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Abstract

We analyze a cooperative control framework for electric sail formation flying around a heliocentric displaced
orbit, aiming at observing the polar region of a celestial body. The chief spacecraft is assumed to move along an
elliptic displaced orbit, while each deputy spacecraft adjusts its thrust vector (that is, both its sail attitude and
characteristic acceleration) in order to track a prescribed relative trajectory. The relative motion of the electric
sail formation system is formulated in the chief rotating frame, where the control inputs of each deputy are the
relative sail attitude angles and the relative lightness number with respect to those of the chief. The information
exchange among the spacecraft, characterized by the communication topology, is represented by a weighted
graph. Two typical cases, according to whether the communication graph is directed or undirected, are discussed.
For each case, a distributed coordinated control law is designed in such a way that each deputy not only tracks
the chief state, but also makes full use of information from its neighbours, thus increasing the redundancy and
robustness of the formation system in case of failure between the communication links. Illustrative examples show
the effectiveness of the proposed approach.
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Nomenclature

a = orbital semimajor axis, [ au]
a⊕ = spacecraft characteristic acceleration, [ mm/s2]
a = propulsive acceleration, [ mm/s2]
B = celestial body
e = orbital eccentricity
e = relative position errors [ m]
E = set of edges
f = true anomaly, [ rad]
G = communication topology graph
H = displacement, [ au]
I = identity matrix
L = Laplacian matrix (with entries [lij ])
N = number of deputy spacecraft
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n = mean motion of displaced orbit, [ rad/day]
nr = angular velocity of reference relative orbit, [ rad/day]
O = Sun’s center-of-mass
o = focus of displaced orbit
q = auxiliary vector
R = focus-spacecraft distance [ au]
r = position vector (with r = ‖r‖), [ au]
S = spacecraft
t = time, [ days]
TI = inertial reference frame
TR = rotating reference frame
u = control input of deputy
V = set of vertices
x̂, ŷ, ẑ = unit vectors of coordinate axes
W = weighted adjacency matrix (with entries [wij ])
α = cone angle, [ rad]
β = lightness number
γ = elevation angle, [ rad]
θ, ϕ = attitude angles, [ rad]
κ = dimensionless propulsive acceleration
µ� = Sun’s gravitational parameter, [ au3/day2]
ρx, ρy, ρz = components of relative position vector in chief’s rotating frame, [ km]
ρ = relative position vector, [ km]
υ = vertex
ω = angular velocity vector (with ω = ‖ω‖), [ rad/s]

Subscripts

B = celestial body
C = chief
i = i-th deputy
max = maximum
S = spacecraft
� = Sun

Superscripts

T = transpose
? = reference value
· = time derivative
∧ = unit vector

1. Introduction

In recent years, much effort has been devoted to the study of an Electric Solar Wind Sail (E-sail), an
interesting propulsion system that uses the natural solar wind dynamic pressure to generate a continuous low-
thrust, without the need of any reaction mass [7, 10, 18]. A potential and challenging mission scenario of an
E-sail-based spacecraft is to generate a heliocentric closed trajectory, usually referred to as displaced orbit [9,
5, 16], in which the continuous propulsive acceleration is used to shift the spacecraft orbital plane off the Sun’s
center-of-mass. A scientific application of this unusual trajectory is, for example, to continuously observe
the polar region of a celestial body, such as a planet or an asteroid. However, the propulsive requirements
for this kind of mission scenario, given in terms of maximum value of propulsive acceleration necessary to
maintain the displaced orbit, could be beyond the technological capabilities of an E-sail propulsion system.
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A possible solution to this problem is to reduce the spacecraft launch mass (with a subsequent increase of the
E-sail characteristic acceleration) by distributing the payload among different E-sail-based vehicles operating
in a formation flight, where each functional module (spacecraft) of the formation takes the essential mass
only [8, 17].

