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Abstract

We consider an abstract first order evolution equation in a Hilbert space in which the
linear part is represented by a self-adjoint nonnegative operator A with discrete spec-
trum, and the nonlinear term has order greater than one at the origin. We investigate
the asymptotic behavior of solutions.

We prove that two different regimes coexist. Close to the kernel of A the dynamic is
governed by the nonlinear term, and solutions (when they decay to 0) decay as negative
powers of t. Close to the range of A, the nonlinear term is negligible, and solutions
behave as solutions of the linearized problem. This means that they decay exponentially
to 0, with a rate and an asymptotic profile given by a simple mode, namely a one-
frequency solution of the linearized equation.

The abstract results apply to semilinear parabolic equations.
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1 Introduction

In this paper we study the asymptotic behavior of decaying solutions to the first order
evolution equation

W) + Au(t) = f(ult)) V>0, (1.1)

where A is a self-adjoint linear operator on a Hilbert space H and f is a nonlinear term.

We assume that A is non-negative, but not necessarily strictly positive, and that its
spectrum is a finite set or an increasing sequence of eigenvalues. We also assume that
the nonlinear term has order greater than one in the origin, in the sense that it satisfies

inequalities such as
()] < Ko (Ju P + |AY?u]1*9) (1.2)

for some positive exponents p and q.
As a model example, we have in mind semilinear parabolic equations such as

u — Au+ |ulPu=0
with Neumann boundary conditions in a bounded domain 2 C R", or
ur — Au — A (Q)u+ |ufPu=0

with Dirichlet boundary conditions in a bounded domain €2 C R", where A;(Q2) denotes
the first eigenvalue of the Dirichlet Laplacian. We point out that in both cases the
operator associated to the linear part has a nontrivial kernel.

These two model examples have been investigated in the last decade in a series of
papers by the third author and collaborators. Let us outline their achievements and the
main problems which remained open in order to motivate our analysis.

In the Neumann case a simple application of the maximum principle gives that all
solutions decay at least as t~ /7, even in the L> norm. Moreover, it is easy to exhibit
examples both of solutions decaying exactly as t~'/7, and of solutions decaying expo-
nentially. To this end, in the first case it is enough to consider spatially homogeneous
solutions u(t, x) := v(t), where necessarily v(t) satisfies v'(t) + |v(¢)|Pv(t) = 0, and ob-
serve that all nontrivial solutions of this ordinary differential equation decay to 0 exactly
as t~%/P. In the second case it is enough to consider a symmetric domain €, for example
the interval (—1,1) in one dimension, and restrict ourselves to odd functions. The Neu-
mann Laplacian, when restricted to odd functions, becomes a coercive operator, hence
it is not difficult to see that all non-trivial solutions with odd initial datum decay to 0
exponentially.

This means that in the Neumann case there is coexistence between slow solutions,
decaying as negative powers of ¢, and fast solutions decaying exponentially. It was later
shown in [2] that actually one has the so called slow-fast alternative, meaning that all
non-zero solutions decay to 0 either exponentially, or exactly as t~'/7. Finally, in [4] it
was shown that all initial data which are small enough and close enough to constant
functions in the norm of L>(2) give rise to slow solutions. Despite of these achievements,



several problems remained open, for example describing all possible exponential decay
rates, or even proving the existence of fast solutions when €2 has no special symmetry, or
providing an explicit description of an open set of initial data in the norm of the phase
space L?(Q) originating slow solutions.

The Dirichlet case proved to be more difficult to tackle. It is still true, but more del-
icate to establish, that all solutions decay to 0 at least as t~'/?. Moreover, a comparison
argument with suitable sub-solutions was enough to prove that all solutions with non-
negative initial data are actually slow solutions. Both results have been proved in [12]
(see also [13]). Later on, a weak form of slow-fast alternative was established in [3],
meaning that all non-zero solutions decay either as ¢t~/ or faster than all negative
powers of t. In the same paper also the existence of exponentially fast solutions was
shown, but assuming the domain {2 to be symmetric, and the existence of intermediate
decay rates was not excluded. Several problems remained open, among them existence
of an open set of slow solutions, description of fast solutions, existence of fast solutions
in domains without symmetries, and the true slow-fast alternative.

We stress that all these results were proved exploiting special symmetries, or the
existence of A-invariant subspaces of H which are invariant also for the nonlinear term,
or comparison arguments.

What was missing is a unifying abstract theory. Filling this gap is the aim of this
paper. So we consider the abstract evolution equation (1.1) and we address the following
issues.

1) Existence of an open set of slow solutions.

2) Existence of fast solutions.
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(1)

(2)

(3) Slow-fast alternative.
(4) Classification of all possible decay rates.
()

5

Description of the set of solutions with a prescribed decay rate.

In Theorem 2.2 we focus on the slow-fast alternative. Instead of (1.1) and (1.2), we
consider more generally an evolution inequality of the form

/() + Au(t)] < Ko (lu(t)["? + |A2u(@)H9) vt >0, (1.3)

and we prove that all its non-zero solutions, when they decay to 0, decay either expo-
nentially or at most as ¢t~'/?. We prove also that slow solutions move closer and closer
to the kernel of A, in the sense that |AY/?u(t)| decays faster than |u(t)|. This is clearly
impossible if A is strictly positive, in which case slow solutions cannot exist. Finally, we
prove that fast solutions have an asymptotic profile of the form u(t) ~ voe™', where \
is an eigenvalue of A and vy # 0 is a corresponding eigenvector. This settles (3) and (4).

In Theorem 2.7 we prove that slow solutions of (1.1) exist whenever ker(A) is non-
trivial and the nonlinear term satisfies (1.2) and an additional sign condition allowing
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the existence of global solutions. What we actually show is the existence of an open set
of initial data generating slow solutions, and this open set is characterized by simple
explicit inequalities such as (3.45). This settles (1).

Finally, in Theorem 2.10 we address the existence of fast solutions. We prove that
for every eigenvalue A of A, and every corresponding eigenvector vy # 0 which is small
enough, there exists a nonempty set of initial data originating solutions whose asymp-
totic profile is exactly voe™**. This nonempty set is parametrized by an open set in
the subspace of H generated by all eigenvectors of A greater than A, in analogy with
solutions of the linearized equation (see also Remark 2.12). This settles (2) and (5).

Roughly speaking, Theorem 2.10 provides a “stratification” of the so-called stable
manifold § into submanifolds §; D S; D 83 D ... corresponding to different decay rates.

Our results are apparently new, at least in the sense that they are not explicitly
stated elsewhere, even in the special situation where A is strictly positive and H is a
finite dimensional space, in which case (1.1) reduces to a system of ordinary differential
equations. That case is usually handled by means of Lyapunov functions or linearization
theorems. Lyapunov functions lead to a simple proof that all solutions decay exponen-
tially. Classical linearization theorems (see [14, 15, 16]) state that in a neighborhood of
the origin the dynamic induced by the nonlinear system is homeomorphic to the dynamic
induced by the linearized one. Nevertheless, both methods do not lead to a classification
of decay rates, the first one because it only provides an estimate from above, the second
one because the homeomorphisms given by the linearization theorems are just Holder
continuous, hence they do not preserve decay rates.

When H is infinite dimensional and A is strictly positive, our results seem to be new
as well, at least in full generality. The only related literature we are aware of is [6], where
an analogous classification of exponential decay rates has been provided for solutions
of the Navier-Stokes equation in a bounded domain, in which case the operator A is
coercive and the nonlinear term is quadratic at the origin. As in [6], our proof requires
a careful analysis of the asymptotic behavior of the Dirichlet quotient (3.13). Apart
from this, our approach is quite different, especially in the construction of fast solutions
with a prescribed asymptotic profile. In [6] the set of such solutions, called nonlinear
spectral manifold, is characterized as a level set of a suitable function. That approach
seems to assume that global solutions already exist and generate a semigroup with some
regularity, assumptions which are well suited for the Navier-Stokes equation but not for
our general framework. Therefore, what we do is proving a stand-alone existence result
through a Banach fixed point argument. Since fast solutions with a prescribed profile
are non-unique, it might seem impossible to obtain them by a contraction argument.
Nevertheless, the trick is to produce them one by one, by looking for them carefully in
suitable classes of functions where one and only one such solution is supposed to be.

In any case, the strength of our results lies mainly in dealing with the case where
the kernel of A is nontrivial, which causes the coexistence of slow and fast solutions.
This case was completely open, even in finite dimension, apart from the Neumann and
Dirichlet examples quoted before. When we apply our abstract results to those examples,



we obtain new proofs of the previous known results, and we solve all open problems,
at least in dimension one and two, or under a smallness condition on p depending on
the dimension (this restriction comes from the need of Sobolev embeddings in order to
verify the assumptions of our abstract results). Actually some results persist for any p,
for instance the slow-fast alternative for the Dirichlet case. Moreover applications are
not limited to the model examples, but larger classes of semilinear parabolic equations
fit in our general framework.

From the technical point of view, both the existence of slow solutions and the slow-
fast alternative require now a careful asymptotic analysis of what we call generalized
Dirichlet quotients, defined in (3.14). Similar quotients have been used also in [9, 10, 11]
in different contexts (quasilinear and semilinear dissipative hyperbolic equations), but
always with the aim of estimating decay rates from below.

