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ABSTRACT  I study the in  uence of different elastic parametrizations in amplitude versus 
angle (AVA)-petrophysical inversion and in litho-  uid facies identi  cation 
with a focus on a reservoir located in offshore Egypt. Concerning the AVA-
petrophysical inversion, I  rst use linear rock-physics models (RPMs) to 
rewrite the AVA forward modelling in terms of petrophysical properties instead 
of elastic properties. After demonstrating the reliability and the prediction 
capabilities of the derived RPMs, I apply a Bayesian inversion to estimate 
petrophysical properties from the analytical AVA responses derived from the 
logged elastic attributes pertaining to a blind well. Then, the standard sensitivity 
analysis tools are used to theoretically investigate the results provided by the 
AVA-petrophysical inversion and to examine the differences between the 
derived petrophysical-AVA forward operators. As regards the litho-  uid facies 
identi  cation, I verify if different elastic parameterizations yield different 
classi  cation results. For the considered reservoir, it results that the different 
elastic parameterizations do not in  uence the AVA-petrophysical inversion in 
which the porosity is always the best resolved parameter, whereas shaliness and 
water saturation are less resolvable. The results also show that different elastic 
parameterizations provide identical facies classi  cation results. 

Key words: AVA inversion, AVA-petrophysical inversion, litho-  uid facies classi  cation, elastic 
parameterizations, sensitivity analysis.

1. Introduction

Numerical reservoir models are used by  the exploration and production industry to plan 
new wells, calculate hydrocarbon reserves and predict production pro  les. However, due to 
sparse well coverage, reservoir models are often poorly constrained at some distance from well 
locations. For this reason, a key challenge for reservoir geoscientists is the quantitative integration 
of 3D seismic data to obtain a more accurate representation of reservoir characteristics away 
from wells (Doyen, 2007). This process, usually called seismic-reservoir characterization, uses 
pre-stack seismic data to infer petrophysical rock properties and litho-  uid facies around the 
target area (Avseth et al., 2005; Bosch et al., 2010). However, it is known that seismic data do 
not provide direct information about reservoir properties or litho-  uid facies, but instead re  ect 
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the elastic contrasts in the subsurface (i.e. contrasts in P-wave velocity, Vp; S-wave velocity, Vs; 
density, ). For this reason, seismic-reservoir characterization is usually a multi-step procedure.
First, elastic parameters are estimated from seismic data by means of an inversion procedure. 
Then, the outcomes of this elastic inversion are converted into petrophysical properties (i.e. 
porosity, shaliness, water saturation) or used to infer litho-  uid classes (i.e. shale, brine-saturated 
sand, gas-saturated sand). Therefore, in seismic-petrophysical inversion a rock-physics model 
(RPM) is needed to link elastic parameters to petrophysical properties, whereas litho-  uid facies 
identi  cation requires a transfer function or a classi  cation algorithm that associates the elastic 
properties to a given litho-  uid class.

The elastic inversion step can be performed using complex inversion algorithms, such as 
full-waveform inversion (Bachrach et al., 2004; Aleardi and Mazzotti, 2017), or using methods 
that are less computationally intense, such as the amplitude versus angle (AVA) approach (Riedel 
and Theilen, 2001; Buland and Omre, 2003; Mazzotti and Zamboni, 2003). The AVA approach 
is particularly attractive not only for its limited computational effort, but also for its reliability 
that has been demonstrated worldwide over the last three decades (Ostrander, 1984; Rutherford 
and Williams, 1989; Mazzotti, 1990). Most common AVA inversion approaches are based on 
a linear approximation of the exact, non-linear, Zoeppritz (1919) equations that fully describe 
the re  ection and transmission coef  cients for a plane wave incident on a planar re  ecting 
interface separating two homogeneous and isotropic half spaces. However, the Zoeppritz (1919) 
equations are so algebraically complex that it is dif  cult to intuitively grasp the physics of the 
AVA phenomenon. In addition, the non-linearity of these equations complicates their use for AVA 
analysis and AVA inversion. For these reasons, numerous approximations of the Zoeppritz (1919) 
equations have been published over the years. For example, popular versions are due to Bortfeld 
(1961), Richards and Frasier (1976), Aki and Richards (1980), Shuey (1985), Gidlow et al. 
(1992), Fatti et al. (1994), Verm and Hilterman (1994), and Gray et al. (1999). Each one of these 
approximations is based on a different elastic parameterization of the AVA forward modelling (i.e. 
in terms of seismic velocities and density; in terms of seismic impedances and density; in terms 
of Lamè moduli and density), but from the mathematical point of view, not all parameterizations 
of the Zoeppritz (1919) equations are equal. In particular, Debski and Tarantola (1995) analysed 
the probability density functions associated with AVA inversion for different choices of parameter 
sets. They found that choosing the parameter set (density, P-velocity, and S-velocity) to invert AVA 
information is not correct, although this happens to be a common choice. They proposed several 
better alternatives, for example: (density, P-impedance, Poisson's ratio), (density, P-impedance, 
S-impedance), or (density, P-impedance, Jussieu's ratio), where Jussieu's ratio is defi ned as the 
ratio of bulk modulus over shear modulus. In other words, according to Debski and Tarantola 
(1995), fi nding a good parameter choice corresponds to the search for maximally decoupled 
(independent) parameters. However, as far as the author is aware, the analysis of the effects of 
different elastic parameterizations in the AVA-petrophysical inversion has not been extensively 
discussed yet.

