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Abstract

An analytical expression for the trajectory equation of a solar sail spacecraft is available in special cases only,
including the well known logarithmic spiral. The latter, however, cannot be used when the parking orbit is circular.
This paper presents an approximate solution to this problem, obtained by considering the propulsive acceleration
as a perturbation effect acting on a Keplerian trajectory in a heliocentric (two-dimensional) mission scenario. In
this context, the spacecraft dynamics are approximated by an asymptotic series expansion in terms of non-singular
generalized orbital elements. Under the assumption that the propulsive acceleration is small compared to the local
Sun’s gravitational attraction, a first order approximation is shown to be very accurate in predicting the trajectory
of the spacecraft and the evolution of the non-singular orbital parameters of the osculating orbit. A periodic
rectification procedure improves the method accuracy without significantly affecting the computational time, as
is confirmed by numerical simulations.

Keywords: Solar sail analytical trajectory, Asymptotic expansion method, Mission analysis, Generalized
orbital elements

Nomenclature

a = semimajor axis of osculating orbit, [ au]
ar, aθ = radial and circumferential propulsive acceleration, [ mm/s2]
bi = sail force coefficients
E = dimensionless auxiliary variable, see Eq. (47)
e = eccentricity of osculating orbit
h = angular momentum modulus, [ au2/day]
p = semilatus rectum of osculating orbit, [ au]
qi = generalized orbital elements
qij = j-th perturbation order term of qi
R = dimensionless radial component of thrust
r = Sun-spacecraft distance, [ au]
s = dimensionless auxiliary variable, see Eq. (7)
T = dimensionless circumferential component of thrust
t = time, [ days]
vr, vθ = radial and circumferential velocity, [ au/day]
α = sail cone angle, [ deg]
β = lightness number
θ = angular coordinate, [ deg]
µ� = Sun’s gravitational parameter, [ au3/day2]
ν = true anomaly on the osculating orbit, [ deg]
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σ = sail loading, [ g/m2]
σ? = critical sail loading, [ g/m2]
ω = apse line rotation angle, [ deg]

Subscripts

0 = initial
' = Mercury
r = point of rectification
s = numerical results

Superscripts

∼ = dimensionless quantity
− = post-rectification auxiliary variable, see Eqs. (51)–(52)

1. Introduction

The recent success of JAXA’s IKAROS mission has demonstrated [1, 2, 3] the technological capability
of deploying and actively controlling a photonic solar sail in the interplanetary space, thus opening revolu-
tionary opportunities for new and advanced space missions that would be impossible to achieve with more
conventional propulsion systems. Encouraged by these promising results and after the succeeding launch of
NASA’s NanoSail-D2 [4], other solar sail-based missions are still under development [5, 6].

Due to the low-thrust levels supplied by current generation solar sails, their effectiveness especially arises
in extended-duration space missions. However, the mission analysis phase is a lengthy and difficult task,
which is usually tackled by looking for the space trajectory that minimizes a scalar performance index, such as
the mission time. This often implies the need of simulating a huge amount of possible “candidate” solutions,
by numerically integrating the spacecraft equations of motion. In fact, an analytical form of the trajectory
equation can be obtained in a few cases only. A well known example in this respect is obtained when
the spacecraft orbital motion is two-dimensional, and the sail attitude (or the thrust angle) is maintained
at a constant value with respect to a classical orbital reference frame [7, 8]. Under those assumptions,
the trajectory polar equation coincides with a logarithmic spiral [9, 10, 11], which therefore represents an
useful tool in the preliminary analysis of a solar sail-based mission [12]. There are, however, some intrinsic
limitations to this solution. In fact, a logarithmic spiral trajectory cannot be used for the study of circle-to-
circle orbital transfers [10] unless a discontinuity in the spacecraft inertial velocity is introduced both in the
initial and final condition, that is, along the parking and target orbits. Some analytical (or semi-analytical)
results not involving a logarithmic spiral-trajectory exist in the literature, such as the curve-fitting based
formula for the flight time evaluation in an Earth-Mercury optimal rendezvous given by Dachwald [? ].
These solutions can be effectively applied to specific cases (indeed, similar formulas can also be calculated
and used for other mission scenarios), but their attainment requires the numerical analysis of a number of
transfer trajectories.

