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LOW ENERGY SOLUTIONS FOR THE SEMICLASSICAL LIMIT
OF SCHROEDINGER MAXWELL SYSTEMS

MARCO GHIMENTI AND ANNA MARIA MICHELETTI

ABsTrRACT. We show that the number of solutions of Schroedinger Maxwell
system on a smooth bounded domain 2 C R3. depends on the topological
properties of the domain. In particular we consider the Lusternik-Schnirelmann
category and the Poincaré polynomial of the domain.

Dedicated to our friend Bernhard

1. INTRODUCTION

Given real numbers ¢ > 0, w > 0 we consider the following Schroedinger Maxwell
system on a smooth bounded domain Q C R3.

—&?2Au+u+wuw = |ulP~2u  inQ
(1) —Av = qu? in Q
u,v="1_0 on 0N}

This paper deals with the semiclassical limit of the system (dJ), i.e. it is concerned
with the problem of finding solutions of (Il) when the parameter € is sufficiently
small. This problem has some relevance for the understanding of a wide class of
quantum phenomena. We are interested in the relation between the number of
solutions of (0l) and the topology of the bounded set 2. In particular we consider
the Lusternik Schnirelmann category cat €2 of  in itself and its Poincaré polynomial
P(Q).

Our main results are the following.

Theorem 1. Let 4 < p < 6. For e small enough there exist at least cat(£) positive
solutions of ().

Theorem 2. Let 4 < p < 6. Assume that for € small enough all the solutions
of problem () are non- degenerate. Then there are at least 2Py () — 1 positive
solutions.

Schroedinger Maxwell systems recently received considerable attention from the
mathematical community. In the pioneering paper [9] Benci and Fortunato studied
system () when ¢ = 1 and without nonlinearity. Regarding the system in a semi-
classical regime Ruiz [I8] and D’Aprile-Wei [I1] showed the existence of a family of
radially symmetric solutions respectively for Q = R? or a ball. D’Aprile-Wei [12]
also proved the existence of clustered solutions in the case of a bounded domain 2
in R3.
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Recently, Siciliano [I9] relates the number of solution with the topology of the
set (2 when ¢ = 1, and the nonlinearity is a pure power with exponent p close
to the critical exponent 6. Moreover, in the case ¢ = 1, many authors proved
results of existence and non existence of solution of () in presence of a pure power
nonlinearity |u|P~2u, 2 < p < 6 or more general nonlinearities [11, [2, [3} 4, [T0, (T4} [15]
17, [20].

In a forthcoming paper [I3], we aim to use our approach to give an estimate
on the number of low energy solutions for Klein Gordon Maxwell systems on a
Riemannian manifold in terms of the topology of the manifold and some information
on the profile of the low energy solutions.

In the following we always assume 4 < p < 6.

2. NOTATIONS AND DEFINITIONS

In the following we use the following notations.
e B(xz,r) is the ball in R? centered in z with radius 7.
e The function U(z) is the unique positive spherically symmetric function in
R? such that
~AU+U=U""inR®
we remark that U and its first derivative decay exponentially at infinity.
e Given € > 0 we define U.(z) = U (£).
e We denote by supp ¢ the support of the function .
e We define
1 9 9 1
3 /]RS |Vo|* + v dr — §|U|Z£p(R3)

inf
Jas IVVIPHvidz=|v]] , o5,

e We also use the following notation for the different norms for u € Hj(M):

1 1
=% [ 2P +tde oz, = [ s

a3y = [ IVaPdsJup= [ fupde
Q Q

and we denote by H. the Hilbert space H{ (2) endowed with the ||+ || norm.

Definition 3. Let X a topological space and consider a closed subset A C X. We
say that A has category k relative to X (catpy A = k) if A is covered by k closed
sets A;, j = 1,...,k, which are contractible in X, and k is the minimum integer
with this property. We simply denote cat X = catx X.

Remark 4. Let X; and X5 be topological spaces. If g1 : X1 — X5 and g2 : Xo — X3
are continuous operators such that gs o g1 is homotopic to the identity on X7, then
cat X7 < cat X, .