So far, the control problem of different spacecraft flying around a heliocentric displaced orbit falls into
two main categories, that is, control with single or leader-follower strategy. In the first case the concept is
to distribute a number of sail-based (either photonic solar sail or E-sail) spacecraft into different displaced
orbits and to control them separately, without the need of any real-time information about the position of
each spacecraft with respect to the chief vehicle [25, 23]. In a companion paper [24] the same idea has been
applied to a set of E-sail spacecraft in a formation flight. With such a simple control strategy, some typical
formation geometries, as well as the bounds of the spacecraft relative motion, can be analytically estimated
by selecting the displaced orbital elements. However, the robustness of the formation system cannot be
guaranteed since no stability control is involved.
The second concept, instead, assumes the chief spacecraft to follow a prescribed displaced orbit, and the
deputies to adjust their thrust vectors (that is, both the sail attitude and the characteristic acceleration) in
order to track the desired relative trajectories with respect to the chief [3, 4]. This is the so called chief-
deputy or leader-follower control strategy. Nevertheless, inherent limitations also exist in the latter system
arrangement. For example, the unique chief spacecraft, which represents the only information source about
the reference state for each deputy, is a single point of massive failure for the whole group [13]. Another
weakness associated with a chief-deputy strategy is the absence of a mutual feedback information flow
throughout the formation structure. As a result, an unfavorable situation may arise if a fault happens in the
chief-deputy communication links. A possible improvement consists in including the information exchange
among the deputies into the feedback control. In addition, it has been proved that the mutual connection
of agents also contributes to an accuracy enhancement during the transient motion [12].

Recognizing these issues, this paper concentrates on the problem of cooperative control for multiple E-
sail formation flight around a heliocentric (elliptic) displaced orbit, by making full use of the measurable
information among the formation structure. In particular, two qualitatively different cases involving either
a “directed” or an “undirected” weighted graph of communication topology are addressed via consensus
algorithms [12]. The basic idea of information consensus is that each agent in a group updates its state on the
basis of the data obtained from its local neighbours, in such a way that the final state of each agent converges
to some consistent common value. In addition, the fundamental protocol of the consensus algorithm can be
extended to deal with the problem that the state of each agent converges to a desired relative separation
value or incorporate different group behaviors into the consensus building process [15]. The emphasis of
this work relies on the fact that every available neighbour-to-neighbour information exchange among deputy
E-sails is included into the feedback control system, thus preventing an undesirable situation in which a
failure of the chief spacecraft would give rise to potential risks to the whole formation structure. In this
sense, this analysis completes the results of [24] where the chief-deputy relative motion is discussed without
the use of a cooperative control.

The paper is organized as follows. The next section briefly summarizes the mathematical model used
to calculate the E-sail propulsive requirements necessary to maintain a prescribed heliocentric displaced
orbit. In particular, with the aid of the main results discussed in [24], section 2 illustrates the model for
analyzing the relative motion of two spacecraft around a heliocentric, elliptic, displaced orbit. This relative
dynamics is then used in section 3 for the study of the control system. The latter, which is based on the
consensus algorithm, allows the E-sail thrust vector to be oriented so as to track the desired chief-deputy
relative trajectory. The control system effectiveness is then investigated in section 4 by means of numerical
simulation of some mission scenarios of particular interest. Finally, section 5 contains the concluding remarks.

2. E-sail relative motion around an elliptic displaced orbit

Consider a mission scenario in which a chief spacecraft tracks a heliocentric elliptic displaced orbit while
some deputy spacecraft are controlled to operate around the chief. The characteristics of the displaced orbit
and the spacecraft control law are selected in order to ensure that the vehicles (closely) follow the heliocentric
trajectory of a reference celestial body B with an eccentricity eB < 1 and a semimajor axis aB , as is now
discussed.
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2.1. Displaced orbit and thrust vector characteristics

Assume that a spacecraft S tracks an elliptic displaced orbit having semimajor axis aS ≤ aB and
eccentricity eS < 1, with a local angular velocity ωS that matches the instantaneous angular velocity ωB
of the reference celestial body B. Introduce the two reference frames illustrated in Fig. 1 to describe the
spacecraft motion around the displaced orbit [24]. The first one is a heliocentric inertial reference frame
TI(O; x̂I , ŷI , ẑI) centered at the Sun’s center-of-mass O, where the plane (x̂I , ŷI) contains the reference
Keplerian orbit, x̂I points to the perihelion and ẑI is positive in the direction of the celestial body’s angular
momentum vector hB . The second one, TR(S; x̂R, ŷR, ẑR), is a rotating reference frame centered at the
spacecraft center-of-mass. The plane (x̂R, ŷR) coincides the displaced orbital plane which is, by assumption,
parallel to the plane (x̂I , ŷI) and is placed at a given distance HS from it, see Fig. 1. In particular, ẑR ≡ ẑI
and the unit vector x̂R is directed from the displaced orbit’s focus o to spacecraft S.
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Î
z

Î
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Figure 1: Reference frames (adapted from [24]).

