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ABSTRACT. In the first part of this paper we prove that certain
functionals of Ginzburg-Landau type for maps from a domain
in R™* into R¥ converge in a suitable sense to the area func-
tional for surfaces of dimension 1 (Theorem 1.1). In the second
part we modify this result in order to include Dirichlet boundary
condition (Theorem 5.5), and, as a corollary, we show that the
rescaled energy densities and the Jacobians of minimizers con-
verge to minimal surfaces of dimension n (Corollaries 1.2 and
5.6). Some of these results were announced in [2].

1. INTRODUCTION

In this paper we investigate the asymptotic behaviour, as € — 0, of the functionals

(1.1 Fou) = jﬁmm’wéww),

where Q is a regular domain in Rk with n > 0, k > 2, the map u : Q — Rk
belongs to the Sobolev space W'k, and W is a positive continuous potential on R¥
which vanishes only on the unit sphere S¥~1.

In particular, for k = 2, n = 0, and W(u) = %(1 — |ul?)?, we recover
the complex Ginzburg-Landau functional in the simplified form considered by
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E Bethuel, H. Brezis, and F. Hélein [9]. This functional has been widely studied
in recent years because it shares many of the relevant features of more complex
functionals used to model vortices in superfluidity and superconductivity (see [11,
20]).

We focus our attention on some asymptotic properties of the minimizers U
of Fe with prescribed boundary datum v in the trace space W!~1/kk (90, Sk=1),
Note that this boundary condition has no physical meaning, but is rather a re-
placement for the additional terms which appear in the physical functionals (e.g.,
accounting for the interaction with an external magnetic field). If n > 1 and the
Jacobian of the boundary datum v is non-trivial (cf. Section 5.2), the energy of
minimizers Fe (U¢) is of order | loge| as € — 0, and the energy densities

1 1
(1.2) ee(Ug) := EIDuEI" + W)

concentrate on a minimal surface of dimension 7 in Q.

From a variational viewpoint, this energy-concentration result can be viewed
as a corollary of a more general fact: as € — 0, the functionals F¢ approximate in a
suitable sense the area functional for surfaces of dimension 7 (and codimension k)
in Q. This fact is well-known for the scalar Ginzburg-Landau functionals, namely
those defined as in (1.1) fork = 1, u : Q ¢ RYN — R, and W a double-well
potential on R; a rigorous justification of their convergence to the area functional
for codimension-one surfaces was given in terms of I'-convergence by L. Modica
and S. Mortola [32, 33] (see also [1,5,7,31]), who developed an early suggestion
of E. De Giorgi.

In this paper we prove a I'-convergence result for the functionals Fe with k > 2
and n > 0, which is very close in spirit to that of Modica and Mortola.!

The underlying idea is that the energy densities of the maps u; are closely
connected to their Jacobians—in other words the Jacobian is the right tool to
track energy concentration in (vector) Ginzburg-Landau functionals. We recall
that the Jacobian of a map u € WLk(Q, R¥) is the k-form Ju := du; A - -+ A
duy, where each du; is the differential of the i-th component of u (in particular,
forn = 0, Ju = det(Du)dx; A --- A dxg). If we denote by x the standard
identification of k-covectors and n-vectors in R"*K, then *Ju is an L! map on Q
valued in n-vectors, and defines an n-dimensional current in Q; moreover, Ju is
a differential, and this means that xJu is a boundary (see Section 2.10). Thus the
Jacobian is naturally endowed with a structure of oriented n-dimensional surface
in a generalized sense; of course, being an L! function, it brings little resemblance
to the usual notion of n-dimensional surface, and should be rather understood as
a sort of diffuse surface.

However, given maps u¢ such that Fe(u¢) is of order | logél, the correspond-
ing Jacobians *Jue converge, up to a subsequence, to a n-dimensional inzegral

1Our results do not quite fit in the standard definition of T-convergence as given by E. De Giorgi
and T. Franzoni [18] (see also [1, 14, 17]), and we do not rely on any abstract result from that theory.
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boundary, that is, a current supported on an n-dimensional rectifiable set M,
which is also a boundary. We prove indeed the following compactness and I'-
convergence result.”

Theorem 1.1. Let Q be a bounded Lipschitz domain in R"** withm > 0 and
k = 2. Then the following statements hold.

(i) Compactness and lower-bound inequality. Given a (countable) sequence of
maps (We) such that Fe(ug) < Clloge| for some finite C, we can extract a
subsequence (not relabelled) such that the Jacobians xJue converge in the flat
norm Fq to &xM, where M is an n-dimensional integral boundary in Q, and

(1.3) lim ionf A d
(i) Upper bound inequality. For every n-dimensional integral boundary M in Q
there exist maps We such that Fo(xJue — ocxM) — 0 and

. Fe(ue) _
(1.4) lgl_{% loge| BrlIM]|.

Remarks. (i) It is important to notice that the constant By in the upper and
lower bound inequality does not depend on the choice of the potential W. Thus,
if we replace W by oW in (1.1) and let 0 tend to 0 in the lower bound inequality
(1.3), we obtain the stronger estimate

1 T
liminf 1o L} LDt = Bl Ml

=0

In particular, if the sequence (u¢) satisfies the upper bound inequality (1.4), then
the potential part of the energy is asymptotically negligible, that is

(1.5) L)éW(uE) = o(]logel).

(ii) As shown in Lemma 3.7 below, the sequence *Ju, is asymptotically
equivalent in the flat norm Fgq to the sequence p(u¢) *Ju, for every bounded
function p € C'(R¥) whose integral on the unit ball of R is ox, and therefore
they converge to the same limit ez M.

(iii) For k = 2 and n arbitrary, i.e., for maps valued in R2, the compactness

and lower bound inequality for the functionals F¢ have been proved independently
by R.L. Jerrard and H.M. Soner in [29].

2In what follows, & is the Lebesgue measure of the unit ball of RK, By := (k — 1)¥/2qy, and
[IM ]l is the mass of M; see Section 2 for further details and the precise definitions of Lipschitz domain,
integral boundary and flat norm.
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(iv) The convergence of xJu¢ to &xxM in the flat norm implies strong conver-
gence in the dual of forms of class Cj (cf. Section 2.5). By a simple interpolation
argument (cf. [29, Theorem 3.5]), one can derive strong convergence of *Ju, in

0, .
the dual of forms of class C; B for every B > 0. However, the Jacobians *Ju, are
not necessarily uniformly bounded in mass,? and therefore convergence may not
extend to forms of class CJ.

(v) Theorem 1.1 should hold also when Q is an (n+k)-dimensional, smooth,
compact manifold with boundary. However, while statement (i) can be easily
deduced from the flat case via a localization argument, the proof of statement (ii)
requires a careful (even though not difficult) extension of Theorem 5.10 of [3].

(vi) While the exponent k in (1.1) has a relevant geometric meaning—cf.
Remark (iv) after Corollary 1.2—the exponent 2 has none: replacing the term
€2 in front of W(u) by any negative power of € would only change the right-
hand side of (1.3) and (1.4) by a constant factor.

(vii) A different way of stating the convergence of F; to the area functional is
the following: for a certain k — 1 < p < k, the rescaled functionals |loge| 1 F;
I-converge on W7, endowed with the weak topology, to the functional which
agrees with || Ju|| for u € WH7(Q,Sk~1) and with +oo otherwise. For n = 0 and
k = 2 this statement was actually proved in [29, Theorem 4.1]. For general n,
the proof of the upper bound inequality would require a much more delicate con-
struction than Theorem 1.1. Note that such a result makes sense only if coupled
with the compactness of minimizers in W17, which is rather difficult to prove
(see remark (vi) after Corollary 1.2). On the other hand, the I'-limit in weaker
topologies is usually trivial: for instance, one easily checks that for every vanishing
sequence O¢ and every 1 < p < oo the rescaled functionals o¢F¢ I'-converge in
the strong topology of L? to the functional which is 0 on LF (Q, Sk=1) and +oo
elsewhere.

As stated, Theorem 1.7 has little usefulness, because the minimizers of F¢ on
WK (Q, R¥) are all constant functions with value in S¥~1, and there is nothing
more to be said about them. However, suitable variants of this result can be used
to understand the asymptotics of different problems with non-trivial minimizer.
For instance, similar ideas were used in [34] to find non-trivial local minimizers for
the Ginzburg-Landau functional in 3d. Another interesting example is the mini-
mization of the Ginzburg-Landau functional for sections of suitable fiber bundles
on a given manifold, in the spirit of [6, 7].

3Forn =0,k =2,and Q = (0,1) x (0, 1), set ug(x1,x2) := [1 + ecos(x;1/5)] - @ (x2) where
S :=¢| loge\’l/4 and 1 is a smooth map of (0, 1) onto S1. Then Fe(ue) ~ (6/8)? = \logsll/2 =
o(|logel). On the other hand, uz () has cardinality of order 1/§ for every v € R? such that

1/4

1 —€ < |yl <1+ ¢, and the area formula yields J;) [Juel ~ €/6 = |logel''*, which diverges as

e —0.
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Following the work of J. Bourgain, H. Brezis, and P. Mironescu [13], in the
second half of this paper we consider the minimization of F¢ with a prescribed
boundary datum v in the trace space W!~1/kk(3Q), S¥=1). We prove a modifica-
tion of Theorem 1.1 that includes these Dirichlet boundary conditions (Theorem
5.5) and immediately derive the concentration of Jacobians and energy densities
for minimizing sequences (Corollary 5.6) to area-minimizing surfaces of codimen-
sion k. A particular case of this result is the following.

Corollary 1.2. Let Q be a bounded Lipschitz domain in R"**, withn > 1 and
k > 2, whose n-th homology group Hn(Q, Z) is trivial. Let v be a map in the trace
space Wwl-1/kkQ, §k-1), and for every € > 0 let e be a minimizer of Fe with trace
v on 0Q.% Then

min__ Fe(u) = Fe(ue) = O(]logel).

U= on 0Q

Possibly passing to a subsequence, the Jacobians *Jue converge in the flat norm Fgn-i
to 0k M, where M minimizes the mass among all n-dimensional rectifiable currents
supported in Q with boundary OM = ;' * Ju. Moreover, the potential part of the
energy is asymptotically negligible in the sense that (1.5) holds, and the energy densities
ee(Ug) and |\Duc|®/k, rescaled by 1/|logel, converge in the sense of measures to
BiIM|, where |M| is the variation of the vector measure M.

Remarks. (i) The boundary of xJu,, viewed as a current on the entire RNk
is xJv (see Section 5.2). Moreover, *xJv is of the form 0N, where N is a rec-
tifiable n-dimensional current supported in Q (see Remark 5.4(ii)) and therefore
the minimum problem that defines M is well-posed.

(i) When H,, (Q,Z) is non-trivial, then M solves the Plateau’s problem with
boundary condition oM = 0(,21 *Jv in a prescribed cobordism class determined
by a generic level set of u (see Corollary 5.6 for a precise statement).

(iii) For n = 0 it is usually assumed (cf. [9]) that 0Q is connected and the
boundary datum v : 9Q — S*¥~! is a smooth map with degree d # 0. In this case
the Jacobians of the minimizers u¢ converge to axM, where M is a 0-dimensional
integral current—a sum of Dirac masses with integer multiplicities d;—which
minimizes the mass ||[M|| = > |d;| under the constraint >’ d; = d. Notice that this
minimization problem only implies that the integers d; have equal signs, while the
locations of the Dirac masses are determined by a lower-order term in the formal
expansion of the energies Fe (see [9] for the case k = 2). Thus the situation is very
different from the case n > 0, where the limit currents M are (almost) completely
determined by their minimality property.

“The existence of such minimizers is ensured by standard semicontinuity and compactness results.
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(iv) If the term |Du|¥ in F; is replaced by [Du|?, then energy-concentration
occurs only for p = k. Indeed, for every p > 1 the functionals F; are equico-

ercive and T'-converge on L' to the functional F equal to J |[Dul|? for u €
Q

WP (Q,Sk=1), and +oo elsewhere. As pointed out in [24], for p < k every
map v in WIV/PP(9Q, Sk=1) is the trace of a map in W7 (Q, S¥1), and there-
fore the minimum of F, with Dirichlet boundary datum v is of order O(1).
Hence the minimizers of Fe converge weakly in W' to minimizers of F—that
is, p-harmonic maps from Q into S k=1__and convergence carries over to Jaco-
bians and energy densities. On the other hand, for p > k not all maps v in
wi-1/p.p (3Q, Sk=1) are traces of maps in WLP(Q, Sk 1); thus the previous ar-
gument does not apply, and in fact we expect a situation very similar to the case
p = k, albeit with few essential differences: the scaling factor 1/|logé| in Theo-
rem 1.1 should be replaced by €77¥, and the constant B should be replaced by
a different one, determined by a suitable optimal-profile problem.> The fact that
for p = k the constant By is not determined by an optimal-profile problem, and
the T-limit of the functionals F¢ does not depend on the choice of the potential
W, is related to the fact that p = k is in some sense a critical case (as shown in [4],
a similar situation occurs also for scalar functionals).

(v) Corollary 1.2 is very close to many concentration results proved in recent
years for minimizers of the Ginzburg-Landau functional. For n = 0 and k = 2,
that is, for maps from Q C R? into R?, an exhaustive description of the asymptotic
behaviour of minimizers ¢ was given by Bethuel, Brezis, and Hélein [9] (see also
[10,40]). Some of their results about concentration on points have been later
extended in [22,25] to maps from Q C R¥ into R* with k arbitrary.6 Forn =1,
concentration results on curves of minimal length were obtained by T. Riviere [35]
in the case k = 2, and by E. Sandier [38] in the case k arbitrary. Concentration
on minimal surfaces of arbitrary dimension 7 and codimension k = 2 was proved
by E-H. Lin and T. Riviere [30].

(vi) In the papers mentioned above, it is also shown that the minimizers u
are weakly compact in some Sobolev space. For k = 2 and n arbitrary, an elegant
and relatively simple proof of the compactness of critical points of F in W7
for p < n/(n — 1) has been given in [8]. We underline that such compactness
results cannot be obtained only by energy methods, but require the full strength
of the Euler-Lagrange equation of Fe (cf. [16]). To our knowledge, no results are
available for general k and n.

5The proof of the I'-convergence for p > k has been recently carried out in [19].
61n [9] it is shown that, for every 6 > 0, the sets {|u¢| < 1-6} converge in the sense of Kuratowski
to a finite set S, where also energy densities concentrate. For k > 2, energy concentration in a finite

set S follows by the weak convergence of u¢ in WIL"CC(Q \ S, RK) proved in [25] (see also [27]).
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To better explain the relation between Jacobians and energy concentration, we
briefly sketch the idea of the proof of statement (i) of Theorem 1.1 for maps from
Q c R¥ into R¥ (i.e., n = 0).

Let maps u¢ be given such that F¢ (u¢) is of order |loge[, and let e = eg(u¢)
denote the corresponding energy densities. For every € > 0 we choose a cubic grid
of size £ = £(¢), and denote its (k — 1)-dimensional skeleton by R k-1 (see Figure
3.1 in Section 3). If £ is chosen so that €|loge| = 0(¥) and the grid is suitably
positioned, the functions |u¢| converge to 1 uniformly on R¢x—; as € — 0, and
then we can slightly perturb each u¢ so that |[u¢| = 1 on Rek—1. Now, for every
k-dimensional cell Q in the grid we denote by d the degree of the restriction of
Ue to 0Q (as a map valued in S¥=1). Then

(1) J ee > Brldgl - |loge| by a fundamental estimate of R.L. Jerrard [27];/
Q

(i1) J *Jus = &k dg. Indeed * Jus = det(Dug), and by the area formula its
Q

integral on Q is equal to the integral of the degree deg(ue, Q,y) over all
y € RK; on the other hand, deg(ue, Q,y) isequal to dg for || < 1 and to
0 for |y] > 1.

We consider now the measure ps := >, dg 6g, where dq is the Dirac mass at the
center of Q and the sum is taken over all cells Q in the grid. By (i) we obtain that
| logfl’ng(ug) > B 2. ldqol = Brlluell. Hence the measures pe converge (up to
a subsequence) to a measure g which is also a sum of Dirac masses with integer
multiplicity, i.e., a 0-dimensional integral current, and moreover,

liminf Fe(u
-0 | 10

= Billull.

Statement (ii) above shows that *Ju, gets closer and closer to &k e, in the sense
that their integrals over all cells in the grid are the same, and the size of these cells
tends to 0. Indeed xJu, and ke are asymptotically equivalent in the flat norm
Fo if £ = o(|loge|™!), and therefore *Ju, converge to &xH, too.

Let us briefly comment on the passage to higher dimension (n > 0). The key
step in the proof sketched above consists in approxunatmg the Jacobians *Ju
by the measures axpte which are obtained by “projecting” all the mass of *Ju,
contained in each cell of the grid into its center. Now we realize that this is just
Federer-Fleming polyhedral deformation theorem applied to the 0-dimensional
current *Ju¢ and to the dual grid, in the sense that axpie is the push-forward of
*Ju¢ according to a retraction of R?\ R¢ k—1 onto the 0-dimensional dual skeleton
R; o, namely the set of centers of the cells in the original grid (see Figure 3.1 in
Section 3).

