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Abstract. We consider a variational model for two interacting species (or phases), subject to
cross and self attractive forces. We show existence and several qualitative properties of minimizers.
Depending on the strengths of the forces, different behaviors are possible: phase mixing or phase
separation with nested or disjoint phases. In the case of Coulomb interaction forces, we characterize
the ground state configurations.
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Introduction. Models of two or more interacting species find applications in
several fields of science, such as physics, chemistry, and biology. To cite a few exam-
ples one may think about the formation of bacterial colonies in biology [24], the self
assembly of nano-particles in physical chemistry [25], and the problem of two species
group consensus [14] as well as that of pedestrian dynamics [11]. The basic feature
of all these models is the presence of competing forces aiming to drive two phases
toward different shapes.

An interesting example of this phenomenon has been recently reported in [25].
There, it has been observed that, during the assembly process of two nano-scaled
polyprotic macroions in a dilute aqueous solution, the system may be driven toward
phase segregation as opposed to phase mixtures via a complex self recognition mech-
anism involving multiple scales optimization.

Far from thinking to propose realistic models for these complex mechanisms, we
aim at reproducing such limit behaviors while keeping the number of parameters as
small as possible. We propose and study a toy model for two interacting phases
subject to self and cross attractive forces depending only on the distance between
particles. Such a model may be introduced as follows. Two phases, represented
by two subsets of RV, say, By and Ey with E; N Ey = (), with masses m; and
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ma, respectively, interact both with themselves and with the other phase trying to
minimize an energy of the form

2

(0.1) F(BEy, Ey) = Y Jk,, (Ei, Ej).
ij=1
Here
(0.2) Jr,,; (B, Ej) = /RN /]RN XE; (%) xE,; (y) Kij(x —y) dz dy

is a nonlocal interaction energy with interaction potential K;; : RN — R. Energy
functionals of this type have been considered by many authors in the context of
nonlinear aggregation-diffusion problems, modeling biological swarming, and crowd
congestion (see [33, 7, 9, 13, 27, 29] and the references therein).

In the present paper we initiate an analysis of the ground states of the energy
functional F assuming that for ¢, j € {1, 2} the interaction forces, still having different
intensities, obey the same nonlocal law. More precisely, we consider K & Llloc(RN ;R)
a nonincreasing radially symmetric interaction potential and restrict our analysis to
those K;; = ¢;; K. Our scope is studying the solutions of
(0.3) . glén,@ c11 Jix (Ev, Ev) 4 ca2 Jx (Ea, Eo) + (c12 + c21) Jx (E1, Es).

\E‘”:i;

Moreover, we assume that the interactions are attractive; more precisely, we deal
with coefficients ¢; ; < 0. Without this assumption, different phenomena may appear,
related to loss of mass at infinity. As a consequence, the minimization problem is in
general ill-posed and requires specific care. One possibility would consist in adding
some confinement conditions. In [3], the authors propose a different kind of problem:
they focus on the case c11 = a2 = 1, c19+co1 = —2, fix E7, and study the minimization
of (0.1) as a function of F5. They prove that such a problem admits a solution if
and only if my < my. Similar threshold phenomena appear in energetic models for
di-block copolymers, where a confining perimeter term and a repulsive force compete
[2, 12, 15, 17, 19, 20, 26] as well as in attractive/repulsive Lennard-Jones-type models
(see, e.g., [4, 5, 8, 10, 21, 22, 32] and the references therein).

Let us go back to the case of attractive interactions c;; < 0 considered in this
paper. We will see that, also in this case, the minimization problem in (0.3) is
actually ill-posed. Indeed, in Proposition 2.8 and Theorem 3.9, we will show that
if |c11], |c22| are small enough, any minimizing sequence mixes the two phases. We
are then led to consider a relaxed version of the problem above where the notion of
phase is weakened to allow local mixing. Now the phases are described in terms of
their densities f1, fo € L*(RY;[0,1]), so that [,y fi(z) dz = m; and the functional
becomes

(0.4) Ex(f1, f2) = ci1 I (f1, f1) + co2 Tk (f2, f2) + (c12 + c21) T (f1, f2),

where Jx (f;, f;) has the same form of (0.2) with K and f; in place of K;; and xg,,
respectively.

For all masses m; > 0 and all ¢;; < 0, we prove existence of minimizers of £x
under the constraint fi; + fo < 1 (Theorem 1.9). Such a constraint is inherited by
the original problem, naturally arising from the relaxation procedure, but it also has
a clear physical meaning. Indeed, if we interpret the densities f; as proportional to
the number of particles per unit volume on a certain mesoscopic ball of a lattice gas
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model, the condition reflects the fact that two particles are not allowed to occupy the
same elementary cell. Note that for a slightly different problem in the one-dimensional
case, a similar existence result has appeared in [18].

In the case c;3 = co1 = 0, our problem reduces to two independent one-phase
problems given by

min ci Jk(fis fi)  fori=1,2.
€L (RY5[0,1])
Jon fi(z) de=m;

If ¢;; < 0, it is well known that the minimizer above is (the characteristic function of)
a ball having mass equal to m; (see [31, 16] or Lemma 1.6). Therefore, we focus on the
case c12 + co1 < 0. Clearly, by the scaling and symmetry properties of the energy, it
is not restrictive to assume c15 = co; = —1. With this interaction term in the energy,
the geometry of the phases becomes a more delicate issue and it drastically depends
on the strength of the interaction constants ci;; and cos. On one hand, if the cross
interaction forces prevail, phase mixing occurs, that is, a new phase appears which
is a combination of the two pure phases. On the other hand, if one of the two self
interaction forces is sufficiently strong, phase segregation occurs, with the presence
of two pure phases which can be nested or adjacent, depending on the strength of
the other force. The latter behavior is in a certain sense reminiscent of clusters of
two phases in an infinite ambient phase, minimizing an inhomogeneous perimeter
functional with surface tension depending on the two touching phases [1]. In this
case the mixing of phases is impossible but, depending on the strength of the surface
tensions, minimizers may exhibit disjoint or nested phases [28].

Our analysis focuses also on qualitative properties of solutions. In some cases,
we have determined the explicit geometry of the phases of the minimizers. Such an
analysis is almost complete for the Coulomb interaction kernel.

We first describe the case of general kernels (see Figure 1). First, consider the case
c11 +c22 > —2, which we will call the weakly attractive case. In this case, we explicitly
characterize the shape of minimizers only if K is positive definite, —1 < ¢;; <0, -1 <
ca2 < 0and (c11+1) my = (caa+1) mo. If this occurs, the unique minimizer is given by
(f1, f2) = (s XBs idin; XB), Where B is a ball with [B| = mj +m2 (Proposition
2.8). In all the remaining weakly attractive cases we cannot provide the explicit shape
of the minimizers. In particular, if (ci11 + 1)(co2 +1) < 0 and (eq1,c22) # (—1,—1)
(notice that in these cases the condition (c11+1) m1 = (ca2+1) ma cannot be satisfied),
we do not know the shape of the minimizers.

The strongly attractive case c11 + coa < —2 (Theorem 2.3) needs to be classified
into the four subcases listed below. If ¢;1 = c92 = —1, the problem is extremely
degenerate, i.e., the minimizers are given by all the pairs (f1, f2), with f1 + fo = x 5.
If ¢y = —1 and 9o < —1, then the minimizers of the problem are the pairs (f1, f2),
where f1+ fo = xp and f5 is (the characteristic function of) a ball contained in B (not
necessarily concentric). If cos < —1 < ¢11 (with ¢11 4 ¢22 < —2), then the minimizer
is unique and it is given by a ball and a concentric annulus around it. Finally, for
€11, o2 < —1, the minimizer is fully characterized only in the one-dimensional case
(Proposition 2.4) and it is given by the two tangent balls (namely, segments).

As for the Coulomb interactions (see Figure 2), we have fully characterized the
minimizers also in the weakly attractive case.

We have proven (Theorem 3.9, Corollaries 3.5 and 3.12) that if —1 < ¢33, co2 <0
the minimizer is given by an interior ball in which f; and f; mix each other with spe-
cific volume fractions, according to their self attraction coefficients, and a concentric
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general K —1< e <0 cogp = —1 cog < —1

—1<ec;; <0

if (11 +1)mq = (cg2 + 1)mg

and K positive definite

if c11 +coo0 < -2

c11 = —1

@ .

]

‘@
@)

if cq] + eop < —2 ifN =1

.

Fic. 1. The phase fi1 is the black one, whereas the phase fa is white. The gray region represents
the mizing of the two phases. The gradational shaded ball in the central box represents the extremely
degenerate character of minimizers for c11 = co2 = —1.

K Coulomb —1<cop <0 cgg = —1 cgg < —1

O
¢

‘@ e
O

—1<ecyp <0

c11 = —1

/\ /\ mo
e < 1 . / ‘
m
if N =1

F1G. 2. The phase f1 is the black one, and the phase fa is white. The gray region represents
the mizing of the two phases.

annulus where only the remaining homogeneous phase is present. If coo < —1 < ¢171,
then the minimizer is unique and it is given by a ball and a concentric annulus around
it. In this respect, for coo < —1 < ¢17 the solution is the same in the weakly and
strongly attractive cases.

Clearly, in the strongly attractive case the analysis done for general kernels ap-
plies in particular to the case of Coulomb interactions. For ¢11, o0 < —1, we partially
extend the one-dimensional result proven in the case of general kernels by showing
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that for Coulombic kernels in any dimension, the two phases do not mix each other
(Proposition 3.2). The determination of their shapes seems to be a challenging prob-
lem that could be explored through numerical methods. Switching the roles of ¢i1,
c22, f1, fo in the discussion above, the description of minimizers extends to all the
other cases not explicitly mentioned.