We are quite optimistic about the possibility to extend our techniques to cases where
our results, as stated here, do not apply immediately. In particular we have in mind
both the model examples in any dimension with any p (for the complete result), and
hyperbolic equations with damping terms under growth conditions on the non-linearity.
These are likely to be the directions of future investigations.

This paper is organized as follows. In Section 2 we clarify the functional setting,
we recall two classical local existence theorems, and we state our main abstract results,
which we prove in Section 3. In Section 4 we apply the abstract theory to semilinear
parabolic problems.

2 Statements

2.1 Notation and classical existence results

Throughout this paper H denotes a Hilbert space, |z| denotes the norm of an element
x € H, and (z,y) denotes the scalar product of two elements = and y in H. We consider
a self-adjoint linear operator A on H with dense domain D(A). We assume that A is
nonnegative, namely (Au,u) > 0 for every u € D(A), so that for every o > 0 the power
A%u is defined provided that u lies in a suitable domain D(A®), which is itself a Hilbert
space with norm
[ulpam) = (jul* + [A%u[?) .

Before stating our results, let us spend a few words on the notion of solution. Let

us start with the linear equation

() + Au(t) = g(t), (2.1)

with initial condition
u(0) = wuo. (2.2)
For our purposes we can limit ourselves to consider strong solutions of (2.1), namely

functions u defined in some time-interval [0, 7] and such that for almost every ¢ € (0,7)
one has that u/(t) exists, u(t) € D(A), and (2.1) is satisfied.
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We recall the following classical result (we refer for example Theorem 3.6 in [5] where
the same regularity is obtained in a more general nonlinear setting).

Theorem A (Linear equation — Existence). Let H be a Hilbert space, and let A be a
self-adjoint nonnegative operator on H with dense domain D(A). Let us assume that
T>0,g¢€ L*(0,T),H) and uy € D(AY?).

Then problem (2.1)-(2.2) has a unique solution with the following reqularity

ue CY([0,T], D(AV?)), (2.3)
u € Wh2((0,T), H)) N L*((0,T), D(A)), (2.4)
the function t — |AY2u(t)|? is absolutely continuous in [0, T]. (2.5)

We point out that the solution is defined as long as the forcing term ¢(t) is defined.
If g€ L?((0,T), H) for every T > 0, then the solution is defined for every ¢ > 0.

We also mention that the solution provided by Theorem A can be represented by
the well-known integral formula

t
u(t) = e g +/ e~ =94 (s) ds.
0
Now we consider a semilinear equation of the form

u'(t) + Au(t) = f(u(t)), (2.6)
for which we have the following local existence result.

Theorem B (Semi-linear equation — Local existence). Let H be a Hilbert space, and
let A be a self-adjoint nonnegative operator on H with dense domain D(A). Let R > 0,
let Br := {u € D(AY?) : |u|parszy < R}, and let f : Br — H be a function.

Let us assume that there exists a constant L such that

[f(u) = f()] < Llu—v|pearzy  Y(u,0) € [Br]” (2.7)

Then for every uy € Bg there exist T > 0, and a unique local solution u to problem
(2.6)-(2.2) satisfying (2.3) through (2.5). This solution can be continued to a solution
defined in a mazximal interval [0,T.), where either T, = +00 or

lim |u(t)|D(A1/2) = R. (28)

t—=T,

The proof of Theorem B is standard. Let X be the complete metric space of all
v € C°([0,T], D(AY?)) which take their values in a fixed closed ball of radius R; < R,
and let us consider the map that associates to every v € X the solution to the linear
problem (2.1)—(2.2) with g(¢) := f(v(¢)). If T > 0 is small enough, this map turns out
to be a contraction, and the unique fixed point is the required (strong) local solution.

>



2.2 Main results

Before stating our main results, we need to define precisely what a solution to a differ-
ential inequality of the form (1.3) means.

Definition 2.1. A function u € C° ([0, 400), D(A'/?)) is a solution to the differential
inequality (1.3) if there exists a function g, with g € L? ((0,T'), H) for every T > 0, such
that u is a solution to the linear equation (2.1) in the sense of Theorem A, and

9(t)] < Ko (Ju(®)["T? + | AY2u(t)]| 1) vt > 0. (2.9)

Our first result provides a classification of all possible decay rates for decaying solu-
tions to the differential inequality (1.3).

Theorem 2.2 (Classification of decay rates). Let H be a Hilbert space, let A be a
self-adjoint nonnegative operator on H with dense domain D(A), and let u be a global
solution to the differential inequality (1.3) in the sense of Definition 2.1.

Let us assume that

e the spectrum of A is a finite set or an increasing sequence of eigenvalues,
e Ko >0,p>0, and g > 0,
e u s a decaying solution in the sense that

t——+o00

Then one and only one of the following statements apply.
(1) (Null solution) The solution is the zero-solution u(t) =0 for every t > 0.

(2) (Slow solutions) There exist positive constants My and My such that

M,
|AY2u(t)| < Ma|u(t)|*? VWt >0. (2.12)

(3) (Spectral fast solutions) There exist an eigenvalue X > 0 of A, and a corresponding
eigenvector vy # 0, such that

tEeroo |u(t) — UOei)\t}D(AIM) e’ =0 (2.13)
for every
v <min{B, (1+p)X, (14 q)A}, (2.14)

where § = 400 if the spectrum of A is finite and X is its maximum, and (3 is the
smallest eigenvalue of A larger than A otherwise.



Remark 2.3. When the kernel of A is non-trivial, a differential inequality such as (1.3)
does not guarantee that all its solutions in a neighborhood of the origin tend to 0 (just
think to the ordinary differential equation u’ = u?®). This is the reason why we need
assumption (2.10).

In other words, there might be coexistence of solutions that decay to 0 and solutions
that do not decay, or even do not globally exist. When this is the case, our result
classifies all possible decay rates of decaying solutions, regardless of non-decaying ones.

Remark 2.4. Concerning the null solution, Theorem 2.2 extends the well-known back-
ward uniqueness results of the seminal papers [1, 8]. Assuming forward uniqueness,
which holds true for large classes of equations, classical backward uniqueness results
read as follows. If u(t) = 0 for some ¢ > 0 (hence also for all subsequent times), then
u(t) = 0 for all ¢ > 0. Our result extends the classical one by showing that, if wu(t)
decays at infinity faster than e~ for all ¢ > 0, then w(t) = 0 for all ¢ > 0.

Remark 2.5. Concerning slow solutions, we point out that only the exponent p in
(2.9) appears in the decay rate, while ¢ is irrelevant provided it is positive. Roughly
speaking, this happens because slow solutions move closer and closer to the kernel of A,
as suggested by the otherwise unnatural estimate (2.12) in which |A"/2u(t)| is controlled
with a higher power of |u(t)|. Close to the kernel of A, the term |A'Y2u(t)| can be
neglected, and this justifies the disappearance of ¢ in the final decay rate.

Let us write u(t) as the sum of its projection Pru(t) into ker(A), and its “range
component” u(t) — Pru(t) orthogonal to ker(A). Since the operator A is coercive when
restricted to the range of A, estimate (2.12) implies that there exists a constant ¢ such
that

[ult) = Pru(t)] < c]AY?u(t)] < cMafu(t)] ™.

In other words, when u(t) decays to 0, its range component always decays faster, so
that the slowness of u(t) is due uniquely to its component Pxu(t) with respect to the
kernel. This is consistent with previous results (see [13]). This shows also that slow
solutions cannot exist when the operator A is coercive.

The exponent (1 + p) in (2.12) is optimal. This can be seen by considering the case
where H = R?, p = 2, and the evolution problem reduces to the following system of
ordinary differential equations

{fwz—ﬁ@,

y'(t) +y(t) = 23(t).

A solution of the first equation is x(t) = (1 + 2¢)~%/2. At this point it is possible
to prove that all solutions of the second equation decay as the forcing term, hence as
(1+42t)73/2. Therefore, in this example we have that |u(t)| ~ |z(t)| ~ (14-2t)"'/2, while
[AY2u(t)] = Jy(t)] ~ (1+26)72 = [u(t)["+7.

Remark 2.6. Concerning fast solutions, the possible asymptotic profiles are described
by (2.13), which also provides an estimate for the remainder. We point out that (2.14)
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is optimal. This can be seen by considering the case where H = R? and the evolution
problem reduces to the following system of ordinary differential equations

{f@+mwza

y'(t) + By(t) = e ()P + |a(t)] .

A solution of the first equation is x(¢) = e~*. At this point, solutions of the second
equation can decay as e~ where 7 is the right-hand side of (2.14), or even as te™" in
case of resonance.

We conclude this long discussion on Theorem 2.2 by mentioning the following.

Open problem. Is it possible to weaken assumption (2.10) by asking just that |u(t)] —
0 as t — 400, namely by requiring the limit in H instead of D(A'/?)? Our proof requires
the assumption as stated, but we have no counterexamples with the weaker requirement.
Actually we have no examples at all of solutions that decay to 0 in H but not in D(A"?).

The slow-fast alternative alone does not guarantee the existence of both slow solu-
tions and fast solutions. Next result provides sufficient conditions for the existence of
an open set of slow solutions.

Theorem 2.7 (Existence of slow solutions). Let H be a Hilbert space, and let A be a
self-adjoint nonnegative operator on H with dense domain D(A). Let f: B — H be a
function, with R > 0 and Bg as in Theorem B.

