\�VROYHG�LQ�HDFK�SKDVH��7KH�H[DFW�VHTXHQFH�RI�VWLFNLQJ�DQG�VOLGLQJ�SKDVHV�
VWDUWLQJ�ZLWK�JLYHQ�LQLWLDO�FRQGLWLRQV��FDQ�EH�SUHGLFWHG�E\�PHDQV�RI�WZR�VLPSOH�FULWHULD�WKDW�DOORZ�IRU�GHWHUPLQLQJ�WKH
RQVHW�RU�WKH�HQG�WLPH�RI�D�VOLGLQJ�SKDVH��DQG�WKH�VLJQ�RI�WKH�IULFWLRQ�IRUFH�DW�WKH�EHJLQQLQJ�RI�D�VOLGLQJ�SKDVH�DV�ZHOO��7KH
UHVXOWV �REWDLQHG �IRU �DQ �DSSOLFDWLRQ �FDVH �FRQFHUQLQJ �D �ZLSHU �EODGH �HQDEOH �KLJKOLJKWLQJ �WKH �KLJK�IUHTXHQF\�VWLFN�VOLS
PRWLRQ�RI�WKH�UXEEHU�OLS�WRJHWKHU�ZLWK�WKH�IUHTXHQF\�FRQWHQW�RI�WKH�IRUFHV�H[FKDQJHG�EHWZHHQ�WKH�UXEEHU�OLS�DQG�WKH
YHUWHEUD��DV�ZHOO�DV�EHWZHHQ�WKH�UXEEHU�OLS�DQG�WKH�VFUHHQ�

:H�KDYH�PRUHRYHU�GLVFXVVHG�WKH�LQIOXHQFH�RQ�WKH�VROXWLRQ�RI�WKUHH�GLPHQVLRQOHVV�SDUDPHWHUV�FKRVHQ�WR�FKDUDFWHUL]H
WKH �V\VWHP� �WKH �UDWLR �s �EHWZHHQ �WKH �VXUIDFH �RVFLOODWLRQ �IUHTXHQF\ �DQG �WKH �V\VWHPoV �QDWXUDO �IUHTXHQF\� �WKH �UDWLR �e
EHWZHHQ �WKH �NLQHWLF �DQG �WKH �VWDWLF �IULFWLRQ �FRHIILFLHQWV� �DQG �WKH �UDWLR �c �EHWZHHQ �WKH �PD[LPXP �VXUIDFH �RVFLOODWLRQ
DPSOLWXGH�DQG�WKH�PD[LPXP�GLVWDQFH�RI�WKH�EORFN�IURP�WKH�RULJLQ��ZKLFK�FRUUHVSRQGV�WR�LW�EHLQJ�LQ�D�VWDWH�RI�VWDWLF
HTXLOLEULXP�

6RPH�W\SLFDO�OLPLW�F\FOHV�FRUUHVSRQGLQJ�WR�FRQWLQXRXV�VOLGLQJ�RU�VWLFNLQJ�KDYH�WKHQ�EHHQ�DQDO\]HG��,Q�SDUWLFXODU��ZH
KDYH�GHWDLOHG�WKH�FRQGLWLRQV�QHFHVVDU\�WR�HQVXUH�WKH�H[LVWHQFH�RI�VXFK�OLPLW �F\FOHV� �DQG�DQDO\]HG�VRPH�RI�WKH�OLPLW
F\FOHV�WKDW�FDQ�DFWXDOO\�EH�DWWDLQHG�E\�WKH�V\VWHP��:H�KDYH�VKRZQ�WKDW��IRU�JLYHQ�e��WKH��s��c��SODQH�FDQ�EH�SDUWLWLRQHG
LQWR�GLIIHUHQW�UHJLRQV��HDFK�FRUUHVSRQGLQJ�WR�D�GLIIHUHQW�G\QDPLF�V\VWHP�UHVSRQVH��$FFRUGLQJ�WR�WKH�UHVXOWV��RQFH�WKH
PDLQ�V\VWHP�SDUDPHWHUV�c� �s�DQG�e �DUH�IL[HG��LW�LV�SRVVLEOH�WR�IRUHVHH�VRPH�EDVLF�IHDWXUHV�RI�LWV�SRVVLEOH�ORQJ�WHUP
UHVSRQVHV� �,Q �SDUWLFXODU� �ZH �KDYH �GHWHUPLQHG �WKH �FDVHV �IRU �ZKLFK �FRQWLQXRXV �VWLFNLQJ ��RU� �DOWHUQDWLYHO\� �SHULRG�RQH

