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Abstract

The performance of a passive control method aimed at reducing and, possi-

bly, eliminating boundary layer separation is evaluated by means of numerical

simulation. The passive control, which consists in introducing appropriately-

shaped cavities in solid walls, is applied to a plane diffuser. The Reynolds

number is such that turbulence can be neglected (Re = 500, based on the

diffuser half-width at the inlet section and the inlet velocity on the axis).

A configuration characterized by an area ratio of 2 and a divergence angle

of 7 degrees is chosen, so that, without the introduction of the control, the

flow is characterized by a large zone of steady asymmetrical boundary layer

separation. In order to reduce the separated zone and to increase the effi-

ciency of the diffuser, a couple of symmetric contoured cavities is introduced

in the diverging walls. An optimization procedure is developed to obtain

the cavity geometry that maximizes the pressure recovery in the diffuser and

minimizes the boundary layer separation extent. The introduction of the
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optimal cavities leads to an increase in pressure recovery of the order of 13%

and to a strong reduction of the separation extent. This result is due to a

favourable modification of the velocity and vorticity fields in the near-wall

region. The most important geometrical parameters are also identified and

the robustness of the control to small changes in their values is investigated.

It is found that the contoured cavities are effective as long as the flow is able

to reattach immediately downstream of the cavities.

Keywords: passive flow control, contoured cavities, boundary layer

separation, low Reynolds diffuser

1. Introduction

Boundary layer separation can occur in many external and internal flows,

which are characteristic of environmental problems as well as of industrial

and engineering applications. From a practical viewpoint, due to the large

energy losses often associated with boundary layer separation, a crucial issue

in many technological applications is the development of methodologies to

reduce or, possibly, to avoid separation (see e.g. the reviews by [1, 2]).

In the present work, we are interested in appraising the capabilities of a

passive method for the control of boundary layer separation. The considered

strategy is based on the introduction of appropriately-shaped cavities in the

solid walls. This method combines the ideas of using, as a control device,

trapped vortices (see e.g. [3–8]) and multi-step afterbodies (see e.g. [9–11]).

The trapped-vortex idea is based on the observation that the vortices

forming inside cavities made in solid walls cause a higher momentum to

be present in the downstream boundary layer, so that separation may be de-
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layed. In this control strategy, the cavities are typically much larger than the

boundary layer thickness. The trapped-vortex concept was first introduced

by Ringleb [3], who proposed it for boundary layer control in both external

and internal flows. Since then, several applications of the trapped-vortex

concept have been considered, particularly as regards flow control around

airfoils or wings, analysed through both theoretical/numerical studies [4–7]

and experimental investigations [7, 8]. The trapped-vortex control applied

to airfoils normally requires a steady large structure with almost constant

vorticity to form in the cavity and to create a recirculation region separated

from the outer flow by a thin and stronger shear layer [6]. The main difficulty

of this approach is to obtain a strong and stable vortex inside the large cavity.

In effect, it has been observed experimentally [7, 8] and shown by stability

analysis [4] that stable vortices only seldom form inside the cavity, and an

active control is therefore almost always necessary. For this reason, some

control strategies have been proposed and tested. For instance, the possibil-

ity of controlling the flow over an airfoil through a trapped vortex combined

with blowing and suction for its stabilization is studied experimentally in [8].

Regarding the trapped-vortex control applied to diffusers, a vortex-controlled

diffuser that relies on the aerodynamic design of large cusps on the diffuser

walls to locate vortices is described in [3]. Even though auxiliary devices,

such as lips, vanes, secondary walls, are also used to facilitate the flow reat-

tachment and the vortex formation, only limited success is obtained, due to

the difficulty in having a stable vortex system. Indeed, it is demonstrated

experimentally in [12] that the pressure recovery in a short diffuser can be

enhanced only by an actively-stabilized trapped vortex (Cranfield diffuser).
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On the other hand, the multi-step afterbody idea (see e.g. [10]) permits

to obtain a reduction of the base drag of a bluff body. It consists in a

number of backward facing steps placed upstream of the base; at each step

a recirculation region derives from the separation and reattachment of the

flow. These recirculations determine a configuration with a reduction in base

area and in base suctions (as happens in a boat-tailed afterbody). To achieve

the flow separation and reattachment at each afterbody step, a small step

height should be chosen, of the same order as the boundary layer thickness.

Therefore, these vorticity regions are smaller and weaker compared to the

trapped vortices. The use of steps with curved contours to control separation

and improve the performance of boat-tails was proposed in [11]. In spite of

the preliminary nature of the numerical analysis, it was shown that efficient

multi-step afterbodies may be obtained, provided the geometry of the steps

is suitably chosen.

To our knowledge, the use of steps or cavities with contoured shapes

has so far been proposed only for external flows. Conversely, in the present

work we focus on boundary layer separation control in internal flows. As a

paradigmatic example of a flow of technological interest, in which the control

of separation could lead to beneficial effects, we consider a plane diffuser

configuration. The design and the performance of plane diffusers have been

rather extensively investigated in the literature, both in low Reynolds number

conditions (see e.g. [13–19]) and at higher Reynolds numbers (see e.g. [20–

22]).

Regarding the laminar flow regimes, which will be analysed in this work,

the experimental investigations in [13, 14] show the different flow features
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that can be found in a diffuser with a gradual or a sudden geometric expan-

sion. These results are also confirmed in [15] through numerical analyses of

two-dimensional straight-walled diffusers. From these works it is clear that

very different flow topologies can be found in a diffuser. When the geometric

expansion is gradual, with low divergence angle and low area-ratio, the flow

is attached to the side walls and is symmetric to the centreline. When the

divergence angle or the area ratio increases, an asymmetric flow recirculation

can be observed along the diffuser, with separation occurring only on one side

wall, while the flow on the other wall remains attached. By further increasing

the divergence angle or the area ratio, a smaller secondary recirculation zone

can be found on the wall opposite to that of the larger one, until, at very

large divergence angles and area ratios, two recirculation regions occur in the

diffuser: the flow separates at the beginning of the diffuser diverging walls

on both sides, the sizes of the two recirculation regions are nearly identical

and the flow remains symmetric. The Reynolds number is also crucial to

determine which type of flow is present in a given diffuser configuration and

the transition from one configuration to another (see e.g. [13, 19])).

