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Abstract. We use two-body and three-body nuclear interactions derived in the framework
of chiral perturbation theory (ChPT) with and without the explicit ∆ isobar contributions
to calculate the energy per particle of symmetric nuclear matter and pure neutron matter
employing the microscopic Brueckner–Hartree–Fock approach. In particular, we present nuclear
matter calculations using the new fully local in coordinate-space two-nucleon interaction at
the next-to-next-to-next-to-leading-order (N3LO) of ChPT with ∆ isobar intermediate states
(N3LO∆) recently developed by Piarulli et al. [1]. We compute the β-equilibrium equation
of state and determine the neutron star mass-radius and mass-central density sequences. We
find that the adopted interactions are able to provide satisfactory properties of nuclear matter
at saturation density as well as to fulfill the limit of two-solar mass for the maximum mass
configuration as required by recent observations.

1. Introduction

Chiral effective field theory (EFT) opened a new avenue for a description of nuclear interactions
[2, 3, 4]) and nuclear systems consistent with quantum chromodynamics (QCD), the fundamental
theory of the strong interaction. The considerable advantage of using such method lies in the
fact that two-body, three-body as well as many-body nuclear interactions can be calculated
perturbatively, i.e. order by order, according to a well defined scheme based on a low-
energy effective QCD Lagrangian which retains the symmetries of QCD, and in particular the
approximate chiral symmetry. Within this chiral perturbation theory (ChPT) the details of the
QCD dynamics are contained in parameters, the so called low-energy constants (LECs), which
are fixed by low-energy experimental data.

Recently Piarulli et al. [1] have developed a fully local in coordinate-space two-nucleon chiral
potential which includes the ∆ isobar intermediate state. This new potential represents the
fully local version of the minimally non-local chiral interaction reported in Ref. [5]. It has been
shown by various authors [6, 7] that a ∆-full ChPT has an improved convergence with respect to
the ∆-less ChPT. In addition, the ∆-full ChPT naturally leads to three-nucleon forces (TNFs)
induced by two-pion exchange with excitation of an intermediate ∆ (the celebrated Fujita–
Miyazawa three-nucleon force [8]).

In this work, we present microscopic calculations of the equation of state (EoS) of symmetric
nuclear matter and pure neutron matter using the local chiral potential of Ref. [1] and employing
the Brueckner–Bethe–Goldstone (BBG) [9, 10] many body theory within the Brueckner–
Hartree–Fock (BHF) approximation. The present work contains some of the results published in
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Ref. [11] and represents a development with respect to our previous works [12, 13] where ChPT
nuclear interactions have been used in BHF calculations of nuclear matter properties.

2. Chiral nuclear interactions

Let us now focus on the specific interactions we have employed in the present work. Among the
large variety of nucleon-nucleon (NN) interactions derived in the framework of ChPT, as the
two-body nuclear interaction, we have used the fully local chiral potential at N3LO including
∆ isobar excitations in intermediate state (hereafter N3LO∆) recently proposed in Ref. [1].
Originally this potential was presented in Ref. [5] in a minimal non-local form. Notice that Ref.
[1] reports different parametrizations of the local potential obtained by fitting the low energy NN
experimental data using different long- and short-range cutoffs. In the calculations presented in
this work, we use the model b described in Ref. [1] (see their Tab. II) which fits the Granada
database [14] of proton-proton (pp) and neutron-proton (np) scattering data up to an energy of
125 MeV in the laboratory reference frame and has a χ2/datum∼ 1.07.

To compare with other NN interactions, we have also employed the N3LO chiral NN potential
by Entem and Machleidt (EM) [15], considering two different values of the cutoff, Λ = 500 MeV
and Λ = 450 MeV, employed to regularize the high momentum components of the interaction.
Notice that for consistency reasons, the same value of the cutoff has been employed in each
calculation, both in the two- and three-nucleon interactions. However the assumed shape of the
cutoff in the two-body and in the three-body interaction is in general different (see Ref. [11] for
more details).

