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Nomenclature

A, B = constant of integration

a = propulsive acceleration modulus [ mm/s2]

ac = spacecraft characteristic acceleration [ mm/s2]

e = eccentricity

F = dimensionless total energy

H = dimensionless constant of motion

p = semilatus rectum [ au]

r = Sun-spacecraft distance [ au] (with r⊕ , 1 au)

t = time [ days]

x = dimensionless variable

β = dimensionless characteristic acceleration

θ = angular variable [ rad]

µ� = Sun’s gravitational parameter [ au3/day2]

ν = true anomaly [ rad]

Subscripts

0 = initial, parking orbit
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C = center

S = saddle

I = inflection

max = maximum

min = minimum

Superscripts

· = time derivative

′ = derivative w.r.t. θ

? = critical

∼ = approximated

Introduction

The motion of a radially accelerated spacecraft in a spherical gravitational field is a

classical problem of orbital mechanics. Starting from the pioneering paper by Tsien [1], in

which the propulsive acceleration modulus is constant, a number of papers exists that study

this problem from different viewpoints, assuming that the thrust-to-mass ratio is a constant

of motion [2–5], or a function of either the distance from the primary [6–8] or of the angular

variable [9].

The considerable interest for this kind of problem, especially when the radial thrust

counteracts the local gravity, is that it captures the main features of special propellantless

propulsion systems, such as a photonic solar sail of conic shape [9–11], or the more recent

Electric Solar Wind Sail (E-sail) [12–14], whose thrust direction tends to naturally range

along the Sun-spacecraft line. A qualitative analysis of an E-sail subjected to an outward

radial thrust is thoroughly discussed in [15] in terms of spacecraft total energy. In that

paper the thrust modulus, in accordance with the more recent plasma-dynamic simulations

by Janhunen [16], is assumed inversely proportional to the Sun-spacecraft distance. In

particular, the analysis in [15] emphasizes the existence of heliocentric periodic trajectories
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when the E-sail based spacecraft is equipped with a low-performance propulsion system, i.e.

when the thrust-to-weight ratio is sufficiently small.

The contribution of this Note is to analyze the heliocentric trajectory of an E-sail with an

outward radial thrust by reducing the problem, by means of a suitable change of variables,

to the dynamics of a known equivalent nonlinear oscillator with a single degree of freedom.

In this sense, the proposed approach completes the graphical analysis discussed in [15]. An

analytical, albeit approximate, expression of the spacecraft heliocentric trajectory is also

given in polar form when the motion is periodic. This result is shown to be sufficiently

accurate for a preliminary mission analysis and is obtained with a reduced computational

time, considerably smaller than what is necessary for a numerical integration of the spacecraft

equations of motion.

Mathematical model

Consider the dynamics of a spacecraft that initially covers a closed heliocentric parking

orbit of given eccentricity e0 < 1 and semilatus rectum p0. Assume that the spacecraft

primary propulsion system is constituted by an E-sail, which, starting from the initial time

t0 , 0, provides a purely radial (outward) propulsive acceleration of modulus a = ac (r⊕/r),

where r is the Sun-spacecraft distance (with r⊕ , 1 au) and ac is the (constant) spacecraft

characteristic acceleration. The latter, defined as the maximum propulsive acceleration when

r = r⊕, is a parameter that depends on both the propulsion system performance and the

spacecraft mass. For example, assuming a spacecraft total mass of 280 kg, a characteristic

acceleration of 0.1 mm/s2 could be obtained using an E-sail with twelve tethers each one

being about 4 km long. On the other hand, a more advanced E-sail with 16 tethers of

length 6 km each, could be able to provide a characteristic acceleration of 0.3 mm/s2 for a

spacecraft with a total mass of about 300 kg. In both cases the payload mass is assumed to

be 100 km [17] .

The spacecraft heliocentric trajectory belongs to the parking orbit’s orbital plane and is
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described by the Cauchy’s problem [15]

θ̇ =

√
µ� p0

r2
, r̈ = −µ�

r2
+
µ� p0
r3

+ ac

(r⊕
r

)
(1)

θ(t0) = 0 , r(t0) =
p0

1 + e0 cos ν0
, ṙ(t0) =

√
µ�

p0
e0 sin ν0 (2)

where µ� is the Sun’s gravitational parameter, θ is the angular variable measured counter-

clockwise from the Sun-spacecraft direction at time t0, and ν0 ∈ [−180, 180] deg is the initial

spacecraft true anomaly along the parking orbit. Note that the previous equations take

into account that, in this case, the semilatus rectum of the osculating orbit is a constant of

motion.

