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ABSTRACT. Let G be a simply connected semisimple algebraic group with Lie
algebra g, let Go C G be the symmetric subgroup defined by an algebraic
involution o and let g1 C g be the isotropy representation of Gp. Given an
abelian subalgebra a of g contained in g; and stable under the action of some
Borel subgroup By C Go, we classify the Bp-orbits in a and we characterize the
sphericity of Gpa. Our main tool is the combinatorics of o-minuscule elements
in the affine Weyl group of g and that of strongly orthogonal roots in Hermitian
symmetric spaces.

1. INTRODUCTION

Let G be a connected simply connected semisimple complex algebraic group with
Lie algebra g. Let B be a Borel subgroup, and set b = LieB. Recall that a G-variety
X is called G-spherical if it possesses an open B-orbit. The relationships between
spherical nilpotent orbits and abelian ideals of b have been first investigated in
[22]. There it is shown that if a is an abelian ideal of b, then any nilpotent orbit
meeting a is a G-spherical variety and Ga is the closure a spherical nilpotent orbit.
In particular, B acts on a with finitely many orbits.

Subsequently, Panyushev [20] dealt with similar questions in the Zy-graded case.
Let o be an involution of G and g = g9 ® g1 be the corresponding eigenspace
decomposition at the Lie algebra level. Let Gy be the connected subgroup of G
corresponding to go and By C Gy a Borel subgroup of Gy. The “graded” analog of
the set of abelian ideals of b is the set Z7, of (abelian) By-stable subalgebras of g;.

Definition 1.1. We say that a € 77, is G-spherical (resp. Go-spherical) if all orbits
Gz, x € a are G-spherical (resp. if all orbits Goz, = € a are Gy-spherical).

Panyushev [I8] started the classification of the spherical nilpotent Gy-orbits in
g1. The classification of the spherical nilpotent Ggy-orbits in g; was then completed
by King [12] (see also [2], where the classification is reviewed and a missing case
is pointed out). Shortly afterwards, Panyushev [20] noticed the emergence of non-
spherical subalgebras a € Z7,, and classified the involutions o for which these
subalgebras exist. After explicit verifications, he also noticed that an element a €
12, is G-spherical if and only if it is Go-spherical, but no verification was given,
and no conceptual proof was known.

The purpose of the present paper is to deepen and expand the results quoted
above in the following directions. Let a € Z7,.

i) We clarify the connections between Gg-orbits of nilpotent elements in g,
spherical G-orbits of nilpotent elements in g; and Gg-orbits of abelian sub-
algebras in g; which are stable under some Borel subalgebra of gg.
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il) We prove that By acts on a with finitely many orbits, independently of its
sphericity. Moreover, we parametrize orbits via orthogonal set of weights
of a.

iii) Assume that there exist non-spherical subalgebras. We give a construction
of a canonical non-spherical subalgebra a,.

iv) We give a simple criterion to decide whether a is spherical or not: in The-
orem we show that there exists @ € Z7, such that a is non-spherical if
and only if a D @.

One important feature of our approach lies in the methods used. The theory of
abelian ideals and its graded version /Eely on a strict relationship with the geometry
of alcoves of the affine Weyl group W of g [13], [4], and, for the graded case, with
Kac’s classification of finite order automorphisms of semisimple Lie algebras [11],
6], [7].

The main link is that a By-stable subalgebra a can be encoded by an element
wq € W defined through its set of inversions N (wq) (cf. ) The elements so
obtained, called o-minuscule (Definition , pave a convex polytope in the dual
space of a Cartan subalgebra of g and have remarkable properties: see Section
for a recollection of these facts. It has been explicitly asked (e.g., in [20]) to use
the above connections as a tool for dealing with problems about sphericity. This is
what we do here.

We start discussing items i)-iv) by making the content of i) more precise. Define
the height of a nilpotent element = € g as

ht(z) = max{n € N|ad(x)" # 0}.

In the adjoint case, Panyushev [18] completely characterized the spherical nilpotent
G-orbits in g by showing that, for € g, the orbit Gz is spherical if and only if
ht(z) < 3. Subsequently, Panyushev and Rohrle [22] proved that, if a C b is an
abelian ideal, then the saturation Ga is spherical. On the other hand, if Gz is
spherical, by chosing b properly it is always possible to construct an abelian ideal
a C b such that Ga = Gz. Therefore we may regard both these properties as
consequences of the small height of the nilpotent element x.
For i = 0,1 define the i-height of a nilpotent element x € g; as

ht;(z) = max{n € N|ad(z)];, # 0}.
In [I8] Panyushev showed that, for = € gy, the following implications hold
ht(z) < 3 = Gz spherical = hty(z) < 4, hty(z) < 3.
In Corollary we show the following result.
Theorem. Ifa € Z%, and x € a, then hto(z) < 3 and hty(z) < 4.

These properties completely characterize the elements of abelian subalgebras
of g1 which are stable under some Borel subgroup of G (see Section . As a
corollary, using Panyushev’s criterion for the Gg-sphericity of a nilpotent element
in g1, it follows that a € Z7, is Go-spherical if and only if it is G-spherical.

Regarding ii), a well known result independently due to Brion [3] and Vinberg
[20], states that every spherical G-variety contains finitely many B-orbits. In par-
ticular, every abelian ideal a of b contains finitely many B-orbits. In [2I], the same
result has been proved avoiding the use of the sphericity of Ga. In Section [3] we
prove, along the same lines, the finiteness theorem quoted in ii), in the more general
context of finite order automorphisms of G (see Theorem [3.1)).

To streamline our approach to iii), recall that involutions of g are encoded by
the datum of one or two simple roots (with suitable features) in the extended
Dynkin diagram II of g. The main result of [20] has been rephrased by Panyushev
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as follows: there exists a non spherical a € Z7, if and only if if o is defined by
a single simple root a,, which is long and non-complex (see Definition [2.3). (As
usual, if I is simply laced, every root is regarded as long). However this claim was
obtained as a by-product of direct considerations on various classes of involutions
and by constructing case-by-case a non-spherical element a € Z?, for all involution
satisfying the previous condition.

In this paper we observe that, precisely when «,, is long and non-complex, there
exists a special element a, € Z7,, which plays a role in the classification of maximal
elements in Z7, performed in [7]. In Section [5| we study the properties of a,. In
particular, using the combinatorics of N (w%)7 we prove that a, is not Gy-spherical.
The method is combinatorial: we associate to any orthogonal set of maximal car-
dinality in N(wa,) \ {ap} a generalized Cartan matrix of affine type, whose type
is severely restricted (see Proposition . The information we obtain from this
Cartan matrix allows us to build up a generic element € a, with ht,(z) = 4,
proving that a, is not Go-spherical.

The same strategy is applied in a wider context in Section [6] and it enables us
to classify the spherical elements of Z7,, as outlined in iv). The construction of
the minimal non-spherical subalgebra @ is based on the combinatorics of strongly
orthogonal roots in Hermitian symmetric spaces. Many related technical results
might be of independent interest, and they are displayed in Section {4l To construct
@, decompose II {a,} into a disjoint union of connected components ¥. Then
in each X there exists a unique simple root asx non-orthogonal to oy, and it turns
out that ayx determines an Hermitian involution of tube type of the Lie algebra gs
having ¥ as set of simple roots (see Subsection and Proposition [5.7). If ®(3)]
denotes the set of positive roots of gy, having ay in their support, in Lemma
we prove that there exists a unique subset As. which is an antichain in ®(X)] w.r.t.
the dominance order <y defined by ¥ and which is a maximal orthogonal subset

of ®(X)7. Next, we prove that Jy, U {£+a, | € <x 1} is the set of inversions of
neAs,
a o-minuscule element, hence it determines an element @ € Z7,, which turns out to

have the property described in iv).
Acknowledgements. We thank Dmitri Panyushev for useful discussions.

2. SETUP

Let G be a semisimple, connected and simply connected complex algebraic group
with Lie algebra g, and let B C G be a Borel subgroup with Lie algebra b. Through-
out the paper, 0 : G — G will be an indecomposable automorphism of finite order
m. Then o induces an automorphism of g as well, still denoted by o. Fix a primitive
mt-root of unity ¢ and consider the corresponding Z,,-grading

g= @ Ui
i€,

where g; denotes the eigenspace of o of weight ¢?. Then gq is a reductive subalgebra
of g (see [II, Lemma 8.1]), and the connected reductive subgroup Gy C G defined
by go coincides with the set of fixed points of 0. Fix a Cartan subalgebra hy C go,
which is abelian since gg is reductive. If a C g is a ho-stable subspace, we let ¥(a)
denote its set of ho-weights and, for A € ¥(a), we let a* be the corresponding weight
space.

Every eigenspace g; is a Go-module under the restriction of the adjoint action.
If ¢« € Z,,, we denote by ®; the set of the non-zero hy-weights in g;. Denote finally
® = U;P; the set of non-zero weights. We say p,v € ® are strongly orthogonal if
(u,v) =0 and g+ v ¢ ®. (This definition agrees with the usual notion of strongly
orthogonal roots in a semisimple Lie algebra).
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Observe that ®g is the set of ho-roots for gg. As shown in [II, Chapter 8], ho
contains a regular element h,., of g. In particular the centralizer Cent(fo) of ho
in g is a Cartan subalgebra of g and h,., defines a set of positive roots in the
set of roots of (g, Cent(h)) and a set ®F of positive roots in ®;. We let Iy be
the corresponding set of simple roots, by the corresponding Borel subalgebra, and
By C Gy the corresponding Borel subgroup.

2.1. The grading associated to a nilpotent element = € g;. We fix in this
subsection notation concerning the grading of g associated to nilpotent elements in
g1 and the correspoding notion of height. The main references for this subsection
are [25] and [I§]. By [25], an element x € gy is semisimple if and only if Gox is
closed, whereas it is nilpotent if and only if 0 € Gyz.

Let x € g1 be a nilpotent element. By a modification of the Jacobson-Morozov
theorem, there exists a s[(2)-triple (z,h,y) with y € g1 and h € go. Such triples
are usually called normal triples, or adapted triples. Let

s=EPal)
i€Z
be the Z-grading defined by h; then we get a bigrading of g by setting
9;(i) = g; N g(i).
Since all normal triples containing x are conjugated by the stabilizer of z in Gy (see
[25], Theorem 1]), it follows that the structure of this bigrading does not depend on

the choice of the normal triple.
Following Panyushev [I8], define the height of x as

ht(z) = max{n € N|g(n) # 0}.

Since [z, g(2)] = g(i+2), this notion agrees with the height defined in the Introduc-
tion, namely the maximum n such that ad(z)™ # 0.

2.2. Twisted loop algebra and finite order automorphisms. Since o fixes
hreg, we see that the action of o on the positive roots defines, once Chevalley
generators are fixed, a diagram automorphism 7 of g that, clearly, fixes hg. Set,
using the notation of [I1], b = bho ® CK @ Cd. Recall that d is the element of

L(g,0) = (C[t,t ] @ g) ® CK & Cd
acting on C[t,t71]®g as t%, while K is a central element. Define §' € h* by setting
§'(d) =1 and &'(ho) = 6'(K) = 0 and let A — X be the restriction map § — bo.
There is a unique extension, still denoted by (-,-), of the Killing form of g to a
nondegenerate symmetric bilinear invariant form on Z(g, o). Let v : a — a* be the
isomorphism induced by the form (-, -), and denote again by (-, -) the form induced
on h*. One has (8',6') = (&, hs) = 0.