In addition, many authors [Goodway et al. (1997), Goodway (2001), Gray (2002) among 
many others] have stressed the importance to perform the litho-fl uid facies identifi cation using 
an alternative parameterization than the usual Vp, Vs and density . Indeed, according to these 
authors, it is easier to understand the connection of reservoir parameters to fundamental rock 
properties, such as compressibility and rigidity, than it is to understand their connection to 
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traditional seismic attributes, like seismic velocities or impedances. In particular, according to 
Goodway et al. (1997), the combined use of the two Lamé parameters  and  would produce an 
improved identi  cation of reservoir zones. The  parameter is more affected by the  uid saturation, 
whereas the  value is entirely independent from the saturating  uid and only affected by the 
properties of the rock matrix. Therefore, the combined use of these parameters, together with the 
density information, in a cross-plot of  versus , allows for a better discrimination of different 
litho-  uid facies because it isolates lithologic properties (e.g. sand, shale, and carbonate facies) 
from  uid properties (brine, oil, gas).  The theoretical reason that makes the -  domain better 
discriminating than different domains (e.g., Vp-Vs), is that the Lamé parameters are independent 
(orthogonal) from one another, differently from the Vp and Vs values that are mutually correlated.

This work is aimed at investigating the in  uence of different elastic parameterizations in AVA-
petrophysical inversion and in litho-  uid facies identi  cation. In particular, I focus on a clastic, 
gas-saturated, reservoir located in offshore Egypt. The targets are gas-bearing sands at the depth 
range of 2300-2700 m that pertain to the slope-channel systems of Plio-Pleistocene age. Layering 
is typically at the centimetre scale, and the reservoir mainly consists of rather clean sand layers 
interbedded with laminated, non-permeable shales. As concerns the AVA-petrophysical inversion, 
I use the available well-log data to derive linear empirical rock-physics models for the investigated 
area that link each considered elastic parameter to the petrophysical properties of interest (porosity, 
water saturation, and shaliness). Several techniques are used to assess the suitability of the derived 
rock-physics relationships for reservoir characterization in the investigated area:  rst, I analyse 
the linear correlation coef  cients between actual and predicted elastic properties; secondly, I use 
rock-physics templates to check if the predicted RPMs are able to reliably reproduce the actual 
in  uence played by each petrophysical property on the elastic parameters. Then, I use the derived 
linear RPMs to rewrite four popular linear approximations of full Zoeppritz (1919) equations 
in terms of petrophysical properties instead of elastic properties. This provides four linear 
petrophysical-AVA forward operators, each one derived from a speci  c elastic parameterization, 
that directly link the amplitude versus angle variations of the P-wave re  ection coef  cients (Rpp) 
to the contrasts in the petrophysical properties at the re  ecting interface. These petrophysical-
AVA forward operators are used to further prove the prediction capabilities of the derived RPMs 
and to rapidly check the effects of different elastic parameterizations on the outcomes of AVA-
petrophysical inversion. In this inversion, the petrophysical properties are inferred from the 
analytical Rpp responses estimated from the logged Vp, Vs, and  values pertaining to a blind well 
that is a well not previously used to de  ne the RPMs. The inversion is set in a rigorous Bayesian 
frame that provides a direct glimpse into the in  uence of the different elastic parameterizations in 
determining the petrophysical properties and their associated uncertainties. The inversion results, 
yielded by each petrophysical-AVA forward operator, are quantitatively assessed by computing 
the coverage probability ratio and the root-mean-square errors (RMSE) between actual and 
predicted properties. To theoretically investigate the results achieved by the AVA-petrophysical 
inversion, I analyse the four linear petrophysical-AVA forward modellings by using the well-
known sensitivity analysis tools: unit covariance matrix, SVD decomposition, eigenvector 
analysis. This theoretical exercise allows getting a better understanding of the physical meaning 
of the derived petrophysical-AVA forward operators and to examine their differences in terms 
of expected resolution on model parameters and of error propagation from the data to the model 
space. In particular, the assumption of linear RPMs makes it possible to perform a sensitivity 
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analysis without the need to invert the data (i.e. the Rpp response). Indeed, the outcomes of the 
sensitivity analysis of the linear forward operators are entirely data-independent (Menke, 2012).

The second part is focused on the litho-  uid facies classi  cation of well-log data. In this case, 
I use the logged Vp, Vs, and  values pertaining to the blind well to derive all the other considered 
elastic attributes that will constitute the input for a deterministic classi  cation process based on 
quadratic discriminant analysis. For each considered combination of elastic characteristics, the 
classi  cation results obtained on the blind well are qualitatively evaluated by comparing actual 
and predicted facies pro  les. In addition, the contingency analysis tools [reconstruction rate, 
recognition rate and estimation index; Sammut and Webb (2011)] are used for a more quantitative 
assessment of the classi  cation outcomes. For the investigated reservoir, the classi  cation process 
is particularly challenging due to the signi  cant overlap between the elastic characteristics of the 
different facies. This peculiarity can be explained taking into account the signi  cant depth interval 
where the reservoir zone is located (2300-2700 m). Indeed, it is well known (Avseth et al., 2003) 
that the elastic properties of sand and shale are increasingly similar with greater burial depth. 
In addition, large depths stiffen the rock matrix and tend to hide the so-called  uid effect (i.e. 
the effect of different  uid saturations on the elastic properties), thus making the discrimination 
between different saturation conditions more and more problematic.

I start by presenting the theoretical background used to derive the linear petrophysical-AVA 
forward operators. Then, the theoretical aspects of sensitivity analysis and AVA-petrophysical 
inversion are discussed. I move on by describing and validating the different RPMs derived for 
the considered reservoir. Then, I perform the AVA-petrophysical inversion of the analytical Rpp 
responses derived from logged elastic properties, and I theoretically investigate the results provided 
by this inversion procedure. In the last section the effects of different elastic parameterizations on 
litho-  uid facies identi  cation are discussed.