In the present work, we use numerical simulations to investigate the ef-

fectiveness of the proposed control strategy, and choose to limit our analysis

to low Reynolds numbers. In effect, laminar flow through geometric ex-

pansions has numerous engineering applications, especially in the field of

microfluidics (see e.g. the review papers [23–25]); examples are the design

of micropumps (see e.g. [17, 18]), electronic cooling systems and other heat-

exchanging devices (see e.g. [26, 27]). Similar flow configurations are found

also in biomedical problems (see e.g. [28]).
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Moreover, for low Reynolds numbers turbulence can be neglected and this

has some positive implications. First, from a practical point of view, such

simulations require much lower computational costs than those at higher

Reynolds, which need turbulence models. Moreover, errors due to numerical

discretization can be made negligible, by checking the grid independence

and the sensitivity to the used numerical schemes, and uncertainties due

to turbulence models are obviously not present. Finally, it is well known

that laminar boundary layers are less resistant to adverse pressure gradients

than turbulent ones and, therefore, control methods successfully reducing

or avoiding separation of laminar boundary layers may be expected to be

effective also in the turbulent regime. Nonetheless, a final assessment of the

results obtained in the present work also at higher Reynolds numbers, closer

to those of many practical applications, would certainly be useful, and is

postponed to future investigations. The aim of the present work is to find

the optimal cavity shape and location, i.e. the ones producing the largest

reduction in boundary layer separation and, hence, the largest increase in

diffuser efficiency. Thanks to the reduced cost of the numerical simulations

for the considered problem, a complete optimization is carried out considering

four different parameters characterizing the location and the geometry of a

couple of symmetric cavities. In particular, a question at issue is whether the

optimal cavities are small (of the order of the boundary layer thickness) as in

the multi-step afterbody concept, or large as for the trapped-vortex control.

The robustness of the control to small modifications of the optimum cavity

parameters is also addressed. Finally, the same diffuser-shape optimization is

repeated for different operating conditions, obtained by modifying the inlet
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boundary layer thickness.

2. Flow analysis for the reference diffuser configuration

2.1. Geometry definition

The considered diffuser geometry is made of a first part having constant

width, a second one in which the width grows linearly and a final one having

again constant width (see Fig. 1). These three parts are connected smoothly

with roundings.

The diffuser is characterized by the following quantities: the inlet half-

width, h (used here as reference length), the outlet half-width k = 2h, the

length from the inlet to the beginning of the diverging part, l1 = 3h, the

length of the diffuser diverging part, l2 = 16.35h, the length from the end

of the diffuser diverging part to the end of the diffuser, l3 = 30.65h, half of

the divergence angle, α = 3.5◦, the curvature radius of the first rounding,

r1 = 6h, and the curvature radius of the second rounding, r2 = 6h. The

diffuser area ratio, i.e. the ratio between the diffuser outlet and inlet cross-

areas, is AR = 2. Moreover, the total diffuser length is l = (l1+l2+l3) = 50h.

The adopted frame of reference is shown in Fig. 1. Note that in all

the figures dimensionless coordinates are used, i.e. X = x/h and Y = y/h

(capital letters are used for dimensionless parameters and lowercase letters

for dimensional quantities).

2.2. Simulation set-up and numerical methodology

The simulations are carried out at Re = h · u/ν = 500, where u is the x-

velocity on the diffuser axis at the inlet section and ν the kinematic viscosity.
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The inlet velocity field upstream of the diffuser is specified by using a Blasius

boundary layer profile on the two walls with thickness δ0 = 0.10h; however,

different values of δ0/h are also considered (see Sec. 5.2).

For the simulations of the fluid flow inside the diffuser three different

computational codes are used, namely Fluent, AERO and OpenFOAM. The

numerical methodologies used by each code to solve the laminar Navier-

Stokes equations are briefly described below, while further details may be

found in [29].

Fluent (see e.g. [30]) is based on the finite-volume discretization method,

and two-dimensional incompressible simulations have been carried out for

the plane diffuser geometry. Unsteady time advancing is chosen together

with a second-order implicit scheme. The adopted dimensionless time step

is ∆T = ∆t/(l/u) = 7 × 10−4, and represents the ratio between the dimen-

sional simulation advancing step ∆t and the time necessary to a flow moving

at velocity u to pass through the diffuser length l. A second-order upwind

scheme is used for the space discretization. The segregated PISO algorithm

(Pressure-Implicit with Splitting of Operators) is chosen to couple the pres-

sure and momentum equations (see e.g. [31]). The computational grid is

unstructured and is made of triangular elements.

AERO is an in-house developed code which uses a finite-element/finite-

volume space discretization method applicable to three-dimensional unstruc-

tured grids. The AERO code considers compressible flows and transient

simulations have been carried out for laminar compressible flow to reach the

expected steady solution. An implicit second-order time advancing scheme

is used. The adopted dimensionless time step is ∆T = 5 × 10−3. A second-
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order upwind scheme preconditioned for the low Mach regime is used for

the space discretization (see e.g. [32]). Since the solver is compressible, the

free-stream Mach number is chosen to be equal to 0.1 in order to make a

sensible comparison with incompressible simulations. Moreover, the AERO

solver requires a three-dimensional geometry, and thus, in order to obtain

a 2D flow to be compared with the 2D simulation carried out by Fluent,

the same unstructured 2D grid used with Fluent is extruded in the spanwise

direction. The domain spanwise thickness is very small, equal to 0.1h, and

periodic boundary conditions are imposed in the spanwise direction. More-

over, after each simulation, the velocity component normal to the diffuser

plane is evaluated in order to check that it is negligible, i.e. to check that

the solution is really two-dimensional. This is a commonly used numerical

procedure in order to obtain a 2D flow from a 3D solver. The results on the

grid nodes laying on the mid-plane in the spanwise direction, i.e. in the plane

at z = 0, are considered for comparison with the solutions obtained with the

other codes.

Incompressible simulations have been carried out also with OpenFOAM

(see e.g. [33]), an open-source code based on the finite-volume discretization

method. The same numerical schemes and time step used for the Fluent

simulations are chosen. The grid is false-three-dimensional, i.e. the two-

dimensional plane diffuser grid, unstructured and made of triangular ele-

ments, is extruded along its normal direction. Thus, the volume elements

are prisms with a triangular base. Periodic boundary conditions are imposed

at the prism faces in the spanwise direction, as done for AERO. The results

in the plane across the centroids of each cell, i.e. in the plane in the middle
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of the diffuser spanwise direction, are considered.

