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Relative Motion of Sun-pointing Smart Dust in Circular Heliocentric Orbits
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Nomenclature
A = constant matrix € R4*4
a = SD propulsive acceleration, [ mm/s?]
a,b,c = auxiliary variable
B,C = constant vector € R**!
D = time-dependent matrix € R***
E,F,K = time-dependent vector € R**!
H = Heaviside step function
r = Sun-spacecraft distance, [au]
T = orbital period, [days]
t = time, [days]
U, v = radial and transverse relative velocity, [km/s]
x = state vector
153 = lightness number
Ap = lightness number variation
€ = error
e = Sun’s gravitational parameter, [au®/day?]
T = switching parameter
o = phasing angle, [deg]
w = angular velocity, [rad/s]
Subscripts
0 = initial
c = circular MS orbit
des = design
max = maximum
min = minimum
off = ECS off
on = ECS on
Superscripts
- = mean value
. = time derivative
A = unit vector

Introduction

A Smart Dust (SD) is an innovative and fascinating femto-spacecraft concept, with a characteristic side length of some
centimeters or even some millimeters, whose external surface is coated with electrochromic material. A SD can be thought of
as the evolution of the so-called spacecraft-on-a-chip [1,2], that is, an integrated-circuit silicon spacecraft with a characteristic
dimension of a few millimeters and a mass on the order of a few grams. A SD is characterized by high values of area-to-mass
ratio, and so the solar radiation pressure acting on it produces a significant propulsive acceleration, sufficient for modifying
its space trajectory [3-5]. As the optical properties of the electrochromic material change with the application of a suitable
voltage, the SD propulsive acceleration may be modulated within some limits.

There exist many different and potentially interesting applications for SDs, including the possibility of obtaining distributed
sensor networks for planetary observation [6,7], or that of generating a support and a communication system for conventional
spacecraft operating in the interplanetary space [8,9]. A feature of great interest is the reduced size of these objects, which
could be effectively exploited to stow a number of SDs within a single Mother Ship (MS) of small dimensions, such as a
CubeSat [10,11], thus substantially reducing the launch costs. The SDs could be released from the MS and then adjusted to
operate near it for a desired time-interval, to create a monitoring system with diagnostic purposes.

In a recent paper, the authors [12] have studied the heliocentric dynamics of a Sun-pointing SD, that is, a SD that provides
(through a suitable design of the external shape) an outward propulsive acceleration directed along the Sun-SD line. The
propelled heliocentric trajectory of such a femto-spacecraft has been described, using a linear systems approach, as a function
of the optical properties of the electrochromic material. The aim of this Note is to extend the results of Ref. [12] to the study
of the linearized relative motion of a Sun-pointing SD and a MS when the latter describes a circular heliocentric orbit. More
precisely, assuming the Sun-SD distance to be close to the MS orbital radius, the linearized relative dynamics between SD and
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MS is described with an approach similar to that used by McInnes [13] in the analysis of the azimuthal repositioning problem
for a solar sail-based spacecraft. The contribution in the study to follow is therefore different from that discussed in Ref. [12],
whose aim, instead, is to find the SD heliocentric trajectory as a function of a given control law. The results about the SD-MS
relative dynamics are obtained in an analytical form and are applied to a phasing mission case [14,15], a scenario in which the
SD varies its angular position (along the circular reference orbit) with respect to that of the MS.

Mathematical Model

Consider a MS that covers a heliocentric circular (Keplerian) orbit of radius 7., with a constant angular velocity w =
Ve /T2, where ug is the Sun’s gravitational parameter, see Fig. 1. At a certain time the MS releases a SD, whose distance
from the Sun is assumed to remain close to r.. The problem is to study the MS-SD relative trajectory and to obtain an
analytical model suitable for quantifying the angular displacement between the two spacecraft as a function of time.
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Figure 1 Reference frame and state variables.

