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Abstract

We present a geometrical methodology for analyzing the formation flying of electric solar wind sail based spacecraft
that operate in heliocentric, elliptic, displaced orbits. The spacecraft orbit is maintained by adjusting its propulsive
acceleration modulus, whose value is estimated using a thrust model that takes into account a variation of the
propulsive performance with the sail attitude. The properties of the relative motion of the spacecraft are studied
in detail and a geometrical solution is obtained in terms of relative displaced orbital elements, assumed to be
small quantities. In particular, for the small eccentricity case (i.e. for a near-circular displaced orbit), the bounds
characterized by the extreme values of relative distances are analytically calculated, thus providing an useful
mathematical tool for preliminary design of the spacecraft formation structure.
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Nomenclature

a = semimajor axis, [ au]
a⊕ = spacecraft characteristic acceleration, [ mm/s2]
a = propulsive acceleration, [ mm/s2]
e = eccentricity
f = true anomaly, [ rad]
h = specific angular momentum vector, [ au2/day]
H = displacement, [ au]
i = inclination, [ rad]
M = mean anomaly, [ rad]
m = spacecraft total mass, [ kg]
mpay = payload mass, [ kg]
N = number of tethers
n = mean motion, [ rad/day]
O = Sun’s center-of-mass
o = focus of displaced orbit
R = focus-spacecraft distance [ au]
r = spacecraft position vector (with r = ‖r‖), [ au]
S = spacecraft center-of-mass
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t = time, [ days]
TI = inertial reference frame
TP = perifocal reference frame
TR = rotating reference frame
TRI = transformation matrix between TR and TI
TRDRC

= transformation matrix between TRD
and TRC

Tij = (i, j) entry of matrix TRDRC

x̂, ŷ, ẑ = unit vectors of coordinate axes
α = cone angle, [ rad]
αn = pitch angle, [ rad]
γ = elevation angle, [ rad]
θ = argument of latitude of displaced orbit, [ rad]
µ� = Sun’s gravitational parameter, [ au3/day2]
ρx, ρy, ρz = components of relative position vector in the chief’s rotating frame, [ au]
ρ = relative position vector, [ au]
Ω = right ascension of the ascending node of displaced orbit, [ rad]
ω = angular velocity vector, (with ω = ‖ω‖), [ rad/s]
$ = argument of periapsis of displaced orbit, [ rad]

Subscripts

C = chief
D = deputy
I = inertial
max = maximum
min = minimum
P = celestial body

Superscripts

T = transpose
? = extreme value
· = time derivative
∧ = unit vector

1. Introduction

The Electric Solar Wind Sail (E-sail) is an innovative propulsion concept that uses the natural solar
wind dynamic pressure to generate a continuous thrust, without the need of any reaction mass nor any
propellant. A spacecraft with an E-sail based propulsion system consists of a number of thin, long and
conducting tethers, which are maintained at a high positive potential by means of an electron gun [1]. Over
the last years, much effort has been devoted to study the physical mechanisms of the E-sail concept by
means of experimental tests and through plasma dynamic simulations [2, 3]. Theoretical analysis results
indicate that the E-sail thrust decays as the inverse Sun-spacecraft distance r (i.e. as 1/r), with a decreasing
rate slower than that of a classical photonic solar sail (i.e. as 1/r2). Due to this peculiarity, a number of
mission scenarios have been analyzed using an E-sail as the primary propulsion system [4, 5, 6], especially for
what concerns the preliminary analysis of interplanetary transfers where the problem is formulated within
a time-optimal framework [7, 8].

Another promising application involving an E-sail based spacecraft is to observe the polar region of
a celestial body by inserting the vehicle into a (closed) non-Keplerian displaced orbit [9, 10, 11], whose
plane does not pass through the Sun’s center-of-mass. Maintaining such a desired displaced orbit requires a
continuous propulsive acceleration by suitably orienting the thrust vector direction in such a way to balance
the centrifugal and gravitational components of the acceleration [12, 13, 14], for a time-span on the order of
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some terrestrial years. However, the propulsive requirements for this kind of mission scenario, given in terms
of maximum value of propulsive acceleration modulus necessary to maintain the displaced orbit, could be
beyond the technological capabilities of an E-sail propulsion system [15].

A feasible solution to the problem is to (ideally) disaggregate the payload [16] among multiple spacecraft,
with each functional module conveying the indispensable mass only. That way, with a reduction of the
payload mass, the reference propulsive acceleration of an E-sail (the so called characteristic acceleration) may
become significantly high [15]. In that case, a number of different spacecraft are required to operate in close
proximity, that is, in a formation flight [17]. In addition, the concept of formation flying provides a means for
increasing the observation capability, by arranging multiple E-sail based spacecraft so as to constitute a sort
of large object with a predesigned geometry. In some cases the formation geometry is loosely defined, since
the spacecraft are only required to operate within a bounded region. This arrangement is usually termed
cluster flight or loosed formation [16]. Finally, a formation flying system comprised of multiple E-sails
may contribute to a resolution improvement, enabling promising scientific missions such as the Mercury’s
magnetotail measurement [18] or the astronomical observation [19].