In all the considered simulations, after a numerical transient the flow in-

side the diffuser becomes steady. For each solver, adequate sensitivity anal-

yses have been carried out to reach the independence of the results from the

grid resolution. In particular, 4 different grid resolutions have been consid-

ered in the x − y plane, characterized by 9.47 × 104, 1.42 × 105, 2.34 × 105

nodes, and 4.25× 105 nodes respectively. Grid independence was checked on

the mean pressure recovery coefficient, defined in Eq. (1) in Sec. 2.3. The

results obtained on the two finest grids showed a difference of less than 0.1%.

Therefore, the 2D grid having 2.34 × 105 nodes was chosen for the analysis.

For the simulations carried out with OpenFOAM and AERO the relative

3D grids were obtained, starting from this selected 2D grid, as previously

explained.

2.3. Flow features and validation

The visualization of the flow streamlines in Fig. 2 shows that the diffuser

is characterized by a large asymmetric zone of separated flow, which reat-

taches before the end of the diffuser. This flow configuration is bistable, i.e.

the separation zone can develop on either side of the diffuser.

The diffuser performance is evaluated through the mean pressure recovery

coefficient Cp, which is defined as:

Cp =
pout − pin

1
2
ρuin

2
, (1)

where pin and uin are the area-weighted average pressure and x-velocity at

the diffuser reference inlet section X = 1, pout is the area-weighted averaged

pressure at the diffuser outlet (X = 50). The reference section at X = 1 was
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chosen to avoid nonphysical local pressure perturbations occurring at X = 0

due to the inlet boundary condition.

The performance of the diffuser is also evaluated through the efficiency

η, defined as:

η =
Cp

Cpideal

, (2)

where the ideal pressure recovery coefficient Cpideal is calculated as:

Cpideal = 1 −
(

1

AR

)2

= 1 −
(
h

k

)2

, (3)

Thus, for this diffuser (with area ratio AR = 2) we have Cpideal = 0.75.

A further parameter was used to evaluate the efficiency of the diffuser,

namely the pressure recovery coefficient on the diffuser axis Cpa , defined as:

Cpa =
paout − pain

1
2
ρuain

2
(4)

where pain , paout and uain are the pressure and the x-velocity values along the

diffuser axis at the reference inlet and outlet sections.

The simulations are also compared by evaluating the mean pressure co-

efficient Cpx at different sections along the length of the diffuser, which is

defined as:

Cpx =
px − pin
1
2
ρuin

2
(5)

where px is the area-weighted averaged pressure at the considered X section

of the diffuser.

The behaviour of Cpx along the diffuser axis is shown in Fig. 3(a). It can

be seen that there is an initial expansion due to the growth of the boundary

layer thickness, which, inside the constant-section initial part of the diffuser,

i.e. for X ≤ 3, increases from the initial value δ0 = 0.1h to δ3 = 0.31h.
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In the diverging part of the diffuser the pressure increases, but the effect of

separation is to slow down the rate of increase of Cpx (compare Fig. 3(a)

and Fig. 3(b)). Fig. 3(a) also shows that the different codes give consistent

results. Indeed, the range of the diffuser pressure recovery coefficients is Cp =

0.386− 0.389 (0.386 for Fluent, 0.387 for OpenFOAM and 0.389 for AERO),

with a consequent range of efficiency η = 0.515 − 0.519. As for the pressure

recovery coefficient on the diffuser axis, the different codes give Cpa = 0.339−

0.342. Despite the different numerical approach and computational set-up

of AERO compared to those of the other two codes, the discrepancies in the

predictions of Cp and of the diffuser efficiency are lower than 0.8%.

The differences in the extension of the flow separation region predicted

by the three codes are negligible, even if the extent of the separated region

evaluated by using AERO is slightly smaller, which is consistent with the

results for Cp and Cpa (see Fig. 3(b)).

In the previously mentioned unsteady and pseudo-transient simulations,

after a numerical transient the flow inside the diffuser becomes steady. Thus,

a steady-state simulation was carried out by using Fluent, with the same

schemes used for the unsteady Fluent simulation. The steady and the un-

steady Fluent simulations gave the same results, in terms of pressure recovery

and separation extent. Furthermore, the sensitivity to the coupling and dis-

cretization schemes was also studied and all the considered schemes gave very

similar results (see [29]). Therefore, the following simulations and the opti-

mization of the configurations with cavities were carried out by using Fluent

to solve the steady two-dimensional discretized Navier-Stokes equations. In-

deed, this method implies the lowest computational costs with respect to the
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remaining ones, while providing the same accuracy.

3. Optimization of the diffuser shape

3.1. Optimization procedure

As a first step, the possible improvements of the diffuser efficiency that

could be obtained only by optimizing the diffuser roundings were analysed.

Therefore, a rounding shape optimization procedure was developed in order

to maximize the pressure recovery in the diffuser and, hence, the efficiency

parameter η (see Sec. 3.2). Subsequently, it was investigated whether larger

efficiency improvements could be obtained by using cavities as passive flow-

control devices in the diffuser with already-optimized roundings. A cavity

optimization was carried out in order to identify the cavity shape which allows

the diffuser efficiency to be maximized (see Sec. 4.1). These optimizations

were carried out in the same operating conditions described in Sec. 2. The

robustness of the results is then addressed in Sec. 5.1. The same diffuser-

shape optimizations were finally repeated for different operating conditions,

obtained by modifying the inlet boundary layer thickness (see Sec. 5.2).

The optimizations were carried out through an automatic procedure. In

each optimization loop, the diffuser geometry is defined, the computational

grid is generated and the cost function is evaluated through the numerical

simulation of the flow inside the diffuser. The numerical results are managed

by the optimization algorithm, which determines the modified configurations,

finally leading to the optimized geometry. The optimization algorithm is the

Multi-Objective Genetic Algorithm MOGA-II [34, 35], used herein with a

single-objective function (see e.g. [36] for the use of MOGA-II in single-

13



objective optimization). This algorithm has been chosen for its robustness,

because the complexity of the optimization problem was not known before-

hand. In all cases, the parameter space is discretized in intervals of uniform

size; an initial population is generated through a pseudo-random Sobol se-

quence [35], by using a subset of the specified discrete parameter values.

The population evolves through the following reproduction operators: direc-

tional crossover, mutation and selection [35]. The probability of directional

crossover, of mutation and of selection are set to 0.5, 0.1 and 0.05.