7The estimate actually contains an additional error term that depends on the restriction of u¢ on
0Q. However, the proof can be adjusted so to control this error by the integral of e on 0Q, and this
happens to be enough for our purposes. Results along these lines were also obtained in earlier work by
E. Sandier [37].
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Thus, for general n and k, we apply a suitable version of the deformation
theorem to the n-dimensional current xJu¢, or, more precisely, to a slight pertur-
bation of xJue, and obtain a current &g Me, where M is a polyhedral boundary
with integral multiplicity. Then we show that &M, gets closer and closer to xJu,
as € tends to 0, and its mass can be controlled by | log&|~!F; (u¢). Now the com-
pactness of M, and therefore that of xJu, follows from the closure theorem for
integral currents, while the lower-bound inequality (1.3) is a by-product of an
estimate obtained in the process and a standard localization argument.

The proof of statement (ii) of Theorem 1.1 is a direct application of the con-
struction of S¥~!-valued maps with prescribed Jacobians described in [3], inspired
to the dipole construction of [15]. In the case of prescribed boundary values
(Theorem 5.5) compactness and lower bound inequality can be derived (with
some work) from statement (i) of Theorem 1.1, but the upper bound inequality
must be proved almost from scratch, and requires a non-trivial modification of the
construction of [3] (see Appendix B).

The paper is organized as follows:

CONTENTS
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2. Preliminaries and NOtation . . ...ovvitttiiiii i 1418
3. Proof of Statement (i) of Theorem 1.1 ............ccciuuunn.... 1424
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6. Proof of Proposition 5.3 and Theorem 5.5(1) ..................... 1444
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8. Appendix A: Technical Lemmas and Approximation Results........ 1456
9. Appendix B: Maps With Prescribed Jacobians..................... 1462
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2. PRELIMINARIES AND NOTATION

In this paper we use the term sequence also for families (x¢) (of points, functions,
or else) parametrized by the continuous positive parameter €, and call countable
subsequence any subfamily (x,), with i integer and lime; = 0 as i — +oco. In
order to simplify the notation, we often omit to relabel subsequences, and simply
write X, instead of xg,.

Given functions f and g, we write as usual f = 0(g) and f = O(g) to
mean that lim | f]/|g| vanishes and limsup | f|/|g] is finite, respectively. We use
the letter K, with no index, to denote all universal constants, that is, constants
that depend only on k, 1, and on the potential W, but not on Q, € or any other
parameter; K may take different values even within the same expression. We use
the letter C, possibly indexed, for constants that are not universal.
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We write a v b for max{a, b}, and a A b for min{a, b}. The symbol A is
also used for the wedge product of vectors and covectors, the difference being clear
from the context. We write U € V to mean that U is relatively compact in V. We
denote by B, = B? the open ball in R4 with center in the origin and radius ¥; for
every integer k > 2, Sk-1 .- aB{‘ is the unit sphere in RX, and

@ o= CHBY, B (k- DM,

where £4 denotes the Lebesgue measure on R%. 3" is the h-dimensional Haus-
dorff measure. All other measures i are Borel, locally bounded, and possibly
vector-valued; L E is the restriction of the measure u to the Borel set E, while
f - u is the measure associated to a density function f € L] .(u). Sets and func-
tions are always assumed Borel measurable. When no doubts may arise, we omit
any explicit mention of the measure in integrals.

Given h-dimensional Lipschitz manifolds N and N” with N compact and
ON' = &, and a continuous map f : N — N’, we denote by deg(f,N,N’, y) the
degree of f at y € N"\ f(ON). When N has no boundary and N’ is connected
the degree does not depend on y, and we simply write deg(f, N,N").

For the rest of this paper, n > 0 and k > 2 are given integers, and Q is a
bounded Lipschitz domain in R™**. This means that 0Q can be covered by open
sets U such that Q agrees inside each U with the epigraph of a Lipschitz function
(with respect to a suitable choice of the axes). Concerning the regularity of the
boundary of 0Q), we do not aim to achieve the maximal generality, but rather to
show that the concentration phenomena that we investigate—unlike others—are
not affected by a mild lack of smoothness in the boundary, including the presence
of corner points.

2.1. Ginzburg-Landau functionals. The potential W is a continuous func-
tion on R¥ which vanishes on S¥=1, is strictly positive elsewhere, and has growth
of order at least two around the zero-set, and at least k at infinity,® that is

&))2>0 and limian(y)

lyl~e |y]k

(2.2) lim inf

> 0.
-1 (1 =1yl

Given € > 0, u € WHK(Q, R¥), and A ¢ Q, we set (cf. (1.1))

Felu, A) :=j Lpuk s Lwa,
Ak &2

8The growth of order two around the zero set is needed only for a direct application of Jerrard’s
estimate in the proof of Lemma 3.10, and could be removed with a little extra work. However, a
growth of order k around the zero set and at infinity is essential in the proof of Lemma 3.7.
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where |[Du| stands for the euclidean norm of the matrix Du.” The &-energy
density associated to u is

1 1
e:(u) = EIDqu + ?W(u).

2.2, Currents. For currents and forms we follow, with few exceptions, the
standard notation (see [39, Chapter 6], or [21, Chapter 2], to which we also
refer for a more detailed account of the theory). We just recall here some basic
definitions.

For every integer h = 0, ..., n + k, an h-form on Q is a map from Q into

the space of h-covectors /\h([R”*k), while an h-dimensional current is a map,
or more generally a distribution, valued into the space of h-vectors Ap (R7+K)
Using the standard duality product of vectors and covectors, the space Dp(Q) of
all h-currents is identified with the dual of the space D"(Q) of all smooth h-
forms with compact support. In particular, the integration of h-forms on a given
h-dimensional oriented surface of class C! defines an h-current (often identified
with the surface itself).

The boundary of an h-current T is the (h — 1)-current defined by the identity
0T[w] := T[dw] for every w € D" 1(Q), where dw is the differential of w.
We call boundary any current which is also a boundary.

A current T is said to have (locally) finite mass when it can be represented as a
(locally) bounded Borel measure valued in An (R™*K): in this case |T| is the vari-
ation of the measure T and the mass of T is the total variation | T|| := |T|(Q).1°
We write || Ty := |T|(U) for the mass of T in the open set U C Q. The restric-
tion of T to a set E is denoted by TL E, as for measures.

2.3. Rectifiable and polyhedral currents. A set M in Q is h-rectifiable if it
can be covered, up to an H"*-negligible subset, by countably many h-surfaces of
class C!. As such, it admits at H"-a.e. x € M a tangent space Tan(M, x) in a
measure theoretic sense. An orientation of M is a map which associates to H"-a.e.
X € M asimple unitary h-vector which spans Tan(M, x).!! Given a rectifiable set
M, an orientation Ty, and a multiplicity o)y—namely a real function in Llloc (HhL

9The choice of the norm is related to the value of the constant By in Theorem 1.1. It plays an
effective role only in estimate (3.16) and computation (4.6).

10The spaces Ap (R"*K) and A(R7#K) are endowed with the euclidean norms induced by the
standard bases. If v is a simple h-vector, that is, if v can be written as U1 A - - - A Uy, then the norm
[v] is the h-dimensional volume of the parallelogram spanned by the vectors v, ..., v, and agrees
with the mass of v, as defined in [20, Section 1.8.1]. Note that Jacobians and rectifiable currents are
valued in simple vectors, and then the difference between mass and euclidean norm is irrelevant.

HTf M is a smooth h-surface with boundary, the orientation Ta is always assumed continuous, and
the orientation of the boundary satisfies n(x) A Tap (x) = Tm (x) for every x € OM, where n(x) is
the outer unit normal of M at x.
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M)—we define the current

(2.3) T[w]:= J om(w - Ty) dH"  for every w € DM(Q),
M

that is, T := oy Ty - H"L M. In this case, the mass of T is just the measure of M
counted with multiplicity, that is, || T = J low | d3".

A current T is rectifiable if it can be represented as in (2.3) for some integer-
valued multiplicity o, and it is integral if both T and 0T are rectifiable. Notice
that a rectifiable boundary T is also integral, because 0T = 0. A sum of finitely
many k-dimensional simplexes in R"*¥, endowed with constant orientations and
constant real (resp., integral) multiplicities, is a real (resp., integral) polyhedral
current in R"*k. Polyhedral currents in Q are obtained by restriction.

By the constancy theorem, every h-dimensional current without boundary
supported on a union M of h-dimensional simplexes with pairwise disjoint interi-
ors can be represented as in (2.3) with a multiplicity function which is constant on
each simplex, and therefore is a real polyhedral current (cf. [20, Section 4.1.32]).

2.4. Pull-back of forms and push-forward of currents. Given a linear map

L:R"k - RMand B e /\h([Rm), then L?B is the h-covector on R™** defined
by the identity (L#B) - (v1 A -+ Avp) = B+ (Lvy A - - - A Lvy) for every simple
vector U1 A - -+ A Up. Given an open set Q" in R™ and a map f : Q — Q/,
the pull-back of an h-form w on Q' according to f is the h-form f#w on Q
defined by f#w(x) := (Df(x))*w(f(x)) for every x. The push-forward of
an h-current T on Q is the h-current f;T on Q' defined by the obvious duality
f:Tlw] = T[f*w]. If T has compact support in Q, then (f.T) = f+(3T).

The push-forward has a clear geometric meaning: if T is the current associ-
ated (M, Ty, Op) as in (2.3), then f4 T is the current associated to (M’, Tay, On7)
where M is the rectifiable set f (M), Tar is any orientation of M, and o () is
the sum of the multiplicities o (x) over all x € f~1(y), computed taking the
orientation into account.

2.5. Flat norm. Throughout this paper we mostly deal with currents that
are boundaries, or differ by a boundary. Therefore it is convenient to define the
following flat norm of a current T € Dy (Q):

(2.4) Fo(T) := inf{lISllq : S € Dp+1(Q) and T = 0S5},

where the infimum is taken to be +oo if T is not a boundary. We say that T;
converge to T in the flat norm Fq if Fo(T; = T) — 0. This implies in particular
that T; and T differ by a boundary (for i sufficiently large).

Of course, Fq is related to, but not exactly the same as the usual flat semi-
norms for integral currents (see [20, Section 4.1.24], or [39, Section 31]). Clearly,
Fo(T) = T[w] for every w € Dh(Q) such that ||dw|le < 1, and therefore
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convergence in the flat norm Fq implies convergence in the dual of the space of
h-forms on Q of class C{.
The following is a version of the closure theorem for integral currents.

Proposition 2.6 (see Section 8 for the proof). Given a sequence of h-dimension-

al integral boundaries (M) in Q which are uniformly bounded in mass, and an open
set U € Q, we can extract a subsequence which converges in the flat norm Fy ro an
integral boundary in U.

2.7. Coarea formula for Sobolev maps. Following [3, Section 7.5], we ex-
tend the coarea formula to maps u in WLk(Q, R¥). Let E be the set of points
of approximate differentiability of u (more precisely, of the representative of u
under consideration) and set M, = M, (u) := u~'(y) N E for every v € Rk,
Then the sets My, are n-rectifiable and have finite H"-measure for a.e. . More-
over, they can be oriented in such a way that the resulting rectifiable n-currents
on Rk _still denoted by M, —satisfy, for every bounded continuous function
p:RK - R,

2.5) o) =jull = [ 1My 11 lp()] d,
(2.6) ptw) wJu= | My p(v)dy.

The integral in (2.6) is understood in the weak™® sense; in other words, identity
(2.6) means that

(p(w) «Jw)[w] = jMy[w] p(y)dy

for every n-form w on R™** of class CJ). Note that if u is a Lipschitz map, then
My || = H"(u"'(y)) for a.e. v, and setting p = 1 in (2.5) we recover the usual
coarea formula.

The map y — M,, is well-defined and approximately continuous in the weak*
sense at a.e. ¥V € RK meaning that y — [[M, || and v = M, [w] are approxi-
mately continuous at v for all n-forms w on R™*¥ of class C§. We call such y
regular values, and the corresponding M, regular level sets. In the following we
write M,, only for regular level sets.

Remark 2.8. (i) If u is a map of class C!, every value y which is regular
in the classical sense is also regular in our sense, and the corresponding M, is an
n-surface of class C! oriented by the n-vector xJu. By Sard theorem the set of
regular values in the classical sense has full measure if u is of class C k+1 but it may
be even empty for maps of class C.

(ii) For maps in Wik=1(Q) Sk=1) the notion of regular value and regular set is
the obvious generalization of the one for maps in W =1(Q, R¥=1). In particular,
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M, is a rectifiable current of dimension (1 + 1) for H*"-ae. y € S (see
[3, Section 7.5] for more details).

2.9. Jacobians of Sobolev maps. We recall here some basic facts about Ja-
cobians of Sobolev maps; see [3, 28] for further details and additional references.
Lety = (¥1,..., V) denote the variable in R¥, and {dy1,...,d Yk} the standard
basis of \' (R¥). Then the wedge product dy := dy A - - - Adyy is the standard
volume-form on RX, and k - dy is the differential of the (k — 1)-form

2.7) wo(y) := 2= yidys,

1

where (1/371' stands for the wedge product of all dyj with j # i. The k-dimensional

Jacobian of amap u € WLk(Q, RK) is the pull-back of dy according to u, namely
the k-form

(2.8) Ju:=dui A+ Adug =ut(dy) = %d(u”wo),

where du; = 3 ;Dju;dx; is the differential of the i-th component of u. Jis a
continuous operator from W% (Q, R¥) into L' (Q, AK(RP+EY).

2.10. Jacobians as currents. Let {e,...,e, k) be the standard basis of Rk,
We identify vector and covectors on R™* using the operator * defined in [3, Sec-

tion 2.7]: given a covector X € /\h(R”+k), the vector x&x € A,ix_n (R™K) is
uniquely determined by the identity

& () = (&X' Ax)-(e1 A+ Aepsk), forevery &’ € /\”+k7h([R{"+k).

Thus, given an h-form w in L} (Q), *w is the (n + k — h)-current on Q defined
by

(2.9) *w[w'] = J (W' Aw) - T, foreveryw’ € prrk-h (),
Q

where T :=e; A - - - A enyk is the standard orientation of Q. There holds

(2.10) d(xw) = (—1)" Ny (dw).

Given amap u € WLk(Q, R¥), «Ju is an n-current in L' (Q), and since Ju is a
differential (cf. (2.8)), then *Ju is a boundary. For n = 0, the 0-current *Ju is
the real function det(Du); for k = 2 and n = 1, the 1-current *Ju is the vector
product Du; X Du,.
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Remark 2.11. Unlike the wedge product du; A - - A dug, the last term
in line (2.8) makes sense, at least as a distribution, also for maps u in L® N
WLk=1(Q, R¥), and is therefore taken as a definition of the Jacobian in this case
(cf. [3,28]). In this case *Ju may have infinite mass, but still Fo( *xJu) <
1]l oo ||Du||£j. Hence, for every closed bounded set E C Rk, %J is a continuous
operator from W'¥=1(Q, E) into the space of n-dimensional boundaries in Q with
finite flat norm Fq.

3. PROOF OF STATEMENT (i) OF THEOREM 1.1
The main step is the following proposition.

Proposition 3.1. Assume a (countable) sequence of smooth maps (ue) on Q
such that Fe(ug) = O(|logel). Then, for every open set U € Q, we can extract a
subsequence (not relabelled) such that Fy ( *Jue — ogM) — 0, where M is an integral
boundary with finite mass in U. Moreover, for every simple n-covector n such that

Inl =1 there holds

(3.1) liminf#Fg(ug) > Brln - M| (U).
e~0 |logel

Here M is viewed as a vector measure on U and n - M is the real measure defined by
(n-M)(B) :=n- (M(B)) for every set B C U.

The proof of this statement is based on a variant of the polyhedral deformation
theorem. To this purpose, we need some additional notation.

3.2. Grids. Given £ > 0 and a € R"%, we call grid of size € and center a
the collection § = G(£, a) of all closed cubes of the form Q = a + £z + [0, £]"*k
such that z has integral coordinates; 5 = §' (€, a) is the dual grid associated to G,
and precisely G := G(¢,a’) witha' := a+ (£/2,...,£/2). Given h = 0, 1,...,
n + k, we call h-cells (of the grid) the h-dimensional faces of the cubes in the
grid. For every h-cell Q we denote by Q” the unique (1 + k — h)-cell in the dual
grid which intersects Q. Hence Q and Q’ lie on orthogonal affine spaces which
intersect at the center of Q (see Figure 3.1 below).

We denote by R, = Rp(f,a) the h-skeleton of G, that is, the union of all
h-cells in the grid G, and by R), = R}, ({,a) the h-skeleton of the dual grid. In
the following, we consider sequences of grids G = §(€(¢), a(¢)). In this case G,
Re s Ré’h, etc., denote the obvious objects.

3.3. Structure of the proof of Proposition 3.1. We first notice that if the
grids G satisfy certain assumptions, then |ug| > % on the (k — 1)-skeleton R¢ x—1
for all € sufficiently small. We then introduce a modified Jacobian operator Jy
with the following properties: the sequences ( xJu¢) and ( xJUe) are asymptot-
ically equivalent in the flat norm Fg, and Jyu, is supported away from R k1.
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FIGURE 3.1.