Concerning the TNF, we have used the N2LO potential by Epelbaum et al. [16] in its
local version given by Navratil [17]. We note that the non locality of the N2LO three-nucleon
interaction depends only on the cutoff used to regularize the potential. The N2LO TNF depends
on factors c1, c3, c4, cD and cE which are the so called low energy constants. The N2LO
interaction keeps the same operatorial structure both including or not the ∆ degrees of freedom
([7]). We note that the constants c1, c3 and c4 are already fixed at the two-body level by
the N3LO interaction. However when including the ∆ isobar in the three-body potential, the
parameters c3 and c4 take additional contribution from the Fujita–Miyazawa diagram. Such
a diagram appears at the NLO and is clearly not present in the theory without the ∆ (see
discussion in Ref. [11] about this issue). The values of the constants ci for the TNFs that we
have considered in the present work are reported in Tab. 1.

The remaining parameters cD and cE are not determined by the two-body interaction and
have to be fixed constraining some specific observables in few-nucleon systems or to reproduce
the empirical saturation point of symmetric nuclear matter. In particular, for the interaction
model N3LO+N2LO(450), following reference [18], we have set cD = −0.24 and cE = −0.11 in
order to reproduce the binding energies of 3H and 3He and the Gammow-Teller matrix element
for the 3H β-decay considering contributions to the axial nuclear current up to order N3LO [18].
For the interaction model N3LO+N2LO(500), we have adopted a recent constraint on cD and
cE employing the same strategy of Ref. [18] but considering contributions to the axial nuclear
current up to order N4LO [19]. We note that this parametrization has also the valuable property
to reproduce the neutron–deuteron doublet scattering length.

Finally, for the very recent model N3LO∆+N2LO∆ [1] no calculation for few-body nuclear
systems has been done so far. Thus we have fitted the LECs cD and cE to get a good saturation
point for symmetric nuclear matter.

3. The Brueckner–Hartree–Fock approach with averaged three-body forces

The BHF approach is the lowest order of the BBG many-body theory [9, 10]. In this theory, the
ground state energy of nuclear matter is evaluated in terms of the so-called hole-line expansion,
where the perturbative diagrams are grouped according to the number of independent hole-lines.
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Table 1. Values of the low energy constants (LECs) of the TNFs models used in the present
calculations. In the first row, we report the parametrizations of the N2LO three-body force with
the ∆ isobar excitations [1]. Notice that the values c1, c3 and c4 have been kept fixed. In the
third and in the forth rows we report the N2LO TNF parametrizations obtained in conjunction
with the EM [15] N3LO two-nucleon potential with Λ = 500 MeV (third row) and with Λ = 450
MeV (forth row). The LECs c1, c3 and c4 are expressed in GeV−1, whereas cD and cE are
dimensionless.

TNF cD cE c1 c3 c4

N2LO∆ -0.10 1.30 -0.057 -3.63 3.14
N2LO500 -1.88 -0.48 -0.810 -3.20 5.40
N2LO450 -0.11 -0.24 -0.810 -3.40 3.40

The expansion is derived by means of the in-medium two-body scattering Brueckner G-matrix
which describes the effective interaction between two nucleons in presence of the surrounding
nuclear medium. In the case of asymmetric nuclear matter 1 with neutron density ρn, proton
density ρp, total nucleon density ρ = ρn+ρp and isospin asymmetry β = (ρn−ρp)/ρ (asymmetry
parameter), one has different G-matrices describing the nn, pp and np in medium effective
interactions. They are obtained by solving the well known Bethe–Goldstone equation [9].

We make use of the so-called continuous choice [22] for the single-particle potential Uτ (k)
when solving the Bethe–Goldstone equation. As shown in Refs. [23, 24], the contribution of the
three-hole-line diagrams to the energy per particle E/A is minimized in this prescription and a
faster convergence of the hole-line expansion for E/A is achieved [23, 24, 25] with respect to the
so-called gap choice for Uτ (k).