The propulsive acceleration a of a Sun-pointing SD with an active Electrochromic-based Control System (ECS) [12], at a
distance r from the Sun, can be modelled as a radial modulated (outward) acceleration in the form

Mo .
1
a 7 (1)

where 7 is the Sun-SD unit vector, and S is the SD lightness number, defined as the ratio between the value of ||a|| to the
modulus of the local Sun’s gravitational acceleration. When operated by a suitable voltage, the reflectivity coefficient of the
electrochromic material coated on the SD external surface is assumed to take two admissible values, which implies 8 = Bmin > 0
(power-off state) or 8 = Bmax > Bmin (power-on state). Accordingly, the SD propulsive acceleration can be written as

a = (Bmin + 7 AB) l;—;)r (2)

where AB £ Brmax — PBmin > 0 is the variation in the SD lightness number due to the ECS, and 7 = 7(t) € {0, 1} is a
(time-dependent) switching parameter that models the on/off behaviour of the ECS. Assuming that the ECS is switched on
(or off) at time ton; (Or fog,), with ¢ € N and tog, > fon,, the time variation of the switching parameter can be written in a
compact form as

T(t) = D H(E~ ton) = Y H(E~ tor) ()

where n > 1 is the number of working cycles of the electrochromic material (that is, the number of on-off switchings of the
ECS), whereas H(y) is the Heaviside step function, that is, H(y) = 0if y < 0, and H(y) = 1 if y > 0. Equation (3) describes
the SD discontinuous control law, according to which the local propulsive acceleration modulus ||a|| can take two possible
values only, corresponding to either 8 = Bmin Or 8 = Bmax-

The lightness numbers Bmin and Bmax (and, so the value of AB) depend on the optical characteristics of the electrochromic
material and on the SD area-to-mass ratio. For a given SD mass and shape, the minimum (or maximum) value of § is obtained
when the electrochromic film absorbs (or specularly reflects) all of the incident electromagnetic radiation. Typical values of
the SD lightness number for a low-performance (SD1), medium-performance (SD2), and high-performance (SD3) configuration
are summarized in Tab. 1, which takes into account the real optical characteristics of the electrochromic material [5].

SD; SD, SD;
Bumin | 0.0134 | 0.0251 | 0.0420
Bmax | 0.0241 | 0.0451 | 0.0756
AB | 0.0107 | 0.0201 | 0.0336

Table 1 Lightness number of a low (SD;), medium (SD32), and high (SD3) performance smart dust. Data adapted
from Ref. [5].
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According to Mclnnes [13], as long as the SD heliocentric trajectory is sufficiently close to the circular orbit tracked by the
MS, the relative SD-MS dynamics can be described by the following linearized differential equations

p=u (4)
¢ = Te )
i =2wv+3w?p+ (Bmin + 7 AB) ’:‘; (6)
b= —2wu (7

where p is the difference between the Sun-SD distance and the Sun-MS distance (with |p| < r¢), ¢ is the SD-MS relative
angular coordinate, and u (or v) is the radial (or transverse) component of the SD-MS relative velocity, see Fig. 1. The
only control parameter is 7, whose time-variation is described by Eq. (3). Note that Eqs. (4)—(7) are consistent with the
mathematical model discussed in Ref. [15]. In the limiting case when an ECS failure occurs before the SD deployment, A5 = 0
in Eq. (6) and the SD experiences an outward, radial, propulsive acceleration of modulus Bmin pie /72 for all t > 0, see Eq. (1).

The linear time-invariant system of Egs. (4)-(7) can be written in a compact form as
zt=Axz+7B+C (8)

where @ £ [p, ¢, u, v]" is the state vector, while the constant matrices A € R*** and {B, C} € R*** are defined as