In the next step, we project xJ,ue on the dual n-skeleton Ry ,, using a suit-
able retraction of the complement of Re k-1 onto R ,,, and show that the multi-
plicity of the projected current on each dual n-cell Q" is equal to oty d, where dg
is the degree of the restriction of U /|| to the boundary of the k-cell Q. In par-
ticular the projected currents can be written as &x Mg for suitable integral currents
M¢. Moreover, if certain additional assumptions are satisfied, then the sequences
(*Jyue) and (oxMe) are asymptotically equivalent in the flat norm Fy, and the
masses || M|y can be efliciently estimated in terms of the energies Fe(u¢).

Thus the currents Mg, and consequently the Jacobians *Ju,, admit a con-
verging subsequence by the closure theorem for integral currents. We conclude
the proof by showing that the grids G¢ can be chosen so that all assumptions made
in the previous steps are satisfied.

We first gather some preliminary results (Lemmas 3.4-3.11) and then prove
Proposition 3.1.

Lemma 3.4. Let G¢ be a (countable) sequence of grids with size £ = {(¢), and
denote by Rex—1(Q) the union of all (k — 1)-cells in Re -1 which are contained in
Q. Assume smooth maps ue : Q — RK such that, for some b < 2/k,

(3.2) ol J o e (Ue) dHK1 = 0(e7b).
Rs,k—l

If 4 tends to O sufficiently slow, and more precisely if €€ = O (L(¢€)) for some positive
¢ < (2/k=D)/(n+1), then the functions |u¢| converge to 1 uniformly on Re k1 ()

as € = 0. In particular, [ue| = 5 on Rey—1(Q) for € sufficiently small.

Remark. It can be easily shown (cf. Lemma 3.11) that condition (3.2) is
verified if Fe (ug, Q) = O(e7?Y) and the centers of the grids G are properly chosen.

Proof. Let ve := |ue| and Re := Re k-1 (Q). To prove the claim we will show
that the oscillations of v¢ over each (k—1)-cell of R tend uniformly to 0 as € — 0,
while the averages of v tend uniformly to 1.
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Fix for the time being A € (0, 1). Take a positive continuous function @ on
[0, +00) which vanishes only in 1 and satisfies @ (||) < W () for every v € RX,
and denote by ® a primitive of g/ ((1=1k),

To begin with, we denote by g(¢) the left—hand side of (3.2). Then!?

(3.3) g(e) = 0m+! J lIDvslk - iqo(vg) dgk!
R k &2

S K J 1D, | 1-Vke=22 A (1) drck-1
Re

> K€n+1€—2AJ |D(¢,(v£))|(1—/\)k df]'fk_l.

&

Now we use (3.3) and the Sobolev-Morrey embedding theorem to estimate the
oscillation of ®(v¢) on each (k — 1)-cell Q of R.. To this end we need that
(1 =A)k >k -1, thatis, A < 1/k:

[ose(®(ve), Q)]0 < K#ij ID(®(ve)) 1Dk gk
SK‘g n+?\k g(s) O(Ef(n+7\k)c+27\fb)_

Hence these oscillations converge uniformly to 0 if —(n+Ak)c +2A —-b > 0, i.e.,

- 2A—-Db
n+ Ak’

and because of the assumption on c, it is clearly possible to choose A < 1/k so

that this inequality holds. Moreover, since ® is continuous and strictly increasing,

also the oscillations of v¢ on each (k — 1)-cell Q of R¢ converge uniformly to 0.
Now we use (3.2) to estimate the average of @ (v¢) over each cell

1
w J,Q(p(vf)d}ck 1 < WJ W(ug)dek 1 < O(E (n+k)c+2- h)
As the assumption on ¢ implies —(n + k)c + 2 — b > 0, these averages converge
uniformly to 0. Moreover, since @ is continuous, vanishes in 1 and is strictly
positive elsewhere, then the averages of v¢ converge uniformly to 1. O

3.5. Modified Jacobians. Let a bounded continuous k-form ¢ on RK be
given. For every function u € WLk(Q, R¥), we denote by Jyu the pull-back of ¢
according to u. In other words, writing ¢ = p dy with p a bounded continuous
function on RX,

(3.4) Jou:=u*y =u(pdy) = p(w)Jju.

121n the first inequality we use that |Dug| = |Dve| and W(ug) = @ (ve), while the second one
follows from Young’s inequality @ + b = Ka'=2b* applied with a := |[Dv¢[¥ and b := e 2@ (ve).
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We show below (Lemma 3.7) that, when the integral of p over the unit ball
B¥ is ok, the sequences *Jue and *J,u, are asymprotically equivalent in the
flat norm Fq provided that Fe(ue) = o(e =2/k) This will turn quite useful when
proving the compactness part of statement (i) of Theorem 1.1.

Lemma 3.6. Let p : R* — R be a bounded function of class C' such that
(3.5) J POy = .
Bt

Then there exists a (k — 1)-form w on Rk of class C' such that dw = (1 — p)dy,
w () =0 for every y € SK=1, and w has growth at most linear at infinity.

Proof. If we write w = >.(-1)i"la; 01/371' (cf. Section 2.9), then the problem
reduces to finding a bounded C! vectorfield a = (ay,...,ak) on Rk which is null
on S¥~1 and solves diva = f on RK, where f := 1 — p.

By assumption (3.5), the integral of f on BF is 0. Using this fact we can
decompose f as f = fi + f2» where fi satisfies

1
(3.6) J fl(lfy)tl“1 dt =0 foreveryy € Sk-1,
0

and f5 is of the form f>(y) = hi(|y]) - hao(y/|y]) with h; a non-negative C!
function on R with support in (0, 1) and integral equal to 1, and h, a C I function
on Sk~ with integral equal to 0. To obtain such a decomposition, one can choose
hy arbitrarily, set

1
hy(y) = jo Flty)tdt,

and then take f} := f — f>.

We first look for a solution of diva; = f; of the form a; = g(y)y with g
a real function on RX. Then the equation reduces to v - Dg + kg = f1, and the
theory of characteristics provides the explicit solution

1
gy) = JO frey)tktat.

The function g is of class C! and bounded because so is fi, and (3.6) implies
g(y) =0 forevery y € Sk=1 Hence a; is of class C!, grows at most linearly at
infinity, and is null on S¥=1.

Since the integral of the function h; on § k=1 must be 0, and S*¥~1 is a con-
nected manifold, there exists a C! vectorfield b on S¥~! whose divergence is h;
(one can take the gradient of the solution of the Laplace equation Au = h;, or
exploit the fact that the (k — 1)-form hywy, with wq the standard volume form
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on Sk=1 has integral 0 on § k=1 and therefore is a differential—cf. [12, Corollary
5.8]). Now it is easy to check that the vectorfield a,(y) := [y |hi (|yDb(y/1y])
solves diva, = f3, is of class C!, and supp(a,) C B{‘.

Finally, we take a := a; + a. O

Lemma 3.7. Let @ := pdy with p : R* — R a bounded function of class C'
such that (3.5) holds. For every u € WHK(Q, RK) and € > 0 there holds
(3.7) Fo(*Ju — «J,u) < Ce¥’*F.(u),

where C is a constant that depends only on the choice of p.

Proof. Take w as in Lemma 3.6. Taking formula (2.10) into account we
obtain

wJu— xJyu = «u*((1-p)dy) = xu’(dw) = (-)"d3(>u’w),

and by the definition of flat norm,
(3.8) Fo(xJu — »Jyu) < [[*ufwll < L) lw ()] - [Dulk1.

The form w grows at most linearly at infinity, and since it is of class C! and
vanishes on S¥71, then it grows at most linearly around S¥~1, too. On the other
hand, the potential W has growth of order at least k at infinity and around S¥~1,
and therefore there exists a constant C, depending on p only, such that

(3.9) lw ()| < CWk(y).

To conclude the proof, it is enough to combine estimates (3.8) and (3.9):
Fo(xJu — *J,u) < CJ Wk () - [Dulk! < Csz/kj |Dul* + éW(u),
Q Q

where the last inequality follows by applying Young’s inequality ab < ak+b*/ (k=1
with a := e 2/kWVk(y) and b := [Du|*1. -

The next lemma contains a version (in fact, a simplified one) of Federer-Fleming
deformation theorem. Since none of the statements is exactly included in the
standard formulations of this theorem (see for instance [39, Section 29], [20,
Section 4.2]) we have included a detailed sketch of the proof.

Lemma 3.8. Letagrid G = S({,a) and a bounded open set V' in Rtk be given.
Denote by d := 2</n + kL the double of the diameter of the cubes in G, and by Vg
the closed d-neighbourhood of V. The following statements hold.
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(i) There exists a map ® : R"*\ Ry_y — Ry, which is locally Lipschitz, maps every
cube in the grid G into itself, and satisfies

(3.10) |ID®(x)| < K€/ dist(x,Rr_1) for every x € R ¥\ Ry_.

(ii) Let T be an n-dimensional current in R"** with finite mass and compact
support such that supp(T) N Rxk—1 = . The push-forward ®;T is a well-
defined current with finite mass in R"** supported on Rj,. If in addition
supp(0T) N Vy = D, then the restriction of ®4T to V is a real polyhedral
current without boundary, and

a|T
(3.11) Fy(T — &, T) sKﬁ”“fv ﬁ'
’ Ri_

(iii) Let M be a compact smooth n-surface in R such that supp(M) N Rx_1 = @
and supp(0M) N Vg = @, and ler Q be a k-cell in the grid whose dual n-cell
Q' intersects V. If M is transversal to Q, then the multiplicity of ®;M on Q'
is constant and agrees, up to a sign, with the intersection number of M and Q
(namely, the sum over all x € M N Q of +1 if Tm (x) A T (X) agrees with the
standard orientation of R"*¥, and —1 otherwise).

Proof. First we construct the map ® on the convex hull Hy of Q UQ’, where
Q is a k-cell in the grid and Q' the associated dual cell. We write x € R**k
as (s',s) € R™ x RK. We can safely assume that Q is the set of all (s’,s) such
that s = 0 and |$|e < £/2, where |S|o := max; |S;i], and Q' is the set of all
(s',5) such that s = 0 and |s"| < €/2 (see Figure 3.2). Then Hq is given by
18" |0 + [S]eo < €/2. We define dg : Hg \ 6Q — Q' by

CI)Q(S’,S) = (g_#;'.g'oo,0> .

One verifies that @ is singular on 0Q, and satisfies |D®q (x)| < K€/ dist(x,0Q).

The hulls Hp, with Q ranging among all k-cells in the grid, cover Rk and
have pairwise disjoint interiors, and the associated maps ®( agree on their com-
mon faces. Therefore, to conclude the proof of statement (i), it suffices to take ®
equal to ¢ on each Hg.

The proof of statement (ii) is standard. The push-forward ®,T is a well-
defined current because T is supported away from the singular set of ®. Denote
by V' the interior of the union of all closed cubes in the grid § that are contained
inVi. ThusVy D> V' D V. Weset Y(t,x) := (1 —t)x +td(x) forall t € R,
x € R"*%\ Ry_;, and define

S:=Y,(IxT),
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FIGURE 3.2.

where I is the 1-current associated to the oriented segment [0, 1]. Since ¥ (0, x) =
x and Y(1,x) = ®(x), if we assume that supp(dT) N V4 = &, then'?

(3.12) 3S=®,T-T inV'.

In particular, since T has no boundary in V', the same holds for ®;T. Hence
the multiplicity of ®;T on each n-cell of R}, contained in V' is constant (and
therefore ®; T agrees in V' with a real polyhedral current).

Given a unit vector eg in R X {0} and a unit n-vector T in {0} x R"*k, there

holds

[[DY(t,x)]:(e0 A T)| < ID:Y (&, x)| - IDXY (L, x) "
< |x = ®(x)| - [DP(x)|"™ < K€ - [dist(x, Re-1)17",

and integrating this inequality with respect to the mass of the current I X T—
namely the measure £'L [0, 1] X | T|—we obtain

a|T
ISy = ¥, (I x T) Iy < K€ JV/ %

which, in view of (3.12) and of the inclusions V ¢ V/ and V' C Vg, implies
(3.11).

It remains to prove statement (iii). Since Q' intersects V, then Q and Q' are
contained in V', and, as pointed out before, the multiplicity of ;M on Q' is
constant. Moreover, if x is the intersection point of Q and Q’, then ®~!(x) = Q
(cf. Figure 3.2), and therefore the multiplicity of ®;M at x is the intersection
number of M and Q (up to a sign which depends on the orientations of Q and
Q’, which have not been fixed). O

13As I X T is supported away from the singular set of ¥, the push-forward S is well defined and
0S =Y (0I Xx T —1x0T). Since ® maps each cube Q in the grid into itself, then ¥ maps [0,1] x Q
into Q, and the assumption supp(0T) NV, = & implies ¥ maps [0, 1] xsupp(0T) in the complement
of V'. Therefore, inside V’ there holds 05 = V4 (0(I X T)) = ¥4(01 X T —= 8o X T) =®;T - T.
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The next statement is an almost straightforward application of the previous lemma
to Jacobians. G, ®, V, d, and V3 are taken as in Lemma 3.8, while ¢ = p dy and
Jyu are taken as in Section 3.5.

Lemma 3.9. Take 0 <t < 1, and assume that @ = p dy is supported in the
ball Bl‘ and has integral x. Let V' be a neighbourhood of Vg and u : V' — Rk 42
map, smooth up to the boundary, such that |u| = t on Rx—1. Let Q be a k-cell in the
grid G whose dual n-cell Q" intersects V. The following statements hold.

() Ifly| <t and My, is a regular level set of u, the push-forward ®; M., defines an
integral polybedral current in V whose multiplicity on Q' agrees, up to a sign,
with dq := deg(u/|ul,0Q, Sk=1y, In particular ®;M,, does not depend on the
choice of y. Moreover,

(3.13) ldgl| < KJQ |Du |k dxck,

(i) The push-forward ®;( xJ yw) is well-defined and agrees with o ®,M,, for every
regular value vy with |y| < t. Thus ®;( xJyu) is a real polyhedral boundary
in V with multiplicity +ox dq on Q'. Moreover,

k
(3.14)  Fy(#Jyu — b, (£Jyu)) SK”"’”‘”MHL %'
’ R

Proof: We prove statement (i) first. By a density argument we can assume
that y is a regular value in the classical sense and M, is transversal to Q. Since
|l¥| < t and |ul = t on Rg_;, the level set M,, is supported away from Ry_1,
and therefore satisfies the assumption of statement (iii) of Lemma 3.8. Hence
M, agrees with a real polyhedral current on V, and its multiplicity on Q’ is the
intersection number of M, and Q, which in turn agrees—almost by definition—
with deg(u, Q, Rk, y). We claim that

(3.15) deg(u, Q, R¥, ) =dg.

By integrating identity (3.15) over all ¥ € Bf we obtain
oxt®ldg| < J | deg(u, Q,R¥, »)|dy < J |detDu| < J |Dulk,
BF Q Q
which gives (3.13). It remains to prove (3.15). Consider the truncated map

A(x) = u(x) if lu(x)| <t,
WX = o) lux)|  otherwise.

Since |u| > t on Ry_1, which contains 0Q, and |y | < t, then deg(u, Q, Rk, y) =
deg(it, Q, RX, ). Since it maps 0Q in the sphere of radius ¢, then deg(it, Q, RX, v)
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is equal to deg(it, 0Q, Sffl) (see, e.g., [3, Section 2.10]), which is clearly the same
asdq.

To prove statement (ii), we denote by T the current obtained by extending
*xJyu to 0 outside V'. Then T satisfies the assumptions of statement (ii) of
Lemma 3.8, and (3.14) follows from (3.11) and the estimate [Jyu| < @« |Du |k,
Note that ¢, ( xJ,u) is a boundary in V because it has finite flat distance from
*J yu, which is a boundary in V' (see Sections 2.5 and 2.10).

By the coarea formula (see Section 2.7), xJ,u = p(u) xJu is given by the
integral of the currents M, with respect to the measure p(y)dLX(y). Then,
by the linearity of the push-forward operator, ®;( *J,u) is the integral of the
currents ®;M,,. But these currents are all the same for || < t, and to conclude
the proof it suffices to recall that p is supported in Bf and its integral is . O

The following key estimate is a direct application of the results in [27].

Lemma 3.10. There exist a universal finite constant K and, for every v > 0,
[finite constants Co and Cy (depending on v, k and the potential W) so that, given a
cube Qp := [—€/2,€/21% with £ > 0, and a smooth map u : Qp — R¥ such that
lu| > % on0Qy and d := deg(u/luI,an,Sk_l) + 0, then

(3.16) Brldl - [Ilog(e/€¥?)| — C1 (1 + logld])]
sj es(u) dLk +KT€J es (1) dHk1
Qy 0Qy

for every € such that €/ 0/? < 1 and (¢/€%1?) - |log(e/L*?)| < Co/|d.

Proof. Because of the growth assumptions on the potential W (see Section
2.1), there exists a constant K such that (1 — |y|?)2 < KW (y). Then it suffices
to prove the statement for W(y) = K~'(1 — ||?)?, and by rescaling we can also
assume that K = 1.

It is proved in [27] that for every bounded Lipschitz domain U ¢ R¥ and
¥ > 0, there exist constants Cy = Co(U,r) and C; = C; (U, 1) so that

Brld] - [1logel — Ci(1 +logld])] = Jyef(”)w’

for every map u : U — R¥ such that Ju(x)| > % for dist(x,0U) < v and every €
such that € < 1 and €| loge| < Cy/|d|."