The equivalent nonlinear oscillator

It is now useful to use θ as the independent variable and make the change of variables

x , 1− p0
r

with ṙ =

√
µ�

p0
x′ and r̈ =

µ�

p20
x′′ (1− x)2 (3)

where the prime symbol denotes a derivative taken with respect to θ. Accordingly, the second

of Eqs. (1) and the last two of Eqs. (2) are rewritten as

x′′ + x− β

1− x
= 0 , x(0) = −e0 cos ν0 , x′(0) = e0 sin ν0 (4)

where β is the (constant) dimensionless spacecraft characteristic acceleration defined as

β ,
ac r⊕ p0
µ�

(5)

In the special case in which β = 0, the spacecraft motion is Keplerian and Eqs. (4) describe

the dynamics of a simple harmonic oscillator with an unitary natural frequency [18] (indeed

the heliocentric trajectory coincides with the parking orbit). Note that the formulation

based on Eqs. (3) is consistent with the classical Burdet-Ferrándiz regularization [19–21] of

the two-body motion. A slightly different version of Eqs. (3) has been used by the Authors

to analyze the trajectory of a spacecraft subjected to a radial propulsive acceleration of
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constant modulus [3] or to a series of radial and tangential impulses [22].

Taking into account Eqs. (4), the variation of the radial distance with angle θ, i.e. the

spacecraft heliocentric trajectory in a polar reference frame, is described by the dynamics

of an equivalent single-degree-of-freedom nonlinear oscillator. In particular, according to

Nayfeh and Mook [23], the first of Eqs. (4) describes the oscillations of a current-carrying

wire in the field of an infinite current-carrying conductor restrained by linear elastic springs,

where x is the dimensionless distance between the wire and the conductor. Therefore, the

available results for this particular nonlinear oscillator [23–25] can be adapted to analyze

the heliocentric motion of an E-sail based spacecraft under an outward radial propulsive

acceleration. In this sense, Eqs. (4) are firstly used to find the conditions under which a

spacecraft heliocentric bounded motion occurs, and then to get an analytical and accurate

approximation of the spacecraft heliocentric bounded trajectory.

Trajectory analysis

The formulation of the spacecraft dynamics by means of Eqs. (4) allows important in-

formation about the heliocentric trajectory to be obtained without the need of numerically

integrating the equations of motion. The succeeding analysis aims at extending the results

discussed in [15] using the potential well concept introduced by Prussing and Coverstone [2].

To that end, note that the first of Eqs. (4) can be reduced to a first order differential equation

in the form
(x′)2

2
+ F = H with F ,

x2

2
+ β ln (1− x) (6)

where H is a constant of motion. The latter, taking into account the initial conditions (2),

depends on the triplet {β, e0, ν0} through the equation

H =
e20
2

+ β ln (1 + e0 cos ν0) (7)

Using the constraint H ≥ F (x), it is possible to find the range of dimensionless variable x

within which the motion is physically admissible. In particular, the values of x such that

H = F (x) (that is, x′ = 0) correspond to distances at which the radial component of the

spacecraft inertial velocity is zero, see the second of Eqs. (3).
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In Eq. (6) the term F is a sort of potential energy that includes, in addition to the

gravitational potential and the potential related to the radial propulsive acceleration, a part

of the kinetic energy due to the circumferential component of the spacecraft velocity. The

latter is a function of the actual Sun-spacecraft distance only, being equal to
√
µ� p0/r, which

corresponds, in a dimensionless form, to the difference (1−x), see the first of Eqs. (3). When

β = 0, Eq. (6) coincides with the classical energy equation, which is made dimensionless by

dividing each term by µ�/p0. Accordingly, apart from a constant, it can be thought of as

the total dimensionless energy of a spacecraft during its propelled motion around the Sun.

When the parking orbit is circular, the constant H is zero independent of β, whereas in a

Keplerian motion H takes a nonnegative value equal to e20/2. If e0 ∈ (0, 1), for a fixed value

of β, the constant H varies between a minimum (Hmin) and a maximum (Hmax). These two

values are reached when the propulsion system is either switched on at the aphelion or at

the perihelion of the parking orbit, viz.

Hmin =
e20
2

+ β ln (1− e0) , Hmax =
e20
2

+ β ln (1 + e0) (8)

Note that Hmax ≥ 0, whereas Hmin can take negative values depending on e0 and β. Ne-

glecting the trivial case β = 0 (Keplerian motion) and assuming x < 1, the typical variation

of F = F (x) with the parameter β is illustrated by the three cases shown in Fig. 1, in

accordance with the results discussed in [23] for the equivalent nonlinear oscillator.