As it is well known, within the most advanced non-relativistic quantum many-body
approaches [26], it is not possible to reproduce the empirical saturation point of symmetric
nuclear matter, ρ0 = 0.16 ± 0.01 fm−3, E/A|ρ0 = −16.0 ± 1.0 MeV, when using two-body
nuclear interactions only. In addition, TNFs are crucial in the case of dense β-stable nuclear
matter to obtain a stiff equation of state (EoS) [27, 28] compatible with the measured masses,
M = 1.97± 0.04M⊙ [29] and M = 2.01± 0.04M⊙ [30] of the neutron stars in PSR J1614-2230
and PSR J0348+0432 respectively.

Within the BHF approach TNFs cannot be used directly in their original form. This is
because it would be necessary to solve the three-body Faddeev equations in the nuclear medium
(Bethe–Faddeev equations) [31, 32] and currently this is a task still far to be achieved. To
circumvent this problem an effective density dependent two-body force is built starting from the
original three-body one by averaging over one of the three nucleons [33, 34].

In the present work, we consider the in medium effective NN force derived in Ref. [35] (see
Ref. [11] for more details on the average).

4. Results and discussion

In this section we present and discuss the results of our calculations for the equation of state
(EoS), i.e. the energy per particle E/A as a function of the density ρ, for symmetric nuclear
matter (SNM) and pure neutron matter (PNM) using the chiral nuclear interaction models and
the BHF approach described in the previous two sections. In all the calculations performed

1 In the present work we consider spin unpolarized nuclear matter. Spin polarized nuclear matter within the
BHF approach has been considered, for example, in Ref. [20, 21].
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Table 2. Nuclear matter properties at saturation point for the models described in the text. In
the first column we report the model name; in the other columns we give the saturation density
(ρ0) of symmetric nuclear matter, the corresponding value of the energy per particle E/A, the
symmetry energy, its slope parameter L and the incompressibility K∞. All these values refer to
the calculated saturation density.

Model ρ0(fm
−3) E/A (MeV) Esym (MeV) L (MeV) K∞ (MeV)

N3LO∆+N2LO∆ 0.171 -15.23 35.39 76.0 190
N3LO+N2LO(500) 0.135 -12.12 25.89 38.3 153
N3LO+N2LO(450) 0.156 -14.32 29.20 39.8 205

in this work, we have considered partial wave contributions up to a total two-body angular
momentum Jmax = 8.

In Fig. 1 we show the energy per particle of PNM [panel (a)] and SNM [panel (b)] for
the considered interaction models. The dashed lines, in both panels, refer to the calculations
performed employing the two-body potential without any TNF, whereas the continuous lines
refer to the calculations where the contribution of the TNFs to the energy per nucleon has been
included.

Focusing first on the case of PNM (Fig. 1(a)), we note sizable differences between the three
energy per nucleon curves produced by the different NN interactions. The model N3LO∆ (upper
(black) dashed line) gives indeed a much stiffer EoS than the N3LO ones for both cutoff values,
Λ = 500 MeV (middle (red) dashed line) and Λ = 450 MeV (lower (blue) dashed line). This
behaviour is both due to the local form of the potential and to the inclusion of ∆ isobar.

In addition, looking at Tab. 1, we see that the values of c1 and c3 are very similar for
the considered models. Thus we expect a comparable effect of TNFs on the EoS for PNM as
confirmed by our results.

The EoS for symmetric nuclear matter is shown in Fig. 1(b). When only two-body
interactions are included, the models based on the EM N3LO potential [15] give unsatisfactory
nuclear matter saturation properties. More specifically the model N3LO(500) (middle (red)
dashed line) gives a saturation point (ρ0 = 0.41 fm−3, E/A|ρ0 = −24.25 MeV), whereas the
EoS curve for the model N3LO(450) (lower (blue) dashed line) shows no saturation point up to
density of ∼ 0.5 fm−3. The EoS for the N3LO∆ NN interaction [1] (upper (black) dashed line)
has instead a very different trend. In this case the saturation point turns out to be (0.24 fm−3,
−18.27 MeV).