We let @ be the set of E—roots of E(g, o). We can choose as set of positive roots
ot = dFU{a € ® | ad) > 0}. We let IT = {ag,...,a,} be the corresponding
set of simple roots. It is known that n is the rank of gg. Recall that any E(g, o) is
a Kac-Moody Lie algebra g(A) defined by generators and relations starting from a
generalized Cartan matrix A of affine type. These matrices are classified by means
of Dynkin diagrams listed in [I1].

Let W be the Weyl group of E(g, o) and let D, = WII be the set of real Toots
of E(g, o). Recall that if 8 = w(a), a € II, one defines Y = w(aV).

If v € b§, we set

hy=v(), = (ihg) (v #0).
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By [IT} 5.1] if A € C&' + b and 3 € @, then

vy (/\75) _ ()\,5) Ay (X,B) _yaY
If X\, p € C§ + b and (u, 1) # 0, we set
Vi ()\,,LL)

In particular, if o € ® and RS <f>m,
_ =V =V
(,8Y) =a(B") = (@B ) =a(B").
We will use these equalities many times without comment.
Following [I1, Chapter 8], we can assume that o is the automorphism of type

(1; S0, - -+, Sn), where 1 is the diagram automorphism defined above. Recall that, if
agp, ..., a, are the labels of the Dynkin diagram of L(g,o) and k is the order of 7,
then k(}_7" , s;a;) = m. Recall also that s, ...,s, are relatively prime so, in the

case of involutions (m = 2), we must have that s; € {0,1} and s; = 0 for all but at
most two indices.

Since o is the automorphism of type (7; so, .. ., Sn), we can write a; = $;0' + @5
and it turns out that Iy = {a; | s; = 0}. Set also II; = II \ IIy. Introduce
6 =37 saia; and note that 6 = (37 a;s;)d’ = 6.

Given A € ® we denote by E(Q,U)A the corresponding root space in E(g,a).
Recall the following properties (see [11, Exercise 8.2]).

Proposition 2.1. Let A € </IS,«8, then the following holds:
i) dimL(g,0)s = 1.
i) If u € ®, then the set of u—+ix € ®U{0} is a string u — ph..., u+ g\,
where p,q are non-negative integers such that p —q = (u, \V).
iil) If p € ® and p+ A € ®, then [L(g,0)x, L(g,0),] # 0.
Notice that, if A\ =i’ +a € <T>T67 then
L(g, o) =t @ gt
This implies that we can rephrase the previous proposition in terms of hy-weights
in g as follows.
Corollary 2.2. Let o € ®; and € ®;. If i = j mod m, assume also that o # (5.
i) dimg® =1, and if —a € ®; then [g¢, g9; “] # 0.
ii) If (o, B) < 0 then a + B € O, and if (o, 8) > 0 then o — B € ;.
iii) If o+ B € ®iyj, then [9¢,0;] # 0.
In general, TIj is disconnected and we write X|IIy to mean that 3 is a connected

component of IIy. Clearly, the Weyl group Wy of g¢ is the direct product of the
W(X), X|I. If 05 is the highest root of ®(3), set

dy = {a+7Zks|o € dy}UENES,
o, = MyU{ké— 6y ||},
df = of U{ae | a(d) >0}

Denote by WO the Weyl group of 60. Ifae EI;7 let [« : a;] be the coefficient of o
in the expansion of « in terms of II. Set

ht, (o) = Z silac: ay]

n
=0
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and, for i € Z,
®; = {a € ® | hty (o) = i}.

Note that if a € &)i, then @ is a weight of g;.

2.3. By-stable subalgebras in g; and o-minuscule elements. In this subsec-
tion we assume that o is an (indecomposable) involution. With this assumption,
II; has at most two elements. If II is simply laced, the real roots of ® are regarded
as long.

Definition 2.3. We say that n € D is complex if 7 € &g N .

It is clear that complex roots can occurr only if rk gg < rk g. Moreover, if g is
simple and rk gg < rk g, then n € D is complex if and only if it belongs to (/Isre and
it is not long (see [7]). The case of g semisimple and not simple corresponds to g
equal to the sum €@ ¢ of two isomorphic simple ideals, o the flip involution, gg = &,
and g1 ~ ¢ with £ acting on itself via the adjoint representation.

For w € W, define its set of inversions

(2.1) Nw) ={aecd" |w'(a) e —0*}.

Recall that a finite subset A of positive roots of an affine root system is of the form
N(w) for some w € W if and only if both A and ®*+ < A are closed under root
addition (see e.g. [5]). We will refer to this property as biconvezity.

If « is a real root in 64', we let s, denote the reflection in . If oy is a simple
root we set s; = sq,.

Recall from [6] the following

Definition 2.4. An element w € W is called o-minuscule if N(w) C ;.

We denote by W2 the set of o-minuscule elements of W, and we regard it as a
poset under the weak Bruhat order.

We let Z%, be the set of abelian subalgebras of g contained in g; that are sta-
ble under the action of the Borel subalgebra by of gg corresponding to <I>§ , Or
equivalently under the action of the Borel subgroup By C Gy with Lie algebra by.
Inclusion turns Z¢, into a poset.

Proposition 2.5. [6, Theorem 3.2] Let w € W, Suppose N(w) = {B1,..., B}
The map © : W — 19, defined by

k _
—B;
we Do
i=1
is a poset isomophism.

Assume that gg is semisimple; then there is an index p such that [Ty = TR {ap}.
Assume furthermore that c, is non-complex (in particular, g is simple). Set Iy o, =
Iy N aj;, Wo,a, = W(Ilp,qa,), and denote by wp,q, the longest element of Wy q,.
Let wp be the longest element of Wj. Set

wp = Spw07ap wo

In [7] it is proved that w, € W2 if and only if o, is long; in such a case, the abelian
By-stable subalgebra a, corresponding to w, is maximal.
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3. Bp-ORBITS IN Bj-STABLE SUBALGEBRAS CONTAINED IN ¢

Throughout this section, we will assume that o : g — g is an (indecomposable)
automorphism of order m, and that a is a By-stable subalgebra of g contained in g;.
By [19, Proposition 4.9], a contains no semisimple element. In particular, ang) =0
and a is completely determined by its set of weights ¥(a) C ®@;:

a= @ g7

a€e¥(a)

Since a is Bg-stable it follows that Gga is closed; since it contains no semisimple
element it follows that every element in a is nilpotent. Since there are only finitely
many nilpotent Gg-orbits in g;, it follows that Goa is the closure of such an orbit.

For all o € ®;, fix a non-zero element z§ € g. If v € aand v =)  coxf, then
we set supp(v) = {a € U(a)|cq # 0}. If S C ¥(a) we set

rs = Z z{.
a€eS
Theorem 3.1. Let a be a By-stable abelian subalgebra in g1. For all x € a, there is
a unique orthogonal subset S of V(a) such that Box = Boxs. In particular, By acts
on a with finitely many orbits, which are parametrized by the orthogonal subsets of
U(a).

In the special case of the involution ¢ : g& g = g® g, (z,y) — (y,x), ZJ, is
the set of abelian ideals of b and, for such an ideal a, Ga is always the closure of a
spherical nilpotent G-orbit in g [22]. Moreover, the closure of a spherical nilpotent
orbit in g can be realized as Ga for some abelian ideal a (up to choosing the Borel
subalgebra b in a compatible way). In this case, Panyushev [21] has recently given
a new proof of the finiteness of the B-orbits, by giving an explicit parametrization
of the B-orbits in a. Our proof of Theorem will follow closely the proof of [21
Theorem 2.2].

By Corollary the following properties for a By-stable abelian subalgebra
a C g; hold.

(A1) If @ € ¥(a), then —a & ¥U(a).

(A2) Let o, 8 € ¥(a), then a+ 5 & Ds.

(A3) Let o € ¥(a) and v € ®§ be such that a + vy € @y, then o + v € ¥(a).

Lemma 3.2. For o, € ¥(a), a # (3, the following statements are equivalent:
i) a, B are orthogonal;
11) o — ﬂ g q)o;
iii) &' + a and &' + B are strongly orthogonal in ®.
Proof. (1) = (2) Suppose that («,3) =0 and o — 8 € ®5. Then §’ + o, 8’ + 5 € >
are orthogonal as well, and
s5z+5(a — B) = 35,+5(5’ + Cv) — 85/+ﬁ((5l + 5) =20 +a+ S.

It follows that 26’ + a+ 8 € 5, that is a + 8 € ®q, contradicting (A2).

(2) = (1) Suppose that (a,8) # 0. If (o, 8) < 0, then Corollary implies
a + B € Pq, contradicting (A2). Therefore it must be (o, ) > 0, and again by
Corollary 2:2] we get a — 3 € @y.

Statement (3) is clearly equivalent to the others. O

As in [21], the key step to prove Theorem is the following combinatorial
lemma, which generalizes 21, Lemma 1.2] to the graded setting.

Lemma 3.3. Let a, § € ¥(a) be orthogonal weights and let v € ®q. If a+~v € ¥(a),
then 5+~ & ¥(a)
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Proof. Assume that both o+ and 8+ v belong to ¥(a). Suppose that (a,v) < 0:
then (8 + v,a) < 0 as well, and Corollary implies & + 8 + v € Pq, against
(A2). Similarly it cannot be (8,7) < 0. Suppose that (a,v) = (5,7) = 0: then
(a+7,8+7) > 0, hence Corollary ii) implies a« — 8 € ®g, which contradicts the
fact that o and 8 are orthogonal by Lemma Therefore it must be (a,y) > 0
and (8,7) = 0.

On the other hand, again by Lemma we have that

(,8)=0 <= a-B¢ P < (a+7)—(B+7) ¢ P = (a+7,8+7)=0.

In turn, by the orthogonality of o and B, the last equality implies that either
(a,7y) < 0 or (8,7) < 0, which is a contradiction. O

We denote by <, the dominance order on hj: A <o p if p — A € N@J. If S is
subset of ¥(a) we denote by min(S) the set of the minimal elements of S w.r.t. <o,
and define two subsets of ¥(a) as follows

Us = {B€®;| thereisa €S with B —a € &},
S70 = {B€ ;| thereis a € S with a <¢ 8}

We also denote by as the minimal By-stable subalgebra of a containing the weight
space g¢ for all & € S, namely
as = D ol

BeS>0

Lemma 3.4. Let a € Z7,. Let S be an orthogonal subset of ¥(a). Let x € a be such
that S C supp(z) and S is a lower order ideal in supp(x). Then there is y € Box
with the same property such that supp(y) N ¥s = .

Proof. Set Z = {x € a | S is a lower order ideal in supp(z)}. If x € Z, we set
T (x) = supp(z) \S. We prove the claim by induction on dim ar(,). If dim ar(,) =
0, then supp(z) = S and there is nothing to prove.