Different indexes of the diffuser efficiency could be chosen as the objec-

tive function in the optimization procedure, namely the maximization of the

section-averaged pressure recovery coefficient Cp, the maximization of the

pressure recovery coefficient on the diffuser axis Cpa , or the minimization of

the total dissipation inside the diffuser. The parameter Cp, which is equiv-

alent to the efficiency parameter η, was chosen as the objective function,

because its evaluation has a smaller computational cost compared to that of

the total dissipation and represents a good index of the diffuser performance.

Nonetheless, after the optimization, the dissipation and the pressure recov-

ery coefficient on the diffuser axis Cpa were also evaluated in order to have a

further confirmation of the results.

While Cp and Cpa have been already defined in equations (1) and (4), the

role of the dissipation function becomes clear by referring to the following

form of the integral equation of the kinetic energy balance:

∫
V

∂ρ
(

V 2

2

)
∂t

dV +

∫
S

ρ

(
V 2

2

)
V · ndS =
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−
∫
S

pV · ndS +

∫
S

τn · VdS −
∫
V

ΦdV (6)

where the three integrals on the right-hand side represent, respectively, the

work done on the fluid, in unit time, by the pressure and viscous forces acting

on the volume boundary S and the total dissipation within the volume V of

fluid bounded by surface S.

Since the diffuser flow is steady (see Sec. 2) and the work done on the

fluid by the viscous forces acting on the boundary is negligible compared to

that of the pressure forces (V = 0 along the diffuser walls while the integral

representing the total work of the viscous forces is very small at the inlet and

outlet compared to the one connected with the pressure forces), the kinetic

energy balance becomes:∫
S

ρ

(
V 2

2
+
p

ρ

)
V · ndS = −

∫
V

ΦdV (7)

Equation (7) highlights that the dissipation is immediately connected

with the balance of the kinetic and pressure energy in the flow, i.e. not all

the kinetic energy variation is converted into pressure energy because of the

viscous losses. Thus, the minimum of the total dissipation is expected to be

found in the diffuser configuration with an optimized efficiency.

For an incompressible flow, the total dissipation Φt in a volume V may

be easily obtained as a function of the enstrophy ω2 (the square of vorticity)

present in the volume and the acceleration a at its boundary, through the

Bobyleff-Forsyth formula (see e.g. [37], [38] and [39]):

Φt =

∫
V

Φ dV = µ

∫
V

ω2 dV + 2µ

∫
S

a · n dS (8)
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3.2. Optimization of the reference configuration

An optimization of the diffuser roundings is carried out in order to max-

imize Cp and, hence, the efficiency η, in the reference configuration without

cavities. The optimization parameters are the non-dimensional radii of the

roundings at the beginning and at the end of the diffuser diverging walls,

respectively r1/h and r2/h (see Fig. 1). They are varied from 0, i.e. a

sharp-edged configuration, to 120. The parameter space is discretized by

using a uniform interval of size equal to 1, i.e. 120 × 120 discrete parameter

values are explored by the MOGA-II algorithm. The initial population was

composed of 15 individuals, distributed in the discretized parameter space

by means of the previously cited Sobol sequence. Then, 4 additional gener-

ations were created by the optimization algorithm, each one composed of 15

individuals. A summary table with the geometries and the results of all the

simulations is reported in [29]. Starting from the third generation, most of

the new individuals created by the algorithm are characterized by r1/h = 0

and by values of r2/h in a neighborhood of 0 (11 over 15 individuals in the

fourth generation), which correspond to the highest values of the objective

function. Moreover, the maximum value of the objective function reached

in the third and fourth generation varies by 0.1%. Therefore, the resulting

optimum solution is characterized by sharp edges (r1/h = 0 and r2/h = 0)

instead of roundings. However, the use of sharp edges leads to an increase in

Cp, and thus in efficiency η, of only 1.7% compared to the reference config-

uration having roundings r1/h = 6 and r2/h = 6 (as shown in Fig. 4(a), Cp

increases from 0.386 to 0.393 in the sharp-edged diffuser configuration). The

analysis of the pressure recovery coefficient on the diffuser axis Cpa and of
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the total dissipation Φt inside the diffuser confirms these results. An increase

of Cpa from 0.339 to 0.345 and a reduction of the total dissipation from 0.212

to 0.209 are indeed found in the optimum-shape diffuser configuration (note

that in this paper the dimensionless values of Φt, obtained by using the inlet

reference quantities, are reported).

In effect, as may be deduced from Fig. 4(a), sharp edges at the beginning

of the diffuser diverging walls allow a slightly larger pressure recovery to be

obtained in the first part of the diffuser. On the other hand, the use of sharp

edges does not significantly modify the extent of the separated region (see

Fig. 4(b)). Probably this result is due to the fact that, at the considered

low Reynolds number, the boundary layer thickness approaching the edge

is so thick that roundings have no beneficial effects, and this also explains

the small gain in diffuser efficiency obtained by the basic optimization of the

diffuser shape taking only the roundings into account.

4. Diffuser with contoured cavities

4.1. Optimization of the cavity shape in the diffuser with sharp edges

The proposed flow-control method is used in the diffuser with already-

optimized roundings, i.e. in the sharp-edged diffuser configuration, to in-

vestigate whether cavities are able to further improve the diffuser efficiency

and to reduce the extent of the separated region. One couple of symmetric

cavities is positioned on each side of the diffuser. The cavities start with a

sharp edge, have an upstream part with a semi-elliptical shape, and end with

a spline tangent to the diffuser diverging walls (see Fig. 5).
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The previously described optimization procedure has been used to deter-

mine the optimum shape of the cavities that maximizes the pressure recovery

Cp. The optimization variables are: the distance from the beginning of the

diffuser diverging part to the upstream edge of the cavity, s/h, the cavity

total length, t/h, the ellipse axis parallel to the diffuser diverging wall, a/h,

and the ellipse axis normal to the diffuser diverging wall, b/h.

The upstream edge of the cavity and its ending point are allowed to vary

along all the diffuser diverging walls, while the considered range for both axes

of the cavity is from one-fifth to four-times the inlet boundary layer thickness,

i.e. from 0.02h to 0.4h. The parameter space was discretized by using uniform

intervals having a width of 0.01, 0.01, 0.1 and 0.2 for a/h, b/h, s/h and

t/h respectively. The initial population was composed of 25 individuals,

distributed in the discretized parameter space by means of the previously

cited Sobol sequence. Then, 7 additional generations were created by the

optimization algorithm, each one composed of 25 individuals. A summary

table with the geometries and the results of all the simulations is reported

in [29]. Starting from the sixth generation, most of the new individuals

created by the algorithm are characterized by s/h = 0, b/h = 0.12−0.13 and

t/h = 11.2−12.8 (8 over 25 individuals in the seventh generation), which, as

explained in the following, correspond to the highest values of the objective

function. Moreover, the maximum value of the objective function reached in

the sixth and seventh generation varies by 0.2%.

