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ABSTRACT. We prove scaling invariant Gagliardo-Nirenberg type inequalities of the form

.
(@) )
el oy < Cllely gy (Rff | |x_y'|d L@l dxdy) :

involving fractional Sobolev norms with s > 0 and Coulomb type energies with 0 < a < d
and ¢ > 1. We establish optimal ranges of parameters for the validity of such inequalities
and discuss the existence of the optimisers. In the special case p = 2d our results include a
new refinement of the fractional Sobolev inequality by a Coulomb term We also prove that
if the radial symmetry is taken into account, then the ranges of validity of the inequalities
could be extended. More precisely, we show that such a radial improvement is possible if
and only if o > 1.
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2 J. BELLAZZINI, M. GHIMENTI, C. MERCURI, V. MOROZ, AND J. VAN SCHAFTINGEN

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. Given d € N, s > 0, a € (0,d) and ¢q € [1,00), we define the fractional
Coulomb—Sobolev space by

q q
groiRY) = {p: RIS R : Rdf{;d de dy < oo and /RdHaS@(g)deg < oo},

Since for every measurable function ¢ : R — R

()| [o(y)]®
(1.1) / lpl?dz) < CR&™ ———— = dady,
( Br(0 ) Rdjfod o = ylte
the boundedness of the double integral on the right-hand side of ([l.1)) ensures that ¢ is a
tempered distribution and that its Fourier transform { is a well-defined tempered distribution.

In particular |£]*® is a well-defined distribution on R?\ {0}. The integrability condition in the
definition of £% O‘761(]Rd) means that this distribution can be represented by an L?—function.

In the sequel we define the fractional Laplacian (—A)2 ¢ by

(CA)Ep)(E) = 2rle) Ea(e).

We endow the space £5%9(R?) with the norm

1
s 2 q q q
ellgs.camay = <||(—A)290HL2(W ( jj |90 ) |TZ a)| dxdy) )

In particular, when s < £, a function ¢ is in the space £*4(R?) if and only if ¢ € H*(R%)

and
q q
H |‘P ) |"fl a)‘ dz dy < oo.

N|—=

The space £522(R3) has been introduced and studied by P.-L. Lions |17, Lemma 4;[18| (55)]
and D. Ruiz [24} section 2]. The space £5%2(R?) had been studied in [2], while £1:%4(R9) had
been studied in [21]. Following the arguments in |21} Section 2], it is not difficult to see that
£%%4(R%) is a Banach space (see Proposition [2.1| below).

The space £%%9(R%) is the natural domain for the fractional Coulomb-Dirichlet type energy

NE q
(= 90||L2Rd)+ jf s H(’fl a)’ dz dy,
R xRd

which appears in models of mathematical physics related to multi-particle systems, where the
Coulomb term with ¢ = 2 typically represents the electrostatic repulsion between the particles.
Relevant models include Thomas—Fermi-Dirac-von Weizsécker (TFDW) models of Density
Functional theory [14]; or Schrodinger—Poisson—Slater approximation to Hartree-Fock theory
[5]. The fractional case d = 2, s = 1/2 and o = 1 appears in the recent TFDW-type model
of charge screening in graphene [19], where relevant powers are ¢ = 2 or ¢ = 1. Interpolation
inequalities associated with the space 85’25’2(Rd) are in some cases equivalent to the
kinetic energy Lieb—Thirring type inequalities [20, Theorem 3], which are fundamental in the
study of stability of non-relativistic (s = 1) and ultra-relativistic (s = 1/2) matter [16].
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SHARP GAGLIARDO-NIRENBERG INEQUALITIES 3

1.2. Coulomb—Sobolev inequalities. Our first main result in this paper is the continuous
embedding

gsa(RY) s [ 55 (RY).

More specifically, we establish a family of scaling—invariant interpolation inequalities for the
space £5%P(RY).

Theorem 1.1 (Coulomb-Sobolev inequalities). Let d € N, s > 0, 0 < o < d, ¢,p € [1,00)
and q(d — 2s) # d + . There ezists a constant C = C(d, s, «,q,p) > 0 such that the scaling
nvariant inequality

2d—p(d—2s)

_ p(d+a)—2dq ) 2p(d+a—q(d—2s))

?|p(y)|?
12 < C p(d+a—q(d—2s)) < |S0 ’ d d
2 ey < Gl ™ T Jf e e

holds for every function ¢ € £59(R%) if and only if

2(2¢s + a) . d
1. > —-—— 7 > —
(1.3) T 254« zfs_2,
22gs+a) 2d . d 1 d-2s
1.4 — —
(14) pe{ 25+« ’d—2s] zfs<2 and q>d—&-047
2d  2(2qs + ) ) d 1 d—2s
1. — d - .
(15) b {d—25’ 25+« } zfs<2 a q< d+ a

Moreover, if p is not an end—point of the intervals (1.3)—(L.5)), i.e. p # Z(ggiizo‘) and p # dzcés,
then the best constant for (1.2)) is achieved.

In the case s = 1 inequality was known for d = 3, & = 2 and ¢ = 2 [18| (55);
24, Theorem 1.5]; and for d € N, € (0, N) and ¢ > 1 [21, Theorem 1]. The fractional
inequality first appeared for d = 3, s = 1/2, a = 2 and ¢ = 2 in [4, Proposition 2.1];
and for d € N, s > 0, a € (0,d) and ¢ = 2 in |2 Proposition 2.1].

1.3. Reﬁned Sobolev inequalities. The special case ¢(d — 2s) = d + «, which corresponds
to p = 23 and q¢ = jj‘zo‘s , is not covered by the previous theorem and the exponents in
are meanlngless. In this special case we obtain a refinement of the Sobolev embedding,

extending the one observed for s =1 |21} (1.7)] and for ¢ = 2 |2, Proposition 2.1].

Theorem 1.2 (Endpoint refined Sobolev inequality). Let d € N, 0 < s < %, 0 <a<d.
Then there exists C = C(d, s,a) > 0 such that the inequality

s(d—2s)

F o) N
d(25+a) ° -
16 el g, g < Cllelig I |$_ = dxdy)

(R
dxRd

holds for all ¢ € £5*4(RY).

Remark 1.1. It is interesting to compare our refinement for Sobolev embedding with two
other improvements. The Gérard—Meyer—Oru improvement |1, Theorem 1.43;|15] states that
if0<s< % and 0 € S(R?) is such that § has compact support, has value 1 near the origin
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~

and satisfies 0 < # < 1, then

2s

d

5 dyg TS
@7 el 7% gy = <C(ds G)H@IIH S (RY) (iﬂ%)‘ﬁ IIH(A-)*sOIIOO> Vi € H*(RY).