Assume dimaz(;) > 0. Set &' = ¥s, and for v € a, let S'(v) = &' N supp(v).
We can assume that S'(z) # @, for, otherwise, we can take y = z. Then there
are o € S and v € ®F such that a +v € supp(z). By Lemma it follows
that e + v & ¥(a) for all ¢ € S\ {a}. If u,(§) € By is the element defined by
exponentiating £z (€ € C), it follows that
(3.1)

un (€00 = of if B e Snfa), w(§af = al+ele], afl+ 0], o, ¥+ .. otherwise.

Let 7 : a — @, cs 97 be the projection. We claim that 7(u.(§)z) = w(x) for
all ¢ € C. In fact, if e € S~ {a} then, by B.1), m(u\(£)2§) = 25. Since S
is strongly orthogonal, o + ky ¢ S so m(u,(§)zy) = «¢. Finally, if 5 ¢ S and
B € supp(z), then, since S is a lower order ideal in supp(x), 8+ kv ¢ S, so
w(uv(g)xﬁ) = 7(2) = 0. Choose & € C such that o+~ & supp(u~(&o)z) and set
x’ = uy(&)z. By construction & C supp(z’). We have to prove that S is a lower
order ideal in supp(2’). Take n € supp(a’) such that there exists 8 € S with n < 8.
We know that n = {+7+, { € supp(z). Since ¢ <o 8, we have that ( € S. If { # a,
then, by Lemma ¢ 4+ is not in @4, in particular n ¢ supp(z’). If { = « then,
by construction, either r > lornp=(. If r > 1 thena+vy <ga+ry<g €S
and a + v € supp(z), so a + v € S. We already observed that this is not possible,
hence n=¢ € S.

We now prove that ar) C ar(,). It suffices to prove that, if § € 7(2') then
B € ¥(ar(). Write = ¢ +ry with r > 0 and ¢ € supp(z). If { ¢ S then we are
already done. If ( € § then, as shown above, we have ( = a. Note that r > 0, for,
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otherwise 8 € §. Now, if r > 0, as a+v € T(x) and o + v <o 5, we have that
B e W(ar()).

Since o+ & supp(2’), it follows that a;(,/y € ar(z). By the induction hypoth-
esis, it follows that Byz' contains an element y such that S is a lower order ideal
in supp(y) and supp(y) N ¥s = &. Since =’ € Byx, we have that y € Byz. O

Thanks to previous lemmas, we can now reproduce the same argument given in
[21, Theorem 2.2] to prove Theorem (3.1

Proof of Theorem[3.1 We first show that every Bp-orbit in a possesses a represen-
tative of the form zg, for some orthogonal subset S C ¥(a).

Let v € a. Set vyp = v and Sy = minsupp(v). Notice that Sy is ortohogonal
by Lemma [3.2} indeed for all a, 3 € Sy we have by construction that a — 8 & .
Therefore vy and Sy satisfy the assumptions of Lemma [3.4] and there is v; € Byvg
such that Sy C supp(v1) and supp(v1) NP, = @. Define S; = Sp Umin(supp(v1) ~
Sp): then by construction we still have a — 8 & ®q for all o, f € Sy, so that S is
again orthogonal by Lemma It is clear that S is lower order ideal in supp(v1).

More generally, let ¢ > 0 and suppose that v; and S; are defined. Then there is
vi+1 € Bov; = Byvg such that S; is a lower order ideal in supp(v;11), supp(viy1) N
Vs, =, and

Si+1 = S Umin(supp(viy1) N\ S;)

is an orthogonal subset by Lemma that is a lower order ideal in supp(v;y1).

Clearly, S;y1 is strictly bigger than S;, unless supp(v;y+1) = S;. Therefore,
proceeding inductively, we find an element vi41 € Bov whose support equals Sy,
which is an orthogonal subset, hence Bov = Byvg4+1 = Bozs,,-

We now show that every By-orbit contains a unique orthogonal representative
zs. If S C ¥(a), notice that the vector space (Bozs) generated the orbit of zs is
By-stable, therefore it coincides with as.

Let S, 8’ be orthogonal subsets of ¥(a) and suppose that Bozs = Bozs:. Then
as = as/, and we set I' = min U(as). Notice that I' C SN S’, therefore setting
R=8~Tand R =& \ T we can decompose s = 21 + zr and x5/ = 1 + TR/.
Let By = TyUy be the Levi decomposition of By. Let b € By be such that bxs = z s
and write b = t~1u with ¢t € Ty and v € Uy. Then uar + urr = tar + trg,. It
follows that txr = uzr = xr, hence zr, € Bprr. Since ar C as Nag/ is a smaller
Bg-stable abelian subalgebra in g; and since R and R’ are orthogonal subsets in
U(ag), the claim follows proceeding by downward induction. O

The following facts are also proved by adapting the same proofs of [21]. Denote
by Sq C ¥(a) the subset constructed as follows: set S; = min ¥(a), and for ¢ > 1
define inductively

S; = min (¥(a) ~ U.(sj UTs,)).

Define Sy = |J,+ Si, which is an orthogonal subset thanks to Lemma

>0
Proposition 3.5. Let S C ¥(a) be an orthogonal subset.

i) Boxs is open in a if and only if S = S,.

i) As a To-module, the tangent space Ty s(Boxs) decomposes as follows:

Tws (BOxS) = @ 9(11'

aESUT g

In particular, dim Bozs = |S| + |¥s].
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4. ANTICHAINS OF ORTHOGONAL ROOTS IN HERMITIAN SYMMETRIC SPACES

Suppose that g is a simple Lie algebra and let II be a set of simple roots. Let 6
be the corresponding highest root and let oy € II be a simple root with [ : ] = 1.
Let p™ C g be the maximal parabolic subalgebra associated to the set of simple
roots II\ {ag}. Then its nilradical p;}" is abelian; conversely any standard parabolic
subalgebra with abelian nilradical arises in this way.

Let pt = [&p be the Levi decomposition, and let p~ be the opposite parabolic
subalgebra of p*. The decomposition into [-submodules g = [ & p @ p;, defines an
involution o of g by setting o(z) =z if z € land o(z) = —z if x € p B p,. It is
then clear that

go=1 g1=p Sp,.

Recalling the notation introduced in Section the sets ®; attached to o are
®; = & U —@], where ®] is the set of roots 3 such 3 : a,] = 1, while ® is the
set of roots 5 such that |8 : @] = 0. Observe that in this case & = &y U @, is the
set of roots of g. Since in this case hg is a Cartan subalgebra of g, we can choose

hreg € ho so that a(h,eg) > 0 for all o € II. With this choice, letting ®* denote
the set of positive roots of g corresponding to the choice of II, we have that

o = {BedT[[B:a,]=0},
e = {Be@T[[B:a,]>0}
HO = H\{Oéq}.

We set ®; = —®; (i =0,1). Clearly, <I>1i is the set of weights of hy in pT. We let
[13[ be the Borel subalgebra of gg corresponding to <I>3[. Recall that W, denotes the
Weyl group of go.

Let Ort(®]) be the collection of the orthogonal subsets of ®;, and let Ort .y (®7)
be the collection of the orthogonal subsets of <I>1+ which are maximal with respect
to inclusion. Regard <I>Ir as a partial ordered set via <g. Since pJ is an abelian
subalgebra of g, by Lemma two elements a, 3 € ®] are orthogonal if and only
if they are strongly orthogonal, if and only if « — f ¢ ®g. In particular, every
antichain A C @] is an orthogonal subset.

Given B € Ort(®]), let ag C pl be the By-stable subalgebra generated by B.
We define a preorder F on Ort(@f) as follows: if By, By € Ort(@f‘)7 then By F By if

ag, C ag,. Equivalently, By F By if and only if B; C B;”, where, if B C @1", we set
B?o = {a € ®] |there is 3 € B such that 8 <o a}.

Given m < r, we will denote by Ortm(CI)i") the set of the orthogonal subsets of
cardinality m. If @ is not simply laced, we will say B € Ort(®7) is of type (h, k) if
it contains exactly h short roots and k long roots, and we denote by Ort(h7k)(<l>1+)
the set of the orthogonal subsets of type (h, k). To unify some notations, in the
simply laced case we will regard every root as a long root. Therefore if ® is simply
laced we have Ort,, (®7) = Ort(g,m)(®7).

In this section we will study the antichains of ®. We will show that for every
orthogonal subset B C ®] there is always an antichain A C ®] such that A F B.
We first discuss the simply laced case uniformly; the two remaining cases (B, a1)
and (C,, a,) will be treated separately. We summarize our results in the following
theorem.

Theorem 4.1.

i) Suppose that ® is simply laced. For all B € Ort(®7), there is an antichain
A C ®f such that |A| = |B| and A B.
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ii) Suppose that ® is not simply laced. For all B € Ort(®]) of type (h, k),
there is an antichain A C ®F of type (h + |k/2],k — 2|k/2|) such that
AF B.

Proof. The claim follows combining Proposition [£.6] Proposition [£.7] Proposition
4,10 [l

Let P C G be the parabolic subgroup corresponding to p*. It is well known that
G/P is an irreducible simply connected Hermitian symmetric space of compact
type, whose corresponding involution of G is o, and every such a symmetric space
arises in this way (see e.g. [23], Section 5.5]). Therefore we will refer to the pair
(I, ag) as a Hermitian pair, and we will say that o is an involution of Hermitian
type, or simply a Hermitian involution. Correspondingly, we get also a symmetric
variety G/Go, where Go = G is the Levi factor of P.

Since p C g1 is a By-stable abelian subalgebra of g, by Theorem it pos-
sesses finitely many By-orbits, which are classified by Ort(®]). In this situation,
the description of the Bp-orbits already follows by [2I]: since p{ is abelian, the
unipotent radical P, acts trivially on its Lie algebra p;, therefore every B-orbit
is actually a Bg-orbit. The Gg-orbits in p were studied by Muller, Rubenthaler,
and Schiffmann [I6] and by Richardson, Rohrle and Steinberg [23]. In the latter
reference it is shown that they are parametrized by the Wy-orbits in Ort(@it,),
where (I)T,Z C @ denotes the subset of the long roots.

Let St,0, C @] be the orthogonal subset corresponding to the open By-orbit of
p, constructed recursively as in Proposition In this case Sp,q, is well known,
and it coincides with the set of Harish-Chandra strongly orthogonal roots (see [9],
[15]). Denote by 7 = |Sm,q,| the rank of the symmetric variety G/Go. By [15]
Theorem 2] we have Sn’aq C @ie, in particular Snﬁaq is a maximal orthogonal
subset of <I>Ir consisting of long roots, and by [16], Theorem 2.12 and Proposition
2.13] it follows that Si,q, is an orthogonal subset of maximal cardinality in ®7. In
particular, St a, € Ortmax(®7), and |B| < r for all B € Ort(®]).

We report in Table [I] the classification of the Hermitian pairs, together with the
rank of the corresponding symmetric varieties G/Go (where II = {a1,...,a,} is
enumerated as in [I).

! (L, ag) | k(G/Gy) ]
Ap,aq) (1<g<n) | min{g,n+1-gq}
B

3
Q
1
—_
~
o
3
Q
3
~
—
W NN I N
[,

Table 1 — Hermitian pairs and ranks of the corresponding symmetric varieties.