Let us assume that

(1) ker(A) # {0}, and there exists a constant v > 0 such that
|Au)? > v|AY2ul?  Yu € D(A), (2.15)
(ii) there exists a constant L such that (2.7) holds true,
(7ii) there exist p >0, ¢ >0, and Ko > 0 such that
|f ()| < Ko (Ju]'TP + | AY 2| 9) Vu € Bp, (2.16)

and in addition

(u, f(w)) <0  Yu € Bg. (2.17)

Then there exists an open set S C Br (open with respect to the norm of D(A'Y?))
with the following property. For every uy € S, the unique solution u of (2.6)-(2.2)
provided by Theorem B is actually global, and slow in the sense that it satisfies (2.11).



Remark 2.8. Let us briefly comment on the hypotheses of Theorem 2.7. Concerning
the operator A, we already pointed out that ker(A) # {0} is a necessary condition for
the existence of slow solutions, while (2.15) is automatic if the spectrum of A is a finite
set or an increasing sequence of eigenvalues.

Concerning the nonlinear term, assumption (2.7) comes from the local existence
result, while (2.16) means that the nonlinear term has order higher than one at the
origin, in accordance with (2.9).

Assumption (2.17) guarantees that the function ¢ — |u(t)] is nonincreasing, and this

is exploited in the proof in order to keep the solution inside Bg. This assumption can
be weakened in several ways, for example by requiring only that (u, f(u)) < |AY?u|?
for every u € Bpg, but it can not be dropped completely. Indeed this is a sort of sign
condition, and when it is violated one can not guarantee even the existence of global
solutions, as in the case of the ordinary differential equation v’ = u3.
Remark 2.9. Concerning the conclusion of Theorem 2.7, we point out that we prove
the existence of an open set of solutions decaying at most as t~/?. In general it is not
true that solutions decay exactly as t~/7. As a matter of fact, they can even not to
decay at all. For example, the assumptions are satisfied in the extreme case where both
A and the nonlinear term are identically 0, and in that case all solutions are stationary
(which implies slow).

Of course, when we know that a solution is slow, we can always apply Theorem 2.2
and deduce that it satisfies (2.12) in addition to (2.11).

Our last result concerns the existence of families of fast solutions.

Theorem 2.10 (Existence of fast solutions). Let H be a Hilbert space, and let A be a
self-adjoint nonnegative operator on H with dense domain D(A). Let f: Br — H be a
function, with R > 0 and Bg as in Theorem B.

Let us assume that

(i) the spectrum of A is a finite set or an increasing sequence of eigenvalues,

(ii) there exist p >0 and L > 0 such that

1700 = FO < L (Wl gy + Bye) lu = vlopasy (218)
for every u and v in Bg, and in addition

f(0) =0. (2.19)

Let X > 0 be an eigenvalue of A, and let H = H_ @& H, be the orthogonal decom-
position of H where H_ is the closure of the subspace generated by all eigenvectors of
A relative to eigenvalues less than or equal to A\, and H is the closure of the subspace
generated by all eigenvectors of A relative to eigenvalues greater than .



Then there exists ro > 0 with the following property. For every eigenvector vy relative
to \, and every wy € H, N D(AY?) such that

[volp(arrzy + [wol parzy < o, (2.20)

there exists wy € H_ such that the unique local solution, provided by Theorem B, to
problem (2.6)—(2.2) with initial condition ug := wy + wy s actually global and
. At
Jim eMu(t) = 0. (2.21)
Remark 2.11. Assumptions (2.18) and (2.19) imply both (2.7) and (2.16) with p = q.
Moreover, (2.18) is stronger than (2.7) because it requires that the local Lipschitz con-
stant of f vanishes at the origin. We emphasize that we do not impose any sign condition
on f, and therefore the assumptions of Theorem 2.10 are not enough to guarantee the
existence of a global solution for every uy € Bg. For this reason, also the global existence
part of the statement is nontrivial.
We observe also that (2.18) could be stated with two different exponents as follows

() = F)] < L (Jul” + [o” + |AY2ul® + |AY20]7) [u = 0] a2,

or even with four exponents, but this would be useless because the exponents do not
appear in the conclusion. What is relevant here is just that they are both positive, and
thus there is no loss of generality in assuming that they are equal.

Of course, when we know that a solution is fast, we can always apply Theorem 2.2
and deduce that the remainder in (2.21) satisfies (2.13).

- UO‘D(Al/z)

Remark 2.12. Let {)\;} denote the increasing sequence of eigenvalues of A, which
only for simplicity we assume of multiplicity one, and let {e;} denote a corresponding
orthonormal system. All solutions of the linear homogeneous equation u/(t) + Au(t) = 0
can be represented as

[e.e]
u(t) = Z ugre ey,
k=0

where {ug} are the components of the initial condition ug with respect to {ey}.
If we fix an eigenvalue );, then the solutions decaying as e’ (up to a multiplicative
constant) are those of the form

o
u(t) = ugie Nte; + E ugre ey,

k=i+1

hence they are parametrized by the eigenvector ug;e;, which appears in the term which
gives the asymptotic profile, and by the projection of the initial condition in the space
H, generated by all eigenvectors relative to eigenvalues greater than \;.

Theorem 2.10 shows that the same parameters are involved in the nonlinear case,
provided that we restrict to a neighborhood of the origin. Roughly speaking, what we
prove is an existence result for solutions of (2.6) satisfying a mix of conditions at ¢ = 0
and t = +o00, namely
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e a prescribed asymptotic profile (in a certain sense a condition at t = +00),

e a prescribed component of the initial datum wuy with respect to the subspace H, .

This suggests also that solutions with decay rate exactly e=*i* (up to multiplicative

constants) are “generic” among solutions with decay rate at least e=*! and, when the
kernel of A in non-trivial, slow solutions are “generic” among all decaying solutions. This
rough idea that slower behaviors are always “generic”, in a sense to be made precise,
would probably deserve further investigation in the future.

3 Proofs

3.1 Estimates for linear equations

In this section we prove estimates for solutions to non-homogeneous linear equations of

the form
w'(t) + Bw(t) = ¥(t) Vit > 0, (3.1)

where B is a self-adjoint nonnegative linear operator with dense domain in a Hilbert
space X. When we apply these estimates in the proof of the main results, X is a suitable
A-invariant subspace of H, different from case to case, B is the restriction of A to X,
and (3.1) is the projection of (2.1) onto X.

Let us start with a simple estimate of an integral.

Lemma 3.1. Let § > 0, and let ¢ : [0,+00) — [0,400) be a continuous function such
that
lim p(t)e” =0 Yy < 6. (3.2)

t—-+o00

Then for every o < d we have that the integral

400
/0 e*p(s)ds (3.3)

converges, and

+o0
lim e”t/ e (s)ds =0 Vy < 6. (3.4)
t

t——+o0

Proof Let us choose n € (a,d). Due to (3.2), there exists a constant ¢, such that
¢(s) < c,e™™ for every s > 0, which easily implies the convergence of (3.3). At this
point (3.4) is obvious if v < a. On the other hand, for v € (a, ) we can write

1

+00 oo
[ gtyds = [ g ds < L superpls
) . YT O s>t

for every t > 0, so that in this case (3.4) follows from assumption (3.2). O

In the next result we consider equation (3.1) when the operator B is coercive.
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Lemma 3.2 (Supercritical frequences). Let X be a Hilbert space, let B be a self-adjoint
linear operator on X with dense domain D(B), and let ¢ € L*((0,+00), X).
Let us assume that there exist > 0 and & > 0 such that

|BY2¢|? > Blz|>  Va e D(BY?), (3.5)
t1i1+n [0(t)]e™ =0 Yy < 6. (3.6)

Then every solution of (3.1) in the sense of Theorem A satisfies

lim |w(t)|pprzye?’ =0 Vv < min{3,0}. (3.7)

t—4o00

Proof Let us consider the function F,(t) := e»*|BY?w(t)|>. Due to (3.5), the norm
of w(t) in D(BY?) is equivalent to |BY/?w(t)|, hence (3.7) is equivalent to proving that
F,(t) = 0 as t — 400 for every v < min{/3,0}.