We remark that the analysis for the Coulomb interaction kernel is much richer,
since we can exploit methods and tools of potential theory such as maximum princi-
ples. The characterization of minimizers in the weakly attractive case reduces to the
case ¢11 = coo = 0, considered in Theorem 3.9. Even if the two phases interact only
through a cross attractive force, this case turns out to be nontrivial. The strategy to
tackle this problem is based on a rearrangement argument that resembles the Talenti
inequality. This is the content of Lemma 3.8, which establishes that given a charge
configuration f which generates a potential V', one can rearrange the masses on every
superlevel of V, so that the new potential turns out to be greater than the radially
symmetric rearrangement V* of V.

The plan of the paper is the following. In section 1 we introduce the nonlocal
model, we prove existence of minimizers, and we show that they have compact support.
In section 2 we show some qualitative properties of minimizers and we characterize
them explicitly in some strongly attractive cases. Eventually, in section 3 we study
in detail the case of Coulomb interactions.

1. The variational problem. In this section we state our variational problem,
proving existence and some qualitative properties of the minimizers.

1.1. Description of the model. We first introduce a functional modeling the
interaction between two non-self-repulsive and mutually attractive species.

Let N € Nand let K : R — R be a nonincreasing radially symmetric interaction
potential, with K € Llloc(]RN ). For any pair of measurable sets (A, B) with finite
measure, we set

(1.1) Ji (A, B) ::/A/BK(m—y) dz dy

and we notice that, by the assumptions on K, the functional Jg is well defined and
takes values in RU {—o0}.
Given ¢;; <0 for 4,5 = 1,2, for any pair of measurable sets (E1, Ez), we set

Fr(Ev, E2) = c11 Jx (B, Ev) + c22 Jk (B2, Es) + (c12 + ¢21) Jr (E1, Eo).

Here Fy and FEs represent two species, cq1, oo the self interaction and ci5 + co; the
cross interaction coefficients. For any fixed m1, my > 0, we are interested in studying
the problem

1.2 in  Fi(E1, Ey).
(1.2) pnin_ K (E1, E2)
|E;|=m;

As mentioned in the introduction, for ¢i9 + c21 = 0 the problem decouples into
two independent minimization problems, one for each phase. These are of the form

min {—Jg(E, E) : |E| =m}.

By the Riesz inequality [31] (see Lemma 1.6), such a one-phase problem is well known
to be solved by a ball [16]. As a consequence we focus on the case c1a2 + ¢o1 < 0
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and furthermore, without loss of generality, we set c12 + co1 = —2. From Proposition
2.8 and Theorem 3.9, it will follow that if |c11], |co2| are small enough, the minimum
problem in (1.2) does not admit in general a minimizer. Roughly speaking, the reason
is that, in some cases, any minimizing sequence wants to mix the two phases. As a
result, we are led to consider a relazed problem. More precisely, according to (1.1),
for any fi, fo € L'(RY;R*) we set

Tt i= [ [ @) o) Ko =) de

Then, we consider the functional £g2*?* : LY(RY;RT) x LY(RY;RT) = RU {+oc}
defined by

(1.3) ERV(f1, fo) = er1 Tk (f1, f1) + ca2 i (fo, f2) — 2 Tk (f1, f2).

We introduce the class of admissible densities A,,, mn, defined by

(14)  Apyim, = {(fl,fg) € L'(RV;R*) x LY(RY;RY) :
filx) de =m; for i = 1,2, f1(z) + fo(z) <1 for ae. x € ]RN} .
RN

It is easy to see that for any (f1, f2) € Amy ms

ER (f1, f2) = inf liminf Fi (ET, E3),
n—00

where the infimum is taken among all sequences {E"} (i = 1,2) with |El| = m; and
such that xgr converge tightly to f;. We also observe that if the kernel K is bounded

at infinity, then the energy is continuous with respect to tight convergence: if f;* =
and || f7ly = [| fillx for i = 1,2, then E2 (', f3) = €2 (f1, fa)-
For i = 1,2, set V; := f; x K, so that we can write

(15) 55(11,622 (flv f2) = C11 AN fl(x)Vl(x) dx + C22 fz(l')VQ(SL') d.’b

RN

-2 f1(x)Va(z) dz

RN
= [ Ji(@)Vi(z) dz 4 a2 - fa(x)Va(z) du
-2 - fo(z)Vi(x) de.

We now recall the definitions of the main classes of kernels we will focus on. We say
that the kernel K is positive definite if

(1.6) Jr(p,0) >0 Vo € LY(RY) and
Ji (¢, ) = 0 if and only if o = 0 a.e. in RY.

We notice that if K is positive definite, locally integrable, radially symmetric, and
nonincreasing, then it can be easily seen that K > 0 a.e.
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We denote by K¢, the Coulomb kernel in RY, defined by
1

—— |z for N =1,
2
1
(1.7) Koy (z) := f%log || for N =2,
1 1
for N >3
N =2y 72 =T

where wy is the N-dimensional measure of the unitary ball in RY. By definition,
—AK¢, = dp for any N so that —AV;(z) = fi(z). In the following remark we list
some properties of the Coulomb kernels that will be useful in the rest of the paper.

Remark 1.1. By [23, Theorem 1.15] K¢, is positive definite for N > 3 but not
for N = 1,2. Nevertheless, by [23, Theorem 1.16], for any ¢ € L'(R?) with compact
support and [, ¢(z) dz = 0, we have

JK02 (90’ 90) > Oa

where equality holds true if and only if ¢(z) = 0 for a.e. # € R?. Finally, it is easy to
see that the same result holds true also for K¢, .

1.2. First and second variations. For any given (fi, f2) € A, m, set
(1.8) Gi={zxeRY:0< fi(x) <1}, Fi:={zecRY: fi(x)=1}, i=1,2.
Moreover, we set
(1.9) S:={x eRY : fi(x)+ fo(z) = 1}.

LEMMA 1.2 (first variation). Let (f1, f2) be a minimizer of £V in A, m,-

Leti,j € {1,2} with i # j. For any ¢;,v € LY'(RY;R") with ¢; = 0 a.e. in RN\
(GiUF), v =0 a.e inS, and [pn ¢i(x) dz = [pn (x) dz, we have

(1.10) |, @) = @) eavite) = Vi(a) do > 0
As a consequence,
(1.11) ciVi— V= ae in G\ S

for some constant v; € R.

Proof. To simplify notation we prove the claim for ¢ = 1 and j = 2. The proof
of the other case can be obtained by switching f; with f; and ¢y; with cos. Without
loss of generality, we assume 1,1 € L=(RY;R*). For any ¢ > 0, we set

A ={r € GIUF : e< fi(z) <1}, B :={z cRY : fi(z)+ fo(z) < 1 —¢}.
It is easy to see that A /(G U Fy), BE /7 (RN \ ) as € \, 0. Set

e . f]RN (,01(17) dx € € .__ f]RN d)(l‘) dz €.
1 -—m'@ll—fl , Y -—W'W—B ;
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then [|¢5 — ¢1|lzr — 0 and |[p° — ¢||,r — 0. For ¢ > 0 small enough, (f1 + t(¢° —
©5), f2) € Am, m, and, since (f1, f2) is a minimizer for £3}'"“**, we have

b < i ERTT U U~ 00), ) — R, )
t—0 t

- / 2 (w) — (@) (enVale) — Vala) do.

As e — 0, we get the claim.
Finally, taking ¢; = ¢ =0 in RV \ (G1 \ S) = S\ G1 we are allowed to switch
the roles of ¢ and ¢ in (1.10), obtaining (1.11). ad

From now on, given any subset E of RY, we will always assume that E coincides
with the set of the Lebesgue points of its characteristic function. In this way, 0F will
be well defined and will always refer to this precise representative of E.

COROLLARY 1.3. Let (f1, f2) be a minimizer of £V in Ay, m,. Then, for
any 1,02 € LYRY;RY) with ¢; = 0 a.e. in RN\ (G; UF) fori=1,2, and [,y
p1(x) dz = [pn p2(z) dz, we have

(1.12) /RN (pa(x) = pr(2))((err + DVi(2) = (co2 + 1)Va(x)) dz > 0.

In particular, for any ©1 € G1 U Fy and xo € Go U Fy, we have

(1.13) (e + DVi(w1) = (ca2 + DVa(z1) < (11 + 1)Vi(w2) — (c22 + 1) Va(w2).
Moreover,

(1.14) (ci+DVi — (e +1)Va =7 a.e. in G1 NGy

for some constant v € R.

Proof. The proof of (1.12) follows along the lines of that of Lemma 1.2. For
the sake of completeness we include here the details. Without loss of generality, we
assume @1, Y € L‘X’(RN;R"‘). For any € > 0, we set

A ={z € GIUF; : e < fi(z) <1}, A :={x € GoUFy: ¢ < fo(x) < 1}.
It is easy to see that A5 7 (G; U F;) as € \(0 (for any i = 1,2). Set

o i) as
v ng i(x) dz

then [|¢5 — @;|lpr — 0 for ¢ = 1,2. For ¢ > 0 small enough, (f1 + t(¢5 — ©5), fo —

t(p5 — ¢5)) € A, m, and, since (f1, f2) is a minimizer for £;}""“*?, we have

Lol AT (i=1,2);

0 < lim ERV2(f1 4 t(95 — ¢5), fo — t(p5 — 7)) — ERV (1, f2)
T t—0 t

- / 2(p(w) — 5 (@) (en + DVA(w) — (e22 + DVa(a) do.

As e — 0, we get (1.12). Finally, taking @1, o2 € L (RY;R*), with ¢ = 9 = 0 a.e.
in RN\ (G1 N G2) and [, ¢1(x) dz = [on p2(x) dz, we have that (1.12) holds true
also switching 1 with @9, whence we get (1.14). d
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Using Lemma 1.2 and Corollary 1.3, we prove the following stationarity equations
for the boundaries of the two phases (see also [30, equations (1.2)—(1.4)] for similar
conditions in a related model for triblock copolymers).