2. Elastic AVA forward modelling and the AVA-petrophysical inversion

In the following discussion, the vector r represents the petrophysical properties of interest 
[water saturation, Sw; porosity, ; shaliness, Sh; r = (Sw, , Sh )T], whereas m indicates the 
natural logarithm of a triad of elastic properties {i.e., m = [ln(Vp), ln(Vs), ln( )]T} that is, in 
turn, associated with a given elastic parameterization. Finally, the vector d contains the analytical 
Rpp responses derived by applying the petrophysical-AVA forward operators to logged elastic 
parameters. As previously discussed, many linear approximations of the full Zoeppritz (1919) 
equations exist. In this paper, I analyse four among the most popular:

                      
(1)

     (2)

  
  
(3)
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 (4)

where Rpp is the P-wave re  ection coef  cient, and  represents the incidence angle. In Eq. 1, Ip 
indicates the P-wave impedance, Is the S-wave impedance, and  the density. In Eq. 2, Vp and Vs 
represent the P-wave and S-wave velocities, respectively, whereas in Eqs. 3 and 4,  and  are the 
 rst and second Lamé parameters, respectively. In Eqs. 1 to 4, x and x̄ are the contrast and the 

average value of a given elastic property x across the re  ecting interface, respectively. Eqs. 1 to 
4 represent what I call the elastic-AVA forward modelling. In particular, Eqs. 1 and 2 are taken 
from Aki and Richards (1980); Eq. 3 was  rst de  ned by Goodway et al. (1997) and successively 
modi  ed by Thomas et al. (2016). Finally, Eq. 4 was derived by Gray et al. (1999).

If we consider a weak contrast for the elastic property x at the re  ecting interface, we can write 
(Stolt and Weglein, 1985):
                 x ln (x)  ––– x̄

 (5)

This assumption enables us to rewrite Eqs. 1 to 4 in the following, more general, form:

Rpp ( ) = x1 ln(x1) + x2 ln(x2) + x3   (6)

where x1, x2, and x3 identify a triad of elastic properties, whereas the  terms represent the in  uence 
of each elastic property on the P-wave re  ection coef  cients. For example, in Eq. 1 the three  
terms are the following:
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Now I rewrite the re  ectivity function of Eq. 6 in terms of petrophysical properties according 
to Aleardi et al. (2017a). First, a linear rock-physics model must be de  ned:

ln (x) = a1 + a2  + a3Sw + a4Sh; (8)

where x represents an elastic property, and a1, a2, a3, and a4 are the regression coef  cients that can 
be determined by a linear regression procedure driven by well-log information pertaining to the 
investigated area. Differentiating Eq. 8 sample-by-sample, by applying the  operator, leads to:

ln(x) + 2  + 3 Sw + 4 Sh;  (9)

ln(x3)
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With Eq. 9 the contrasts in the elastic properties are expressed in terms of contrasts in the 
petrophysical properties. Eq. 9 can be compactly written in matrix form as:

Dm = BDr  (10)

where the matrix B contains the a coef  cients of Eq. 9, and D is the differential matrix operator. 
By combining Eqs. 6 and 10 gives:

Rpp = ABDr = FDr = Gr  (11)

where the matrix A contains the coef  cients x1, x2 and x3 expressed, for instance, in Eqs. 7.1 to 
7.3. By writing Eq. 11 in a form similar to that of Eqs. 1 to 4, leads to:

Rpp ( ) = f  ( )  + fSw ( ) Sw + fSh ( ) Sh  (12)

where f , fSw, and fSh are the coef  cients contained in the matrix F that express the in  uence of 
each petrophysical property in the P-wave re  ection coef  cients. Eqs. 11 and 12, respectively, 
represent the matrix and analytical expressions of the petrophysical-AVA forward modelling that 
can be derived for each considered elastic parameterization (Eqs. 1 to 4). Both the elastic- and 
petrophysical-AVA linear forward modellings can be analysed with the sensitivity analysis tools. 
The sensitivity analysis is a powerful approach to theoretically investigate the physical meaning of 
the forward modelling operators, and more importantly, for linear forward operators, the outcomes 
of this analysis are wholly independent from the data and only dependent on the mathematical 
properties of the forward operator (Menke, 2012). For example, the SVD decomposition of G can 
be expressed as: 

G = USVT  (13)

where S is a diagonal matrix of singular values, V is the matrix of eigenvectors in the model 
space, and U contains the eigenvectors in the data space. The energy of each component is given 
by the corresponding eigenvalue. If the orders of magnitude of the eigenvalues are signi  cantly 
different, a high signal-to-noise ratio is needed to estimate the signal in the low-energy directions. 
The SVD decomposition is essential in sensitivity analysis because it permits having a better 
understanding of the physical meaning of the forward modelling. Indeed, this decomposition 
allows the re  ectivity Rpp to be divided into three orthogonal components in both data space 
and model space. The eigenvectors V are a basis in the model space. The eigenvalues S represent 
the re  ected energy due to medium perturbations along the eigenvectors in the model space. The 
amplitude versus angle effects of the re  ections are described by the eigenvectors in the data 
space (U), which are three orthogonal functions (De Nicolao et al., 1993).  To understand how 
an error in the data propagates as an error in the estimated model, it is useful to de  ne the model 
covariance matrix Cm. If the data are assumed to be uncorrelated and all have equal variance, the 
unit model covariance matrix is given by:

Cm = (GTG)-1  (14)
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The unit model covariance matrix is a measure of how uncorrelated noise with unit variance 
in the data is mapped into uncertainties in the estimated model parameters. The diagonal terms 
indicate the variance associated with each model parameter, whereas the off-diagonal terms 
indicate the covariances. In addition, the model covariance matrix is a function of only the data 
kernel (the G matrix) and of any a-priori information added to the problem.

In the AVA-petrophysical inversion I apply Eq. 11 to the logged Vp, Vs, and  values to 
estimate the analytical Rpp responses that are inverted to infer the petrophysical properties of 
interest. In particular, I exploit borehole information pertaining to different exploration wells to 
calibrate different RPMs that are then used to predict the petrophysical properties in a well not 
used in the calibration process. Obviously, in this blind test experiment I assume that the RPMs 
estimated at the well locations are also valid far away from the calibration wells. The inversion 
approach I apply follows the line of the Bayesian inversion algorithm proposed by Buland and 
Omre (2003). Being G the linear forward operator that links the Rpp response to the petrophysical 
properties (Eq. 11), if we assume a multivariate Gaussian a-priori probability density function 
(PDF) for r (i.e. a Gaussian marginal a-priori PDF for porosity, water saturation, and shaliness), 
and Gaussian distributed noise, the estimated petrophysical parameters are still represented by a 
multivariate Gaussian a-posteriori PDF p(r|d) with explicit expressions for the a-posteriori mean  