To this end, we choose € € (0,5 — 7) and we estimate the time-derivative as follows

Fl(t) = —2¢""|Bw(t)]> + 2¢*"(Bw(t), (1)) + 2ve?| BY 2 (t) |2
< =2 |Bw(t)|]* + 2‘7862W|JE311)(75)|2 + Q%ehthﬁ(t)ﬁ + 29 | BY 2w (t))2.
From assumption (3.5) it follows that |Bw(t)|> > | B?w(t)|?, hence
FL() < ~2(8 — 7~ B (1) + S ()] 3:5)
Now let us set for simplicity
TR olt) = S O,

and let us observe that ¢ > 0 because of our choice of ¢, and ¢(t) — 0 as t — 400
because of assumption (3.6). Integrating the differential inequality (3.8) we obtain that

t
F,(t) < F,(0)e " + e_Ct/ e“p(s)ds YVt >0.
0

The first term in the right-hand side tends to 0 as t — 4o00. Also the second
term tends to 0, for trivial reasons if the integral is convergent, and thanks to an
easy application of De I'Hopital’s rule if the integral is divergent. This completes the
proof. [J

In the last result we consider equation (3.1) when the operator B is bounded.
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Lemma 3.3 (Subcritical frequences). Let X be a Hilbert space, let B be a self-adjoint
bounded linear operator on X with norm ||B||, and let 1) € L*((0,+00), X).
Let us assume that there exist 6 > || B|| such that

lim [¢(t)]e” =0 Yy < 4. (3.9)

t——+o00

Let w be the solution to (3.1) in the sense of Theorem A.
Then the following limat

zo:= lim ePw(t) (3.10)
t—+o00
exists, and
t£+moo jw(t) — e Paq D(BY/2) =0 Vy<é. (3.11)

Proof Every solution of (3.1) is given by the explicit formula
t
w(t) = e P (w(O) +/ e*Ba(s) ds> vt > 0. (3.12)
0

We claim that the integral in the right-hand side has a finite limit when ¢ — +oo0.
Indeed the boundedness of B guarantees that e*® is a bounded operator on X with
norm equal to elBl5 hence it is enough to prove that the integral

+oo
| el ds

0

converges. Since 6 > || B||, this follows from Lemma 3.1 applied with () := |¢(¢)| and
a = ||B||, and proves (3.10) with

+oo
zo := w(0) —i—/o e*Ba(s) ds.

Now (3.12) can be rewritten as

w(t) = e P (xo - /+°<> e*Ba(s) ds) = e Py — /+°0 e DBy (s) ds.

Exploiting again the boundedness of B, we have now that
+o0 +o0o
jw(t) — e Pag| e < evt/ |e(8_t)Bw(s)‘ ds < e”t/ elBIG=D 14(s)| ds,
t t

so that (3.11) follows from conclusion (3.4) of Lemma 3.1, applied once again with
©(t) := [1(t)| (we remind that the norm in H and D(B'/?) are in this case equivalent
owing to the boundedness of B). O
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3.2 Generalized Dirichlet quotients

In this section we consider the classical Dirichlet quotient

_ 1AZu())?
We also consider the following generalized Dirichlet quotient
_ 1AZu(t))?
Qd(t) = |U(t)|2+d ) (314)

defined for every d > 0.
The aim of the next result is providing estimates for the time-derivative of Q(t) and
Qa(t) when u is a solution of a linear equation such as (2.1).

Lemma 3.4 (Time-derivatives of Dirichlet quotients). Let H be a Hilbert space, and let
A be a self-adjoint nonnegative operator on H with dense domain D(A). Let (a,b) C
(0, +00) be an interval, let g € L*((a,b), H), and letu € C°((a,b), D(AY?)) be a solution
of (2.1) in (a,b) in the sense of Theorem A.

Let us assume that u(t) # 0 for every t € (a,b).

Then we have the following conclusions.

(i) The Dirichlet quotient Q(t) defined by (3.13) is absolutely continuous in (a,b),

and
JAu(t) = Q)u(t))®
|u(t)[? |u(t)[?

Q'(t) < (3.15)

for almost every t € (a,b).

(ii) Let us assume that (2.15) holds true for some constant v > 0. Then for every d > 0
the generalized Dirichlet quotient Qq(t) defined by (3.14) is absolutely continuous
in (a,b), and

lg(®)I*

Q(t) < —Qult) +2(2 + ()l QI + B+ d) By

(3.16)
for almost every t € (a,b).

Proof The time-derivative of (3.13) is

_,lAu(t) — Q@u(t)’

@ = IO (P

Since



estimate (3.15) easily follows.
The time-derivative of (3.14) is

o [Au®)]® (A u(t))]”

au) = 2700k e+ o2 i
(Au(t).g(®) o (Qult)ult). g(t))
Pop TR

=. [1—|—IQ—|—[3+I4.

Now it is easy to see that

< JAu@P g

_ U d 2 3 < ’
]2 - (2 + d)| (t)| [Qd(t)] ) I | ( )|2+d + |u(t)|2+d
and
2+d d w()? + 1 2
s 2 (1O QuPIOR + - a0
— @D (Qu) + 2+ T
so that

: _|Au®)? w(#)]e 2 lg(t)[*

The first term in the right-hand side is less than or equal to —vQ4(t) because of
(2.15), and this proves (3.16). O

3.3 Proof of Theorem 2.2

Let us describe the scheme of the proof before entering into details. In the first section
of the proof we get rid of the null solution. Indeed we prove that u(7") = 0 for some
T > 0 if and only if u(t) = 0 for every ¢ > 0. This is a result of forward and backward
uniqueness of the null solution. After proving it, we can assume that

wt) £0 V>0, (3.17)

which allows to consider the Dirichlet quotients for every ¢ > 0. In the second section of

the proof we assume that there exist a constant ¢; > 0 and a sequence t,, — 400 such
that

|Al/2u(tn)|2 < cplu(ty) > Vn € N. (3.18)

Under this assumption, we prove that a similar estimate holds true for all times,

namely
|AY2u(t)]? < colu(®) PP VE>0 (3.19)
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for a suitable constant c; > ¢;. This is not yet (2.12), but in any case it shows that
| AY/2u(t)| decays faster than |u(t)|. As already pointed out, this means that the solution
u(t) moves closer and closer to the kernel of A, and suggests that the terms with Au(t)
and A'2u(t) in equation (2.1) and estimate (2.9) can be neglected. With this ansatz,
we obtain that |u/(t)| < Kolu(t)|'*?, and it is easy to show that all nonzero solutions of
this differential inequality are slow in the sense of (2.11). Finally, we improve (3.19) in
order to obtain (2.12).

In the third and last section of the proof we are left with the case where (3.18) is
false for every constant ¢; and every sequence t,, — 4+o00. This easily implies that there
exists Ty > 0 such that

lu(t)|2P < |AY2u(t)> Vit > T (3.20)

This means that now u(t) is faraway from the kernel of A. Thus we are not allowed
to ignore the operator A, but we can neglect the right-hand side of (2.1) because the
exponents in (2.9) are larger than one. Therefore, a good approximation of (2.1) is now
the linear homogeneous equation u/(t) + Au(t) = 0, whose solutions decay exponentially
with possible rates corresponding to eigenvalues of A. The formal proof requires several
steps. First of all, we provide exponential estimates from below and from above with
non-optimal rates. Then we identify the exact rate, and finally we prove that (2.13)
holds true.

We point out that the exponent 2+p is non-optimal both in (3.18) and in the opposite
estimate (3.20). Indeed, a posteriori it turns out that (up to multiplicative constants)
|AY2u| < |u["*? in the case of slow solutions, and |A'Y?u| ~ |u| in the case of fast
solutions, so that the right exponents would be 2+ 2p and 2, respectively. Nevertheless,
the intermediate exponent 2+ p acts as a threshold separating the two different regimes,
and leaving enough room on both sides to perform our estimates.

Non-trivial solutions never vanish.

Forward uniqueness We prove that «(0) = 0 implies that u(¢) = 0 for every ¢t > 0.
To this end, we set z(t) := |u(t)|> + |AY2u(t)|>. A simple computation shows that

J(t) = —2A2u()? - 20 Au(t) + 2(u(t), g(t)) + 2(Au(t), g(t))
—2lAY2u()]? = 2 Au()]® + [u(t)]® + lg(O)* + [Au(t)* + |g(t)

<
< u(@®)]” +2[g()".

From (2.9) we obtain that
lg()* < 2K3 (Ju(®) > + AV u(t)+2) (3.21)
hence

2(t) < z2(t) + 4Kz + 4K [z (1)) V> 0.
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All powers of z(t) in the right-hand side of this scalar differential inequality have
exponents greater than or equal to one. It follows that the right-hand side, as a function
of z(t), is Lipschitz continuous. This is enough to guarantee that necessarily z(t) = 0,
hence u(t) = 0, for every ¢t > 0.

Backward uniqueness We prove that u(0) # 0 implies that u(t) # 0 for every ¢ > 0.
As in the classical references [1, 8], here we exploit the standard Dirichlet quotient
Q(t) defined in (3.13). To this end, we set

S:=sup{t>0:u(r)#0 Vrel0,t]}.

Since u(0) # 0, a simple continuity argument shows that S > 0. Backward unique-
ness is equivalent to saying that S = +o0o. So let us assume by contradiction that
S < +o00. By the maximality of S, this means that u(S) = 0. Now we show that this is
not possible.

In the interval [0,S) we have that u(t) # 0, hence Q(t) is defined. Let us estimate
its time-derivative as in (3.15). If we neglect the first term in the right-hand side, and
we estimate the second one by means of (3.21), we obtain that

, 1
O = Tp

< 2K () + 2K5 1A P u(t) T Q(2).

Due to the regularity of the solution, and in particular to (2.3), both |u(t)| and
| AY2u(t)| are bounded on bounded time-intervals, and in particular in [0,.S). This is
enough to conclude that also Q(t) is bounded in [0, .5).

