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SKEW CARLESON MEASURES IN STRONGLY PSEUDOCONVEX
DOMAINS

MARCO ABATE AND JASMIN RAISSY*

ABSTRACT. Given a bounded strongly pseudoconvex domain D in C™ with smooth boundary, we
give a characterization through products of functions in weighted Bergman spaces of (), v)-skew

Carleson measures on D, with A >0 and v > 1 — ﬁ

1. INTRODUCTION

Carleson measures are a powerful tool and an interesting object to study. They have been
introduced by Carleson [6] in his celebrated solution of the corona problem to study the structure
of the Hardy spaces of the unit disc A C C. Let A be a Banach space of holomorphic functions on
a domain D C C™; given p > 1, a finite positive Borel measure p on D is a Carleson measure of A
(for p) if there is a continuous inclusion A — LP(u), that is there exists a constant C' > 0 such
that

Ve A /D|f|Pdﬂscnf||i.

In this paper, we are interested in Carleson measures for Bergman spaces, that is spaces of LP
holomorphic functions, usually denoted by AP (relationships between Carleson measures for Hardy
spaces and Carleson measures for Bergman spaces can be found in [5]). Carleson measures for
Bergman spaces have been studied by several authors, including Hastings [11] (see also Oleinik
and Pavlov [22] and Oleinik [21]) for the Bergman spaces AP(A), Cima and Wogen [8] in the case
of the unit ball B® C C", Zhu [25] in the case of bounded symmetric domains, Cima and Mercer [7]
for Bergman spaces in strongly pseudoconvex domains AP(D), and Luecking [19] for more general
domains.

Given D CC C" a bounded strongly pseudoconvex domain in C™ with smooth C'* boundary,
a positive finite Borel measure p on D and 0 < p < 400, we denote by LP(u) the set of complex-
valued p-measurable functions f: D — C such that

1l = [ / If(Z)”du(z)] Ve

If 4 = 6%v for some « € R, where 6(z) = d(z,0D) is the distance from the boundary of D and v
is the Lebesgue measure, the weighted Bergman space is defined as

AP(D,a) = LP(8°0) N O(D)
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where O(D) denotes the space of holomorphic functions on D, endowed with the topology of
uniform convergence on compact subsets. Together with Saracco, we gave in [3] a characterization
of Carleson measures of weighted Bergman spaces in terms of the intrinsic Kobayashi geometry of
the domain.

It is a natural question to study Carleson measures for different exponents, that is the embedding
of weighted Bergman spaces AP(D,«) into L9 spaces. Given, 0 < p, ¢ < +o0 and o > —1, a
finite positive Borel measure p is called a (p, ¢; a)-skew Carleson measure if AP(D,a) — L(p)
continuously, that is there exists a constant C' > 0 such that

/ F@Ndu(z) < Cf]2
D

for all f € AP(D, «). Investigation on (p, ¢; a)-skew Carleson measure has been started by Luecking
in [20] and recently extended by Hu, Lv and Zhu in [14], where these measures are called (p, ¢, )
Bergman Carleson measures. It turns out (see [14] and the next section for details) that the
property of being (p, ¢; )-skew Carleson depends only on the quotient ¢/p and on «, allowing us
to define (A, ~y)-skew Carleson measures for A > 0 and v > 1 — n%_l Roughly speaking, a measure
is (A, y)-skew Carleson if and only if it is a (p,¢; (n + 1)(y — 1))-skew Carleson measure for some
(and hence any) p, ¢ such that ¢/p = A (see Definition 2.17).

The main result of this paper gives a characterization of (\,~7)-skew Carleson measures on
bounded strongly pseudoconvex domains through products of functions in weighted Bergman

spaces.

Theorem 1.1. Let D CC C™ be a bounded strongly pseudoconvexr domain, and let i be a positive
finite Borel measure on D. Fiz an integer k > 1, and let 0 < p;, g; < oo and 1 — n%rl < 0; be
given, for j=1,... k. Set

k k
: 1
A= and =060
=1 Pi

Then u is a (X, 7y)-skew Carleson measure if and only if there exists C > 0 such that

k k
(1.1) /D H1 £ dp(z) < C TTIE15 o, -
=

j=1
for any f; € APi (D, (n+1)(0; — 1)).

This result generalizes the analogue one obtained by Pau and Zhao in [23] on the unit ball of C™.
The proof relies on the properties of two closely related operators. The first one is a Toeplitz-like
operator Tf (see (3.1)), depending on a parameter 8 € N* and on a finite positive Borel measure
i, and the main issue consists in identifying functional spaces that can act as domain and/or
codomain of such an operator. The second operator, Sy, (see (3.2)), depends on y and three
positive real parameters r, s, t > 0, and its norm can be used to bound the norm of the operators
Tf , under suitable assumptions. In particular, the key step in the proof of the necessity implication
in the case 0 < A < 1 consists in finding criteria for a measure to be (A, ~)-skew Carleson. These
criteria are expressed in terms of mapping properties of the two operators Tf and Sf; in the
technical Propositions 3.4 and 3.6.

The paper is structured as follows. In Section 2 we shall collect the preliminary results and
definitions. In Section 3 we shall study the properties of the operators Tlf and S} and prove our
main result.