Existing results on spacecraft formation flying around displaced orbits are confined to cases in which the
primary propulsion system is a photonic solar sail. In this context, [20, 21] have discussed the problem of a
chief spacecraft that covers a heliocentric circular displaced orbit, while the deputy adjusts its thrust vector
in order to track a given trajectory by means of an active control strategy.
An interesting contribution to the subject of spacecraft formation flight is given by the study of the relative
motion of two spacecraft in displaced orbits using a geometrical approach [22, 23, 24]. For example, [22]
analyzes the relative motion between two solar sails that cover a circular displaced orbit, using a set of
(modified) displaced orbital elements. More recently, the geometrical analysis has been also applied to
elliptic orbits using classical [23] or non-singular orbital elements [24]. In both cases the closed-form solution
of the relative motion is parameterized in the configuration space. Note, however, that in [22, 23, 24] the
problem of formation flight has never been addressed.

The aim of this paper is to study, for the first time, the formation flight of E-sail based spacecraft in
displaced elliptic orbits. The analysis uses the recent E-sail thrust model [25, 26], in which the propulsive
acceleration modulus and the cone angle are both parameterized with numerical fitting polynomial equations
as functions of the pitch angle. The relative motion of the spacecraft is addressed in the configuration space
using suitable coordinate transformations that incorporate a set of displaced orbital elements. Unlike the
previous works [22, 23, 24], the formation geometry is studied assuming a small distance between the
spacecraft in the formation, which allows the problem to be linearized. Accordingly, the extreme values of
the relative distances can be accurately calculated in an analytical form. Maintaining a formation flight
with prescribed maximum relative distance between the spacecraft requires, however, a cooperative control
strategy. This problem is discussed in detail in a companion paper [27].

The paper is organized as follows. The next section briefly summarizes the mathematical model used
to describe the propulsive thrust of an E-sail based spacecraft and the relations necessary for maintaining
an elliptic displaced orbit. Section 3 discusses the performance requirements, in terms of characteristic
acceleration as a function of the payload mass and the number of tethers. Section 4 illustrates the equation
of relative motion and introduces the approximations necessary to find an analytical form of the bounds of
the relative motion. A case study, discussed in section 5, shows the effectiveness of the proposed method,
while section 6 contains the concluding remarks.

2. E-sail requirements for displaced orbits

The formation flying problem consists of a chief spacecraft that is required to track a heliocentric displaced
orbit and a deputy spacecraft that orbits around the chief at a small distance from it. To better describe
the mathematical model used in this paper, it is useful to start with some concepts recently introduced in
the literature.

2.1. E-sail thrust model

Each spacecraft is assumed to be equipped with an E-sail, whose thrust model is taken from [25] and
thoroughly discussed in [26]. In particular, [25] represent the more recent evolution of the E-sail model used
for mission analysis purposes, whose first appearance is in the works of [1].
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To summarize this thrust model, we introduce the unit vector n̂ normal to the nominal plane containing
the sail tethers and pointing in the direction opposite to the Sun, see Fig. 1. According to [25], the E-sail
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Figure 1: Reference frames and E-sail characteristic angles.

propulsive acceleration vector a is a function of both the Sun-spacecraft distance r, and the sail pitch angle
αn ∈ [0, 90] deg, the latter being the angle between the unit vector n̂ and the Sun-spacecraft unit vector r̂
(where r̂ , r/r, with r is the Sun-spacecraft position vector), viz.

a = a⊕

(r⊕
r

)
κ â (1)

where a⊕ is the spacecraft characteristic acceleration, defined as the maximum modulus of a at a Sun-
spacecraft reference distance r⊕ , 1 au, whereas κ = κ(αn) ∈ [0.5, 1] is the dimensionless propulsive
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acceleration, defined as the ratio of the local value of ‖a‖ at a certain pitch angle αn to the local maximum
propulsive acceleration. Note that the value of a⊕ can be suitably varied along the spacecraft trajectory, by
adjusting the tethers voltage [28, 29], to maintain an elliptic displaced orbit [30].

Since a belongs to the plane (n̂, r̂), the propulsive acceleration can be conveniently written as a function
of the radial and normal unit vectors as [26]

a =


a⊕

(r⊕
r

)
κ

[
sin (αn − α)

sinαn
r̂ +

sinα

sinαn
n̂

]
if αn ∈ (0, π/2]

a⊕

(r⊕
r

)
r̂ if αn = 0

(2)

where α = α(αn) ∈ [0, 90] deg is the sail cone angle, i.e. the angle between the direction of â and the
Sun-spacecraft line. Bearing in mind the data given by [25], the variations of κ and α with the sail pitch
angle αn are shown in Fig. 2. Note that the cone angle reaches a maximum value of about 20 deg when
αn ' 55 deg, whereas the dimensionless propulsive acceleration is maximum (κ = 1) at αn = 0 (i.e., when
r̂ ≡ n̂ and the sail nominal plane is normal to the Sun-spacecraft line), and then decreases monotonically
with αn until κ ' 0.5. Further details about the thrust mathematical model for mission analysis purposes
can be found in [26]. Also, a more accurate performance model could be obtained by taking into account
the time delay associated with turning the tether rig.
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Figure 2: Sail cone angle α and dimensionless propulsive acceleration κ as a function of the sail pitch angle αn.

2.2. Chief ’s elliptic displaced orbit

It is now useful to recall some mathematical relations that give an estimate of the propulsive performance
necessary for maintaining a heliocentric, elliptic, displaced orbit using an E-sail propulsion system. For an
in-depth discussion about this problem the interested reader is referred to [30, 31].