Suitably-shaped cavities lead to a successful control of boundary layer

separation. A pressure recovery increase of 13.0% was found compared to

the sharp-edged diffuser without cavity (Cp increases from 0.393 to 0.444 in
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the configuration with optimum cavities). The pressure recovery coefficient

on the diffuser axis Cpa and the total dissipation Φt inside the diffuser also

confirm the optimization results. An increase of the Cpa from 0.345 to 0.390

(+13.0%) and a reduction of the dissipation from 0.209 to 0.187 (-10.5%) are

indeed found.

An unsteady simulation of the flow inside the diffuser with optimized

cavities was carried out, to check that the flow is stable even after the intro-

duction of the contoured cavities in the diffuser diverging walls. The result

was found to coincide with the one of the steady-state simulation.

From the visualization of the streamlines in the diffuser with optimized

cavities, sketched in Fig. 6, it is evident that the flow separates at the cavity

edge but reattaches immediately downstream, forming a recirculation region;

furthermore, the subsequent asymmetric flow separation is delayed and its

extent is reduced. The reasons of the reduction of the separated flow region

and of the improvement of the diffuser performance will be more deeply

analysed in Sec. 4.2.

Regarding the optimum cavity parameters, the ellipse axis normal to the

diffuser diverging walls b/h and the upstream edge of the cavity s/h are the

most important parameters. Indeed, the maximum value of Cp is obtained

for a well defined value or in a narrow range of values of these parameters,

namely b/h = 0.12 − 0.13 and s/h = 0. As will be explained in depth

in Sec. 5.1, b/h is very significant because it determines the width of the

recirculation region and, thus, the possibility of having a reattachment of

the flow after the cavities. The optimum value of b/h is definitely smaller

than the thickness of the boundary layer at the start of the diverging part of
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the diffuser, i.e. b/δ3 = 0.39−0.42, and it is about equal to the displacement

thickness (δ∗3/h = 0.102). This suggests that the present control device is

more closely related to the multi-step afterbody concept than to the use

of large trapped vortices. The optimum value of s/h is the minimum one

allowed by the geometric constraints imposed in the optimization, i.e. in

this case the presence of the sharp edges; thus, the cavities start at X = 3.

The cavity total length t/h is also very important. All the optimum cavities

end approximately at the beginning of the asymmetric separation zone, i.e.

t/h = 11.2 − 12.8. However, it should be noticed that, since the cavities end

tangent to the diffuser diverging walls, the geometries included in this t/h

range are very similar and practically can be considered to almost coincide.

Conversely, the ellipse axis parallel to the diffuser diverging walls, a/h, has

an almost negligible effect. The range of the parameter a/h within which the

optimum value of the objective function is reached is large (a/h = 0.30−0.38)

and it will be seen in Sec. 5.1 that it may be further extended.

An additional cavity optimization was carried out in order to identify

the cavity shape which allows the efficiency to be maximized in the diffuser

configuration with roundings r1/h = r2/h = 6. The results show that the flow

control device is effective also in this diffuser configuration (see [29]), with

an improvement of the diffuser efficiency of the order of 10.9%. The pressure

recovery coefficient on the diffuser axis Cpa and the total dissipation Φt inside

the diffuser also confirm the optimization results. Indeed, Cpa increases by

10.9%, while Φt decreases by 8.5%.

It should be noted that the use of optimized cavities in the sharp-edged

diffuser leads to an efficiency gain that is definitely greater than the one
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obtained by using them in the diffuser with roundings. In effect, for the

sharp-edged diffuser with optimized cavities the efficiency increases by 15%

compared to the diffuser configuration with roundings and without cavities,

i.e. the original configuration of the diffuser. Thus, sharp edge and cavities

can be successfully used together to increase the pressure recovery inside the

diffuser. The improvement of the flow-control device effectiveness obtained

by combining cavities and sharp edges is mainly due to the fact that the

cavity can start immediately after the edges, rather than at the end of the

roundings, and advancing the beginning of the cavity produces a significant

increase in pressure in the first part of the diffuser diverging walls, where the

cavities are placed.

4.2. Analysis of the mechanisms leading to enhanced diffuser performance

A deeper analysis of the velocity and vorticity fields in the region where

the cavities are introduced was carried out to investigate on the main mech-

anisms through which the boundary layer separation is delayed and the pres-

sure recovery performance of the diffuser is improved.

First of all, it is evident from Fig. 6 that the optimized configuration is

characterized by the presence of a closed recirculation region in which the

velocity remains very low (not shown for the sake of brevity), and by a main

stream flowing outside it. Therefore, the outer streamlines adjacent to the

boundary of the recirculation zone are also modified by the presence of the

cavity. Hence, one may wonder whether the favourable effect produced by

the optimized cavity might also be obtained through a geometry modification

of the diffuser lateral surfaces causing an analogous modification of the flow

streamlines. A simulation was then carried out with a diffuser in which the
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streamline bounding the recirculation region of the optimized cavity flow was

replaced by a solid surface. This produced a diffuser with a modified geom-

etry, characterized by a rapid increase of the cross section in the region that

actually bounds the recirculation, followed by a long portion with slightly

reduced divergence angle compared to the original diffuser. This new geom-

etry may be considered as an additional output of the procedure leading to

the optimized cavities.

The modified diffuser without cavities does indeed produce a performance

improvement over the original reference configuration. However, although

this improvement is significant, it does not reach the values of the diffuser

with optimized cavities. In fact, the resulting value of Cp is 0.429, with a

9.1% increase over the reference value, compared to the 13% gain for the

diffuser with optimized cavities. Correspondingly, a reduction in dissipation

of 7.25% is found, and should be compared to the value of 10.5% for the

diffuser with optimized cavities. The results obtained for the modified dif-

fuser are compared in more detail with those of the reference configuration

and of the diffuser with optimized cavities in Figs. 7(a) and 7(b), where

the variations of Cpx along the three diffusers are shown together with the

corresponding extents of the separation regions. As can be seen, compared

to the reference configuration, there is a larger increase in pressure at the

beginning of the diffuser diverging part for both the modified diffuser and

the one with the optimized cavities, due to the local geometry modifications.