(r|d) and covariance (r|d):

(r|d) = r + rGT (G rGT + e)-1 (d-G r); (15.1)

(r|d) = r - rGT (G rGT + e)-1 G r; (15.2)

where, r and r are the mean and the covariance of the a-priori distribution of r that can be 
derived from available well-log information, whereas e = n + 

RPM
.  The covariance matrix 

n expresses the noise in the measured data, whereas the matrix 
RPM

 de  nes the uncertainties 
affecting the considered RPM. Note that this formulation of the error covariance matrix 
allows properly propagating the uncertainties affecting the rock-physics models into the  nal 
petrophysical predictions. To this end, the differences between the logged elastic properties and 
the elastic properties predicted by the linear RPMs, are used to derive the matrix with an approach 
similar to that described in Aleardi et al. (2017b). I assume that this difference follows a Gaussian 
distribution  with a covariance matrix  and a null mean value :

p( ) = N( ;  = 0, )  (16)

where N represents the Gaussian distribution. After de  ning the p( ) distribution, a Monte Carlo 
sampling algorithm can be used to derive the RPM matrix.

 To reduce the ill-conditioning of the petrophysical inverse problem, I include a-priori 
information about the vertical variability of petrophysical properties in the inversion. This 
information can be introduced into the a-priori covariance matrix r that can be obtained by a 
Kronecker product between a stationary covariance matrix (expressing the mutual correlation 
of petrophysical properties), and a vertical correlation function that aims to reproduce the actual 
vertical variability of petrophysical properties. Both the stationary covariance matrix and the 
vertical variability of petrophysical properties can be derived from available borehole information. 
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Similarly to Buland and Omre (2003), I use a second-order exponential function to express the 
vertical correlation:

vt ( ; 1; 2) = 1–
2 

exp[– (–
1
) 2 ]+ 1–

2 (1– 2 2) exp[– (–
2
) 2 ]

2
2

 (17)

where  is the time-lag and, 1 and 2 are the parameters characterizing the temporal 
dependency.

3. Rock physics modelling

The reservoir considered in this study is located in gas-bearing sands at the depth range of 
2300-2700 m (around 2400-2560 ms in seismic two-way-time) that pertain to the slope-channel 
systems of Plio-Pleistocene age in offshore Egypt. Borehole logs from different wells provide 
elastic and petrophysical information needed to fully characterize the reservoir rocks in terms 
of P- and S-wave velocities, density, effective porosity, water-saturation and shaliness (i.e. dry 
clay + clay-bound water). The reservoir consists of a sequence of three/four main sand layers 
interbedded with laminated non-permeable shales. The reservoir sand is fairly clean with 
negligible cementation and low clay content; available well-log data show that effective porosity 
ranges from 0 to 35%, while gas saturation varies between 0% and 80%. The layers above 
and below the reservoir mostly contain shale. Aleardi and Ciabarri (2017) showed that for the 
investigated reservoir, the relation linking the petrophysical properties to the elastic parameters 
can be conveniently described by a multilinear model that can be estimated using a stepwise 
regression approach. As concerns this study, I use the same regression algorithm to estimate the 
linear relations linking the natural logarithm of different elastic parameters to the petrophysical 
properties (see Eq. 8). This procedure has provided the following equations:

where Vp and Vs are expressed in m/s,  in g/cm3, whereas Sw,  and Sh in percentage (varying 
from 0% to 100% for Sw and Sh and from 0% to 35%, approximately, for ). As an example, if 
we limit the focus on the coef  cients associated to Vp, Vs, and , we note that, as expected, these 
parameters decrease as the porosity increases (the  parameter has always a negative coef  cient); 

0056.00002.00174.07.4111)ln( ShSwVs =

0011.00013.00056.08291.0)ln( ShSw+=

0027.00035.00157.04996.8)ln( ShSwIp +=

0071.00014.00232.02609.8)ln( ShSwIs +=

0024.00091.00174.08706.14)ln( ShSw ++=

0132.00013.00401.06560.15)ln( ShSw+=

0013.00102.00265.07923.15)ln( ShSw ++=

0143.00020.00462.05213.16)ln( ShSw+=

0011.00020.00103.06908.7)ln( ShSwVp +=  (18.1)
 (18.2)
 (18.3)
 (18.4)
 (18.5)
 (18.6)
 (18.7)
 (18.8)
 (18.9)
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the Vp and  increase as the water saturation increases since gas is characterized by a lower 
bulk modulus (and density) than water. Conversely, the shear modulus is not affected by the 
saturating  uid and this fact, together with the  decreasing caused by the increase in hydrocarbon 
saturation, explain the Vs increasing as the water saturation decreases. The negative coef  cients 
associated to Sh can be related to the depth interval I consider (2300-2700 m), characterized by 
a mechanical compaction regime. In this depth interval, the Vp, Vs and  of shales are lower 
than those of sands as con  rmed by a direct analysis of available well-log data (Aleardi and 
Ciabarri, 2017). Finally, note that in all the Eqs. 18.1 to 18.9, the magnitude of the coef  cients 
decreases moving from porosity, to shaliness, and water saturation. Therefore, we can conclude 
that the porosity plays the major role in determining the elastic properties, whereas the other two 
petrophysical parameters exert weaker in  uences on such properties. From this consideration, I 
expect that the porosity will be the best resolved parameter in the AVA-petrophysical inversion, 
whereas shaliness and water saturation will be less resolved.

To better demonstrate the capability of the derived RPMs to express the actual relationships 
linking petrophysical and elastic properties in the investigated reservoir, I show in Fig. 1 
comparisons between logged and predicted elastic properties by the linear RPMs. The good 
matches between actual and the predicted properties prove that the linear RPMs are effective 
approximations of the actual physical relationships linking elastic and petrophysical properties in 
the considered area.

Fig. 1 - Comparison between actual (black lines) and predicted (red lines) elastic parameters by the linear RPMs of Eqs. 
18.1 to 18.9. The parameters Vp, Vs, , Ip, Is, , , , and  are represented from top left to bottom right, respectively. 
Note that the predicted properties closely follow the true properties.