Acknowledgements. We wish to thank the anonymous referee for her/his useful comments.
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2. PRELIMINARY RESULTS

In this section we collect the precise definitions and preliminary results we shall need in the rest
of the paper.

From now on, D CC C™ will be a bounded strongly pseudoconvex domain in C™ with smooth
C*° boundary. Furthermore, we shall use the following notations:

e §: D — R* will denote the Euclidean distance from the boundary of D, that is §(z) =
d(z,0D);

e given two non-negative functions f, g: D — RT we shall write f < g to say that there is
C > 0 such that f(z) < Cg(z) for all z € D. The constant C' is independent of z € D, but
it might depend on other parameters (r, 6, etc.);

e given two strictly positive functions f, g: D — RT we shall write f =~ g if f < gand g < f,
that is if there is C' > 0 such that C~!g(z) < f(z) < Cg(z) for all z € D;

e v will be the Lebesgue measure;

e O(D) will denote the space of holomorphic functions on D, endowed with the topology of
uniform convergence on compact subsets;

e given 0 < p < +o0, the Bergman space AP(D) is the (Banach if p > 1) space LP(D)NO(D),
endowed with the LP-norm;

e more generally, if p is a positive finite Borel measure on D and 0 < p < 400 we shall
denote by LP(u) the set of complex-valued p-measurable functions f: D — C such that

= [ /| If(z)pdu(Z)] e

If ;1 = 6%v for some 3 € R, we shall denote by AP(D, ) the weighted Bergman space
AP(D, B) = L*(6"v) N O(D) ,

and we shall write || - [/, s instead of || - ||, 55,;
e K: D x D — C will be the Bergman kernel of D;
o for each zy € D we shall denote by k,,: D — C the normalized Bergman kernel defined by

_ K(znm) | K(zz)
) = R KC 20k

e given r € (0,1) and zy € D, we shall denote by Bp(zo,r) the Kobayashi ball of center zg

. 1 147
and radius 5 log 7.

We refer to, e.g., [1, 2, 15, 16], for definitions, basic properties and applications to geometric
function theory of the Kobayashi distance; and to [13, 12, 17, 24] for definitions and basic properties
of the Bergman kernel.

Let us now recall a number of results we shall need on the Kobayashi geometry of strongly
pseudoconvex domains.

Lemma 2.1 ([18, Corollary 7], [4, Lemma 2.1]). Let D CC C" be a bounded strongly pseudoconvez
domain, and r € (0,1). Then

I/(BD(~,’I“)) ~ (Sn_‘—l y
(where the constant depends on ).

Lemma 2.2 ([4, Lemma 2.2]). Let D CC C™ be a bounded strongly pseudoconvex domain. Then

there is C > 0 such that ) o
—-r

< <

g o) <06 < 7

4(20)
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for allr € (0,1), zo € D and z € Bp(zo,T).
We shall also need the existence of suitable coverings by Kobayashi balls:

Definition 2.3. Let D cC C™ be a bounded domain, and r > 0. A r-lattice in D is a sequence
{ar} C D such that D = |J, Bp(ax,r) and there exists m > 0 such that any point in D belongs
to at most m balls of the form Bp(ax, R), where R = £(1 + ).

The existence of r-lattices in bounded strongly pseudoconvex domains is ensured by the following
result:

Lemma 2.4 ([4, Lemma 2.5]). Let D CcC C" be a bounded strongly pseudoconvex domain. Then
for everyr € (0,1) there exists an r-lattice in D, that is there exist m € N and a sequence {ay} C D
of points such that D = ;- , Bp(ag,r) and no point of D belongs to more than m of the balls
Bp(ak, R), where R = (1 +7).

We shall use a submean estimate for nonnegative plurisubharmonic functions on Kobayashi
balls:

Lemma 2.5 ([4, Corollary 2.8]). Let D CC C™ be a bounded strongly pseudoconvex domain. Given
r€(0,1), set R=1(1+7) € (0,1). Then there exists a constant K, > 0 depending on r such that

K,
Vzo € DVz € Bp(zp,71) X(Z)Sir/ xdv
v(Bp(20,7)) JBp(20,R)

for every nonnegative plurisubharmonic function x: D — RT.

We shall also need a few estimates on the behavior of the Bergman kernel. The first one is
classical (see, e.g., [12]):

Lemma 2.6. Let D CC C™ be a bounded strongly pseudoconvex domain. Then
1K (-, 20)ll2 = /K (20, 20) = 8(20) "D and  lks, 2 =1
for all zg € D.
A similar estimate but with constants uniform on Kobayashi balls is the following:

Lemma 2.7 ([18, Theorem 12], [4, Lemma 3.2 and Corollary 3.3]). Let D CC C™ be a bounded
strongly pseudoconvex domain. Then for every r € (0,1) there exist ¢, > 0 and 6, > 0 such that if
20 € D satisfies 6(z0) < 9, then

Cr 1
—— < |K < —
5(20)n+1 = | (27250)‘ = Cr5(Zo)"+1
and
Cr 1

= < ks (2) <

0(z0)™t ¢r0(2zp)m !

for all z € Bp(zo,7).