Remark 4.2. By [23, Proposition 2.8 and Remark], the Weyl group Wy acts transi-
tively on Ort, 1) (CIJI") for all h, k. In particular, we see that if ® is simply laced then
Ortmax (®]) = Ort,.(®]) coincides with the collection of the orthogonal subsets of
maximal cardinality. On the other hand in the non-simply laced cases, correspond-
ing to the Hermitian pairs (B,,, 1) and (Cy, o), we will easily see that if B is an
orthogonal subset of type (h, k), then B € Ortya,(®]) if and only if 2h + k = 7.
In particular, it follows that, if B € Ort(®]) has maximal cardinality, then every
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root in B is long. Hence the orthogonal subsets of maximal cardinality coincide
with the elements of Ort(o,r)(q)f'), and Wy acts transitively on these subsets. As
well, it follows that, by choosing properly the Borel subgroup By C Gy, every sub-
set of orthogonal roots of maximal cardinality can be made into a set of strongly
orthogonal Harish-Chandra roots for ® .

4.1. The simply laced case. We start by recording a well known fact that holds
for any root system. See e.g. [24] Lemma 3.2].

Lemma 4.3. Let 3,8 € ®* and suppose that 3'—f3 is a sum of positive roots. Then
there are y1,...,Ym € ®T such that 3’ —B=y1+...+Vm and f+y1+...+7; € T
for alli < m.

In the simply laced case, Lemma can be improved as follows:

Proposition 4.4. Suppose that ® is simply laced. Let 8,3 € ®* and suppose
that B’ — B is a sum of positive roots. Then B — B is a sum of positive pairwise
orthogonal roots.

Proof. By Lemma there are vq,...,%m € ®T such that 8/ — B =71 +... +7m
and S+ v, + ...+ is a positive root for all i < m. Let m be minimal with

the previous property, fix v1,...,7%m € ®T as above and, if 0 < i < m, denote
Bi=pP+v +...+7v. We claim that ~q, ..., 7y, are pairwise orthogonal.
If m = 1 there is nothing to prove. Assume m > 1, and suppose that v1,...,vm

are not orthogonal. Let ip < m be the minimum such that (v;,7;) = 0 for all
i,j <ig with i # j, and let jo < ig be such that (vj,,vi,) # 0. Since (8,7;) = —1
and (v;,7;,) = —1, we can assume that (v;,,7;") = —1, thus v;, 4+ 74, is a root. To
reach a contradiction, we show that the m — 1 positive roots

Vs -3 Vio—1s Vio+1s -+ Yio—1 Vio T Viosr Vio+1s -+ -1 Vm
also satisfy the assumptions of 1, ..., ¥m, contradicting the minimality of m. That
is, we show that 3; — v,, € ®* whenever jy < i < 4.
Indeed, if 4 < ig, then B;_1 +~; = B8; € ®*, therefore (8;_1,7,”) = —1, and being
(7i,7v5) = 0 for all j < i it follows that (8,~,”) = —1. Therefore, if jo < i < ig, then
it follows (8i,7;)) = (B,7})) + (Vjo»7j,) = 1, and the claim follows. O

Lemma 4.5. Suppose that ® is simply laced. Let B € Ort(®]) and suppose that
it is not an antichain, then there exists B' € Ort(®}) with |B'| = |B| such that
B+ B, and dimag < dim ag.

Proof. Notice that Wy acts on Ort(®]), we will find B’ in the Wy-orbit of B. Let
B € B be a minimal element and let ' € Bwith 8 < 8. Write /=8 =v1+...+vm
for some pairwise orthogonal roots vy, ..., ¥m € ®' asin Proposition and notice
that v; € ®F for all 4. Set v = ;. Then (8’ — 3,7") = 2, and since ® is simply
laced it follows that s,(8) = 5+ v and s,(8’) = B8’ — . On the other hand by
Lemma ~v is orthogonal to every root in B\ {3, '}, therefore

sy(B) = (B~ AB,8'}) U{s+(8),5,(8')}-
Being v < ' — 8, we have 3 < s,(8) and 8 < s,(8’). Hence s,(B) I B, and since
£ is minimal in B we get 5 & U(ap). O

Proposition 4.6. Suppose that ® is simply laced. Let B € Ort(®]), then there is
an antichain A € Ort(®]) with |A| = |B| such that A+ B.

Proof. Notice that Wy acts on the orthogonal subsets of cardinality m = |B|. Sup-
pose that B is not an antichain, then by Lemma there is B; € Ort(m’o)(@f)
such that B; - B and dimag, < dimag. Let ¢ > 1 and suppose that By,...,B; €
Ort(m,0)(®7) are such that B; b ...+ By F B and dimag, < dimag,_, < ... <
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dim ag. If B; is not an antichain, then we can apply Lemma again, and we find
Bit1 € Ort(m’o)(qﬁ') such that B;j;1 - B; and dimag,,, < dimag,. Since B;;1 is
not empty it must be dimag,,, > 0, therefore the process must stop for some £,
and By, is an antichain. O

4.2. The odd orthogonal case. Consider the Hermitian pair (B, a;). We enu-
merate the set of simple roots II = {ay,...,a,} as in [1I]. Given i,j such that
1<i<nand 1< j<n weset

Bi=a1+...+a,
5;:a1+,,,+aj+2aj+1+...+2an.

Then &7 = {8;|1 <i < n}U{B}|1<j <n}. Notice that ® contains a unique
short root, namely £,.

In this case Ortpay(®7) = {B1,. .., B, }, where we set B; = {f;, 8.} for alli < n,
and B, = {B,}. In particular, the only possible types for an orthogonal subset
are (0,2), (1,0) and (0,1). Moreover B,, - B,_1 ... By, and B, is the unique
antichain in Ort ., (®). In particular, the following proposition trivially holds.

Proposition 4.7. Consider the Hermitian pair (By, 1), and let @+ = (I>ar U <I>1+
be the corresponding decomposition.
i) Let B € Ort(®]) of type (h, k), then there is an antichain A C ® of type
(h+ %], k—2%]) such that A+ B.
ii) There exists a unique antichain A, € Ortma(®F), and A, = B for all
B € Ortyax (®7).

4.3. The symplectic case. Consider the Hermitian pair (C,, o). We enumerate
the set of simple roots IT = {a, ..., a, } asin [I], and we embed ® into the euclidean
vector space R™ with orthonormal basis €1, ...,&, by setting a; = ¢; — €;41 for all
i <n and «p = 2¢,. Then

= {*(e;i +¢;) |1 < i,j <n} {0},
and <I>;r ={e; +¢; |1 <i<j<n}. Notice that, for 1 <i < j < n, we have
gtej=o;+ ... taj_1+ 205+ ..+ 20,1 + ay.
In particular €; + €; < €, + € if and only if h < ¢ and k < j. Notice that
Sc,0n = {2¢61,...,2¢e,}, so that r =n.

Let B € Ort(®]), and write B = {e;, + €j,,...,€i, + &, } for some indices
i1 < Jiy--yim < jm. Correspondingly, we have a disjoint union {J;- {ix, ji}
and B € Ortyax(®7) if and only if {1,...,n} = U;—, {ix,jr}, and it immediately
follows that, if B has type (h, k), then B € Ortya(®]) if and only if 2k + k = n.

Notice moreover that B is an antichain if and only if, up to some permutation of
{1,...,m}, we have

11 <l < .o <ime1 <m L Jm < Im-1<...<J2 <J1.
It follows that there is a unique B € Ortmax(q)f) which satisfies the previous in-

equalities, therefore there is a unique antichain A, € Ortmax(q)l*).
The following lemma is an easy consequence of previous description of @f.

Lemma 4.8. Let 3,3 € ® be orthogonal roots.
i) Suppose that {5, 8'} is of type (1,1) and suppose that 8 < '. Then 8'—8 =
20+ o/ for some short roots o, o € ®F with (', aV) = —1.
ii) Suppose that {3, 8’} is of type (2,0), and suppose that B < 3'. Then '—p =
a+ o for some orthogonal short roots a, o’ € ®F .
iii) Suppose that {3,5'} is of type (0,2), then 8 — ' = 2« for some short root
a € Pg.
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Proof. Assume = ¢; + ¢; and ' = ¢}, + €, for some ¢ < j and h < k. The
orthogonality implies that ¢ # h and j # k.

i) We have in this case h < k < ¢ < j, and since {3, 8’} contains exactly one
long root, either h = k < i < j or h < k < i = j. Therefore the claim follows by
setting o = e, —¢; and & = e, — e +¢; —¢;.

ii) We have in this case ¢ < j and h < k, and the claim follows by setting
a=¢g —¢j=ap+...+aj1and o’ =g, —ep=ap+ ...+ ap_1.

iii) We have in this case i = j and h = k, and the claim follows by setting
a=¢p — &;. [l

Lemma 4.9. Let B C ® be an orthogonal subset of type (h, k), set k' = L%j and
suppose that B is not an antichain. Then there exists an orthogonal subset B' of
type (h + k', k — 2k") such that B'+ B, and dimag < dim ag.

Proof. Let 3 € B be a minimal element, and suppose that 8 < 8’ for some ' € B.
We construct an orthogonal subset B’ such that B’ + B and dimag < dimag,
whose type is (h+ 1,k — 2) if 3,8’ are both long, and (h, k) otherwise. Since two
positive long roots in a root system of tyoe C,, are always comparable, the claim
will follow repeating the argument until B’ contains at most a single long root.

If 3, 3’ are both long, then by Lemmaﬂ’—ﬁ = 2 for some short root o € <I>(J{.
Denote B' = (B~ {3, 8'})U{a+pB}. Since a+3 = ' —a € &, Lemmaimplies
that (o, 3) =0 for all 8 € B~ {8, 3'}. Therefore B’ is orthogonal, and it is of type
(h+ 1,k — 2) since o+ 3 is a short root. Moreover B’ - B, and since 8 is minimal
in B we get dimag < dimag as well.

Suppose that 3,8’ are both short roots. Following Lemma write 8/ — 3 =
o+’ with o, o/ € ® short orthogonal roots. In particular, it must be (8',a") =
—(B,a) = 1, and by Lemma [3.3] it follows (a, ") = 0 for all 3’ € B~ {8,5'}.
Therefore

sa(B) = (BN AB, B U{a+ 8,8 —a}.
On the other hand, being ' — 8 = a+ o/, we get 8 < s4(8) and 8 < so(8').
Therefore s, (B) - B, and since 3 is minimal in B it follows dim a,_z) < dimag.

Suppose finally that ||3|| # ||3||. Following Lemma [{.8 we can write 8’ — 8 =
2a + o/ where o, o’ € ®F are short roots with (o/,a") = —1. In particular we get
a+a' € ®F, hence 8+, —a € &, and by Lemmait follows («, ") =0
for all 8”7 € B~ {3,8'}. Therefore

sa(B) = (B~ AB,8'}) U{sa(B), sa(B)}-

On the other hand, being 8’ — 5 = 2a + o/, we get 8 < s,(8) and B < s54(8').
Therefore s,(B) - B, and since 8 is minimal in B we get dima, ) < dimag as
well. [l

Proposition 4.10. Consider the Hermitian pair (C,, aq).

i) Let B C ®] be an orthogonal subset of type (h,k). Then there is an an-
tichain A C ®F of type (h+ | 5],k —2|%]) such that A+ B.

ii) There ewists a unique antichain A, € OTtyax(®]), and A. = B for all
B € Ortyax (®7).