0o 0 1 0 0 0
Al 0 0 0 1/r R 0 N 0

ASls2 0 0 2w , B= ABr.w?| c= Brmin Te w?
0 0 —2w 0 0 0

The differential equation (8) can be solved with standard methods, and the result is

z(t) = D(t) mo + E(t) + AB Zn:{H(t — ton;) F(t, ton;) — H(t — tost;) F(t, tos,) } 9)
where
[4—3cos(wt)] O sinfdwt) 21— (:uos(wt)]
A 6 [sin(u:z) — wt] 1 2 [cosio.;tc) -1 4 sin(z:v}ti; 3wt 10)
3w sin(wt) 0 cos(wt) 2 sin(wt)
6w [cos(wt) —1] O —2 sin(wt) 4 cos(wt) — 3

re [1 — cos(wt)]
2 [sin(wt) — wt
E(t) £ Pmin Lr (sin(wt) | (11)

2w [cos(wt) — 1]

re [1 — cos(wt — wy)]
2 [sin(wt — wy) — wt + wy]
Ft,y) = wr sin(it — wy) ’ (12)

2wre [cos(wt — wy) — 1]

and x is the state vector at the initial time to = 0. The MS-SD (approximate) relative trajectory may therefore be studied
with the aid of Eq. (9) as a function of the initial conditions ¢ and the control time-history 7(¢) given by Eq. (3).
Maximum distance of the SD from the reference orbit

The linearized equations of motions (4)-(7) have been obtained under the assumption that the Sun-SD distance is close to
the radius of the circular orbit of the MS [13], that is, |p| /rc < 1, see Fig. 1. An estimate of the maximum value of |p| /rc
can be obtained by observing that, from Eq. (9), the time variation of p is given by

p(t) = a+ b cos(wt) + ¢ sin(wt) (13)
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where

2 n
@2 4po + v e+ =0+ ABre D {H(E —ton,) = H(t — tor,)} (14)

=1
b2 -2 300 Buinre + ABre S {H(E — tos,) cos(wto,) — H(t — ton,) c08(wton,)} (15)

w
=1
c2 ™ L ABre S{H(t — tos,) sin(ton,) — H(t — ton,) sin(wton,)} (16)
w
=1

from which it may be verified that

4 Jvol + |uo

c

lp| /re < T |po| /e + 2 Brmin + + AL (4n+1) (17)

This last inequality provides a conservative estimate of the maximum radial distance |p| . of the SD from the circular orbit
of radius 7., as a function of the initial conditions and the control inputs.

Special cases

A particularly simple mission example occurs when the SD deployment takes place at time to with zero relative velocity
with respect to the MS. This case corresponds to zero initial conditions, or &y = 0. Assuming an ECS failure before the SD
deployment (i.e., AS = 0), Eq. (9) reduces to

z(t) = E(t) (18)

where E is given by Eq. (11). In this case the time history of the relative radial distance is
p(t) = Pminre [L —cos(wt)] if {AB, zo} =0 (19)
which is always nonnegative and takes a maximum value
Pmax = 2 Bmin Te (20)
which agrees with Eq. (17) when {po, uo, vo, AS} = 0. From Egs. (11) and (18), the time history of the angular coordinate is
d(t) = 2 Bmin [sin(wt) —wt] if {AB, xo} =0 (21)

which is negative for all ¢ > 0, due to the secular term 2 Bmin wt. Let Te £ 27 /w be the orbital period of the MS. It can be
verified, with the aid of Egs. (11)-(18), that p(7.) = 0 and u(Tc) = v(T.) = 0. In other terms, the SD comes back to the
reference circular orbit (with zero relative velocity) after one orbital period, thus performing an in-orbit repositioning with a
drift behind maneuver of an angle

A¢ = ¢(TC) - _47rﬁmin (22)

whose value, according to Eqs. (19)-(21), can be related to the maximum value of the ratio p/r. as

Ap = —2 g Pmax (23)
Te
Assume, for example, a circular reference orbit of radius r. = lau and consider the low-performance SD;, whose main

characteristics are reported in Tab. 1. When {AfB, o} = 0, the time variations of the state variables are drawn in Fig. 2(a),
whereas Fig. 2(b) illustrates the SD relative trajectory in a reference frame rotating around the Sun with an angular velocity
equal to w. In this case T. = 1year, and the SD angular coordinate varies of about A¢ ~ —0.1684rad ~ —10 deg within one
year, according to Egs. (20) and (23). The corresponding maximum value of p is slightly less than 3% of r., see Eq. (20) and
Fig. 2(a).