Fig. 2 shows the linear correlation coef  cients between predicted and true elastic parameters. 
Note that all the correlation coef  cients are higher than 0.8, thus indicating that the linear RPMs 
of Eqs. 18.1 to 18.9 provide good predictions. As expected, the highest correlation coef  cient 
(around 0.98) is associated to the  parameter. Indeed, it is known that an almost linear relation 
links this elastic attribute to the petrophysical rock properties (Avseth et al., 2005).

In Figs. 3 and 4, I represent two examples of rock-physics templates (RPTs) that allow a 
better assessment of the actual capabilities of the linear RPMs of reproducing the actual in  uence 
played by each petrophysical property in determining the elastic parameters. Note that the general 
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Fig. 2 - Linear correlation coef  cients between true and predicted elastic parameters. Note that all the correlation 
coef  cients are higher than 0.8 and that  gives a correlation coef  cient around 0.98.

Fig. 3 - Comparison between actual and predicted RPTs. a) RPTs derived from actual well-log data and showing the 
in  uence of each petrophysical parameter on the natural logarithm of the P-impedance (Ip) and S-impedance (Is) 
values. The in  uence of water saturation, porosity, and shaliness is represented from left to right. b) RPTs predicted by 
the linear Eqs. 18.4 to 18.5. Note that the main trends visible in a) are well reproduced by the estimated RPMs.

trends derived from actual well-log data are closely matched by the RPTs derived from the linear 
RPMs. This result further proves the suitability of the estimated linear rock-physics equations for 
reservoir characterization in the investigated zone. Similar considerations would have been drawn 
by observing different RPTs (i.e. Vp-Vs, or - ).

The differences between actual and predicted properties may obviously be ascribed to the 
inability of the linear RPMs to fully reproduce the in  uence played by each petrophysical property 
on the elastic parameters, and also to the intrinsic petrophysical heterogeneities of the investigated 
reservoir rocks (i.e. mineralogical heterogeneities). However, as previously described, these 
differences are accounted for in the AVA-petrophysical inversion and correctly propagated into 
the  nal predictions.
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4. Assessing the prediction capabilities of the derived linear RPMs and analysing 
the effects of different elastic parameterizations in AVA-petrophysical inversion

I now describe the results of the AVA-petrophysical inversion in which the derived 
petrophysical-AVA forward operators are used to estimate the petrophysical properties from 
the analytical Rpp responses derived from logged elastic properties. The aim of this section is 
two-fold. First, this inversion test performed on a blind well allows demonstrating the actual 
prediction capabilities of the linear RPMs. Secondly, this inversion enables rapidly checking the 
in  uence of the different elastic parameterizations (used to derive the four petrophysical-AVA 
forward modellings) in the predicted petrophysical properties and related uncertainties. Note that 
this inversion is performed at the well-log scale. Indeed, it inverts the analytical Rpp responses, 
and not the seismic data that can be obtained by convolving the Rpp series with a source wavelet. 
In this way, the additional source of uncertainties introduced by the different scale of well-log data 
(used to de  ne the RPMs) and the seismic data, can be neglected (Grana and Della Rossa, 2010).

I apply Eq. 2 to the logged Vp, Vs, and  values to derive the analytical Rpp responses that 
constitutes the observed data (the vector d in Eqs. 15.1 to 15.2) for the AVA-petrophysical inversion. 
To better simulate a  eld dataset, I add Gaussian distributed random noise to the analytical Rpp 
responses by imposing a signal-to-noise (S/N) ratio equal to 10, where the S/N ratio is de  ned 
as the power of the signal divided by the power of the noise. The  nal results, which are the 
conditional PDFs of petrophysical properties given the Rpp responses p(r|d) obtained for each 
elastic parameterization, are displayed in Fig. 5. At a glance, we can observe that the different 
parameterizations yield very similar results for both the shape of the probability distributions and 
the maximum a posteriori (MAP) solutions. These results are consistent with the true property 

Fig. 4 - Comparison between actual and predicted RPTs. a) RPTs derived from actual well-log data and showing the 
in  uence of each petrophysical parameter on the natural logarithm of  and . The in  uence of water saturation, 
porosity and shaliness is represented from left to right. b) RPTs predicted by the linear Eqs. 18.8 and 18.9. Note that the 
main trends visible in a) are well reproduced by the estimated RPMs.
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values and correctly capture the variability in the logs. As expected, the water saturation and the 
shaliness parameters are always less resolved than porosity. The results shown in Fig. 5 clearly 
demonstrate the reliability and prediction capability of the derived RPMs.

Fig. 5 - Results of the AVA -petrophysical inversions in which analytical Rpp responses are inverted by considering 
the four petrophysical-AVA forward modellings: a), b), c), and d) represent the results for the Vp-Vs- , Ip-Is- , - - , 
and - -  parameterizations, respectively. The black solid lines represent the true logged property values, whereas 
the dotted magenta lines show the MAP solutions resulting from the AVA-petrophysical inversion. In all cases water 
saturation, porosity, and shaliness are indicated from left to right. The linear colour scale codes the probability values.