The aim of this paper is to use a different approach in the analysis of solar sail heliocentric trajectories
with a constant sail orientation. In the discussed approach, the propulsive acceleration is introduced in
the equations of motion through a series expansion, assuming it is sufficiently small to be thought of as a
perturbation term for the spacecraft (Keplerian) motion. The use of a series expansion to find an approximate
solution for the trajectory equations has attracted some interest in the literature. In particular, starting
from the theoretical work by Kevorkian [13], an interesting contribution to this subject may be found in
Ref. [14], which uses a perturbational approximate approach to analyze the motion of a spacecraft propelled
by a continuous low-thrust, whose modulus depends on the spacecraft distance from the primary. More
recently, Bombardelli et al. [15] have characterized the motion of a spacecraft subjected to a continuous
circumferential propulsive acceleration with an elegant series expansion method.

The results discussed in this paper make use of the three generalized orbital elements introduced in
Ref. [15], and are obtained under the assumption of a heliocentric two-dimensional model and a fixed sail
attitude (that is, a fixed cone angle). The proposed solution is validated by simulation, comparing the results
with those achieved with a numerical integration of the equations of motions.

2



2. Solar sail equations of motion

Consider a spacecraft that initially tracks a heliocentric Keplerian parking orbit of eccentricity e0 < 1
and semilatus rectum p0. At time t0 , 0, when the Sun-spacecraft distance is r0 and the spacecraft true
anomaly is ν0 ∈ [0, 2π] rad, the primary propulsion system is switched on. The propulsive thrust is assumed
to belong to the plane of the parking orbit for all t ≥ t0. The heliocentric spacecraft trajectory is therefore
two-dimensional and, according to Bombardelli et al. [15], may be fully characterized by three non-singular
(dimensionless) generalized orbital elements q1, q2, and q3, defined as

q1 ,
e

h̃
cosω (1)

q2 ,
e

h̃
sinω (2)

q3 ,
1

h̃
(3)

where e is the eccentricity of the osculating orbit, while ω is the angle between the eccentricity vector of
the parking orbit e0 and that of the osculating orbit e, see Fig. 1. In Eqs. (1)–(3), h̃ is the dimensionless
modulus of the spacecraft angular momentum h, given by

h̃ ,
h

√
µ� r0

=
√
p̃ with p̃ ,

p

r0
(4)

where µ� is the Sun’s gravitational parameter, and p the semilatus rectum of the osculating orbit.
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Figure 1: Geometrical sketch of the orbit transfer.

The differential equations describing the variation of the orbital elements with the spacecraft angular
coordinate θ , ω + ν are [16]

d

dθ

q1q2
q3

 =
1

q3s3

 s sin θ (s+ q3) cos θ
−s cos θ (s+ q3) sin θ

0 −q3

 [ãr
ãθ

]
(5)

with
ãr ,

ar
µ�/r20

and ãθ ,
aθ

µ�/r20
(6)

where ar (or aθ) is the radial (or circumferential) component of the propulsive acceleration, and s is an
auxiliary variable defined as

s , q1 cos θ + q2 sin θ + q3 (7)

Using the main results of Ref. [15], the semimajor axis a, the eccentricity e, the Sun-spacecraft distance r,
and the angle ω of the spacecraft osculating orbit can all be expressed as functions of the set {q1, q2, q3, θ, r0}
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as

a =
r0

q23 − q21 − q22
(8)

e =

√
q21 + q22
q3

(9)

r =
r0

q23 + q1 q3 cos θ + q2 q3 sin θ
(10)

ω = arctan

(
q2
q1

)
(11)

The dimensionless circumferential and radial components of the heliocentric spacecraft velocity are derived
from the mechanical energy equation and the definition of the angular momentum, viz.

ṽθ ,
vθ√
µ�/r0

= q1 cos θ + q2 sin θ + q3 (12)

ṽr ,
vr√
µ�/r0

= q1 sin θ − q2 cos θ (13)

Note that s coincides with ṽθ, see Eqs. (7) and (12). As such, s is different from zero with the exception
of special trajectories in which the circumferential spacecraft velocity vanishes. Noteworthy situations in
which ṽθ may become equal to zero include the case of rectilinear orbits [17], trajectories with an angular
momentum reversal maneuver [18], or trajectories for heliostationary missions [19]. All of these examples,
however, require the use of high-performance solar sails, with a maximum propulsive acceleration on the
order of (or even larger than) the local solar gravitational acceleration.