The spacecraft displaced orbit has the following characteristics: 1) the eccentricity is equal to that of
the celestial body’s orbit (i.e. eS = eB); 2) the focus o coincides with the orthogonal projection of O onto
the plane (x̂R, ŷR); 3) the perihelion belongs to the plane (x̂I , ẑI). Such a displaced orbit is called a Planet
Following Displaced Orbit (PFDO) [11] since, if the chief and the celestial body pass through their pericenter
at the same time, the spacecraft and the celestial body belong to a plane containing the unit vector ẑI at
any time instant, see Fig. 1. This orbital arrangement is particularly useful as it guarantees, for example, a
continuous observation of the poles of the celestial body.

The propulsive acceleration aS of an E-sail-based spacecraft can be written as [26, 27]

aS = a⊕S
κS

(
r⊕
rS

)
âS = β

µ�

r2⊕
κS

(
r⊕
rS

)
âS (1)

where rS is the Sun-spacecraft distance, a⊕S
is the E-sail characteristic acceleration (that is, the maximum

modulus of the propulsive acceleration at a reference distance rS = r⊕ , 1 au), βS ,
a⊕S

µ�/r2⊕
is the sail

lightness number, and κS ≤ 1 is the dimensionless propulsive acceleration [24, 11] whose local value depends
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on the E-sail cone angle αS , defined as the angle between the Sun-spacecraft unit vector r̂S and the propulsive
acceleration unit vector âS . The function κS = κS(αS), drawn in Fig. 2, shows that the E-sail cone angle
has a maximum value of about αSmax

, max(αS) ' 19.7 deg.
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Figure 2: Dimensionless propulsive acceleration κS as a function of the E-sail cone angle αS .

The components of âS in the rotating reference frame TR can be written as

[âS ]TR = [cos θS cosϕS , sin θS , cos θS sinϕS ]
T

(2)

where θS ∈ [0, 2π] is the angle between the (x̂R, ẑR) plane and the direction of âS , while ϕS ∈ [0, 2π] is
measured from the x̂R axis to the projection of âS onto the (x̂R, ẑR) plane, see Fig. 3. Note that the value
of a⊕S

in Eq. (1) can be slightly modulated by adjusting the E-sail tether voltage [6, 21, 22].
The analytical conditions required for maintaining an elliptic PFDO are [24]

tanαS =
tan γS

√
1 + tan2 γS

(aB/aS)3 −
√

1 + tan2 γS
(3)

βS =
r⊕

κS HS

√
tan2 γS

(
1 + tan2 γS

)
(aB/aS)6

− 2 tan2 γS

(aB/aS)3
√

1 + tan2 γS
+

tan2 γS
1 + tan2 γS

(4)

where µ� is the Sun’s gravitational parameter, γS , arctan (HS/RS) is the spacecraft elevation angle, and
RS is the focus-spacecraft distance given by

RS =
aS
(
1− e2S

)
1 + eS cos fS

(5)

and fS is the spacecraft true anomaly from the periapsis of the displaced orbit, see Fig. 1.
For an elliptic PFDO, that is, when eB 6= 0, the value of γS (and so the required value of αS and a⊕S

)
varies along the orbit. In other terms, a PFDO of given characteristics {aS , eS , HS} can be maintained
by continuously controlling the sail attitude (through the cone angle in accordance with Eq. (3)) and the
characteristic acceleration or, equivalently, the sail lightness number βS , see Eq. (4).
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Figure 3: Characteristic angles of the E-sail propulsive acceleration vector aS .

2.2. Chief-deputy relative dynamics

Let ρi , ri − rC denote the relative position vector between the i-th deputy and the chief spacecraft,
with

[rC ]TR = [RC , 0, HC ]
T

(6)

where the focus-chief distance RC is given by Eq. (5) as a function of the chief true anomaly fC on the
displaced orbit. The equation of relative motion in the chief rotating reference frame TR can be written as

ρ̈i + 2ωC × ρ̇i + ω̇C × ρi + ωC × (ωC × ρi) = −µ�

r3i
ri +

µ�

r3C
rC + ai − aC (7)

where the chief’s angular velocity ωC is given by

[ωC ]TR = [0, 0, ωC ]
T

(8)

with

ωC = ‖ωC‖ =
n (1 + eC cos fC)

2√
(1− e2C)

3
(9)

and n ,
√
µ�/a3B is the mean motion of the celestial body.