COROLLARY 1.4. Let (f1, f2) be a minimizer of £ in Ay m, and assume
that f; = xg, for some sets E; C RN. Then, the following equalities hold:

(1.15) 011‘/1 —VQ = C1 on 6E1 \6E2,
(1.16) 022‘/2 — V1 = C2 on 8E2 \8E1,
(117) (611 + 1)V1 - (022 + 1)V2 =cC1 —C2 on 0E1 NOFEy

for some ¢y, co € R.

Proof. As mentioned above, we assume that the sets E; coincide with the sets of
the Lebesgue points of their characteristic functions. We start by proving (1.15). Let
&, n € 0FE; \ O0E; and let r¢, 7, > 0 be such that

|BT5(€) N Ey| = |Br1,(77) N Byl =0and [E; N BT& )| = |BT7,(77) \ E1l.

Set @1 = XE1NB.¢ () and ¢ := XB., (n)\E1 It is easy to see that ¢ and 1 satisfy all
the assumptions of Lemma 1.2, and by (1.10) we have immediately

/ (enVi(o) - Va(w) do > | (enVi(z) - Va()) da
By, (m\E1 B (E)NEL

Since V; and V5 are continuous, taking the limit as r¢, 7, — 0 we get
(1.18) cuiVi(n) = Va(n) > e11Va(§) — Va(§);

switching the roles of £ and n, we get the equality in (1.18) and hence (1.15) holds
true. The proof of (1.16) is fully analogous and is left to the reader, so it remains to
prove only (1.17). Let &, n € 0Ey N OE; and let r¢, 7, > 0 be such that

B (§) N Ex| = [Br, (n) N Ex.

Set ¢ := XB. ()NE: and g = XB,, (MNEs- It is easy to see that ¢ and @y satisfy
the assumptions of Corollary 1.3, so by (1.12) we have immediately that

/ ((en1 + DV (@) — (22 + 1)Va() da
B, (n)NE>

™
> [ (en Vi) - (e + DVa(e) do
By ()NE:
Taking the limit as r¢, 7, — 0, we have
(1.19) (c11 +1)Vi(n) — (e22 + 1)Va(n) = (c11 + 1)Vi(§) — (ca2 + 1)V2(§).
By switching the roles of £ and 7, we get the equality in (1.19) and hence
(c11+1D)Vi —(co2a+1)Vo=c¢ on dE; NIE,

for some ¢ € R. Finally, since V; and V5 are continuous we obtain that ¢ = ¢; — ¢o
and hence (1.17). d
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LEMMA 1.5 (second variation). Let (f1, f2) be a minimizer of £V in A, m, -
Then for any ¢ € L*(RN;R) with ¢ =0 in RN \ (G1 N G2) and [on ¢ =0, we have

(1.20) (c11 + a2 + 2) /RN - K(x —y) o(x) p(y) dz dy > 0.

Proof. Without loss of generality assume that ¢ € L>®(R™;R). It is easy to see
that

ESHEE(f, 4t fo — ) = ES= (), fy)
wr / (@) (enn + V() — (c22 + 1)Va(a)) da
RN

+t%(c11 + can +2) / K(x —y)p(x) p(y) dz dy.
]RN ]RN

Since (f1 +tp, fo — t@) € Am,m, for t small enough and (f1, f2) is a minimizer, the
last term in the sum above is nonnegative and hence (1.20) holds true. a

1.3. Existence of minimizers. Here we prove that for every cy1, coo < 0, the
functional £;"“** defined in (1.3) admits a minimizer in Ay, m.,-

First, we recall the classical Riesz inequality [31]. To this purpose, for any m > 0
and 7o € RY, we denote by B™(xg) the ball centered in x¢ with |B™(z0)] = m
(B™ if zy = 0). With a little abuse of notation, for any 2o € RY and for any
f € LYRY), we set Bf () := BIfli1(xg) (Bf := BIflit if 25 = 0). Moreover, for
every function u € L'(RY;R*) we denote by u* the spherical symmetric nonincreasing
rearrangement of u, satisfying

(1.21) {u* >t} = B™, where m; := [{u > t}| for all ¢ > 0.

LEMMA 1.6 (Riesz inequality). Let f, g € L*(RY;[0,1]) with || f|/z1, |lgll: > O.
Then,

/ / (@) g(y) Kz — ) da dy < / () * () K (z — y) dz dy
RN JRN RN JRN
< [ [ xer @) xm ) K@ -y do ay,

where the first inequality is in fact an equality if and only if f(-) = f*(- — xo) and
g(-) = g*(- — mg) for some xy € RN, whereas the second inequality holds with the
equality if and only if f* = xgr and g* = xps.

Moreover, for any my,ms > 0, we set

1611,022 = inf 5%17622 (fl,fQ)

T (1, f2) € Amy my
and we extend this definition to the case of possibly null masses by setting
min Fie LY (RN ;[0,1]) Cii JK(fia fz) if m; > 0 and m; = 0,

Ci1,622 .
I = Jen fi(z) da=m;
0 if m; = mg = 0.
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The following two lemmas state monotonicity and subadditivity properties of the
energy with respect to the masses mi, mo for nonnegative kernels. Their proofs can
be easily obtained exploiting the fact that the two phases attract each other: adding
masses or moving back masses going to infinity decreases the energy. The details of
the proofs are left to the reader.

LEMMA 1.7. Assume that K(x) > 0 for all x € RY. For any my > m; > 0 and
me > mo > 0 we have

C11,C22 < C11,C22
Im1,m2 — Imhmz'

Moreover, if m1, ma > 0, equality holds true if and only if m; = m; fori=1,2.

LEMMA 1.8. Assume that K(z) > 0 for all x € RN. Let {m}}, {ml} be two
nonnegative sequences such that 0 < 1, :== Y, cymi < +o0o fori =1,2. Then

(1.22) JE1e22 > peiea

my,msy miy,m2
leN

Moreover, if mi, ma > 0, then equality holds true if and only if mk =0 for any 1 # 1,
for somel € N, and fori=1,2.

We are now in a position to prove the existence of minimizers of the energy £}

in Apy ms-

THEOREM 1.9. Let ¢11, co2 < 0. Then, the functional E5* defined in (1.3)
admits a minimizer in Ay, m,. More precisely, let {(fin, fon)} be a minimizing
sequence. Then, there erists a sequence of translations {T,} C RY such that (up to
a subsequence) fin(- — 7)) — fi tightly for some (f1, f2) € A,y m, which minimizes
510(117022'

Proof. We distinguish between two cases.
First case: lim|y|_, 4o K(z) = —o0. For every ¢ > 0 and for every pair of sets
Al p, Aoy C RY such that

/ fin(z) dz > ¢,
Ain

we have dist(A1,,A2,) < C for some C independent of n; otherwise, we would
clearly have —Jg (fin, fo,n) = +00. As a consequence, by the triangular inequality
we deduce that for every pair of sets A, ,,, B n C R¥ such that

/ fin(z) dz > e, / fin(z) dz > ¢,
Ain B;

i,mn

we have dist(A4; ,, B;n) < C for some C independent of n. As a result there exists
{rn} C RY such that, up to a subsequence, f; (- —7,) tightly converge to some f; in
L'. By the lower semicontinuity of £7}'**** with respect to the tight convergence, we
conclude that (f1, f2) is a minimizer of 2% in A, m,-

Second case: lim|g| 4o K(7)+C =0 for some C € R. For simplicity, we assume
that C' = 0, since additive constants in the kernel bring only an additive constant
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in the total energy. Set Qo := [0,1]", and for every z € ZV, let Q% := z + Qo and
ms,, = sz fin(z) da. For any given ¢ > 0, we set

Topn:={2€Z" :mi, <ei=12}Tpn:={2€Z" : max mg,, > ¢},
K2

in —

Afy, = U Qzagis,n = fi,n XAg ),

2€Le n

B = U Q% fin = finXEs-

2€Jen

We first prove that

(1'23) JK(ginafl,n) + JK(gS,nan,n) + JK(gin’on) + JK(fl,nagg,n) < T(E)v

where r(¢) — 0 as € — 0. We show only that Jx (g7 ., f2,n) < 7r(€) (the other cases
being analogous). For every fixed R € N we have

(1.24) T (G5 n o) = > > Jk(frmXes fanXqw)

2€Le n weZN

= Z Jr(finX@s, fa.nXqQw)
2€ZLe n,WELN :|z—w|<R
+ Z Ik (f1.nXQ7» f2,nXQw)-

2€Te n  WELN:|z—w|>R

Set h(t) := [, K(&) d&; using the Riesz inequality (see Lemma 1.6), it is easy to see
that

JK(fl,nXQzaonXQw) < /m“’ dI/mz K(E) d§ < h(min) mg),na
B"En B ()
where the last inequality is a consequence of the fact that K is nonincreasing radially
symmetric. We deduce that the first addendum in (1.24) tends to zero as € — 0 (for
R fixed). Moreover, the second addendum is bounded (uniformly with respect to €)
from above by a function w(R) such that w(R) — 0 as R — oo. This completes the
proof of (1.23).