2.1. Solar sail thrust model

Consider a spacecraft propelled by a flat photonic solar sail with a classical optical force model [10, 20, 21].
The dimensionless propulsive acceleration components, see Eqs. (6), may be written in a compact form as

ãr = β
R

r̃2
and ãθ = β

T

r̃2
(14)

where r̃ = r/r0 is the dimensionless Sun-spacecraft distance with r given by Eq. (10), and β is the sail
lightness number, defined as the ratio between the critical sail loading σ? , 1.53 g/m2 to the actual sail
loading σ [10]. Finally, the dimensionless variables R and T are given by

R = b1 cosα+ b2 cos3 α+ b3 cos2 α (15)

T = b2 cos2 α sinα+ b3 cosα sinα (16)

where α ∈ [−π/2, π/2] rad is the sail cone angle, that is, the angle (positive when measured counterclockwise)
from the Sun-spacecraft line to the normal to the sail reference plane in the direction opposite to the Sun,
and {b1, b2, b3} are the force coefficients [21], whose values depend on the thermo-optical characteristics of
the sail reflective film. For example, using the data taken from Wright [20] and McInnes [10] (corresponding
to a square sail with a highly reflective aluminum coated front side and a highly emissive chromium-coated
backside) the force coefficients are b1 = 0.0864, b2 = 0.8272, and b3 = −0.0055. These data have been
recently updated by Heaton and Artusio-Glimpse [22] (assuming a CP1 sail that is Al-coated on the front
side and uncoated on the back side) to the new values b1 = 0.0723, b2 = 0.8554, and b3 = −0.0030. Recall
that in the ideal case of fully specular reflection of the impinging photons (i.e. for an ideal force model), the
coefficients are b1 = b3 = 0 and b2 = 1.
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Substituting Eqs. (14) into Eqs. (5), the differential equations describing the spacecraft two-dimensional
dynamics become

d

dθ

q1q2
q3

 = β q3

 sin θ (1 + q3/s) cos θ
− cos θ (1 + q3/s) sin θ

0 −q3/s

 [R
T

]
(17)

with initial conditions

q1(ν0) =
e0√

1 + e0 cos ν0
(18)

q2(ν0) = 0 (19)

q3(ν0) =
1√

1 + e0 cos ν0
(20)

Note that at the initial time t = t0, when the spacecraft tracks the parking orbit, ω = 0 and θ = ν0.
An interesting simplification of the previous differential equations is obtained if R and T remain constant

along the spacecraft (propelled) trajectory. This happens when i) the thermo-optical characteristics of the
reflecting film do not vary with time, which amounts to neglecting the degradation phenomenon of the
sail material [23, 24], and ii) the cone angle α is held constant during the transfer. Notably, the case of
motion with constant cone angle is particularly useful for different mission tasks, including a preliminary
estimate of the optimal spacecraft trajectory [25, 26], the analysis of solar sail trajectories with low control
authority [27], or the use of a shape-based approach for solar sail trajectory design [28].

However, even in the simplified case of R and T constant, the differential system of Eqs. (17) seems to
not admit a closed form solution for a generic set of initial conditions. An exception is given by a Sun-facing
sail, an arrangement that can be obtained passively using a suitable sail geometrical shape [29]. In that case
the sail cone angle is zero along the whole trajectory, which implies T ≡ 0, see Eq. (16), and Eqs. (17)–(20)
give

q1 =
e0 +Rβ (cos ν0 − cos θ)√

1 + e0 cos ν0
(21)

q2 =
Rβ (sin ν0 − sin θ)√

1 + e0 cos ν0
(22)

q3 =
1√

1 + e0 cos ν0
= constant (23)

As a result, the semilatus rectum p (or, equivalently, the specific angular momentum modulus h̃) is a
constant of motion, the trajectory is a conic and {a, e} are periodic functions (with period 2π) of the
angular coordinate θ, see Fig. 1.

In the general case when α 6= 0 (which implies T 6= 0), an approximate but sufficiently accurate solution
to the differential equations (17) may be found using an asymptotic expansion procedure in which the sail
lightness number β is treated as a perturbation term, that is, the sail thrust is assumed to be a small
disturbance acting on the spacecraft for a long time. This approximation is consistent with the current solar
sail technological level since, for example, the sail lightness numbers of the Japanese solar sail demonstrator
IKAROS [1] and the NASA’s NanoSail-D2 [4] are β = 0.001 and β = 0.003, respectively.

3. Solution through series expansion

Paralleling the procedure discussed by Bombardelli et al. [15], the orbital elements {q1, q2, q3} defined in
Eqs. (1)–(3) are now rewritten using a series expansion, in which the solar sail propulsive acceleration acts
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as a perturbation term on the spacecraft Keplerian (reference) motion, viz.

q1 = q10 + β q11 +O(β2) (24)

q2 = q20 + β q21 +O(β2) (25)

q3 = q30 + β q31 +O(β2) (26)

where qij are functions of the angular variable θ. In the previous equations, the subscript i denotes the
orbital parameter (i = 1, 2, 3, see Eqs. (1)–(3)), whereas j represents the order of the perturbation term
(j = 0 for unperturbed terms, j = 1 for first order terms).