Consider a Keplerian, elliptic, reference orbit with a semimajor axis aP and an eccentricity eP . Without
loss of generality, assume the nominal orbit to belong to the reference plane and introduce a heliocentric-
perifocal frame TP (O; x̂P , ŷP , ẑP ), see Fig. 1. For example, the nominal orbit could be the trajectory of
a target celestial body (a planet or an asteroid) in a scientific observation mission. Note that the orbit
of the celestial body is close to (but not necessarily in) the ecliptic plane due to a (small) inclination.
A chief spacecraft (subscript C) is assumed to cover an elliptic displaced orbit, with semimajor axis aC ,
eccentricity eC = eP , and whose orbital plane is parallel to that of the celestial body. With reference again to
Fig. 1, introduce a rotating reference frame TRC

(SC ; x̂R, ŷR, ẑR), where ẑR axis is positive in the direction
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of the spacecraft instantaneous angular velocity vector ω. The focus-pericenter direction of the displaced
orbit is assumed to be parallel to the focus-pericenter direction of the reference orbit, whereas the chief’s
instantaneous angular velocity ωC matches the instantaneous angular velocity of the celestial body on the
reference orbit. According to [30], such an orbit is referred to as Planet Following Displaced Orbit (PFDO).

The spacecraft equation of motion in the rotating frame TRC
is

r̈C + 2ωC × ṙC + ω̇C × rC + ωC × (ωC × rC) = −µ�

r3C
rC + aC (3)

where aC is the propulsive acceleration given by Eq. (2) as a function of the E-sail characteristics, and µ�

is the Sun’s gravitational parameter. Note that ωC coincides, in this case, with the angular velocity of TRC

with respect to TP . The components of the chief’s position vector rC in the frame TRC
are

[rC ]TRC
= [RC , 0, HC ]

T
(4)

where HC is the (constant) displaced orbit’s plane distance with respect to the Sun’s center-of-mass O, and
RC is the o-chief distance (i.e. the displaced orbit’s focus-chief distance), see Fig. 1. For an elliptic displaced
orbit, the distance RC can be written as

RC =
aC
(
1− e2C

)
1 + eC cos fC

(5)

where fC is the chief’s true anomaly.
The components of Eq. (3) along the radial, circumferential and normal directions of the chief’s rotating

frame TRC
are

R̈C +
µ�

r2C
cos γC −RC ḟ

2
C = a⊕ κC

(
r⊕
rC

)
cos (αC + γC) (6)

RC f̈C + 2 ṘC ḟC = 0 (7)

µ�

r2C
sin γC = a⊕ κC

(
r⊕
rC

)
sin (αC + γC) (8)

where γC is the chief’s elevation angle defined as the angle between the Sun-spacecraft line and the orbital
plane, viz.

γC = arctan

(
HC

RC

)
(9)

Since the chief’s angular velocity ḟC equals by assumption that of the reference celestial body ‖ωC‖,
therefore [32]

ḟC = ‖ωC‖ =
n (1 + eC cos fC)

2√
(1− e2C)

3
(10)

where n =
√
µ�/a3P is the mean motion along the reference celestial orbit. The term R̈C in Eq. (6) can be

calculated from Eq. (5) as a function of {aC , eC , fC}. In fact, taking into account Eq. (10), the result is

R̈C =
aC eC n

2

(1− e2C)
2 cos fC (1 + eC cos fC)

2
(11)

From Eq. (7), the component hCz
, hC · ẑRC

of the chief’s specific angular momentum hC along the ẑRC

axis is conservative, which implies
hCz

= R2
C ḟC = constant (12)

The latter equation, taking into account Eqs. (5) and (10), gives

hCz
= na2C

√
1− e2C = constant (13)
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Substituting Eqs. (10)–(11) into Eqs. (8)–(7) and bearing in mind Eq. (13), the required cone angle αC

and characteristic acceleration a⊕ for maintaining a PFDO are obtained as a function of γC as

tanαC =
ξ3C tan γC

√
1 + tan2 γC

1− ξ3C
√

1 + tan2 γC
(14)

a⊕
µ�/r2⊕

=
r⊕

κC HC

√
ξ6C tan2 γC

(
1 + tan2 γC

)
− 2 ξ3C

tan2 γC√
1 + tan2 γC

+
tan2 γC

1 + tan2 γC
(15)

where
ξC ,

aC
aP

(16)

is the ratio between the semimajor axis of the (chief’s) displaced and reference orbit. Equations (14)–(15)
provide a compact formulation of the conditions necessary for maintaining a heliocentric, elliptic, displaced
orbit using an E-sail propulsion system. These equations are valid for any elliptic displaced orbit and
generalize the results discussed in [30], which are obtained using a different approach. Note that in the
circular case (when eC = 0), Eqs. (14)–(15) reduce to the results of [31].