The Palatucci-Pisante improvement [22, Theorem 1.1] (see also [27, (4.2)]) states that if
0<s< %, then

1_%8 27? 75 (Mo d
(1.8) 4 mey = < O s)lel paaallel {0 g Vo € HI(RY).
In the last inequality, the Morrey norm is defined as
1
ol = sup BO(f )
R>0, z€R4 Bp(z)

one proof of ([1.8)) relies on ([1.7])) and on the observation that
d
AEFOO) % plloo < Ol i
In our case we have by Holder’s inequality and monotonicity of the integral

= Flpw#E
4_ -8 dta dta % |p(y)| -2
RS )T eRE S jefE <o dar dy
( Br(z) Br(z) ff \ﬂf — gyl

R xR4

so that it is clear that Coulomb norm controls the Morrey norm MUYE=5. On the other hand,
a(d—2s) 2
(2s—|—a) - (1 S)1—|—2 /o

the exponent 1 — 7 for H*-norm in (I.7) and . This suggests that the inequality (|1.6} .
cannot be derived directly from the already known ones.

the exponent for H*-norm in our improvement is always less than

Remark 1.2. The refinement of the Sobolev inequality in Theorem is sharp. Indeed, by
scaling it can be proved that if a scaling invariant inequality of the following form holds

+a d+a Y
£ () 2
1.9 24 <C(d,s,« 63 dedy | ,
9) el g2, o < O NG oy HR ‘x — e
then the exponents v and [ are related by the equation
d—2s d
5 :(§—S)B+(d+a)7
On the other hand, estimates (3.7)—(3.9) in the proof of Theorem below imply that
d—2s
< — .
2d ~2 )

We conclude that 8 > d(g 28; is necessary for (1.9)) to hold.

Interpolating between the refined and classical Sobolev inequalities, we obtain a new family
of interpolation inequalities, for which the best constant is achieved.
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SHARP GAGLIARDO-NIRENBERG INEQUALITIES 5

Theorem 1.3 (Non-endpoint refined Sobolev inequalities). Let d € N, 0 < s < %l, 0<a<d

and 0 < e < dég 25)). Then there exists C = C(d, s,a,e) > 0 such that the inequality
, s
a(d—2s) , 2atd) d @25 |p(y)| @2 e
. < 2sd+ad
110) el ze < Cllell G ![Ld R sy
X

holds for all p € £5%9(R%). Moreover, the best constant for (1.10)) is achieved.

When ¢ = ;((gs_f‘;)) the inequality (1.10]) is the classical Sobolev inequality.

The existence of optimizers for the non-endpoint inequality (1.6 provides a partial answer
towards the question raised in the case s = 1 in |21} Section 1.5.5]. The existence of optimizers
for the endpoint inequality (1.6)) remains open.

1.4. Radial improvements. We now consider the question of embeddings for radial func-
tions. Since the symmetric decreasing rearrangement increases the nonlinear nonlocal Coulomb
energy term, the situation might be more favorable for radial functions. Our next result
shows that for the subspace of radially symmetric functions in the Coulomb—Sobolev space
EXTYRY) the intervals (T.3)-(L.5) of the validity of the Coulomb-Sobolev inequality

rad

can be extended provided that a > 1.

Theorem 1.4 (Sharp Improvement in the radial case for « > 1). Letd > 2,s >0, 1 < o < d,
q,p € [1,00), q(d —2s) #d+ a and

(2s = 1)g+2)(d— )
2s(d+a—2)+d—a

There exists a constant Craqg = Crad(d, s, &, q,p) > 0 such that the scaling invariant inequality

Prad '=q +

2d—p(d—2s)

 pdta)—2dg ()] q Tp(dta—q(d—25))
reeE e(@)|7](y)]
A1) el < Crallol R, ™ 7 [ EEEWE 4 g,
[z =y
Rd xRd
hold for all radially symmetric functions ¢ € E259(R?) if and only if
. d
112) P> g5 4,
2d . d 1 d-—2s
(113) pE (prad,m} ’lfS< 5 and 6 > d—|—a7
2d d 1 d—2s 1 1—2s
1.14 e[ s and L < 1
( ) p [d_2saprad) ’lfS 2 an q d+a’ q?é 9
2d . 1 1 1—2s

If 0 < a < 1 then inequality (T.11) holds on £29(R?) if and only if (I.2) holds on £5*4(R%).

In the important special case s = 1/2 we have the simplified expression pq = ¢ + d_fcf,

while for s = 0 we formally obtain p,.q = 2.

In the special case d = 3, s = 1, @« = 2 and ¢ = 2 the improved radial inequality ((1.11])
was first established in [24, Theorem 1.2]. For d € N, s = 1, o € (0,d) and ¢ > 1 the
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improved radial inequalities (1.2)) were studied in |21, Theorem 4]. The fractional case d = 3,
1/2 < s <3/2, a =2, ¢ =2 was considered in [3].

We shall emphasise that the radial improvement is possible for any s > 0 but if and only if
a > 1. The universality of the threshold o = 1 which does not depend on any other parameter
in the problem is quite interesting.

Another new and purely fractional phenomenon is the special role of the exponent ¢ = 1%25

in the case s < 1/2. Observe that for s > 1/2 we always have p;,q > ¢, while p.q < ¢ if

s < 1/2 and q > 1%25, the latter requires g > j_*;‘s. If s<1/2 and ¢ = 1—225 then praq = ¢

and this is the only case when the endpoint embedding £75%(R?) « LPrad(R?) is valid.

rad

87a7q

Finally, we prove that the embedding £} (RY) — LP(R?) is compact provided that p is
not an endpoint of the embedding intervals.

Theorem 1.5 (Compact embeddings for radial functions). Let d > 2, s > 0, and q € [1,00).
Moreover we assume that p is away from the endpoints of the intervals in f when
0<a<1andin f when 1 < o < d. Then, the embedding £557(R?) — LP(R?)
is compact.

Compactness of the radial embedding implies in a standard way the existence of radial
optimizers associated to the inequalities (1.11]), cf. |21} Section 7] where the case s = 1 was
considered.

1.5. Outline. The rest of the paper is organised as follows. Section [2| contains a short proof
of the completeness of the Coulomb—Sobolev spaces. In Section [3] we discuss the spaces
£%%4(RY) in the nonradial context and show that interpolation inequalities of Theorems
and can be deduced from the standard fractional Gagliardo—Nirenberg inequality ([3.3))
using a fractional chain rule. We also discuss the existence of the optimisers and prove
Theorem In Section 4] we derive the radial improvement of Theorem as a consequence
of Ruiz’s inequality for Coulomb energy (see Theorem and either de Napoli’s interpolation
inequality (see Theorem , which is a fractional extension of the classical pointwise Strauss
type bounds valid only for s > 1/2; or, in case s < 1/2 a consequence of Rubin’s inequality
(Theorem , which is refinement for radial functions of the classical Stein—Weiss inequality.
In Section |5 we construct special families of functions which are used to prove the optimality of
the radial embeddings, while in Section [6] we prove the compactness of the radial embedding.