Proof. 1) Suppose that B is not an antichain, by Lemma there is an orthogonal
subset By C @] of type (h+ %], k—2[%]) such that B; I B and dimag, < dimag.
Suppose that B; is defined, and suppose that B; is not an antichain. Then we can
apply Lemma again, and we find an orthogonal subset B; 1 C <I>Ir such that
Biy1 - B; and dimag, , < dimag,. Since B;1; is not empty, az,,, cannot be zero,
therefore the process must stop for some k, and By, is an antichain.
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ii) As we already noticed, if B € Ort(®]") has type (h, k), then B is maximal if
and only if 2h + k = n. Therefore by i) for all B € Ortpa(®]) there exists an
antichain A € Ortyay, (@) such that A - B. We also already noticed that there is a
unique antichain A, € Ortyay (®]), therefore A, B for all B € Ortya, (®7). O

4.4. Hermitian symmetric spaces of tube type. Let (II, ;) be a Hermitian
pair and let pT be the corresponding standard parabolic subalgebra of g. Let
St,a, = {71,---,7} be the set of Harish-Chandra strongly orthogonal roots, and
set b~ =span(y) |[i = 1,...,7). By [9], [15], a root o € ® is in ®] if and only if
either ajp- = %('yi + ;) , for some i < j, or ap- = %% for some i. A root o € ¢
is in @7 if and only if either ajp- = %('yi —7;), for some i < j, or app- = :I:%'yi,
for some 4. Recall that the Hermitian symmetric space G/P is called of tube type
if it is holomorphically equivalent to the tube over a self dual cone. It is known
(cf. [4]) that Hermitian symmetric spaces of tube type correspond to Hermitian
involutions such that a € ® is in ®] if and only if ajp- = %(% +;) for some ¢ < j,
and a root a € ® is in ®; if and only if app- = %(’yZ —7;), for some ¢ < j. We will
call such involutions Hermitian involutions of tube type. Observe that a Hermitian
involution is of tube type if and only if

T
(4.1) (Z%,a) = (ag,aq) ¢, foralla € ®;, i =0, 1.
i=1

Hermitian symmetric spaces of tube type are classified by the Hermitian pairs
(IL, aog) such that wo(ay) = —ay, in which case we say that (I, o) is a Hermitian
pair of tube type (see e.g. [I0, Ch. X, D.4 pg. 528]). In particular, we have the
following possibilities:

1) (Azq-1, aq);

ii) (Bna O41);

iil) (Chp, an);

iv) (Dp,apn—1) with n even; (D, «;,) with n even; (D, aq) for all n;

V) (E7, a7).
Notice that being of tube type is equivalent to the fact that p} is a regular pre-
homogeneous space under the action of Gy, namely the boundary of the open
Go-orbit has codimension 1 (see [I6] and the references therein).

If (II, a¢) is a Hermitian pair of tube type and II is not simply laced, then the

short roots in ®; admit a nice description:

Lemma 4.11. Suppose that ® is not simply laced and let o be a Hermitian in-
volution of tube type. Let S be an orthogonal subset of ® of mazimal cardinality
and let B € ®F be a short root. Then = %(7 +7') for some distinct elements
7,7 €S.

Proof. By Remark every 7 € S is a long root of ®, and we can choose a set
of positive roots in <I>5r C ®g so that S is the corresponding set of Harish-Chandra
strongly orthogonal roots. Since o is of tube type, we have that § = %(’y +9)+ A,
for some 7,7 € § with (v,7") = 0 and some X with (\,7”) = 0 for all v € S,
therefore [|5]|* = 1(|[7[I> + V') + [AI* = 3]7[I* + [|A]*>. On the other hand § is
a short root, therefore ||3[|> = 3||v||* and it follows A = 0. O

If o is the Hermitian involution of tube type associated to the Hermitian pair
(By, 1) or (Cy, a), we proved in Proposition [{.7 and Proposition [£.10] that there
exists a unique antichain A, € Ortmax(q)f), and that A, - Bforall B € Ortmax(CI)f).
We now show that this property holds whenever ¢ is a Hermitian involution of tube

type.
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Proposition 4.12. Suppose that o is a Hermitian involution of tube type.
Then there exists a unique antichain A, € Ortmax(éf), and A, = B for all
Be Ortmax(@f).

Proof. As we noticed, the claim has already been proved if ® is not simply laced.
Therefore we will assume that ® is simply laced, so that Ortmax(@f) coincides with
the collection of the orthogonal subsets of maximal cardinality . By Proposition
for all B € Ortmax(fbf), there is an antichain A € Ortmax(@f) such that A+ B.
Therefore we only need to show the uniqueness of the antichain in Ortmax(tbf).
Suppose A, A" € Ortya, (@) are both antichains. Since they are both of max-
imal cardinality, by Remark they are both sets of Harish-Chandra roots for
some choice of positive sets of roots in ®y. Since the pair (II, ay) is of tube type

we have, by (4.1,
(Z 7, ) = (Qgs aq) = ( Z v, aq)

yeEA vy eA
and, if a € Iy,
D ma)=0=(>_ 7,a).
yeA y'eA’

It follows that

(4.2) o=

yEA vy eA’

Let C be the matrix ((,7"))yeA .y ear. Consider the matrix C’ obtained by replac-
ing the nonzero entries of C' with 1. This is the incidence matrix of a relation. Let G
be its incidence graph. Write G = U;G;, where G; are the connected components of
G. Assume first that G; has more than one node. If y € G;N. AN A’ then (v,7) =0
for all " € A’ \ {v}, so v is connected in G only to itself. Since G; is connected
this is not possible, hence G;NANA = 0. If G;N A = () then any v/ € G; N A’
is orthogonal to A, contradicting the fact that A is in Ortyax(®]). Symmetrically
we have that also G; N A’ is not empty. Since G; is connected, if v9 € G; N A, there
must be v, € G; N A’ such that vy # v and (y0,7,) # 0. Since

O v =2=(>_ ¥ =1+(>_ %)
vEA Y EA ¥ #Y
we see that there are exactly two nodes in G; to which ~q is connected. Symmet-

rically, the same property holds for all 4/ € G; N A’. Thus every node has degree
exactly 2 in G;. It follows that G; is a cycle

Since G; N AN A’ = () and the nodes in A connect only to nodes in A" we have only
this possibility (letting o be the nodes in A and e the nodes in A’):

If (v,7") # 0 then (v,7') > 0 so v —+/ is a root. It follows that either v > ~/
or v/ > . We give an orientation to the graph G by orienting the edges so that
they point from the larger to the smaller root. Since both A and A’ are antichains,

. oO—> e —>0 e —> 0 —>e
we cannot have consecutive arrows , . It follows that
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the nodes o are either all sources or all sinks. By eventually exchanging A and A’,
we can assume that all o are sources and all e are sinks. This means that we can
enumerate ANG; = {m,...,7s} and A'NG; = {~,...,7.} so that v/ <¢ 7.

It follows that A =Y v — >~/ >0 0. On the other hand

AP = I wllP+ 1D AP = O v ) = O v > w)
= ID_AlP+HID AP =0y >N =00 D> -
N EA vEA
By (.2),
A = D%+ A= O > =07 > )
yeA vy eA

I P+ 1D 7P = O ) = O kY A =o.

It follows that G; has only one node for all i. As observed earlier G; N A # () and
GiNA" # 0, thus, if G; = {7}, then vy € ANA’. Therefore AUA =U;G; C ANA".
Thus A = A'. O

Remark 4.13. The proof of uniqueness of the antichain we have given when ® is
simply laced can be extended (with some complications) to a uniform proof for any
®. Since the two non simply laced cases are easily dealt individually, we preferred
to omit this more complicated approach.

Given B C @7, set
BSo = {a € & | there is 3 € B such that a <o 8}

Notice that BS® = W(ag), where az C p; is the By -stable subalgebra generated
by B and By C Gy is the opposite Borel subgroup of B.

If A, € Ortpay(®]) is the unique antichain, it follows by Proposition that
A, C B0 for all B € Ortyax(®]). The following corollary shows that A, C BS°
as well.

Corollary 4.14. Let A, € Ortpa(®]) be the unique antichain. Then A, C BS°
for all B € Ortumax(®7).

Proof. Let <, be the partial order on ®; defined by ®;. Then < is the reverse
partial order of <, therefore a subset A C ® is an antichain w.r.t. < if and only

if it is an antichain w.r.t. <{,. Therefore, if I’ is the preorder on Ort(®]) defined
by <, it follows by Proposition that A, F B, namely A, C BS°. O

5. THE SPECIAL By-STABLE ABELIAN SUBALGEBRA

For the rest of the paper we will assume that o : G — G is an (indecomposable)
involution. Moreover, throughout this section, we assume that gg is semisimple and
that the simple root «,, € il corresponding to o is long and non-complex.

Recall from Section the element w,, of W and the corresponding subalgebra
a, € Z7,. We call a, the special By-stable abelian subalgebra.

For each component ¥ of IIj, we let ®(X) be the root subsystem of &, generated
by ¥. As shown in [0, Lemma 5.7], there is a unique simple root asx, € ¥ which is
connected to a,. If moreover fy is the highest root in ®(X), then [0y : ax] =1,
therefore (X, ay) is a Hermitian pair. It is then clear that v € ®(X) is orthogonal
to a,, if and only if [y : ax] = 0. Following Section |4} we denote by ®(X)] the set
of roots in ®(3)T that have ax in their support.

Set C, = {a € DT | ap+kd—ac ®+} and define

Ch=Crn® ={acC[o:a)] =1}
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Notice that CL C ®j.

Lemma 5.1.

i) N(wp) = Us{y + ap|y € ®(2)7} U {ap}, where & ranges among the
components of Ily;
i) N(w,) = CL;
iii) The map Y : C} — Us ®(X) U {0} mapping n to n — ay, is an order
preserving bijection, where X varies among the components of Ily;
iv) If v,n € C; ~Aap}, then (Y(v),YT(n)) = (v,n).
v) If n € Cy ~A{ap}, then (o, T(1) = —(ap,m).