The procedure for calculating the propulsive acceleration necessary for maintaining a given displaced
orbit can now be summarized. First, choose the parameters of the reference Keplerian orbit {aP , eP }, and
those of the displaced orbit to be reached {HC , aC} (recall that eC = eP by assumption). For a given point
along the orbit characterized by fC , calculate the value of RC from Eq. (5), γC from Eq. (9), and the ratio
ξC from Eq. (16). The cone angle αC is obtained from Eq. (14). If αC turns out to be greater than the
maximum admissible value of about 20 deg, see Fig. 2, that means that the desired displaced orbit cannot
be maintained by an E-sail. Otherwise, the dimensionless propulsive acceleration κC is derived from Fig. 2.
Finally, the dimensionless value of the spacecraft characteristic acceleration is obtained from Eq. (15) (recall
that µ�/r

2
⊕ ' 5.93 mm/s2).

3. Typical performance requirements

According to Eqs. (5) and (9), in the elliptic case the elevation angle γC varies as a function of the chief’s
true anomaly fC . Therefore, the characteristic acceleration of the chief spacecraft a⊕ must be slightly
modified along the trajectory to maintain the displaced orbit, and this can be achieved by suitably adjusting
(within certain limits) the tether voltage [28, 29]. For a given value of the displaced orbit’s semimajor axis
aC and displacement distance HC , the maximum value of the required characteristic acceleration a⊕max =
max(a⊕) is obtained when the chief is at its pericenter (fC = 0), that is, when

tan(γC) = tan(γCmax) ,
HC

aC (1− eC)
≡ HC

ξC aP (1− eP )
(17)

Moreover, according to Eq. (14), the cone angle takes its maximum value when γC = γCmax and, therefore,
fC = 0 is the most demanding condition in terms of propulsive requirements to meet.

Figure 3 illustrates the feasible regions and the contour lines of the maximum value of the spacecraft
characteristic accelerations a⊕max

for some mission scenarios in which the reference celestial body is a planet.
The figure clearly shows that, in all of the analyzed cases, the most favorable condition in terms of charac-
teristic acceleration value it requires, is obtained when HC is small and the semimajor axis aC is near to
that of the celestial body aP . Note that for an observation mission, a spacecraft close to the planet is a
good choice. However, in general, the spacecraft must avoid a close approach to the planet since the E-sail
is unable to properly operate within the planetary magnetosphere that shields and deflects the solar wind.
This same problem is, of course, much less important for other planets, such as Venus and Mars.

Taking into account the latter remark, Fig. 3 shows that the propulsive requirements for maintaining a
displaced orbit tend to increase quickly with the displacement HC , especially in the case of the inner planets.
For example, if the reference celestial body is the Earth, a displaced orbit withHC = 0.05 au and aC = 0.95 au
can be obtained using an E-sail with a maximum characteristic acceleration of about 1.16 mm/s2, see Fig. 3.
That value corresponds to a medium-performance E-sail, whose technological level could be reached in the
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near future [2]. However, with a characteristic acceleration of 1.16 mm/s2, a (relatively) small payload
fraction can be obtained with the current technology level.

A potential solution to this problem is to distribute the payload among multiple E-sails in formation, with
each sail being comprised of indispensable modules (e.g. communication and imaging module). In that way,
the total mass of a single E-sail based spacecraft can be reduced and the propulsive performance, in terms of
characteristic acceleration, can be improved. This is exactly the concept of disaggregated spacecraft, that is,
to ideally split a monolithic spacecraft into multiple closely free-flying components that communicate with
each other via inter-satellite links [16].

For example, using the mass breakdown model discussed by [15] and assuming a tether length of 15 km
and a nominal tether voltage 25 kV, the value of the characteristic acceleration and the total spacecraft mass
m can be calculated as a function of the payload mass mpay and of the number of tethers N . The isocontour
lines of the two functions a⊕ = a⊕(mpay, N) and m = m(mpay, N) are drawn in Fig. 4. The figure shows that
a given value of spacecraft characteristic acceleration can be obtained with different combinations of mpay

and N , thus obtaining different values of the total mass m. Under the assumption that the characteristic
acceleration is set equal to the previous value of 1.16 mm/s2, it is possible to numerically calculate [15] the
relation between the payload mass and the total spacecraft mass, see Fig. 5. From the figure, there is a linear
relation betweenm andmpay for a given a⊕. If, for example, mpay = 200 kg, the total spacecraft mass is about
750 kg. Assuming a maximum launch mass of 500 kg per spacecraft (for example, the payload capability of
the 7300-series Delta II is about 600 kg for an interplanetary transfer orbit insertion), the payload could be
(ideally) split up into two parts, each one with a mass of 1.15 × 200/2 = 115 kg, a value that includes a
contingency factor of 15%. Accordingly, the mission could be accomplished using two spacecraft of 470 kg
each (a value within the admissible range), operating in a formation flight.

Note that the reduction of the payload mass (for a given a⊕) also implies a substantial simplification
in the E-sail propulsion system as the required number of tethers decreases. In fact, Fig. 6 shows that
if mpay = 200 kg, a characteristic acceleration of 1.16 mm/s2 may be obtained using about 100 tethers.
If, instead, mpay = 115 kg, the number of tethers decreases to 60. Since the length of each tether is by
assumption equal to 15 km, a reduction ofN implies a reduction of the total tether length and a corresponding
simplification of the propulsion system.

4. Geometrical analysis of formation flying

Having analyzed the generation of an elliptic displaced orbit for the chief spacecraft from the point of
view of the required propulsive performance, we are now in a position to study the relative motion of two
E-sail based spacecraft, the chief and the deputy (subscript D), moving along two different displaced orbits.
In particular, the deputy tracks a heliocentric displaced orbit whose orbital parameters are slightly different
from that of the chief spacecraft.