14We have used estimate JU es(u) = Bild| - log(o/e) — C in Theorem 1.2 of [27]. However,

the constants C and o given in that statement depend on the domain U and the trace of u on the
boundary of U. To show that their contribution can be estimated by C1 (1 +log |d|)|d| independently
of the trace of u and of the degree d, one has to go through the proof given in Section 4 of that paper.
More precisely, if one rewrites the constant 0 in Proposition 4.1 as 09/ |d/|, then 0y can be arbitrarily
chosen in the interval (0,7/4), independently of d, and looking through the proof one finds that
the desired inequality holds provided that oo /|d| = s(¢), where s(€) is a universal function of order
&l logel.



Variational Convergence for Ginzburg-Landau Functionals 1433

To prove Lemma 3.10 for £ = 1, it suffices to apply this result with U :=
Q1+r and u extended to Q14 \ Q1 by the formula u(x) := u(x/Ix|w), where
|X | := max{|x;|}. Indeed a simple computation gives

J es(u)dLk < K?’J ee(u) dHk1,
Q1+\Q) 0Q.

The statement for general £ is obtained by scaling. o

We finally show that the grid can always be chosen so to satisfy certain additional
energy estimates that will be used in the proof of Proposition 3.1.

Lemma 3.11. Assume u : Q — R¥ smooth, and positive numbers 6, € and L.
Then there exists a € Rk such that the grid G = G4, a) satisfies

(3.17) o Jﬁ Qeg(u) dH* < (1 + 8)F:(u)
kN

(3.18) #”J e (u) dHk < EFS(u)
RrNQ o

(3.19) €"+1J e (u) dk1 < EFS(M)
Ri-1nQ 5
n e:(u)dx K

(3.20) ¢ JQ o = SR,

where Ry, is the union of all k-cells in Ry that are parallel to the k-plane spanned by
{e’VH—ll ey e1’l+k}

Proof- Denote the left-hand sides of (3.17), (3.18), (3.19), and (3.20) by
Sfo(a), fi(a), fr(a), and f3(a), respectively. We claim that the average of fj(a)
over all a in the cube Qy := [0,£]"*k is Fc(u), while the average of fi(a) agrees
with F¢ (1) times some universal constant for i = 1, 2, 3. Were this claim true, the
rest of the proof would follow by Lemma 8.4 (with X := Qg and p := L"**L Q).

We first compute the average of fj. Notice that the set Ry = Ry (£, a) depends
only on the first n-coordinates of a (see Figure 3.3), and then, denoting by Q}}
the set of all @ € Qy whose last k-coordinates are null, the average of f; on Qg is
the same as the average on QJ. Hence

foo = JQ? Uﬁwmm es(u) dek] aL™(a) = L} ee(u) dL™K = Fe(u),

where the second identity follows by Fubini’s theorem (see Figure 3.3).
We compute now the average of f1. For every k-plane P spanned by subsets
of {ey, ..., ensk} we take the union Ry (P) of all k-cell in the grid that are parallel

to P, then we proceed as above with Ry, replaced by Ry (P) and take the sum over
n+k

all P. We thus obtain that the average of f1 over Qg is ( M ) times Fe(u).
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FIGURE 3.3.

In a similar way one proves that the average of f> is (Zf’f) times Fe(U).

Finally, we compute the average of f3. Let R be the (k — 1)-skeleton of the
grid with size 1 and center 0. Since Ry = a + ¥R, we have

dist(x,Rx_1) = £ - dist({~"' (x —a),R),

and therefore!®

o2 ][Qf S = :Ith [ﬂ” JQ ¢ dist(;ffl(/i %Xa)’R)]n] da
- JQ [][Qﬁ [dist(ﬂ—l(ilca— a),R)]n]eg(u) ax

- JQ [][Q, [mﬂg/ﬁ] ee(u) dx.

Since the integral between square brackets in the last line of formula (3.21) is finite
(Lemma 8.3), the average of f3 is Fe (1) times some universal constant K. O

Proof of Proposition 3.1 / compactness. Let ug be as in the statement of Propo-
sition 3.1, and set e := e (uU¢). Passing to a subsequence, we can assume that the
liminf at the left-hand side of (3.1) is a limit (and therefore will not be affected by
further extractions of subsequences).

We fix a k-form ¢ = p dy on R¥ with support contained in B, and integral
equal to ok, and set

(3.22) ="L(¢) := |log£|_2 for every ¢.

We take the grids G = G(a(e),(¢)), where the centers a = a(e) are chosen
according to Lemma 3.11, so that (3.17)—(3.20) hold for some positive number
0, with u and § replaced by u, and G¢. Recall that

(3.23) Fe(ue) = O(] logel).

15The last identity follows from the change of variable v = £~1(x — a) and the fact that Q¢ and
Q1 are periodicity cells for a — dist(£~1(x — a),R) and y ~ dist(y,R), respectively.
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We choose two open sets V and V' so that U € V € V' € Q. First of all, we
notice that Lemma 3.7 and (3.23) yield

(3.24) Fo(*Jus — *Jyue) — 0.

Lemma 3.4 and estimates (3.19) and (3.23) imply |u¢| = % on Rex-1(Q) for ¢
sufficiently small.

We want to apply Lemma 3.9 with u = us, § = G, and t = % Since the
quantity d which appears in that lemma tends to 0 as € — 0, then R x—1(Q) D
Rek-1NVgand V' O Vj for € sufficiently small, and the assumptions of the lemma
are satisfied. Hence the projected current ®¢;( *J,U¢) can be represented in V
as Mg, where M is an integral boundary in V' supported on R; ;. Combining
estimates (3.14) and [Du¢|* < keg, and recalling (3.20), (3.22), (3.23), we obtain

(3.25) Fy(xJyue — axMe) =4 - O(llogel) — 0.

Now we estimate the mass of M in V. Given a dual n-cell Q" € R, which
intersects V, the corresponding k-cell Q is contained in Q, and by Lemma 3.9 the
multiplicity of M on Q" agrees with dg := deg(u¢/|uel,0Q, Sk=1y Hence

(3.26) [Melly < €™ > ldql.
QcQ

We fix ¥ > 0, and use Lemma 3.10 to estimate |dq|. Since Q C V4 C Q for €
small enough, estimates (3.13) and (3.18) yield

(3.27) ldol SKJ |Du|*d3k < K ee d3k = O(|loge[*™ ).
Q Rek(Q)

Hence (g/£%/2)| log(E/ﬂk/z)I < Ke| logé:‘lk+1 =0(1/dq), which implies that, for
¢ sufficiently small, estimate (3.16) holds for all Q. Moreover, by (3.27), the term
between square brackets in the first line of (3.16) is asymptotically equivalent to
| log |, and therefore (3.16) can be rewritten as

Krt 0. A3t
|logel Joa

1 k
(3.28) (1 —cr(€)Brldqgl < Toge] JQeEdJ-C +

where ¢, (€) tends to 0 as ¢ — 0 (and does not depend on Q). For ¢ sufficiently
small ¢, (¢) < %, and the previous inequality and (3.26) becomes

K€n+1
llog el JRey ()

n
(329 Ml < <
|logel JR. ()

es dHk + es dHK1.
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Estimates (3.29), (3.18), (3.19), and (3.23) imply that the integral boundaries M
are uniformly bounded in mass in V, and therefore converge in the flat norm
Fy to some integral boundary M in U (Proposition 2.6). Finally, (3.25) and
(3.24) imply that the currents *Jue and xJy,ue converge to &xM in the flat
norm Fy.

Proof of Proposition 3.1/ inequality (3.1). We follow the notation of the pre-
vious section. With no loss in generality we may assume n = dx; A - - - A dxy.
Then the proof of (3.1) just follows from a refinement of estimate (3.29).

Since the current M is supported on the dual n-skeleton R ,, the positive
measure |1 - M| is just the part of | M| supported on the union of the dual n-cells
Q' parallel to the n-plane spanned by {ey, ..., en}, thatis, the duals of the k-cells
Q contained in ﬁg,k (see Lemma 3.11). Moreover, if Q' intersects V, then Q is
contained in Q. Hence, taking into account (3.28), (3.17), and (3.19)

(I =cr(€)BrIn - Mc[(V)
<(I-cr()Brt™ > ldgl
QCR: N0
Krfn+l
[logel Jrepino

€‘VL
S ~
[logel JR.na

< 10 b +ro),
[log el

ee dFk + e, dFk1

and passing to the limit as € — 0,
Bkln - M|(V) < liminfﬂpg(ug) +Cr.
e~0 |logel

Finally, (3.1) follows because 6 and 7 can be taken arbitrarily small. O

Proof of Theorem 1.1 (i). We use the reflection map ® described in Remark
8.2 to extend us to Q' := QU U so that the energy of us on Q' remains of
order | logel. By a density argument, we can also assume that u¢ is smooth in Q’,
and then the compactness statement follows from Proposition 3.1 (with Q and U
replaced by Q" and Q, respectively).

We prove the lower-bound inequality (1.3) using a standard localization ar-
gument. Given an open set A € Q and a simple unit n-covector n, we apply
Proposition 3.1 with Q replaced by A, and taking the supremum in (3.1) over all
U € A we obtain

.. o Fe(ue, A)
liminf —————

0 |10g€| ZBk|’7M|(A)
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Now we apply the previous inequality to finitely many pairwise disjoint open sets
A; € O and simple unit n-covectors n;, and summing over all i we get

1imianf(;‘;|) > Bi > Ini - MI(A;).

-0 | 10

Finally, taking the supremum over all choices of A; and n; we obtain (1.3). O

4. PROOF OF STATEMENT (ii) OF THEOREM 1.1

The upper bound inequality in Theorem 1.1 is a direct consequence of Theorem
5.10 in [3] and of the construction described in Lemma 4.2 below. We begin with
some additional notation.

4.1. Additional notation. Given a polyhedral current M = ; 0F;, we tac-
itly assume that the intersection of any two simplexes F; and F; is either empty or
a common face of F; and F;. With a slight abuse of notation, we use the letter M
also to denote the supporting polyhedral set ; F;.

Given an n-dimensional simplex F in R"** and 8,y > 0,let U = U(F, 8,y)
be the set of all x € R™*¥ such that

(4.1) dist(x, F) < 8 n —2— dist(x, OF).
1+ y2

If we identify the n-plane spanned by F with R™ and write x € R"** as x =
(x',x"") € R" x RK, then U is the set of all x such that (see Figure 4.1 below, or
Figure 9.1 in Appendix B)

(4.2) x" € Fand |x"| < g(x'), whereg(x’):=6 A ydist(x’, 0F).

Jacobians of maps of class W!*~! valued in the sphere S¥~! are intended in the
distributional sense (see Remark 2.11).

The next proposition contains the basic construction for the approximating
maps Ue. In view of the proof of the upper bound inequality in Theorem 5.5,
we have chosen a more general statement than needed for the proof of Theorem
1.1(ii).

Lemma 4.2. Let N be an integral polyhedral current in R with dimension
n + 1 such that |ON[(0Q) = 0 and ON has multiplicity 1, and denote by M the
restriction of ON to Q. Let these be given: positive numbers 8, y, amap i : Q — S,

and a finite union S of (n — 1)-dimensional simplexes in R"** which contains all
(n — 1)-dimensional faces of N, so that the following holds:

(i) e W 1(Q, Sk 1) and ] = oM;
(ii) 1 4s locally Lipschitz in QO \ (M U S) and there exists p < 1 + 1/k such that

IDit(x)] = O(1/dist(x,M)) + O(1/(dist(x, S))P).
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(iii) for every n-dimensional face F of ON,
(x)=x"/1x"|, forx e U(F,8,y)nQ.
Then the approximating maps ue : Q — R¥ defined by

(4.3) U (X) 1= ge(x)it(x), where ge(x):=1A w

are locally Lipschitz in the complement of S, belong to W4 (Q, RK) Jfor every q <
(k+1)/(p—1), and converge strongly to Wt in Wl'q(Q)for everyq < kA (k+1)/p,
and in particular for q = k — 1. The Jacobians xJue converge to xJit = ocxM in
the flat norm Fq, and

. Fe(ue)
4.4 | ———52 < BrlIM|lq.
(4.4) msup < BxlIM|la

Proof. Using Lemma 8.3, the regularity of u¢ and the convergence of u, to it
are matters of simple computations. The strong convergence in W' forq = k—1
follows by the assumption on p, and implies the convergence of Jacobians (see
Remark 2.71). It remains to prove (4.4).

-8 Ay, UFEdy)

F (n-face ofdN)

Vie Vo V3

FIGURE 4.1.

Let d € (0,6 A 1] be fixed for the time being, and denote by U the union of
the set U(F,d, y) over all n-dimensional faces F of ON. For every € € (0,d] we
decompose Q as union of the sets Vi ¢, Vi ¢, V3 defined as follows (see Figure 4.1):

Vig:={x e QnU:dist(x, MUS) < &}
Voe:i=(QNU)\ Vg
Vii=Q\U.

For the rest of this proof, the letter C denotes any positive finite constant, possibly
different at each occurrence, that depends only on the choice of Q, N, 7, 6 and y.
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Since Vi ¢ C U, assumption (iii) implies |[Dt(x)| < C/ dist(x, M), and therefore
formula (4.3) yields

[Due(x)| < ge(x) - IDU(x)| + [Dge(x)] - [(x)]
C - dist(x,M U S) c
& - dist(x, M) &’

1
+ - <
I3
Using that W (u¢) < C and £k (V) ¢) < Ce¥ (cf. Lemma 8.3), we obtain

(4.5) Fe(ue, Vie) < C.

In V3¢, ue agrees with i, and since @ takes values in S k=1 the energy density
es(ug) reduces to |Dii|%/k. For every n-dimensional face F of ON and every
x € U(F,d,y), assumption (iii) implies

rr

X

[x""|

x// ® X//

_‘ I _(k—1)2
|XII| |X/l|3

[x""|

46)  |Di(x)| = ‘D

Since the projection of Vo e N U(F, d, y) on the affine plane spanned by F is con-
tained in F N Qg, where Qg is the closed d-neighbourhood of Q, from (4.6) we
obtain

FE(ME,VZ,E N U(F,d’}/)) = j{n(F N Qd)

(k — 1)k/2 j dx"
k BE\BK [ x|

(k — 1)k/2 Jl kopktdp
k P pk

< H"(F nQyq)
= Bxllogel - H™(F N Qq).

Since the sets Vo e NU(F, d, y) cover V, ¢ (and have negligible intersections), sum-
ming the previous estimate over all F yields

(4.7) Fe(ue, Vo) < Bl logfl - HU (M N Qa).

It remains to estimate the energy in V3 := Q\ U. Using (4.1) it is easy to check
that dist(x, S) < Cdist(x,M U S) in the complement of U. Thus assumption (ii)
becomes |D1ii| < C/(dist(x, S))?, and by formula (4.3)

C

|D’M,5(X)| < m

Taking into account that W (u¢) = 0 in the complement of the &-neighbourhood
of M U S, and using Lemma 8.3 we obtain

(4.8) Fe(Ue, Vae) < J Cdx CU”k((M US)e) <C.

o distx, S)kr g2
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Putting together (4.5), (4.7), and (4.8) we obtain

limsup 22 < g3 (M 1 Q) = BrlMI(Qu).
&—0 |lOgE|

Finally, the assumption [M[(0Q) = 0 implies that the infimum of [M|(Q4) over
alld € (0, 1n8]is IM[(Q) = IMI(Q) = [[M|lq, and (4.4) is proved. O

Remark 4.3. Let 3 be a Lipschitz m-surface contained in Q and transversal
to M and S.'® Then the proof of Lemma 4.2 gives

Immqr—L—JeAqu%msCHm*Mlmﬁ,
|logel Js

=0

where C is a constant that depends only on the choice of M and X.

Proof of Theorem 1.1(ii). Let M be taken as in Lemma 4.2: by Theorem 5.10
in [3] (see also Theorem 9.6 in Appendix B), there exists a map @ which satisfies
assumptions (i)—(iii) of Lemma 4.2 with S the union of all (n — 1)-dimensional
faces of N; in fact, 7 is defined on R"*¥ | and satisfies

. 1
m”“”‘o<&wxﬁNus»'

Then the maps u¢ defined in (4.3) satisfy statement (ii) of Theorem 1.I—note
that (4.4) and (1.3) imply (1.4). The proof for general M follows by the polyhedral

approximation given in Proposition 8.6 and a suitable diagonal argument. O

5. BOUNDARY VALUE PROBLEMS

In the rest of this paper we deal with Dirichlet boundary conditions. In this
section we describe some related notions and then state the I'-convergence and
compactness result in this setting (Theorem 5.5) and the concentration result for
minimizing sequences (Corollary 5.6). Proofs will be given in Section 6 and Sec-
tion 7.

Here and in the rest of this paper we assume that n > 1 and Q is a bounded
Lipschitz domain. Unless otherwise stated, we only consider currents on the entire
space Rk and convergence will be intended in the sense of the flat norm Fgn-«.
In particular, given u € WLk(Q, R¥), xJu denotes now the current in R™*k
which is obtained by extending the Jacobian of u to 0 outside Q.