1.6. Asymptotic notation. For real valued functions f(t), g(t) > 0, we write:

07
f(t) < g(t) if there exists C' > 0 independent of ¢ such that f(t) < Cg(t);
f(t) = g(t) if f(t) < g(t) and g(t) < f(1).

As usual, C, ¢, c1, etc., denote generic positive constants independent of ¢.
2. COMPLETENESS OF THE FRACTIONAL COULOMB—SOBOLEV SPACE

As in 21} Section 2], it is not difficult to see that the space £%*%(R?) is a normed space.

Proposition 2.1. For everyd € N, s >0, 0 < a < d and q € [1,00), the normed space
£39(R%) is complete.
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SHARP GAGLIARDO-NIRENBERG INEQUALITIES 7

Proof. If (tn)nen is a Cauchy sequence in £9*9(R%), then ((—A)2uy, )nen is a Cauchy sequence
in L2(R%) and there exists thus f € L?(R%) such that ((—A)2uy,)nen converges strongly to f
in L2(R%). On the other hand, by (T.1)) we have for every R > 0,

lim [tr, — U | = 0.
There exists thus a measurable function u : R? — R such that (uy),en converges to u in

L (R9). By Fatou’s lemma, we have

i [[ ) =l ) — il

oo P |z =yl

< lim liminf ﬂ [tn (%) = 1 (@)[" [tn(y) = tm ()1 dz dy.

n—00 M—00 |£L‘ _ y|d7a
R4 xR4

It remains now to prove that (—A)zu = f. We observe that by (L.3),

1
lim sup —— |tun, — u|? = 0.
N7 R>0 R 2 JBR(0)

Therefore (uy,)nen converges to u as tempered distributions R?, and thus the sequence (Un ) neN
converges to @ as tempered distributions on R%. It follows that ((27)%/2|£|%%, )nen converges
to 27%/2|€|%|€|*T as distributions on RY. Since on the other hand, ((27)%/2|€|%%, )nen converges
to f it follows that (—A)2u = f. O

3. GAGLIARDO-NIRENBERG INEQUALITIES: PROOF OF THEOREMS [1.1], AND

We first establish the endpoint inequality.

Theorem 3.1. Letd €N, s > 0,0 < a < d and q € [1,00). Then the following inequality
holds

s @l lew)le |\
Il s, S 18050 Hz‘;;@(‘R JJ R away Vo € (R,

d 2(2gs+a) d i
In particular, £5%1(R®) — L™ 2sta (R%) continuously.

The above inequality in the particular case ¢ = 1 implies that £%%1(R%) embeds continu-
ously into H*(R?).

Proof of Theorem[3.1]. Recall that for all qﬁ € Lll (RY) such that
(3.1) jf |d ad:vdy<oo

there holds
_a 2
(3.2) 1(=4) 4¢”L2(Rd - jf ’d ad z dy.

Rded
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Moreover we recall the endpoint Gagliardo-Nirenberg inequality (see for example [1, Theorem
2.44])

_2s
(3.3) N85 ey < CHONE B (—2) T3]

where L ) .
s o
» 5(044—25) +;<a+2s)'

When ¢ =1 by (3.1 and ( @ there holds
)| lo(y
(3.4) 1(=2) "5 | Foay = ﬂ |d ad:cd <c H STy 4w dy.

Setting 1) = (—A)f%gp and p = r = 2, (3.3) together with (3.4) yields the inequality for ¢ = 1.
Let ¢ > 1. Setting ¢ = (—A)"4|p|? in (3.3), we get

2s
17 ey < CU=)F ol =) et 5
which implies
« S § [e% S ( 1)04 S
(3.5) 11l op ety < ClI(=2) "%l HL;QRd)H - QQPHL;&d Il i

by the fractional chain rule where 1 o= 5 + 7 [12, Corollary of Theorem 5]. Now choosing !
such that (¢ — 1)l = gp, i.e. such that

[ qp

we conclude that p = jé:igs) By (3.5) and setting ¢ = |p]? in 1) this concludes the

proof. O

Proof of Theorem [I.1] and Theorem[I.4 The exponents for the refined Sobolev inequality
given by Theorem [1.2] are derived directly from the endpoint Gagliardo-Nirenberg inequality
of Theorem 3.1

The scaling-invariant inequalities of Theorem [I.1]follows from the fact that by interpolation
between Theorem and the classical fractional Sobolev embedding, £5%4(R9) — LP(R?)
continuously for

2(2¢gs+a) 2d } . d+ «
f1 .
pe( 2s+a d—2s ! <q<d—23
2d 2(2qs+a)> . d+
f
pe[d—ls’ 25 + « 1Q>al—2s

Indeed, let us consider the scaling uy(z) = )\%u()\x) such that ||ux||prway = ||ullLp(rae). From
the embedding we get

1
é u u q
HU)\H%p(Rd) ~ || 2u>\||L2(Rd <RJ‘J‘ ‘ )\ ’ |’d)\a)’ dxdy) ,
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which gives by scaling

1
2 ——d+2 § E (d+a) lux(2)]? Jux(y )’q q
(3.6) IlulFpmay S AT H(=A)2ur|Foay + A J1 o yla 4Ty
Notice that when ¢ = d+a d 2 - we obtain as expected 2d —d+2s =0, 2d (d:a) 0.

Minimizing the rlght hand side of (|3 . 6f) with respect to A we get the scaling 1nvar1ant inequality
given by Theorem [1.1] The same computation of course works in the radial case.

Optimality of the embedding intervals. Given a nonnegative function n € C*(R%) \ {0} and
a vector a € R?\ {0}, for k € N set

tap(2) = 0z + ko).
Following |24, Section 5], we define the functions v ., € C°(RY) by

m
Va,m = Z Ug k-
k=1

Then for |a| — oo we obtain

(3.7) Hva,mHIzp(Rd) =m,
(3.8) |va, mH%s(Rd) Sm,
’Uam | va,m (y)]4
(3.9) — dzdy < m.
Rd{{w Iﬂf —ylie

To deduce (3-8), choose k € N such that k > s. Interpolating between homogeneous L? and
H* norms (cf. [1, Proposition 1.32]), for |a| — oo we conclude that

(1-) -

2 2 k 2 1-%
oty gty < 0m g mmty, < (mllnlie ) * (mllnl e )

Sm.
Using the diagonal argument, from ([1.2)) we deduce that for all sufficiently large m € N it
must hold

p(d+a)—2dqg 2d—p(d—2s)
m SJ m 2(d+a—q(d—2s)) 1 2(d+a—q(d—2s)) ,

which implies the optimality of the embedding intervals ((1.3)—(1.5)).