Equations (18)-(23) are also valid in the conceptually similar situation when the ECS is operating for all time, which
amounts to formally substituting Bmin With Bmax in Egs. (18)—(21). In the latter case the increased outward propulsive
acceleration induces, as expected, an increase of both pmax and |A¢| in a period T, see Egs. (20) and (22). For example, using
again the SD; case with 8 = Bmax = 0.0241, see Tab. 1, the phasing angle in a time interval T, = 1year is A¢p = —4 7 Bmax =
—0.3028 rad ~ —17 deg with pmax/rc ~ 4.8%.

Final relative trajectory

The analytical solution of Eq. (9) can be used to find the relative MS-SD trajectory when the ECS is finally switched off,
that is, on completion of the n working cycles in Eq. (3). To this end, note that, when t > tom,, , H(t —ton;) = H(t — tog;) = 1
with ¢ = 1,2,...,n. The solution for x(t) is therefore formally similar to that written in Eq. (9), with the only exception of
the last term in the right-hand side, which is now replaced by

—7¢ cos(wt — wy)
AB Zn:{K(t, ton,) — K(t, togr,)}  with K(t,y) 2 2 [sin{ut — wy) + vyl (24)

wre sin(wt — wy)

2wre cos(wt — wy)
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Figure 2 Analytical results when r. = 1au and By = 0.0134 if {AB, o} = 0.
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Control law design

Assuming a SD deployment with zero initial conditions (2o = 0) and a constant lightness number 8 € {Bmin, Bmax}, the
relative SD-MS dynamics is described by Eq. (18). The SD goes back periodically to the circular reference orbit with zero
relative velocity at any time interval At = T, thus performing a drift behind maneuver at a (constant) mean rate

P(AL) Ay 4Anp
At At T T,

g:

(25)

Therefore, there are only two admissible values of E, which correspond to the two possible values of the lightness number
(jﬁ’ = Bmin OF 8 = Pmax). For example, using the data of Tab. 1, the mean rate is é ~ —{10, 17} deg/year for a SDs,
¢ ~ —{18, 32} deg/year for a SDy and ¢ ~ —{30, 54} deg/year for a SD3.

The situation is different when 7 may be either turned on or off according to a suitable control law 7 = 7(t). For illustrative

purposes, assume the control system to perform a single working cycle, that is, n = 1 in Eq. (3). In this simple case the time
histories of the four state variables after the ECS is switched off (that is, when ¢ > tos), are

) i (1~ cos(et)] + A8 [cos (0t~ fon) — co8 (1t~ fou)] 0)
Z(%z = PBuin sin(wt) + AB [sin (wt — wton) — sin (Wt — witon)] (27)
o(t) = 2“—(” +2ABw (ton — toft) — 2 Bminwt (28)
% =2 @ (29)

The problem is to find the time instants ton (when 7 = 1), tog (when 7 = 0), and the time interval At necessary to
complete the in-orbit repositioning maneuver, with final conditions p(At) = 0, u(At) = v(At) = 0, and ¢(At)/At = Bees
where ¢, is the desired mean rate-of-change of the (relative) azimuthal angle. Taking into account Eq. (28), when u(At) =0

and ¢(At)/At = Gy, it can be verified that the time fraction within which the ECS is switched on is a linear function of the
desired mean rate-of-change of the azimuthal angle, viz.

toff — ton _ gdes _ /Bmin
At 2ABw AR

(30)

Bearing in mind Eqgs. (26)-(29), the final conditions p(At) = 0 and u(At) = v(At) = 0 are obtained when (see also Fig. 3)

At - At -
ton =5 =t tew= -+t (31)
where £ € [0, At/2] is defined as a function of At as
T 1 . 6min LW At
t= — 7 arcsin ( AB sin T) (32)
g
At /2 At /2
> Il
S |
AR !
I |
© | |
4 | !
l —
! |
e ! ! ! I
E ! ! ! I
= ! l L
ton At toff tlme

Figure 3 Lightness number time-history when n = 1.

