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ABSTRACT. In this paper we illustrate an algorithmic procedure which allows to build projective
wonderful models for the complement of a toric arrangement in a n-dimensional algebraic torus 7'.
The main step of the construction, inspired by [9], is a combinatorial algorithm that produces a

toric variety by subdividing in a suitable way a given smooth fan.

1. INTRODUCTION

Let us consider a n-dimensional algebraic torus 7" over the complex numbers. Let X*(T') denote
its character group. This is a lattice of rank n and choosing a basis of X*(7T') we get an isomorphism
T ~ (C*)™.

If we take a split direct summand I' C X*(T") and a homomorphism ¢ : I' — C*, we can consider

the subvariety, which will be called a layer, in T

Kre = {t € T|x(t) = ¢(x), Vx € I'}.

Notice that a layer is a coset for the subtorus H = NyerKer(x). So it is itself isomorphic to a torus
and in particular it is smooth and irreducible.

A toric arrangement A is given by finite set of layers A = {K1, ..., } in T. We will say that a
toric arrangement A is divisorial if for every i = 1,...,m the layer K; has codimension 1.

In this paper we show how to construct a projective wonderful model for the complement M(A) =
T — U, Ki, i.e. a smooth projective variety W(A) containing M(A) as an open set and such that
W(A) — M(A) is a divisor with normal crossings and smooth irreducible components.

Let us first shortly recall the state of the art about toric arrangements. The study of toric ar-
rangements started in [28]. In the case of a divisorial arrangement, it received a new impulse from
several recent works. For instance, in [14] and [13] the role of toric arrangements as a link between
partition functions and box splines is pointed out; interesting enumerative and combinatorial aspects
have been investigated via the Tutte polynomial and arithmetics matroids in [30], [31], [5]. As for
the topology of the complement of a divisorial toric arrangement, the generators of the cohomology
modules over C where exhibited in [12]| via local no broken circuits sets, and in the same paper

the cohomology ring structure was determined in the case of totally unimodular arrangements. A
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presentation of the fundamental group of the complement of a divisorial complexified toric arrange-
ment was provided in [6], and in 7] d’Antonio and Delucchi proved that M(A) has the homotopy
type of a minimal CW-complex and that its integer cohomology is torsion free.

Moreover, in [1] Callegaro and Delucchi computed the cohomology ring with integer coefficients
of M(A) and started to investigate its dependency from the combinatorial data of the arrangement.

The problem of finding a wonderful model for M(A) was first studied by Moci in [32], where a
construction of a non projective model was described.

To explain the interest in the construction of a projective wonderful model, we briefly recall some
results in the case of subspace arrangements.

In [10], [11], De Concini and Procesi constructed wonderful models for the complement of a
subspace arrangement in a vector space (providing both a projective and a non projective version
of the construction), as an approach to the Drinfeld construction of special solutions for Khniznik-
Zamolodchikov equation (see [16]). Then real and complex De Concini-Procesi models of subspace
arrangements were investigated from several points of view: their cohomology was studied for
instance in [35], [18], [33]; some relevant combinatorial properties and their relation with discrete
geometry were pointed out in [19], [24], [23], |2]; the case of complex reflection groups was dealt
with in [25] from the representation theoretic point of view and in [3| from the homotopical point
of view; relations with toric and tropical geometry were enlightened for instance in [20] and [15].

Furthermore, we recall that in [11] it was shown, using the cohomology description of the projec-
tive wonderful models to give an explicit presentation of a Morgan algebra, that the mixed Hodge
numbers and the rational homotopy type of the complement of a complex subspace arrangement
depend only on the intersection lattice (viewed as a ranked poset).

By analogy with the linear case, one of the reasons for the interest in the construction of a
projective wonderful model for M(.A) is the computation of the Morgan algebra associated to the
model and the investigation of its role in the study of the dependency of the cohomology ring of
M(A) from the initial combinatorial data. We leave this as a future direction of research.

Let us now describe more in detail the content of the present paper.