More downstream, the pressure losses are lower than in the reference config-

uration due to a reduction of the separated region extent. This latter effect

is clearly more pronounced for the diffuser with cavities, which is the case
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caracterized by the smallest separated flow region.

In order to gain a deeper insight on the reason of these results, the stream-

wise variation of the integral of the enstrophy ω2 over cross-sections at con-

stantX, which is denoted by φ, is shown in Fig. 8 for the three configurations.

As can be seen from the Bobyleff-Forsyth formula (8), this quantity gives the

contribution of each cross-section to the dissipation in the diffuser. In effect,

the last term in Eq. (8) is zero at the lateral walls and almost negligible at the

first and last cross-sections of the diffuser. The figure shows that, compared

to the original diffuser, the value of φ is significantly lower in the diffusers

with cavities and with modified geometry, with the sole exception of a small

region corresponding to the beginning of the optimized cavity. Furthermore,

it is also clear that in the cross-sections corresponding to the recirculation

region the contribution to dissipation is lower in the diffuser with cavities

than in the one with modified lateral walls.

This behaviour is clearly related to the vorticity distribution of the differ-

ent configurations in the region where the geometry modifications are intro-

duced. In particular, Fig. 9 shows the lateral profiles of vorticity along three

cross-sections of the diffusers which correspond to the beginning, the middle

and the end of the recirculation region of the optimized cavity flow (see Fig.

6). At the lateral coordinates that are common to the three configurations,

the vorticity values of the diffuser with cavities are significantly lower than

those of the other configurations. Obviously, vorticity is present also in the

region inside the cavity, where it shows a decreasing trend which finally leads

to small negative values, in agreement with the changed direction of the ve-

locity near the cavity wall. As for the diffuser with modified geometry, the
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relevant near-wall vorticity is higher than the one of the basic diffuser in the

region corresponding to the beginning of the cavity, but becomes lower more

downstream.

From the above results, it may be deduced that the main mechanism re-

sponsible for the positive effect of the contoured cavities is a reduction of the

loss of momentum in the near-wall region. In detail, the improvement of the

diffuser performance seems to be due both to the modification of the stream-

lines of the flow outside the recirculation zone, which can be seen as a virtual

geometry modification, and to a reduced dissipation. As previously observed,

the global increase in pressure recovery is thus caused by the concentrated

pressure increase due to the sudden widening of the diffuser cross-section,

which is common to the diffuser with cavities and to the one with modified

geometry, and to a reduction of the extent of the subsequent boundary layer

separation, which is more significant for the diffuser with cavities, probably

due to the lower associated dissipation. In a sense, compared to the diffuser

with modified geometry, the main effect of the cavity seems to be the relax-

ation of the no-slip boundary condition along the contour of the recirculation

region, which leads to lower momentum losses.

A final observation deriving from the above analysis, and in particular

from Fig. 9, is that the region inside the contoured cavities does not cor-

respond to a local concentration of vorticity, but rather to a zone where

vorticity is reduced compared to the one that is present in the original con-

figuration. Therefore, this region cannot really be described as a trapped

vortex, which, conversely, is characterized by a comparatively large region

with almost constant vorticity surrounded by thin and strong shear layers
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(see [6]). The present flow within and immediately downstream of the cav-

ity may rather be compared to the separation bubble occurring behind a

backward-facing step whose height is smaller than the thickness of the in-

coming boundary layer, as in the multi-step afterbody concept.

5. Sensitivity to changes in parameters and flow conditions

5.1. Robustness analysis of the optimized flow control device

In this section the effects of some cavity modifications are investigated, in

order to ascertain whether this flow control device is robust with respect to

small variations of the cavity parameters from the optimum ones. First of all,

we focus on the ellipse axis normal to the diffuser diverging walls b/h, which

has been identified as the most important parameter because it determines

the width of the recirculation region produced by the cavity. The robustness

of the flow-control device to the parameter b/h is analysed by varying it in

the range 0.04−0.28; as for the other parameters, s/h and t/h are kept fixed

to their optimum values, i.e. s/h = 0.0, t/h = 12.0, while a/h is varied in

the range 0.20 − 0.33, considering its negligible effect.

The efficiency gains remain significant for small changes of the cavity

shape parameters around the optimum value. In the range b/h = 0.08−0.15

the proposed configuration is robust, because the efficiency increments are

always above 11% compared to the reference diffuser (see Fig. 10). In prac-

tice, an improvement of Cp with the increase of the normal cavity height is

found as long as the flow reattaches immediately downstream of the recir-

culation region produced by the cavity, until the optimum value is reached,

i.e. b/h = 0.12 − 0.13. For all values of b/h below the optimal one, the
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performance of the diffuser with cavities is better than the one of the diffuser

without cavities (see Fig. 11) and the pattern of the streamlines is similar

to the one of the optimum configuration, even if with a slightly larger sepa-

ration zone (see Fig. 12). Conversely, above the optimum value there is an

abrupt decrease of the diffuser Cp, because the flow on one side of the dif-

fuser becomes completely separated (see Fig. 13 and Fig. 14). Therefore, for

sufficiently large values above the optimal ones of b/h the diffuser efficiency

may become even worse than the one of the diffuser without cavities. The

evaluation of the total dissipation Φt inside the diffuser confirms the trends

outlined above for the optimization results. Indeed, the dissipation decreases

as long as the flow reattaches downstream of the cavity, while an increase of

Φt is found when one side of the diffuser is completely separated (see Fig.

10).

Regarding the parameter s/h, the optimum cavities start at the begin-

ning of the diffuser diverging walls, i.e. s/h = 0. The robustness of the

flow-control device to the parameter s/h is analysed by increasing it to 0.1

and 0.2, while the other cavity parameters are kept fixed to their optimum

values. Increasing s/h leads to a reduction of the pressure recovery Cp in

the first part of the diffuser (see Fig. 15(a)) and, thus, to a reduction of the

diffuser efficiency. Indeed, the streamline starting from the cavity upstream

edge and separating the recirculation region from the external flow moves

downstream (see Fig. 15(b)). On the other hand, the three cavities give the

same reduction of the separated region (see Fig. 15(c)). Thus, the incre-

ments of the efficiency are, respectively, +12.0% for s/h = 0.1 and +11.2%

for s/h = 0.2.
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As regards the cavity total length t/h, the optimized cavities end approx-

imately at the beginning of the asymmetric separation zone. The value of

t/h is then varied in the range 6.0− 16.0, in order to evaluate the robustness

of the flow-control device to variation of its value, while the other param-

eters, s/h and b/h are kept fixed to their optimum values, i.e. s/h = 0.0,

b/h = 0.12. The results are shown in Fig. 16. Small increases of the param-

eter t/h do not cause a significant reduction in efficiency because, since the

cavity ends tangent to the diffuser diverging walls, the shapes of the cavity

for all the t/h values above the optimal one are very similar. On the other

hand, a reduction of t/h determines a decrease of Cp, due to an early and

unnecessary local reduction of the diffuser cross section. These trends are

confirmed also by the evaluation of the dissipation function Φt.