Ezistence of the optimizers. The existence of optimizers follows almost identically to the proof
of |2, Theorem 2.2], see also |3} proof of Corollary 0.1]. We only sketch the argument.

Fix p inside one of the intervals ([1.3)—(1.5). By homogeneity and scaling we can assume
that an optimizing sequence (¢n)nen in € S’O"q(Rd) satisfies

|n (@) |9]n(y)| _
”SOTLHHs(Rd) Rd‘[de o — ylto dedy =1,
X

and [[¢nl| prey = C(d, s, @) + 0o(1).

Since p is not an end-point of the intervals (|1.3))—(1.5)), we can use interpolation inequality
(1.2) to find a uniform upper bound on ||y |11 (ray and ||| Lr2 (ray, for some p1 < p < ps.

Therefore, via the pgr-lemma [11, Lemma 2.1 p.258] and Lieb’s compactness lemma in H*(RY)
[2, Lemma 2.1], we conclude that ¢, — @ # 0 in H*(R%). Finally, using the non-local
Brezis-Lieb splitting lemma for the Coulomb term |21, Proposition 4.8], the existence of a
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maximizer could be proved similarly to the arguments in |2, pp.661-662] (see also the proof
of Theorem below for similar estimates). O

Proof of Theorem[1.3 Inequality (1.10)) is obtained directly by interpolation between the clas-
sical Sobolev inequality and endpoint refined Sobolev inequality (1.6)

To prove that the best constant C(d, s, a, ) in ((1.10)) is achieved, we will use the following
result.

Theorem 3.2 (Gerard Meyer-Oru). Let 0 < s < d/2 and let 0 € S(R?) be such that 0 has
compact support, has value 1 near the origin and satisfies 0 < 6 < 1. Then there is a constant
C = Cyq(0) such that for all u € H*(RY),

2s

d

d—2s
lull 2o, < Cllull <sup Ad”*sue(A-)*uuoo)
—2s A>0

Consider a maximizing sequence (p,,)nen for (1.10]) such that |¢y,]| frs(rey = 1 and

s(d—2s)

= (Cd,s,a,¢) +0(1)) (D(pn)) =507,

[lson|

| 24
d—2s

where for brevity, we denoted

o ()| 5 [op(y) | 25
(p € —2s (p y —2s
D(yp) := dz dy.
(¢) Rdﬂ R P
xR

Using the endpoint refined Sobolev inequality we infer that

M—E s(d—2s)
(D(Sﬁn)) d(2s+a) 5 H(an didz 5 (D(@n)) d(@sta)
This implies that
13 D(Qon)
and hence,
(3.10) 15 Nl 2 .
d—2s

Let @ denotes the weak limit of (¢,,) in H*(R?). Recall that our inequality (T.10) is critical,
i.e. it is both scaling and translation invariant. From Theorem together with (3.10]) there
exists sequences (,)nen in R? of translations and (A, ),en in R of dilations such that

d S
it 43" [ 040 = 9)gnlu)dy > 0.
n Rd
This fact implies by the change of variable that

d —
875 x xn 5
An wn( A ) ¢ # 0.

The fact that ¢ is an optimizer is now standard. By the Brezis-Lieb type splitting prop-
erties of the three terms in (1.10)) (for the splitting of nonlocal term D see [21, Proposition
4.7]), we obtain

o(d ~24 (5 _GIEE |
(7870‘7€) 8 H@’A—i_“wn (P‘A—i_o()

d—2s d—2
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_i2 12 Ty ?Z(azt)di’) - \\ Tty s
> (18112 ey + 9n — Bl gy +0(1) (D($) + D(ipn — §)) st ~*a25
Since
do 2d(a +d) 2ds 2d 2d(o + 2s)
- — 14t BATE)
<d(23+a) +€(d—2s)2> (d(2s+a) 6d—23> Te (d — 25)? -5

As a consequence of the discrete Holder inequality we have

2da €4d(a+d) 2ds 2da +e 4d(a+d) 2ds 2d
qd@s+a) "5 (@252 pd(2sta) Ed 25 4 pdCsta) TV (d-25)2 gd2s+a) €a—2s

2d(a+d)
+e 2ds _ __2d
< (a 4 b2) d(25+a) (d—25)2 (C + e) dsta) Ca-2s

for all a,b,c,e > 0. Hence

Cdss,,e) 7 (IGITF + llen — 6l +0(1)

4d(a+d) 2ds 2d
(d—2s)2 D(@)d(23+a) €925

2da
d(2s+a) +e

Hs(R%)

> el
2da 4d(a+d)

d(2s+a) 2ds

_2ds __ __2d
+ H‘Pn ‘PHHS A (d—2s)2 D((Pn _ ()5) d@2sta) Cd-2s | 0(1).

Therefore we can conclude that
2da dd(atd) 2ds 2d

od 2d
__2d (2s+a) T 54)2 \2ds o _2d
C(d, s, a,¢€) HSIISOII‘I > (@l ey T D(@)TEHT T 4 o(1),

which implies that ¢ is an optlmlzer. U

4. SHARP IMPROVEMENT IN THE RADIAL CASE

In order to establish the radial inequality (1.11)) we will use a version of the weighted
estimate involving the Coulomb term which was originally established by Ruiz [24].

Theorem 4.1 (Ruiz |24, Theorem 1.1], see also [21, Proposition 3.8]). Letd € N, 0 < o < d,
€ [1,00). Then for every e > 0 and R > 0 there exists C = C(d,a, q,e) > 0 such that for

all p € L%(Rd),

1

@), < ()9 ]p(y)|? )2

4.1 / T dﬂjdy 5
(4.1) RI\Bp(0) |z 27T jf e -yl

<R
(4.2) /B |TCE:“2|_IZE dz < CR€< H |‘p‘x ) ﬁfl( it g, dy>2.
R4

We will also employ two different estimate on the functions in H2,;(R?). In the case s > 1/2
our proof of (|1.11]) relies on the following interpolation result.