Remark 2.8. Note that in the previous lemma the estimates from above hold even when 6(z9) > 6,
possibly with a different constant ¢,. Indeed, when é(z9) > §, and z € Bp(zg,7) by Lemma 2.2
there is 6, > 0 such that d(z) > 4,; as a consequence we can find M, > 0 such that |K(z, z0)| < M,
as soon as 0(zg) > 4, and z € Bp(zo,r), and the assertion follows from the fact that D is a bounded
domain.

A very useful integral estimate is the following:
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Proposition 2.9 ([18, Corollary 11, Theorem 13], [3, Theorem 2.7]). Let D CC C" be a bounded
strongly pseudoconvezr domain, and zg € D. Let 0 < p < 400 and -1 < B < (n+1)(p —1). Then

/ |K(Zaw)|p5(w)ﬁ dv(w) < 5(2)5*("“)(1)71)
D
and

/ |kz(U})|p(S(w>B dv(w) < 5(2)6—(n+1)(g_1) .
D

Finally, the normalized Bergman kernel can be used to build functions belonging to suitable
weighted Bergman spaces:

Lemma 2.10 ([14, Lemma 2.6]). Letp >0 and 6 > 1— — be given, and let o« = (n+1)(0 —1) >

n+
—1. Take B € N such that Bp > max{0, (p — 1):57 + 0} and put
T=(n+1) {g—z] .

For each a € D set f, = 6(a)"k?. Let {ai} be an r-lattice and ¢ = {ci} € (P, and put

f = chfak :
k=0

Then f € AP(D, ) with || fllp,a = [l
We also need to recall a few definitions and results about Carleson measures.

Definition 2.11. Let 0 < p, ¢ < +o0 and a > —1. A (p, ¢; @)-skew Carleson measure is a finite
positive Borel measure p such that

/ FIdu(z) = (£
D

for all f € AP(D, ). In other words, i is (p, q; )-skew Carleson if AP(D, ) < L9(u) continuously.
In this case we shall denote by ||ut|p,¢;:o the operator norm of the inclusion A?(D,a) — L9(u).

Remark 2.12. When p = ¢ we recover the usual (non-skew) notion of Carleson measure for
AP (D, «).
Definition 2.13. Let 6 € R, and let u be a finite positive Borel measure on D. Given r € (0, 1),
let fi,9: D — R be defined by
A _ w(Bp(z1))
firg(2) = ———5%
v(Bp(z,1))

we shall write fi, for fi, ;.
We say that p is a geometric §-Carleson measure if fi, 9 € L (D) for all r € (0,1), that is if for
every r > 0 we have

0
1(Bp(z,7)) <= v(Bp(z,1))
for all z € D, where the constant depends only on 7.
Notice that Lemma 2.1 yields
(2.1) firg 2 6~ FDO 1,

In [3] we proved (among other things) that, if p > 1, a measure p is (p, p; a)-skew Carleson if
and only if it is geometric #-Carleson, where a = (n+1)(6 —1). Hu, Lv and Zhu in [14] have given
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a similar geometric characterization of (p, ¢; a)-skew Carleson measures for all values of p and g;
to state their results we need another definition.

Definition 2.14. Let p be a finite positive Borel measure on D, and s > 0. The Berezin transform
of level s of p is the function B¥u: D — RT U {+o00} given by

Bou() = [ Jhulw)* du(w)
D
The geometric characterization of (p,q; a)-skew Carleson measures is different according to
whether p < ¢ or p > ¢q. We first state the characterization for the case p < g.

Theorem 2.15. Let D CC C" be a bounded strongly pseudoconvexr domain. Let 0 < p < q¢ < 400
and 1 — n%ﬂ <0; seta=(n+1)(0 —1) > —1. Then the following assertions are equivalent:

(i) u is a (p,q; a)-skew Carleson measure;
(ii) u is a geometric %Q—Carleson measure;

)
)
(iii) there exists ro € (0,1) such that firg, 20 € L>(D);
(iv) for every r € (0,1) and for every r-lattice {ar} in D we have
a9
w(Bp(ak,r)) 2 v(Bplak, )" ;
(v) there exists rg € (0,1) and a ro-lattice {ay} in D such that
a9
1(Bp(ak,0)) = v(Bp(ag,m0)) " ;
(vi) for some (and hence all) s > 01 we have
B*p(a) < 6(a)™DF73)
(vii) there exists C > 0 such that for some (and hence all) t > 0 we have

1K G5 auz) = 60
Moreover we have

(2.2) i

Proof. The equivalence of (i)—(vi), as well as the equivalence for the norms, follows from [14,
Theorem 3.1] (and the equivalence of (ii)—(v) was already in [3]).
Now, by Lemma 2.6, (vi) is equivalent to

16~ FVGID g oo~ 8T FDE0R) By

~ i ~
PG ||:U’r7%9||00 ~

/ |K(2,a)|* du(z) = 5(a)(n+1)(9%75) .
D

Setting t = (n+ 1) (s — 9%), which is positive if and only if s > 0%7 we see that (vi) is equivalent
to
/ K (2,0)| 5T du(z) < 6(a) ",
D
that is to (vii). O
The geometric characterization of (p, ¢; a)-skew Carleson measures when p > ¢ has a slightly

different flavor:

Theorem 2.16. Let D CC C™ be a bounded strongly pseudoconver domain. Let 0 < g < p < +00

and 1 — %ﬂ <0;put a=(n+1)(0—1) > —1. Then the following assertions are equivalent:
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(i) w (p,q, ) skew Carleson measure;
ii) /l e L7 (D) for some (and hence any) r € (0,1);

(iil) firp € L (D «) for some (and hence any) r € (0,1);

(iv) fiy 0L € L (D,—(n+1)) for some (and hence any) r € (0,1);

(v) for some (and hence any) r € (0,1) and for some (and hence any) r-lattice {ax} in D we
have {03 (@)} € €%

(vi) for some (and hence any) r € (0,1) and for some (and hence any) r-lattice {ar} in D we
have {ﬂr(ak)5(ak)("+1)(1_‘9%)} € lra;

(vii) for some (and hence all) s > 61 + -5 (1 - ;) we have

a

67(77,4’1)(0;*%)38“ c Lﬁ (D,—(’I’L—f— 1)) :

(viii) for some (and hence all) s > 01 + 7 (1 — ;) we have

5~ tD(0=3) s e L3 (D, ) ;
(ix) for some (and hence all) s > 61 + 2 (1 - %) we have

(57(n+1)(0%7§+%)BSM c Lﬁ(D) :

(x) for some (and hence all) t > (n+ 1) (1 - %) (T—H — 9) we have

5 [ 1K) " dutw) € L7 (D).
Moreover we have
(2.3 Wllpae = 07O D Bl om0~ HDODE
Proof. The equivalence of (i), (ii), (vi) and (ix), as well as the equivalence of the norms, is in [14,
Theorem 3.3].
Recalling that, by Lemma 2.1, fi,. ¢ &~ 1,,0" D=9 "it is easy to see that the equalities

—(n+1)(0 - 1)%]%11 =(n+1)(1- 9)]%(1 F(n+1)(0—-1)

q p
(n+1) (1 0p> p— (n+1)
yield the equivalence of (ii), (iii) and (iv).
The fact that fi,.¢ ~ f1,,0"*D1=9) immediately yields the equivalence between (v) and (vi).
The equalities

—(n+1) (‘)Z;)pfq (n+1)=—(n+1) (073>1%q+(n+1)(671)

—n+1) (gq_s+p—q) .
p 2 p Jr—g
yield the equivalence of (vii), (viii) and (ix).
Finally, by Lemma 2.6, (viii) is equivalent to

500 [ K w)l dutw) € L7 (D.)
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and this is equivalent to (x) via the substitution s = 6 + ~t5. O

A consequence of these two theorems is that the property of being (p, ¢; a)-skew Carleson actually
depends only on the quotient ¢/p and on a. We shall then introduce the following definition:

Definition 2.17. Let A > 0 and v > 1 — n%rl A finite positive Borel measure p is (A, y)-skew
Carleson if either

— A>1and fir;,xy € L=(D) for some (and hence all) r¢ € (0, 1); or,

- A<1and fipy, € LT (D, (n+1)(y —1)) for some (and hence all) ro € (0,1).

Thus Theorems 2.15 and 2.16 say that u is (p, ¢; a)-skew Carleson if and only if it is (¢/p, v)-skew
Carleson, where o = (n+1)(y—1). In particular, we shall write ||1||4/p - instead of || ]|, ¢:(n+1)(v—1)-

We end this section with the following easy (but useful) consequence of this definition:

Lemma 2.18. Let D CC C" be a bounded strongly pseudoconvexr domain, A > 0 and vy > 1 — n%_l

Let p be a (N, v)-skew Carleson measure, and 5 > A (nLH — fy). Then pg = DB s a (N, 7—&—%)_

skew Carleson measure with ||pg]

a2 =l
Proof. First of all, remark that using Lemmas 2.1 and 2.2 it is easy to check that
(p)r ~ 8P fi,
Assume 0 < A < 1. By Theorem 2.16, we know that 1,6~ (DO =DA ¢ Lﬁ(D). Therefore
(13), 0~ (DO DA oy 5= (=D ¢ 5 (])

and again Theorem 2.16 implies that pg is (A, v + g)—skew Carleson with [|uglly s & [[p]lxy-
Y TX
If A > 1, again Lemmas 2.1 and 2.2 yield

(B)r pyt8 = (115),p 0~ (HDOHI=D o s= (D=1 g

and Theorem 2.15 yields the assertion. O

Ay

3. PROOF OF THE MAIN RESULT

The proof of the main result will use two closely related operators. The first one is a Toeplitz-like
operator Tf , depending on a parameter S € N* and on a finite positive Borel measure p, defined
by the formula

(3.1) T?f(2) = /D K (2, w)? f () dp(w)

for suitable functions f: D — C; part of the work will exactly be identifying functional spaces that
can act as domain and/or codomain of such an operator. We need 3 to be a natural number because
the Bergman kernel in general might have zeroes and D is not necessarily simply connected.