By the mass constraints on f; we have that §7; ,, < @

. Therefore, up to a
subsequence, we can always write B = UZH;I Jém for some H, < ™4m2  where the
sets Jé’n are pairwise disjoint and satisfy

(1) for every I, diam(J!, ) < M. for some M. € R independent of n;

(2) for every Iy # Iy, dist(JI,, Ji2,) — 0o as n — oco.
Notice that by (1.23) we deduce that, for & small enough, FS # () and H. > 1
(otherwise I511:%22 would be zero). Set ff,lL = fiE,nI—UzeJ; Q7 for i = 1,2 and for
every | = 1,..., H.. There exists a translation 7, such that, up to a subsequence,
ffé( —71,,) converge tightly to some f°'. By (1.23), recalling that limy,| o K (z) =
0 and using the continuity of the energy with respect to the tight convergence, we
have

(125)  HmER " (fi 0, fon) > lmsup £ (/5 . f5.,) — (2)

H. H,
=limsup Y EZVE(fin, f50) —r(e) = Y ERE (7 £51) — (o).
=1

"=
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Let now {ex} be a decreasing sequence converging to zero as k — oo. We notice that
H,, is nondecreasing with respect to k and then H,, — H € NUoo. We can always
choose the labels in such a way that the sequences { f ’jl’ }, and so their limits f; ’“’l, are
monotone with respect to k. As a consequence, it is not restrictive to assume that the
translation vectors 7; ,, are independent of €. By monotonicity, ffg’“l converge strongly
in L! to some f! forany 1 <1 < H and i = 1, 2. By (1.25) and the continuity of

& with respect to the tight convergence, it follows that

H
(1.26) Itz = m ERY (frn, fan) = D ERV (S f3).
=1

Let m} := [on fl(x) dx; then ; : Zl}il mkl <m; fori=1,2.
By (1.26) and Lemmab 1.8 and 1.7, we get

H
C11,C22 ('11,('22 ('117('22 ('117('22 C11,C22
I’UL] ’mQ Z 8 f17 f2 > E I > Iml Mo 2 InLl ’mg’
=1

it follows that all the inequalities above are in fact equalities, H = 1 and m; = m;,
which concludes the proof. ]

Remark 1.10. As already explained in the introduction, the constraint f; + fo <1
represents a noninterpenetration condition. One might wonder how relaxing this
constraint affects the (existence result and) shape of the minimizer. Replacing the
constraint f; + fo < 1 with the weaker one f1, fo < 1, the Riesz inequality would
immediately yield that f; are characteristic functions of concentric balls. Finally,
since all the forces are attractive, prescribing only a mass constraint on f; yields to
concentration in a single point, i.e., the solution becomes a measure given by f; = m;d,
for some z € RV.

Remark 1.11. The problem considered in this paper could be generalized to the
case of more than two phases, with mutual and self attractive interactions. We notice
that, with minor changes, the existence of a solution for this generalized problem
would follow along the lines of the proof of Theorem 1.9.

Remark 1.12. Notice that in the case of ¢11, a2 > 0 the functional £ does
not admit in general a minimizer in A,,, ,,,. For instance, if ¢;1 > 0, then it is easy
to see that, for m; large enough, any minimizing sequence f;, for the first phase
tends to lose mass at infinity. As a consequence, £'** does not admit a minimizer
in Ay, m, for m; large enough.

Moreover, assume that K is a positive definite kernel as in (1.6), and let ¢11, cag >
1. Then, for any (f1, f2) € Am, m,, we have

ERV (f1, f2) = (11 — 1) I (f1, f1) + (ca2 = 1) Tk (f2, f2) + Tk (f1 — fas f1 — f2) > 0

Up to adding a constant to the kernel (and hence a constant to the energy functional),
we can always assume that K vanishes at infinity. In this case, it is easy to see that
the infimum of £** is zero. It follows that (f1, f2) is a minimizer of £} in
Aml’mz, if and only if my = ma, c11 = co2 = 1, and f; = f € LYRY;[0,3]) with

D)
Jon f(z) dz=my = ma.

1.4. Compactness of minimizers. Here we prove the compactness property
of minimizers.
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PROPOSITION 1.13. Every minimizer (f1, f2) of £V in Apm, m, has compact
support.

Proof. Assume by contradiction that f; does not have compact support. Recalling
the definition of S in (1.9), we set r := (2%;"2)1/1\7 so that |B, \ S| > 0. For
R > 0 we now set ol := JiX@®~\By) and observe that for R large enough we can
find ¢ € L'(RY;RT) such that % = 0 in SU (RV \ B,) and at the same time
Jan o1 (@) dz = [pn ¥T(2) dz > 0. Hence by (1.10) we have

/ BR(@) (e Vi) — Va(a)) do > / o (@) (en Vi () — Va(z) da,
B, RN\Bgr

or, equivalently,

/BwR(l‘)(lclllVl(x) + Va(z)) de < / P (@)(lenVi(z) + Va(z)) da.

RN\Br
Since f]RN\ B OB (z) dr = / B, YT (x) dz, the previous inequality implies that

inf(lc11|Vi 4+ V) < sup (Jen|Vi + Va),
Br RN\Bpr

which gives a contradiction for R large enough. |

2. Qualitative properties of minimizers and some explicit solutions. In
this section we discuss some qualitative properties of the minimizers of £;2""“*?, and
we determine the explicit solutions for some specific choices of the coefficients ¢11, cao.

2.1. Some preliminary results. The following lemma states that, for ¢1; = 0,
there exists a minimizer (fl, f2) such that f1 + fo = 1 on the support of f1

LEMMA 2.1 (superlevels). Let (fi, f2) be a minimizer of EW in Am, m,- Set

t::inf{seR:/{ }(l—fg(x))dxgml}.
Vo>s

Then, t € R and the pair (fl, f2) is still a minimizer of 5?5022 in Ay m, if and only
if fi 6 Ll(RN [0,1]) satisfies (i), (ii), and (iil) below:
_[RN fl d-T =mi;
(ii) fi(x )—l—fz( )Zsz(ﬂf)>t
(ili) fi(z) =0 1f Va(z) <
Moreover, if |[{Voa =t} =0, then f1 is uniquely determined, and clearly fy = f1.
A similar statement holds true for the case cog = 0.

Proof. Since Vs, is bounded from above, RY = Uscr{Vs > s} and [{V5 > t}| <
my + mo, we have —oo < t < 4o00.
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Let fi satisfy properties (i), (i), and (iii) above. We show that (f1, f2) is a
minimizer of 5?(’622 in A, m,. Indeed, using that fi > fi on {Vo > t}, we have

@1 &) - i) =2 [ V() - i) do
= -2 Vo(z) fi(x) doe + 2t ~1x—1x dx
[, p@a@ a2 [ (e - )

2 /{vm} Va(@) (fi(2) - () de

> 91 (— /{ oy @ At /{ o (@ A de s /{ EGCRAE) dx)
=2t [ (@) = A@) de =0,

where the last equality is a direct consequence of (i).

Assume now that (f1, f2) is a minimizer of 5?(’622 in Ap, m,. We trivially have
that fi satisfies (i). Notice that the inequality in (2.1) is an equality if and only if
fi=0ae in{Vh <t}and f; = f1 a.e. in {Va > t}. By replacing f; with f in (2.1),
we have immediately that f; should satisfy (ii) and (ii). O

We recall that the sets G; are defined in (1.8).

COROLLARY 2.2. Let (f1, f2) be a minimizer for S?{’m in A, mo- Then, for any
measurable set E1 C Gy \ Ga with |Eq| = fcl\G2 fi(x) dz, the function

~ o XE, ifﬁEGGl\G27
fi(z) = { fi(z) otherwise in RN

satisfies 5
£ (f1. f2) = €™ (fr. fa)-

A similar statement holds true in the case coo = 0.

Proof. By Lemma 2.1, there exists t € R so that f; = 1 — fy on {Vo > ¢} and
f1=0o0n {Va <t}. It follows that G1 \ G2 C {V2 = t}, and hence

(i f) — R f) =2 [ Va(@)(File) — fiw) da

Gl\Gz

2t/G1\G2(f1(:1:)f1(x)) dz = 0. d

2.2. The strongly attractive case cy; + co2 < —2. In the following theo-
rem we characterize the minimizers for every cj1, coo such that c17 + coo < —2 and
max{ci1, a2} > —1 (see Figure 3).

THEOREM 2.3. Let ¢11 4 coo < —2. The following statements hold true:

(i) if c11 = coa = —1, then (f1, f2) is a minimizer of £V in Ay, m, if and
only if f1 + fa = Xpmi+ma(z,) fOr sOme o € RY;
(ii) if c11 = =1 and cao < —1, then (f1, f2) € Am, m, is a minimizer of £}

in Ay m, if and only if fi + fa = Xpmi+ma(gy) for some xo € RY, and
fa = XBm2(y) for some yo € RN with B™2(yy) C B™+m2(x);
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€ €OO0

0] ) (iif)

Fic. 3. The phase f1 is the black one, whereas the phase f2 is white. The first image represents
the minimizers in (i). In this case, all the configurations (f1, f2) such that f1 + fo = Xgmq+ms
are minimizers of the energy. The second and third images are two examples of minimizers in case
(ii). The last image is the unique minimizer in case (iil). Minimizers in cases (ii’) and (iii’) can be
obtained by the balls above switching the balck parts with the white ones.

(il") if coa = —1 and c11 < —1, then (f1, f2) € Am, m, is a minimizer of Eg}
in Amym, if and only if fi + f2 = Xpmitma(a,) for some zo € RY and
f1 = XBmi(yy) for some yo € RN with B™ (yo) C B™ ™2 (x);

(iii) if co2 < —1 and —1 < ¢11 < 0, then (f1,f2) € Am,m, IS a minimizer of
816(11’622 m Am1,m2 lf and O?’Lly Zf fl + f2 = XBmitma(z) and f2 = XB™2(x)
for some xy € RY;

(iii") if c11 < =1 and =1 < cog < 0, then (f1, f2) € Amyms IS @ minimizer of
ERVin Amyms if and only if f1 + fo = XBmitma(z) 0 f1 = XBm1 (zg)
for some xo € RV

Proof. We prove only (i), (ii), and (iii), the proofs of (ii’) and (iii’) being the same

as those of (ii) and (iii), respectively.