Since the relative chief-deputy distance is much smaller than the Sun-chief distance, the propulsive
acceleration (ai) and the gravitational acceleration (−µ� ri/r

3
i ) of the i-th deputy can be linearized around

those of the chief, viz.

ai ' aC +
∂aC
∂rC

ρi +
∂aC
∂βC

∆βi +
∂aC
∂âC

∆âi (10)

−µ�

r3i
ri ' −

µ�

r3C
rC +

∂(−µ� rC/r
3
C)

∂rC
ρi (11)
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where ∆βi , βi−βC is the relative lightness number, ∆ âi , âi− âC is the relative unit thrust vector, and

∂aC
∂rC

= −βC κC µ�

r⊕ r3C
âC r

T

C (12)

∂aC
∂βC

=
κC µ�

r⊕ rC
âC (13)

∂aC
∂âC

=
βC κC µ�

r⊕ rC
I3 (14)

∂(−µ� rC/r
3
C)

∂rC
=

3µ�

r5C
rC r

T

C −
µ�

r3C
I3 (15)

where I3 is the 3× 3 identity matrix.
Strictly speaking, Eq. (10) should also account for the variation of the chief dimensionless propulsive

acceleration κC , which is a function of the chief cone angle αC [26, 27]. However, for a heliocentric displaced
orbit with a small eccentricity, the parameter κC varies within a very small range. For example, assuming
an Earth-synchronous elliptic displaced orbit with a semimajor axis aC = 0.95 au and a displacement
HC = 0.05 au, κC oscillates periodically with a maximum variation of about 10−2 around a mean value
of 0.82. Using the mean value of κC in the simulations, the maximum induced error is less than 0.7%.
Accordingly, in what follows the dimensionless propulsive acceleration κC is assumed to be constant in
differentiation operation.

Since âi is a function of the i-th deputy thrust angles, see Eq. (2), it can be further linearized as

∆âi '
∂âC

∂ [ϕC , θC ]
[∆ϕi, ∆ θi]

T
(16)

where the Jacobian matrix is

∂âC
∂ [ϕC , θC ]

=

− sin ϕC cos θC − cos ϕC sin θC
0 cos θC

cos ϕC cos θC − sin ϕC sin θC

 (17)

while ∆ϕi , ϕi − ϕC and ∆ θi , θi − θC are the relative E-sail thrust angles between the i-th deputy and
the chief spacecraft. In particular, since the chief tracks an elliptic PFDO, θC = 0 and ϕC = αC + γC .
Substituting Eqs. (8)–(17) into Eq. (7), the differential equation of the chief-deputy relative motion becomes

ρ̈i + 2W ρ̇i + P ρi = C ui (18)

where ui is the control input of the i-th deputy sail, defined as

ui = [∆ϕi, ∆ θi, ∆βi]
T

(19)

whereas the coefficient matrices W , P and C are given by

W =

 0 −ωC 0
ωC 0 0
0 0 0

 (20)

P =


−ω2

C +
µ�

r3C

(
βC κC RC cos ϕC

r⊕
− 2R2

C −H2
C

r2C

)
−ω̇C

µ�

r3C

(
βC κC HC cos ϕC

r⊕
− 3RC HC

r2C

)
ω̇C

µ�

r3C
− ω2

C 0

µ�

r3C

(
βC κC RC sin ϕC

r⊕
− 3RC HC

r2C

)
0

µ�

r3C

(
βC κC HC sin ϕC

r⊕
− 2H2

C −R2
C

r2C

)
 (21)
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C =
κC µ�

r⊕ rC

−βC sin ϕC 0 cos ϕC
0 βC 0

βC cos ϕC 0 sin ϕC

 (22)

where, bearing in mind Eq. (9), the angular acceleration of the chief spacecraft is given by

ω̇C =
−2 eC n

2 (1 + eC cos fC)
3

sin fC

(1− e2C)
3 (23)

Traditional formation flying usually requires an accurate relative geometry maintenance with respect to
the chief, whereas some emerging missions, such as spacecraft swarm or cluster flight, only require a bounded
separation between deputies. In the analysis to follow, distributed cooperative algorithms involving the
formation system described by Eq. (18) will be designed in different mission scenarios, such that all of the
deputy spacecraft reach consensus as t → +∞. In particular, the formation control system is designed to
drive each deputy toward a desired trajectory relative to the chief by adjusting both its thrust orientation
and the sail lightness number, as is discussed in the next section.