The second operator Sf: depends on p and three positive real parameters r, s, t > 0 and is
defined by

(3.2) 83T f(2) = 6(2)HD /D e ()1 ()" dpa(w)

again for suitable functions f: D — C. This time the exponents do not need to be integers. Notice
that Lemma 2.6 yields

(3-3) 1SS (2)] %5(2)("“)(”%)/]3IK(%w)\tIf(w)l"du(w)-
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Therefore it is not surprising that, under suitable hypotheses we can use the norm of the
operators St to bound the norm of the operators TB We start with a preliminary lemma:

Lemma 3.1. Let D CC C" be a bounded strongly pseudoconver domain, and pu a positive finite
Borel measure on D. Then for every f >t > 0 we have

/\szﬂﬂdu( ) < §(z)~ (- /\szwdu( ).
Proof. Let z € D. Then

1K Gl dutw) < sup [K (o)l [ [ G duto)
D
and the assertion follows from the known estimate

sup |K(z,w)| < 6(z)" "+

weD
We then have the following estimates.

Lemma 3.2. Let D CC C" be a bounded strongly pseudoconver domain, and pu a positive finite
Borel measure on D. Chooser >1,s,t,p,q>0,0,0; >1— ﬁ and B € N*. Then:

(i) ifr=1,q9q>p, B>t and 64 Sq[%—l—%—%—i—%—ﬁ—s} we have
s,1
||T5f||p,(n+1)(a—1) =Sy

(ii) ¢f r>1, g =>p/r, B >1t/r, we have

—(n oY 1/r s r 1/r
”Tffnp,(n-i-l)(a—l) j ||5 (nt+) (= )B ;U'H /A (n+1)(y— 1)” tf” /n+1 Y(01—1) °

where 1’ is the conjugate exponent of r and

1 1 t ! 1 t 0
A=1+7|— =<1, a=¢(B-2), y=1|+-(s—<)+2L-2].
qr p r A r 2 qrp
Proof. (i) Lemma 3.1, applied to the measure |f|u, and (3.3) yield
)

TP < [ [ 1K )P dut

D [ [ i dnta]
< §(z) (DB gs L ()

Therefore using Holder’s inequality we obtain

HTﬁpr(nJrl)U 1)_/| %f( |P6(z>—(n+1)[(5—§+s)P+1—a] dv(z)

1 03— g+t 020y 17
<| [ Isiirelee) TS gy ()

_ s,1
= IS0 Sl e yatest + -5
=S

P

5,1
tf”p (n+1)(01 1) 9
where the last step follows from [3, Lemma 2.10].
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(ii) Writing 8 = £ + 2 using Holder’s inequality and recalling the definition of the Berezin

T T
transform we obtain

TP < [/ 1K (2, 0) L ()| da(o ] [/ [ (2, w)|* dp(aw)

p/r’

@tlap

= UD|K(z,w)lt|f(w)l'“du(w)]p/ra(z) B P

Therefore, recalling that «/r’ = § — t/r and using again Holder’s inequality, we have

p/r
||T5f||;€,(n+1)(a—1) = /D {/D |K(z,w)t|f(w)|rdu(w)] |BEu(2)[P/7 §(2) D =1=55) gy, ()

a

j/ |SZ:;f(Z)‘p/T|Baﬂ(z)|p/T/5(Z)(n+l)p[ =

[/ 1S5 £(2)]98(2)™ DO =D gy (2 ]p/qT {/ B u(2)

= IS o, 6™V B P

“ar =+ gy (2)

P
1 ar

T 5(2) =D gy ()

,(n+1)(v—1)

where A and ~ are as in the statement and
7/ o 0 o N t
T = —_ — — — —— — S =
1-X|p qr 21 2

Corollary 3.3. Let D CC C™ be a bounded strongly pseudoconvex domain, and p a positive finite
Borel measure on D. Forr >1,s5,t>0,p,¢g>0,a>0,veR and 6y >1— %ﬂ assume that

t 1
ﬁ=*+g/€N and )\:1—|—2—7<17
roor D q

O

where v’ = r/(r — 1) is the conjugate exponent of r. Then

(n [eY 1/r sr 1/r
172l g1y < N6=CHDO= DBl ISl o)
where
_ 1
= 1
1-A+3
and if o > 1 — 1= we have

n+1’

(3.4) U—T[QTI)\’YJrqlT(@lJrq(SwL;))} .

Proof. The assertion is a consequence of Lemma 3.2.(ii) applied with p = 7. Indeed, first of all,
since A < 1, we have p > rg; from this it follows that
1—7r 1-r 1 1 T
— > — 1-A4+=->— = gqg>-
p qr p qr r
as needed. Furthermore

1 1 /71 ! ! ! 1
HH{}HT D D D
g T q p poa
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7 1 t 0, o 7 1 t 0 M—a 1 t
r (A a_“2\_ = Sl el N 2 =~
/\|:6+T<S 2)+q7“ T:| )\{ﬂ+r<8 2>+qr+ r! qr 144 S+2 7

O

The mapping properties of the operators Tf and Sf; can be used to give criteria for a measure
1 to be (A, v)-skew Carleson, which is particularly useful when A < 1. We start with Tf :

Proposition 3.4. Let D CC C" be a bounded strongly pseudoconver domain, and p a positive

finite Borel measure on D. Take 0 < q <p < o0, 61, 02 >1— 27 and B € N such that

1
8> ;max{l,@l,p—l—i-gl}.