For a more quantitative analysis of the results displayed in Fig. 5, I  rst compute the root-mean-
square-error (RMSE) between the actual petrophysical property values and the MAP solutions 
estimated by each petrophysical-AVA forward operator. Fig. 6 demonstrates that the four elastic 
parameterizations give very similar RMSE values. In all cases, the porosity is the parameter affected by 
the lowest prediction error, whereas the water saturation and the shaliness estimates are less accurate. 
To quantitatively compare the posterior PDFs provided by each petrophysical-AVA forward operator, I 
compute the coverage probability that represents the actual probability that a given con  dence interval 
contains the true property value. In the following I consider the 90% probability interval centred around 
the MAP solutions, and I compute the probability that this interval contains the true petrophysical 
values. Again, the different elastic parameterizations achieve very similar predictions, and as expected 
the porosity is the best determined parameter, followed by shaliness and water saturation (Fig. 7).
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5. Sensitivity analysis of the elastic- and petrophysical-AVA forward operators

I now theoretically investigate the results provided by the AVA-petrophysical inversion 
discussed in the previous section. Fig. 8 displays the eigenvectors in the model space derived 
for each considered elastic-AVA forward modelling and computed as the maximum incidence 
angle increases. By examining Fig. 8a, it can be seen that the Vp and  components are very 
similar for low angles in the  rst eigenvector. Therefore, this vector primarily points toward the 
direction of P-impedance perturbations. This result is obvious; the normal incidence re  ection 
coef  cient only depends on the acoustic impedance contrast. For high incidence angles, as the 
critical angle is approached, the  term decreases, while the Vp component strongly increases. 
This fact can be explained by considering that only the Vp parameter determines the critical angle 
of P-wave re  ection coef  cients. The in  uence of Vs on the  rst eigenvector is null over the 
entire angle range considered. The physical meanings of the second and third eigenvectors for low 
incidence angles are more dif  cult to interpret because they depend on combinations of different 

Fig. 7 - The coverage probability (90%) computed by considering the conditional PDF p (r|d) estimated by each 
petrophysical-AVA forward operator. Again, note the similarity of the results provided by each forward modelling.

Fig. 6 - RMSE between the MAP solutions estimated by each petrophysical-AVA forward operator and the actual 
petrophysical property values. Note that the four forward operators give similar RMSE values for similar petrophysical 
properties.
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perturbations. However, for high incidence angles (beyond 30°) the second and third eigenvectors 
rotate toward the  and the Vs directions, respectively. Also, note the cross-talk between the 
Vp and  (visible in the  rst and second eigenvectors) that makes an independent estimation of 
these two parameters impossible for a conventional AVA inversion limited to a narrow-angle 
range (Aleardi and Tognarelli, 2016). The direct comparison of Figs. 8a and 8b explains why 
Debski and Tarantola (1995) recommended using the Ip-Is-  parameterization instead of the Vp-
Vs-  one. Indeed, Fig. 8b shows that the Ip-Is-  triad forms an orthonormal basis in the elastic 
parameter space: the fi rst eigenvector points entirely toward the Ip perturbations over the whole 
angle range considered. Similarly, the second and third eigenvectors entirely point toward the 
Is and  parameters, respectively. Therefore, compared with the Vp-Vs-  parameterization, the 
Ip-Is-  triad minimizes the cross-talk between the elastic properties. Roughly speaking, the Ip-
Is-  parameterization is a better choice than the Vp-Vs-  because it results in an almost diagonal 
model covariance matrix. If we consider the Ip-Is-  parameterization we may conclude that the Ip 
will be the best resolved parameter because it can be entirely estimated from the fi rst eigenvector 
and associated singular value. The Is will be the second best resolvable parameter that is mainly 
estimated from the second eigenvector and associated singular value. Finally,  will be poorly 
resolvable because it only infl uences the third eigenvector. Figs. 8c and 8d display the eigenvectors 
associated to the - -  and - -  parameterizations, respectively. These two parameterizations 
show a cross-talk similar to that analyzed in Fig. 8a. Therefore, from the elastic inversion point of 
view, these parameterizations represent bad choices because they make an independent estimation 
of elastic parameters impossible.

Fig. 9 represents the eigenvectors in the model space derived for each considered petrophysical-
AVA forward modelling and computed as the maximum incidence angle increases.  Note that the 
four petrophysical-AVA forward modellings, produce very similar eigenvector components. In 
particular, in all cases the fi rst eigenvector points toward the porosity perturbations, whereas the 
second and the third point toward an intermediate direction between shaliness and water saturation. 
Therefore, I expect that the porosity is the best resolvable parameter, whereas the shaliness and the 
water saturation will be less resolvable. From the eigenvector analysis it emerges that the AVA-
petrophysical inversion is completely uninfl uenced by the different elastic parameterizations used 
to derive the petrophysical-AVA forward operators.

The perfect equivalence between the different elastic parameterizations in the AVA-
petrophysical inversion is further confi rmed by Fig. 10. In this case, we observe that different 
elastic parameterizations produce unit model covariance matrices in the petrophysical space with 
negligible differences. In particular, this fi gure further confi rms that the error mainly affects the 
shaliness and the water saturation estimates, whereas the porosity proved to be the best resolved 
parameter. In other words, the inverted porosity values will be affected by minor uncertainties 
than the other two petrophysical properties. In addition, note that the off-diagonal terms that 
indicate the covariances between the petrophysical properties (that in other terms is the cross-talk 
between petrophysical properties), remain more or less constant for different petrophysical-AVA 
forward modellings. Following the considerations drawn by Debski and Tarantola (1995), I can 
claim that in the analyzed case there is no preferable elastic parameterization, because different 
parameterizations yield equivalent eigenvector components and unit model covariance matrices 
in the petrophysical space. I remark that different rock-physics models (i.e. derived for a different 
exploration target) could lead to different results.
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Fig. 8 - Eigenvectors in model space versus the maximum incidence angle, derived for the elastic-AVA forward 
modellings: a), b), c), and d) refer to the Vp-Vs- , Ip-Is- , - - , and - -  parameterizations, respectively. In 
a), b), c), and d) the components of the  rst, second and third eigenvectors are represented from top to bottom, 
respectively.
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Fig. 9 - Eigenvectors in model space versus the maximum incidence angle, derived for the petrophysical-AVA forward 
modellings: a), b), c) and d) refer to the petrophysical forward modelling derived from the Vp-Vs- , Ip-Is- , - - , and 

- -  parameterizations, respectively. In a), b), c), and d) the components of the  rst, second and third eigenvectors 
are represented from top to bottom, respectively. Note that the different petrophysical-AVA forward modellings are 
characterized by very similar eigenvector components.
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6. The effects of different elastic parameterizations in litho-fl uid facies identifi cation

In this second part, I discuss the results obtained in litho-  uid facies classi  cation when 
different elastic parameterizations are considered. In this case, the classi  cation procedure 
is directly performed on the logged elastic properties. In this way, and similarly to the AVA-
petrophysical inversion, the additional uncertainties and resolution issues resulting from an 
elastic inversion of re  ection seismic data can be neglected. The well-log data pertaining to 
the same blind well previously considered in the AVA petrophysical inversion, are the input 
to the classi  cation procedure. In particular, a triad of elastic properties associated to a given 
elastic parameterization constitutes the input of the classi  cation algorithm. Similarly to the 
AVA-petrophysical inversion, the logged Vp, Vs, and  values have been used to derive the other 
elastic properties: seismic impedances and Lamé parameters. The method I use to classify the 
elastic properties is the quadratic discriminant analysis that is brie  y introduced in the following 
section.