&21&/86,21
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VOLGLQJ��FDQ�EH�H[FOXGHG��DQG��LQVWHDG��WKRVH�IRU�ZKLFK�RQO\�VWHDG\�VWLFN�VOLS�PRWLRQV�DUH�WR�EH�H[SHFWHG�

7KH�DQDO\VLV�RI�VWLFN�VOLS�V\VWHPV�SHUIRUPHG�E\�GLUHFWO\�DFFRXQWLQJ�IRU�WKH�PRYLQJ�VXUIDFH��DV�GHVFULEHG�KHUHLQ�
VHHPV�WR�EH�DQ�HIIHFWLYH�VWUDWHJ\�IRU�DFKLHYLQJ�D�EHWWHU�XQGHUVWDQGLQJ�RI�WKH�PDLQ�IHDWXUHV�RI�WKH�G\QDPLF�UHVSRQVH�RI
VXFK�V\VWHPV��6XFK�D�PRGHOLQJ�VWUDWHJ\�PD\�DOVR�UHSUHVHQW�D�UDWLRQDO�IUDPHZRUN�IRU�HQDEOLQJ�PRUH�GLUHFW�LQWHUSUHWDWLRQ
RI�WKH�UHVXOWV �WKDQ�WKDW �REWDLQDEOH�E\�PHDQV�RI�WKH�DOWHUQDWLYH�DSSURDFK��L�H�� �E\�FRQVLGHULQJ�D�KDUPRQLFDOO\�ORDGHG
V\VWHP��

7KH�6WLFNLQJ�(QG�7LPH�&ULWHULRQ

7KH�FULWHULRQ�DGRSWHG�IRU�GHWHUPLQLQJ�WKH�VWLFNLQJ�HQG�WLPH�PD\�EH�H[SODLQHG�E\�PHDQV�RI�WKH�GLDJUDPV�SORWWHG�LQ
)LJ�������:H�UHIHU��IRU�WKH�VDNH�RI�VLPSOLFLW\��WR�WKH�FDVH�ZKHUH�f�!���DQG�WKH�VWLFNLQJ�VWDUW�WLPH�LV�]HUR�

7KH�VWLFNLQJ�SKDVH�HQGV�ZKHQ�RQH�RI�WKH�WZR�HTXDOLWLHV����D��RU����E��EHFRPHV�WUXH��*UDSKLFDOO\��VXFK�FULWHULRQ
FRUUHVSRQGV�WR�GHWHUPLQLQJ�WKH��ILUVW��LQVWDQW�DW�ZKLFK�WKH�SORW�RI�WKH�IXQFWLRQ�RI�WLPH�c�����s��VLQgEW���f�H[LWV�IURP�WKH
VWULS�ERXQGHG�E\�WKH�VWUDLJKW�OLQHV�ZLWK�RUGLQDWHV�i��

%DVLFDOO\��WZR�FDVHV�PXVW�EH�FRQVLGHUHG�GHSHQGLQJ�RQ�ZKHWKHU�RU�QRW�c�_����s�_�LV�VPDOOHU�WKDQ�����f��,Q�WKH�ILUVW
FDVH��E\�ORRNLQJ�DW�WKH�OHIW�KDQG�GLDJUDP�RI�)LJ�������LW�LV�VWUDLJKWIRUZDUG�WR�FRQFOXGH�WKDW�ZLWKLQ�D�VLQJOH�SHULRG�WKHUH�LV
RQO\�RQH�SRVVLELOLW\�OHIW ��WKH�FRORUHG�FLUFOH�ODEHOHG�$ �RQ�WKH�GLDJUDP���DQG�WKH�HQG�WLPH�LV�GHWHUPLQHG�DFFRUGLQJ�WR
���D���2Q�WKH�RWKHU�KDQG��LQ�WKH�VHFRQG�FDVH��WZR�SRLQWV�PHHW�WKH�UHTXLUHPHQWV��%�DQG�&��ULJKW�KDQG�RI�WKH�ILJXUH���7KH
FKRLFH�EHWZHHQ�WKH�WZR�LV�PDGH�DFFRUGLQJ�WR�WKH�VLJQ�RI�WKH�ILUVW�GHULYDWLYH��L�H���WKH�VLJQ�RI������s��FRVgEW���7KH�FRUUHFW
FKRLFH�ZLOO�EH�SRLQW�%�RU�&��L�H���WKH�VROXWLRQ�WR����D��RU����E���GHSHQGLQJ�RQ�ZKHWKHU�VDLG�VLJQ�LV�SRVLWLYH�RU�QHJDWLYH�
UHVSHFWLYHO\��)XOO\�DQDORJRXV�FRQVLGHUDWLRQV�DSSO\�WR�WKH�RWKHU�FDVHV�OLVWHG�LQ�WKH�FULWHULRQ�LQ�VHFWLRQ�����

)LJ�������7KH�VWLFNLQJ�HQG�WLPH�FULWHULRQ�

&21)/,&7�2)�,17(5(67

7KH�DXWKRUV�FRQILUP�WKDW�WKLV�DUWLFOH�FRQWHQW�KDV�QR�FRQIOLFW�RI�LQWHUHVW�

7KH�ILQDQFLDO�VXSSRUW�RI�5REHUW�%RVFK�3URGXNWLH�19�LV�JUDWHIXOO\�DFNQRZOHGJHG�

>�@ &��&KHYHQQHPHQW�5RX[��7��'UHKHU��3��$OOLRW��(��$XEU\��-�3��/DLQc��DQG�/��-c]cTXHO���)OH[LEOH�ZLSHU�V\VWHP�G\QDPLF�LQVWDELOLWLHV��PRGHOOLQJ
DQG�H[SHULPHQWDO�YDOLGDWLRQ���([S��0HFK���YRO������SS����������������
>KWWS���G[�GRL�RUJ���������V����������������@

>�@ 5��6X]XNL��DQG�.��<DVXGD���$QDO\VLV�RI�FKDWWHU�YLEUDWLRQ�LQ�DQ�DXWRPRWLYH�ZLSHU�DVVHPEO\���-60(�,QW��-��6HU��&��YRO������QR�����SS����������
�����
>KWWS���G[�GRL�RUJ���������MVPHF�������@

>�@ *��/DQFLRQL��6��/HQFL��DQG�8��*DOYDQHWWR���1RQ�OLQHDU�G\QDPLFV�RI�D�PHFKDQLFDO�V\VWHP�ZLWK�D�IULFWLRQDO�XQLODWHUDO�FRQVWUDLQW���,QW��-��1RQ�
OLQHDU�0HFK���YRO������QR�����SS����������������
>KWWS���G[�GRL�RUJ���������M�LMQRQOLQPHF������������@

$33(1',;

$&.12:/('*(0(176

5()(5(1&(6

1

-1

t0

α(1-Ω  )sin ω  t + λ2
b

1

-1

t0

α(1-Ω  )sin ω  t + λ2
b

A B

C

http://dx.doi.org/10.1007/s11340-006-9027-3
http://dx.doi.org/10.1299/jsmec.41.616
http://dx.doi.org/10.1016/j.ijnonlinmec.2009.02.012


$�6LPSOH�0HFKDQLFDO�0RGHO�IRU�D�:LSHU�%ODGH 7KH�2SHQ�0HFKDQLFDO�(QJLQHHULQJ�-RXUQDO��������9ROXPH��������

>�@ -��'HQ�+DUWRJ���)RUFHG�YLEUDWLRQV�ZLWK�FRPELQHG�FRXORPE�DQG�YLVFRXV�IULFWLRQ���7UDQV��$60(��YRO������QR�����SS����������������

>�@ 5��3DUQHV���5HVSRQVH�RI�DQ�RVFLOODWRU�WR�D�JURXQG�PRWLRQ�ZLWK�FRXORPE�IULFWLRQ�VOLSSDJH���-��6RXQG�9LEUDW���YRO������QR�����SS����������������

>�@ (� �0DUXL� �DQG �6� �.DWR� ��)RUFHG �YLEUDWLRQ �RI �EDVH�H[FLWHG �VLQJOH�GHJUHH�RI�IUHHGRP�V\VWHP�ZLWK �FRXORPE�IULFWLRQ�� �-� �'\Q� �6\VW� �0HDV�
&RQWURO��YRO�������QR�����SS����������������
>KWWS���G[�GRL�RUJ������������������@