Proof. i) It is well known that N(wo.a,wo) = Uy ®(X){. If v € ®(X)], then
(v, o) = {ax, ), and since a, is long. we have (ax, ) = —1. Tt follows that

sp(7) =7+ a, € B, hence
N(wp> = N<3pw0,apw0) = {ap} U Sp(N(w&apr))v

and the claim follows.

ii) Clearly o, € CL. Moreover, if v € ®(X)], then ké + ap — (v + o) =
ks —~ € ®F. It follows that N(wp) C CL. Since wy(ay) = kd + ayp, it follows that
(wpsp) = £(wp) + 1. This implies that N(wpsp) = N(w,) U{kd +a,}. Let n # a,
be in C} so that there is 8 such that n+ 3 = ké + «,. By biconvexity of N(wpsp),
exactly one between 7 and f is in N(wp). Since [ : ap] =1 and [B : a,] = 2, it
follows from the fact that w, € W2 that n € N(w,). Thus C1 C N(w,), and the
claim follows.

iii) Follows by i) and ii).

iv) Since a,, is long, if a € ®(X)] then (o, a,) = *W' Therefore, if v,n €
Cl ~ {ap}, we have

(vom) = (v —ap,n—ap) + (v —ap,ap) + (N — ap, ap) + (0, ap) = (7 — ap,m — ap).
The second claim follows as well, since (Y(n), T(n)) = (1, 7).
v) Since oy, is long and T(n) € ®(X)T, it must be (Y(n), o) = —1. Therefore

(n, o)) = 1, and it follows (ay,, Y(n)) = —(ap,n). 0

Lemma 5.2. Let {n,...,n:} be an orthogonal set of real roots, let niy1 be a real
root such that (n;,m41) < 0 for all i < t, and set A = ((n;,n))ij=1,. t+1- Then
A is a generalized Cartan matrixz of finite or affine type.

Proof. The fact that A is a generalized Cartan matrix [I1, Section 1.1] is clear. It
is also symmetrizable: setting D = diag(||n1]|%, ..., ||n:+1]]*>) we have that DA =
2((ni,m;)), which is symmetric. Since (1;,mi+1) # 0 for all ¢ < ¢, DA is an inde-
composable matrix. Therefore it is enough to check that DA is of finite or affine
type. By [I1, Lemma 4.5], we need to check that DA is positive semi-definite of

corank less than or equal to 1. Since 7y, ..., n; are orthogonal D A has rank at least
t. It is clear that, given a positive semi-definite symmetric bilinear form (-,-) on a
vector space V' and a set of vectors R = {vy,...,v;} in V, the matrix ((v;,v;)) is

positive semi-definite. On the other hand, since d is an affine system, the invariant
form (-,-) is positive semi-definite, and being DA = 2((n;,n;)) it follows that DA
is positive semi-definite. O

Let S C C! \ {a,} be an orthogonal subset of maximal cardinality. Consider
the set of roots
IIs=8SU {—ap}
and the matrix As = ((n',n"))nyens. We will show that Goa, is not spherical.
The following is the key result in this direction.
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Proposition 5.3. Let S C CL ~ {a,} be an orthogonal subset of mazimal cardinal-
ity. Then |S| < 4 and As is a Cartan matriz of affine type.

Proof. Set S = {m1,...,n:}. By Lemmal5.2] As has to be either of finite or of affine
type. By a slight abuse of notation we denote by Ils the corresponding Dynkin
diagram. This diagram has t+1 nodes with ¢ nodes connected only to the remaining
node corresponding to . This immediately implies that ¢ < 4, and since ¢, is
long, the node connected to all other nodes corresponds to a long simple root.

If ¢ = 4 then the diagram is of type Dil), hence it is affine. If ¢ = 3 the only
possibilities are Dy or Bél). If IIs is of type Dy, then n = kd — (n1 + 12 + 13 — 2ap)
is a root in ® with m:iap =1 Set B=m+n+n3—ap € ®. Then 8 € @,
[B:ap] =2, and n+ 8 = ké + . It follows that n € CL. Being (n,7;) = 0 for
i =1,2,3, we see that {1,72,73} is not a set of maximal cardinality in C} \ {a,}.
This excludes the possibility that Ils is of type Dy, so Ils is of affine type.

If t = 2 then IIs can be only of type As, Bs, Gél), D§2). By Lcmmatogothcr
with Remark {T(m), T(n2)} is an orthogonal subset of maximal cardinality in
Us ®(2)7, and both Y (1) and T(n2) are long roots in the respective components
of ITy. In particular, Il contains at most two components.

Suppose that ¢ = 2 and that Iy = ¥; U X5 is the union of two components,
then by Remark the Hermitian symmetric spaces corresponding to (X1, ax,)
and (X2, ax,) have both rank 1, hence X1, X5 are both of type A, and ayx, is an
extremal root in X; (see Table [1). Since oy, and Y(n;) are both long in ¥;, by
Lemma 5.1 v) it follows that

(5.1) (=ap,m)") = {p, T(m:)) = {ap, a;,)-

This means that «), is connected to ay, in IT with the same number of edges that

connect —ay, to 1; in Ils. If Ils is of type As, it follows that I is of type A, of the
shape

O teeenes o ° o ° O eueens o

(where the roots ay, are denoted by black nodes), which is absurd since II is not
of finite type. If Ilg is of type Bs, then II is of the shape

[e] [ ]

o—> e

The only affine diagrams of this shape are Fél) and E((f). If 11 is of type Fél) then

o, has label 3, while if Il is of type Eé2), then ) has label 2. Since in both cases
the corresponding automorphism o is not an involution, it follows that II; must
contain a unique component.

Suppose that ¢t = 2 and that I, is connected. By Lemma together with
Remark it follows that {Y(n1),Y(n2)} is an orthogonal subset of maximal
cardinality in ®(Ily)}", and that ||n:|| = ||n2||. Therefore, if IIs is not affine, it
must be of type As. Suppose that this is the case; then by oy, is connected to
o, by a single edge. On the other hand, by Remark [£.2)again, the symmetric space
corresponding to the Hermitian pair (Ilp, ag, ) has rank 2. Up to an automorphism
of Iy, by Tablethe possibilities for the pair (Ilp, gy, ) are the following: (A4,, asz),
(Bn, 1), (Dn, 1), (Ds,as), (Eg,a1). But then by obvious considerations it follows
that II also of finite type, a contradiction.

It remains to check the case when t = 1. If Ils is of finite type, then it is of type
Ag, Cy, or G3. Since {T(n1)} is a set of orthogonal roots of maximal cardinality in
Uy, ®(2)7, it follows that IIj is connected, and the Hermitian symmetric variety
corresponding to the pair (IIy, g, ) has rank one, therefore Iy is of type A and oy,
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is an extremal root in Ily. By (5.1), «, is connected to ar, by the same number of
edges that connect —ay, to 17;. Therefore, if Ils is of finite type, then II would be
of finite type as well, which is absurd. O

For the reader’s convenience we list here all possible diagrams for the affine root
system Ils, with the corresponding labels.

O~

Dil) Bél) D§2) Gél) A§2)

Table 2 — Affine root systems corresponding to non-spherical orbits in Goay,

Remark 5.4. Let = be one of the affine diagrams of Table [2] let k= be the integer
such that Z is of type X "= (k= € {1,2}) and let & € = be the unique long
simple root which is connected to all other simple roots. Let £ € = and let ag ¢
be the corresponding label in E, then for all £ € E, we have kzaz ¢ = [(o,&Y)]. In

particular, the equality
k’E(Z 0,575) =4

Ea
holds. If S is an orthogonal subset of C} \ {ap} of maximal cardinality and £ € IIs,
then we will denote krg and amg ¢ simply by ks and as¢.

As in Section 3, we fix a weight vector o} € gf for all u € ®]. Recall that @,
is the lowest weight in ®; and that ¥(a,) = {-7|n e CL}. f S C CL \ {a,} is an
orthogonal subset, we set

zs = Z z, " € a,.

nes

For all n € S, we choose y! € g7 so that [z]",y]] = —7". Since the weights 7

are strongly orthogonal, setting ys = Znes ylﬁ and hg = — Znes 7Y, we have that
{zs,hs,ys} is a normal sl(2)-triple which contains zs as a nilpositive element.

Theorem 5.5. Suppose that go is semisimple and o, is long and non-complez, and
let S be an orthogonal subset of C2 ~\ {a,} of maximal cardinality. Then the orbit
Gors C g1 15 not spherical. In particular, Goa, is not spherical.

Proof. Let S = {m,...,n:} be an orthogonal subset of C1 \ {«,} of maximal cardi-
nality. Since )17, as,0 is an isotropic vector, it follows that ks(_,cpq @5,0)
is a multiple of §. Since

t
e : = milli) - - —ap,S T T T 4T 4
ks( Y asaq):ap) =[ks(> asnm):apl — kst a,s =4—2=2

aclls i=1
it follows that ks(zaeﬂs as,o) = kd, hence

t
(5.2) > ksasgni — ap =k + .
i=1
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It follows moreover that ksas ., (7:, 1) = 2(cp, 7;), namely
(5'3) ksasﬂh‘ = <O‘pﬂ77;/>'
The equalities (5.2) and (5.3) show that

t
Z<ap777;/>ﬁi = 20y,
i=1
hence Zf:1<ap,mv)<ﬁi,ag> = 4. Since a, is long, we have that 1 = (n;, ) =
(M;, ), therefore considering the normal sl(2)-triple {zs, hs,ys} we get
t t
—ap(hs) = Z(ap,ﬁiv> = Z(ap,n;/> =4
i=1 i=1
Considering the grading @,., ¢1(i) induced by hs, we see that gl_a” C g1(4),
therefore Goxs is not spherical by [I8, Theorem 5.6]. O

Let ¥ C IIp be a component, and let ey, = —(a,, ay,) be the number of edges
connecting ay with «,. As a corollary of the previous proof we get the following.

Corollary 5.6. Let S = {m1,...,m:} be an orthogonal subset of mazimal cardinality
of CL ~ {ap} and let ¥ C Ty be a component.
i) If Y(n;) € ®(X), then ksas,,, = (ap, 1) = ex.
ii) Let (k6—2cy)x; be the orthogonal projection of kd—2a, onto hs, = span(h, | o €
Y) and set Iy = {i | T(n;) € ®(X)}. Then

1
> (i) = — (k6 — 2055
: ex
i€l
Proof. i) This follows immediately by formulas (5.1]) and (5.3]).
ii) Since ks(zzzl as.y;) = 4, formula (5.2) implies that

¢
sta&mr(m) = ké — 2ap.
i=1
On the other hand (k0 — 2a,)s = > ;¢ ksas, Y (1), therefore the claim follows
by i). O

We already noticed at the beginning of the section that (X, ax) is a Hermitian
pair. More precisely, we have the following.

Proposition 5.7. Let ¥ C IIy be a component, then (X, ax) is a Hermitian pair
of tube type.

Proof. For all o € ¥\ {ax}, it clearly holds (o, kd — 2a,) = (v, (kd — 2crp)s) = 0.
By Corollary [5.6] we get then the equality

(o, Z T(n)) =i(ax, ax) for all a € ®(X)f, i=0,1.
i€ls
By Lemma {Y(n;)|¢ € Is} is an orthogonal set of maximal cardinality in
®(X)f. By Remarkwe can then choose a set of positive roots for ®(3)( in such

a way that {Y(n;) |é € In} is the corresponding set of strongly orthogonal roots in
®(X)f. Therefore the claim follows immediately from (4.1). (]

In Theorem @ we constructed a non-spherical orbit Gozs C Gopa, starting
from an orthogonal subset S C C! of maximal cardinality. We now show that this
construction extends to any maximal orthogonal subset S C CL, and it always gives
rise to the same Gg-orbit.
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Theorem 5.8. Let S C CL ~ {a,} be a mazimal orthogonal subset.
i) For all a € ® it holds a(hs) = —2{(a, o).
ii) The orbit Goxs C g1 is not spherical, and Goxs = Goxr for all mazimal
orthogonal subset T C C: ~ {ap}.