It has been pointed out by [22] that when the semimajor axis and eccentricity of the two displaced
orbits are given, the relative motion between the two spacecraft is univocally established, and evolves on its
invariant manifold. In the discussion to follow, the geometry and bounds of the formation will be analyzed
in the configuration space using a purely geometric approach, taking into account the recent results of [23].

4.1. Approximate form of relative motion equations

Let ρ , rD − rC denote the relative position vector between the two spacecraft, where rD is the Sun-
deputy vector, and introduce a rotating reference frame TRD

(SD; x̂RD
, ŷRD

, ẑRD
), involving the deputy

spacecraft, defined in a perfectly similar way as that of the chief. According to [23], the components of ρ in
the chief’s rotating reference frame TRC

can be written as

[ρ]TRC
= TT

RCI (ΩC , iC , θC) TRDI (ΩD, iD, θD) [rD]TRD
− [rC ]TRC

(18)

where Ω is the right ascension of the ascending node, i is the inclination and θ = $ + f is the argument of
latitude. The three angles {Ω, i,$}, which define the orientation of the displaced orbit with respect to the
inertial frame TI , closely resemble the classical definition used for Keplerian orbits, as is discussed by [23].
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The transformation matrix TRI from TR to TI , written as a function of the three Euler’s angles {Ω, i, θ}, is
given by

TRI (Ω, i, θ) ,

(cos θ cos Ω− sin θ cos i sin Ω) (− sin θ cos Ω− cos θ cos i sin Ω) (sin i sin Ω)
(cos θ sin Ω + sin θ cos i cos Ω) (− sin θ sin Ω + cos θ cos i cos Ω) (− sin i cos Ω)

sin θ sin i cos θ sin i cos i

 (19)

For the sake of brevity, the following shorthand notation is now introduced

TRDRC
, TT

RCI (ΩC , iC , θC) TRDI (ΩD, iD, θD) (20)

where TRDRC
(with generic entry Tij) represents the transformation matrix between the two rotating frames

(from TRD
to TRC

).
Assume that the chief and deputy fly close to each other. Accordingly, the relative orbital elements of

the two spacecraft are first-order small quantities, that is, ∆θ , θD − θC � 1, ∆Ω , ΩD − ΩC � 1, and
∆i , iD − iC � 1. Therefore, the entries Tij of the transformation matrix TRDRC

can be approximated as

T11 = T22 = T33 ' 1, T12 = −T21 ' (∆θ + cos iC ∆Ω) ,

T13 = −T31 ' cos iC cos θC ∆Ω− sin θC ∆i, (21)

T23 = −T32 ' − (cos iC sin θC ∆Ω + cos θC ∆i)

Substituting Eqs. (20)–(21) in Eq. (18), the radial, along-track and normal components of the relative
position vector ρ can be expressed in the chief’s rotating frame TRC

as

ρx ' ∆R+HC (sin iC cos θC ∆Ω− sin θC ∆i) (22)

ρy ' RC (∆θ + cos iC ∆Ω)−HC (sin iC sin θC ∆Ω + cos θC ∆i) (23)

ρz ' RC (sin θC ∆i− sin iC cos θC ∆Ω) + ∆H (24)

where ∆R , RD −RC and ∆H , HD −HC . Note that, enforcing the condition HC = HD = 0, Eqs. (22)–
(24) reduce to a form consistent with the Keplerian case [33, 34, 35].

If the relative distance between the two spacecraft is sufficiently small, the term ∆R may be approximated
using its differential, that is

∆R =
∂R

∂a

∣∣∣∣
C

∆a+
∂R

∂e

∣∣∣∣
C

∆e+
∂R

∂f

∣∣∣∣
C

∆f (25)

with

∂R

∂a

∣∣∣∣
C

≡ ∂RC

∂aC
=

1− e2C
1 + eC cos fC

(26)

∂R

∂e

∣∣∣∣
C

≡ ∂RC

∂eC
= −

aC
[
2 eC +

(
1 + e2C

)
cos fC

]
(1 + eC cos fC)

2 (27)

∂R

∂f

∣∣∣∣
C

≡ ∂RC

∂fC
=
aC eC

(
1− e2C

)
sin fC

(1 + eC cos fC)
2 (28)

where the expression of RC given by Eq. (5) has been considered. Using the relation between the true
anomaly f and the mean anomaly M , it can be verified that [33]

∆f =
(1 + eC cos fC)

2√
(1− e2C)

3
∆M +

(2 + eC cos fC) sin fC
1− e2C

∆e (29)

9



where ∆M ,MD −MC and ∆e , eD − eC .
For a formation flight mission, the two spacecraft should satisfy the periodic (or 1:1 commensurability)

condition, otherwise the relative motion would be locally unbounded. The mean motion of the two spacecraft
must take the same value, i.e. nC = nD. Note that M = M0 + n (t− t0), therefore the periodic condition
implies ∆M = ∆M0. The parametric solution to spacecraft relative motion can be obtained in terms of
displaced orbital elements differences by substituting Eqs. (25)–(29) into Eqs. (22)–(24). Using the chief’s
true anomaly fC as the independent variable, the solution can be written as