Definition 5. Let X be any topological space and let Hy(X) denotes its k-th
homology group with coefficients in Q. The Poincaré polynomial P;(X) of X is
defined as the following power series in ¢

P(X) =) (dimH(X))t*
k>0

Actually, if X is a compact space, we have that dimHy(X) < oo and this series
is finite; in this case, P;(X) is a polynomial and not a formal series.
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Remark 6. Let X and Y be topological spaces. If f: X - Y andg:Y — X

are continuous operators such that g o f is homotopic to the identity on X, then

P.(Y) = P(X) + Z(t) where Z(t) is a polynomial with non-negative coefficients.
These topological tools are classical and can be found, e.g., in [16] and in [5].

3. PRELIMINARY RESULTS

Using an idea in a paper of Benci and Fortunato [9] we define the map ¢ :
H}(Q2) — HE(Q) defined by the equation

(2) — A¢(u) = qu® in Q

Lemma 7. The map v : H}(Q) — H}(Q) is of class C? with derivatives

(3) V'(Wle] = i"(2quep)

(4) "(W)ler, 2] = i (2q0192)

where the operator i} : Lp,, | - |epr — He is the adjoint operator of the immersion
operator ic : He — LP,| - |c p.

Proof. The proof is standard. (I

Lemma 8. The map T : H}(2) — R given by
T(u) = / u?tp(u)dx
Q
is a C? map and its first derivative is

T'(u)lg] = 4 / pup(u)de.

Proof. The regularity is standard. The first derivative is

T'(u)[g] =2 / wp () + / W2 (u) ).
By @) and () we have

2 [wevtw) = - [ AW @D = - [ ¢ wav) -
/ ¥ () [Plgu?

and the claim follows. O

At this point we consider the following functional I. € C?(H}(Q2),R).

— l 2, W _ 1 +|p
(5) IE(U) - 2||u||8 + 4G€(u) p|u |€,p
where ) )
_ 2 _
Gu(u) = E—S/Qu Yz = ().

By Lemma [§ we have
1 _
I (u)[p] = 3 / 2VuVp + up + wuh(u)p — (uF)P~ Ly
Q

I (u)u] = [[ull2 + wGe(u) — Ju*[?

€,p
then if u is a critical points of the functional I. the pair of positive functions
(u,1(u)) is a solution of ().
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4. NEHARI MANIFOLD
We define the following Nehari set
N ={ue Hj(Q) 0 : N.(u) :=I.(u)[u] =0}

In this section we give an explicit proof of the main properties of the Nehari mani-
fold, although standard, for the sake of completeness

Lemma 9. N. is a C? manifold and infr. ||Jul| > 0.
Proof. 1f u € N, using that N.(u) = 0, and p > 4 we have
N (uw)lu] = 2||ul|? + 4w Ge(u) = plu™lep = (2 = p)l|ulls + (4 — p)wGe(u) <0

so N, is a C? manifold.
We prove the second claim by contradiction. Take a sequence {u,}, € N: with
|tnlle = O while n — +oo. Thus, using that N.(u) = 0,

|2 + wGe (un) = g1 o < Cllunll?,

o
wGe(u)

l|wnlle

and this is a contradiction. O

Remark 10. If u € N, then

) = (-3 e (i- 1) 6w
= (5-3) Wb - Y6

Lemma 11. It holds Palais-Smale condition for the functional I. on N.

1<1+

< Cllunlz™ =0

Proof. We start proving PS condition for I.. Let {u,}, € H(2) such that
I.(up) — ¢ [T (un) (]| < onll¢llc where o, — 0
We prove that ||uy]|e is bounded. Suppose ||uy|le = co. Then, by PS hypothesis
I (un) — I (up)[un Ge(un
PlLe(un) — I (un)[un] (p_l) ||un”8+(1_9_1) e(un) g

l|tnlle 4 lenlle

2

and this is a contradiction because p > 4.
At this point, up to subsequence u,, — u weakly in Hg () and strongly in L*(9)
for each 2 <t < 6. Since u,, is a PS sequence

U, + Wik (Y(ug)un) — i ((uh)P~") — 0 in Hy ()

n

we have only to prove that i*(¢(uy)u,) — i (¢ (u)u) in Hi (), then we have to
prove that

W(un)un — Y(u)u in LY
We have [9)(un )ty — Y(w)uley < |t(u)(u, — u)|57t, + (W (up) — ¥(w)) un|67t,. We

get
| 1ot = v < ([ o) - ww)ﬁ (f i) S

thus we can conclude easily.
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Now we prove PS condition for the constrained functional. Let {u,}, € N such
that
I (uy) — ¢
(L2 (un) @] = AN (un) ]| < omllelle with o =0
In particular I (uy,) {L} — AN (uy) [L} — 0. Then

llenlle llunlle

An {(p_ 2) Huan + (p—4)wG5(un)} 50

[[unle

thus \,, — 0 because p > 4. Since N'(uy,) = u, — if (4wh(up)uy) — piZ(Juf|P~1) is
bounded we obtain that {u,}, is a PS sequence for the free functional I, and we
get the claim (I

Lemma 12. For all w € H} () such that |wT|., = 1 there exists a unique positive
number t. = t.(w) such that t.(w)w € N;.