In Section 2 we are going to briefly recall the construction of wonderful models of varieties with
a conical stratification in the sense of MacPherson-Procesi [29], or, in other words containing an
arrangement of subvarieties in the sense of Li [27].

In Section 3, given a smooth fan A in the vector space homz(X*(T),R) = homz(X*(T),Z) @z R
and a layer Kr 4, we are going to give a simple combinatorial condition which allows us to explicitly
describe the closure EF@ in the toric variety Ka corresponding to A and the intersection of KP@
with every T-orbit closure in KA.

Then, given a toric arrangement A in T we will construct a projective wonderful model for the

complement M (A) according to the following strategy:

1) As a first step, we construct (see Sections 4 and 6) a smooth projective T-variety K A(A)
(where A(A) denotes its fan).



The crucial property of the toric variety Ka(4) is the following one. Let us denote by

Q the set whose elements are the closures K; of our layers and the irreducible components

D, of Ka(4) —T. Then the family £ of all the connected components of intersections of

elements of Q gives an arrangement of subvarieties in the sense of Li’s paper [27], as we will
show by a precise description of the closure in K (4) of every subvariety in £ .

2) As a consequence of point 1), for every choice of a building set associated to the arrangement

of subvarieties in K 5(4) one can obtain a projective wonderful model of M(A).

The construction of the toric variety Ka(4) is the result of a combinatorial algorithm on fans
that starts from the fan of (P!)". This algorithm, which is a variant of an algorithm introduced in
[9] for a different purpose, is described in Section 4 and illustrated by some examples in Section 5.

In Section 7 we prove that the family of subvarieties £ in Kn(4) 1s an arrangement of subvarieties.
The last section (Section 8) is devoted to some remarks on our construction. First we show that,
although our construction is not canonical (it depends for instance from the initial identification
of the fan of (P1)"), in some cases there is also a more canonical way to obtain a toric variety
K a(4) with the requested properties. This happens for instance for divisorial toric arrangements A
associated to root systems or to a directed graph.

Finally we show that if W(.A) is a projective wonderful model obtained by our construction, then
its integer cohomology is even and torsion free and the cohomology ring is isomorphic to the Chow
ring (i.e. W(A) has property (S) according to the definition in [8] 1.7). This follows from the
description of the strata in Section 3 and from the fact that the construction of wonderful models

in [29], [27] can be seen as the result of a prescribed sequence of blowups.

2. WONDERFUL MODELS OF STRATIFIED VARIETIES

In the literature one can find several general constructions that, starting from a ‘good’ stratified
variety, produce models by blowing up a suitable subset of strata. For instance, as we mentioned in
the Introduction, the case of the stratification induced in a vector space by a subspace arrangement
is discussed in [10], [11].

The papers of MacPherson and Procesi [29] and Li [27] extend the construction of wonderful
models from the linear case to the more general setting of a variety stratified by a set of subvarieties.

In Li’s paper one can also find a comparison among several constructions of models, including
the ones by Fulton-MacPherson (|22]), Ulyanov (|34]) and Hu (|26]). Denham’s paper [15] provides
a further interesting survey including tropical compactifications.

We recall here some definitions and results from [29] and [27], adopting the language and the

notation of Li’s paper.

Definition 2.1. A simple arrangement of subvarieties of a nonsingular variety Y is a finite set
A = {A;} of nonsingular closed connected subvarieties A;, properly contained in'Y , that satisfy the

following conditions:



(i) A; and A; intersect cleanly, i.e. their intersection is nonsingular and for every y € A; N A; we

have
Taindjy = Thsy NThy

(11) Ay N A either belongs to A or is empty.

Definition 2.2. Let A be a simple arrangement of subvarieties of Y. A subset G C A is called a
building set of A if for every A; € A — G the minimal elements in {G € G : G O A;} intersect

transversally and their intersection is A;. These minimal elements are called the G-factors of A;.