Proof. If ¥ C Il is a component, set Sy = T(S) N ®(¥)], a maximal orthogo-
nal subset in ®(X)]. Write explicitly Ss = {71, -,7s, 581, -, B} with 71,..., 7,
long roots and f1, ..., 5 short roots. Let ry be the rank of the Hermitian sym-
metric space corresponding to the pair (3, ax) and let S& = {y1,...,7} be an
orthogonal subset of maximal cardinality of ®(X){ containing {v1,...,vs}. Then
= Uy Y71(8%) is an orthogonal subset of C; \ {a,} of maximal cardinality.

By Proposition the Hermitian pair (X, ay) is of tube type, therefore by
Lemma@ upon relabelling vsy1,. .., Vry, We may assume that 5; = %('ysﬂi,l +
Vst+2i) for all i =1,... ¢. By Corollary m 5.6| it follows that

s t
D vt 28 = Z%— (k3 — 20)z.
i=1 j=1

Thus
es(O T M) + D 2Y71(B;)) = (k6 — 204)s + exrson,.

Summing over all components ¥ C Iy, we get

Z ey = kd — 20, + Z exTnly,

nes
where for n € CL \ {a,} we define
_ w [ es ifT(n) € ®(D)] is a long root,
en = —({ap, T(n)") = { 2es  if Y(n) € ®(X)] is a short root.
Notice that by Lemma and Corollary m i) we have e, = (ap,nY) = ksay.s
for all n € §’. Therefore by Corollary m 5.611) and Remark |5 - 5.4 we obtain

Z@z’l’g = Z €n = Z ks/an75/ =4.
b)) nes’ nes’
On the other hand, by Lemma we have e,, = (a,,n") for all n € S, therefore
we get

(5.4) Z<apv77v>77 = Z ent) = ko + 20
nes nes

We now conclude the proof by showing that the orbit Gyxs does not depend on
the maximal orthogonal subset & C C!, hence it is non-spherical by Theorem
We identify the orbit Gozs C g1 by computing its weighted Dynkin diagram (see
I8, Section 9.5]).

By Lemma [5.1| we have (n,ay) =1 for all n € C; ~ {ay}. If & € @, considering
the normal sl(2)-triple {zs, hs,ys}, it follows that

alhs) = =3 (an¥)(ma¥) = ———(a, 3 (ap, 1¥)n).

2
nes HaPH nes
By (5.4) we get then

alhs) = (o, k6 + 20) = —2(a, ).

lewl?
Since the right hand side of previous equality does not depend on S, it follows that
Gozxs does not depend on S either. O
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We conclude this Section by showing that Goa, has complexity one. Recall that
the complexity of an irreducible Gg-variety is defined as

cgo(X) = grvrg(l codimByz.

In particular, the spherical Gy-varieties coincide with the Gy-varieties of complexity
zero, and the complexity of a Gg-variety can be regarded as a measure of its non-
sphericity. By Theorem together with Theorem if S C C! is a maximal
orthogonal subset, then s is in the open Gy-orbit of Gya,. Since the complexity of
a Gp-variety coincides with that of its GGy-stable open subsets, it follows in particular
that cg,(Gozs) =1 for all maximal orthogonal subset S C C} \ {a,}.

We start by recalling and proving some general results about the gradings asso-
ciated to nilpotent elements of small height in Zs-graded Lie algebras.

5.1. Remarks on the gradings associated to nilpotent elements of small
height in g;. Let x; € g1 be a nilpotent element and let {x1, hg, y1} be a normal
5[(2)-triple containing ;1. Denote py = go(=0), up = go(=1) and lp = go(0),
then pg is a parabolic subalgebra of gg with Levi factor [p and with nilradical uyg.
Fix a Borel subalgebra by C go contained in py and set bgg = bo N go(0), a Borel
subalgebra of [y, so that by = bgg @ up. Notice that gq(¢) is [p-stable for all ¢ € Z.

Let Py be the parabolic subgroup of Gy corresponding to pg, Loy C Py the
Levi factor corresponding to [y and Uy the unipotent radical of Py, By C G the
Borel subgroup corresponding to by, and Bgy C Lo be the Borel subgroup of Lg
corresponding to bpg. Recall that in this section the fixed points set gy of the
involution is assumed to be semisimple and we denote by «,, the simple root in i
corresponding to o.

Proposition 5.9. Suppose that go is semisimple with corresponding simple root
ap, € II, and let 1 € g1 be a nilpotent element with ht(x1) = m. Then g1(m) is
an irreducible Lo-module. If moreover alhg) =0 for all a € ‘ba', the highest weight

vector of g1(m) is z; ",

Proof. Up to conjugating 1 we may assume that a(hg) > 0 for all « € <I>8'. Notice
that ug acts trivially on gi(m), therefore every highest weight of gi(m) as a [o-
module is actually a highest weight for g; as a gg-module. On the other hand,
since go is semisimple, g; is an irreducible gg-module with highest weight vector
x7 “7, therefore gq(m) is an irreducible [p-module as well, with highest weight vector
x, . O

Assume furthermore that ht(z1) < 4 and go(4) = 0. For i > 2, set a; = g1(>1).
Notice that a; is a By-stable abelian subalgebra of g: indeed a; is pg-stable, hence
Py-stable, and being ht(z1) < 4 and go(4) = 0, it follows that [a;, a;] C go(4) = 0. It
follows then by Theorem [3.I|that a; possesses finitely many By-orbits, parametrized
by the orthogonal subsets of ¥(a;).

Proposition 5.10. Suppose that ht(x1) < 4 and that go(4) = 0. Then g1(7) is a
spherical Lo-module for all i > 2.

Proof. Let i > 2 and consider the By-stable subalgebra a;. By Theorem there
is v; € a; such that Byv; = a;. Since a; = 91(4) @ a;41 and since a;41 is also By-
stable, we may write v; = u; + u}, for some u; € g1(2) and u; € a;41 with u; # 0.
Therefore

gl(l) Daj41 =a; = [bo,vi] C [boo,ui] S5 ([UO,Ui] + [bo,u;])

Since [boo, u;] C g1(7) and [ug, u;] + [bo,u;] C a;41, the equality [boo,u;] = g1(2)

follows. Therefore g1(2) = Boou; is a spherical Ly-module. U
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5.2. The complexity of Gya,. We now apply the results of previous subsection to
compute the complexity of Goa,. As we already noticed, it is enough to show that
cGo(Gors) =1 when S C CL \{a,} is an orthogonal subset of maximal cardinality.
In particular, under the bijection T : CL \ {a,} — Uy ®(2)7 of Lemma we
may assume that ax € T(S) for all components ¥ C IIj.

Let S € C \ {a,} be an orthogonal subset of maximal cardinality, let {zs, hs,ys}
be the corresponding normal sl(2)-triple, let g = @ g(i), and for j = 0,1 set
g;() = g; N g(7). We keep the notation of previous subsection.

Let Ko C Lo be the identity component of the stabilizer of zs € g1(2). Then K
is reductive and g;1(2) is a Kyp-orthogonal module, therefore by a theorem of Luna
there exists a reductive subgroup M C K, and a K(-stable open subset Z C g;(2)
such that every Kg-orbit in Z is isomorphic to Ko/M (see [I8 Section 5]). Then
by [18, Theorem 5.4] the following formula holds:

(5:5) cay (Gows) = L, (81(2)) + em(91(23))-

Proposition 5.11. We have g1(3) = go(4) = {0} and g1(4) = g, °" is the trivial
one-dimensional representation of (Lo, Lo).

Proof. By Theorem we have a(hs) = —2(a, ay) for all a € ®. In particular
a(3) = {0}. If g(4)* # {0}, then (a,ay) = —2. Since «, is long, it follows that
o = —a,. Since a, is non-complex, go(4) = {0} and g;(4) = g, **.

By definition, Lg is the Levi subgroup of Gy whose set of simple roots is

Iy = U{a ex | O[(hs) = 0}
>
Let ¥ C IIp be a component. Recall that ay € X is the unique simple root non-
orthogonal to a,. On the other hand by Theorem we have a(hs) = —2(a, ay)),
therefore Iy = Ug(Z \ {ax}) and it follows that every simple root of Ly is
orthogonal to —@,. This show that gi(4) = g, " is the trivial one-dimensional
representation of (Lo, Lo). O

Corollary 5.12. Let S C C:~ {ap} be an orthogonal subset of mazimal cardinality,
then cq,(Goxs) = 1. In particular, cq,(Goap) = 1.

Proof. Proposition implies that cr,(g1(2)) = 0, whereas Proposition
shows that g1(>3) = g1(4) is one-dimensional, and by Theorem together with

(5.5) we get 1 < cq,(Goxs) = cear(g1(4)) < 1. O

6. CLASSIFICATION OF By-STABLE SUBALGEBRAS OF g1

In this section g is a semisimple Lie algebra and o is an (indecomposable) invo-
lution of g. Theorem prompts us to study the orbits Goz C go @ g1 with x of
the form

(6.1) zs= Y a)+ Y ai,
YESo YES1

where Sy C @, S; C P1, Sy NS; = 0, and Sy U Sy is a set of strongly orthogonal
weights in ® = &y U ;. We denote by S the disjoint union of Sy and S;. Notice
that all x5 are nilpotent: indeed setting Ys = Dneso Yo | T 2nes, Y1 | and hs =
does vV es, 7Y we get a sl(2)-triple {zs, hs,ys}-

Let m be the height of zs. Since hs € hg, we can choose a weight a € ® such
that g® C g(m), namely such that

alhs) = Z(a,7v> = m.

~ES
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Set ST (a) = {y € S| {a,7") > 0}, so that
(62) T (o) > m.

yeSt(a)

Define & = aif a € &y, and & = ¢ + a if a € &; . 9. Choose for each
v € 8t(a) aroot 4 € ® such that 5 = v, and define S/Jr\(oz) ={¥]y € St (o)}
and Ig o = S/(E) U{—a}. As St(a)U{—a} C ®, we have that IIs, C dre, so
the matrix A(S,a) = ((8,£"))s,¢ems.., is a generalized Cartan matrix, which is of
finite or affine type by Lemma [5.2

Lemma 6.1. Let S C ® be a strongly orthogonal subset, and let o € ® be such
that a(hs) = ht(zs). Then the following statements hold.

i) ht(zs) is less than or equal to the degree of —& in s . In particular
ht(xg) < 4.

ii) If Gxs is not spherical, then ht(zs) = 4 and Ils o is of affine type, in which
case its diagram is one of those listed in Table[J

Proof. i) If v € S*(«), notice that (a,v") = (&,4"), and that this number is less or
equal to the number of edges connecting —& with 4. Therefore the claim follows by
formula , by observing that the degree of any node in a finite or affine diagram
is at most 4.

ii) By [I'7l Theorem 3.1], if Gzs is not spherical then ht(xs) > 4, hence ht(zs) =
4 by i). Since in a Dynkin diagram of finite type any node has degree at most 3,
it follows that Ils , is affine. Moreover, if (&,4") is less than the number of edges
connecting & and 4 for some v € S*(a), then >°. g+ (,)(4,4") < 4. Thus, for all
v € 8T (), (&,%4") equals the number of edges connecting & and 4, and & is long
in Ils o. It follows that the diagram Ils , is one of the affine diagrams listed in
Table 2 O

In the next result we use the main idea of Proposition 2.2 of [22].