ρx '
1− e2C

1 + eC cos fC
∆a− aC cos fC ∆e−HC sin ($C + fC) ∆i

+HC sin iC cos ($C + fC) ∆Ω +
aC eC sin fC√

1− e2C
∆M0 (30)

ρy '
aC (2 + eC cos fC) sin fC

1 + eC cos fC
∆e+

[
aC
(
1− e2C

)
cos iC

1 + eC cos fC
−HC sin iC sin ($C + fC)

]
∆Ω

+
aC
(
1− e2C

)
1 + eC cos fC

∆$ +
aC (1 + eC cos fC)√

1− e2C
∆M0 (31)

ρz '
aC
(
1− e2C

)
1 + eC cos fC

sin ($C + fC) ∆i−
aC
(
1− e2C

)
1 + eC cos fC

cos ($C + fC) sin iC ∆Ω + ∆H (32)

Observe that the only assumption made so far to linearize the relative motion equations is that the
relative (displaced) orbital elements of the two spacecraft are small quantities. In a general case with two
highly elliptic displaced orbits, the relative motion geometry represented by Eqs. (30)–(32) is very complex,
and the invariant manifold along which it evolves resembles a quadric or a quartic surface [22, 23]. However,
if the eccentricity of the chief’s orbit is sufficiently small, i.e. if eC � 1, an interesting (simplified) form of
relative motion equations can be obtained with the following approximations

1

1 + eC cos fC
' 1− eC cos fC and

√
1− e2C ' 1 (33)

In fact, substituting Eq. (33) into Eqs. (30)–(32), the first-order approximation of the components of relative
position vector becomes

ρx ' ∆a+ (−eC ∆a− aC ∆e−HC sin$C ∆i+HC sin iC cos$C ∆Ω) cos fC

+ (−HC cos$C ∆i−HC sin iC sin$C ∆Ω + aC eC ∆M0) sin fC (34)

ρy ' aC (cos iC ∆Ω + ∆$ + ∆M0)

+ [aC eC (∆M0 − cos iC ∆Ω−∆$)−HC (cos$C ∆i+ sin iC sin$C ∆Ω)] cos fC

+ [2 aC ∆e+HC (sin$C ∆i− sin iC cos$C ∆Ω)] sin fC − aC eC ∆e sin 2fC (35)

ρz '
1

2
aC eC (sin iC cos$C ∆Ω− sin$C ∆i+ ∆H) + aC (sin$C ∆i− sin iC cos$C ∆Ω) cos fC

+ aC (cos$C ∆i+ sin iC sin$C ∆Ω) sin fC +
1

2
aC eC (sin iC cos$C ∆Ω− sin$C ∆i) cos 2fC

− 1

2
aC eC (cos$C ∆i+ sin iC sin$C ∆Ω) sin 2fC (36)
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In particular, if the chief spacecraft tracks a circular displaced orbit, i.e. when eC = 0, Eqs. (34)–(36)
reduce to the compact form

ρx ' ∆a+Ax sin (fC + ϕx) (37)

ρy ' aC (cos iC ∆Ω + ∆$ + ∆M0) +Ay sin (fC + ϕy) (38)

ρz ' ∆H +Az sin (fC + ϕz) (39)

where

Ax =
√
a2C ∆e2 + 2 aC HC ∆e (sin$C ∆i− sin iC cos$C ∆Ω) +H2

C

(
∆i2 + sin2 iC ∆Ω2

)
(40)

Ay =
√

4 a2C ∆e2 + 4 aC HC ∆e (sin$C ∆i− sin iC cos$C ∆Ω) +H2
C

(
∆i2 + sin2 iC ∆Ω2

)
(41)

Az = aC

√
∆i2 + sin2 iC ∆Ω2 (42)

ϕx = arctan

[
HC (sin$C ∆i− sin iC cos$C ∆Ω) + aC ∆e

HC (cos$C ∆i+ sin iC sin$C ∆Ω)

]
(43)

ϕy = arctan

[
HC (cos$C ∆i+ sin iC sin$C ∆Ω)

HC (sin iC cos$C ∆Ω− sin$C ∆i)− 2 aC ∆e

]
(44)

ϕz = arctan

[
sin$C ∆i− sin iC cos$C ∆Ω

cos$C ∆i+ sin iC sin$C ∆Ω

]
(45)

Equations (37)–(39) constitute a parametric representation of an elliptic cylinder, which can be considered
a degenerated manifold of the full relative motion problem. Note that if ∆e = 0 and HC 6= 0, the in-plane

projection of the relative motion is a circle with a radius Ax = Ay = HC

√
∆i2 + sin2 iC ∆Ω2. The other

special case happens when ∆e 6= 0 and HC = 0. In this case Ax/Ay = 1/2, which corresponds to an in-plane
projected ellipse with a semimajor axis equal to 2 aC ∆e and a semiminor axis equal to aC ∆e.

4.2. Bounds of relative motion

An essential prerequisite for a formation flight is that the relative distance of the two spacecraft be
confined within a well-defined region with some (assigned) lower and upper bounds. These bounds play
a fundamental role in establishing the size of the formation. Unlike previous studies [23] in which these
values were calculated by solving some high-order (either quartic or sextic) equations, in this paper they are
obtained in an explicit form as a function of the displaced orbital elements.