16If N; and N, are finite union of Lipschitz surfaces in R4 of dimension d; and d>, respectively,
we say that they are transversal when either d + d» < d and N1 N N is empty, or di + d2 = d and
N1 N N3 is contained in a finite union of Lipschitz surfaces with dimension d1 + d2 — d, and there
exists a finite C such that dist(x, N; N N3) < Cdist(x,Ny) for all x € Ny, and viceversa. In case of
polyhedral sets, this notion is equivalent to dim(N1 N N2) < dy + d — d.
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5.1. Cobordant currents. We say that the rectifiable n-currents M and M’
are cobordant in the compact set E, and write M ~g M', if M — M’ = ON where N
is an integral (n + 1)-current supported in E.

If M ~g M’ and E is the closure of a bounded Lipschitz domain, by the
isoperimetric theorem we can find N supported in E such that M — M" = ON
and |[N|| < C|IM — M'||'*1/", where the constant C depends only on E (apply
Theorem 4.4.2(2) in [20] with A equal to E, U a neighbourhood of E that admits
a Lipschitz retraction on E, B and W empty). This fact and the closure theorem
for integral currents imply the following closure property of the relation ~g: given
sequences of rectifiable n-currents (M;) and (M;) which are uniformly bounded
in mass, if M; ~g M; forall i and M; — M, M — M', then M ~g M".

Clearly M ~g M’ implies that supp(M — M’) C E and 0M = 0M’, but
the converse may not hold. However, if E is the closure of a bounded Lipschitz
domain and the n-th integral homology group Hy, (E, Z) is trivial, then a rectifiable
current supported in E is the boundary of a rectifiable current supported in E if
and only if it has no boundary, and therefore M ~¢g M" if and only supp(M-M") C
E and 0M = oM’.

5.2. Jacobians of traces of Sobolev maps. If v : 0Q — RK is a smooth
map, then Jv and *Jv can be defined as in Sections 2.9 and 2.10, and in par-
ticular *Jv is an (m — 1)-current in Rk supported on 0Q. Moreover, if u is
a smooth extension of v to Q, then xJv is the boundary of *Ju (cf. Lemma
6.1). This identity motivates the following general definition due to E-B. Hang
and E-H. Lin [23] (inspired by a similar notion introduced in [13], see also [36]):
the k-dimensional Jacobian of a map v in the trace space W1-1kk (0, R¥) is the
current in Dy_1 (R"**) defined by

(5.1) *Jv = 0(xJu),

where u is any map in WLk(Q, R¥) with trace v on 0Q, and *Ju is the current
on R™*¥ obtained by extending the Jacobian to 0 outside Q, as already agreed.

As shown by identity (5.2) below, xJv does not depend on the choice of the
extension U, and since *Ju has no boundary in Q, *Jv is always supported on
0Q, and clearly Frn (xJv) < || xJull < ||Du||£ (but *Jv may have infinite
mass). Moreover, J is a continuous operator from W!=1/kk(3Q, R¥) into the
space of (n — 1)-dimensional boundaries in R"** with finite Fgn+x norm.

Proposition 5.3. Let Q be a bounded Lipschitz domain and v a map in
wi-1kk(Q, RK), Take maps u, U € WLk(Q, R}) which extend v, and regu-
lar level sets My, (1), My (W), My (W) in the sense of Section 2.7. Then
(5.2) My(u) ~0 My(u,)-

Ifin addition v takes values in S k=1 then
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(i) My (u) is cobordant to 0 in Q when |y| > 1;
(i) My (w) and M, (w) are cobordant in Q when |y|, |y'| < 1;
(iii) M, (u) is cobordant inQ to (=D)"My (V) when |y| < 1, v is of class Wwlk-1
and ' is a regular value of v in the sense of Remark 2.8(ii);
(iv) oM, (u) = (x,zl *JU when |y| < 1; then (X,zl *Jv is the boundary of a rectifi-
able current, and is itself rectifiable when it has finite mass.

Remark 5.4. (i) The proof of statement (iii) above (see Section 6) gives a
slightly more explicit result: for a.e. y and ', M, (u) — (-=1)"M, (V) is the
boundary of M, (uy), where

M=y nd

= e:—iy 4
lu -yl

Uy =
Y ' =¥l
(by Proposition 6.4(ii), the map u, belongs to WI*=1(Q, Sk71) for a.e. ). In
particular M, (1) agrees in Q with 0M, (u,).
(ii) The rectifiability of otz ! *Jv (see statement (iv)) was first proved in [23].
We give here a simplified proof.

(iii) If v is a map of class WUk then Jv agrees with the usual Jacobian,
namely the pull-back of the standard volume form on R¥. Therefore Ju = 0
when v takes values in S¥~1 because £K(S¥=1) = 0. This is not true in general
for maps of class W!=1/kk and the typical example is v(x) := x'/|x’|, with
x = (x/,x") in Rk x R""1 whose Jacobian xJv is the current associated to the
plane {0} x R""! and constant multiplicity o.

(iv) If v € WI=1/kk(9Q, Sk=1) is smooth in the complement of an (n — 1)-
dimensional surface M C 0Q without boundary, then *xJv is supported on M,
and more precisely is of the form ax Ty - H" 'L M, where 0 is an integral mul-
tiplicity that can be explicitly computed in terms of the degree of the restriction
of u to certain k-surfaces (cf. [28] and [3, Section 3.7]).

We can now state the main results of this section.

Theorem 5.5. Let Q) be a bounded Lipschitz domain and let v be a map in
WI=lkk(3Q, Sk=1). Choose u € WIk(Q, R¥) with trace v on 0Q and a regular
level set My, = M, (w) with |y| < 1. The following statements hold.

(i) Assume a (countable) sequence of maps ue € WLk (Q.RX) with trace v on 0Q
such that Fe(ue) = O(llogél). Then we can extract a subsequence such that the
Jacobians xJug converge in the flat norm Fgn-x to &xM, where M is a rectifiable
N-current supported in Q such that M ~g My,.. The following localized version
of the lower bound inequality holds: for every open set A C Rk

(5.3) lim inf FEMe A O Q)

minf T = Bl
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(i) Given a rectifiable n-current M supported in Q such that M ~g M,,, for every
& > 0 we can find ue such that ue = v on 0Q, Fgnix ( xJue — xM) — 0, and

. Fe(ue, Q) _

(5.4) lim Tlogel Bl M || gn-k.

Remarks. (i) By Proposition 5.3, the cobordancy condition M ~g M, (u)

in Theorem 5.5 (and in Corollary 5.6 below) is independent of the choice of the

extension u and of the value . If v is of class W'k~1, by Proposition 5.3(iii) we
can replace M, (1) by any regular level set of v in the sense of Remark 2.8(ii).

(ii) Statement (i) of Theorem 5.5 is stronger than the corresponding statement
in Theorem 1.7 under many regards. First of all, the rectifiable current M is the
limit of the Jacobians of u¢ in R™*X, and not just in Q: it may happen that part
of M is supported on the boundary of 0, and in that case the rectifiable current
given by statement (ii) of Theorem 1.1 is the restriction of M to Q. Accordingly,
the right-hand side of (5.3) takes also into account the part of the mass of M which
is located on the boundary of Q and therefore (5.3) cannot be deduced from (1.3)
except when AN 0Q = .

(iii) As already pointed out in Remark (i) after Theorem 1.1, the right-hand
side of (5.3) does not depend on the choice of the potential W. Hence, replacing
W with oW and then taking the limit in (5.3) as 0 — 0, we obtain the stronger
estimate

lim inf ! 1

—_ Dug |k > BilIM]| 4.
R QMkl el© = BrlIM|la

In particular, if the sequence (u¢) satisfies the upper bound inequality (5.4), then

the potential part of the energy is asymptotically negligible, in the sense that (1.5)
holds.

Corollary 5.6. Take Q, v, u, My, as in Theorem 5.5, and denote by my the
minimum of Fe(u, Q) over all maps u € Wi (Q, RX) with trace v on 0Q. Then
(5.5) me + O(|logel).

Let (Ue) be any (countable) sequence of maps with trace v on 0Q such that

(5.6) Fe(ue, Q) = me +o(|logel).

Then, up to a subsequence, the Jacobians *Jue converge in the flat norm Fgn.x to
oM, where M minimizes the mass among all rectifiable n-current supported in Q
which are cobordant to M, in Q. Moreover, the potential part of the energy is asymp-
rotically negligible, in the sense that (1.5) holds, and the energy densities ec (W) and
|Dug|*/k, rescaled by 1/|logel, converge to Bx|M| in the sense of measures on R1Hk,
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Remarks. (i) By Proposition 5.3(iv), the cobordancy condition M ~g M,,
implies
oM = o' #Jv.

When the n-th homology group Hy(Q,Z) is trivial, M ~5 M,, is equivalent to
OM = ;' *Jv (see Section 5.1). Thus Corollary 1.2 is a particular case of Corol-
lary 5.6.

(ii) If »Jv vanishes—which happens, e.g., when v is of class WLk__then
the current M in Corollary 5.6 minimizes the area among all cycles (rectifiable
currents without boundary) in the integral homology class of M,,. If in addition
H,(Q,7) = 0, then M is trivial.

6. PROOF OF PROPOSITION 5.3 AND THEOREM 5.5(i)

We prove first Proposition 5.3: even though all claims are obvious (or empty)
when u and u’ are smooth up to the boundary, the proof in the general case is
rather delicate. We follow the notation of Section 5.

Lemma 6.1. Let u be a map in WHK(Q, R¥) with trace v in WHK(0Q, R¥),
and let p be a bounded continuous function on R¥. Then

(6.1) dp(u) xJu) = p(v) xJv in Rk,

Proof- By a density argument, it suffices to prove (6.1) when u is smooth up
to the boundary. Denoting by Tq = e; A - - - A ek the standard orientation of
Q, for every (n — 1)-form w € D! (R™*k) there holds

(p(w) +Jw)[dw] = Jszw AP JU) - Ta = jgd«» A p(w)Ju) - To

_ Lg(w A P)JV) - Tag = (p(w) +Jv) ],

where the first and fourth identities follow from (2.9), the third one is Stokes
theorem, and the second one is a particular case of the general identity d(w A
w) =dwAw +(-1)"w A dw', where m is the order of the form w (in this
casem:=n—1and w' := p(w)Ju = u*(pdy), thus dw’ = u*(d(pdy)) =
u?(0) = 0). O

Lemma 6.2. Assume a bounded continuous function p on RX, and maps u, u
in WHE(Q, RX). We denote by T the projection of R X R o5 Rk and set

U(t,x):=tu(x)+ (1 -t)u'(x) forevery (t,x) € (0,1) x Q,

1
p(y):= J p(ty)tk-ldt for every y € Rk,
0
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Thus :0(p(U) *JU) is an n-current on R"+k of class L'. If u and w' have the
same trace on 0Q), then

(6.2) 1, 0(p(U) xJU) = p(u) xJu — p(u') xJu' in R"*¥,
whereas if u has trace v € W 1(3Q, RK) and w’ = 0, then'’
(6.3) 1, 0(p(U) xJU) = p(u) xJu — (-1)"*v*(pwo) in R"K.

Proof. By a density argument, we can assume that the traces of u and u’
belong to Wk (3, R¥). If we denote by V the trace of U on the boundary of
A:=(0,1) x Q, Lemma 6.1 yields

(6.4) 1, 0(p(U) xJU) = 12 (p(V) *JV).

The boundary of A is the union of {1} X Q, {0} X Q, and (0, 1) X 0Q, and we
denote the restrictions of p(V) *JV to these three sets by T1, T> and T3. We claim
that

(6.5) Ty =pu) xJu and T, =—p(u') +xJju'.

Indeed, since V = u and T34 = Tq on {1} x Q (cf. Note (11)), for every smooth
n-form w on Q there holds

T w] = Ty [ w] = j (T A p(V)JV) - Toa
{1} xQ
- jgw A pW)Ju) - Ta = (p(w) xJu)lwl.

A similar argument gives the second identity in (6.5).

We compute now T3. Let e be the unit vector that orients R X {0}. Then
Toa = —€ A Tao on (0,1) x 0Q. If we assume that # and u’ have the same
trace v on 0Q, then V(t,x) = v(x) and JV(t,x) = Jv(x) on (0,1) x 0Q, and
therefore!8

myT3[w] = J

p(v)(w A Jv) - (—e A Taq) =0.
(0,1)x0Q

Recalling (6.5), (6.4) and identity p(V) xJV = T} + T, + T3 we obtain (6.2).
On the other hand, if we assume 1’ = 0, then V(t,x) = tv(x) on (0, 1) X0
and an easy computation yields

JV = N\(tdvi +vidt) = t*Jv + t*7 1 dt A v¥ w.

1

7Here wyq is the (k — 1)-form defined in (2.7). Thus v#(pw) is a (k — 1)-form on 9Q and
*v# (pw) is an n-current supported on 0.
18Since no component of w A Jv contains dt, (w A Jv) - (e AT) = 0 for every (n — 1)-vector T.
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Proceeding as before,
m,T3[w] = J p(tv)(tkw A Ju + tF 1w A dt A vFw) - (—e A Tag)
(0,1)x3Q
:J (=)™ p(tv)t1(dt A w A VFwy) - (e A Taq)
(0,1)x39)
= (-t L p(V)(w AVFwy) - Toa = (D)™ xv* (pwy) [w],
Q

and (6.3) is proved. O

Proof of Proposition 5.3. We first prove (5.2). Let  be a regular value of u,
u’ and of the map U defined in Lemma 6.2. Take a smooth non-negative function
p : R — R with compact support and integral 1, and set p¢(z) := ekp((z -
¥)/€). Using the coarea formula (2.6), and replacing p with pe, identity (6.2)
can be rewritten as

j pe(2) 3(1T, M, (U)) dz = j pe(2) (Ma () — My (u')) dz,
Rk Rk

and passing to the limit as € — 0 we obtain (5.2). A density argument and the
closure property of the cobordism relation give (5.2) when y is not a regular value
of U.

Statement (i) follows from (5.2) by taking u’ := ®(u), where ® agrees with
the identity on S¥! (so that u = u’ on 9Q), and projects R¥ onto the closed unit
ball (so that My, (u") = 0).

Statement (ii) follows from (5.2) by taking u" := ®(u), where ® is a smooth
diffeomorphism that agrees with the identity on S¥~! and takes " into  (so that
My(ul) = M, (u)).

The coarea formula (2.6) yields

*Jv =0(*xJu) = J[Rk oM, (u)dy,

and since the currents M, (1) have all the same boundary for || < 1, and no
boundary for |y| > 1, we obtain that xJv = &x 0M, (u). The rest of statement
(iv) follows by the boundary rectifiability theorem.

It remains to prove statement (iii). Let ) be a regular value of u and U, and
assume that ¥ := /|| is a regular value of v. Using the coarea formula (2.6)
and the coarea formula for maps in Whk=1(3Q, S¥=1) (see [3, Section 7.5]), and
replacing p with the function p, defined above, identity (6.3) can be rewritten as

| pezratma @) dz
Rk

= [ e dz - D" [ pee M) 30 2,
Rk Sk-1
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and passing to the limit as € — 0 we obtain 0(11;M,, (U)) = M, (u) — M, (v),
which implies M, (1) ~g M, (v). We prove statement (iii) in full generality
using statement (ii) and a density argument. O

6.3. Construction of maps with good energy bounds. For every a € R¥
and € > 0 such that € + |a| < 1 we choose a map ®, ¢ : Rk — Rk that maps the
open ball By ¢ := (1 — €)a + BX onto the unit open ball B¥ homothetically, maps
the rest of R¥ in the sphere S¥~!, and agrees with the identity on S¥~1.

Here is a more precise definition: we set ®4¢(a) := a, then we write every
y € R different from a as a + tv with t > 0 and v such that a + v € S¥~!, and
set

1
a+ —tv fort<eg,

Dy e(y) = &
a+v fort > €.

In particular, ®4(y) = a + (y — a)/& for every ¥ € Bae. Moreover, ®4 ¢ is

Lipschitz for € > 0, and locally Lipschitz on R\ {a} fore = 0. A lengthy but
straightforward computation yields

K
(6.6) |ID®ge(y)] < m for a.e. y.

For every u : Q — R¥ we set
(6.7) Ug =Ugp:=Pgo(u) and Uge = Pge(u).

The following lemma was inspired by the proof of Proposition 4 in [8], based in
turn on computations from [24].

Proposition 6.4. Take u, a, €, Ua, Ua,s, Ba,e as above.
(i) The map wa,e belongs to wik(Q, Rk)for all a and all € > 0, and

1
(6.8) Tias = |, My dy.

(i) The map ua belongs to WH=1(Q, S*=1) for ae. a € B, and xJug =
Mg ().
(iii) There exists a universal constant K such that, for every € > 0,

(6.9) J . Fe(uae) da < K[| loge| - IDu|[f + ek-2mk(Q)],
Bie

k- k-
(6.10) Lk IDtas - Duall" da < Ke||Dul<"".

1-¢
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(iv) for every & > O there exists E5 C B with L¥(Es) < & such that

. Fg(ua,g) E k k
(6.11) llIEIllOnf Toge| =5 |[Dull; for every a € BY \ Es.
(v) Foreverya € B{‘, Ua,e — Uqg pointwise as € — 0, and for a.e. a € B{‘
(6.12) lim ionf ||ua’g - uallwl,kfl = O,
E—»
(6.13) lim ionf Fo(*Juge — *Jug) =0.
E%

(vi) Ifthe trace of w on 0Q takes values in S*71, for a.e. a € B¥ there holds

(6.14) lim ionf Frnk (xJUge — Mg (1)) = 0.
Eﬁ

Remarks. (i) As shown in [3, Theorem 3.8], if ug is of class W1k=1  then
*Jug = (—1)""10My (ua) for every 37 € S¥~1 which is a regular value of u4 in
the sense of Remark 2.8(ii).