Put
1 1 1 6, 0
A=1+-—-=-<1 and 7=<B+1—2>.
P q A P q

Assume that Tf is bounded from AP (D, (n+ 1)(61 — 1)) to A4(D, (n+ 1)(62 — 1)), with operator
norm ||TF|. Then  is (X,~)-skew Carleson, and

6= HDO=D B 1 gy < T

for all o> Ay + 25 (1 = A).
Proof. Let {ar} be an r-lattice in D, and {r;} a sequence of Rademacher functions (see [10,
Appendix A]). Set
0
r=n |52
and, for every a € D, put f, = §(a)"k?. Then Lemma 2.10 implies that

ft= Z cxTk(t) fax
k=0
belongs to AP(D, (n + 1)(01 — 1)) for all ¢ = {c} € 7, and || ||, (nt1)0—1) = llcllp-

Since, by assumption, T/? is bounded from A? (D, (n+1)(6; — 1)) to A4(D, (n+1)(f2 — 1)) we
have

%) q
1T 1 ity opr) = /D S (T fu ()] 8(2) DD duz)
k=0
< IT2IN N 1y 0s 1y = NTL N el

Integrating both sides on [0, 1] with respect to ¢ and using Khinchine’s inequality (see, e.g., [19])
we obtain

o q/2
/D <Z [ (Z)I2> 5(2) = dy(z) < 1T [c||? -
k=0

Set By, = Bp(ag,r). We have to consider two cases: ¢ > 2 and 0 < g < 2.
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If ¢ > 2, using the fact that ||al| /2 < |la[|; for every a € ¢! we get

S laalt [T 1 (15 du)
k=0 By,
oo q/2
</ (Z|ck|2|T,ffak<z>|2ka<z>> 5(2) D01 gy (1)
D \k=0
a/2
/(ZICkI 1T fu (2) |> 5(2) V0D gy ()

k=0

If instead 0 < g < 2, using Holder’s inequality, we obtain

> |C’“‘q/ T fa,, (2)|96(2) DO 4y ()
k=0 By,

/ <Z|0k| |T5fak ) <ZXBk > 5(2)(n+1)(02_1)dy(z)
0o q/2
j/D <Z|Ckl2|T[ffak(z)|2> §(z) D=1 gy () |

k=0

where we used the fact that each z € D belongs to no more than m of the By.
Summing up, for any g > 0 we have

> |Ck|q/ T3 far (2)]28(2) DO =D dw () < T | el -
k=0 Bk
Now Lemmas 2.1, 2.2 and 2.5 (see also [4, Corollary 2.7]) yield

T3 Far (@] = 6(ag) =0 /B T3 far (2)|8(2) DO d(z)
k
and so we get
oo
D le|%6(ar) T fo, (ar)| = NTL el
k=0
On the other hand, using Lemmas 2.6 and 2.7, we obtain

TP fu (ar) = 8(ar)” /D K (a5, ) ko, () dpa(w) = 5(ag) 0 /D K (a, w)?? dp(w)

>80 E [ R e dute)
Bp(ak,r)
—(n 38
= 8(ar)™" DT w(Bp (ag, 7)) = 8(ar)” "R u(Bp (ar, 7)) -
Putting all together we get

q
> BD(a}€7 )
Z (erm) =<7 el -

k=
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Set d = {dy}, where

,u(BD(ak,r))

= ) ™

Then by duality we get {df} € #/®P=9 with |[{di}|,/(p—q = HTqu, because p/(p — q) is the

conjugate exponent of p/q > 1. This means that d € f#9/(P=9) = p1/(01=2) with

Il o < I
Since
dy, & fir(a)8(ay) "D
the assertion then follows from Theorem 2.16. 0

Remark 3.5. Note that a similar result holds also for A > 1 and can be strengthened to give yet
another characterization of skew Carleson measures. Since such result is not needed in the present
paper, we prefer to omit it here, and to present it in a forthcoming paper.

We can now prove a technical result involving the operators SZ: that will be crucial for the
proof of our main theorem.

Proposition 3.6. Let D CC C™ be a bounded strongly pseudoconver domain, and p a posi-
tive finite Borel measure on D. Fiz ¢ > 1, p > 0, 01, 6, > 1 — 1= and r,s > 0, and

nt+1l
t>%max{1,92,p71+6’2}>0. Set
1 1/t 0 0
Azl—l—f—f and 7:<—|—2T—1—s>.
P oq A

Assume that A >0 and v > 1 — %ﬂ, and that there exists K > 0 such that

(3.5) 1907 Fllg iy, —1) < Kl FIp ns1) 02 —1)
for all f € AP(D,(n+1)(02 — 1)). Then p is a (X,7)-skew Carleson measure with ||p||x, =< K.
Proof. Let us first consider the case A > 1. Given a € D and ¢ € N such that

po > 02,

set
fa(2) = ka(2)?

for z € D. By Proposition 2.9 we have

ro

(3.6) 1fa i nt1)(82—1) = §(a)mHDO5 1)

Now fix p > 0. Clearly, there is a p > 0 depending only on p such that z, w € Bp(a, p) implies
w € Bp(z,p) for all @ € D. By Lemma 2.2 we can find §; > 0 such that if 6(a) < d; then §(z) < 6,
for all z € Bp(a, p), where 6, > 0 is given by Lemma 2.7. Then if §(a) < ¢; using Lemmas 2.1,
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2.2 and 2.7 we have
IS5 AN oy = [ ISEREZ IS 00D ()