3. Distributed coordinated control

In this section, the formation control of an E-sail-based system consisting of a chief and N ≥ 2 deputy
spacecraft around an elliptic PFDO is considered. Distributed coordinated control laws are developed for
both the undirected and directed cases. In particular, the relative motion topology will be represented by
an undirected or a directed graph to characterize the information exchange among the formation system.

3.1. Elementary graph theory

To proceed, first introduce some pertinent concepts and notations taken from graph theory [20]. A triplet
G = (V, E ,W) is a weighted graph with a number of vertices N , where V is a finite non-empty set of vertices,
E = {(υ1, υ2) , . . . , (υN−1, υN )} ⊆ V × V denotes the set of edges (each edge is a pair of vertices), and
W = [wij ] ∈ RN×N is the weighted adjacency matrix. A path in a graph is a finite or infinite sequence of
edges that connect a sequence of vertices. In an undirected graph, an edge (υi, υj) ∈ E implies a bidirectional
path and the mutual transmission of information between vertex υi and υj . An undirected graph is called
connected if there exists a path between any distinct pair of vertices. On the contrary, in a directed graph
(or digraph) an edge (υi, υj) ∈ E implies that the information flows from vertex υi to υj , but not necessarily
vice versa. A directed graph is called strongly connected if there is a directed path from every vertex to
every other vertex.

The weighted adjacency matrix W of a graph is a matrix whose generic entry is wij > 0 ∀ (υi, υj) ∈ E
with i 6= j, and wii = 0. In an undirected graph, W is symmetric because wij = wji, which is an important
property in constructing stable feedback control via consensus algorithm. However, the symmetry property
does not hold, in general, for a directed graph. The Laplacian matrix L = [lij ] ∈ RN×N of a graph G is

defined as L , D − W, where D = diag [d1, . . . , dN ] and di =
N∑
j=1

wij . Note that matrix L is symmetric

positive semi-definite for the undirected case and satisfies lij < 0 and
N∑
j=1

lij = 0,∀ i 6= j. Finally, the

topology is assumed to be fixed throughout the paper and the Laplacian matrix L is constant.
In the topology model of the formation system, each deputy is represented by a vertex, and the infor-

mation flow between any two vertices is characterized by a weighted edge associated with the pair. Also, it
is assumed that each deputy has access to the information from both its neighbours and the chief.

3.2. Undirected topology graph

Consider first the case in which the communication graph G is undirected and connected. A scenario
consisting in maintaining a desired formation shape is analyzed, while the system center position is left free.
Such a degree of freedom is typical, for example, of spacecraft swarm (or cluster flight) where a prescribed
deputy orientation with respect to the chief (or an inertial frame) is not required. Within these missions,
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the center of the formation relative to the chief is determined by the deputies (which is independent of the
chief), and the formation flight is said to follow a behavior approach [2].

Let ρ?i ∈ R3, with i = 1, . . . , N , characterize the desired (relative) reference position of the i-th deputy
E-sail, and introduce the vectors qi , ρi − ρ?i and q̇i , ρ̇i − ρ̇?i . The distributed control law for the system
represented by Eq. (18) is chosen as

ui = C−1

ρ̈?i + 2W ρ̇?i + P ρi −Ki q̇i − ξ
N∑
j=1

wij
[(
qi − qj

)
+ ζ

(
q̇i − q̇j

)] (24)

where Ki ∈ R3×3 and Ki ∈ R+, wij is the (i, j) entry of the weighted adjacency matrix W, {ξ, ζ} ∈ R+,
while matrices W , P , and C are defined by Eqs. (20)–(22). In particular, it can be verified that C is
nonsingular as long as βC 6= 0. Note that, unlike the algorithm developed for the chiefless (leaderless)
group [14], the control law adopted here allows a reference formation topology to be defined. The following
main result is now stated.

Theorem 1: Consider the system described by Eq. (18) with the control law (24). Consensus, that is,
qi → qj and q̇i → 0, is guaranteed asymptotically as t→ +∞ if G is an undirected and connected graph.

Proof: To simplify the subsequent analysis, introduce the compact notation q , [qT
1 , . . . , q

T

N ]
T
, u ,

[uT
1 , . . . ,u

T

N ]
T

and K , diag {K1, . . . ,KN}. Using the control law (24), Eq. (18) can be written as

q̈ + [2 (I3 ⊗W ) + ξ ζ (L ⊗ I3) +K] q̇ + ξ (L ⊗ I3) q = 0 (25)

where ⊗ denotes the Kronecker product, and (L ⊗ I3) q is the column stack vector of
N∑
j=1

wij
(
qi − qj

)
.