(ii) Statements (iv)—(vi) hold even when applied to a subsequence of (¢).
However, the set of all a for which one among (6.11)—(6.14) fails may depend
on the choice of the subsequence, and therefore we cannot infer that the liminf in
(6.11)—(6.14) can be replaced by a limsup. As far as we know, these stronger ver-
sions of statements (iv)—(vi) could be true. If so, some of the proofs below could

be simplified.

Proof. The first part of statement (i) follows by the fact that &, is Lips-
chitz for € > 0, while (6.8) follows by the coarea formula (2.6) and the fact that
det(D®y ) is equal to £ X on the ball B, ¢, and vanishes elsewhere.

In order to prove (6.9), we define the following auxiliary function:

1 iflulx) —al < 2e,
oe(a,x) := .

0 otherwise.
Thus (6.6) implies [Duge| < Ke™! [Dul for a.e. x such that o¢(a, x) = 1, while
|IDugel < Klu —al~' |Dul for a.e. x such that o (a, x) = 0. Moreover, in the
latter case we also have u, . € S¥°1, because ®, maps the complement of By ¢
into S¥~1. Hence

k
(6.15) Fe(uge) < KL2 os(a, x) (% + 5_12)
k
[Du)I*

+ (1 - Ug(a,x))ilu(x) —apf 4x
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Now we integrate both sides of (6.15) over all a such that |a| + € < 1, and change
the order of integration in the right-hand side:

|, Feuarda=k | (120l 1) |, octax da

ck

—&

+ IDu(x)IkJ 1-0e(a,x)

s u(x) —alk d“] dx.

Thus (6.9) follows by the estimates

J . Oelx,a)da < LX(BS,) = 2X o€

-
and

_ 32 4
J lafi(x’ak)da<J‘ dyk KJ —<K|log£|
B{(,f |u(X) - a' B}/z\Bs |y|

To prove (6.10), we use that [Dug¢| < Ke™! [Du| and [Duy| < Klu—al|™! [Du|
for a.e. x such that o:(a,x) = 1, while Dus = Du, for a.e. x such that
0¢(a,x) = 0 because Ug,e = Uq in the complement of By . Hence

1 1
Dug¢—D k‘l_KJ , ( +
L}I Ua,e—Duqa[* < Qag(a )\ ) e

The rest of the proof of (6.10) follows that of (6.9). Estimate (6.9) and Fatou’s

lemma imply

) |IDu(x) ¥ !dx.

Fe(ug,e) da < liminf Fe(uae)

k
[Tog | minf | Tloger 44 = KlIDulle

(6.16) hm nf ——%°2
1

which yields (6.11). In a similar way, we use (6.10) to obtain (6.12), which implies

that, up to a subsequence, the maps U4 ¢ converge strongly to 1, in Wik=1 (and

in particular 14 belongs to W'k=1). Now (6.13) follows by the fact that strong

convergence in W*~1 implies convergence of Jacobians in the flat norm Fq (see

Remark 2.11).

The convergence of *Juae to *Jua (up to a subsequence) and formula (6.8)
imply xJu, = axMg(u) for every regular value a of u, and the proof of (ii) is
completed.

It remains to prove (vi). We take a regular value a of u such that xJu, =
kMg (u) (cf. statement (ii)) and U4 converge to Uy in wlk-1 up to a subse-
quence, not relabelled in the following (cf. (6.12)). Now we choose a map i in
WLk (R™K\ Q, RK) with the same trace as u on 0Q and for every & > 0 we set

Uge(x) ifx eQ,

Uae(X) = {ﬁ(x) if x € Rk \ Q,
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and define 7, in the same way. Since trace of g, and U, on 0Q agrees with that
of u, and therefore with that of @, the maps 74, belong to Wk (R™** RK) and
converge in Wik=1(rn+k Rk) o i1,. Hence

(6.17) Frni( *Jﬁa,e — *Jita) — 0.

On the other hand, *Jii,¢ can be decomposed as *Jit + *Juze on Rk (we
assume that *J1i is extended to 0 in Q, while *Ju, ¢ is extended to 0 outside Q).
Now, the first addendum agrees with the restriction of *Jiis to R™** \ Q, while
formula (6.8) and the fact that a is a regular value of u imply that the second
addendum converges to Mg (1) in the weak topology of currents. In particular,
kMg (1) must agree with the restriction of *Jil, to Q, and then (6.17) yields
(6.14) (recall that (6.17) holds for a subsequence only). O

Proof of statement (i) of Theorem 5.5. Leta (countable) sequence (u¢) be given
such that us = v on 0Q and Fe(u¢) = O(llogél), and an open set A C R7K, Ag
in the proof of statement (i) of Theorem 1.1, we can assume that the liminf at the

left-hand side of (5.3) is a limit.

First step: compactness and lower bound inequality. The idea is to apply state-
ment (i) of Theorem 1.1 with Q replaced by a larger set (and u¢ suitably ex-
tended outside of Q). Let 6 > 0 be fixed for the time being. First we take
u € WHk(R™*k RK) with trace v on 9Q. Then we choose an open set Q' so

that Q € Q' and
J IDulk < 6.
Q\Q

We set U := Q' \ Q. Now, let 146 be defined as in (6.7). By Proposition 6.4 we
can choose a € BY so that, passing to a subsequence,

(6.18) Fe(Uuae Q) = O(llogel),

(6.19) auW@U)sngaL”DmksK&bga
(6.20) For(xJuae — axMa(u)) — 0,

(6.21) Froa(xJUugeLU — oMy ()L U) — 0.

Finally, we set

() 1= Us(x) ifx € Q,
UelX) = Uge(x) ifxeQ \Q.

The maps u; belong to WK (Q,R¥), and F(u,,Q') = O(| logel) by (6.19). By
Theorem 1.1(i) implies that, up to a subsequence, *Ju; converge to axM’ in
the flat norm Fo/, where M’ is a rectifiable current supported in Q. Then (6.21)
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implies that xJue = *Ju; — *xJugeL U converge in the flat norm Fo' to axM,
where

(6.22) M:=M -M;(u)LU =ML Q.

Since *Jus and M are supported in 0, we have convergence in the flat norm
Fgnit.!” Moreover, the lower bound inequality (1.3) applied to the maps u} and
to the set Q" N A and estimate (6.19) yield

BrIM|(A) = Bk IM'[(ANQ) < BrIM'[(AnQ)

< liminf EMe A0D) o pppfeUaAnD) ey
£—0 [logel £—0 | log €|

Since 6 can be taken arbitrarily small, the lower bound inequality (5.3) is proved.

Second step: M is cobordant to Mg (u) L Q in Q. While it is easy to prove
that these two currents differ by the boundary of a real current with finite mass
supported in Q, it is more difficult to show that they differ by a rectifiable one.

Choose an open set V such that Q € V € Q' and whose closure admits a Lips-
chitz retraction onto Q (use Proposition 8.1). We claim that M’ ~y Mg (u). Were
this proved, (6.22) and the fact that M (1) L 0Q = 0 (recall that the trace of u on
0Q takes values in S¥~1) would imply M ~y Mg (u)L Q, and we would conclude
the proof using the retraction of V to Q. We prove the claim by showing that M’
and Mg (u) can be obtained as limits—with respect to the weak convergence of
currents—of rectifiable currents which are cobordant in V (cf. Section 5.1).

By the choice of a, the current axM, (1) is the limit of *xJug, in the flat
norm For, and Fe(Uge, Q') = O(|logel). Following the proof of the compactness
statement in Proposition 3.1 (see Section 3), we see that the currents *Jug,¢ are
asymptotically equivalent in the flat norm Foy to *Jyuae, where ¢ = pdy is
a k-form with support contained in Bf,, and integral ok, and Jy is defined in
Section 3.5. In turn, *JyUa, are asymptotically equivalent in the flat norm Fy
to the polyhedral deformations ®¢; ( *JyUa,e), which are uniformly bounded in
mass (P are the retractions associated to the grids G¢ as in Lemmas 3.8 and 3.9).

By Lemma 3.9(ii), ®¢s ( %JyUae) = XkPey (My (Ug,e)) for any regular value
v = y(€) of uge with |y| < % Thus M, (1) is the limit in the flat norm Fy of
the integral polyhedral currents ®¢; (My, (14,¢)), which are uniformly bounded in
mass. Similarly, M" is the limit, in the flat norm Fy, of the polyhedral currents
¢, (M, (uy)), which are also uniformly bounded in mass (we take the same y =
v (&) as above).

YFq (T; = T) — 0 means that there exist currents S; on Q such that 8S; = T; — T in Q" and
IS;|l = 0. Clearly, if S; is regarded as a current on R"*K, 9S; may have an additional part supported
on 0Q'. However, if all current T; are supported on (, a careful use of truncation and of the cone
construction allows to modify each S; so that 0S; = T; — T in Rk (and ||S;]| still converge to 0).
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It remains to show that @4 (M, (u;)) and ®¢; (M, (Uge)) are cobordant in
V. Since Ug,¢ and u; agree outside Q, My, (u}) — My (Ug,¢) is supported in Q, and
by (5.2) is cobordant to 0 in Q. Hence ®¢; (M, () — My (Uq,e)) is cobordant to
0 in V for € small enough by a known property of polyhedral deformation,?” and
this concludes the proof.

Let us point out a couple of technical issues in this second step of the proof.
Firstly, the argument above, as most lemmas in Section 3, requires that u; and
Ug,e are smooth in Q. This can be fixed by regularizing these maps (e.g., by
convolution). Indeed we never used that they have trace v on 0Q, but only that
they agree outside Q (in fact, it is enough that they agree outside V). Secondly,
the argument works provided that the size of the grid G is taken as in (3.22), and
the center is chosen so that estimates (3.18)—(3.20)—but not (3.17)—hold for u;
and ug¢ at the same time. This can be achieved by a suitable modification of
Lemma 3.171. O

7. PROOF OF THEOREM 5.5(ii) AND COROLLARY 5.6

In this section we assume that the potential W in the definition of F;¢ takes a
constant value inside the unit ball of R¥: it is clear that proving statement (ii) of
Theorem 5.5 for this particular choice of W is sufficient.?! This assumption is
used in the proof of Lemma 7.1 only.

For the rest, we follow the notation of Section 6. In particular, n = 1 and Q
is a bounded Lipschitz domain.

The proof of statement (ii) of Theorem 5.5 is a modification of the proof of
statement (ii) of Theorem 1.1 given in Section 4. Hence we need an S¥~!-valued
map % with the same properties as the one used in Section 4, which satisfies the
additional condition 7 = v on 0Q. This refinement of Theorem 5.10 of [3] is
proved in Theorem 9.6 for special boundary data v. In order to handle a general
v, we paste together the maps u¢ defined in (4.3) and the maps u4 ¢ defined in
(6.7). This last step is based on the following lemma.

Lemma 7.1. Let Q1 be a Lipschitz domain relatively compact in Q, and set
Q= Q\ Q. Let maps uiy € WH(Qi, R¥) for i = 1, 2 be given so that |u,|,
|ua2| < 1 everywhere and their traces on 3 := 0Q (the interface between Q. and Q)
satisfy the following compatibility condition:

7.1) w0 = lua(x) =1 = ui(x) =us(x) for H"* lae xe3.

Then there exist positive finite constants N and C (depending on Q and Q) so that,
Jor every 0 < n < ng there exists U € WLk(Q, R*) which agrees with Wy in Q1 and

20More precisely, the deformation of the boundary of a current supported in Q is the boundary of
a polyhedral current supported on a d-neighbourhood of Q, where d is, say, twice the diameter of a
cube in the grid (cf. [20, Theorem 4.2.9]).

21W is not continuous, but this is not needed in the construction that follows.
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with Wy in 0Q, and for every € > 0 satisfies
1
(7.2) Felw,02) = 2P, 0 + Cn [ o+ ectun) + eclia)

Proof. By Proposition 8.1, we can find a neighbourhood U of 0Q; = X which
is relatively compact in Q and homeomorphic to (-1, 1) X X via some bi-Lipschitz
map V. Forevery 0 < n < 1, weset u := u; in Qy, U := U in Oy \ U, and
u:=uo¥1linU\Q; =Y¥(0,1) x3), where

(I—-t/Mui(x’) + (t/Mua(x’) for0<t<n,

(7.3) u'(t,x’) := {
U (Y((t—n)/(1-n),x")) forn<t<l.

Hence

(7.4) Fe(u,Q\U) = Fe(uy,Qp \ U).

It remains to estimate the energy of u in U N Q. To this end, we decompose

UnQyasUyuUy with Uy, := ¥Y([0,n) X X) and Uy :=Y¥([n,1)xZ). For almost
every (t,x") € [0,n) x X there holds

Dw (£, %) |k < K [|Du1<x'>|’< + Dus () [k + #] ,

while condition (7.1) and the fact that W () is constant for || < 1 yield
W/ (t,x")) < Wi (x")) + Wua(x")).

Hence )
Fe(u',[0,7) X 5) < Kn L o eelan) + ecua)

The change of variable formula gives the estimate
(7.5) Fe(u,¥(A)) < CiFe(uo¥,A),
where C; := (1 v Lip(‘I"l))k . Lip(‘I’)”*k, and therefore

(7.6)  Fe(u,Up) < CiFe(u,(0,n) XxX) < KCmJZ % +es(ur) + es(uy).

By (8.2) and (7.3), for every x € Uy, there holds u(x) = u» (R, (x)), where

v(x"),

1
Ry (x) =X Ny
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and t, x’ satisfy x = x" + t v(x) = ¥(t,x’). Hence Lip(R;) and Lip(R,;l) are
both of order 1 + O(n), and formula (7.5) yields

(7.7) Fe(u,Up) < (1+0(n)) - Fe(uz, U\ Q).

For n small enough, estimates (7.4), (7.6), (7.7) yield (7.2). O

Proof of statement (ii) of Theorem 5.5. Let u be a map in WH*(Q, R¥) with
trace v on 0Q such that |u| < 1 and u is locally piecewise affine in Q, that is,
agrees with some piecewise affine map on every compact subset of Q (such a map
can be obtained from any u with trace v by truncation and a local regularization
argument @ /a Meyers-Serrin).

First reduction. A simple diagonal argument shows that the statement we want
to prove is equivalent to the following: for every 6 > 0, every admissible current M
and every countable subsequence of (&) there exists a subsequence (not relabelled)
for which we can construct maps u¢ such that xJu, converge to «xM and

Fe(ug, Q)

(7.8) lim sup o]

< BlIMIl + 6.

This remark allows us to pass freely to subsequences in the construction below.
Let 6 and the countable subsequence of (¢) be fixed. We take now d >
0 so that J IDul® < 8%/(2K), where Uy is the set of all x € Q such that
Uq
dist(x,0Q) < d and K is the universal constant in (6.11). Then, by Proposition
6.4(iv) we can find y € B so that, passing to a subsequence, the maps ¢ given
in (6.7) satisfy

. Fe(uye,Us) K kO

(7.9) £1£1(1) Toge] < 5 Ju, |[Dul* < 5

Second reduction. A simple diagonal argument and Proposition 8.7 show that
it suffices to prove the claim above when the current M has multiplicity 1 and can
be written as M = M, (u) + 0N, where N is a polyhedral current of dimension
n + 1 with compact support in Q.

Let M and N be fixed, and for every € > 0, let a positive n = n(e) be given—
the correct choice of n will be specified below. Now choose a polyhedral domain
Qg sothat N € Qz € Q, Qq U Uy = Q (see Figure 7.1 below) and

Q|

o1 1 6
(7.10)  liminf gk Heere) =< 90t i logel

llogel Jao, n*

To find such Qg, apply Lemma 8.5 with g : Us — [0,d/2] a piecewise affine
1-Lipschitz function such that g = 0 on 0Q and g = d/2 on 0Uy \ Q—such
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Ug=U, =V onoQ
u, defined as in (4.3)

pasting ofu, anduy, .

FIGURE 7.1.

a function exists because the distance between these two sets is d—and then use
estimate (7.9). After passing to a subsequence, we may assume that the liminf at the
left-hand side of (7.10) is a limit.

By Theorem 9.6, there exists a map % : Qg — S*! which satisfies assump-
tions (i), (ii), (iii) of Lemma 4.2 with Q replaced by Qg4, and @ = u, on 0Qq,
where 1 is defined as in (6.7). Take u, : Q4 — R¥ as in (4.3): then the Jacobians
*Jue converge in the sense of currents to xxM on Qg, and

(7.11) lim sup Fe(ue, Qa)

< M < Ml q.
nst oge| BrlIMllq, < BkllMllq

Moreover, as pointed out in Remark 4.3,
(7.12) J ee(ug) = O(llogel).
004

It is easy to check that u¢ and u, ¢ satisfy the compatibility condition (7.1) on
0Q4, and therefore we can apply Lemma 7.1 to extend the maps u¢ to Q so that
they agree with u, ¢ = v on 0Q. Moreover, estimate (7.2) yields

(7.13) Fe(ue, Q) < Fe(ue, Qq) +2Fe(uy,£,Q\Qd)

+Cn Jan % +es(Ue) +ec(Uy ).
Now we divide both sides of (7.13) by |logé| and take the limsup as ¢ — 0. If
we have chosen n = n(e) so that it tends to 0 and 1/n = o(| logEIl/(k’l)), then
estimates (7.10) and (7.12) imply that the term in the second line of formula
(7.13) is negligible with respect to |log €|, and recalling estimates (7.9) and (7.11)
we obtain (7.8).