Proof. We define, for ¢t > 0

1) = L) = 222 + Gacw) - 2.
2 4 p
Thus
©) H@) = (]2 + G lu) - 2)
(7) H'(t) = ||w]|?+ 320G (w) — (p — 1)tP~2
By (@) there exists t. > 0 such that H'(t.). Moreover, by (@), (@) and because
p > 4 we that H"(t.) <0, so t. is unique. O

5. MAIN INGREDIENT OF THE PROOF

We sketch the proof of Theorem [l First of all, since the functional I. € C?
is bounded below and satisfies PS condition on the complete C? manifold N;, we
have, by well known results, that I. has at least cat I¢ critical points in the sublevel

I$={ueH" : I(u) <d}.
We prove that, for ¢ and ¢ small enough, it holds
cat < cat (M. N IM=T9)

where

1 1
Moo 1= inf = |Vol? + v?de — —/ [v|Pdx
Noo 2 R3 P JRrs

Noo = {v € H'(R?* < {0} : / |Vo|? 4+ vide = / |v|pd:1:} :
R3 R3
To get the inequality cat 2 < cat (./\/E ay) ;”00”) we build two continuous operators
D, QT S NN Metd
B N.nImM=to . Qf,
where
Q" ={zeQ : d(z,00) <r}
Qt ={zeR?® : d(z,00) <r}
with 7 small enough so that cat(27) = cat(Q") = cat(Q).
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Following an idea in [7], we build these operators ®. and § such that 8o ®. :
Q= — Q7 is homotopic to the immersion i : Q= — QT. By the properties of
Lusternik Schinerlmann category we have

cat < cat (M. N IM=T9)
which ends the proof of Theorem [l

Concerning Theorem [2] we can re-state classical results contained in [B 8] in the
following form.

Theorem 13. Let I. be the functional ([8) on HY () and let K. be the set of its
critical points. If all its critical points are non-degenerate then

(8) D0t = tP(Q) + £2(P(Q) — 1) + (1 + 1) Q)
ueK.
where Q(t) is a polynomial with non-negative integer coefficients and p(u) is the
Morse index of the critical point u.
By Remark [6l and by means of the maps ®. and 8 we have that
9) PNz NI=*0) = B(Q) + Z(1)

where Z(t) is a polynomial with non-negative coefficients. Provided that inf. m. =:
a > 0, because lin% Me = Moo (see 20) , we have the following relations |5, [§]
E—r

(10) P (IO, I87) = tP(Ne N I2"=0)

(11) Py(Hy (), I2"=+0)) = (P10, 127%) — 1)

(12) > W = P(HF(Q), I F0) + P17 1072) + (1 + 6)Q(t)
ue K,

where Q(t) is a polynomial with non-negative integer coefficients. Hence, by (@),
(I0), (), (I2) we obtain (). At this point, evaluating equation () for t = 1 we
obtain the claim of Theorem

6. THE MAP &,
For every £ € 0~ we define the function
Wee(z) = Ue(x = &)x(lz — &)

where x : Rt — R where y =1 for t € [0,7/2), x =0 for ¢ > r and |X/(¢)| < 2/r.
We can define a map

O, : Q=M
P(§) = te(Wee)Wee
Remark 14. We have that the following limits hold uniformly with respect to £ € Q2
Weelle = Ul
Weeler — ||U||Le(rsy for all 2 <t <6

Lemma 15. There exists € > 0 and a constant ¢ > 0 such that

1
CWe) = & /Q W2 (@) (W, e)do < ce?
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Proof. Tt holds

5/6
WOWe )l = /quaz,g(fﬂ)‘/’( W e)dz < qll(We e)llLs (o) </ W12/5d33)

el (We ) llss m( / Wi/ ) £/

By Remark [[4] we have that [[(We¢)l g1 ) < £5/2 and the claim follows by ap-
plying again Cauchy Schwartz inequality. O

IN

Proposition 16. For all € > 0 the map ®. is continuous. Moreover for any § > 0
there exists eg = €0(0) such that, if € < eg then I, (Pc(§)) < Moo + 6.