Substituting Eqs. (24)–(26) into Eqs. (17) and equating the zeroth powers of β, the result is

dqi0
dθ

= 0 with i = 1, 2, 3 (27)

which amounts to stating that, as expected, the three generalized orbital elements are constant and the
spacecraft tracks a Keplerian orbit when the perturbation effect by the propulsive acceleration is neglected.
Enforcing the initial conditions on the parking orbit, the unperturbed values of the modified orbital elements
are

q10 = q1(ν0) , q20 = q2(ν0) , q30 = q3(ν0) (28)

where q1(ν0), q2(ν0), and q3(ν0) are given by Eqs. (18)–(20).
An interesting result comes from the equations involving the first order powers of β. In fact, after

some algebraic manipulations that are here neglected for the sake of conciseness, the first order perturbed
dynamics equations can be written as

d

dθ

q11q21
q31

 =

√
1 + e0 cos ν0
1 + e0 cos θ

sin θ + e0 sin θ cos θ 2 cos θ + e0 cos2 θ
− cos θ − e0 cos2 θ 2 sin θ + e0 sin θ cos θ

0 −1

 [R
T

]
(29)

with the three initial conditions

q11(ν0) = 0 , q21(ν0) = 0 , q31(ν0) = 0 (30)

The solution to the initial value problem given by Eqs. (29)–(30) will now be discussed separately according
to whether the parking orbit is circular or elliptical.

3.1. Circular parking orbit

When the parking orbit is circular (e0 = 0), the initial conditions in Eqs. (18)–(20) become

q1(ν0) ≡ q2(ν0) = 0 , q3(ν0) = 1 (31)

Without loss of generality, due to the problem symmetry, assume ν0 = 0. The solutions to Eqs. (29)–(30)
are

q11 = R (1− cos θ) + 2T sin θ (32)

q21 = −R sin θ + 2T (1− cos θ) (33)

q31 = −T θ (34)

The values of the non-singular orbital elements {q1, q2, q3} can be obtained by substituting Eqs. (28), and
(31)–(34) into Eqs. (24)–(26). Neglecting the second order terms in the lightness number β, the (approxi-
mate) results for a circular parking orbit are

q1 = Rβ (1− cos θ) + 2T β sin θ (35)

q2 = −Rβ sin θ + 2T β (1− cos θ) (36)

q3 = 1− T β θ (37)
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Notably, the previous solution is exact for a Sun-facing sail. In fact, as long as T = 0, Eqs. (35)–(37) coincide
with Eqs. (21)–(23) when the condition e0 = 0 is enforced.

The first order analytical approximation of the propelled trajectory equation, in polar form, is obtained
from Eq. (10) as

r =
r0

(1− T β θ) [1 +Rβ (cos θ − 1) + T β (2 sin θ − θ)]
(38)

Likewise, using Eqs. (8)–(9), the semimajor axis and the eccentricity of the spacecraft osculating orbit are
given by

a =
r0

1− 4β2 (R2 + 4T 2) sin2(θ/2) + T β θ (T β θ − 2)
(39)

e =
β
√

2 (R2 + 4T 2) (1− cos θ)

1− T β θ
(40)

whereas, taking into account Eqs. (12)–(13), the circumferential and radial components of the spacecraft
inertial velocity are

vθ =

√
µ�

r0

[
1− 2Rβ sin2(θ/2) + Tβ (2 sin θ − θ)

]
(41)

vr =

√
µ�

r0
[2T β (1− cos θ) + β R sin θ] (42)

The expression for the eccentricity e of the osculating orbit, given by Eq. (40), provides a constraint on the
maximum admissible value of θ that can be used in the approximation of the spacecraft trajectory. In fact,
the condition e ≥ 0 implies that

θ ≤ 1

T β
if T > 0 (43)

In particular, for an ideal solar sail T = cos2 α sinα, see Eq. (16), which implies max(T ) = 2
√

3/9 and
θ ≤ 9/(2β

√
3). However, in the special case when T → 0 (i.e. for a Sun-facing solar sail), Eq. (43) states

that no upper bound exists on the angular coordinate θ. This conclusion agrees with the fact that, as
previously stated, the solution obtained via series expansion is exact.