Consider the candidate Lyapunov function for Eq. (25) given by

V =
1

2
qT (L ⊗ I3) q +

1

2
q̇T q̇ (26)

Since qT (L ⊗ I3) q = 1
2

N∑
i=1

N∑
j=1

lij
∥∥qi − qj∥∥2 ≥ 0, it follows that V is symmetric positive definite and its

time derivative is
V̇ = −q̇TK q̇ − ξ ζ q̇T (L ⊗ I3) q̇ − 2 q̇T (I3 ⊗W ) q̇ (27)

According to Eq. (20), matrix W is skew symmetric, therefore, the last term in Eq. (27) is equal to zero.
Note that the matrix K is symmetric positive definite, so that

V̇ = −q̇TK q̇ − ξ ζ q̇T (L ⊗ I3) q̇ ≤ 0 (28)

For convergence analysis, consider now the second derivative of V . Since (L ⊗ I3) q is the column stack

vector of
N∑
j=1

wij
(
qi − qj

)
, it follows that (L ⊗ I3) q is bounded. Also, since matrices W , K and L are all

bounded, it can be verified from Eq. (25) that q̈ is bounded, hence∣∣∣V̈ ∣∣∣ ≤ 2 [|q̇TK q̈|+ ξ ζ |q̇T (L ⊗ I3) q̈|] ≤ 2 ‖q̇‖ ‖[K + ξ ζ (L ⊗ I3) ] q̈‖ (29)

Equation (29) states that V̈ is also bounded and therefore V̇ is uniformly continuous. According to the
Barbalat’s lemma [19], V̇ → 0 as t → +∞, which further leads to q̇ → 0. Moreover, it can be drawn from
Eq. (25) that

...
q is bounded, therefore q̈ is uniformly continuous. Using the Barbalat’s lemma again, q̈ → 0

as t → +∞. Finally, from Eq. (25), it follows that (L ⊗ I3) q → 0 as t → +∞, which amounts to stating
that qi → qj . This completes the proof.

From the definition of qi, Theorem 1 further indicates that (ρi − ρj)→ (ρ?i − ρ?j ). Therefore, ρ?i and
ρ?j can be chosen so as to acquire a desired separation between the i-th and j-th deputy E-sail.
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3.3. Directed topology graph

Unlike the undirected case, the vertices in a directed network are ordered and paths are directed. In
particular, the mission considered here consists in tracking a desired relative trajectory (ρ?i , ρ̇

?
i ) ∈ R3 × R3.

For convenience, let ei , ρi − ρ?i and ėi , ρ̇i − ρ̇?i be the position and velocity error of the i-th deputy
spacecraft. The aim of the proposed control law is to drive ei → 0 and ėi → 0, while using information
coupling among the deputy E-sails so as to guarantee consensus. In this case the Laplacian matrix L is
(in general) asymmetric, and thus it is difficult to find a Lyapunov function suitable for stability analysis.
Therefore, the convergence performance of consensus protocol on a directed graph is a more challenging
problem than that for the undirected graph discussed in the previous section.

Paralleling the approach of [14], the second-order consensus protocol is now designed as

ui = C−1

ρ̈?i + 2W ρ̇i + P ρi − σ (ei + ζ ėi)−
N∑
j=1

wij [(ei − ej) + ζ (ėi − ėj)]

 (30)

where {σ, ζ} ∈ R+. Using the control input of Eq. (30) and bearing in mind the differential equation of the
chief-deputy relative motion given by Eq. (18), the second-order differential equation for the position error
ei can be written as

ëi + σ (ei + ζ ėi) +

N∑
j=1

wij [(ei − ej) + ζ (ėi − ėj)] = 0 (31)

A compact form of the previous equation can be obtained by introducing the auxiliary vector e , [eT
1 , . . . , e

T

N ]
T
,

so that Eq. (31) is rewritten as
[ėT, ëT]

T
= (Γ⊗ I3) [eT, ėT]

T
(32)

where matrix Γ ∈ R2N×2N is defined as

Γ ,

[
0N×N IN

− (σ IN + L) −ζ (σ IN + L)

]
(33)

The necessary and sufficient stability condition for the linear system of Eq. (33) is that every eigenvalue ηi
of Γ has a negative real part. Let λi be the i-th eigenvalue of − (σ IN + L), it can be shown that

ηi± =
ζ λi ±

√
ζ2 λ2i + 4λi
2

(34)

Therefore, all of eigenvalues of Γ have negative real parts and the system is asymptotically stable if [13]

ζ > max
i=1,...,N

√√√√√ 2

|λi| cos

(
π

2
− arctan

−Re (λi)

Im (λi)

) (35)

where Re (·) and Im (·) denote the real and imaginary parts of a number, respectively. In particular, to
guarantee consensus, that is, ei → ej → 0 and ėi → ėj → 0, a spanning tree must be involved in the
topology graph [15], otherwise the relative motion geometry cannot be maintained during the transition
even if all of the E-sail-based spacecraft eventually track the reference (desired) formation.