When β > 0.25, F = F (x) is a monotonically decreasing function. Therefore, no closed

trajectories exist in the phase plane (x, x′) that correspond to a spacecraft bounded motion.

In other terms, once the propulsion system is switched on, the spacecraft tracks an open

orbit whose perihelion depends on the value of the initial true anomaly ν0. In particular, if

ν0 ∈ (0, 180) deg, see the last of Eqs. (4), the spacecraft goes away from the Sun with a radial

velocity which is always positive . The perihelion radius is therefore rmin , min(r) = r(t0). If,

instead, ν0 ∈ (−180, 0) deg, then x′(0) < 0 and the spacecraft tends initially to approach the

Sun until the radial velocity component becomes zero (equivalently, until x′ = 0), then the

spacecraft tends to indefinitely go away from the Sun. In this case the value of xmin , min(x),

which gives the perihelion radius rmin = p0/(1−xmin), is found by numerically evaluating the
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Figure 1: Typical variation of F with x and β, see Eqs. (6).

only real solution of the nonlinear equation F (xmin) = H, where H depends on the initial

condition through Eq. (7). Finally, when ν0 = {0, 180} deg, x′(0) = 0 and the perihelion

radius coincides with the Sun’s distance when the propulsion system is switched on, that is

rmin = r(t0). For example, assuming β ≡ e0 = 0.3 and an initial true anomaly ν0 = 60 deg,

it is found that x(0) = −0.15 and the perihelion radius is rmin = p0/1.15, see Fig 2(a) .

Starting instead from the symmetric point with respect to the apse line of the parking orbit,

i.e. assuming ν0 = −60 deg, the result is H = 0.0869 and xmin ' −0.226, which corresponds

to a perihelion radius rmin ' p0/1.226, see Fig 2(b) .

When β = 0.25, the function F = F (x) is always decreasing with the exception of a

single inflection point of abscissa x = xI , 0.5, which corresponds to a cusp point [23]

in the phase plane (x, x′). The same conclusions discussed for β > 0.25 can therefore be

applied to this case, apart from the point x(0) = xI and F (xI) = H, which coincides with

a closed trajectory, unstable in the sense of Lyapunov. Therefore, recalling Eqs. (6)-(7),

the only closed (unstable) orbit for β = 0.25 is obtained when e0 = 0.5 and ν0 = 180 deg,
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Figure 2: E-sail heliocentric trajectory when β = e0 = 0.3.

Quarta and Mengali 8 of 17



that is, by switching on the propulsion system at the aphelion of the parking orbit when the

Sun-spacecraft distance is 2 p0. In that case x does not vary with θ and is always equal to

xI . The corresponding (non-Keplerian) trajectory is therefore circular with radius r = 2 p0.

Other non-Keplerian circular trajectories [15], unstable as well, can be obtained with smaller

values of β, as will be discussed next.

A more complex case corresponds to β ∈ (0, 0.25), when the function F = F (x) has

a local minimum (center) and a local maximum (saddle) [23], at x = xC and x = xS

respectively, with

xC , 0.5−
√

0.25− β , xS , 0.5 +
√

0.25− β (9)

The local minimum and maximum points tend to coincide at the inflection point with abscissa

xI when β → 0.25, whereas when β → 0 the abscissa of the minimum point tends to zero

and that of the maximum point tends to unity (therefore r tends to infinity). These two

particular values of the dimensionless characteristic acceleration, i.e. β = {0, 0.25}, are

the bifurcation cases for the motion of the equivalent nonlinear oscillator [23], and imply

a qualitative variation of the trajectory in the phase plane which, in its turn, corresponds

to a variation in the spacecraft heliocentric trajectory’s topology. As a matter of fact, the

condition β = 0 points out the change from a conic orbit to a propelled trajectory. The

other case β = 0.25 represents the change from an open to a (possibly) bounded trajectory,

as is now discussed.