3.2. Elliptic parking orbit

Consider now the more general case of an elliptic parking orbit, that is, e0 ∈ (0, 1). It can be shown that
the solutions of Eqs. (29)–(30) are

q11 =

R (cos ν0 − cos θ) + T

(
sin θ − sin ν0 +

θ − ν0
e0

+
E0 − E

e0
√

1− e20

)
√

1 + e0 cos ν0
(44)

q21 =

R (sin ν0 − sin θ) + T

[
cos ν0 − cos θ +

1

e0
ln

(
1 + e0 cos ν0
1 + e0 cos θ

)]
√

1 + e0 cos ν0
(45)

q31 =
T (E0 − E)√

(1 + e0 cos ν0) (1− e20)
(46)

where E is an auxiliary variable [15] defined as

tan
E

2
=

√
1− e0
1 + e0

tan
θ

2
(47)
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Substituting Eqs. (18)–(20) and (44)–(46) into Eqs. (24)–(26), and neglecting the second order terms in
β, the approximate expressions for the three generalized orbital elements are

q1 =

e0 +Rβ (cos ν0 − cos θ) + T β

(
sin θ − sin ν0 +

θ − ν0
e0

+
E0 − E

e0
√

1− e20

)
√

1 + e0 cos ν0
(48)

q2 =

Rβ (sin ν0 − sin θ) + T β

[
cos ν0 − cos θ +

1

e0
ln

(
1 + e0 cos ν0
1 + e0 cos θ

)]
√

1 + e0 cos ν0
(49)

q3 =

√
1− e20 + T β (E0 − E)√
(1 + e0 cos ν0) (1− e20)

(50)

Similar to what happens for a circular case, the previous equations give an exact result for a purely radial
thrust (T = 0), see Eqs. (21)–(23). The polar equation of the trajectory r(θ) and the classical orbital elements
of the osculating orbit, a(θ) and e(θ), can be obtained in an explicit form by substituting Eqs. (48)–(50)
into Eqs. (8)–(10). However, their expressions are rather involved and are not reported here for conciseness.

3.3. Rectification procedure

Even though the results of the analytical method are in good agreement with numerical simulations for
small values of θ, the error increases for large values of both the angular coordinate and the sail lightness
number β. According to Ref. [15], a periodic rectification of the initial conditions of Eqs. (18)–(20) is useful
for improving the result accuracy.

To this end, assume that the rectification is performed at a particular angular coordinate θr > ν0, and
introduce the following new variables

θ̄ , θ − ωr , ω̄ , ω − ωr , q̄1 ,
e

h̃
cos ω̄ , q̄2 ,

e

h̃
sin ω̄ , q̄3 ,

1

h̃
(51)

where the subscript r denotes a value taken just before the rectification instant. The initial conditions for
the new variables are

θ̄0 = νr , ω̄0 = 0 , q̄1
(
θ̄0
)

=
er

h̃r
, q̄2

(
θ̄0
)

= 0 , q̄3
(
θ̄0
)

=
1

h̃r
(52)

Note that Eqs. (44)–(46) can still be used to evaluate the first order perturbative effects on the q̄i parameters,
provided θ is substituted by θ̄. Moreover, it is important to highlight that rectifications increase the flexibility
of the analytical method, since after a rectification the values of R and T in Eqs. (44)–(46) may be varied,
to account for a (sudden) variation of the cone angle and/or a degradation of the sail film optical properties.
In this sense, the rectification procedure can be used to simulate a piecewise constant steering law. The
variation of {q1, q2, q3} with the angular coordinate θ is then obtained using a rotational matrix that aligns
the eccentricity vector at the rectification point with the eccentricity vector on the parking orbit, viz.q1(θ)

q2(θ)
q3(θ)

 =

cosωr − sinωr 0
sinωr cosωr 0

0 0 1

q̄1(θ̄)
q̄2(θ̄)
q̄3(θ̄)

 (53)

The rectification procedure can be repeated along the orbit to further reduce the difference between the
analytical and the numerical simulation results, at the expense of an increase in computational time.

4. Model validation and verification

The proposed analytical method has been validated by comparing its results with the output of an
orbital propagator (denoted with subscript s), which solves the spacecraft polar equations of motion in a
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dimensionless form. The latter are numerically integrated in double precision using a variable order Adams-
Bashforth-Moulton solver scheme [30, 31] with absolute and relative errors of 10−12. To simplify the analysis,
assume a perfectly reflecting (b1 = b3 = 0 and b2 = 1) low-performance solar sail with β ≤ 0.0168. Recall
that, for an ideal force model, the sail lightness number may be related to the sail characteristic acceleration
ac through the relationship ac ' 5.93β, where ac, expressed in millimeters per second squared, is the
maximum propulsive acceleration of the solar sail at a heliocentric distance of 1 au. Therefore, β ≤ 0.01686
corresponds to a spacecraft characteristic acceleration ac ≤ 0.1 mm/s2. Two different examples are now
discussed, with a circular and an elliptic parking orbit.