4. Numerical simulations

To illustrate the performance of the proposed consensus-based controllers, a mission scenario involving
four E-sail-based spacecraft (one chief and three surrounding deputies, i.e. i = {1, 2, 3}) is investigated.
Using the same example discussed in [24], the chief is assumed to cover an Earth-synchronized elliptic
PFDO with its semimajor axis aC = 0.95 au, eccentricity eC = eB = 0.0167 and displacement HC = 0.05 au.
According to Eqs. (3)-(4), the variation of {a⊕C

, αC , κC} with the true anomaly fC is shown in Fig. 4. Note
that, during a single revolution, the chief (required) characteristic acceleration varies less than 3% around a
mean value of about 1.13 mm/s2, with a maximum of 1.16 mm/s2.
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Figure 4: Performance requirements for the chief spacecraft along an Earth-synchronized PFDO with aC = 0.95 au and
HC = 0.05 au.

The deputies are assumed to track a general circular orbit (GCO) [1] with a radius of 100 km relative to
the chief spacecraft. The parametric representation of the desired GCO for the i-th deputy, in the chief’s
rotating reference frame TR, has the following algebraic form

[ρ?i ]TR =

ρ?ixρ?iy
ρ?iz

 =


50 sin

[
nr t+

(i− 1) π

3

]
100 cos

[
nr t+

(i− 1) π

3

]
50
√

3 sin

[
nr t+

(i− 1) π

3

]

 km (36)

where nr is the desired angular velocity of the given relative orbit. In the following simulations, the period
of the relative orbit is assumed to be equal to that of the Earth (the reference celestial body of this scenario),
that is, nr =

√
µ�/r3⊕.

4.1. Undirected topology graph

Consider first an undirected and connected topology. To evaluate the performance of the controller
defined in Eq. (24), introduce the error index eij , qi − qj and ėij , q̇i − q̇j , with initial values reported

11



in Tab. 1.

eij · x̂R [ km] eij · ŷR [ km] eij · ẑR [ km] ėij · x̂R [ m/s] ėij · ŷR [ m/s] ėij · ẑR [ m/s]
i = 1, j = 2 2.5 −1 0 1.8× 10−4 −1.3× 10−4 −9× 10−5

i = 1, j = 3 −1 −3.5 3 1.2× 10−4 −1.1× 10−4 −9× 10−5

i = 2, j = 3 −3.5 −2.5 3 −6× 10−5 2× 10−5 0

Table 1: Initial errors of deputy E-sails in the undirected case.

The communication topology that describes the information flow of the three E-sail-based deputies is
illustrated in Fig. 5, and the weighted adjacency matrix W is

W =

0 1 2
1 0 2
2 2 0

 (37)

The feedback gain Ki in Eq. (24) is chosen as Ki = I3 and, after a trial and error procedure, the dimensionless
parameters for a fast convergence rate are assumed to be ξ = 105 and ζ = 5× 10−3.
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Figure 5: Undirected topology of the three deputy E-sails.

The position and velocity errors of the three deputies are shown in Fig. 6 and Fig. 7 respectively, while
the time variations of the (relative) control variables ∆ϕi, ∆ θi and ∆βi are shown in Fig. 8. Note that
with the control law given by Eq. (24), all errors converge to zero and consensus is reached within two
days. Moreover, the final consensus guarantees a similar transfer time of all deputies, which is important
for practical purposes as it reduces the maneuver time of the whole formation.

As is indicated by Theorem 1, the connectivity of the information exchange topology is a requisite for
formation consensus. To illustrate this point, another two typical formation structures are analyzed here
whose communication topologies are give in Fig. 9. Assuming the initial errors are given by Tab. 1, the
position and velocity errors with the topologies shown in Fig. 9(a) are illustrated in Fig. 10 and Fig. 11,
while the errors in case (b) are shown in Fig. 12 and Fig. 13. Note that in case (a), although no direct path
exists between S1 and S3, the information flow of S1 and S3 can still be passed through S2. Therefore, the
corresponding topology graph is connected and consensus can be achieved. By comparison, the position
errors of the formation system with a communication topology given by Fig. 9(b) are not convergent, due
to the fact that S3 is isolated and the topology graph is unconnected.