Now let us consider the function y(t) := |u(t)|>. A simple computation shows that

y'(t) = —2|APu(t) + 2u(t), g(t)) = —2|AY2u(t)] — 2[u(t)] - |g(1)]. (3.22)

By definition of Dirichlet quotient, assumption (2.9) can be rewritten as

l9(O)] < Kolu(®)] (Ju®)” + [Q)]'*|A2u(t)]?) ,

(2K (Ju()]2 + [AYPu(t)[21)

so that

A u)?

y(t) = QW’WW = 2Ko[u()]” (Ju()” + [Q(6)]/| A u(t)|7)

= —2(Q(t) + Kolu(t)|P + Ko[Q(t)]'/*| AM?u(t)]7) y(t). (3.23)

Since |u(t)|, |AY2u(t)|, and Q(t) are bounded in [0, .5S), we deduce that there exists
c3 such that y/(t) > —c3y(t) for almost every t € [0, 5), hence

y(t) > y(0)e " vVt € [0,.5).

Since y(0) > 0, letting t — S~ we conclude that y(S) > 0, hence u(S) # 0. This
contradicts the maximality of S, and completes the proof that u(t) cannot vanish in a
finite time.

17



Slow solutions
In this second part of the proof we consider the case where u(t) in not the null solution

and (3.18) holds true for some ¢; > 0 and some sequence t,, — +00.

Main estimate We prove that there exists a constant ¢y such that (3.19) holds true.

This estimate is trivial if A is the null operator. Otherwise, let v > 0 denote the
smallest positive eigenvalue of A, which exists because we assumed that eigenvalues are
an increasing sequence. With this choice, the operator A satisfies assumption (2.15).
Let us consider the modified Dirichlet quotient (3.14) with d := p, which is defined for
every t > 0 by virtue of (3.17). From (3.16) it follows that

lg(t)?

Qy(t) < —vQy(t) + 2(2 + p)|u(®) - [Qp(1)]* + (3 + p)W-

Therefore, if we write (3.21) in the form
96> < 2K31u(t)[*? (Ju(®)|? + [Qp(t)] 4 Ju(t)|*+P)7)
we obtain that
Qp(t) < —vQy(t) +2(2 +p)lu®)]” - [Qp(1)]*
+2(3 + p)Kglu(®) + 23 + p)KG - [Qp(O)]Hu(t)|*P. (3.24)

Let us consider now the constant ¢; and the sequence t, — 400 of (3.18). From
assumption (2.10) we have in particular that |u(t)| — 0 as ¢ — +oo. Therefore, there
exists ng € N such that

2ue; > 2(24 p)|u(t)P - (2¢1)? + 2(3 + p) K2|u(t)[P
+2(3 4+ p) K2 - (2¢1) e |u(t)| P (3.25)
for every t > t,,. Now we claim that
Q,(t) <2c1 Yt >ty (3.26)

Since @, (t) is continuous, and consequently bounded, in the compact interval [0, £,,,],
this is enough to establish (3.19).
In order to prove (3.26), we set

S i=sup{t >ty : Qp(7) < 2¢1 VT € [ty t]},

so that now (3.26) is equivalent to S = +o0. To begin with, we observe that Q,(t,,) <
c1 < 2c1, hence a simple continuity argument yields that S > t,,. Let us assume by
contradiction that S < +oo. By the maximality of .S, this means that @,(S) = 2¢;.
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Now we show that this is impossible. We already know that Q,(t) < 2¢; for every
t € [tn,,S). Plugging this estimate into (3.24), and exploiting (3.25), we obtain that

Q,(t) < —vQp(t) + 2vey Vit € [tn,,S).

p

Integrating this differential inequality, and recalling once again that @Q,(t,,) < c1,
we obtain that

Qp(t) < 2¢;1 — crexp (—v(t —ty,)) Yt € [tny, S)-

Letting t — S—, we conclude that Q,(S) < 2¢;, which contradicts the maximality of
S. This completes the proof of (3.19).

Faster decay of the range component Let us prove (2.12). Once again this is trivial if
A is the null operator. Otherwise, assumption (2.15) is satisfied with v > 0 equal to the
smallest positive eigenvalue of A. Let us consider the modified Dirichlet quotient (3.14)
with d := 2p, which is defined for every ¢t > 0 because of (3.17). From (3.16) it follows
that

lg(®)I*

O (3.27)

Qo (1) < —vQup(t) + 4(1 + p)[u(t)[* - [Q2p(1)]* + (3 + 2p)

From (3.19) we have that
[u(®)]* [Qap(t)]* = [u(t)[" - Qup(t) - Qp(t) < calu(t)]” - Qap(t)- (3.28)
Moreover, now we can rewrite (3.21) in the form
lg()1” < 2KgJu(®)** (1 + [Qap(1)] - [A2u(t)*7) . (3.29)
Plugging (3.28) and (3.29) into (3.27), we obtain that
@ (t) < =Qup(t) - {v = calu(t)” — es] AVu(t) 1} + c.
Due to assumption (2.10), there exists 77 > 0 such that

v — cq|u(t)P — 5| AYV?u(t)[* > vt > T,

v
-2
hence

Qb (1) < =5 Qup(t) + <o

for almost every ¢t > T). Integrating this differential inequality we conclude that Q,(t)
is uniformly bounded for every ¢t > T. Since (Qa,(%) is continuous, and consequently
bounded, in the compact interval [0, T}], this is enough to establish (2.12).
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Slow decay of the solution Let us set as usual y(t) := |u(t)|?. Since Qo (t) and |AY2u(t)]
are uniformly bounded, from (3.29) we have now that

l9(t)| < erlu(®)[? V>0,
Plugging this estimate and (3.19) into (3.22) we obtain that
Y (t) > —2]A2u(t)]* = 2g()] - [u(t)] > —eslu(®)]*7 = —cs[y(t)] 772,

Integrating this differential inequality we deduce (2.11).

Spectral fast solutions

In this last section of the proof it remains to consider the case where (3.17) and (3.20)
hold true. This implies in particular that |A'/?u(t)| # 0 for every ¢t > Ty, and therefore
A is not the null operator.

Non-optimal exponential decay from above Let v be the smallest positive eigenvalue of
A. We prove that there exists a constant cg such that

|AY2u(t)] < cgexp (—%t) vt > 0. (3.30)

As a consequence of (3.20), this implies also that

v
1) < ———t Vvt > 0. 3.31
o) < coewp (~555t) vz (3.31)
To this end, we consider the function E(t) := |AY?u(t)|?, and we estimate its time-
derivative as usual
E'(t) = 2| Au(t)]” + 2(Au(t), g(t)) < —[Au(t)]* + [g(t)* (3.32)

For the first term we have that
—|Au(t)]? < —v|AY2u(t)|? = —vE(t).
For the second term, from (3.21) and (3.20) it follows that
GO < 2R AV (u(t)P + |AV () V> To.  (333)
Plugging these estimates into (3.32) we obtain that
E'(t) < — (v —2K3u(t)|P — 2K3|AY*u(t)|*) E(t).
Exploiting again assumption (2.10), we deduce that there exists T} > Tj such that
v — 2K2[u(t)]P — 2K2| AV ()2 > g Vvt > T
It follows that E'(t) < —(v/2)E(t) for every t > T, hence

14

E(t) < E(Ty) exp ( (- T1)> V> T,
which easily implies (3.30).
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Boundedness of the Dirichlet quotient Let us consider once again the Dirichlet quotient
Q(t) defined by (3.13), which now is defined for every ¢ > 0 because of (3.17). We prove
that there exists a constant c¢;; such that

QW) <ecn V> 0. (3.34)

To this end, we estimate @' (t) starting from (3.15). Exploiting (3.33) we obtain that

9OF 2 k200) () + |A72u(t) )

U= L =

for almost every t > Tj. Integrating this differential inequality we find that

t
Q0 < Qe (263 [ (ulr +14u0) ds) 21T
To
Due to (3.31) and (3.30), the integral in the right-hand side is bounded independently
of t. Since Q(t) is continuous, and consequently bounded, in the compact interval [0, Tp],
this is enough to establish (3.34).

Non-optimal exponential decay from below We prove that there exist positive constants
c19 and c;3 such that
lu(t)| > croe™ vt > 0. (3.35)
To this end, we consider once again the function y(t) := |u(t)|?, and we estimate y/(t)
starting from (3.23). Now we have that |u(t)| and |A'/2u(t)| are bounded independently
of ¢t because of assumption (2.10), and Q(¢) is bounded independently of ¢ because of
(3.34). Therefore, there exists a constant c¢14 such that y/(t) > —c14y(¢) for almost every
t > 0. Since y(0) > 0, integrating this differential inequality we obtain (3.35).

Ezact exponential decay rate Let us set
A = sup {’y >0: tEerOO [u(t)] parszye” = 0} . (3.36)

From (3.30) and (3.31) it follows that A is the supremum of a nonempty set. More-
over, from (3.35) it follows that |u(t)|p(a1/2) > c1oe™*, which implies that A is finite.
Therefore, \ is a positive real number.

We claim that A is an eigenvalue of A. To this end, we write H as an orthogonal

direct sum
H = H/\’,@H)\@H)\’Jr, (337)

where

e H, is the eigenspace relative to A if A is an eigenvalue of A, or Hy = {0} otherwise,
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e [, _ is the closure of the space generated by all eigenvectors relative to eigenvalues
of A less than A (if any),

e M, . is the closure of the space generated by all eigenvectors relative to eigenvalues
of A greater than A (if any).