As already pointed out, the ellipse axis parallel to the diffuser diverging

walls a/h is not a significant parameter for the optimization of the flow

control device. Therefore, instead of carrying out a robustness analysis with

respect to this parameter, we focus on the effect of its elimination, i.e. we

put a/h = 0. Thus, the semi-elliptical cavity is replaced by a step normal

to the diffuser diverging walls, with a height equal to the previously defined

optimum value of the parameter b/h (see Fig. 17). The results obtained with

the two different geometries are very close; indeed, in the diffuser with the

step an increase in pressure recovery of 12.7% was found. By comparing Figs.

17 and 6(b), it may be seen that, in effect, a similar recirculation region is

present in the two cases. Moreover, an unsteady simulation of the flow inside

this diffuser geometry was carried out to verify whether the flow is stable even

after the introduction of the step, and the result was found to be equal to
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the one of the steady-state simulation. Thus, from a fluid-dynamical point of

view, the two configurations work in a similar way and, therefore, the choice

between them may be determined by manufacturing requirements.

5.2. Optimization of the cavity shape in different operating conditions

In this section the effect of the modification of the inlet boundary layer

thickness on the flow control device performance is investigated. The inlet

boundary layer thickness is modified in the range δ0/h = 0 − 0.20, using a

uniform interval of size equal to 0.05, while the Reynolds number is kept

constant, i.e. Re = 500 (based on the inlet velocity on the axis, u, and the

length h). Note that this implies that the average inlet velocity Uin = uin/u

decreases with increasing boundary layer thickness (see Table 1).

Although the operating conditions change, the behaviour of Cpx along

the diffuser axis in all cases without cavities is similar to that shown in Fig.

3(a). There is an initial expansion due to the growth of the boundary layer

thickness, which, inside the constant-section initial part of the diffuser, i.e.

for X ≤ 3, increases from the initial value of δ0 to δ3. In the same part

of the diffuser the displacement thickness also increases from δ∗0 to δ∗3 (see

Table 1). In the diverging part of the diffuser the pressure increases, and

the effect of separation is to slow down the rate of increase of Cpx . The

diffuser configurations without the cavities are always characterized by a

steady asymmetric flow, similar to the one described in Sec. 3.2.

A slight reduction of the separated region extent with the reduction of

δ0/h is found. Indeed, when δ0/h decreases, the boundary layer has a larger

momentum near the wall and, therefore, the condition of flow separation

is slightly delayed and reduced. The reduction of the separation produces
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δ0/h Case δ3/h δ∗3/h Uin Cp η Cpa Φt

0.00 Reference 0.27 0.090 1.000 0.393 0.524 0.364 0.233

0.00 Optimum 0.27 0.090 1.000 0.446 0.595 0.413 0.207

0.05 Reference 0.29 0.097 0.982 0.393 0.524 0.354 0.221

0.05 Optimum 0.29 0.097 0.982 0.445 0.593 0.400 0.197

0.10 Reference 0.31 0.102 0.963 0.393 0.524 0.345 0.209

0.10 Optimum 0.31 0.102 0.963 0.444 0.592 0.390 0.187

0.15 Reference 0.33 0.110 0.946 0.397 0.530 0.341 0.199

0.15 Optimum 0.33 0.110 0.946 0.448 0.598 0.384 0.179

0.20 Reference 0.35 0.116 0.928 0.402 0.536 0.336 0.189

0.20 Optimum 0.35 0.116 0.928 0.453 0.604 0.379 0.171

Table 1: Summary of all the optimum results

an increase of the pressure recovery on the axis paout − pain and, since the

velocity on the axis is the same in all the operating conditions, of the pressure

coefficient on the axis Cpa . The trend of Cp, instead, is not as clear as the

one of Cpa , because in this case also the dimensionless value of the area-

weighted averaged x-velocity Uin at the diffuser inlet section increases with

the reduction of δ0/h and δ3/h. Thus, Cp is the ratio between the pressure

recovery pout−pin and the dynamic pressure 1
2
ρuin

2, which both increase with

the reduction of δ0/h and δ3/h (see Table 1); consequently, the variations of

Cp with boundary layer thickness are significantly smaller than those of Cpa .

The same flow-control-device optimization described in Sec. 4.1 was re-

peated for the different operating conditions. In all the considered cases,

suitably-shaped cavities lead to increases in Cp of 12.7% − 13.5%, compared

29



to the sharp-edged diffuser without cavities in the same conditions (see Table

1). Furthermore, in all cases the boundary layer separation point is delayed

and the separated region extent is significantly reduced. The improvements

are confirmed by the reduction of the dissipation found in the optimum con-

figurations. As might be expected, the variations of Cp and Φt are always in

opposite correlation.

The parameters characterizing the optimum cavities are summarized in

Table 2. Again, the ellipse axis normal to the diffuser diverging walls, b/h, has

a great importance because it determines the width of the steady recirculation

region produced by the cavity; moreover, the optimum cavities start as soon

as possible (s/h = 0) and they end approximately at the beginning of the

asymmetric separation zone (parameter t/h). Conversely, the ellipse axis

parallel to the diffuser diverging walls, a/h, has a very small effect also in

these operating conditions.