To this end, introduce the substitution s , tan(fC/2) and assume a small eccentricity of the chief’s
orbit. It can be verified that the generic solution of the relative motion described by Eqs. (30)–(32) can be
approximated as

ρx ' λ1 + 2
λ2 s+ λ3
s2 + 1

(46)

ρy ' λ4 + 2
λ5 s+ λ6
s2 + 1

(47)

ρz ' λ7 + 2
λ8 s+ λ9
s2 + 1

(48)
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where the coefficients λ1, λ2, . . . , λ9 are

λ1 = (1 + eC) ∆a+ aC ∆e+HC sin$C ∆i−HC sin iC cos$C ∆Ω (49)

λ2 = −HC cos$C ∆i−HC sin iC sin$C ∆Ω + aC eC ∆M0 (50)

λ3 = −eC ∆a− aC ∆e−HC sin$C ∆i+HC sin iC cos$C ∆Ω (51)

λ4 = HC cos$C ∆i+ [aC (1 + eC) cos iC +HC sin iC sin$C ] ∆Ω

+ aC (1 + eC) ∆$ + aC (1− eC) ∆M0 (52)

λ5 = aC (2 + eC) ∆e+HC sin$C ∆i−HC sin iC cos$C ∆Ω (53)

λ6 = −HC cos$C ∆i− [aC eC (1 + eC) cos iC +HC sin iC sin$C ] ∆Ω

− aC eC (1 + eC) ∆$ + aC eC ∆M0 (54)

λ7 = −aC (1 + eC) sin$C ∆i+ aC (1 + eC) sin iC cos$C ∆Ω + ∆H (55)

λ8 = aC (1 + eC ) cos$C ∆i+ aC (1 + eC) sin iC sin$C ∆Ω (56)

λ9 = aC (1 + 2 eC) +HC sin$C ∆i−HC sin iC cos$C ∆Ω (57)

In general, the relative motion is three dimensional and always evolves on its invariant manifold. However,
under the assumption eC � 1, as per Eqs. (46)–(48), the relative motion lies on a plane parameterized by

Cx ρx + Cy ρy + Cz ρz + C0 = 0 (58)

where

Cx = λ5 λ9 − λ6 λ8 (59)

Cy = λ3 λ8 − λ2 λ9 (60)

Cz = λ2 λ6 − λ3 λ5 (61)

C0 = λ1 λ6 λ8 − λ1 λ5 λ9 + λ2 λ4 λ9 − λ3 λ4 λ8 + λ3 λ5 λ7 − λ2 λ6 λ7 (62)

The bounds for each component of the relative position vector can be found by enforcing the necessary
conditions

∂ ρi
∂ s

= 0 with i = {x, y, z} (63)

where the components ρi are given by Eqs. (46)–(48). From Eq. (63), the critical values of s corresponding
to the radial bounds (denoted with the superscript ?) are obtained as

s?x =
−λ3 ±

√
λ22 + λ23

λ2
(64)

and the maximum and minimum radial distances are

ρ?x = λ1 + λ3 ±
√
λ22 + λ23 (65)

Note that the mapping from f to s introduces a number of inherent singularities s = ±∞ at f = k π (where
k ∈ N), which occur when λ2 = 0. In these cases, the extreme values are identical, that is, ρxmax

= ρxmin
= λ1.

12



Likewise, for the along-track and normal motion, the critical values of s and the corresponding extreme
values of distances bounds are

s?y =
−λ6 ±

√
λ25 + λ26

λ5
(66)

ρ?y = λ4 + λ6 ±
√
λ25 + λ26 (67)

s?z =
−λ9 ±

√
λ28 + λ29

λ8
(68)

ρ?z = λ7 + λ9 ±
√
λ28 + λ29 (69)

The singularities corresponding to λ5 = 0 or λ8 = 0 take place when f = k π. In these special cases, the
extreme values for the along-track and normal motion reduce to ρymax

= ρymin
= λ4 and ρzmax

= ρzmin
= λ7,

respectively.
The relative distance bounds of the two spacecraft can also be found using Eqs. (46)–(48). Let ρ ,

‖ρ‖ =
√
ρ2x + ρ2y + ρ2z be the two spacecraft relative distance, then

ρ2 = η +
σ3 s

3 + σ2 s
2 + σ1 s+ σ0

(s2 + 1)
2 (70)

where

σ0 = 4
(
λ1 λ3 + λ4 λ6 + λ7 λ9 + λ23 + λ26 + λ29

)
(71)

σ1 = 4 (λ1 λ2 + λ4 λ5 + λ7 λ8 + 2λ2 λ3 + 2λ5 λ6 + 2λ8 λ9) (72)

σ2 = 4
(
λ1 λ3 + λ4 λ6 + λ7 λ9 + λ22 + λ25 + λ28

)
(73)

σ3 = 4 (λ1 λ2 + λ4 λ5 + λ7 λ8) (74)

η = λ21 + λ24 + λ27 (75)

The condition to be met for obtaining the extreme values of the relative distance is

∂(ρ2)

∂ s
= 0 (76)

which amounts to solving a quartic equation in the variable s given by.

σ3 s
4 + 2σ2 s

3 + 3 (σ1 − σ3) s2 + 2 (σ2 − 2σ0) s+ σ1 = 0 (77)

whose real roots can be easily found numerically using a standard approach.