The overall repulsive effect introduced by the inclusion of TNFs produces a significant
improvement of the calculated SNM saturation point (see the continuous lines in Fig. 1(b))
with respect to the results described above for the case with no TNFs.

These results clearly show that in the case of ∆-full chiral nuclear interactions the contribution
to the energy per particle generated by the TNFs is strongly reduced in comparison to the case
where the EoS is obtained from ∆-less chiral interactions.

In Tab. 2 we report the calculated values of the saturation points of SNM for the
interaction models considered in the present work. All the models, with the exception of the
N3LO+N2LO(500) one, provide reasonable saturation points.

The energy per nucleon of asymmetric nuclear matter can be accurately reproduced [36] using
the so called parabolic (in the asymmetry parameter β) approximation

E

A
(ρ, β) =

E

A
(ρ, 0) + Esym(ρ)β2 . (1)
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Figure 1. (Color online) Energy per particle of pure neutron matter [panel (a)] and symmetric
nuclear matter [panel (b)] as a function of the nucleonic density for the models described in
the text. Continuous lines have been obtained using two- plus three-body interactions, while
the dashed lines have been obtained considering only the two-body interaction. The empirical
saturation point of nuclear matter ρ0 = 0.16± 0.01 fm−3, E/A|ρ0 = −16.0± 1.0 MeV is denoted
by the grey box in the panel (b).

where Esym(ρ) is the nuclear symmetry energy [37]. Using Eq. (1), the symmetry energy can be
calculated as the difference between the energy per particle of pure neutron matter (β = 1) and
symmetric nuclear matter (β = 0).

In Tab. 2 we report the symmetry energy and the so called slope parameter

L = 3ρ0
∂Esym(ρ)

∂ρ

∣

∣

∣

ρ0
(2)

at the calculated saturation density ρ0 (second column in Tab. 2) for the interaction models
considered in the present work. As we can see our calculated Esym(ρ0) and L are in a
satisfactory agreement with the values obtained by other BHF calculations with two- and three-
body interactions (see e.g. [38, 39]) and with the values extracted from various experimental
data, Esym(ρ0) = 29.0 – 32.7 MeV, and L = 40.5 – 61.9 MeV, as summarized in Ref. [40].

The incompressibility K∞ of symmetric nuclear matter at saturation density is given by:

K∞ = 9ρ20
∂2E/A

∂ρ2

∣

∣

∣

ρ0
. (3)

The incompressibility K∞ is usually extracted from experimental data of giant monopole
resonance (GMR) energies in medium-mass and heavy nuclei. This analysis gives K∞ = 210±30
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MeV [41] or more recently K∞ = 240±20 MeV [42]. Recently the authors of Ref. [43] performed
a re-analysis of GMR data finding 250 MeV< K∞ < 315 MeV. The incompressibility K∞, at
the calculated saturation point for the various interaction models used in the present work, is
reported in the last column of Tab. 2. These calculated values for K∞ are rather low when
compared with the empirical values extracted from GMR in nuclei. This is a common feature
with many other BHF nuclear matter calculations with two- and three-body interactions (see
e.g. [39].

5. Neutron star structure

The composition of the inner core of a neutron star cannot be completely constrained by
observations and thus different possibilities are currently under investigation. The appearence
of hyperons ([44]) and the transition to a deconfined quark phase ([45, 46, 47, 48]) are among the
most popular possibilities. In this work we consider the simplest case of nucleonic matter. Our
aim is to establish if nuclear matter EoSs derived from modern chiral interactions can fulfill the
constraints put by astrophysical observations. This is an essential step in order to consider more
sophisticated possibilities. We thus apply our new EoS model based on the N3LO∆+N2LO∆
chiral interaction to determine the structure of neutron stars [49]. To this end we calculate the
EoS for β-stable nuclear matter including the lepton contribution. The composition of β-stable
matter is fixed by the relations between the chemical potentials of the various species. As we
are considering pure nucleonic neutrino-free matter one has:

µn − µp = µe , µe = µµ. (4)

In Eq. (4) µn, µp, µe and µµ are the chemical potentials of neutrons, protons, electrons and
muons (with muons appearing above a threshold density given by µe = mµ) Finally charge
neutrality requires:

ρp = ρe + ρµ (5)

The various chemical potentials are determined through:

µN =
∂ǫ

∂ρN
, µl =

∂ǫ

∂ρl
(6)

where ǫ = ǫNN + ǫL is the total energy density which sums up the lepton contribution ǫL and
the nucleonic one ǫNN .

The last one is calculated in BHF approximation from ǫNN = ρE/A(ρ, β) where we have
used the parabolic approximation to determine E/A(ρ, β) for asymmetric matter. We have self
consistently solved the equations (4), (5), (6) and obtained the EoS for β−stable matter.

Next to calculate the structure of neutron stars, we have integrated the hydrostatic
equilibrium equations in general relativity [49]. For nucleonic density ≤ 0.08 fm−3 we have
matched our EoS (which describe the neutron star core) with the Baym–Pethick–Sutherland
[50] and Negele–Vautherin [51] EoS for the stellar crust. The results are shown in Fig. 2 where
we plot the mass-radius (left panel) and mass-central density (right panel) relations for the
considered EoS model. The hatched region in the left panel of Fig. 2 represents the mass-radius
constraints based on the analysis of recent observations of both transient and bursting X-ray
sources obtained in [52, 53].

The maximum mass predicted by our model, Mmax = 2.07 M⊙, is compatible with the
accurate measurement of the masses, M = 1.97± 0.04M⊙ [29] and M = 2.01± 0.04M⊙ [30], of
the neutron stars in PSR J1614-2230 and PSR J0348+0432 respectively. In addition our EoS
model is also able to fulfill the empirical constraints on mass-radius relationship obtained in
Refs. [52, 53].
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Figure 2. Mass-radius relationship (left panel) and mass-central density relationship (right
panel) for the N3LO∆+N2LO∆ model. The hatched region in the left panel represents the
mass-radius constraints obtained in [52, 53]. The red dashed line stands for the measured mass
of PSR J0348+0432 [30]. M⊙ = 1.9885× 1033 g is the mass of the sun.

The values for the gravitational maximum mass Mmax and the correspondig radius R and
central density ρc are reported in Tab. 3 and are in good agreement with the results of other
calculations [27, 28] based on microscopic approaches.

Table 3. Properties of the maximum mass configuration for the N3LO∆+N2LO∆ EoS model.

Model Mmax (M⊙) R (km) ρc (fm
−3)

N3LO∆+N2LO∆ 2.07 10.26 1.15

6. Summary

We have investigated the behavior and the properties of nuclear matter using three microscopic
models fully based on interactions derived in chiral effective field theory, in the framework of the
Brueckner–Hartree–Fock many-body approach. In particular we have tested, the new fully local
chiral potential at order N3LO which includes the ∆ isobar contributions in the intermediate
states of the NN interaction [1]. We have also considered two versions of the N3LO chiral
NN potential by Entem and Machleidt [15], which differ in the value of the cutoff employed in
the calculations. All the two-nucleon interactions have been supplemented with TNFs required
to satisfactorily reproduce the empirical saturation point of symmetric nuclear matter. Our
results for various nuclear matter properties at saturation density are in good agreement with
the available experimental data except for the incompressibility K∞ which is underestimated
with respect to the highly uncertain empirical value [41, 42, 43].
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Finally for the N3LO∆+N2LO∆ chiral interaction, we have calculated the EoS of β-stable
nuclear matter and the corresponding neutron star properties. We have found that the maximum
mass obtained with our EoS model is compatible with present measured neutron star masses. In
addition, our calculated neutron star masses and radii are in good agreement with the empirical
constraints on these quantities based on the analysis of recent observations of both transient
and bursting X-ray sources obtained in [52, 53].
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