4.1. Circular orbit case

Consider first the noteworthy case of a circular parking orbit (e0 = 0) with radius r0 = 1 au. This
corresponds to a situation in which the solar sail-based spacecraft escapes from the Earth’s gravitational
field along a parabolic orbit relative to the starting planet.

The numerical simulations show that the proposed analytical method is able to accurately approximate
the actual spacecraft heliocentric trajectory, with an error ε defined as

ε , max
θ

(
|rs(θ)− r(θ)|

r0

)
(54)

less than a few percentage points, provided the flight time ∆t and the sail lightness number β (or ac) are
sufficiently small. This is confirmed by Fig. 2, which illustrates the simulation results for a time-span of two
and four terrestrial years (∆t = {2, 4} years) as a function of a fixed cone angle α ∈ [−90, 90] deg. More
precisely, Fig. 2(a) shows the maximum modulus of the difference between the Sun-spacecraft distance rs(θ)
obtained by numerical integration of the equations of motion in the range t ∈ [0, 2] years and that obtained
with Eq. (38), the angular coordinate θ being the same. As expected, in the two special cases of radial thrust
(α = 0) and Keplerian motion (α = ±90 deg) the analytical results coincide with the numerical ones, that is,
ε = 0. The error ε varies with the cone angle and the worst case approximately corresponds to α = ±35 deg,
when the modulus of the circumferential thrust T is maximum, see Eq. (16). However, even in the worst
case of |α| = 35 deg, the Sun-spacecraft distance calculated at ∆t = 2 years with Eq. (38) differs from the
exact numerical value of less than about 0.007 r0 only.

The error, of course, increases with the flight time ∆t, as is confirmed by Fig. 2(b), which shows the
numerical results obtained by doubling the flight time, i.e., assuming ∆t = 4 years. However, even with such
a long flight time, the error is rather small and does not exceed 3% of r0. In particular, the maximum error
is obtained at the end of the simulation, when θ takes its final (maximum) value, as is shown in the example
of Fig. 3. The same figure also shows that the analytical results accurately approximate the values of the
orbital elements (a and e) of the spacecraft osculating orbit.

The error ε may be further reduced using the previously described rectification procedure, at the price
of an increase in computational time. To quantify this effect, consider a circular parking orbit with a radius
r0 = 1 au and a flight time of ∆t = 4 years. Figure 4 shows the results obtained when the trajectory is
rectified 7 times, each one every six months. The error ε does not exceed about 8× 10−3, a value similar to
that obtained with ∆t = 2 years, but without any rectification procedure, see Fig. 2(a). In this example the
rectification procedure increases the computational time of about a factor two.

The variation of the maximum error εmax , max
α

(ε) with the number of rectifications is illustrated in

Fig. 5, assuming ac = 0.1 mm/s2, ∆t = 4 years, and a parking orbit of radius r0 = 1 au.

4.2. Elliptic orbit case

An example involving an elliptic orbit is obtained by simulating a simplified Earth-Mercury heliocentric
transfer [32]. More precisely, the parking orbit of the solar sail-based spacecraft is taken as circular (with
radius 1 au) and coplanar to the elliptic orbit of Mercury (with eccentricity e' = 0.2056 and semimajor axis

a' = 0.3871 au). The solar sail is inserted into an escape trajectory (with respect to the Earth), coplanar to

that of Mercury, with a hyperbolic excess speed v∞. At the end of its interplanetary transfer the spacecraft
performs a rendezvous with the target planet at its orbital aphelion. The solar sail characteristic acceleration
of this example is ac = 0.1 mm/s2 and the cone angle (constant along the whole flight) is α = −35 deg, in
order to maximize the circumferential component of the propulsive acceleration.
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(b) Flight time ∆t = 4 years.

Figure 2: Maximum errors of the analytical approximation as a function of α and ac for a circular parking orbit with r0 = 1
au.