> / 157 £ (2) |26 () DO gy ()
Bp(a,p)

= 5(a)("+1)(91—1) /

Bp(a,p)

§(z) Vs [ / Ikz(w)ltlfé’(w)lrdu(w)r v 2)

q
i5(a)("“)(91*”"5)/ V Ikz(W)ltlfi(W)lrdu(W)l dv(z)
BD(a’p) BD(a’p)

q
b 6(a)(n+1)(91—1+q(9—70rq)/ 5(2)"7*'%!1 [/ |K(z,w)|t du(w)] dU(Z)
Bp(a,p) Bp(a,p)

= ()Tt goratt) / )a<z>—<"+”fqu(BD<a,p>)qdy(z>
Bp(a,p

= §(a)mtDOtas=gora=519) (B (a, p))*
Recalling (3.5) and (3.6), we get

w(Bp(a, p)) < Ko(a) " DEHED) o

< K(S(a)(n-&-l)(%-&-% s——+92

p,(n+1)(02—1)

_ra)

=< Kv(Bp(a, P))%_S_%%z% -

Since p is a finite measure, a similar estimate holds when §(a) > 6;. Then Theorem 2.15 implies
that p is (A, 7)-skew Carleson with ||p||) 4 < K as claimed.
Now let us assume 0 < A < 1. Assume first » = 1. Choose § € N with 5 > ¢ and set

t 1
0—91+q<6—+s) >1—-—F-:.
2 n
We can apply (3.5) and Lemma 3.2.(1) with p = ¢ to get

HTﬁqu,(nH)(Jfl = K||f||p,(n+1)(92*1) :

Therefore Proposition 3.4 implies that u is (A,

.1 0
72)\<5+2—0>
p q

and [|pxy = K as claimed.
Assume now r > 1, and choose o > 0 so that

skew Carleson with

7)-
1/t 6, 0
<+2_1_3>:%
A P oq

t « 1
5:*4’*/ > fmax{l,ﬁg,pflJrHQ}
r r p

and S € N. We also require that « is such that a > Ay + n+1( —A) and

a—Ay 1 t 1
= — (0 — 1-—
o 7'|: 7 +qr(1+q<s+2>>}> nil’
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where
- 1
=
1-x+1
Assume for a moment that p has compact support. Then |6+ —3)Be pll 2 2 (1) (y—1) 18

finite; therefore (3.5) and Corollary 3.3 applied with p = p imply that Tf is bounded from
AP (D, (n+1)(62 — 1)) to A™(D, (n+1)(c — 1)), with

B —(n+1)(y—%) ga,, |1/
1721 < KI5 DB e

Proposition 3.4 then yields that p is (A, 4)-skew Carleson with

~ 1 1
A=14+-———=A
p T
and

~_1 92 g _1 92 o /\’}/ 91 1 t
7_)\(B—i_p )_)\(ﬂ+ r’+r’ gr T S+2
_Lft bt O O s 6 s
T \2r 2 pr!t g’ v qr r
_L(t 0 O
A2 q p )

Furthermore, we also have

—(n+1 —Z « —(n+1 a l/r
”5 ( 0=3)B NHﬁ,(n+l)(w—1) jK”(S ( 0=3)B NH . (1) (y=1)

and thus

(n+1)(v—$%)
|6~ (D (=% BaM”1 - S K
An easy limit argument then shows that this holds even when the support of p is not compact,
and then, by Theorem 2.16, 11 is (X, y)-skew Carleson with ||u||x, < K.

We are left with the case 0 < r < 1. Choose R > 1 and set p* = 64y, with

(R — ’/‘)92

A=(n+1) ,

First of all, fix o € (0,1) and set Ry = %(1 +79). Then, for any z € D, Lemmas 2.1, 2.2 and 2.5
yield

P 1 WP dv (n+1)05 W) PS () D O2=D g
lﬂ)jv@h@n&)ém@%>ﬂ )P dv(w) = 6(2) """ Ab@%”ﬂ)lﬂ) * dv(w)

<6(2) " FIP ) -
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Then (3.5) yields

R
= [ (s [ ksl du*<w>)q6<z><n+l><91-1> anz)
D D

R—1)09 q
< IA1E D 0y / (a<z><"“>s / ez ()1 () |76 () A= oD 572 du(w)) 5(z) DO gy ()
D

_ q(R—r S,T
Hf|p4n+1)92 IS FIIG (nt1yo:—1)
< KIS 1051y

for all f € Ap( ,(n+1)(02— 1)) Arguing as before, we can prove that p* is (A, v*)-skew Carleson
with [|g*||x+ = K, where

1/t 6R 0 R—1r)0
’Y*:* ,_A'_L_il_s :’74—&.
A\ 2 P q

(R=r)
But p = ¢~ (D p*; then Lemma 2.18 implies that y is (A, y)-skew Carleson with [|u[[x, <
K, and we are done. O

We finally have all the ingredients to prove our main result.