It is easy to see that

5}:(11’622(f1,f2) =cn1 Jx(f1+ fo, f1 + f2) = 2(c11 + 1) Ik (fa, f1 + f2)
+ (c11 + o2 + 2) Ik (f2, f2).

Claim (iii) follows immediately by applying Lemma 1.6 to each of the three addenda
above. Moreover,

Ec TN ) = =Tk (fL+ fan i+ fa),
ELT P (fuy fo) = =Tk (f1 + for fr + fo) + (22 + 1) Tk (fo, fo)

and hence (i) and (ii) easily follow by applying once again Lemma 1.6. d

The next proposition gives a characterization for N = 1 of the minimizer of
& in the case ¢11, c22 < —1 which is left open in Theorem 2.3.

PROPOSITION 2.4. Let N =1 and c¢11, coo < —1. Then

(f1; f2) = (X[=m1,01s X[0,m2]) and (f1, f2) = (X[0,m1]5 X[=m2,0])

are (up to a translation) the unique minimizers of E2V"* in Ay, m.,-

Proof. Tt is easy to see that for any (f1, f2)

ERL (fro f2) = €T (o fo) - (exn o+ D Tic(fon fo):

since the second addendum is minimized when f5 is the characteristic function of an
interval, the claim follows by Theorem 2.3(ii’). d
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Remark 2.5. In the general multidimensional case, we do not know the explicit
form of the minimizers if c¢11, coo < —1. One could guess that f; are characteristic
functions as in the Coulomb case considered in Proposition 3.2. By means of first
variation techniques, we can exclude that the solution is given by two tangent balls
as well as by a ball and a concentric annulus around it. A natural issue to consider is
then the asymptotic behavior of minimizers for c11, coo which tend to the boundary
(and at infinity) of the region {ci1, caa < —1}. In fact, there are many interesting
limits that one could study:

(1) e11 < =1, ea2, S =1 . Let (7, ) € Ay m, be a minimizer of £°11:%22n
in Ay, m,- Notice that the limit problem does not admit a unique solution.
Nevertheless, we expect that, up to a unique translation, f{* and f* + f3'
converge strongly in L' to characteristic functions of two innerly tangent
balls. Indeed, this is the minimizer for c11, oo < 1, among the family of pairs
of nested balls.

(2) c11,¢22 < —1, ¢11,¢22 / —1. In this case the limit problem is the most
degenerate one for which it seems difficult to have a clear guess.

(3) c11 < —1, a9, — —o0. In this case we expect that the second phase tends to
a ball, while the first phase tends to the characteristic function of a set which
is not a ball.

(4) c11, caa — —oo. In this case we have that the two phases converge to two
tangent balls. This is precisely the content of Proposition 2.6 below.

PROPOSITION 2.6. Let {c11,}, {c22,} C R be such that ci1,, Ca2,, — —00. For
any n € N, let (f', [3) € Amy m, be a minimizer of ' *" in Ay, m,. Then, up
to a unique translation, f*, f3' converge strongly in L1 to characteristic functions of
two tangent balls, i.e., there exists a family of translations {m,} and a unitary vector
v € RN, such that

JUC=7a) = xBmi,  fo'(- = Tn) = XBma(ry) with r:= (m)%
Proof. First, notice that there exists a constant C such that
—2Jk(f1,5) 2 C, curn J(F 1) = erin Tnior Conn T (f35 13) > €220 10 mma
so that
(2:2) Ltz = EQ 0 (f1 5) 2 et Lny o + €220 I, + C-
On the other hand,
(2.3)  Igimeen < EROEN (g Xpme (ry)) = Clin Lo T €220 L0y + C
which, together with (2.2), yields
T () = Lyoe T (5 15) = Loy

Therefore, by Theorem 1.9 applied to I, 0 and IO mys there exist two sequences of
translations {7*} (for i = 1,2) such that

=) = xpm,  f3(—73) = xpm  strongly in L.
It remains to prove that |7]* — 73'| = r as n — co. Set

T — T
An: |1 2‘
r
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Notice that liminf, . A, > 1 (otherwise, for n large, f* and f&* would be close
in L' to characteristic functions of two intersecting balls, so that (f*, f3) would
not be admissible). Up to a subsequence, we can assume that limsup,,_, . A, =
lim,, o0 A, =: A with A > 1. Then, set

fi= XB™1 (7)) f3 = XB™2 (1))

notice that ||fln — f|r — 0asn — oo for i = 1,2. Then, by the lower semicontinuity
property of Jx with respect to the strong L' convergence, we get

liminf Jic(f7', f3) = T (1", f3) = 0.
We conclude

15;11,7;;2”” 2 CC/‘IC<11naC22n (fflv f2n)+p(n) > (c/‘[c(llmczzn (XB"Ll y XB™2 (ru))JFp(n)JFW(/\n)v

where p(n) — 0 as n — oo and w : [1,400) — [0,+00) is an increasing function
vanishing at 1. By minimality it easily follows that A = 1 and hence the claim. a0

2.3. The weakly attractive case cy11 + c22 > —2. Here we will consider the
case c11 + co2 > —2, and we will characterize the solution only for the purely weakly
attractive case 0 > c¢11, co2 > —1 with (c11 + 1)my = (co2 + 1)ma. Moreover, we
will assume that K is positive definite, according to definition (1.1). Notice that this
implies that the functional Jx (¢, ¢) is strictly convex.

LEMMA 2.7. Let K be positive definite. For any —1 < ¢ < 1 and for any m >
0, the (unique up to a translation) minimizer of E2° in Ap m is given by the pair
(2, f3) = (5xB2m, 5XB2m).

Proof. Let (f1, f2) € Apmm. We first notice that the convexity of the functional
Ji (f, f) immediately implies that

(2.4)  Jk(fi, f2) = 2(]1((f1-5f27 fl'gf2) _ JK(thfl) _ JK(J;mfz) < JK(fl';‘f2’ f1-£f2).

Moreover
EL(fr, f2) = eIk (fi+ fo, i+ f2) —2(1 +¢) Tk (f1, f2),
which, together with (2.4), yields

fitfo fitfe it fo fithe
> T2 2 T 2 )

EZ(f1. f2) > e Tk <

h+rf h+f ce(Sitfe it fe

—2(1 = P2 =& JrL T JZ
(+C)JK<2’ 2 “\T2 7 )

where in the inequality we have also used that ¢ +1 > 0. By the strict convexity
of Jx(f, f), the inequality is strict whenever f; # fo. It follows that, if (fi, f2) is a
minimizer, then f; = fo = # =: f. Finally, since EZ°(f, f) = 2(c — 1) Jx ([, f),
by Lemma 1.6, we conclude that EZ°(f1, f2) attains its unique minimum when f; =
fa = 3xB2m. a

Let us introduce the coefficients a; (depending on ¢17 and c22) which represent
the volume fractions of the two phases where they mix:

co2 +1 ci1 +1
(2.5) a) = ————, ag i= ———.
c11 +co2 + 2 ci1+co2 +2
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Fic. 4. Under the assumptions of Proposition 2.8, the minimizer is given by a ball (represented
in gray color) where the two phases miz each other.

Notice that if (¢11 + 1)my = (c22 + 1)ma, then
mq ma

ap = ——, ag = ——.
my + ma my + ma

PROPOSITION 2.8. Let —1 < ¢11, c22 < 0. If (c11 + 1)mq = (ca2 + 1)ma, then the
(unique up to a translation) minimizer of £V in Ay, m, is given by the pair
(fl, f2) = (alem1+m2 , A2 X pmi+mo )

Proof. By Lemma 2.7 we get directly the claim in the case c¢1; = co9, since by
assumption this implies m; = mso.
We now prove the result in the general case. For any (f1, f2) € A, m,, We set

(2.6) hyi= 1+ )1 — B fe, hoi= =% fi+ 1+ %F)fe.
It is easy to see that hy,hy > 0, hy + hy = f1 + fo < 1, and, by assumption,

my +m
/ I (z) du :/ ho(z) do = 22 )
RN RN 2
By straightforward computations it follows that, setting c := %,

c11,C 2 — C11C22 c,c
EgV 7 (f1, f2) = mgk (h1, h2).

Notice that since —1 < ¢11,c92 < 0, we have that 0 < ¢ < 1 and 22;601171;552 > 0;
therefore, (f1, f2) minimizes £Z2"** (in A, m,) if and only if (hy,he) minimizes
ERS in Ay, . By Lemma 2.7, the unique minimizer of £3° in A, ., is given by

(h1,h2) = (3xp2m, 2 xpem). Hence the claim for ci1 # cao follows by (2.6). 0

Remark 2.9. Proposition 2.8 establishes that, for very special coefficients ¢1; and
c22 depending on the masses mq, ms, the minimizer is given by a homogeneous density
that mixes the two phases with specific volume fractions (see Figure 4). The proof
is based on the convexity of Jx. One may wonder whether, under this assumption,
the result still holds for generic c1; and co2. We will see that this is not the case, not
even for the Coulomb kernel (see Corollary 3.5 and Theorem 3.9).

3. The Coulomb kernel. In this section we will assume that K = K¢, is the
Coulomb kernel defined in (1.7). We will provide the explicit form of the solutions
for all the choices of the (nonpositive) parameters c11, caa, except when they are both
strictly less than —1, in which case we will only be able to say that f; are characteristic
functions of sets.
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3.1. Consequences of the first variation. We specialize the results of section
1.2 to the case of Coulomb kernels. We recall that the sets G;, F;, and S are defined
in (1.8), (1.9).