Proof. Tt is easy to see that ®. is continuous because t.(w) depends continously on
w € Hg.
At this point we prove that ¢-(W, ¢) — 1 uniformly with respect to £ € 2. In
fact, by Lemma [I2] t. (W, ¢) is the unique solution of
[We, E”2 + WG (W, (Wee) =t~ 2|W5 E|

By Remark [[4] and Lemma [T5] we have the claim.
Now, we have

1 1 1
L0V Wee) = (5 - 3 ) IWeel2 b (§ = 3 ) 260720
Again, by Remark [[4] and Lemma [I5] we have

1 1
W Wee) = (5= 3 ) 10Ty =

that concludes the proof. (I
Remark 17. We set

Mme = b\r}f I

€

By Proposition [I6 we have that

(13) limsupm. < Mo,
e—0

7. THE MAP 3

For any u € N. we can define a point 3(u) € R? by

[, x|lut|Pdx
Blu) = .
Jo lut|pda

The function 3 is well defined in N because, if u € N, then u™ # 0.

We have to prove that, if u € Nz N I7M=*9 then B(u) € QF.

Let us consider partitions of €. For a given € > 0 we say that a finite partition
P = {Pﬂg}jeAE of ) is a “good” partition if: for any j € A. the set P5 is closed;
P; N P; C 0P NOP; for any i # j; there exist 71(¢),72(¢) > 0 such that there
are points ¢; € P5 for which B(q5,e) C Pf C B(q;,m2(¢)) C By(q5,m1(¢)), with
r1(e) > ra(e) > Ce for some positive constant C; lastly, there exists a finite number
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v € N such that every z € (2 is contained in at most v balls B(g5,71(¢)), where v
does not depends on €.

Lemma 18. There exists a constant v > 0 such that, for any 6 > 0 and for any
e < g9(d) as in Proposition [16, given any “good” partition P. = {P]‘?}j of the

domain Q and for any function u € Nz N Ig”OOJ”; there exists, for an index j a set
Pf such that

1
6—3/5 |utPdx > 7.
P
Proof. Taking in account that I'(u)[u] = 0 we have

1
2 = i, = 5 [ el < e =Z—3/ utp
—~ & P;
Z|uj|’;p = Z|uj|§;2|u » < max{|u }Z|u

where uJ is the restriction of the function u™* on the set P;.
At this point, arguing as in [6, Lemma 5.3], we prove that there exists a constant

C > 0 such that
> uf2, < Cvllut2,
J

thus
1

Cv
that conludes the proof. (I

max{|u }

Proposition 19. For any n € (0,1) there exists dg < Mmoo such that for any § €
(0,680) and any € € (0,£0(5)) as in Proposition[I8, for any function u € NeNIM=+?
we can find a point ¢ = q(u) € Q such that

1 D
_ (u+)17 > (1 _ ) —pmoo
B(g,r/2) -2

Proof. First, we prove the proposition for u € N N [M=+2%,

By contradiction, we assume that there exists n € (0,1) such that we can find
two sequences of vanishing real number J; and € and a sequence of functions {uy} &
such that uy € Nz,

(14)
11 ) 11
k < Iak (uk) =\5 = HukHak Fw| - —— Gé“k (uk) < Me, + 20k < Moo + 30k
2 p 4 p
for k large enough (see Remark [I7), and, for any g € Q,
1 2
o (P < (1—1) o
B(q,7/2) p—2

By Ekeland principle and by definition of N, we can assume
(15) ‘I;k(uk)[go]’ < ok||¢||e, where o) — 0.
By Lemma [I8 there exists a set P* € P., such that

1
= [ vz
Kk JPE
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We choose a point g, € P,,* and we define, for z € Q, := i (Q—qr)

wg(2) = ug(erz + q) = ug(x).
We have that wy, € H}(Qe,) C HY(R3). By equation ([I4) we have

lwillF @s) = lluslZ, < C.

So wy, — w weakly in H'(R?) and strongly in L{ . (R?).