The time interval At corresponding to the in-orbit repositioning problem is the solution of a nonlinear equation obtained
by substituting Eqgs. (31)-(32) into Eq. (30), viz.

. g es + QUJ /Bmin _ ,Brnin . w At
sin <d4Aﬁ At) = Aj sin <T) (33)
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which can be solved numerically, as a function of ¢ges, with standard methods. Note that, since w = 27/T. and £ > 0, Eq. (32)
states that At > T..

Two special cases are worth noting. The first one is when ton = At/2, that is £ = 0 and tor = At/2, see Eq. (31).
From Eq. (32) it is found that At = T¢. In other terms, ton/7T: = tosr/T. = 1/2 and the ECS is always off, see also Fig. 3.
From Eq. (28), the azimuthal angle decreases at a constant mean rate ¢ = —2w Bmin = —4 7 Bmin/Te. The second special
case is when ton = 0, that is £ = At/2 and tog = At. Similar to the previous case, Eq. (32) states that At = T., which
implies tog/Te = 1 and the ECS is always on. Using again Eq. (28), the azimuthal angle decreases at a constant mean rate

¢ = —QWﬂmax = —4'Tl'5max/Tc~

Figure 4(a) summarizes the results for the SD; case as a function of gdes. As expected, the extreme values of gdes
correspond to when the ECS is always either switched off (8 = Bmin) or on (8 = Bmax). In the former case ton = tog and

‘¢des
‘¢des
the reference orbit as a function of ¢g... In particular, |p(At)| and |p|_,.
maximum distance, equal to 2 Bmax ¢, is obtained when 8 = Bmax for all time.

The information summarized in Fig. 4 may be effectively used for the preliminary design of an in-orbit repositioning
maneuver for the SD; case when n = 1. For illustrative purposes, assuming |p| .. /re < 3%, the mean rate-of-change

= 47 Bminrad/year ~ 10deg/year. In the second case ton = 0 and tog = T. (that is, the ECS is always on) and

= 47 Bmax rad/year ~ 17 deg/year. Figure 4(b) shows the phasing angle ¢(At) and the maximum radial distance from

are both increasing functions of gdes and the

of the azimuthal angle is ﬁdes < 12deg/year. For example, taking gi)des = —12deg/year, the simulations show that the

electrochromic system must be switched on 160days after the SD deployment (that is, ton ~ 0.447T., see Fig. 4(a)) and
maintained operating for about 143 days, until to¢ ~ 0.83 T.. In this case the time interval necessary to complete the phasing
maneuver is At ~ 1.27 T, the time variation of the state variables is drawn in Fig. 5(a), while the corresponding trajectory is
shown in Fig. 5(b).

Conclusions

The current technological level is compatible with the miniaturization of the electro-mechanical components and the
realization of a fascinating spacecraft concept called Smart Dust. The electrochromic material coated on its external surfaces
allows the Smart Dust trajectory to be actively controlled, thus opening new mission options such as the in-orbit repositioning
along a circular orbit. The intrinsic limit of this technology is, of course, in the extremely reduced payload mass that can be
stowed on board. Nevertheless, the possibility of loading a number of Smart Dusts within a single conventional spacecraft
may offer an interesting option for dropping the launch costs, especially in case of deep-space missions. The results presented
in this Note describe, in analytical form, the relative linearized dynamics between a Smart Dust and a Mother Ship under
the assumption of small relative distance between the two spacecraft compared to their distance from the Sun. The obtained
analytical relations allow the orbital phasing problem of the Smart Dust to be solved with a simplified control law when the
control system performs a single working cycle. A natural extension of this work is to consider a more complex problem, in
which the control law is described by several working cycles, and whose solution requires an optimal approach for calculating
the mission performance.
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Figure 4 Phasing performance as a function of idcs for the SD;. Black circles refer to a constant lightness number.
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Figure 5 Simulation results for the low-performance SD; case with n =1 and gdes = —12deg/year.
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