The degree of approximation of the analytical approach can be quantified by simulation. To that end, let
ra and va denote the position and velocity vectors of a spacecraft that tracks the heliocentric Mercury’s orbit
when it crosses its aphelion. The actual solar sail trajectory has been calculated by a backward numerical
integration of the spacecraft equations of motion, with initial conditions r = ra and v = va, until the solar
sail reaches a distance of 1 au from the Sun, equal to the Sun-Earth distance along the circular parking orbit.
The latter trajectory is shown in Fig. 6, where the black square marks the starting point of the heliocentric
transfer, while the black circle denotes the rendezvous point. The hyperbolic excess speed v∞ ' 5.56 km/s
is the modulus of the difference between the spacecraft velocity vector along the transfer trajectory when it
crosses the parking orbit and the velocity vector along the (circular) parking orbit. During the transfer, the
spacecraft completes about 9 full revolutions around the Sun, while the position vector sweeps out a total
angle θ = 55.96 rad.

A rough approximation of the transfer trajectory may be obtained using the analytical results given by
Eqs. (48)–(50), with ν0 = π rad and e0 = e', and considering a trajectory with a decreasing (negative)

angular coordinate θ. The spacecraft position at the beginning of the transfer phase is characterized by the
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Figure 4: Value of the error ε with a flight time of ∆t = 4 years and 7 rectifications.

angular coordinate θ = θmin, whose value is found by imposing the condition r(θmin) = 1 au into Eq. (10).
The hyperbolic excess speed is the modulus of the difference between the spacecraft velocity vector along the
initial circular orbit and the velocity vector along the transfer trajectory in correspondence of θmin, whose
components are given by Eqs. (12)-(13). With this approach, the total angle swept out by the position vector
is close to 50 rad (slightly less than 8 full revolutions around the Sun), see Fig. 7(a), and the hyperbolic excess
speed is about 7 km/s. These values are quite different from those obtained by a numerical integration of the
equations of motion. The error can be however substantially reduced with the rectification procedure. For
example, using 10 rectifications, the total swept angle is 55.87 rad, the hyperbolic excess speed is 5.92 km/s
and the transfer trajectory is now close to the real one, see Fig. 7(b). Figures 7(c) and 7(d) show the transfer
trajectories obtained with 20 and 40 rectifications, respectively, and can be used to visualize the effect of
the number of rectifications on the total error. In particular, the hyperbolic excess speed can be estimated
with an error of a few meters per second only using 20 rectifications in the trajectory. Notably, even though
the simulation time with 20 rectifications is about double than that necessary without any rectification, it
is however very small (about 2% only) when compared to the time required to numerically integrate the
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Figure 6: Earth-Mercury transfer trajectory evaluated through numerical simulation (α = −35 deg, ac = 0.1 mm/s2, rendezvous
at Mercury’s aphelion).

equations of motion.

5. Mission applications

The previously discussed mathematical model is flexible enough to be successfully used for the study of
different mission types. In particular, its effectiveness is now demonstrated in case of circular parking orbit.

To this end, consider a circle-to-circle heliocentric transfer. Let r0 be the radius of the parking orbit and
rf 6= r0 that of the final orbit. This example schematizes the heliocentric phase of an interplanetary transfer
in which the actual eccentricity of the planetary orbits and their relative inclination are both neglected.
Without loss of generality, let ν0 = 0 be the spacecraft initial true anomaly along the parking orbit and let
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(a) No rectification.
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Figure 7: Analytical approximation of the Earth-Mercury transfer trajectory (α = −35 deg, ac = 0.1 mm/s2, rendezvous at
Mercury’s aphelion).

θf be its final true anomaly. The final conditions for the spacecraft are

r(θf ) = rf , vr(θf ) = 0 , vθ(θf ) =
√
µ�/rf (55)

The constant value of the sail cone angle ranges in the interval α ∈ (0, π/2) if rf > r0, or α ∈ (−π/2, 0) if
rf < r0. The extreme values of the interval are to be excluded, otherwise the circle-to-circle transfer would
be unfeasible. In fact, if α = ±π/2 the spacecraft has no thrust, while if α = 0 it is subjected to a pure
radial thrust that cannot change the spacecraft orbital angular momentum [33, 34].

Since the radial component of the spacecraft velocity at the end of the transfer is zero, Eq. (42) provides

θf = k 2π with k ∈ N+ (56)

From this last equation, the analytical model for a circle-to-circle orbit transfer estimates the spacecraft to
complete an integer number of revolutions (equal to k) around the Sun. This conclusion is in accordance
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with the results discussed in Ref. [12] in which the circle-to-circle orbit transfer with a flat solar sail was
analyzed within an optimal (i.e., minimum time) context with a cone angle that can be varied along the
trajectory.

Substituting Eq. (56) into Eq. (41) and enforcing the last of Eqs. (55), the result is

β T =
1−

√
r0/rf

2 k π
(57)

Since β is positive by definition, the sign of T (and so the sign of α) defines the mission type, that is, T > 0
implies an orbit raising (r0/rf < 1) while T < 0 defines an orbit lowering (r0/rf > 1). It may be verified
that substituting Eqs. (56) and (57) into Eq. (38), the final distance is r(θf ) = rf , that is, the first of
Eqs. (55), is identically satisfied.