For a given pair of initial eccentricity and position along the parking orbit, a bounded

trajectory is feasible provided the value of β is such that [23]

H ∈ [F (xC), F (xS)] ∩ x(0) ≤ xS (10)

where F (xC) and F (xS) are both functions of β only and are obtained by substituting

Eqs. (9) into F = F (x), while H is given by Eq. (7). In other terms, a bounded trajectory

is possible only if β < β? ≤ 0.25 where β? = β?(e0, cos ν0), to be found numerically, is the

maximum value of β such that the constraints (10) are met. In fact, as long as β < β?, the

spacecraft tracks a periodic propelled trajectory around the Sun. Figure 3 shows the values
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of β? as a function of the initial orbital eccentricity for different values of the initial true

anomaly along the parking orbit.
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Figure 3: Critical value of dimensionless characteristic acceleration as a function of
e0 and ν0.

The value of β?(e0, cos ν0) is in accordance with the analysis of [15] in which the critical

value of β is obtained in graphical form by exploiting the potential well concept. From a

mathematical viewpoint, in the critical case of β = β?, the level curve in the phase plane

(x, x′) represents a separatrix [23]. The latter, in terms of spacecraft heliocentric motion,

corresponds to a trajectory that asymptotically tends to a non-Keplerian circular orbit [15]

with a radius equal to p0/(1 − xS). In particular, this non-Keplerian circular orbit, caused

by a decreased effective gravitational pull due to the outward radial thrust, is consistent

with the so called “shifted circular orbit” discussed in [2] . Note that Fig. 3 provides also

the minimum value of the dimensionless characteristic acceleration β required to escape,

as a function of the starting true anomaly ν0. In particular, for a given (elliptic) parking

orbit, the absolute minimum of β? is obtained, as expected [15], starting from the perihelion

(ν0 = 0). Accordingly, the isocontour line corresponding to ν0 = 0 in Fig. 3 can be found,
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for a generic eccentricity e0, by solving for β the nonlinear equation Hmax = F (xS). Finally

note that, as previously stated, the maximum value of β? consistent with a closed trajectory

is β? = 0.25 (see Fig. 3), which is obtained when e0 = 0.5 and ν0 = 180 deg, i.e. when the

spacecraft initial position coincides with the orbit’s aphelion.

As long as β < β?, that is, when the spacecraft trajectory around the Sun is periodic, the

aphelion radius rmax and the perihelion radius rmin are obtained by calculating the two roots

of equation F (x) = H, i.e. xmax and xmin which, from Eq. (2), turn out to be both smaller

than xS. The total angle ∆θ, swept out by the spacecraft along a single propelled orbit

around the Sun, can be calculated by solving Eq. (6) for x′ and by separating the variables,

to get

∆θ = 2

∫ xmax

xmin

dx√
2H − x2 − 2 β ln(1− x)

(11)

The value of ∆θ is found through a numerical quadrature of Eq.(11). For illustrative pur-

poses, let the initial conditions be e0 = 0.3 and ν0 = 0, from which β? ' 0.147, see Fig. 3.

Assuming a dimensionless characteristic acceleration equal to a fifth of the critical value,

that is β = 0.03, it is found that H ' 0.0528, xmin = −0.3 and xmax ' 0.3646. The

corresponding radius of perihelion and aphelion are rmin = p0/1.3 ≡ r(t0) and rmax '

p0/(1 − 0.3646) ' 1.574 p0 respectively, as is confirmed by numerical simulations. In this

case the anomaly variation necessary to complete a single propelled orbit is, from Eq. (11),

equal to ∆θ ' 366.5 deg. This implies that the perihelion points of the spacecraft trajectory

are all placed along a circle of radius r(t0) with a relative angular shift of about 6.5 deg. Such

an angle also corresponds to the rotation (in the same direction of motion) of the apse line

of the osculating orbit during a single revolution, see Fig. 4, which shows the actual E-sail

trajectory in a time interval equal to one hundred times the parking orbit’s orbital period.

Analytical approximation of bounded trajectories

An important consequence of the reduction of the spacecraft dynamics to an equivalent

nonlinear oscillator is that the spacecraft trajectory can be obtained in an approximate

analytical form. As a matter of fact, different solutions to the Cauchy’s problem of Eq. (4)

are available in the literature, either obtained using the Lindstedt-Poincare method [23] or

with the harmonic balance method [24].
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Figure 4: E-sail heliocentric trajectory when β = 0.03, e0 = 0.3, and ν0 = 0.