These three subspaces of H are A-invariant, and some of them might be the trivial
subspace {0} depending on the value of A\. Let wy _(t), ux(t) and wuy 4 (t) denote the
components of u(t) with respect to the decomposition (3.37), and let g —(t), gx(t) and
gx+(t) be the corresponding components of g(t). Let § be the smallest eigenvalue of A
larger than A (if any), or 5 = 400 otherwise, and let § := min{(1 + p)\, (1 + ¢)A}.

First of all, we observe that our definition of A\, combined with assumption (2.9),
implies that

' v
tl}inoo lg(t)]e”* =0 Vv <. (3.38)
We claim that
tEeroo ’uA,+<t>|D(A1/2)€7t =0 vy < min{}, 6}, (3.39)
tEeroo lua—(t)|parzye?t =0 Wy <. (3.40)

This is enough to conclude that A is an eigenvalue of A, because otherwise u,(t) = 0,
so that (3.39) and (3.40) would imply that
lim |u(t)|piarzye” =0 ¥y <min{f,d}, (3.41)

t—+o0
and this would contradict the maximality of A because min{3,0} > A.
Let us prove (3.39). If all eigenvalues of A are less than or equal to A, then H) ; =
{0}, so that (3.39) is trivial. Otherwise, we can apply Lemma 3.2 with

X = Hy, w(t) = ur (), U(t) = g+ (1),
and B equal to the restriction of A to X. Indeed assumptions (3.5) and (3.6) follow
from our definition of § and from estimate (3.38). At this point, conclusion (3.7) of
Lemma 3.2 is exactly (3.39).
Let us prove (3.40). If all eigenvalues of A are greater than or equal to A, then
H,_ = {0}, so that (3.40) is trivial. Otherwise, let o be the largest eigenvalue of A less
than A. In this case we can apply Lemma 3.3 with

X =H,_, w(t) == uy_(t), Y(t) = ga—(1),
and B equal to the restriction of A to X. Now B is a bounded operator with norm less
than or equal to a, and assumption (3.9) follows from estimate (3.38). From Lemma 3.3

we deduce that e'tuy () has a limit zg € Hy_ as t — +o0. Since a < A, from (3.36)
we deduce that

jrof = lim_[eun (0] < Tim_efun (5] < lim_[u(t)]e*’ = 0,

and hence xy = 0. At this point conclusion (3.11) of Lemma 3.3 holds true with xy = 0,
and this is exactly (3.40).
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Ezact limit  Now we know that A is an eigenvalue of A, and that w, _(t) and u 4 (t)
decay faster than e~ for every v satisfying (2.14). It remains to consider the component
ux(t). To this end, we apply again Lemma 3.3, this time with

X = H,, w(t) == uy(t), Y(t) = ga(t),

and B equal to the restriction of A to X. Now B is A times the identity in Hy, hence a
bounded operator, while assumption (3.9) follows again from estimate (3.38).
Thus from Lemma 3.3 we deduce that eMuy(¢) tends to some vy € Hy as t — 400,

and
lim |ux(t) — voe_)‘t} e’ =0 Yy < 4. (3.42)

t—+o00

We claim that vy # 0. Indeed otherwise (3.42), (3.39) and (3.40) would imply (3.41),
and this would contradict the maximality of A because min{5,0} > A.

At this point (3.39), (3.40) and (3.42) imply (2.13) for every v < min{5,d}, hence
for every « satisfying (2.14). O

3.4 Proof of Theorem 2.7

Let us set L3 4 2
Kl — 0 ( + p) ’
v

and let us choose gy > 0 small enough so that the following two conditions are satisfied:
og + Kiop ™ < R?, (3.43)
A1+ p)oK? + 2K2(3 + 2p) K1 o)1 < 9 K2(3 + 2p). (3.44)
Let S be the set of all ug € D(A'Y?) such that
ug # 0, luo| < oo, |AY 20 < Ky |ug)*H2P. (3.45)

It is clear that these assumptions define an open set in D(A'?), which is nonempty
because it contains at least all ug € ker(A) with ug # 0 and |ug| < oy.

Let ug € S, and let u(t) be the unique local solution to problem (2.6)—(2.2) provided
by Theorem B, defined in a maximal interval [0,7). We claim that 7" = +oc0 and this
solution is slow in the sense of (2.11).

Basic estimate We prove that
lu(t)| < |ugl <o9  Vte]0,T). (3.46)
Indeed let us set y(t) := |u(t)|?>. A simple computation shows that
y'(t) = =2/ AV2u(t)? + 2(u(t), f(u())). (3.47)
Thanks to (2.17) we have that y/(t) < 0, which proves (3.46).
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Boundedness of the generalized Dirichlet quotient We prove that
u(t) #0 and |[AYV2u(t)]? < Kiu(t)*™®  Vte[0,T). (3.48)

To this end, we consider once again the modified Dirichlet quotient (3.14) with
d := 2p, defined as long as u(t) # 0, and we set

S :=sup{t € [0,7): |u(r)] - (Qaop(T) — K1) <0 V7 €10,t]},

so that now (3.48) is equivalent to S = T". To begin with, we set ¢ = 0 and we obtain that
|u(0)] - (Q2,(0) — K7) < 0 because of the first and third condition in (3.45). Therefore,
a simple continuity argument gives that S > 0. Let us assume by contradiction that
S < T. Then, by the maximality of S, this means that at least one of the following
equalities is satisfied

Now we exclude both possibilities. First of all, our definition of S implies that
u(t) #0 and Qq,(t) < Ky vVt € [0,.5). (3.50)

In particular, keeping into account assumption (2.16) and (3.46), we obtain that
[fa)] < Kolu(®)[*? (14 [Qzp(6)] 9% u(t)|H+79)
< Kolu(®)" (14 k{02001 (3.51)
for every t € [0,5). Let us consider again the function y(t) := |u(t)|*>. We compute the

time-derivative as in (3.47), and then we estimate the right-hand side exploiting (3.50)
and (3.51). We obtain that

y'(t) = —20A2u(t)]® — 2u(t)] - |f (u(?))]

> —2Qu,(t) - [u®)] - [u(t) P = 2Kofut) P47 (1+ K (g fP)

Vv

_dmﬁ+m+mmwwﬁmﬁwmwﬂ (3.52)

for almost every ¢ € [0,.5). Integrating this differential inequality we conclude that u(t)
cannot vanish in a finite time, which rules out the first possibility in (3.49).

In order to exclude the second one, we compute the time-derivative of ()2,(t). From
(3.16) with d = 2p we obtain that

|f (u(®))]”

Qo (1) < —vQap(t) +4(1+ p)[u(®)[[Qa (1)) + (3 + 2P)W'

From (3.46), (3.50) and (3.51) we have that

|U(t)|2p[Q (t)]2<o-2pK2 W<2K2 <1+K1+q0_(2+2p)q)
O S OBy = 2R (T Ao
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so that
Qip(t) < —vQap(t) +4(1 + p)og” KT + 2K5(3 + 2p) + 2K5(3 + 2p) Ky o 1.
Keeping the smallness condition (3.44) into account, we finally deduce that
Qo (1) < —vQay(t) + 4KG(3 + 2p) = —1(Qz(t) — K1)
for almost every t € [0, 5). Integrating this differential inequality we obtain that
Qap(t) < K1 + (Q2(0) — Ky)e ™ vt € [0,.5).

Letting t — S, and recalling that (Q2,(0) < K, we conclude that (Q2,(S) < K,
which rules out the second possibility in (3.49).

Global existence and slow decay We show that T' = +00. Let us assume indeed that
T < +oo. Letting ¢ — T~ in (3.46) and (3.48), and taking into account the smallness
assumption (3.43), we obtain that
lirjr} (lu(®))* + [APu(t)]?) < of + Kiog "™ < R?,
t—>T~
which contradicts (2.8).

Since we have proved that S = T' = +o0, the differential inequality in (3.52) now
holds true for every ¢ > 0. A simple integration of this differential inequality proves
that u(t) satisfies (2.11) for a suitable positive constant M;, depending only on Ky, K7,
0o, P, 4- O

3.5 Proof of Theorem 2.10

Let us sketch the strategy of the proof, based on a fixed point argument, before entering
into details. We begin by observing that our definition of H_ implies that H_ C D(A)
and

|Au| < Aul Yu e H_, (3.53)

while our definition of H, implies that there exists § > A such that
|Au| > Blu| Yu e Hy N D(A). (3.54)

More precisely, the last inequality holds true with 5 equal to the smallest eigenvalue
of A greater than A (if any), or with any § > X if the spectrum of A is finite and A is
its maximum, in which case H, = {0}.