>�@ 6�:��6KDZ���2Q�WKH�G\QDPLF�UHVSRQVH�RI�D�V\VWHP�ZLWK�GU\�IULFWLRQ���-��6RXQG�9LEUDW���YRO�������QR�����SS����������������
>KWWS���G[�GRL�RUJ���������6��������;����������;@

>�@ +�.��+RQJ��DQG�&�6��/LX���1RQ�VWLFNLQJ�RVFLOODWLRQ�IRUPXODH�IRU�FRXORPE�IULFWLRQ�XQGHU�KDUPRQLF�ORDGLQJ���-��6RXQG�9LEUDW���YRO�������SS�
��������������
>KWWS���G[�GRL�RUJ���������MVYL����������@

>�@ 9��$QGUHDXV��DQG�3��&DVLQL���'\QDPLFV�RI�IULFWLRQ�RVFLOODWRUV�H[FLWHG�E\�D�PRYLQJ�EDVH�DQG�RU�GULYLQJ�IRUFH���-��6RXQG�9LEUDW���YRO�������QR����
SS����������������
>KWWS���G[�GRL�RUJ���������MVYL����������@

>��@ -�0��*LEHUW��*��)DGHO��DQG�0�)��'DTDT���2Q�WKH�VWLFN�VOLS�G\QDPLFV�LQ�XOWUDVRQLF�DGGLWLYH�PDQXIDFWXULQJ���-��6RXQG�9LEUDW���YRO�������QR�����
SS������������������
>KWWS���G[�GRL�RUJ���������M�MVY������������@

>��@ (�,��%XWLNRY���6SULQJ�SHQGXOXP�ZLWK�GU\�DQG�YLVFRXV�GDPSLQJ���&RPPXQ��1RQOLQHDU�6FL��1XPHU��6LPXO���YRO������QR�����SS����������������
>KWWS���G[�GRL�RUJ���������M�FQVQV������������@

>��@ 5��%DUVRWWL��6��%HQQDWL��DQG�)��4XDWWURQH���'\DQDPLFDO�UHVSRQVH�RI�D�VLQJOH�GHJUHH�RI�IUHHGRP�V\VWHP�LQ�FRQWDFW�ZLWK�D�URXJK�PRYLQJ�VXUIDFH�
�LQ�,WDOLDQ����*��/DFLGRJQD��DQG�$��&DUSLQWHUL��(GV���3URFHHGLQJV�RI�$,0(7$������

>��@ -��6DPSVRQ��)��0RUJDQ��'�:��5HHG��DQG�0��0XVNDW���)ULFWLRQ�EHKDYLRU�GXULQJ�WKH�VOLS�SRUWLRQ�RI�WKH�VWLFN�VOLS�SURFHVV���-��$SSO��3K\V���YRO�
����QR������SS����������������
>KWWS���G[�GRL�RUJ������������������@

>��@ *��&VHUQbN��DQG�*��6WcSbQ���2Q�WKH�SHULRGLF�UHVSRQVH�RI�D�KDUPRQLFDOO\�H[FLWHG�GU\�IULFWLRQ�RVFLOODWRU���-��6RXQG�9LEUDW���YRO�������QR�������SS�
��������������
>KWWS���G[�GRL�RUJ���������M�MVY������������@

>��@ 6��&KDWWHUMHH���5HVRQDQW�ORFNLQJ�LQ�YLVFRXV�DQG�GU\�IULFWLRQ�GDPSHU�NLQHPDWLFDOO\�GULYLQJ�PHFKDQLFDO�RVFLOODWRUV���-��6RXQG�9LEUDW���YRO������
QR������SS������������������
>KWWS���G[�GRL�RUJ���������M�MVY������������@

>��@ *��/LFVNd��DQG�*��&VHUQbN���2Q�WKH�FKDRWLF�EHKDYLRXU�RI�D�VLPSOH�GU\�IULFWLRQ�RVFLOODWRU���0DWK��&RPSXW��6LPXO���YRO������SS��������������
>KWWS���G[�GRL�RUJ���������M�PDWFRP������������@

>��@ 0��3DVFDO���1HZ�OLPLW�F\FOHV�RI�GU\�IULFWLRQ�RVFLOODWRUV�XQGHU�KDUPRQLF�ORDG���1RQOLQHDU�'\Q���YRO������QR�����SS������������������
>KWWS���G[�GRL�RUJ���������V����������������@