Assuming β < β? and using the procedure described in [23], the approximate solution to

the first of Eqs. (4) is

x ' x̃ , xC + A cos (ω θ +B)− A2 α2

2α1

[
1− cos (2ω θ + 2B)

3

]
(12)

where xC is the center’s coordinate and is given by Eq. (9) as a function of β, whereas ω is

the approximate value of the frequency of the nonlinear equivalent oscillator, that is

ω =
√
α1

(
1 + A2 9α1 α3 − 10α2

2

24α2
1

)
(13)

with

α1 = 1− β

(1− xC)2
, α2 = − β

(1− xC)3
, α3 = − β

(1− xC)4
(14)

In Eq. (12) the terms A and B are constant of integration that can be calculated as a function
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of the initial conditions, see the last two Eqs. (4), from the following nonlinear equations

−e0 cos ν0 = xC + A cosB − A2 α2

2α1

[
1− cos(2B)

3

]
(15)

e0 sin ν0 = −Aω sinB − A2 ω α2

3α1

sin(2B) (16)

which must be solved numerically. If the propulsion system is switched on either at the

perihelion or at the aphelion, that is, if x′(0) = 0, the solution of the last two equation is

simplified because (16) states that B = 0, and (15) can be analytically solved for A. Having

calculated the approximate variation of x with θ through Eq. (12), the spacecraft trajectory

can be obtained in polar form through the first of Eqs. (3). Note that ∆θ can be simply

approximated as 2π/ω, which corresponds to the period of the equivalent oscillator.

The effectiveness of approximation given by Eq. (12) can be checked from the previous

example in which β = 0.03, e0 = 0.3 and ν0 = 0. From Eq. (9) it is found that xC ' 0.03096,

and from Eqs. (14) α1 ' 0.968, α2 ' −0.0329, α3 ' −0.034. The solution of the nonlinear

system (15)-(16) is A ' −0.3322 and B = 0. Accordingly, Eq. (13) provides an estimated

frequency ω ' 0.9824 and a corresponding swept angle ∆θ ' 366.44 deg, which is very close

to the actual value of 366.5 deg. This result is by no means surprising as the Lindstedt-

Poincare method is well suited [23] for approximating the period of the periodic solutions of

Eq. (4) as long as β is far from the critical value β?. In this case the approximate trajectory

is nearly coincident with the actual one, obtained by numerically integrating the equations

of the oscillator. In fact, it can be checked that the error |x− x̃| is always less than one

hundredth within twenty full oscillations of the equivalent nonlinear oscillator.

Note that the error is anyway bounded, because the approximate equation (12) is periodic

as is the actual solution. A further improvement in the approximation can be obtained from

Eq. (13) by using the actual frequency calculated as ω = 2 π/∆θ, where ∆θ is given from

Eq. (11) via numerical quadrature. When this improved approximation is applied to the

previous example, it is found that max |x− x̃| is nearly independent of θ and is always less

than 5× 10−4. Simulations show that the improved approximation can also be successfully

applied to situations in which β is not much smaller than β?. For example, in the previous
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case if β = 0.11 ' 0.75 β?, the use of the approximate value of ω given by Eq. (13) would

imply a maximum position error within twenty orbits of about 0.9 p0, while the same error

reduces to 0.04 p0 only using the actual value of ω given by Eq. (11).

Conclusions

The equations of motion of an E-sail based spacecraft with a purely radial thrust have

been regularized to reduce the heliocentric trajectory analysis to the dynamics of an equiva-

lent nonlinear oscillator with a single degree of freedom. The advantage of the new approach

is that existing mathematical models can be easily adapted to the problem at hand, thus ob-

taining interesting information on the spacecraft motion (such as the condition under which

a bounded motion can take place) as well as an approximate analytical solution to the polar

equation of the spacecraft trajectory. The latter result has important practical consequences

as it allows the spacecraft position to be successfully estimated, with a reduced computa-

tional time, even when the spacecraft performs a number of revolutions around the Sun. The

degree of accuracy of the simulations can also be substantially improved by using the ac-

tual frequency of the equivalent nonlinear oscillator at the price of introducing an additional

numerical quadrature. This technique is well suited for electric sails of low-medium perfor-

mance. A possible mission scenario could involve the phasing maneuver of an electric sail in

a heliocentric orbit. In the latter case, assuming that the parking orbit coincides with that of

Earth, the proposed method could be used to calculate the trajectory toward the Sun-Earth

triangular Lagrangian points. The trajectory analysis of an E-sail can be extended, with

suitable means, to the study of the motion in the presence of a thrust component along the

direction orthogonal to the Sun-spacecraft distance. The complication of this scenario is

that the semilatus rectum is no longer a constant of motion. Therefore, even in the simplest

case of constant thrust angle, it is necessary to calculate how the semilatus rectum of the

osculating orbit varies as a function of the spacecraft angular position.
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