7. Discriminant analysis

Linear or quadratic discriminant analysis is a deterministic method frequently used in pattern 
recognition or machine learning to separate a set of data in different classes or categories according 
to a set of measured properties or attributes. This method assumes that the input properties of 
each class follow a Gaussian distribution and uses a training data set to de  ne the statistical 
characteristics (in terms of mean vector and covariance matrix) of this distribution. Being the 

Fig. 10 - Unit model covariance matrices in the petrophysical space associated with the four petrophysical-AVA forward 
modellings. a), b), c), and d) refer to the petrophysical forward modelling resulting from the Vp-Vs- , Ip-Is- , - - , 
and - -  parameterizations, respectively. Note the close similarity between the covariance matrices associated to 
the different forward operators.
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statistical model Gaussian within each facies, the resulting distribution is a Gaussian mixture 
that is a linear combination of Gaussian distributions. In case of linear discriminant analysis, the 
covariance matrices for all the classes are assumed to be identical, whereas quadratic discriminant 
analysis considers a different covariance matrix for each class. It results that when the covariance 
matrices are identical, the discriminant surfaces in the feature space are linear, whereas they 
become quadratic if the covariance matrices differ for the different classes.

In this work, I use the quadratic discriminant analysis and I classify each log sample on the 
basis of the Mahalanobis distance that in this case can be expressed as follows:

dz
 = (ei – e )T ( e )–1 (ei – e ) (19)

where e is the vector containing the input samples to be classi  ed that is a triad of elastic properties 
associated to a given elastic parameterization extracted from the blind well. The z term represents 
a given vertical position, whereas e and e are the mean vector and covariance matrix of the 
elastic properties in each litho-  uid facies. Finally, the superscript  indicates that these statistical 
properties are facies dependent. In this case e and e and are computed on a training data set 
constituted by the same well-log data previously used to calibrate the RPMs. After determining 
the dz  values for each input sample, this is classi  ed into the litho-  uid class resulting in the 
minimum Mahalanobis distance. Application of the Mahalanobis distance to litho-  uid facies 
classi  cation can be found in Mukerji et al. (2001), Avseth and Mukerji (2002), Avseth et al. 
(2005), and Del Monte et al. (2011).

8. The classifi cation results

As previously introduced, three different facies are considered in the classi  cation procedure: 
shale, brine sand, and gas sand. This choice was dictated by a priori knowledge about the 
investigated area derived from preliminary geologic interpretations integrated with core or well-
log data. Fig. 11 shows four cross-plots representing the distribution of elastic properties within 
the three considered litho-  uid classes. The data used for this analysis have been extracted from 
the available borehole data around the reservoir zone. For conciseness, only a 2D map has been 
represented for each elastic parameterization. Let us focus on Fig. 11b representing the Ip-Is 
distribution. Note that the Ip progressively decreases passing from shale to brine sand and to 
gas sand. The lower Ip value for the gas sand with respect to the brine sand, is related to the 
decrease in bulk modulus that occurs when gas replaces brine in the pore space. Conversely, 
passing from shale to sands the Is increases due to the higher shear modulus that characterizes 
the sands with respect to shales. If we limit the attention to the S-impedance values, we note that 
the average Is values for brine and gas sands are very similar. This characteristic is related to the 
minor density variations that occur in the investigated, tight, reservoir sands when gas replaces 
brine in the pore space, and to the null effect played by the saturating  uid on the shear modulus. 
These two processes determine that the net Is value remains constant when passing from total 
brine to gas saturation. The different Ip and Is values of the shale with respect to the sand can 
obviously be ascribed to the different mineralogical compositions and geometric texture, whereas 
the signi  cant overlap that characterizes the distribution of Ip and Is for gas sand and brine sands 
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can be ascribed to the depth range in which the reservoir is located. Indeed, it is well known 
(Avseth et al., 2003) that the increasing of burial depth tends to mask the  uid effect, and makes 
the discrimination between different saturation conditions more problematic. For this reason, the 
case under examination can be considered a challenging test for any classi  cation method that 
aims to identify litho-  uid facies from elastic attributes.

If we shift attention to the other cross-plots of Fig. 11 we can observe that the overlaps between 
the elastic characteristics of the three facies persists. Differently from other well documented 
applications [e.g. Goodway et al. (1997), see introduction for details], in the investigated reservoir 
the different facies are not better discernible in different elastic domains (such as the -  or - ). 
Therefore, from a  rst qualitative analysis of Fig. 11, I can deduce that for the analysed reservoir 
the different elastic parameterizations will produce very similar predictions of litho-  uid facies.

In Fig. 12 I represent the Gaussian mixture distributions derived from the cross-plots of Fig. 11 
by assuming Gaussian distributed properties within each litho-  uid class. Fig. 12 further con  rms 
that the signi  cant overlap between the different facies persists in different elastic domains. In 
particular, both the 2D and 1D probability distributions demonstrate that the elastic properties of 
brine sand are always signi  cantly overlapped with those of gas sand and shale.