Now let us choose a constant ¢ such that A < § < min{f, (1 + p)A}, let us set

1 1/2
r = 2 <1 -+ B) To, (355)
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and let us assume that r is small enough so that

2, < R, (3.56)
2L(2r) (\{SA_T n \;Bj(sl) < % (3.57)

Let us consider the space
X:={ge (o, +OO);D(A1/2)) g(t)|pearey < VE> 0}
It is well-known that X is a complete metric space with respect to the distance
dist(g1, g2) == sup {[g1(t) — ga(t)[p(arrzy : t > 0} .
For every g € X we set
0q(t) == f (voe ™ + g(t)e™") vt >0, (3.58)

and we define ¢, _(t) and ¢, . (t) as the projections of ¢, (t) into H_ and H,, respec-
tively. Then we define u, _ : [0,+00) = H_ and u, . : [0,400) = H, as

+o0o
ug(t) = voe ™ —/ A (5)ds, (3.59)
t

t
Uyelt) = gt [ g () ds (3.60)

0

and uy(t) == u,_(t) + uy 4+ (t). Finally, we set
g(t) == (ug(t) —voe ™) e Vvt >0. (3.61)

We claim that the following three statements hold true, provided that the smallness
assumptions (3.56) and (3.57) are satisfied.

o Well-posedness of the construction. The functions ¢, and u, are well-defined for
every g € X. Moreover, u, is a solution to the linear equation

uy(t) + Aug(t) = @y (t) = f (voe™ + g(t)e™) YVt >0 (3.62)
in the sense of Theorem A.
o (Closedness. We have that g € X for every g € X.

e Contractivity. The map F : X — X defined by F(g) = g is a contraction.
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If we prove the three claims, then the conclusion easily follows. Indeed the contrac-
tivity implies that F has a fixed point, namely there exists g € X such that g = ¢g. Thus
from (3.61) we have that

uy(t) = voe ™ + G(t)e ™ = voe ™ + g(t)e™, (3.63)

so that (2.21) follows from the boundedness of g and the fact that § > A.

Moreover, the projection of u,(0) into H., namely u, 4 (0), is wy because of (3.60),
hence the initial condition u,(0) is of the form wy + wy for some w; € H™.

Finally, exploiting (3.63) once again, we have that

Flug(t)) = f (voe™ +g(t)e™™)

so that saying that u, is a solution to (3.62) is equivalent to saying that v, is a solution
0 (2.6).

Well-posedness of the construction From (2.20) and our definition of X we have
that

lvoe ™ + g(t)e _6t’D(A1/2) < |vol prarrzye” Ay ]g(t)|D(A1/2)e_5t < roe M 4 e

Since 0 > X and ry < rq, it follows that
|voe ™ + g(t)e ™| iy S 2meN VE20. (3.64)
Due to the smallness assumption (3.56), we have in particular that
’voe A g(t)e o ’D(A1/2) <R vt >0,

which proves that ¢,(t) is well-defined.
Setting v = 0 into (2.18), from (2.19) we obtain that

F@] < Llul5Ps  Vu € Br.

Therefore, recalling that § < (1 + p)A, from (3.58) and (3.64) we deduce that
g (1)] < L(2r)TPe™® Wit > 0. (3.65)

Let us examine the integrand in (3.59). From (3.53) it turns out that the operator
el*=94 is bounded in H_ with norm less than or equal to e®*%*. Since the right-hand
side of (3.65) is of course an estimate also for |, _(t)|, we deduce that

(D ()] < e iy ()] < CTPLE) T Vs 20, (3.66)

le

Since 6 > A, this proves that the integral in the right-hand side of (3.59) converges
for every t > 0, hence u, _(t) is well-defined.

Let us examine the right-hand side of (3.60). Now the integration is over a bounded
interval, and the operator e*~94 is a contraction because s < t. Therefore, also Ug +(t)
is well-defined.

Finally, both the regularity (2.3) of u,, and the fact that it is a solution to (3.62),
follow from definitions (3.59) and (3.60).
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Closedness To begin with, we observe that g : [0, +00) — D(AY?) is a continuous
map because of the regularity of u,. Now we claim that

_ A1
|Ug7_(t) — Vp€ At|D(A1/2) S L(2T1)1+pﬁ€ o Vit Z 0, (367)
v 1
g+ ()] parrzy < L(2fr1)1+p%e5t + %e*‘” vt > 0. (3.68)

Plugging these estimates into (3.61) we obtain that

GO parey = [ug—(t) + g () = voe™| 5 412 €

< ‘u%_(t) - er_)\t‘D(Al/z) eét + |u97+<t)|D(Al/2)e&L

VA+1 B+I\ n
s—x T 5—5)+_

S L(2T1)1+p( 2

The smallness assumption (3.57) is equivalent to saying that the right-hand side is
less than or equal to ry. This proves that g € X.
Let us prove (3.67). From (3.66) we have that

+oo
|ug,—(t) —voe ™| < / ’e(s_t)A<pg7_(s)| ds
¢
+oo
< L(2T1)1+p/ e(sft))\ . 6763 ds
¢

1
= L2r)"r——e,

d—A
so that (3.67) follows by simply remarking that
[w|parzy < VA+1-|w]| Yw e H_. (3.69)

Let us prove (3.68). To this end, we set E(t) := |AY2u,  (t)|?. Its time-derivative is

B() = —2Aug (OF +2(dug (1) 0. ()
-0
< =2 OF + £ A (OF + 52l (O

G
)
-2y (0O + 5

Let us estimate the first term using (3.54), and the second term using (3.65). We
deduce that

< g (£)*.

E'(t)<—(0+B)E() + mL2(2r1)2+2pe*2‘”.
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Integrating this differential inequality we obtain that

E(t) < |AY2w|?e0+At 4 LL2(2'r’1)2+2pe’2‘5t vt > 0.

(6 —0)

Since § + B > 2§, and since |A'?w,| < ry because of assumption (2.20), this easily
implies that

VB

’Al/ng,Jr(t)’ < e 4 3 5L(27"1)1+pe_‘5t vt >0,

so that (3.68) follows by simply recalling our definition (3.55) of r1, and the fact that
1\ 12
|wparrzy < (1 - E) AV Yw e D(AY*) N H,. (3.70)

Contractivity Let g, and g2 be two elements of X. From (2.18) we have that
(00 (t) = @] = [f (o™ +g1(t)e™) = f (voe™ + ga(t)e™)]
L (’voe_)‘t + g1(t)e™? %(Am) + |v06_’\t + gg(t)e_&&(m/g)) X

X |gl (t) - 92(t)|D(A1/2)676t.

IN

Therefore, applying inequality (3.64) to g; and go, we deduce that
|00, (1) = @4 ()] < 2L(2r1)7 - dist(gr, g2) - €™ Yt 2 0. (3.71)

The right-hand side of (3.71) is of course an estimate also for the projections of
Pg, — Pg, into H_ and H,. In particular, for the component with respect to H_ we
obtain that

IN

gy, (1) = g, (1)]

+o00
[l 9) = ()] s
t

+o0
/ N 1 (5) — 9pa(s)] ds
t

IN

+o0
< 2L(2r)? - dist(g1, 92) / elsmDA g0 g
¢

1
< 2L(2r)P - dist(g1, g2) - e
d—A
Keeping (3.69) into account, this proves that
P . A +1 —ot
g, —(t) = gy, (t)| prarrzy < 2L(271)" - dist(g1, g2) - 5 ¢ (3.72)
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Let us consider now the component with respect to H,. To this end, we set once
again E(t) := |AY2(uy, 1 (t) —u,, + (t))]?. Taking the time-derivative, and arguing as we
did in the previous paragraph, we obtain that

E(0) < =252 1A 0~ s O + 375l () = o0

Thus from (3.54) and (3.71) it follows that

E'(t) < —(6 + B)E(t) + % - 4L2(2r)* - dist? (g1, go) - e 2.
Since now E(0) = 0, integrating this differential inequality we deduce that

E(t) < 4L*(2r))* - dist?(g1, g2) - (6_55)26—2‘” vt > 0.

Keeping (3.70) into account, this proves that

o 0) = - Doy < 21020 )P -distlon, ) e, (373)
From (3.61), (3.72) and (3.73) we conclude that

91() = () parey = g (t) = gy (8)| parzy €
< Jugy () = gy (8)| parszy €+ [ugy () = gy + ()] parszy €

2L(2r ) (‘?_*Al 4 Vﬁﬁf;) dist(g1, 95)

for every t > 0. Taking the supremum over all ¢ > 0, and keeping into account the
smallness assumption (3.57), we conclude that

IN

N 1 .
dist(g1, 72) < 5 dist(g1, g2),

which proves that the map F : X — X is a contraction. [J

4 Applications

Let © C R™ be a bounded connected open set with Lipschitz boundary (or any other
condition which guarantees Sobolev embeddings). We consider semilinear parabolic
equations of the form

u — Au+¢(u) =0 (4.1)
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in Q x [0,400), with homogeneous Neumann boundary conditions, and initial datum
u(0) = ug. We also consider semilinear parabolic equations of the form

ur — Au— Au+1(u) =0 (4.2)

in  x [0,400), with homogeneous Dirichlet boundary conditions, and initial datum
u(0) = wp. In this case we assume that A < A(Q2), where A\;(£2) denotes the first
eigenvalue of —A with homogeneous Dirichlet boundary conditions in €.

The classical approach to these problems consists in setting H := L?*(2) and consid-
ering the operator Au := —Au with domain D(A) = {u € H'(Q) : Au € L*(Q)} (this
is just H?(Q) if Q is convex or its boundary is smooth enough) in the Neumann case, or
the operator Au := —Au — Au with domain D(A) = {u € Hj(Q) : Au € L*(Q)} (which
is just H2(Q) N H}(Q) if Q is convex or its boundary is smooth enough) in the Dirichlet
case. In both cases A is a self-adjoint operator on H, with D(AY?) = H'(Q) in the
Neumann case and D(AY2?) = H}(Q) in the Dirichlet case. It is a coercive operator in
the subcritical Dirichlet case with A < A1(€2), but it is just a nonnegative operator both
in the Neumann case (where the kernel of A is the space of constant functions), and in
the critical Dirichlet case with A = A;(Q2) (where the kernel of A is the eigenspace of
—A relative to the eigenvalue A (€2)).