We set ¢ (ug) () := ¢ (x) = Yr(epz + qr) := Yr(z) where z € Q and z € Q.. Tt
is easy to verify that

—Asi(2) = Rqui(2).

With abuse of language we set

Thus
1 w1
L) = gl = St + oy [ audio) -
€k Ja
1 2 W 2
19 = gl = ol e gy e) =
2 Y
1 w
= gl = ol ey + b5 || outvtun) = Bey o)

By definition of E., : H*(R?) — R, we get Ee, (wg) — Meo-

Given any ¢ € C$°(R3) we set o(z) = p(epz + qr) == k(2 ) For k large
enough we have that supp@, C Q and, by (H), that E. (ws)[e] = I, (ur)[@r] — 0.
Moreover, by definiton of E., and by Lemma [8 we have

BL(lel = (b — [ i Pt wed [ onmode+

= (W, ) sy — /RB [wt P~ .
Thus w is a weak solution of
—Aw+w = (w)P~! on R3.

By Lemma [I8 and by the choice of ¢, we have that w # 0, so w > 0.
Arguing as in (8], and using that u; € N, we have

11 11\ 1 ,
(5-3) iz + (5-3) 7 [ avdotmn

11 ) , (1 1 / )
a0 R % oo
(2 p) lwe g rey + €kw <4 p) . quip(wi) = m

(17) I€k (uk)

and
A R U L =9 R
— (% — %) |w;:|p — akZ/ quit(wy) — Meo.
So, by (IT7) we have that [|w|%: zs) = -25me and that (- - %) [ Ap—

and we conclude that wy — w strongly in H'(R?).
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Given T > 0, by the definiton of wy, we get, for k large enough

1 1
|w1:|ZL)p(B(07T)) =3 |uz|pdlﬂ < =3 |UZ|pd$
k J B(qr,erT) k J B(qk,r/2)
2p
19 < (1—-n) —me.
(19) < (I-n) P

Then we have the contradiction. In fact, by (I8) we have (% - 1—17) lwii [2 — Mmoo and

this contradicts ([9). At this point we have proved the claim for u € N N [M=+%,

Now, by the thesis for u € Nz N I™=+2% and by (I8) we have
1 1
) = (5 = 5 By + 0() 2 (1= e + 0

and, passing to the limit,

liminf me, > Meo.
k—o0

This, combined by (3] gives us that

(20) 51% Me = Moo.

Hence, when ¢,§ are small enough, N N IM=t° C N. N I™29 and the general
claim follows. O

Proposition 20. There exists 09 € (0, moo) such that for any § € (0,00) and any
e € (0,e(0) (see Proposition [I8), for every function uw € Nz N IM>=*% it holds
B(u) € QF. Moreover the composition

Bod,: Q0 —QF
is s homotopic to the immersion i: Q™ — QF

Proof. By Proposition [[9] for any function u € Nz N IM™>~*% for any n € (0,1) and
for €, small enough, we can find a point ¢ = g(u) € Q such that

1
3 (u-i-)p > (1 - 77) — (M-
& JB(gr/2) p—2

Moreover, since u € Nz N 1=+ we have

p—2 w1
I (u) = <W) lutp . — 13/, quh(u) < meg + 6.

Now, arguing as in Lemma [[5] we have that

w)l|? = wu? < C|l(w)| g ult?/® o
YWl =4 QW Ju® < CllY(u)]l () ; :

50 ([l ey < (o, u'2/%)™° then
1 2 1 12/5 5/6 1 12/5 5/3
5o s ([ )" < ([ 00)

C2?|ully/s . < Ce¥|lullg < Ce?
because ||u||. is bounded since u € N N [7e+9,

IN

IN
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Hence, provided we choose £(dp) small enough, we have

-2
(p_) [u P . < meo + 26.

2p
So,
1
= fB(q,r/Q) (ut)P o 1—n
[ut]b e 1+ 280/Meo
Finally,
|5 Jolz — @) (uh)?|
u) — < €3 Q
Bw) —q < s
< EL?’ fB(q,r/Q) (LL' - q)(qu)p‘ EL?’ fQ\B(q,T/Q) (‘T - q)(qu)P
B [ut|p.e [ut[p,e
r 1—n
< —+2diam(Q) (1 - ——c—
s g+ 2diam(Q) < 1+250/moo> ’
so, choosing 7, do and £(dp) small enough we proved the first claim. The second
claim is standard. (Il
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