PROPOSITION 3.1. Let (f1, f2) be a minimizer of 5}:(1(1:;522 in Apmy m,. The follow-
ing facts hold true:

(1) (c1i1+1)f1 — (coa + 1) fo =0 a.e. in G1 N Ga. In particular, if either (c11 +

1)(022 + ].) <0orcy1=-1 7£ Cog OT Cog = —1 7é C11, then ‘Gl N GQ‘ =0.

(i) If c11 # 0, then |G1 \ G2| = 0, while if co2 # 0, then |G2 \ G1| = 0.

(iii) [(G1NG2)\ S| =0.

(iv) Ifc11 # —1 or cag # —1, then

(3.1) fl = a, f2 = a2 a.e. in Gl n Gg,

where a; are defined in (2.5).

Proof. Fact (i) is a consequence of (1.14) differentiated twice. To prove (ii) notice
that G1\G2 C G1\S, which implies by (1.11) that ¢11 f1 = f2 in G1\G2. Furthermore,
in this region fo = 0, so that (since ¢17 # 0) also f; = 0. The case coa # 0 is proved
in the same way.

The proof of (iii) follows recalling that by (1.11) we have 0 > ¢11f1 — fo =0 in
(G1 NG2) \ S and hence |(G; N G2) \ S| = 0. The claim in (iv) follows by (1.14)
recalling that, in view of (iii), f1 + f2 = 1. O

3.2. The strongly attractive case c11 + c22 < —2. In Theorem 2.3 we have
characterized the minimizers for every c11, ¢ag such that ¢11 + coo < —2 and max{ci1,
ca2} > —1. Clearly such result applies also to Coulomb kernels. The (general N
dimensional) case ¢11, o2 < —1 was left open. In the following proposition, we show
that for Coulomb kernels the minimizers f; are characteristic functions of sets F; whose
shape is unknown (see Remark 2.5 for some further comments in this direction).

PROPOSITION 3.2. Let ¢11 + caa < —2 with (c11,c02) # (=1,—1). If (f1, f2) is a
minimizer of Efgé;:” i1 Ay m,, then fi = xXp, and fo = xr, for some Fy, Fo CRYN.

Proof. By Theorem 2.3 and Proposition 2.4 the claim holds true in the one-
dimensional case and in the general N dimensional case for max{ci1,c20} > —1, so
that it is enough to prove the claim in the case N > 2 and cy1,c00 < —1. Since
c11 + co2 + 2 < 0, by applying Lemma 1.5 with ¢ € LY(RY;R), » = 0 a.e. in RV \
(G1NGsy) and [,y ¢ dz =0, we get

(3.2) /G . /G Ko pla) ) dr dy <0

By Remark 1.1 we deduce that the above inequality is actually an equality and that
@ = 0in G; N Ga. By the arbitrariness of ¢, it follows that |G3 N G2| = 0. Finally,
by Proposition 3.1(ii), we have that |G; \ G2| = |Gz \ G1| = 0, so we conclude that
G1| = |Ga| =0. 0

3.3. The weakly attractive case c¢11 + c22 > —2 (preliminary results).
For any measurable set £ C RV, we set Vg := yg * K.

LEMMA 3.3. Let —1 < c¢11, 00 < 0 with c11 # —1 or coo # —1. Then, there exists
a minimizer (f1, f2) of 5}}%}522 in A,y my such that |G1 \ Ga| = |Ga \ G1| = 0 and
either |Fy| =0 or |Fz| = 0.
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Moreover, any minimizer (f1, f2) of 5;;;522 in Ay m, 15 such that either |Gy \
G2| + |F1| =0 or |G2 \Gl‘ + |F2‘ =0.

Proof. Let (f1, f2) be a minimizer of 5;22;522 in Ay, m,- By Proposition 3.1(ii)
and Corollary 2.2 we can always assume

(33) {fl 75 O} = (G1 N GQ) U F1, {f2 75 0} = (G1 N GQ) U F2 a.e.

so that |G1 \ G2| = |G2 \ G1] = 0.
Now, let us prove that either |Fy| = 0 or |Fz| = 0. We first focus on the case
N > 3. By (3.3) and (3.1) we have

(3.4) f1=a1xcinG, + XF1»  fo = aaxeinG, + XFs-

It follows that

Vl = a‘lleﬁGQ + VFla ‘/2 = a2VG10G2 + VF27

which together with (1.13) easily yields
(35)  (c11 + 1)V (w2) — (c22 + 1)V, (22) = (c11 + 1)V (1) — (c22 + 1)V, (21)

for any z; € I} and any 29 € Fy. Set U(x) := (c11+1)Vp, (z) — (22 +1)VE, (). Then
U solves
(3 6) —AU = (Cll + 1)XF1 - (022 + 1)XF2 in RN7

’ U(x) =0 if |z| = oo.

So, U is subharmonic in RN \Fl and hence either U < 0 or U reaches its maximum
on Fp. Analogously, since U is superharmonic in RY \ F'y, either U > 0 or U reaches
its minimum on Fy. Now, if U = 0, then |Fj| = |Fy| = 0; otherwise, assume, for
instance, that U reaches its maximum on F;. By (3.5) and by (3.6), it follows that
U is constant in F5, and hence |F3| = 0. Analogously, if U reaches its minimum on
Fa, we get that |Fy| = 0.

The proofs for the cases N = 1,2 are analogous, the only care being that, for
N = 2, the boundary condition in (3.6) should be replaced by either U(z) — 0 or
U(x) — £o0, according to the sign of (c11 + 1)|Fi| — (c22 + 1)|F3|. For N =1 a direct
proof shows that U reaches its maximum on F; and its minimum on Fs.

We pass to the proof of the last claim of the lemma. Assume by contradiction
that |G1\ G2|+|F1| > 0 and |G1\ G2|+|F2| > 0. By Proposition 3.1(ii) and Corollary
2.2 we deduce that there exists a minimizer satisfying (3.3) with both F} and F; with
positive measure. Following the lines of the proof of the first claim of the lemma, this
provides a contradiction. 0

The remaining part of this section is devoted to the uniqueness and characteri-
zation of the minimizer. In particular, we will see that the unique minimizer in the
purely weakly attractive case, corresponding to —1 < ¢11,c20 < 0, is given by a ball
where the two phases are mixed proportionally to their self attraction coefficents and
by an annulus around this ball (see Corollary 3.5 for the case N = 1 and Theorem 3.9
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and Corollary 3.12 for the case N > 2). Moreover, we will see that also in the remain-
ing cases, i.e., c11 < —1 < c9o < 0 and co0 < —1 < 11 <0, with ¢11 + co0 > —2, the
unique minimizer is given once again by a ball and an annulus around it, where the
internal ball corresponds to the phase having the stronger self attraction coefficient
(see Proposition 3.4 for the case N =1 and Corollary 3.10 for the case N > 2).

3.4. The weakly attractive case c11+c22 > —2 (in dimension N = 1). In
the following proposition we study the minimizer of 5;};’:” when ¢17 < —1<¢95 <0
and c11 + cos > —2. In the subsequent corollary we take advantage of this result via
a reparameterization of the energies to study the case —1 < ¢y1,c92 < 0.

PROPOSITION 3.4. Let ¢11 < —1 and —1 < co2 < 0 (resp., cao < —1 and —1 <

c11 < 0) with ¢11 + cag > —2. Then the (unique up to a translation) minimizer of

ERL i Ay m, 15 given by the pair
1

(f1, f2) = (XxBmi, Xpratmaypma) - (resp., (f1, f2) = (Xprmitma\pra, XBm2))-

Proof. We prove the claim only for ¢;; < —1 and —1 < ¢99 < 0 with ¢11 4 ¢cog >
—2, the proof of the other case being analogous. Let (fi,f2) be a minimizer of
5}0{1;,:22 in A, m,. By (i) and (ii) of Proposition 3.1, we have that f; = xp, and
fa=xr, + foLLG2. We can assume without loss of generality that F} U Fy U G4 is an
interval, since reducing the distances decreases the energy. For the same reason, it is
easy to see that |G2| = 0. Notice that

gfflé;022 (f17 f2) = 6;{271622 (f17 f2) + (Cll + l)JKcl (f17 fl)u

so it is enough to prove the claim for ¢;; = —1. We now prove that V5 = 0 in F;. By
(1.13), we have

Va(xy) > Va(as) for any oy € Fy and x5 € Fy,

and, by the maximum principle, V5 attains its maximum in F, (notice that Vo — —oc
as |z| = +00). It follows that for any = € Fy, Vo(z) = max V5. We have

1
0=Vy(z) = 3 (|Fe N (—o0,2]| — |[FoN[z,00)|)  for any x € Fy,

and hence F} is connected and centered in Fj U F5. 0

COROLLARY 3.5. Let —1 < c¢11,¢c90 < 0. Then, the following results hold true
(recall that a; are defined in (2.5)):
(i) If (ca2 + 1)mg > (c11 + 1)mq, then (up to a translation)

(3.7) (f1, f2) = (al X mas Xpmatmy = 01 XB%)

is the (unique) minimizer of £ in A, ms -
az

(i) If (c11 + 1)my > (co2 + 1)ma, then (up to a translation)
(f1:f2) = (me2+m1 —a2x m2,a XB%;)

. . S C11,C22
is the (unique) minimizer of Ex, % in Ay ms -
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Proof. We only prove (i) since the proof of (ii) is analogous.
Let (f1, f2) be a minimizer of SC“ 22 in Ay, m,. Arguing as in the proof of

Proposition 3.4, one can show that |Go \ G1|+ |G1 \ G2| = 0, and hence

(3.8) J1 = a1xacinG, and fa = aaxG,nG, + XFy-

Set A =G = GQ, B := FQ, mi = %, and My 1= mgy — Z;ﬁml > myq; then, by
easy computations, it follows that

e11,e 1 —cqic00 ci1 +ca2 +2
(c: 11,C22 — —J A A e | B,B
(f1, f2) 011+622+2[ Ko, (A, A) + c2o T—— Ko, (B, B)
—2JKe, (4, B)]
1—ciien 14,

= 76 ’
c11 + o2 +2 Ko (X x5)

. ~ o2 . 1
with Ggp 1= cop GE2F2 € (—1,0). Since =A% > 0, it follows that (f1, f2) is a
minimizer of 5011’022 in A,y m, if and only if (XA7XB) minimizes £, ’022 in Ay -

By Proposition 3. 4 the unique minimizer of £, 1,822 (x4, XxB) among the pairs (4, B)
with |A| = 7y and |B| = 7y is given by (B™, BmlJ”%2 \ B™). The claim follows
thanks to formula (3.8). ad

One might wonder whether the assumption that K = K¢, is crucial in order
to prove Proposition 3.4 and Corollary 3.5. In the following remark, we exhibit an
example of a kernel for which the pair (f1, f2) in (3.7) is not the minimizer of 6’?(’0 in
Ay .m, for suitably chosen mq,ms > 0.