Equation (57) states that the circumferential thrust level T (and so the cone angle α) may be calculated
as a function of the sail performance (in terms of lightness number β or characteristic acceleration ac), the
problem geometry (through the ratio r0/rf ), and the number of revolutions k. Consider, for example, an
Earth-Mars circle-to-circle orbit transfer in which r0 = 1 au and rf = 1.523 au and assume an ideal sail
force model (T = sinα cos2 α). Figure 8 shows the isocontour lines of the function ac = ac(α, k), with
ac ≤ 0.1 mm/s2. For a given number k of full revolutions, the minimum value of characteristic acceleration
required for the transfer is obtained when α ∼= 35 deg, which corresponds to the cone angle that maximizes
the circumferential thrust for an ideal sail, see Eq. (16). The same figure also shows the presence of vertical
asymptotes of the function ac = ac(α, k) when α → {0, π/2}, since in those cases the transfer cannot be
carried out.
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Figure 8: Characteristic acceleration as a function of the cone angle and number of revolutions in an Earth-Mars circle-to-circle
orbit transfer for an ideal sail.

For example, in a Earth-Mars transfer (r0/rf ' 0.6566) with five full revolutions (k = 5) and a cone
angle α = 35 deg, the required sail lightness number from Eq. (57) is β ' 0.0157 and the corresponding
characteristic acceleration ac ' 0.093 mm/s2 is approximately the minimum value along the isocontour line
of Fig. 8. The trajectory obtained with the analytical approximation of Eq. (38) is compared, in Fig. 9(a),
with the trajectory generated by forward integrating the equations of motion with α = 35 deg, until the final
condition on the angular coordinate θf = 10π rad is met. The two trajectories are very similar even though
the analytical approximation does not exactly satisfy the rendezvous conditions given by Eqs. (55), since
r(θf )/rf ' 0.962, vr(θf )/

√
µ�/rf ' 10−3, and vθ(θf )/

√
µ�/rf ' 1.02. However, recall that the analytical

model accuracy may be improved by rectifications.
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Figure 9: Circle-to-circle Earth-Mars transfer with k = 5 and α = 35 deg: analytical approximation (solid line) and numerical
simulation (dashed line).

Consider now an Earth-Venus circle-to-circle transfer, in which r0 = 1 au and rf = 0.723 au. The
isocontour lines of the function ac = ac(α, k) are shown in Fig. 10, whose general appearance looks similar
to that found in the Earth-Mars transfer, but with the difference that the cone angle is now negative (case
of orbit lowering). For example, assuming k = 5 and a cone angle α = −35 deg, from Eq. (57) the lightness
number is β ' 0.0146, which corresponds to a characteristic acceleration of 0.086 mm/s2. The transfer
trajectory and the time variation of the osculating orbital parameters are illustrated in Fig. 11. They are in
good agreement with the results obtained by numerical integration of the equations of motion.
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Figure 10: Characteristic acceleration as a function of the cone angle and number of revolutions in an Earth-Venus circle-to-circle
orbit transfer for an ideal sail.

6. Conclusions

An analytical approximate solution for the two-dimensional equations of motion of a spacecraft propelled
by a classical (flat) solar sail has been discussed. The results have been obtained under the assumption that
the propulsive acceleration is small compared to the gravitational attraction, to such an extent that it may be
considered as a perturbation effect. The spacecraft dynamics are described in terms of suitable non-singular
orbital elements that are functions of an angular coordinate.

The proposed model is shown to be accurate as long as the sail lightness number is sufficiently small, as
it happens in current solar sail-based missions. The accuracy of the results can be further increased with
the introduction of a rectification procedure, which is periodically applied to the equations of motion to
update their initial conditions. In addition, the sail attitude can be varied at every rectification point, thus
simulating a steering law with a piecewise constant cone angle.

The proposed method guarantees a significant computational time saving, of about two order of magni-
tudes, when compared with a traditional approach in which the full equations of motion must be integrated
numerically. This approach is therefore especially useful for direct optimization problems where a wide
number of possible trajectories have to be investigated.

However, the analytical approximation currently requires the introduction of some simplifying assump-
tions that prevent the method from a general three-dimensional implementation. Future work will therefore
try to circumvent such a restriction and focus on the possibility of accounting for a variable thrust, both in
terms of modulus and direction.
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