Proof of Theorem 1.1. Assume that p is (), y)-skew Carleson. For k = 1 the assertion is just the
definition of (A,~)-skew Carleson; so we can assume k > 2.
For j=1,...,k put 8; = )\%. Then we have 8; > 1, %6]- = )\, and
J J

1
2.5~

Now define 7; € R as

4q5 _%
n; = —=0; — —/\ 0; —7);
2 5] Dpj ( )
in particular
1
(3.7) v+ B =05 -

It is easy to check that n; + - - - + nx = 0; then Holder’s inequality yields

(38) / Hlfg )19 duz) 1_1[/]3 5 ()P8(2)5 (=)

Now, Lemma 2.18 implies that 8% p is (\, v+ Xﬁjnj)—skew Carleson, that is, (X, 0;)-skew Carleson,
by (3.7). But A = q;—[jj; hence Theorems 2.15 and 2.16 imply that 67"y is (p;, q;B;; oj)-skew
Carleson, with aj = (n+1)(6; — 1). Therefore

1/B;

59 [ sy i)

for j =1,...,k, and (1.1) is proved (see also Remark 3.7 below).

qj
= ||fj||pj,(n+1)(9j_1)
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Assume now that (1.1) holds for any f; € AP (D, (n+ 1)(; — 1)) with j = 1,..., k; we would
like to prove by induction that p is a (A,7)-skew Carleson measure with ||u|x, < C. If k =1
there is nothing to prove, so we can assume k > 2.

Assume first A > 1, and let o;j = (n+1)(0; — 1) for j =1,..., k. Choose oy,...,0, € N* such
that

pjoj > max{l,0;}
forall j=1,...,k, and

k
Y405 > M,
j=1
and set
o; 0,
ri=(mn+1 {] — ]}
j= 1) |3 -2
forall j=1,...,k.
For any a € D and j =1, ..., k, consider
fi.a(2) = ka(2)776(a)" .

Then, since o; < (n+ 1)(pjo; — 1) by the choice of o}, applying Proposition 2.9 we obtain

15 o0y = IRall G, o) < 5(@%[%7(%1)(%*0] — §(a)" |
and hence
Hfj7a||pj70‘j =1
for j=1,...,k. Thus (1.1) yields
k k
(3.10) | TLfa@0® duz) < O TL 1 fsalle, < C-
j=1 j=1

Now recall that
k
[T 15541 = ka(2)= 7 5(a) %5 07
j=1

We have

k k k
q;0; q; n+1
> i =(n+1)) [jQJ —9j;] =— > ajo5— (n+ 1)\,
j=1 j=1 J j=1

S0, setting s = Zj 0jq;, (3.10) becomes
s (E-M g < o
and Theorem 2.15 implies that p is (A,~y)-Carleson with
lallae = 150G Bo o 2 €.

We are left with the case 0 < A < 1. We argue again by induction on k. If £ = 1, it is the
definition of skew Carleson measure; so assume the assertion holds for k£ — 1. Set
k—1 ” "
A= = and = 9; =L .
z_: Pj < pj

> =
.M?r
L

J
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Fix a function g € AP* (D, (n+ 1)(6 — 1)), and set pj, = |g|%p. Then (1.1) yields

k-1

/ H\fj 9 (=) < CgIZ corrion sy LI snron s

j=1

for all f; € AP (D7 (n+1)(8; — 1)) with j = 1,...,k — 1. By induction, this means that p

is a ()\,:y)—skew Carleson measure with [|ugl5 5 = C||g| Since A < A < 1, and

— Pr,(n+1)(0p—1)°

A>1- n+1, Theorem 2.16 implies that s~ +DG=5 By, e L/0-Y (D, (n+1)(5 — 1)) for all
t>)\7+n+1( — 1)), with
|5 0E=8 By | < Cllglle

1/(1=3),(n4+1)(3-1) i (n+1)(6x=1) *

Writing explicitely the previous formula we obtain

5
= Cllgllpy (nt1)00-1) -

l/ {/ Ika(2)[19(2)|* dpa(z )] " A)(5(11)_%@—%)5(@)(n+1)(%1)du(a) B

that is

15,8 9l 1=5), a1y -1y = CNINY gy o1 -

1

where s = % — 4. Choosing t > kaax{mk,pk — 1 — 0} such that s > 0, we deduce from

Proposition 3.6 that p is a (A*,v*)-skew Carleson measure with ||z|[x- 4+ = C, where

)\*:1—|—q—k—(1—5\):/\ and 7*—<9k+7)\):7,
Pk A*

and we are done. O

Remark 3.7. If (1 is a (A, y)-skew Carleson measure, we can estimate the constant C' in (1.1). Fix
€ (0,1). Then Lemmas 2.1 and 2.2 yield

(70~ 55
If A > 1 we can now use (2.2) to get

16%7 pll s 8510, = N1~ HD OO (88505 1) | o
~ ||6—(n+1)()\9j—1—/3jnj)ﬂr|| _ H(S (n4+1)(My—1) 4

firlloo = [lpllx -

Analogously, if 0 < A < 1 we can use (2.3) to get

Héﬂjnj:“”pj,qjﬁj;aj ~ ||5_(n+1)(9j_I)A((sﬁjmﬂ)r”ﬁ
~ ||5*(n+1)(>\9j*>\*ﬁj77j)ﬂr||ﬁ = ||5*("+1)(7*1)>\ﬂr||ﬁ ~ lellay -

Therefore in both cases (3.8) and (3.9) yield

E q;
~ eliny
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