As for the nonlinear term, we assume that 1) : R — R is a function of class C*! such
that

$(0) =0, (4.3)

and
|V (o) < Cilo|P Vo eR, (4.4)
V(oo > Colo*P Vo € R, (4.5)

for suitable positive constants C7, Cs, p.
Now equations (4.1) and (4.2) can be written in the abstract form (1.1) provided
that we set

[f(W)(x) = =d(u(z))  VYre (4.6)

Therefore, it is crucial to know when f satisfies the assumptions of our main abstract
results. Since clearly f(0) = 0, the key point is the verification of (2.18), which we
already know to imply both (2.7) and (2.16) with p = ¢. The verification of (2.18) is
quite standard, and requires that D(A'/?) is contained into L**?(Q), which in turn is
equivalent to the Sobolev embedding H!(Q) C L?T27(Q).

Here we skip the details, for which the interested reader is referred to Section 4.1
of [11]. The final result is the following.

Proposition 4.1. Let Q2 C R" be a bounded connected open set with Lipschitz boundary.
Let p be a positive exponent, with no further restriction if n € {1,2}, and p < 2/(n —2)
if n > 3. Let H := L*(2), and let A be the operator associated to the Neumann or
Dirichlet problem. For every R > 0, let Br be the open ball in D(AY?), defined as in
Theorem B. Let ¢ : R — R be a function of class C' satisfying (4.3) and (4.4).
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Then there exist R > 0 and L such that (4.6) defines a function f : Br — H
satisfying (2.18).

We point out that in Proposition 4.1 above we need no assumption on the sign or
monotonicity of ¥. Sign and monotonicity conditions are important when looking for
global solutions for all initial data ug € L?(2). For the convenience of the reader, we
quote the following well-known result for the case with the “right sign”.

Theorem C (Right sign — Global existence). Let  C R™ be a bounded connected open
set with Lipschitz boundary. Letp > 0, and let) : R — R be a continuous nondecreasing
function satisfying (4.5).

Then the following statement applies to both the Neumann problem for equation (4.1),
and to the Dirichlet problem for equation (4.2) with X < \(Q). For every ug € L*(Q),
the problem admits a unique global solution

uweCc? ([0,400), H) N o ((0,+00), D(A)) N ok ((0,+00), H), (4.7)
and there exists a constant M such that
M
|uo|
|AYV2u(t)] < tl—/oQ vt > 0. (4.9)

The proof of Theorem C is quite classical. Indeed, both the Neumann and the
Dirichlet problem are the gradient-flow of a strictly convex functional, hence global
existence, regularity and estimate (4.9) follow, for example, from the well-established
theory of maximal monotone operators (see [5]). As for the decay estimate (4.8), it
holds true for all solutions of the abstract equation (1.1), provided that the nonlinear
term f(u) satisfies a sign condition such as

(f(u),u) < —Ku[***  Yue D(AY?) (4.10)

for a suitable constant K. Indeed, setting as usual y(¢) := |u(t)[?, and computing its
time-derivative as in (3.47), we obtain that

y (1) = =2 A7 2u(t)]” + 2{u(t), f(u(t))) < —2K[u()]**? = —2K[y()]"*",

so that (4.8) easily follows by integrating this differential inequality. In the concrete
example, (4.10) holds true whenever (o) satisfies (4.5).

We point out that Theorem C holds true for every n > 1 and p > 0. Under the more
restrictive assumptions of Proposition 4.1, we can apply our theory as follows.

Theorem 4.2 (Right sign — Decay rates). Let @ C R"™ be a bounded open set with
Lipschitz boundary. Let p be a positive exponent, with no further restriction if n € {1, 2},
and p < 2/(n—2) if n > 3. Let ¢ : R — R be a nondecreasing function of class C*

satisfying (4.3) through (4.5).
Then the following three statements apply to both the Neumann problem for equa-
tion (4.1), and to the Dirichlet problem for equation (4.2) with A = \(Q).
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(1) (Classification of decay rates) All non-zero solutions are either slow or fast in the
sense of Theorem 2.2.

(2) (Existence of slow solutions) There exists a nonempty open set S C L?(Q) such
that all solutions with u(0) € S are slow.

(3) (Existence of fast solutions) There ezists families of fast solutions in the sense of
Theorem 2.10.

Of course the theory applies also to the Dirichlet problem with A < A;(£2), but in
that case the operator is coercive and we have only fast solutions.

The proof of Theorem 4.2 is a straightforward application of our abstract results.
We just point out that here the set S of initial data originating slow solutions is claimed
to be open in H and not just in D(A'/?) as in Theorem 2.7. This improvement relies on
the regularizing effect. Indeed, it is enough to take the set S C D(A'Y?) provided by
Theorem 2.7, and then considering the set S C H of all initial data of solutions which
end up in & at time ¢ = 1. This set in non-empty and open due to the regularizing
effect.

Remark 4.3. For the heat equation, it is possible to use Theorem 2.2 in conjunc-
tion with additional properties of the heat flow such as smoothing effect in arbitrary
Lebesgue-based Sobolev spaces to obtain a major improvement with respect to what was
already known. In next result we obtain a slow-exponential alternative for all values of
p and n. We are confident that a relevant refinement of our techniques would yield in
this general case also the remaining results, for example the existence of an open set of
slow solutions or the existence of fast solutions with arbitrary spectral decay rate.

Theorem 4.4 (Arbitrary power functions — The alternative). Let Q@ C R™ be a bounded
open set with Lipschitz boundary. Let p be any positive exponent, and let (o) := c|o|Po
for some ¢ > 0.

Then both Neumann problem for equation (4.1), and Dirichlet problem for equa-
tion (4.2) with A = A1 () satisfy the following decay alternative: all non-zero solutions
with bounded initial data satisfy either (2.11) or (2.13) for some v > A.

Proof Here global existence of solutions is well-known in the sense of L>°(£2) for initial
data in the same space, and solutions are in fact strong solutions with values in D(A/2)
as a consequence of smoothing effect. In order to apply Theorem 2.2 we observe that

[f()la = 1f @)llz2@) < lull7 ) - ullziee )

Now along the trajectory, say for ¢ > 1, we have a uniform bound on u in L>*(Q). It
is therefore enough to choose r € (0,p) small enough so that D(A/2) is contained into
L?2(Q)) and obtain that

@) < eolul}fy
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Then Theorem 2.2 is applicable and we obtain the alternative with p replaced by r
in the lower estimate of slow solutions, but from the results of either [2] for Neumann’s
case or [3] for Dirichlet’s case we know that any solution which does not satisfy the
“slow condition” corresponding to p tends to 0 faster than any negative power of ¢t. The
result follows immediately by exclusion. [J

When 1 has the wrong sign, for example when ¢ (o) = —|o|Po, global existence can
fail (see [7]). Nevertheless, exploiting the so-called potential well, one can obtain global
existence for all initial data which are small enough with respect to the norm of D(A'Y?).
This technique requires that the operator is coercive and controls the nonlinear term
(which means Sobolev embeddings). Since the coerciveness of the operator is essential,
this theory applies neither to the Neumann case, nor to the critical Dirichlet case. In
other words, the potential well applies only to the subcritical Dirichlet case, in which
case we obtain the following result.

Theorem 4.5 (Wrong sign, with potential well). Let Q@ C R" be a bounded open set
with Lipschitz boundary. Let p be a positive exponent, with no further restriction if
n e {1,2}, and p < 2/(n—2) if n > 3. Let b : R — R be a function of class C"
satisfying (4.3) and (4.4). Let us consider the Dirichlet problem for equation (4.2) with
A< A (92).

Then there ezists R > 0 such that, for every uy € Br (defined as in Theorem B),
the problem has a unique global solution, which satisfies (4.7), (4.8), and (4.9).

Moreover, every non-zero solution is fast in the sense of Theorem 2.2, and there
exist families of fast solutions parametrized in the sense of Theorem 2.10.

When there is no potential well, Theorem 2.2 keeps on classifying all possible decay
rates of solutions which exist globally and decay. On the other hand, nothing in this
case guarantees decay, or even global existence, of solutions.

Nevertheless, there is one notable exception. Theorem 2.10 provides families of
global solutions with exponential decay without assuming neither the coercivity of the
operator, nor sign conditions on the nonlinear term. Therefore, even in the Neumann
case and in the critical Dirichlet case, we obtain the following existence result.

Theorem 4.6 (Wrong sign, without potential well). Let Q@ C R"™ be a bounded open
set with Lipschitz boundary. Let p be a positive exponent, with no further restriction
ifn € {1,2}, and p < 2/(n—2) if n > 3. Let ¢ : R — R be a function of class C*
satisfying (4.3) and (4.4).

Let us consider the Neumann problem for equation (4.1) or the Dirichlet problem for
equation (4.2) with A = A(Q2).

Then there exist families of fast solutions parametrized in the sense of Theorem 2.10.

We conclude by pointing out that our abstract results apply also to equations with
second order operators with non-constant coefficients, or with higher order operators
such as A%, We also allow more general nonlinear terms depending on z and ¢, or even
non-local nonlinear terms.
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