>��@ (��5DELQRZLF]���7KH�LQWULQVLF�YDULDEOHV�DBHFWLQJ�WKH�VWLFN�VOLS�SURFHVV���3URF��3K\V��6RF���YRO������QR�����SS����������������
>KWWS���G[�GRL�RUJ���������������������������@

>��@ 5�,��/HLQH��'�+��9DQ�&DPSHQ��DQG�$��'H�.UDNHU���6WLFN�VOLS�YLEUDWLRQV�LQGXFHG�E\�DOWHUQDWH�IULFWLRQ�PRGHOV���1RQOLQHDU�'\Q���YRO������SS�
������������
>KWWS���G[�GRL�RUJ���������$��������������@

>��@ *�-��6WHLQ��5��=DKRUDQVNp��DQG�3��0erND���2Q�GU\�IULFWLRQ�PRGHOOLQJ�DQG�VLPXODWLRQ�LQ�NLQHPDWLFDOO\�H[FLWHG�RVFLOODWRU\�V\VWHPV���-��6RXQG
9LEUDW���YRO�������SS��������������
>KWWS���G[�GRL�RUJ���������M�MVY������������@

>��@ *��%dGDL��DQG�7�-��*RGD���6OLGLQJ�IULFWLRQ�RI�ZLSHU�EODGH��0HDVXUHPHQW��)(�PRGHOLQJ�DQG�PL[HG�IULFWLRQ�VLPXODWLRQ���7ULERO��,QW���YRO������SS�
������������
>KWWS���G[�GRL�RUJ���������M�WULERLQW������������@

5HFHLYHG��0D\��������� 5HYLVHG��$XJXVW��������� $FFHSWHG��6HSWHPEHU���������

g�%DUVRWWL�HW�DO���/LFHQVHH�%HQWKDP�2SHQ�

7KLV�LV�DQ�RSHQ�DFFHVV�DUWLFOH�OLFHQVHG�XQGHU�WKH�WHUPV�RI�WKH�&UHDWLYH�&RPPRQV�$WWULEXWLRQ�1RQ�&RPPHUFLDO�����,QWHUQDWLRQDO�3XEOLF�/LFHQVH��&&
%<�1& ����� ��KWWSV���FUHDWLYHFRPPRQV�RUJ�OLFHQVHV�E\�QF�����OHJDOFRGH�� �ZKLFK �SHUPLWV �XQUHVWULFWHG� �QRQ�FRPPHUFLDO �XVH� �GLVWULEXWLRQ �DQG
UHSURGXFWLRQ �LQ �DQ\ �PHGLXP� �SURYLGHG �WKH �ZRUN �LV �SURSHUO\ �FLWHG�

http://dx.doi.org/10.1115/1.3140686
http://dx.doi.org/10.1016/S0022-460X(86)80058-X
http://dx.doi.org/10.1006/jsvi.2001.3519
http://dx.doi.org/10.1006/jsvi.2000.3555
http://dx.doi.org/10.1016/j.jsv.2013.04.007
http://dx.doi.org/10.1016/j.cnsns.2014.04.026
http://dx.doi.org/10.1063/1.1714948
http://dx.doi.org/10.1016/j.jsv.2006.01.030
http://dx.doi.org/10.1016/j.jsv.2012.12.042
http://dx.doi.org/10.1016/j.matcom.2013.03.002
http://dx.doi.org/10.1007/s11071-012-0545-5
http://dx.doi.org/10.1088/0370-1328/71/4/316
http://dx.doi.org/10.1023/A:1008289604683
http://dx.doi.org/10.1016/j.jsv.2007.08.017
http://dx.doi.org/10.1016/j.triboint.2013.07.013
https://creativecommons.org/licenses/by-nc/4.0/legalcode

	A Simple Mechanical Model for a Wiper Blade Sliding and Sticking Over a Windscreen 
	1. Introduction
	2. The mechanical model
	2.1. A Modified Version of Coulomb’s Friction Law

	3. Description of the motion
	3.1. The Sticking Phase
	3.2. The Sliding Phase

	4. Some remarks about limit cycles
	4.1. Sticking Limit Cycles
	4.2. Sliding Limit Cycles
	4.3. Limit Cycles a Given System May Attain: Some Considerations

	5. An application example: the possible motion of a wiper blade
	Conclusion
	Appendix
	The Sticking End Time Criterion

	CONFLICT OF INTEREST
	Acknowledgements
	References