Remark 3.6. Let p > 0 and let mq, ms > 0 be such that my, > 2p, ms > mq + 4p.
Consider the kernel K := x[_, , and set A := (—my1,m1), B := (—%, %),

(f1,f2) = (5xa,xB — 5x4)- Then,
EO(f1, f2) = —[—3 I (A, A) + Jk (A, B)).

One can easily check that Jx (A4, A) = 4pm; — p? and Jg (A, B) = 4pmy; it follows
that

EXY(fr. f2) = —p(2my + 2).

Now split A into two intervals A; := (—¢p — mq, —cp) and As := (¢p, cp + mq), with
% < ¢ < 1, and consider the energy of the admissible pair

(91,92) = (3Xa, + 3XA2, XB — X4, — 3X4,)-
By symmetry Jg(As, As) = Jx (A1, A1) and Jg (A2, B) = Jk (A, B). Hence
5?(’0(91’92) = —[-Jr (A1, A1) — Jx (A1, Ag) + 2]k (A1, B)],

where J (A1, A1) = 2pm1 —p?, Jk (A1, Ag) = 0 (since ¢ > 3) and Jx (A1, B) = 2pm,.
It follows that %" (g1, g2) = —p(2m1 + p) < Ex°(f1, f2) and therefore (f1, f2) is not
the minimizer of 5?50 in Ay, m,- One can easily check that the above result holds
true also taking K (z) := X[—,,,(7) (p — |z[) and m1,my as above.
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Fic. 5. The phase f1 is black and the phase fo is white. The minimizer in the case c11 <
—1 < ca2 < 0 is represented on the left, whereas on the right there is the minimizer in the case
ca2 < —1<c¢11 <0.

i) (i1)

Fic. 6. The phase f1 is black and the phase fo is white. The mizing of the two phases is
represented by gray. The image on the left represents the unique minimizer in (i). In this case, the
two phases mix each other in the inner ball, and the remainig mass of fa is arranged in an annulus
around such ball. In case (ii), the minimizer has the same form, but replacing fao (white) with f1
(black).

3.5. The weakly attractive case c11 + ca2 > —2 (the case N > 2). Now
we focus on the case N > 2, considering first the case ¢;1 = ¢o2 = 0 (Theorem 3.9)
and then the remaining cases (see Corollaries 3.10 and 3.12, and Figures 5 and 6).

We first introduce some preliminary notation and recall some well known results
we will use in this section. For any g € L?(RY;RT), we set V := K¢, * g. More-
over, we recall that for every function v € L*(RY;R™T), u* is the spherical symmetric
nonincreasing rearrangement of w defined in (1.21). Clearly, the notion of spheri-
cal symmetric nonincreasing rearrangement can be extended in the obvious way to
functions u € L}, .(RY;R) tending to —oo for z — +oo0.

LEMMA 3.7. Let g € L*(RN;R"), let m := [pn g(2) dz, and let V := K¢, * g.
Moreover, for N = 2 assume that g has compact support. Then,

(3.9 V(z) = 0 as |z| = +o0 for N > 3;
(3.10) V(z) = —2ﬁ log |z| + r(z) for N = 2;
™

where r(x) = 0 as |x| = 4+o00. As a consequence, V. —V* = 0 as |x| = +oo.

Let now f € L*(RY;RT). For any r > 0 we denote by ¢(r) the unique ¢ € R such
that [{V > t}| <wnyr™ < {V >t}|. Let f: RY — R be defined by

(3.11) fx) = W%| St (f{v>t} fy) dy)|

e=t(l=l) t=t(|=)
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We notice that B, = {V* > t(r)} and that
(3.12) / f(x) dz = / f(z) dz for every t € R.
{V*>t} {

Moreover, one can easily check that also f takes values in RT, and

(3.13) £l = 1Al IFllp < 1IFllp for all 1 <p < +oo.

LEMMA 3.8. Let f € L?(RYN;RY), with N > 2, and let V := Kcy * f. Moreover,
let f € L2RN;R*Y) be defined as in (3.11), and let V := Ko, * f. Then, V > V*,
and

V(z) > V*(x) for a.e. x € Buy,...);

where tqq, is the mazimal level such that {V > t} is a ball for every t < tymaz.

Proof. By the coarea formula and the isoperimetric inequality, for almost every
t € R we have

/ |VV (z)] dHN? 2/ |VV*(2)| dHN 1,
H{V >t} o{V*>t}

with strict inequality whenever {V' > t} is not a ball. Therefore, by (3.12)

(3.14) / IVV(z)| dHN ! > —/ AV (z) dz = —/ AV (z) dz
o{V*>t} {V=*>t} {V>t}

:/ |VV ()| dHN? z/ IVV*(z)| dHN?
MV >t} MV >t}

with strict inequalities whenever {V > t} is not a ball. Since V — V* is radial and in
view of Lemma 3.7 it vanishes at infinity, we have

~ “+o00 ~
(3.15)  V(r)—V*(r) :/ é (V*(s) _V(s)> ds
+00 ~
) W ds /a —IVVE @)+ IVV(@)] do.

s

The claim follows since the integrand is nonnegative, and it is strictly positive in a
subset of positive measure of (r, +o00) for all r <, _. ad

max

Lemma 3.8 establishes that we can rearrange the mass of f; in order to obtain a
new radial charge configuration fl, increasing the corresponding potential. Exploiting
such a result, we deduce that the minimizer of 5;)(’0 has radial symmetry. This is done
in the next theorem.

THEOREM 3.9. Formsg > my, the (unique up to a translation) minimizer ofgg(’gN
in Am, ms, 15 given by the pair (f1, f2), where

1 - 1
fl = 5}(3277117 fQ = XBm1+7n2 — §XB2T”’1 .

Proof. Let (f1, f2) be a minimizer of 5?(2 in A, m,. Let Vi be the potential
N

generated by f1 and let f1 and V; be defined according to Lemma 3.8. Notice that
0 < fi <1 and that [|fi][z1my) = mi. Let us observe that by standard regularity
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theory, V; attains a maximum. We denote it by M;. We first show that there exists
t < My such that

(3.16) /{V >£}(1 — fi(z)) dz = my.

Suppose by contradiction that there does not exist t such that (3.16) holds true.
Notice that —AV = f and that f and V are radially symmetric. Therefore, V
may have a flat region only in a ball centered at the origin, whereas it is strictly

decreasing with respect to |z| elsewhere. We deduce that f{v >t}( — fi(x)) dz > my
for any t < M; and in particular that f{v i, }( — fi(z)) dz > my. Tt follows

that [{Vi = M;}| > my and, since V; is radially symmetric, {V1 M} is a ball
centered at the origin containing B™2. Set f2 = xBm2, then (fl, fg) € Ay mo- Set
M :=max Vi, by Lemma 3.8, M; > max V}* = Mj; it follows that

0 (fifo) =2 | folw)Vale) dx =2 / ¥ (2) dw < —2 N1y mo
Bm2

<-2My | f@d<-2] LW ) de = Eg2(f1, f2),

and hence ( f1, fg) is a minimizer. Since the supports of f; and fg are disjoint, we come
to a contradiction using Proposition 3.3. We conclude that there exists ¢ satisfying
(3.16). Set

;o J1-fi(x) forxe{Vi>i},
faw) = {0 otherwise

by construction (f1, fo) € Am,ms (Jpn f2(z) dz = ma by (3.16)).
Let now ¢ < ¢ be such that

(Vi >y c{Vi>i c{vy >}
T his is possible since the superlevel set {V1 > 1} is a ball centered at the origin. Let

= {Vy > i} \ {V;* > t}. Since A C {V;* =i}, we have f; = 0 a.e. on A, and hence
fg =1 a.e. on A. Moreover, by Corollary 2.2 we can always assume that

(3.17) supp fo = {Vi >t}UA", fo=1—fion{Vi >1}, fo=1on A,

for some set A’ C {V; =t} with |A’| = |A|. By the coarea formula and Lemma 3.8
we have

Exie, (1) ==2 | fola)Vi(2) de

RN

(3.18) <=2 [ fo(@)Vi(z)da

RN

+oo B
:—2£\A|—2/ t/ (1 — fi(x)) da dt
i {Vy >t}
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+oo
=—2f|A| -2 t 1— fi(x)) dz dt
A / /{w}( f1(@))
=—2f|A| -2 1— fi(x))Vi(x) dx
A /{M}( f1 @) Vi)
(3.19) ~ 9 fg(x)fdx—Z/ (- h@)i() dz
A’ {Vi>t}

(3.20) =2 [ f@@)Vie)de= &g, (1. f2),

RN N
where the equality in (?7) follows from (3.17). By minimality, the inequality in (3.18)
is actually an equality, and hence V;* = V;. It follows that all the superlevels of V; are
balls. By Proposition 3.1, f1 = % in G1NGs, whereas by Lemma 3.3 G1UF;, = G1NGo,

so that f; := %XE for some set E. Since all the superlevel sets of V; are balls, we
conclude that, up to a translation, f; := %XBZml. By Lemma 2.1 we also deduce that
f2 := Xpmi+ms — 3Xp2zm and this concludes the proof. n]

COROLLARY 3.10. Let ¢11 < =1 and —1 < c29 < 0 (resp., coa < —1 and —1 <
c11 < 0) with ¢11 + caa > —2. Then, the (unique up to a translation) minimizer of
Ef(lé;s” in Apymsy 1S given by the pair

(f1, f2) = (XB’”'laXBm1+m2\Bm1) (resp., (f1, f2) = (XBm1+m2\Bm2aXBm2)~

Proof. We prove the claim only for ¢;; < —1 and —1 < ¢g9 < 0 with ¢17 + cog >
—2, the proof of the other case being fully analogous. Let (f1, f2) be a minimizer of
EXV in A .