5. Case study

To verify the proposed methodology for analyzing the formation geometry and the distance bounds of
relative motion between two E-sail based spacecraft, Eq. (18) is now assumed as the reference solution and is
compared with the (approximate) analytical results. The Earth is taken as the reference celestial body with
a semimajor axis aP = 1 au and an eccentricity eP = 0.0167, with the chief spacecraft covering a PFDO.
The deputy’s orbital elements are slightly different from those of the chief and, in order to guarantee the
periodicity of relative motion, the mean motions of the two spacecraft are assumed nC = nD =

√
µ�/(1 au)3,
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a [au] H [au] e i [deg] Ω [deg] $ [deg] f0 [deg]
chief 0.95 0.05 0.0167 0.001 224 237 0

deputy 0.925 0.051 0.01 1 225 238 0

Table 1: Characteristics of the two PFDOs considered in the simulations.

a value that coincides with the Earth’s mean motion. The relevant data of the two PFDOs are summarized
in Tab. 1.

The required characteristic accelerations necessary to maintain the displaced orbits as a function of the
true anomaly for the two spacecraft are shown in Fig. 7, while the variations of the chief and deputy’s pitch
angles are illustrated in Fig. 8. Figure 9 depicts the formation geometry obtained from the approximate
solution of Eqs. (30)–(32), which fits well the reference numerical results, as is clearly shown in Fig. 10.

The extreme values of relative distances, as well as the critical values of the chief’s true anomaly, are
summarized in Tab. 2. The performance of the parametric representation of Eqs. (46)–(48) is illustrated in
Fig. 11, indicating how the approximate extreme values are able to successfully predict the lower and upper
bounds of the relative distances.

Component s? f?C mod 360 [ deg] Extreme values
ρx 3.1507× 10−2 −3.1739× 101 3.6092 1.8361× 102 −1.7443× 10−2 −3.2529× 10−2

ρy −1.0072 9.9282× 10−1 2.6959× 102 8.9587× 101 4.6712× 10−2 1.95728× 10−2

ρz −3.4240 2.9206× 10−1 2.1256× 102 3.2562× 101 1.7802× 10−2 −1.6282× 10−2

ρ −1.6213 1.0635 2.4333× 102 9.3525× 101 5.5850× 10−2 3.2627× 10−2

Table 2: Extreme values of the relative distances bounds.

In principle, the accuracy of the approximate solution relies on the differences of the orbital elements
and the eccentricity of the chief (which is small by assumption). To better emphasize the importance of eC ,
Fig. 12 shows the accuracy level that can be obtained by varying the chief’s orbital eccentricity in a range
eC ∈ [0, 0.1], while maintaining unchanged the other parameters of Tab. 1. Note that the accuracy decreases
with eC , but the approximate solution still performs well until eC ≤ 0.04. The accuracy level is better
illustrated in Fig. 13, which quantifies the maximum error along a full orbit using the approximate solution.
Note that the minimum value of the maximum error is approximately obtained when eC = eD = 0.0167,
that is, when the relative eccentricity (∆e) tends to zero.

6. Conclusions

The feasibility of maintaining an elliptic displaced orbit using an E-sail has been investigated using a
geometrical approach. The problem of studying the formation flying between two E-sail based spacecraft
that cover displaced orbits has been parameterized by a set of displaced orbital elements using a semi-
analytical procedure. Assuming a small difference in the orbital elements, the closed-form solution to the
relative motion can be described in an algebraic form via relative orbital elements.

In particular, in the case of small eccentricity, the extreme values for the relative distances can be
calculated analytically through the solution of an algebraic equation. This result is useful for determining
the formation boundaries with a given set of orbital elements or to estimate the reachable domain when some
uncertainties exist in the orbital elements. However, maintaining the formation requires an active control
strategy where, in general, both the characteristic acceleration and the sail attitudes vary as a function of
the spacecraft relative distance. The control strategy is closely related to the formation structure, as is
discussed in the companion paper [27].
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Figure 3: Feasible regions and contour lines of maximum value of characteristic accelerations a⊕max as a function of HC and
aC for some reference celestial bodies.
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tethers N .
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Figure 5: Total spacecraft mass m as a function of the payload mass mpay when a⊕ = 1.16 mm/s2.

18



mpay [kg]

N

0 50 100 150 200
0

10

20

30

40

50

60

70

80

90

100

Figure 6: Number of tethers N as a function of the payload mass mpay when a⊕ = 1.16 mm/s2.
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Figure 8: Pitch angles of the chief and deputy as a function of the spacecraft true anomaly.

-0.045
-0.035

-0.025
-0.015

-0.005

0.012
0.022

0.032
0.042

0.052
-0.02

-0.01

0

0.01

0.02

;x [au]

;y [au]

;
z

[a
u
]

Figure 9: Spacecraft relative trajectory: approximate (dashed line) vs. reference solution (solid line).
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Figure 10: Comparison between the reference (solid line) and approximate (dashed line) solution as a function of the spacecraft
true anomaly.
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Figure 11: Approximate bounds (dashed lines) and simulated reference directional relative motion (solid lines).
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Figure 12: Spacecraft relative trajectory (solid line: reference; dashed line: approximate) as a function of the chief’s eccentricity
eC .
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Figure 13: Maximum error (in modulus) achievable with the approximate solution as a function of the orbital eccentricity.
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