Theorem 4.2 (De Népoli [7, Theorem 3.1]). Letd >2, s > %, 7> 1 and
(4.3) —(d—=1)<a<d(r-1).
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Then

(@4 o)l < Cd,s,r,0)|2] 7 I(=2)2 0l faga ol ; (pay Vo € Hiaa(RY) N LE(RY),

2s(d—1)+(2s—1)a 0 — 2
(2s—1)r+2 - (2s—1)r+2

1
Jull gy = ( [ ol @)l de)
Rd

Remark 4.1. The inequality (4.2) has important special cases:

where o = and L7 (R?) is the weighted Lebesque space with the

norm

i) When r = 522~ and a = 0 we obtain Cho-Ozawa’s inequality [6]:

(4.5) sup [p(z)| S

®ey) Ve € Hig(RY),
|z|>0

ii) When r = 2 and a = 0 we obtain Ni type inequality

_d-1 L 1—L d
sup [ (2)] < ol F Npll . gy I oy Voo € g (RY.
|z|>0
In the case s < 1/2 pointwise estimates on functions in Hfad (R9) are no longer available.
Instead, our proof of ((1.11]) relies on the radial version of the classical Stein—Weiss estimate
[25].

Theorem 4.3 (Rubin [8; 9, Theorem 1.2;23|). Let d > 2 and 0 < s < d/2. Then

1

@0 ([ @l o) <Clsr Dl Vo€ Haa(®,
where r > 2 and
1 1 d
. —d-1)(=--)< 2
(4.7) (@-1)(5--) <8<
1 1 f[g-s
(4.8) ~=3 + d

Remark 4.2. The difference with the classical (non-radial) Stein—Weiss estimate [25] is only
in the extended range (4.7)) for 8 (in the non-radial case we must have 0 < 8 < g) Note
special cases of ([4.6)):

i) When = s and s < % we obtain r = 2 which gives the Hardy inequality:
1
21,..1—2s 2 < d
(/[ Jota)Plel > as)" 5 bolawy o it (B
ii) When 5 =0 and s < we obtain r = d - which gives the Sobolev estimate:

(o)

iii) When 8 = —(d — 1)(3 — 1) and s < 3 we see from (4.8) that r = % and hence
B =—(d—1)s, so we obtain a “limiting” inequality

N

%
Slollgegey Yo € Haa(RY),

2 2s(d—1) %_5 d
Rdl@l“% x| 72 da Sellgo@ey Vo € Hopg(RY).
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A corollary of Rubin’s inequality is an integral replacement of the Cho—Ozawa bound (4.5)).

Lemma 4.1 (Weak Ni’s inequality). Let d > 2, 0 < s < 1/2 and % —s< % < % — 5. Then
for R >0,
(4.9) Lo 1ol <Cls B E Nl Vo€ Ha @Y,
R4\ B (0) Hrad®
Proof. Follows from Rubin’s inequality (4.6)) by setting r = p and 5 = %z_%). 0

Using (4.1)), (4.4) and (4.6|) in the exterior and the classical Sobolev inequality in the interior
of a ball we deduce the following.

Proposition 4.1. Let d > 2, s >0, 1 < a < d and (%52), <

d+a )J,-
EXPIURY) is continuously embedded into LP(R?) for

rad

é < 1. Then the space

2d d
4.1 rads 3 o X
(4.10) pE(pad d—2s} and s<2
(4.11) D> Prad and s> g

Proof. It is sufficient to establish continuous embedding £29(R%) — LP(R?) only for p in a
small right neighbourhood of p,,q, the remaining values of p are then covered by interpolation
via Theorem Given R > 0, we shall estimate the LP—norm of a function ¢ € £297(R%)
separately in the interior and exterior of the ball B(0). Since p < %, in the interior of the
ball Br(0) we estimate by Sobolev inequality

/ﬁ lolP < CRPG=D |, 0.
Br(0) (RY)

The estimate in the exterior of the ball Br(0) will be split into the cases s > 1/2 and

s < 1/2. Observe that p > praq > g, since ¢ < gfzo‘s. For a small € > 0, denote
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Case s > 1/2. Using successively the inequalities (4.4), (4.1) and (4.5)), we estimate
(4.12)

/ of?
R4\ Br(0)

7 \P—q |o(z)|?
< sup )| |z|p—a / dx
(@lial=) " T

|z|>R
q q

< H‘P”e(p qd (/ ()] dx) / ‘90( )l da
He(R re |z[? RABRO) T[T

1, (-0)(p—q)

+
0(p—q e (@) ()| 2T
HM%JWJ] =t
(-=6)(p—q)

1
|o(@)|* e (y)]? : d-2s, “
+||<P|Hs R4) <R25 fj |z — y|d—o dmdy) < (o) ||~ ) )

(1-6)(r—q)
q

where 6 = m The application of . ) requires that
2s(d—1—
(4.13) 0,2t Nty
pP—q (2s —1)g+2

which is fulfilled for a sufficiently small € > 0 if p > p;,q. The last integral in (4.12)) is finite

when

d—2
(4.14) -3 Sq—'y< —d;
this is the case for a sufficiently small € > 0 when g < gj‘g’; )
Case s <1/2. Let r > p > q and 6 € [0,1] be such that & + # %, ie. 0 = %%. By the
Holder inequality together with (4.1)) and (4.6)), we estimate
r—p e q —a
/ ‘80|p < (/ |@($)|r|x|7ﬁ d;];) q (/ “P(.CE)| d{L‘) q
R4\ B(0) B4\ BR(0) B\Br0) |2]
= e@I eI 4\
T T e 90 P T4
415 5(/ o(@)|"|z Bdw) ( adwdy>
(4.15) R\ B (0) @)l Il R2 ff |z — y|d-
= @)@l T
i ' ¥ rd
S ng”Hs(%d (Rga ffwdl’dy) )
where in view of (4.8]) we must express r and [ as
2(yp —d(p — q)) _ 17(2d - p(d - 25))
—(d=2s)(p—q)’ 2 vp—d(p—q)
Note that 8 < 0 for sufficiently small € > 0, since ¢ < d+°‘ and p < 7=5-. Hence (4.7) requires

_d=19(p—=2)-25(p—q)

bz vp —d(p —q)
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The latter is satisfied provided that
gs(d—1) +~
2s(d—1) +~(1—2s)’
where pe \( praq s € — 0. In addition, observe that r 1%25 as p = p. and € — 0, which

in particular, ensures that we can choose r > p and r > 2 in (4.6). We conclude that (4.15))
holds for p > pyaq, provided that £ > 0 is sufficiently small. O

(4.16) D> pe =2

Proposition 4.2. Letd > 2, 0 < s < %, l<a<dand % < q < oo. Then the space
ESTURD) is continuously embedded into LP(R?) for

rad
2d 1 1
(4.17) pE {maprad) and 4 # 5%
2d 1 1
(418) pE {m,prad} and 6 = 5 — S.
Proof. Note that for % 1 — s it is sufficient to establish continuous embedding £ (R?) —

LP(R?) only for p in a small left neighbourhood of pyaq, the remaining values of p are then
covered by interpolation via Theorem