Lemma 6.2. Let S C ® be a strongly orthogonal subset and suppose that S C ¥(a)
for some a € I7,. Let a € ® be such that a(hs) = ht(zs), then o € @1 \ P and

Z (a, vV = ké + 24.
vEST (@)

In particular, hto(zs) < 3 and nyesﬂa) (B,7Y) =2(8,a") for all B € ®U{0}.

Proof. Since ST(a) C ®; we can assume that 4 = ¢’ +~ for all v € ST. As in
the proof of Theorem 5.5 we find that, if Ils o = Z, then k=(} .z az¢f) is an
isotropic vector, hence it is a multiple of §, say

(6.3) k=()  aze6) = s0.

£eE

The coefficient s can be computed by counting the occurrences of roots in @f in the
left hand side of (6.3)). It follows that s = 2k if & € &g, and s =k if o € §1 \ Py.

Define a multiset {9;|i = 1,--- ,4} by listing every ¥ € m with multiplicity
(&,%Y) = kzaz 4 (see Remark . Set 8 = kd + &. Since & = a € g, it follows
that 3 is a root. Notice that 5 —4; —4; is a root for all ¢ # j. If indeed 4; = 4; for
some i # j, then (&,4,”) > 2, hence (8,4,”) > 2 and 3 — 2%; is a root. If instead
Yi # 44, then (&%) > 0 and (& — 4;,7)) > 0, so B —4; — 4 is either a root or
zero. On the other hand 4; 4+ 4; cannot be a root because a is abelian, therefore
B —4; — 4, is a root also in this case.
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Since 2?21 Y = Z'yGSJr(a) kzaz 5y = 2k + 26 = 2f3, we have

4
> (B=4—4)=68-3> 4 =0,
i<j i=1
thus 8 — 4; — 4; is a positive root for some i < j. Since 4; € </I51+ for each 1,
B — 4 —4; is a root in ®F. Since (8,4Y) > 0 and hto(8 — %) = 1, 8 —4; € ®;.
Since 8 —4; =4, + (8 — 4 — 44), we see that § —4; € U(a). Since § —4; and
are both in ¥(a) and S — 4; +9; = B, we reach a contradiction since a is abelian.
To prove the last claim, notice that « is long in IIs 4, hence (y,a") = 1. If
B € &yU Py U{0}, we get then the equality

3 <¢w>=ﬁ 3 <aﬁv>(ﬁﬁ)=2(||a|2=2<ﬁ7av>-

YEST () YEST(a)

As a consequence of Lemma [6.2] we get the following result.

Corollary 6.3. Let a € 17, and let x € a, then ht(z) < 4 and hto(z) < 3. In
particular, Gz is spherical if and only if ht1(x) < 3, if and only if Gox is spherical.

Proof. By Theorem acting with By we may assume that # = zs for some
orthogonal subset S C ¥(a). Then by Lemmal6.1] we get ht(z) < 4, and by Lemma
[6-2 we get hto(z) < 3. The last claim follows by [18, Theorem 5.6]. O

If in previous corollary we take x in the open By-orbit of a, then we get the
following.

Corollary 6.4. Let a € 27, then a is G-spherical if and only if it is Go-spherical.

Recall that II; contains at most two elements, and that if I is simply laced,
then the real roots of ® are regarded as long. The next result has been proved in
[20] as a consequence of a case-by-case inspection. We provide here a conceptual
proof that follows from Lemma [6.2] and the results of Section Note also that
Theorem [6.5 includes Theorem 2.3 of [22].

Theorem 6.5. There exists a € IJ, such that Goa is not spherical if and only if
II; = {ap} and «p is long and non-complex.

Proof. If II; = {a,} with «,, long and non-complex then by Theoremthe special
By-stable subalgebra «, gives rise to a non-spherical variety Goa,,.

Let now a € ZJ, and suppose that Goa is not spherical. By Theorem there is
an orthogonal subset & C ¥(a) such that Gozs is not spherical, and by Lemma
we get ht(zs) = 4. Fix o € ® such that a(hs) = 4, then a € &1 \ ®y by Lemma
Setd:5’+ae<f>1.

If IT; = {a;,@;} consists of two distinct elements, then k£ = 1. Moreover, since
& e C/I;f, we can assume [&: o;) = 1 and [& : ;] = 0. By Lemma [6.2| we have

> ay)y—2a =0

yeSt(a)

Being (§,d) > 0, for all v € S*(a) relation 4 — & € ® U {0} holds. Therefore
[¥: ;] =1 for all v € ST(a), and we get [§ : ;] = 2 which is absurd.

Thus IIy = {a,} consists of a single element, and g is semisimple. By Proposi-
tion we can choose o = w(—a@,) with w € Wy. Since a € 1 \ Py, we see that
oy, cannot be complex. Suppose that «,, is short. Then also « is short, and there
must be a component ¥ C IIy such that 6y is long. Since (0x,a,) = (as, ap) <0,
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it follows that (fx,ay) < —2, and setting § = w(fx) we get (6,a") > 2. Since
(X cs+(@ V") = ht(zs) = 4, it follows that the element zs5+() = >°. c5+(a) Ty
is still in a, and being ht(zs+(4)) = 4 its Go-orbit is still non-spherical by Corollary
m Therefore we can assume that S = ST (a). By Lemma [6.2| we get then

BO ) =80 Y, 1) =2(Ba") >4

yeS yeSt ()

As B € @y and go(¢) = 0 for ¢ > 3, this is absurd. Therefore o, must be long. O

Assume now that Iy = {a,} with «, long and non-complex. We give a classifi-
cation of the subalgebras a € Z7, such that Gga is non-spherical. By Proposition
for any component ¥ C Il there is a unique maximally orthogonal antichain
As in ®(X)]. Regarding C} as a poset w.r.t. the dominance order, it is clear from
Lemma that C} \ {a,} contains a unique maximally orthogonal antichain A,
namely

A=JT " (As).
>

For ' C C}, weset IS0 = {£ € CL|£ <o n for some n € T'}.
Lemma 6.6. There is W € W2 such that N(w) = AS.

Proof. We show that, if (,£ € &+ are such that (+ & € ASY, then exactly one
among ¢ and £ is in AS°. Since AS° C C} = N(w,), then exactly one among ¢ and
¢ (say () is in CL. Since ¢ + ¢ € AS°, then ¢ € AS°. This implies that both ASe
and its complement are closed under root addition. It follows that there is w € 1%
such that N(w) = AS°. Since N(w) C N(wp), it is clear that w € WP, O

Let @ = O(w) (see Proposition 2.F).

Theorem 6.7. Suppose that II; = {a,} with o, long and non-complex, and let
a € Z2,. Then Goa is not spherical if and only if {—7|n € A} C ¥(a), if and only
ifacCa.
Proof. Suppose that Gya is non-spherical, and let S C ¥(a) be an orthogonal subset
such that Ggzs is not spherical. Then by Lemma we have ht(xzs) = 4, and by
Corollarythere is a € @y such that g1(4)* # 0, namely a(hs) = 3 cs{a,7") =
4. We may assume that « is maximal w.r.t. <o among the weights of g;(4). As in
the proof of Theorem we can assume that S = S*(a).

Suppose that o = —a,. We have that & = ¢ — @, = —ap + 28 = kd — a. If
v € S, since oy, is long we get

<5/ - (k(s + ap)v> - <77av> =1,

hence §' — € CL. Thus O = {§' —v|~ € S} is an orthogonal subset of CL. Notice
moreover that O is a maximal orthogonal subset in Cl: if indeed n € O+ NCL,
then Ils o, U {n} gives rise to a generalized Cartan matrix which is neither finite
nor affine, contradicting Lemma [5.2 Therefore Y(O) is a maximal orthogonal
set in (Jy, ®(X)1, and by Corollary [4.14] it follows that J; Ay C Y(O)S0. By
Lemma it follows that A C OS° C N(©7!(a)) which in turns means that
N(w) C N(©~(a)), or, equivalently, that @ C a.

Suppose that a # —a,. Then there exists 3 € ® such that a+3 € ®oUP;U{0},
and the maximality of o among the weights of g1 (4) implies that > s{a+8, FV) <
4. Therefore by Lemma [6.2| we get

(6.4) 2(8,0") = _(B.4") <.

yeES
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In particular there is y such that (8,v) < 0 and, by Lemmait follows (8,7") 2 0
for all v/ € S\ {~}.

Suppose that (8,7') = 0 for all 4/ € S. Then s3(S) is an orthogonal subset of
V(a) and Gox,,(s) = Gors is still not spherical, and sg() is a maximal weight in
@y w.r.t. <o such that sg(a)(hs,(s)) = ht(zs,(s)) = 4. On the other hand by
we have o <g sg(a), therefore we may proceed inductively by replacing zs with
T, (s) until either a = —@, or we find a root 7" € S such that (7', 5Y) > 0.

If &« = —@, then we are done, therefore we may assume that there are v,7' € S
such that (v,8) < 0 and (7/,8) > 0. Consider the set IIg = {v,3,—'}, then
Ag = ((1,€Y))vcem, is a generalized Cartan matrix, and by Lemma it is either
of affine or of finite type. Identify IIz with the corresponding Dynkin diagram;
since (8,7) = 0 for all v/ € S\ {~v}, by we have that (8,7") < —2, so Il is
not simply laced and « is a short node. If moreover (3,7") = —2, then again by
it follows that (8,7"V) = 1. With these conditions at hand, we see that the
only possibilities for the diagram of IIz are the following:

O—>» 0 —>» O O——O0=—>»O0 0O — 0 =0
- B 7T = B T = BT

The first case has to be discarded because, otherwise, the diagram of Ils o, would
12

have rank three with two nodes v, satisfying ‘Ilg ‘||‘2 = 4, and this never occurs for

the diagrams of Table The second case also has to be discarded, otherwise by

Lemma [6.2] it would follow

2(8,a¥) =Y (B,7") = 1.

yES

Therefore the diagram of Il is of type Ggl). This is possible only if f(g,a) is
of type Gél). Let II = {ap, 1,2} be as in [II, Table Aff 1] (in particular, ao
is short). Since § is long and belongs to <I>sr, we have that f = ag. Moreover,

—' +28+ 3~ is isotropic so —4 + 28+ 3% = 6, hence —4' + 3% = 3ag + 21 + 3aa.

Since 4/,4 € @], we have that [§ : ag] < 1 and [y : ap] < 1. It follows that

¥ =aq +xag and 4 = ag + a1 + yas. From [—4 + 3% : az] = 3 and (§',4) =0 we
obtain that either ¥ = a1, = ag + a1 + ag or 4 = a3 + 3as, ¥ = ap + ag + 2as.
In both cases one easily verifies that 4 cannot belong to ¥(a) with a € Z%,. Hence
we have obtained the desired contradiction. We conclude that o = —a,, and the
proof is complete. O
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