It remains to prove that the Jacobians *Jue converge to oxM in the flat
norm Fgnik. On the one hand, we already know that xJu, converge in the sense
of currents to &xM on every Qg, and therefore also on Q. On the other hand,
by estimate (7.8) and statement (i) of Theorem 5.5, *Jus converge, up to a
subsequence and in the flat norm Fgn+, to some oxM’, and

Fe(ug, Q)

(7.14) BilIM' |k < lllglll()nf Toge]
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It remains to prove that M" = M. Note that M is supported in Q and agrees
with M" in Q, thatis, M = M’ L Q. Combining (7.8) and (7.14) we obtain
IM'|| < [IM]], and therefore M’ must be equal to M. O

Proof of Corollary 5.6. Estimate (5.5) follows by applying statement (ii) of
Theorem 5.5 to any admissible M with finite mass—for instance any regular level
set My, (1) of any map u € WHk(Q, R¥) with trace v on Q.

Let (u¢) be a sequence of maps that satisfy (5.6). Then Fe(u¢) = O(]logel),
and Theorem 5.5(i) implies that *Ju, converge, up to a subsequence and in the
flat norm Fgnik, to &xM, where M is a rectifiable current cobordant to M, in Q,
and Bx|IM|| < liminf | log£|71F5(u5).

On the other hand, by Theorem 5.5(ii), every M” such that M’ ~5 M, can
be realized as a limit of Jacobians *Ju} so that lim |loge|~'Fe(u}) = BrlM’]l.
Hence the minimizing property (5.6) implies [[M]| < |[M'[| (and therefore M is
mass-minimizing) and lim |log&| ~'Fs (u¢) = BilIM|l. As pointed out in Remark
(iii) after Theorem 5.5, the latter condition implies (1.5).

Let A be any limit point (in the sense of measures on R"™*¥) of the rescaled
energy densities A¢ := |loge|les(ug), extended to 0 outside Q. By Theorem
5.5(i), for every open set A C R™*¥ there holds

BrkIM|(A) < liminf J A < A(A).
e-0 ANQ

Thus Bx|M[(A) < A(A) when A is an open set such that |A|(0A) = 0, and by
approximation also when A is a Borel set. On the other hand, [|A]] < lim [|A¢| =
BrlIM|l, and therefore A = Bi|M|. In other words, the rescaled energy densities
|logel~tes(ue) converge to BiIM| in the sense of measures on Rk The same
holds for | log el ~' [Du|*/k because of (1.5). O

8. APPENDIX A: TECHNICAL LEMMAS AND APPROXIMATION RESULTS

Proposition 8.1. Let Q be a bounded Lipschitz domain in R, Then there
exists a bi-Lipschitz homeomorphism Y which maps the product (—1,1) X 0Q onto a
neighbourhood U of 0Q. Moreover, Y takes (—1,0) X 0Q onto UNQ and [0,1) X 0Q
onto U\ Q, and ¥ (0,x) = x for every x € 0Q.

Proof. For every x € 0Q and € > 0, denote by C(x) the set of all vectors
v € R4 such that x + Av € R4\ Q and x — Av € Q for every A € (0, 1] (thus
v # 0), and by C¢(x) the set of all v such that v + B ¢ C(x).

Assume x € 0Q, vectors U, v’ € RY and > 0 such that |v|, [v'| < 7 and
v,v" € C(x') forevery x" € (x + By) N 0Q. Then every convex combination of
v and v’ belongs to C(x). Let indeed T* and T~ be the triangles with vertices x,
X+v,x+v and x, x —v and x — V', respectively. It is easy to check that T* and
T~ intersect 0Q only in the common vertex X, and therefore they are contained,
except for x, in R4\ Q and Q, respectively.
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From the previous remark we deduce the following property: given €, ¥ > 0
and a set F ¢ R4, and denoting by Conv(E) the convex hull of E,

(8.1) EcCi(x')NnB, Vx' € (x+B,) NoQ = Conv(E) C Ce(x).

The fact that Q is a bounded Lipschitz domain means that there exist € > 0,
finitely many open sets U; which cover 0Q, and vectors v; € B; such that v; €
Ce(xi) for every x € U;. We take non-negative smooth functions @; : R4 —
[0, 1] with compact support in U; such that >, @i = 1 on 0Q, and denote by  the
minimum of dist(supp(@;), 0U;) over all i. Then the map v (x) := v X @i(x)v;
is smooth and compactly supported, and (8.1) implies v(x) € Ce(x) for every
x € 09, and in particular v (x) # 0. We set

(8.2) Y(t,x):=x +tv(x) foreveryt € R, x € R4

Thus ¥ is smooth, ¥ (0,x) = x for every x € 0Q, and the linear map DY (0, x)
takes (dt,dx) € R x R? in v(x)dt + dx. Then the kernel of DY (0, x) is
spanned by the vector (1, —v (x)).

We claim that there exists 6 > 0 such that the restriction of ¥ to the set
(=0,06) x 0Q is bi-Lipschitz. This would also imply that ¥ is open on this set,
and conclude the proof. Were the claim not true, we could find sequences (t;, x;)
and (t7,x]) in R x 0Q, converging to (0,x) and (0,x"), respectively, such that
(ti,xi) # (t;,x;) and

[(ti —t], xi —x})|

(8.3) - 0.

If x # x’, (8.3) implies 0 = ¥(0,x) —¥(0,x") = x —x’, which is a contradiction.
If x = x’, (8.3) implies that every limit point of every renormalized sequence
Ai(ti—t}, x;—x}) is in the kernel of DY (0, x), and can be written as A(1, —v (x))
for some A € R. In particular we can find A; so that A; (x; —x}) converge to v (x).
On the other hand, x; and x belong to 09, and since v(x;) € Cre(x;), the
angle between x| — x; and v (x;) is at least arcsin(v€/|v (x;)|) for i large enough.
Since the map v is continuous, the same is true, in the limit, for the angle between
x; — x; and v (x), and this contradicts the previous conclusion. O

Remark 8.2. Let Y be taken as in Proposition 8.1, and R be the reflection
map on (—1,1) X 0Q, namely R(t,x) := (=t,x). Then® := Y oRo ¥ lisa
bi-Lipschitz map of U onto itself which agrees with the identity on 0Q, and swaps
U N Qwith U\ Q, that is, a reflection with respect to Q.

Proof of Proposition 2.6. Let V be a smooth bounded domain such that U €
V c Q. By the isoperimetric theorem, for every rectifiable boundary M in V
with finite mass there exists an integral current N in V such that M = ON and
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IN|ly < CIIMII%,H/", where the constant C depends only on V (apply Theorem
4.4.2(2) in [20] with A := V, B := 8V, and U, W neighbourhoods of A and B
that admit a Lipschitz retraction on A and B, respectively).

Thus we can find integral currents N; in V which are uniformly bounded in
mass and satisfy M; = 0Nj, and by the closure theorem for integral currents (cf.
(39, Theorem 27.3 and Remark 31.3]), we can extract a subsequence N; which
converges to an integral current N in the flat metric topology of V, as defined in
[39, Section 31]. This immediately implies the convergence of the corresponding
boundaries M; to M := ON in Fy. O

Lemma 8.3. LetS C R be a bounded set contained in a finite union of Lipschitz
surfaces of codimension W, and for every t > 0, denote by St the t-neighbourhood of
S. There exists a finite constant C (depending on S) such that La(sy) < Cth for every
t =0 and

dx C . hyp
Lt [dist(x. )17 <z » t foreveryp <handt =0,

dx t
e oy = Clog = fi S50
JSt\St/ [dist(x,S)]" < Clog t oreveryt > t' >0

Proof. The estimate on L4(S;) < Ct" follows from [20, Section 3.2.39]. For
every t > 0 denote by 1; the characteristic function of S;. Hence

1 . f1r(x)
— = t7F T
[dstx. )] t7P+p ey dt forevery x € S,
and
dx _rdieng-p Jf L4(Sr) Ch pp
Jy T,y ~ S0 |, S ar s e
A similar computation yields the rest of the statement. O

Lemma 8.4. Let X be a measurable space endowed with a finite measure .
Given positive measurable functions fo, ..., fm on X and 6 > 0, there exists a € X
such that

fo<a>s<1+5>]f fodu,

X

fi(a)5(1+5)mj[ fidy  fori=1,....m.
o Jx

Proof. We can assume that p is a probability measure. Let E; be the set of
all a where f;(a) fails to fulfil the required inequality. Then p(Eyg) < 1/(1 + 6),
while p(E;) < 6/(m(1 +9)) fori = 1, ..., m. Hence the measure of the set
Ey U - - - U Ey is less than 1, which implies that the complement is not empty. &
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Lemma 8.5. Let Q be an open subset of R4. Given a 1-Lipschitz function g on
Q, denote by M and m respectively the supremum and the infimum of g on Q, and by
Qy the t-sublevel set of g. Then, for every sequence of positive Borel functions fe on Q
there exists t such thatm < t < M and

1
-m

. . d_l . . d
l1rgrll()nf o, fedHY' < i l1rgrll()nf Qfg are.

Proof. Since |Dg| < 1, the coarea formula for Lipschitz functions yields, for
every € > 0,

M
j [ fgd.%d-l]dt:j fnggldeSJ feded,
00 Q Q

m

and by Fatou’s lemma,

M
J [liminf fgdi}{d”]dtslimionfj fedlA.
[ d Q

m &-0 aQt

To conclude, it suffices to choose t properly. o
We conclude this appendix with two approximation results for integral currents.

Proposition 8.6. Let Q be a bounded Lipschitz domain in RY, d > 2, and let
M be an integral boundary in Q with dimension h < d and finite mass. Then

(i) M agrees (in Q) with the boundary of an integral (h + 1)-current N in R with
compact support such that |ON|(0Q) = 0;

(ii) M can be approximated in the flat norm ¥q by a sequence of polyhedral bound-
aries M; in R so that |Millog — |IMllo. Moreover, we can require that
|M;1(0Q) = 0 and M; has multiplicity 1 for every i.

Proof. Let M = ON, where N is an integral current N in Q.

We prove statement (i) first. We extend N to a neighbourhood of Q using the
reflection map ® in Remark 8.2. More precisely, we set Q" := Q U U, where U
is the tubular neighbourhood in Proposition 8.1. Then the boundary of N in Q'
is given by M + T, where T is supported on 0Q (|| T|| is not necessarily finite). If
we set N’ := N — ®;N, then dN’ = M — &, M in Q'.>> Hence N’ is an integral
current in Q" which agrees with N in Q, and [ON"[(0Q) = 0. Finally, a suitable
truncation makes N’ an integral current in R4,

We prove now statement (ii). By statement (i), we can assume that M = 0N,
where N is an integral current in R4 with compact support, and [ON[(0Q) = 0.
By standard approximation results (see, e.g., [20, Corollary 4.2.21]), we can find
polyhedral currents N; which converge to N in the usual flat norm for integral

22This can be verified using the identification of U with (-1, 1) X 0Q provided by Proposition 8.1,
and the explicit formula for the reflection map given in Remark 8.2.
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currents and [|N;l| + [[ON;ll — IN|| + [[ON]| (where all masses are computed on
the entire R%). It follows immediately that Fga (ON; — ON) — 0 and [|[ON;]| —
ION1l, and the latter implies |[ON;lly — [[ON|ly for every open set U such that
|ON[(0U) = 0, and in particular for |[0N;|lqg — [[0Nlq.

We conclude the proof of statement (ii) with two simple remarks that allow
us to choose Nj so that [ON;[(0Q) = 0 and N; has multiplicity 1. Firstly, if a
polyhedral current N does not satisfy |ON|(0Q) = 0, yet generic translations do.
Indeed, since 02 has null Lebesgue measure, for every n-plane P in R4, the set of
all vectors v € R4 such that H"((v + P) N 9Q) > 0 must be Lebesgue negligible
by Fubini’s theorem, and clearly the same holds if P is a subset of a finite union of
n-planes.

Secondly, every integral polyhedral boundary M can be approximated in the
flat norm by polyhedral boundaries with multiplicity 1. Write M as a finite sum
M = Y 0F;, where each F; is an oriented simplex with multiplicity 1 and o; =
1 an integer, and replace it by M’ := M + >;;0G;j where j runs from 1 to
o and each Gjj is the cylinder which joins F; and a translation F; + v;; (more
precisely, the push-forward of the product current [0, 1] X F; in R X R? according
to the map (t,x) — (x + tvi;)). Thus M" is polyhedral and cobordant to M,
it has multiplicity 1 for almost every choice of the vectors v;;, and the distance
Fra(M — M’) is bounded by >;; [1Gi;ll < Xij |vijl - [IFill and therefore can be
taken arbitrarily small. O

Proposition 8.7. Let Q be a bounded Lipschitz domain in R, d > 2. Let M' be
a rectifiable current supported in Q with dimension h < d such that |M'|(0Q) = 0,
and let M be a rectifiable current supported in Q of the form M = M’ + ON, with N
an integral current supported in 0.

The current M can be approximated in the flat norm ¥ga by a sequence of currents
M¢ of the form M¢ = M’ + ONg, where N¢ is an integral current with compact
support in Q, and ||M¢|l — IM||. Ifin addition M' has multiplicity 1 and agrees on
every compact subset of Q with a polybedral current, then we can require that N¢ is

polybedral, and Mg has multiplicity 1.

Proof- Take U and ¥ : (-1,1) x 0Q — U as in Proposition 8.1. For every
0 < & < 1weset Us := Y((—¢, &) x 0Q), and take the following retraction of
QU U; onto Q \ Ug:

P(x) i x ifx € Q\ U,
Xl Y l(x) ifx e U,

where P/ (t,x") := (—¢,x") for every (t,x") € (—¢,¢&) X 0Q. We set

(8.4) Ng = Pgﬁ(N) and Mg::M/JFaNg.
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Clearly, supp(N¢) € Q. Let us verify that Fga (Mg — M) — 0. To this end, we
define the following homotopy between P¢ and the identity map:

Re(A,x) := X if A € [0,€] and x € Q\ Us,
ST IWRIA Y (X)) ifA € [0,¢] and x € UL,

where R{(A,t,x") := (=A+ (1 =A/&)t,x’) for (A, t,x") € [0,€] X (—¢, &) X 0Q.
Thus R:(0,x) = x and R¢(&,x) = Pe(x). We extend R¢ to all A ¢ [0,¢] by
setting it equal to x for A < 0 and to Ps(x) for A > €. Using definition (8.4), and
denoting by I the current associated to the oriented segment [0, €], we obtain

= Re;(0I¢ X ON) = Re; (0(I¢ X ON)) = 0Res(Ie X (M — M")),

and since Lip(R¢) is bounded by a constant C independent of &,

Fruk (Mg = M) < ||[Rez (Is X (M — M"))||
<CMULx (M -M)|| <CMlg|M - M.

We prove now that || M¢|| converge to ||M||. Using the identity M = M" + ON and

definition (8.4), and recalling that P; agrees with the identity on Q \ Ug, one easily
verify that

(85) M, = M — ngM, + ang(M)
= M’l_ Ug _Pgﬁ(Mll_ Ug) +M|_ (Q\Ug)
+ Pes (ML (Ug \ 3Q)) + Pey (ML 3Q).

The assumption |[M'[(0Q) = 0 implies that [|[M" L U¢|l = [M|(Ug) tends to 0 as
€ — 0, and the same holds for [|[P¢; (M’ L Ug)|l because the Lipschitz constants
of the maps P¢ are bounded independently of €. Similarly, [M"L (U \ 0Q) =
IM| (U \ 0Q) tends to 0, and therefore the same holds for ||Pss (M’ L (U \ 0Q))|l.

Obviously [[ML (Q\ Ul = IM[(Q\ Ug) tends to [M|(Q2). The definition
of P¢ and formula (8.2) yield P¢(x) = x — gv (x) for every x € 0Q, where v is a
smooth vectorfield. Hence the Lipschitz constant of the restriction of P to 0Q is
of order 1 + O(¢) and therefore ||Pey (ML 0Q)|| tends to |[M|(0Q).

Combining these remarks and (8.5) we finally obtain

lim [ Ml = lsigg[llML (Q\ U + [Pz (ML O] = IM(Q) = [IM].

The rest of the statement follows by standard arguments like those used in the
proof of Proposition 8.6, and we omit the details. O
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9. APPENDIX B: MAPS WITH PRESCRIBED JACOBIANS

The main result of this appendix is Theorem 9.6: it is a refinement of Theorem
5.10 of [3] and allows us to construct S¥~!-valued maps with prescribed Jacobian
and prescribed boundary values. The proof requires some preliminary lemmas
and additional notation.

We adopt the notation introduced in Section 4.1. In particular, given an
h-dimensional polyhedral current, we denote by the same letter the supporting
polyhedral set; given a simplex F in R"** and &, y > 0, the set U(F, 8, ) is the
set of all x € R™*¥ that satisfy (4.1) or equivalently (4.2). Jacobians of maps of

class Wk=1 valued in S*~! are intended in the distributional sense (see Remark
2.11).