Given R > 0, we shall estimate the LP-norm of a function ¢ € £57%(R?) separately in the
interior and exterior of the ball Bg(0). The proof will be splitted into a number of separate
cases, which we outline in Table [T}

s q Br(0) R?\ BR(0)
s>1/2 q> o De Napoli + Ruiz as in (4.12) Sobolev + Cho-Ozawa (4.5)
4o < g < 12~ Rubin + Ruiz as in ([{.15) Weak Ni (4.9))
<
s<1/2 q= 2 Li-estimate (T.1) Weak Ni ({.9)

q> 71—225 Li-estimate (|1.1) Rubin + Ruiz as in (4.15))
TABLE 1. Different cases in the proof of Proposition [£.2]

Case s > 1/2. In the exterior of the ball Br(0), for any p > d%‘és we can estimate

(4.19) / lpl? < CRP(E) || RA)’
B4\ Bp(0) (=9

using the classical Sobolev inequality and Cho—Ozawa’s inequality (4.5). To obtain an esti-
mate in the interior of the ball Br(0), we observe that for s > 1/2 we have ¢ < p;,q and hence
we can assume that ¢ < p < praq. For a small € > 0, set v := d_TO‘ — . Then the estimate

on [ Br(0) |p|P is identical to the argument in (4.12)), but carried out in the interior of the ball
Bpg(0), which reverses the inequalities in (4.13) and (4.14)).

Case s < 1/2 and % <q< 1%25 In the exterior of the ball Br(0) the estimate (4.19)

follows directly from the weak Ni’s inequality (4.9). To obtain an estimate in the interior of
the ball Br(0), observe that for ¢ < 1%23 we have ¢ < praq and hence we can assume that
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q < p < Praq. For a small e >0, set v := 5% —¢e. Then the estimate on fB |<p|p is identical

to the argument in , but carried out in the interior of the ball BR(O) With qg<p<r.
The only difference is that for g > d“‘ the inequality in reverses and that p. 7 pragq

as € — 0, since v < 20‘. Note that for 0<s<1/2andgq 2 ﬁ we have ¢ > praq and a
Holder inequality estimate of type (4.15]) on [p 2(0) |©|P is no longer possible.

Case s < 1/2 and q = 1=5; 2 . Observe that in this case we have p;aq = g. In the exterior of
the ball Br(0) the estimate

(4.20) Lo lelt < CREEolt, .
RA\BR(0)

follows directly from the weak Ni’s inequality (4.9)), which is valid for ¢ = ﬁ To estimate
fBR(o) |p|?, we can use the L9—estimate (L.1]), i.e.

1

o lp(@)]? [ (y)]? 2

4.21 / ol <CR 2 < dxdy)
(4.21) ol HRd =

Combining (£.20) and (£:21)) together we conclude that £57Y(R?) — LI(RY), the remaining
range of p follows by interpolation.

Case s < 1/2 and q > 175; Observe that in this case p < praq < q. To estimate fB |cp|p,
we use the L‘Lestlmate ) to obtain

2£
lo(@)| o (y)| '
lpP < CR dx dy .
/BR H]Rd o —ylde
To obtain an estimate in the exteriour of the ball Br(0), we will use Holder, Rubin and Ruiz’s

inequalities similarly to , with v = %52 + e and r < p < q, Which could be carried out

for p < praq provided that e>0is sufﬁmently small, because praq > 15 28 O

Proof of Theorem[I.4} The scaling invariant inequalities of Theorem follow from Propo-
sitions and [£.2| by by the same scaling consideration as in the proof of Theorem O

The estimates of Propositions [4.1] and [4.2] improve upon the estimate of Theorem [3.1] only
when a > 1. In the next section we show that the intervals of Propositions [4.1] and [.2] are
optimal and that for a < 1 there is no improvement for the radial embedding.

5. OPTIMALITY OF THE RADIAL EMBEDDINGS

The optimality of the intervals in Theorems and for s < 1 is a consequence of the
following.

Theorem 5.1. Let d > 2, 1 <a <d, 0<s<1/2 and g = 2. Then the space £,,3(R?)
is not continuously embedded into LP(RY) for p > q = praq.

Theorem 5.2. Letd > 2, 1 < a <d, 0 < s <1 andp,q € [1,400). Then the space
S VURY) is mot continuously embedded in LP(R?) for

d—2s
d+ «

)

1
(5.1) P < praqa and 6 >
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d—2s 1-— 25
d - #

+a’ q
Theorem 5.3. Let d > 2, 0 < a < 1, 0 <s<1andp,q € [l,+0). Then the space
EXTYRD) is not continuously embedded in LP(RY) for

1
(5.2) D> Prad and — <

rad
2(2 1 d-2
(5.3) L 2esta) L A2
2s + « q d+a
2(2 1 d-2
(5.4) > H2as +a) and — < °
25+« q d+a

The proof of Theorems|[5.2]and [5.3]is obtained by constructing counterexamples, i.e a family
of functions w such that for a suitable p it holds

s ey = 1
q q
([ [l T 4, 4y o 1
R4 xR ==yl
2 gy — +00-

Given a nonnegative function n € C*°(R) \ {0} such that suppn C [—1,1], we consider the
family of functions

(5.5) uy r,s(T) = )\77<|x|; R>,

where R > S > 0 and A > 0 will be specified in the sequel.

By elementary computation we obtain

(5.6) Junr,s|lb ~ NP RITLS.
We also claim that
(5.7) lur R 511e oy = A RIS,
and
. \2q Ri+a—2gG2 if 1 <a<d,
(5.8) ff [, S|$ — y|1il’\ 5 sW)l drdy <{ ANR¥15210g(R/S) ifa=1,
R4 xR A2 pd-1glta if0<a<l.

The estimate (5.8]) is proved in Appendix |A] below.