4.2. Directed topology graph

The second case illustrates the performance of the consensus algorithm in a directed information exchange
topology. The initial conditions of the three deputies are now slightly different from the reference trajectories,
see Eq. (36), and the initial errors are reported in Tab. 2.
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Figure 6: Time variation of position errors eij using an undirected topology graph.

e · x̂R [ km] e · ŷR [ km] e · ẑR [ km] ė · x̂R [ m/s] ė · ŷR [ m/s] ė · ẑR [ m/s]
S1 1 −1 0.5 3× 10−5 −5× 10−5 4× 10−5

S2 −0.5 1 −1 −3× 10−5 5× 10−5 −4× 10−5

S3 −1 −0.5 1 5× 10−5 −4× 10−5 −3× 10−5

Table 2: Initial errors of deputy E-sails in the directed case.

The communication graph of the three deputy spacecraft is shown in Fig. (14), while the (asymmetric)
weighted adjacency matrix W is

W =

0 1 2
1 0 0
0 2 0

 (38)

The controller performance is governed by the parameters σ and ζ. Assume that a pair {σ, ζ} has been
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Figure 7: Time variation of velocity errors ėij using an undirected topology graph.

chosen. To obtain a faster convergence, σ should be increased and ζ decreased. In doing so, the cost to
be paid is of a lower transition accuracy and a higher control input. Assuming σ = 105, the eigenvalues of
− (σ IN + L) are found to be λ1,2,3 ' 105. When these values are substituted into Eq. (35), the constraint
to be met is ζ > 4.47× 10−3. In the simulations ζ is therefore chosen equal to 5× 10−3, in order to obtain
an asymptotic stability and a good convergence rate.

To illustrate the effectiveness of the control law (30), the variations of relative position errors ei and
relative velocity errors ėi are plotted in Figs. 15-16 for a time interval of two days. The figures show that the
transient errors of the three deputy E-sails gradually converge to zero after about one day. The corresponding
time histories of control variables ∆ϕi, ∆ θi and ∆βi are shown in Fig. 17.

Unlike the undirected case, the control law of Eq. (30) does not require the topology to be connected.
For illustration, the information exchange topology is assumed unconnected and is given by Fig. 18. The
relative position and velocity errors presented in Fig. 19 and Fig. 20 clearly show that although S3 is isolated
from S1 and S2, consensus can still be reached while the final errors all converge to zero.
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Figure 8: Time variation of the control input using an undirected topology graph, see Eq. (24).

5. Conclusions

The problem of E-sail formation flying around a heliocentric elliptic displaced orbit tracked by a chief has
been investigated. The chief-deputy relative motion has been described in the chief rotating reference frame.
Distributed architectures of the formation control system, which accommodate a single E-sail-based chief
and a number of deputies, have been proposed for both the undirected and directed case. The maintenance
of the formation flying relies on the proposed consensus algorithms that are, in essence, protocols formulated
on information exchange topologies with information link couplings.

Illustrative examples have shown that, using the information available from the neighbours, the pre-
sented distributed cooperative control laws enable each vehicle to reach the final consensus. Compared to
a classical chief-deputy approach, the introduction of deputy-to-deputy information coupling guarantees a
time-balanced formation control during the transient motion. The control algorithm remains effective even
in case of limited or faulty communication links within the formation, thus enhancing the robustness and
redundancy of the whole system.
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Figure 9: Two typical communication topologies.
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Figure 12: Time variation of position errors eij with a communication topology of Fig. 9(b).
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Figure 13: Time variation of velocity errors ėij with a communication topology of Fig. 9(b).
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Figure 14: Directed topology of the three deputy sails.
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Figure 15: Time variation of position errors using a directed topology graph.
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Figure 16: Time variation of velocity errors using a directed topology graph.
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Figure 17: Time variation of control input ui using a directed topology graph, see Eq. (30).
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Figure 18: Unconnected directed topology of the three deputy sails.
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Figure 19: Time variation of position errors when the unconnected directed topology is given by Fig. 18.
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Figure 20: Time variation of velocity errors when the unconnected directed topology is given by Fig. 18.
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