9.1. Additional notation. For every integer 0 we fix a smooth map @, :
Sk=1 — §k=1 50 that @y is constant, @ is the identity, and each @ has degree
o.

Let F and U = U(F,8,y) be taken as above, and let u : U — S*°! be a
map which is continuous on U \ F. The degree of the singularity of u at F is
o = deg(u,S,Sk’l), where S is any (k — 1)-dimensional sphere of the form
{x"} x Sk~ contained in U. Note that o does not depend on the choice of S.

Let M and S be finite unions of simplexes in R"** with dimension at most n
and n — 1, respectively. We say that a map u on Q has a nice singularity at M, S,
if u is locally Lipschitz on Q \ (M U S) and

1 1
(9.1) [Du(x)| =0 (m) +0 (m) for every p > 1.

We say that a map u has a nice singularity at M (resp., at S) if it is locally Lipschitz
on Q\ M (resp., Q\ S) and satisfies (9.1) when the second term (resp., the first
term) at the right-hand side is dropped.

Remark 9.2. (i) Let U’ be the interior of U = U(F,6,y). The Jacobian of
amap u € WHk=1(U’, S¥=1) which is continuous in U’ \ F is supported on the
singularity F, and more precisely xJu = o&x0F, where o is the degree of the
singularity—see [3, Section 3.7].23

(i) If u : Q — Sk~ has a nice singularity at M, S, then (9.1) and Lemma 8.3
imply u € WHk=1(Q\ (M U S)), and therefore u € WHk-1(Q), because M U S
has codimension larger than k — 1.

Lemma 9.3. Let F be an n-dimensional simplex in R"*k, take U = U(F,8,y)
as above, and let U’ denote the interior of U. Given a mapu : U — S k=1 1ith a nice
singularity at F of degree o, there exists u' : U — SK=1 such that

23\We assume that the orientation of F agrees with that of R™, and that the orientation of R™ x Rk
agrees with that of R"*K,
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(1) u =uondU;
(ii) u’ has a nice singularity at F, OF of degree 0;
(i) u' € WL, SKY) and Ju' = Ju;
(iv) u'(x) = Qo (x"/Ix"]) forall x € U(F,5/4,y/4).

Proof. Throughout this proof, the letter C denotes any positive finite con-
stant, possibly different at each occurrence, that depends only on the choice of u,
U, and of the map ¥ below.

We define g as in (4.2), and then U can be written as U; U U,, where Uj is
the set of all x such that x” € Fand g(x')/2 < |x"| < g(x’), while U, is the set
of all x such that x” € F and |x"| < g(x")/2 (see Figure 9.1).

Ri UFBy) F oF U, U,=U(F,8/2,y/2)
| g
5

] Rn
N

FIGURE 9.1.
Thus U, = U(F,6/2,y/2), 0U; = 0U U 0U,, and for every x € U,
(9.2) Ix"| <g(x') < ydist(x’,0F) < ydist(x,0F) < C|x"]|.

In other words, the ratio between any two of the quantities |x"'|, g(x"), dist(x’, 0F),
and dist(x, 0F) is bounded over all x € Uj.

The proofis divided in two steps. First we define #” in U; so that it agrees with
u on 0U, and depends only on the variable x”"/|x""| on 0U,. Then we extend
u’ to the interior of Uj so that u'(x) = @ (x""/|x"|) for x € U(F,5/4,y/4).
From the topological point of view, the first step is almost immediate, because
Ui \ 0F is homeomorphic to the product (F \ 0F) x Sk=1 % [%, 11 and F \ OF is
contractible; the required estimate on [Du’|, however, is delicate. The second step
is taken from Section 5.9 of [3], and will not be explained in full detail.

Step 1. Since F is convex, there exists a Lipschitz retraction ¥ : F x[0,1] — F
such that ¥(x’,0) = x" and ¥(x’,1) = x|, for every x’ € F, where x; is an
arbitrary point in the interior of F; we can also assume that

(9.3) dist(¥(x’,t),0F) = dist(x’,0F) + Ct

forevery x’ € F, t € [0, 1] (take for example ¥(x',T) := (1 — T)x" + Tx).
We choose a decreasing function T : [%, 1] — [0,1] of class C! such that
T(1) = 0and T(3) = 1 (to be properly chosen later), and for every x € U; \ OF
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we set

//|

| x
g(x’)

9.4)  Y'(x):= ‘I’(x’,'r( g(¥'(x)) ”).

)), u’(x):=u(‘1”(x), 90¢)

One easily checks that u” is locally Lipschitz on Uy \ OF, it agrees with u on 0U—
and therefore statement (i) holds—and for every x € 0U, it can be written as
u'(x) =" /|1x"]), with @ : Sk-1 — gk-1 Lipschitz.

Now we estimate [Du'|. Taking into account (9.2) and the fact that ¥ and g
are Lipschitz, from (9.4) we obtain

, . (IDx"| |IDg(x")||x"|
9.5) IDY'(x)| < CIDY| [1 + |7 (g(x’) + 22(x") )}
[T
SC[1+ Ix”l]’

where the argument of T and T is |[x"'|/g(x"), and the argument of ¥ is (x', T).
From (9.4) and (9.5) we obtain®*

9.6) |Du,(x)|§C|Du|[|m,,|+ DY Ix" | +g(¥) | g(¥)lx |]

g(x’) g*(x")
9(x") it g¥)] | ]

<C——|1 < 1

ST { Tt g(x’)] <% [ ¥ g(\y,)}

S (L N
~ dist(x, 0F) dist(x,0F) + 11"

Let f: [0,+00) — [0, +00) be a continuous and strictly increasing function—to
be properly chosen below—such that £(0) = 0, f(t)/t is decreasing in (0, to] for
some tp > 0 and

bodt 1
(97) 0 m < E
By (9.7) we can find a decreasing function T : [%, 1] = [0, 1] of class C! such that
T(3) =1, 7(1) =0, and T = — f(7) in the interval of all points where T < t.
For every d > 0 and every point where T < t there holds

Tl _ f(o) _ fd)
d+Tt d+T1°~ d

24The argument of Du in the first line is the same as that of u in formula (9.4). The second
inequality follows by estimates (9.2), (9.5) and |Du(x)| < C/|x" |—by assumption, u has a nice
singularity at F. For the third inequality we used the estimate g(¥Y') = g(¥(x',T)) = g(x"), while
the last one follows from (9.2) and g(¥") = C(dist(x’,0F) + T). Both estimates follow from (9.3).
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(if d < T use that f(t)/t is decreasing, and if d = T use that f(t) is increasing).
Therefore estimate (9.6) becomes

S (dist(x,0F))

9.8) IDu ) = C i, aF))2

for every x € Uj.

Step 2. To extend u’ to U,, we proceed as in Section 5.9 of [3]. Since both
@ and @ have degree o, by the Hopf theorem they are homotopic, and we

can construct a Lipschitz map & : Sk=1 %[0, %] such that @ (-, %) = @(-) and
(-, t) = Py (-) fort < L For every X in the interior of U, we set

, x,/ |x//|
. = .
©-9) wix) (|x"| ’ g(x’))

It is clear that u’ is locally Lipschitz on U \ F, satisfies statement (iv), and has a
singularity of degree o at F. A straightforward computation gives [Du'(x)| =
O(1/]x"]) for x € U,. Together with (9.8), this implies

1 ) (f(dist(x, aF))> .

(9.10) IDu’(x)] =0 (m (dist(x, 0F))?

In particular, taking f(t) := t(logt)2 (for t < 1/e?), we obtain that u’ has a
nice singularity at F, 0F, and the proof of statement (ii) is complete. In turn,
statement (i) implies that u’ belongs to WHk=1(U’, Sk=1) (cf. Remark 9.2(ii)),
and *Ju = xJu’ because the singularities of u and u’ have both degree o (cf.
Remark 9.2(i)). This concludes the proof of statement (iii). O

Remark 9.4. (i) If u has a singularity of degree 0 = 0 at F, then definition
(9.9) and the fact that @y is a constant map imply that the map u’ in Lemma 9.3
is constant in U,. Thus the first term at the right-hand side of estimate (9.10) can
be dropped, and u” has a nice singularity at 0F. In other words, Lemma 9.3 shows
that n-dimensional singularities of degree 0 can be reduced to (1 —1)-dimensional
singularities.

(ii) The function f(t) in the proof of Lemma 9.3 cannot be taken asymptot-
ically equivalent to t because of assumption (9.7), and therefore our construction
does not provide a map u’ such that [Du'(x)| = O(1/ dist(x, 0F)).

In the following we assume that Q is a bounded domain in R™** with poly-
hedral boundary, and u : Q — R¥ a piecewise affine map. By Proposition 6.4(ii),
we can choose a regular value a € B¥ of u such that the map u, defined in (6.7)
belongs to WLk=1(Q), Sk=1) and *Ju, = oxM,(u). We also choose a regular
value ¥ € S¥°! of u, such that My (u) = (—1)”’18My(ua) in Q—see Propo-
sition 5.3(iii) and Remark 5.4(i). Note that M (1) and M, (1) are polyhedral
current of dimension 7 and 1 + 1, supported on the sets w1 (a) and u'(Lg,, ),
where Lg,y is the half-line {a + ty : t = 0}.
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Lemma 9.5. Let Q, u, a, and y be taken as above. Let Q0 be an open set
relatively compact in Q whose boundary is polybedral and transversal to Mg (W) and
M,y (uq) (in the sense of Note (16)) and set Qy := Q \ Q. Let N’ := My (ua) L Q)
be the restriction of the polybedral current My, (Wq) to Qy, and let M' be the boundary
of N" in Q. Given y' € S¥=V with y' # vy, there exists a map u' : Qy — Sk~ such
that

(1) u' =uy ondQandu’ =y ondQ;;
(ii) u’ has a nice singularity at M';
(ii) u’ € Whk1(Qy, S¥ 1) and M,,(u') = N'.

Proof. Throughout this proof, the letter C denotes any positive finite con-
stant, possibly different at each occurrence, that depends only on the choice of Q,
Qi,u,a, y,and y’'.

First of all, we choose a map ¥ : SK=1 x [0, +00) — Sk=1 such that
@) Y(x,t)=xift = 1;
i) ¥Y(x,t) =y if |[x — y| = Kt;
(iii") ¥ is of class C! on the complement of (,0), and [D¥(x,t)| < C/t.
(iv') fort >0, Y(x,t) = y if and only if x = v, and the derivative of ¥ (-,t) at
2y Is orientation preserving.
(A way to construct the map ¥ is the following: represent S¥~! as a quotient of
the closed unit ball D in R¥~! so that 0 corresponds to 3 and 9D corresponds to
v’, and take ¥ (x,t) := x/(t A1) for |[x| < t and ¥Y(x,t) := x/|x| = »’ for
x| >t.)
We set M := Mz (1) N Qy, thus M’ is the closure of M’ N Q5 (or ON' N Q).
Then, for every x € Q,, we set

"(x) 1= . distlxe, M)
(9.11) u'(x) :==¥(ugs(x),0(x)gi1(x)), where g;(x):= Tt M AT

where o is a positive Lipschitz function on Q; bounded away from 0 that will be
made precise in the following. The verification of the properties of u” is divided
in several steps.

Step 1. Formula (9.11) and assumption (iii’) imply that u” is well-defined and
locally Lipschitz in the set of all x € Q; such that (ua(x), 0 (x)g1(x)) # (,0)
and dist(x,M"") > 0, that is, in the complement of the set M".

Step 2. We estimate now |[Du’|. The definition of g; yields

1 N dist(x,M’)
dist(x, M) A1 (dist(x,M"") A 1)2
C
= dist(x,M"")"

9.12) IDg1(x)| <
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Since u is piecewise affine, u, has a nice singularity at My (1), thatis, [Dug (x)| <
C/dist(x,M"") for every x € Q,. Hence, recalling the estimate on [DY¥| in as-
sumption (iii’) and (9.12), we obtain

IDu'(x)| < IDY| - (IDuq| + |Dolg1 + o|Dg1)
C C C
< . < .
og: dist(x,M'"") ~ dist(x,M’)

A

Together with Step 1, this proves statement (ii).

Step 3. An easy computation shows that g; (x) = 1 A dist(0Q, 0Q,) for every
x € 09, and therefore assumption (i') and formula (9.11) imply u'(x) = ua(x)
for every x € 0Q provided that o = 1/(1 A dist(0€,0Q)) on 0Q.

Step 4. Using the definitions of 1, and N’, and the fact that u is piecewise
affine, it is not difficult to check that for every x € Q there holds?

dist(x, My (Ua))
dist(x, Mg (u))

[ug(x) —yl=C v C"dist(x, My (Ug)).

Thus, for every x € Q;,

. distte, NT)
(9.13) [ua(x) — ¥l = Cga(x), where gs(x):= diste, M) AT

By assumption (ii’), u'(x) = »’ provided that |us(x) — y| = Ko (x)g:(x).
Taking into account (9.13) and the definitions of g; and g, we obtain the impli-
cation
(9.14) o(x)dist(x,M") > Cdist(x,N') = u'(x)=7y'.
On the other hand, N’ is transversal to 0Q;, and then
Cdist(x,N") = dist(x, N n 0Q;),
for every x € 0Q; (cf. Note (16)). Since N’ n 0Q; ¢ M’
(9.15) Cdist(x,N") > dist(x,M") for every x € 0Q;.

Putting together (9.14) and (9.15) we finally obtain that u'(x) = ¥’ on 0Q;
provided that o is smaller than a given positive constant on 0Q;. Together with
Step 3, this proves statement (i).

25This estimate holds provided that Mg (1) and My (1q) are not empty. It follows by the fact that
the quantities in the left- and in the right-hand side vanish on the same set My (1), and that u is
locally affine and non-degenerate in the directions orthogonal to Mg (u).
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Step 5. u’ belongs to W*=1(Q, S¥=1) because it has a nice singularity at M’
(cf. Remark 9.2(ii)). By assumption (iv'), u’(x) = y if and only if us(x) =
¥, and since ¥ (-, t) is orientation-preserving at ¥, we deduce that M, (u’) =
My (ua)L Q = N, and the proof of statement (iii) is concluded. O

We can now state and prove the main result of this section.

Theorem 9.6. Ler O, U, a, and 'y be taken as above, and let M be an n-
dimensional polyhedral current of the form M = Mg (u) + 0N, where N is a polyhedral
current with compact support in Q. Then there exists a map i : Q — SK71, an
(n — 1)-dimensional polybedral set S, and 8,y > 0 such that

(1) 7t =ug on oQ;
(ii) 1 has a nice singularity at M, S;
(i) @ € WHE1(Q, S* 1) and +J0t = o M;
(iv) for every n-dimensional face F of M there holds u(x) = @o(x""[|x"|) on
U(F,0,y), where o is the multiplicity of M on F.

Proof We choose a point " # 7 in S¥~! and a polyhedral open set Q; such
that supp(N) € Q; € Q and 0Q is transversal to My (1) and M, (u4) (in the
sense of Note (16)). Then we take ©” as in Lemma 9.5.

We denote by N” the restriction of My (1g) + (=1)""IN to Q;, and by M”’
the union of the n-dimensional faces of N”’. We take 8,y > 0 so that U(F, d,y)
is contained in the closure of Q for every (n + 1)-dimensional face F of N". By
Proposition 5.8 in [3] we can find a map u”’ : R"** — S*~1 such that
(i) u”’ =y in R"*\ JU(F,8,y), where the union is taken over all (n + 1)-
dimensional faces F of N”’; in particular u” = y" in RN\ Qq;
(ii") u’ is locally Lipschitz in Rk A\ M” and [Du” (x)| = O(1/ dist(x,M""));
(iii") u” € WL ' (Rn+k sk-1) and «Ju” = xxdN".
We set o
_ u'(x) forxeQ\Q,
n(x) := .
u’(x) forx e Q.
Taking into account the properties of u’" and u’ (see Lemma 9.5), and in par-

ticular that u” = u’ on 0Qy, one easily verifies that it agrees with u, on 0Q, is
locally Lipschitz in the complement of M" U M", satisfies

_ 1
IDulx)| =0 (dist(X,M' UM”)) ’

and belongs to W1k=1(Q, S¥=1). Moreover, My (1) = M, (us) + (—1)""IN by
construction, and then

*Ji = (—1)" ToagdM, (1) = oM.

Thus 1 satisfies statements (i) and (iii), and has a nice singularity at M" U M"".
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Now we use Lemma 9.4 to modify i in each U(F, 6, y) so that it agrees with
Qo in U(F,0/4,y/4), where o is the degree of the singularity of 7 at F. Hence
U satisfies statement (iv).

By Remark 9.4(ii) we have that # is no longer singular at F if o = 0, and
since 0 agrees with the multiplicity of M at F (Remark 9.2(i)), o = 0 if and only
if F does not belong to the support of M. Hence # has a nice singularity at M, S,
where S is the union of the (n — 1)-dimensional faces of M U M"’. O

Remark 9.7. By statement (i) of Theorem 9.6, the map 1t satisfies estimate
(9.1) for every p > 1. It seems possible to choose i so that (9.1) holds with p = 1,
that is, [Dii(x)| = O(1/dist(x,M U S)). However, the only proof we could find
is completely different from the current one and more complicated. Hence we
opted for a slightly weaker statement, which is anyhow more than enough for our
purposes.
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