To prove (5.7), for any s > 0 choose k € N such that 2k > s. Taking into account that
S < R, by the change of variables and scaling we compute
2

<l 92 d—1 09k
i = : 2 =~ d—1
(5.9) HUA,R,SHH%(Rd) &~ /Rd |A%uy g s|” de _/0 {w + 75} uyrs(r)| rtdr
] 82k aq 62]471 a 3k 2 .
:/o ’{ar% +76r2k—1 +"'+WW}UA,R,S(T) o dr
> 2 o) 9
<ot ([ (55E) o [ 0] (58)
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+aﬂ/

<:AQ(S174de714_5172@k71)Rd73_%'..+_Slf2@Rd717k)
< A25174de71 )

‘ d—1— 2kdr)

Interpolating between the L? and HZ*—norm of ux r,s (cf. [1, Proposition 1.32]), we conclude

from (j5.6]) and ( . ) that

s 2—2 — —
< llun sl froe gy 1uar5 1 2 ey S ARG

Proof of Theorem[5.1] Let ug := uy r,s be the function in (5.5), where we fix R > 0 and for
S < R set

_1
A=S8a.
Then, since by our assumption 1 < a < d,

(510) HU’SH2HS Rd) S Rd717

~

Ius )| |us(y)| dta—2
5.11 dxdy < R*To2,
( ) JI y|d « UBN

(5.12) HuSHLP(Rd) ~ NPSRI v \PIRL ~ G0 R

Since R is fixed, we conclude that |[us|| s ey — 0o for p > g when S — 0. O

Proof of Theorem[5.3 Let ug :=» g s be the function in (5.5)), where we set

A=R® and §=(\R)FT =R,

with
2(d—1 —2)(2s -1 —-1) - -2

(5.13) g 2d-Dtdta-2@2s-1)  _gd-1-(d+a-2)

2¢q(2s —1)+4 q(2s—1)+2
Then we compute
(514) ||’U,R”§{S (R%) 5 17

)4 q

(5.15) I |UR| _I ||Z;REX DI 4y < 1.

R x R4 x
(5.16) HURH]ZP(Rd) ~ \PRI"1G ~ RA(P—Praa),

provided that R > S, that is, either R > 1 and v < 1 or R < 1 and v > 1. To complete the
proof Theorem [5.2] for p # praq we select R according to Table

Next we prove that £559(R?) ¢ LPrad(R?) when % # 1525 Similarly to [21, Lemma 6.4],

rad
we consider the “multibump” sequence

m
m = Z uRka
k=1
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q 15} y Choice of R Conclusion
% > dafj <0 0<y<1 R — HuR”ip(Rd) — 00 for p < praq
l € ((1725)#%{;2;) 8<0 v>1 R—0 HURH]Zp(Rd) — 00 for p > Prad
5<1/2and i g < 22 8>0 <0 R — HURHIzp(Rd) — 00 for p > praq

TABLE 2. Choice of R which ensures R > S and ‘|UR|’iP(Rd) — oo for a > 1.

. . . k k k2ﬁ+’1’1
where the functions ugr are as in (5.5) with R = R*, A = R** § = R* =T and where f3
is given in ([5.13)). Note that for R # 1 and sufficiently large quotient R/S the functions gk
(k=1,...,m) have mutually disjoint supports.

If% > Ci_% or s < 1/2 and % < % then we let R — oco. We obtain

Tdo
(517) ||’UR,m”ip(Rd) =m,
(518) ||UR m”%{s (R%) 5 m,
[vR,m (@)|7 [vRm (y)|?
(5.19) jf \x [ dzdy < m.
R xR4

For derivation of (5.19) see |21, proof of Lemma 6.4]. To obtain ([5.18]), we observe that

2
(5.20) [or.m e (ray = Z [yl Ry T2 Z (upi, URi) frs (ra)-
1,j=1,i>j
If s is an integer the second term vanishes, or if s < 1 then the second term is negative. Other-
wise, s = £+ o, with £ € N and o € (0,1). Thus by the Gagliardo seminorm characterization
of H*(R?), if up: and up; have disjoint Supports,

(Viugi(z) — Viug AV (2) — ViUn;
(URZ UR] s Rd = If uR uR (y)) ( URJ (‘T) uRJ (y) dx dy

Rd x R4 ‘.’L‘ B y‘d'ﬂ"
(5.21) V Vf ( )
. URz URri\Y
— _90C ff o — 72 dz dy.
R4 xRd

Similarly to (5.9), we deduce that HDZU,\J{,SHLl(Rd) < ARY1S1=f and hence

(5.22) 1D upn | 1 (gay S RFFHA-THA=0),
If% a+d then f < 0and 0 < v < 1. For i > j and if R* > R’ we estimate as
follows,
HDEURI' HLl(Rd) ||D€URJ' HLl(Rd)
(WRi, URs) s (ra
’ Hs(R) ~ (Ri — Rj)d-i-?U
(5.23)

< RUd+20) pli+5)(B+d—14y(1-0))

g Rfi(d+2o)Ri(2('ysfﬁ)+20’y) S/ Rfi(Za(lf'y))y
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since we note that 2(ys — 8) < d, provided that ¢ < d+a . Then in (5.20) for all sufficiently
large R we have

m
(5.24) ||UR7m||§l[s(Rd) Sm+ Z R™2o0=7) S m.
i j=1,i>j

The case % € ((1;2S)+, ‘fxfj) is similar, but letting R — 0 and observing that v < 0.

Now, set

_ 0 x
WRrm(z) =m va(ﬁ).

Then by the standard scaling we have

0+od

(5.25) HwR7mH§p(Rd) ~ mPte +17
(5.26) Hmellﬁs ®Y S < m20+o(d=2s)+1

[wRm ()| [wrm(y)|? 2q0+0(d+a)+1
(5.27) dzdy < m=7To@TarT,

Rd{L \w —yle
If we set
qg—1 p 25+«
g = —_ —
d+ o —q(d —2s)’ 2(d+ a —q(d —2s))’
then for R — oo and m — oo we obtain
(5.28) ||me||12i[s(Rd) 5 1,
(wrm (2)|7 [wrm(y)|
(5.29) drdy <1
Rd{{{d \ﬂf -yl
s(a—1)
(5:30) el gy = PN o T 5 0,
since a > 1 and d > 2.
The case é € ((1325)+, ifj) is similar, by letting R — 0. O

Proof of Theorem[5.3 The strategy in the case 0 < a < 1 and 1 75 HQQS is the same as in

the first part of the proof of Theorem |5 . Let ur := uy r,s be the function in (5.5)) and we
choose

AN=R®,  §=(NRYH)TT =R,

where
B=_ (d—-1)(2s+a) o (d—1)(g—1)
2(g(2s —1)+1+4+a)’ q2s—1)+1+a’

Then (5.14) and (5.15) hold, and

N d—1¢ 3 _2(295t+a)
| gy = NWRITS = RIPT2e5a™)
provided that R > S. Then to construct the required counterexamples, we select R according
to Table 3l
In the case 0 < o < 1, s < 1/2 and ¢ = 22 we note that 2(35120) = =5
to the proof of Theorem [5.]] -, for ug := u,\,R7S Wlth a fixed R > 0 and for S < R we set

25—1

_ _a+2s
)\:S 2(q—1) :S 2
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q 15} ~ Choice of R Conclusion
% > ‘i‘fj B<0 0<y<1l R—oo |ugl?, (Rd) — for p < 2(33‘_?;“)
é € ((11;2;)#55_2;) <0 ~v>1 R—0 urll?, (R4) — oo for p > 2(3;13_-;(1)
s <1/2 and % < 11125 >0 ~4<0 R — HUR”LP(Rd) — oo for p > 2(22‘_?;0‘)

TABLE 3. Choice of R which ensures R > S and HU’RHLP ) = 0 for a < 1.