Kcy mi,ma

Set my = 77;1,7712 = %—l—mg > maq,
(3.21) g1 = %7 go = % + fa.

It is easy to see that g; > 0, [ gi(x) dz =m; (fori=1,2) and g1 +g2 = fi+f2 < 1,
so that (g1, 92) € Ay m,- A straightforward computation yields

5;3é§22(f17f2) = (11 + D) Jke,, (f1, f1) + 51}2’;22(]”17&)

(3.22) = (e11 + D)Jke, (f1s f1) + cndke, (fi + fo. fr + f2)
+ (1 + c22)(=Irey, (f15 /1) = 20K, (f1, [2))
(3.23) =4 (c11 + 1) Jke,, (91,91) + ca2Jre, (91 + 92,91 + g2)

+2(1 + c22) 5?(’2N (91, 92),

and hence (f1, f2) is a minimizer of 5;;;:22 in Ay, m, if and only if (g1, g2) minimizes
the energy

(3.24) 4 (c11 + 1) Jke, (91, 91) + c22 ke, (91 + 92, 91 + g2) + 2(1 + c22) 5?52N (91,92)

in A, s, By Theorem 3.9, the third addendum in (3.24) is minimized (in A, )
if and only if

(91,92) = (%XB%H ) %XBz’ﬁl + X i+ g2 )-
We notice that such configuration minimizes also the first and the second addendum.
The claim follows directly by (3.21). d
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Quantitative Riesz inequalities have been recently studied in [6, Theorem 1.5].
For any measurable set £ C RY with finite measure, let E* := BI®l be the ball
centered at the origin such that |[E*| = |E|. From Corollary 3.10 with ¢;; = —1 and
co2 = 0 we immediately get the following improved Riesz inequality.

COROLLARY 3.11. For any measurable sets E1 C Ey C RN with finite measure,
there holds

* * 1 * *
(3:25) oy (Bf E5) = Jioy (Br, B2) 2 5 (Jiey (Bf Bf) = Jie,, (By, Br) ) -
Moreover, for any measurable sets Ay C Ay C RN with finite measure, there holds

(3.26) Jke, (A2, As) — Jk, (A1, A1) < Ik, (B2, BI42))
— JKke (B|A2| \B|A2|—|A1|7B|A2| \B‘AQ‘_‘AI‘).

Proof. We prove only (3.25), since (3.26) is indeed equivalent to (3.25) replacing
E1 with A2 \Al and E2 with AQ.
Let f1:= xE,, f2 = XE,\E,- By Corollary 3.10 we have

Jkey (B, Br) = 2Jkq (B, E2) = ko (f1, f1) = 20ko, (f1, fi + fa)
= b (frs f2) 2 €Y (X X\ B;) = Jioy (BT BY) = 2Jkoy (Bf, B3). O

In the next corollary we will consider the case —1 < ¢17 < 0, —1 < ¢92 < 0,
completing the analysis of the weakly attractive case for the Coulomb interaction
kernel. Recall the coefficients a; defined in (2.5).

COROLLARY 3.12. Let —1 < ¢11 <0, —1 < c92 < 0. The following results hold
true:
(i) If (ca2 +1)mg > (c11+1)mq, then the (unique up to a translation) minimizer
of 8;;;;:22 in Am, m, 1S given by the pair

(f17 f2) = (al XB% 5 XB"12+7”1 — a1 XB% ) .

(i) If (11 +1)mq > (caa 4+ 1)ma, then the (unique up to a translation) minimizer
of 5;‘(1;;:22 in A, m, 15 given by the pair

(f1, f2) = (XB”"2+T"'1 —az XB% , A2 XB%)-
Proof. We prove only (i) since the proof of (ii) is analogous. Let (f1, f2) be a
minimizer of EZ!*** in Ay, m,. We first notice that, in the case cz2 < 0, by (i) and

N

(ii) of Proposition 3.1 we have fi = a1xa, fo = azaxa + xp for some measurable sets

A, B C RY. Then, one can argue as in the proof of Corollary 3.5 (applying Corollary
3.10 instead of Proposition 3.4). The details are left to the reader.

It remains to prove the claim for coo = 0. In this case set m; := %ml and
Mo 1= f%ml 4+ my. By assumption mo > m;. Set moreover
c11+2 C11
(3.27) g1 = 5 f1, g2 = —7101 + fa.
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C22
no existence

ﬁ 1 €11
S
e ?
S

; i

F1G. 7. Existence/nonexistence regions of parameters ci1, c22.

w
n

-
R

It is easy to see that g; > 0, [ gi(x) dz =m; (fori=1,2) and g1 +g2 = fi+ f2 < 1,
so that (g1, g2) € A, m,- Moreover, a straightforward computation yields

. 2
c11,0 _ 0,0
5KCN (f1, f2) = e+ 2 5KcN (91, 92),

and hence (f1, f2) is a minimizer of Ef(lé’o in Ay, m, if and only if (g1, g2) is a minimizer
N
of 5?52 in Ap, m,. By Theorem 3.9, the unique (up to a translation) minimizer of
N

E%EN in Ap, m, is given by (g1,92) = (%XBZﬁL17%XB2ﬁll + XBmlJrﬁlg\Bﬁll). This,
together with (3.27), concludes the proof. d

Conclusions and perspectives. We have studied existence and qualitative
properties of minimizers of the energy

ERV(f1, fo) = er1 Tk (f1, f1) + ca2 Tk (fa, f2) — 2Tk (f1, f2)

in the class of densities (f1, fo) € L*(R™M;[0,1]) x L'(R¥;[0,1]) with fixed masses
m1, my and satisfying the constraint f; + fo < 1. We have focused on the attractive
case c11,c22 < 0 (the checkerboard region in Figure 7) and proved the existence
of a minimizer in this case for all the values of masses my,my (see Theorem 1.9).
Moreover, for 0 < c¢11 = co9 < 1, my = mya, and K positive definite (the dashed
segment in Figure 7), we have proved that there exists a minimizer (see Lemma 2.7
and Remark 1.12). Eventually, for ¢11, co2 > 1 with max{ci1, caa} > 1 (gray region in
Figure 7), the energy £;2"'“** does not admit a minimizer for any pair of values m;
and my (see Remark 1.12).

A natural question arising from these (partial) results is whether existence of
minimizers can be proven in the remaining cases. A general existence result, i.e.,
independent of the masses, seems to be false if at least one of the coefficients is
strictly positive. Indeed, the corresponding phase would lose some of its (if too large)
mass. In this case, existence results depending on the masses seem to be an interesting
issue.

A relevant aspect of our analysis is that for the Coulomb interaction kernel, we
have found the explicit shape of minimizers for all choices of negative coefficients,
except when they are both strictly less than —1 (see Figure 8). In this case, we can
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C11

C11, €22 = —0Q-"

p

Fic. 8. Minimizers for Coulomb interactions.

still say that f; are characteristic functions of two pairwise disjoint sets. But their
specific shape is unknown and could be analyzed using numerical methods.

For general kernels our analysis is far from being complete. Nevertheless, there
are many possible generalizations we would like to comment on.

First of all, one may study the minimum problem above for some specific kernels
that are used frequently in the context of population dynamics (see, for instance,
[9, 13] and the references therein) such as Gaussian, Morse, or power law kernels,
or suitable combinations of these. Moreover, one might remove the assumption that
the cross and self interaction kernels K;; are all multiples of a given K. Actually,
it would be interesting also to understand whether the improved Riesz inequality
established in corollary 3.11 holds true for more general kernels. We notice that this
corollary is equivalent to Theorem 3.9 once one knows that there is no coexistence of
two homogeneous phases, i.e., when f; are as in Lemma 3.3.

Another interesting direction is the extension of the model to the case of n species,
i.e., considering minimizers of functionals of the type

Ex(fry s fn) =Y Ji,(fir 1)

ij=1

under the constraint ", f; < 1 and [,y fi(x) dz = m; for i = 1,2,...,n. We
believe that some of the techniques developed here could be slightly modified in order
to prove existence and some qualitative properties of the minimizers. As already
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mentioned, the explicit shape of minimizers might require a specific analysis and
could be the subject of numerical investigation.

Finally, we point out that our analysis focuses only on the global minimizers of
the functional £}'"“**. Notice that ground states play a crucial role in the long time
asymptotics of nonlinear aggregation-diffusion models. Nevertheless, the analysis of
stationary states (rather than minimizers) would provide a better understanding of
such problems. In this respect, an interesting analysis would concern the dynamics
of two phases governed by the energy proposed in this paper. A suitable notion of
Wasserstein gradient flow could be considered, in the spirit of [9, 29].
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