Figs. 13a and 13b, 14a and 14b, Fig. 15a and 15b, and 16a and 16b compare the 1D actual 
(derived from borehole information) and predicted vertical facies pro  les for the blind well, 
when different elastic parameterizations are considered. Just the simple comparisons of the four 
predicted pro  les con  rm the considerations drawn from the cross-plot analysis. However, a more 
quantitative assessment of the outcomes of the classi  cation procedure can be obtained by means of 
the contingency analysis tools (reconstruction rate, recognition rate, and estimation index; Figs. 13c 
to 13e, 14c to 14e, Fig. 15c to 15e, and 16c to 16e). The reconstruction rate represents the percentage 
of samples belonging to a litho-  uid class (actual), which are classi  ed in that class (predicted). 
The recognition rate represents the percentage of samples classi  ed in a litho-  uid class (predicted) 

Fig. 11 - Cross-plots representing the distribution of different elastic properties within each considered litho-  uid 
facies. Note that independently of the considered pair of elastic properties, the three facies signi  cantly overlap. In 
particular, the brine sand signi  cantly overlaps the gas sand.
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that actually belongs to that class (actual). Information concerning under/overestimation can be 
inferred from the estimation index that is de  ned as the difference between the reconstruction rate 
and recognition rate. A negative estimation index in the main diagonal indicates underestimation, 
and a positive estimation index indicates overestimation; the off-diagonal terms describe in which 
class the samples are misclassi  ed. Figs. 13c to 13e, 14c to 14e, Fig. 15c to 15e, and 16c to 16e 
demonstrate that all the different elastic parameterizations yield overpredictions of brine sand 
and underpredictions of gas saturated sands. In particular, many gas sand and shale intervals are 
erroneously attributed to brine sands. The very similar results obtained for each considered elastic 
parameterization con  rm that, for the investigated reservoir, there is no preferable triad of elastic 
parameters to be used for litho-  uid facies classi  cation. This conclusion further demonstrates that 
the considerable depth at which the target reservoir is located makes a reliable facies classi  cation 
particularly problematic whatever elastic parameterization is considered. 

Fig. 12 - From a) to d) I represent the resulting Gaussian mixture distributions derived for each elastic parameterization 
from the cross-plots of Fig. 11. For each elastic parameterization I show the 3D Gaussian mixture distribution projected 
onto a 2D plane (Vp-Vs, Ip-Is, - , and -  from panel a to d, respectively), together with the corresponding 1D 
marginal probability density functions (Mpdfs). Blue, green, and red colors represent shale, brine sand, and gas sand, 
respectively.
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Fig. 13 - Actual (a) and predicted (b) vertical facies pro  les obtained with the quadratic discriminant analysis when 
considering the Vp-Vs-  parameterization. Reconstruction rate (c), recognition rate (d) and estimation index (e) derived 
from a) and b). In a) and b) blue, green, and red represent shale, brine sand, and gas sand, respectively. In c), d), and e) 
Sh, Bs and Gs indicates shale, brine sand, and gas sand, respectively.

Fig. 14 - As in Fig. 13 but for the Ip-Is-  parameterization.

Fig. 15 - As in Fig. 13 but for the - -  parameterization. 
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8. Conclusions 

I studied the effects of different elastic parameterizations in the AVA-petrophysical inversion 
and in the litho-  uid facies classi  cation. I focused the analysis on a gas saturated reservoir 
located in offshore Egypt. The deep depth interval at which the reservoir zone is located (2300-
2700 m) produces signi  cant overlaps between the elastic properties of each facies. In particular, 
such signi  cant depth interval stiffens the rock matrix and tends to partially hide the  uid effect, 
thus making the discrimination between different saturation conditions particularly problematic.

Regarding the AVA-petrophysical inversion, I considered four of the most popular linear 
approximations of the full Zoeppritz (1919) equations that link different triads of elastic properties 
to the P-wave re  ection coef  cients. Different linear, empirical rock-physics models have been 
derived for each considered elastic property by means of a multilinear stepwise regression driven 
by available well-log data. These linear rock-physics models enabled deriving  four petrophysical-
AVA forward operators, each one resulting from an elastic-AVA forward modelling. The AVA-
petrophysical inversions performed on a blind well, demonstrated the reliability and the prediction 
capability of the linear RPMs, and also showed that the different elastic parameterizations exert a 
negligible in  uence on the outcomes of AVA-petrophysical inversion. To theoretically demonstrate 
this result, I performed a sensitivity analysis of the petrophysical-AVA forward operators. With 
regard to the resolvability of the petrophysical parameters and the error propagation from the 
data space to the petrophysical space, the sensitivity analysis con  rmed that, for the investigated 
reservoir, the different elastic parameterizations do not in  uence the AVA-petrophysical 
inversion. In particular, it emerged that independently of the considered elastic parameterization, 
the porosity is the best resolved parameter, whereas the shaliness and the water saturations are less 
resolvable. The previous considerations have been drawn by considering linear RPMs speci  cally 
calibrated for the investigated reservoir area. However, rock-physics models are generally non-
linear, but the nonlinearity is often not strong as in the reservoir zone considered in this work. In 
this context, the main advantages of considering linear RPMs consist in the analytical solutions of 
the Bayesian inverse problem, and in the independency of the sensitivity analysis results from the 
observed data. If necessary, a truncated Taylor series and an analytical derivation of the Jacobian 

Fig. 16 As in Fig. 13 but for the - -  parameterization.
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matrix could be used in case of slightly non-linear RPMs (i.e. Raymer model, stiff sand model, 
inclusion model) (Lang and Grana, 2017).

The litho-  uid facies classi  cation performed on different triads of elastic properties, 
con  rmed that the signi  cant depth interval where the reservoir is located, makes distinguishing 
between the different litho-  uid facies (shale, brine sand and gas sand) particularly challenging. 
The contingency analysis of the classi  cation results proved that for the investigated reservoir, 
differently from other well documented exploration targets, alternative elastic parameterizations 
(such as the - ) are not able to provide better discriminations between different litho-  uid 
facies. Therefore, I demonstrated that there is no preferable elastic parameterization for the litho-
 uid facies identi  cation in the target area.

As a  nal remark, I point out that the conclusions I draw are closely related to the investigated 
reservoir. For this reason, different geologic scenarios, characterized by different rock-physics 
models and different distributions of elastic properties within each litho-  uid facies, could lead 
to different conclusions.
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