It should be noted that the optimum values of the ellipse axis normal to

the diffuser diverging walls are found to be very close even for the different

inlet boundary layer thicknesses, i.e. b/h = 0.12−0.13. The optimum cavity

height is definitely smaller than the thickness of the boundary layer at the

start of the diverging part of the diffuser, i.e. b/δ3 = 0.35 − 0.45, and it

is of the order of the displacement thickness δ∗3/h. Furthermore, as found

in Sec. 5.1, the proposed configurations are robust to small changes of all

the parameters around their optimum values as long as the flow reattaches

immediately downstream of the cavities. In particular, the efficiency gains

remain above 11% in the range b/h = 0.08 − 0.15 (see [29]).
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δ0/h s/h t/h b/h

0.00 0.0 16.0 0.12 − 0.13

0.05 0.0 14.0 − 15.2 0.12 − 0.13

0.10 0.0 11.2 − 12.8 0.12 − 0.13

0.15 0.0 11.0 − 12.2 0.12 − 0.13

0.20 0.0 10.0 − 12.0 0.12 − 0.13

Table 2: Summary of all the optimum parameters

6. Conclusions

In the present work a passive control of boundary layer separation in a

two-dimensional symmetrical diffuser has been developed and investigated.

The control method consists in modifying the geometry of the diffuser walls

using contoured cavities with suitable shape. The final goal is to increase

the pressure recovery inside the diffuser by delaying the flow separation and

reducing its extent.

The laminar flow inside a two-dimensional plane diffuser having an area

ratio of 2 and a total divergence angle of 7 degrees has been investigated.

The Reynolds number is Re = 500, based on the diffuser half-width at the

inlet section and the inlet velocity on the axis. Numerical simulations were

first carried out in the reference diffuser configuration, i.e. without the flow

control device, using three different codes, and an almost negligible sensitiv-

ity of the simulated flows to the numerics was ascertained. Therefore, the

code and algorithms implying the lowest computational cost with comparable

accuracy were used in the subsequent analyses.

31



Even if a symmetrical velocity-inlet profile is used, the flow in the diffuser

is characterized by a steady, albeit bistable, asymmetric zone of separated

flow.

One cavity was then introduced on each side of the diffuser diverging

walls and an optimization was carried out in order to identify the cavity

shape allowing the pressure recovery, and thus the diffuser efficiency, to be

maximized. The cavities start with a sharp edge at the beginning of the

diverging portion of the diffuser, have an upstream semi-elliptical shape and

end with a spline curve tangent to the diffuser walls. The cavity geometry

was defined by using four parameters, namely the cavity starting point, its

total length and the two ellipse axes.

The use of suitably-shaped cavities leads to a significant reduction of

boundary layer separation in the diffuser, and to an increase in efficiency

of the order of 13%. The improvement in the diffuser performance is also

confirmed by the pressure recovery coefficient on the diffuser axis Cpa and by

the evaluation of the total dissipation inside the diffuser.

In the diffuser configuration with optimized cavities the flow separates

at the cavity upstream edge and rapidly reattaches, forming a closed recir-

culation region within and immediately downstream of the cavities. This

produces a local widening of the diffuser cross-section and a consequent en-

hanced increase of the pressure coefficient. Furthermore, the reduction of the

subsequent asymmetric separation zone compared to the original configura-

tion contributes to a decrease of the associated pressure losses. A simulation

was also performed of the flow inside a modified diffuser with solid lateral

walls coinciding with the streamlines bounding the recirculation regions that
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are produced by the optimized cavities. The results of the comparison be-

tween the various configurations and the analysis of the vorticity field showed

that both the new ”virtual geometry” of the diffuser and the reduced con-

tribution to dissipation in the near-wall region are responsible for the good

performance of the diffuser with cavities, whose efficiency improvement is

always higher than the one provided by the modified diffuser.

A robustness analysis of the flow-control device showed that the efficiency

improvements remain significant also for small changes of the cavity shape

parameters around the optimum ones. The ellipse axis normal to the diffuser

diverging walls, b/h, turned out to be the most important parameter, because

it determines the width of the steady recirculation region produced by the

cavity. An improvement of Cp with the increase of b/h occurs as long as the

flow reattaches immediately downstream of the cavities. However, above this

value there is an abrupt reduction of the diffuser efficiency because the flow

on one side of the diffuser becomes completely separated.

An important output of the present analyses is that the optimum cavity

height is definitely smaller than the thickness of the boundary layer at the

start of the diverging part of the diffuser. Thus, the present control device

is more closely related to the multi-step afterbody concept than to the idea

of producing large trapped vortices contained within cavities whose typical

dimensions are much larger than the thickness of the upstream boundary

layer.

Finally, it was found that the length of the ellipse axis parallel to the

diffuser diverging walls a/h is not a critical parameter in the optimization.

In practice, if required by manufacturing constraints, the cavity semi-ellipse
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can be replaced by a simple step normal to the diffuser diverging walls with a

height equal to b/h without a significant decrease of the diffuser performance.

In the last part of the work, the same optimization procedure has been

repeated for different operating conditions, obtained by modifying the inlet

boundary layer thickness in the range δ0/h = 0 − 0.20h. Also in these cases,

suitably-shaped cavities were found to lead to a successful control of the

boundary layer separation in the diffuser. Indeed, the use of these passive

control devices provides increments in the Cp of about 13%, compared to the

sharp-edged diffuser without cavities in the same conditions. Once again, the

boundary layer separation point is delayed and the separated region extent

is significantly reduced by the presence of the optimized cavities. As for the

parameters characterizing the optimum cavities, their range of values and

relative importance are similar in all conditions.

In future investigations, the performance of contoured cavities in increas-

ing the efficiency of diffusers with different divergence angles and at higher

Reynolds numbers will be analysed.
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Figure 1: Diffuser geometry and reference frame

Figure 2: Streamlines inside the diffuser
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Figure 3: Mean pressure coefficient and separated region extent for the reference diffuser
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Figure 4: Comparison between the reference diffuser and the shape-optimized one

Figure 5: Parameters to be optimized
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(a) Diffuser with optimized cavities

(b) Streamlines inside the optimized cavity

Figure 6: Streamlines in the diffuser with optimized cavities
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Figure 7: Mean pressure coefficient and separated region extent; comparison between

the diffuser without cavities, the modified diffuser without cavities and the diffuser with

optimized cavities
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Figure 8: Integral of enstrophy along the diffuser width at different X sections
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Figure 9: Vorticity profiles at different X sections
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Figure 10: Effect of the variation of the parameter b/h
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Figure 11: Results for values of the parameter b/h below the optimal one

Figure 12: Streamlines for values of the parameter b/h below the optimal one
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Figure 13: Results for values of the parameter b/h above the optimal one

Figure 14: Streamlines for values of the parameter b/h above the optimal one
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Figure 15: Effect of the variation of the parameter s/h
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Figure 16: Effect of the variation of the parameter t/h

Figure 17: Effect of the cavity semi-ellipse elimination
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