Then
(5.31) s gy > RO
)|
(5.32) RHR d ’uﬂx_‘ ‘@Si P 4y < R,
(5.33) lus|fpgay = WSRIL o =71 BT g5 pd-1.
Since R is fixed, we conclude that |lus||y»ga) — oo for p > 2(3314;@) = 5

The case a = 1 is similar, but takes into account the logarithmic correction in (5.8). We
omit the details. O

6. RADIAL COMPACTNESS: PROOF OF THEOREM

We need the following preliminary local compactness result.

Lemma 6.1 (Local compactness). Let d € N, s > 0, a € (0,d) and q € [1,00). Then the
embedding £5*4(RY) — L} (RY) is compact.

Proof. Multiplication by 8 € S(R?) is a continuous mapping £5%4¢(R%) — H*(R%). Indeed by
the fractional Leibniz rule, see e.g. [13, Theorem 1.4], we obtain

1(=2)260ull 12 (gay S I1(=2)2ull 2@y 10]] oo ey + 1(=2) 26l 1o ey lul] 2astar
L 2s+a (Rd)

with 7 such that 2(3221’&) + % = % For ¢ =1, we set r = co. Hence by Theorem

10ull frsray < C(O)][ullgs.aa(ray-

For every p > 0, we choose § € C°°(R?) such that § = 1 on B, and 6 = 0 in R?\ By,. Let
(tn)nen be a bounded sequence in £%*9(R%). Setting v, = Ou,, theorem implies that
(Vn)nen is also bounded in H*(R?). We can assume that v, converges weakly to some v in
L?(R?%). By testing against suitable test functions, it follows that v is also supported in By,
and thus % € L>°(R%). By Plancharel’s identity we have

2 _ Sy A2 Sy a2
o — 0122 g /g i R ae + JRCCRCIRS

l§I>R
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By showing that the right hand side goes to zero we will infer by Holder’s inequality that
un —vl[L1(B,) — 0. We have

5, (&) — 0()[? _ 2)515,.(€) — B(€)[2 _C¢
/5|>Rlvn<€> (OFdE < 7oy /R A1) 0a(©) = 9O A < s

Since e € L2(By,), by weak convergence in L?(Bs,) we have 9, (§) — 9(€) almost every-
where. To conclude it suffices to show that

v, —(&)]? =o(1).
(6.1) /Ig _[©) ~ 2O dg = of1)

. . 1 1
Notice that [[Unllec < llvnllzimy,) < 1(B2p)2 vnllr2(p,,) < #(B2p)? |vnll s (ray and hence

|0, (&)—v(& )|2 is estimated by a uniform constant so that by Lebesgue’s dominated convergence
theorem ) holds. This concludes the proof. O

Proof of theorem . We sketch the proof only in the most interesting case a > 1, s < 1/2,
and ¢ > 175 2 , namely when p;,q < g. Notice that for all R > 0, by (1.1) and Lemma
interpolation between ¢ and p’ = 1 yields the compact embedding &9 (Rd) — LF (RY) for
all 1 < p < ¢g. Thus it suffices to show that for any bounded sequence (up)nen in £559(R?)
there holds

Sup/ lup|P =0, R — oo.
neN JRA\ B (0)

When p < we use Lemma which yields

1-2s 2 ’
p p
Lo il S ol ey, R0

When p > 1—2725 the same conclusion holds by arguing as in the proof of (4.15) and using
the strict inequality p < praq. This is enough to prove the theorem for a@ > 1, s < 1/2, and

2
q 2 1-2s"
The other cases are similar, estimating the various integrals as in Proposition [4.1] for ¢ <

(‘i”za and according to Table for q > d+a . This concludes the proof. O

APPENDIX A. PROOF OF CLAIM ([5.8]

Proof of (5.8). We use an estimate for radial functions from [21]. Similar estimates were
previously obtained in |10}23}26].

Lemma A.1 (|21, Lemma 6.3]). Letd > 2 and « € (0,d), then for every measurable function
f:10,00) = [0,00)

f fxfﬂi‘ ‘d’yl dx dy / / flr )f(s)rd_lsd_ldrds

where the kernel Kolzd 1 [0,00) X [0,00) — o0 is defined for r,s € [0,00) x [0,00) by

d—3

1 z%(l —2) 2z
K2 (r,s) = Cd/ — dz.
’ 0 ((s+7r)2—4srz) 2z
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Moreover, there exists M > 0 such that

d—1 .
(%)Tﬁ ifa <1,
d— r .
(A.1) Klyrs) < MQ ()% In 2||r_+§|‘ ifa=1
(L)=" if a > 1.

Case o > 1. From (A.1)) we obtain for radially symmetric functions that

q q o8} q qdldl
A gy [ [ A
|x_ |da )2

xR

and hence that

q q o0 o 2
ff LA daay < o ([Tl i -ar)

Let u = uy r g be defined in (5.5)). Then

)4 Ju(y)|? RS (G| — RI\? 4, . ?
IJ\ |u | |1‘; | dz dy < CAQq / |7’ | T%+§*1 dr )
|z —yl* R-S S

R4 xR4

S—|r—R
Using the trivial estimate |T | < 1 it follows that

q Lo 2
H ‘“‘x_‘ ‘Tfi_ DI 4 dy < cx2a ((R+5)5% — (R—5)5+%)
Rd

and we get the desired estimate.

Case aw = 1. From (|A.1)) we obtain for radially symmetric functions that

q q 00 q q,.d—1 d 1 9
H Iwy z)| Iﬁ DI 4z dy <C/ / o (r | (o)l In |IT+8|IdeS7
T —y ) — r—s
xRd
and hence that
Nk q 2
fj @)l [e(y) ’ xdy <C’/ / m)|9¢(s) ]qr%_%s%_%ln I+ 5| drds.
-yl r— s|

xRd

Let u = uy g s be defined in (5.5)). Using the estimates S_|;_R’ <landr < R+S5,s < R+S
we have

q q R4S R+S 9
ﬂ @) W) 4y < cx2a(r 4+ 5)0 1/ / n AT sl g

T V=

and we can conclude that

q q R+S R+S 9
fj ‘U ‘ ‘U ‘ dz d <C>\2qu 1/ / ‘r+8’drd8

oyl V=
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ie.
u(z)|? |u
ﬂ fut@)[* R D 4 dy < CAMRIIS2 (N R —In S + 1) = O(N\24RI-1+8g2).
) ]
Case 0 < a < 1. This case is similar to & = 1, we omit the details. O
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