Definition 2.3. Let G be a building set of a simple arrangement A. A subset T C G is called G-
nested if it satisfies the following condition: if Ay, ..., Ag are the minimal elements of T (with k > 1),
then they are the G-factors of an element in A. Furthermore, for any i, the set {A € T |A 2D A;}

1s also nested as defined by induction.

We remark that in Section 5.4 of [27] some even more general definitions are provided, to include
the case when the intersection of two strata is a disjoint union of strata. Since this will be useful

for our toric stratifications, we recall these definitions in detail.

Definition 2.4. An arrangement of subvarieties of a nonsingular variety Y is a finite set A = {A;}
of nonsingular closed connected subvarieties A;, properly contained in Y, that satisfy the following
conditions:

(i) A; and Aj intersect cleanly;

(11) Ay N A either is equal to the disjoint union of some Ay or is empty.

Definition 2.5. Let A be an arrangement of subvarieties of Y. A subset G C A is called a building
set of A if there is an open cover {U;} of Y such that:
a) the restriction of the arrangement A to U; is simple for every i;

b) G, is a building set of Ay, .

Definition 2.6. Let G be a building set of an arrangement A. A subset T C G is called G-nested if
there is an open cover {U;} of Y such that Ty, is G|y,-nested for every i.

Then, if one has an arrangement A of a nonsingular variety Y and a building set G, one can
construct a wonderful model Yg by considering (by analogy with [11]) the closure of the image of

the locally closed embedding

Y — U A; —>HBZ(;Y

N EN Geg

where BlgY is the blowup of Y along G.
It turns out that:



Theorem 2.1. The variety Yg is nonsingular. If one arranges the elements G1,Ga,...,GN of G in
such a way that for every 1 < i < N the set {G1,Ga,...,G;} is building, then Yg is isomorphic to
the variety

Bl - Blg Blg,Y

e Blay_,
where C~¥Z denotes the dominant transform of G; in Bléi—l "‘BZ@QBZGIY.

Remark 2.1. As remarked by MacPherson-Procesi in |29, Section 2.4] it is always possible to choose
a linear ordering on the set G such that every initial segment is building. We can do this by ordering

G in such a way that we always blow up first the strata of smaller dimension.
Another theorem (see [29], [27]) describes the boundary of Y5 in terms of G-nested sets:

Theorem 2.2. For every G € G there is a nonsingular divisor Dg in Yg; the union of these divisors
s the complement in Yg to Y — UAieA A;. An intersection of divisors D, N ---N Dry is nonempty

if and only if {11, ..., Ti} is G-nested. If the intersection is nonempty it is transversal.

3. THE CLOSURE OF A LAYER IN A TORIC VARIETY

Let us start with a very simple fact. Let V be a real vector space and let B = {e',...e"} be
a set of linearly independent vectors in V. We denote by C(B) the cone of nonnegative linear
combinations of the e’’s.

Given a subspace U C V*, we say that U has property (E) with respect to C(B) if there is a
basis u1,...,u, of U such that (u;,e’) > 0foralli=1,....,r,5=1,...,h. Weset U+ = {w €
V] (u,w) =0, Vu € U}. It is now easy to show that

Lemma 3.1. Assume that U has property (E) with respect to C(B). Then
C(B)NUL=C(BNUY) (if BNU+ =0, C(BNU*) = {0}).

Let us take V' = homz(X*(T),R) = X.(T) ®z R, with X.(T) := homz(X*(T),Z) the lattice
of one parameter subgroups in 7. Then, setting Ve = homyz(X*(T'),C) = X, (T) ®z C, we have a
natural identification of T' with Vi /X (T) and we may consider a x € X*(T) as a linear function
on Ve. From now on the corresponding character e?™X will be usually denoted by Zy. Recall the

definition of a layer:

Definition 3.1. Given a split direct summand I' C X*(T) and a homomorphism ¢ : T' — C*, the
subvariety
Krg ={t € T|z\(t) = ¢(x), Vx € I'}

will be called a layer.

We have already remarked that KCr 4 is a coset with respect to the subtorus H = NyerKer(zy).
Now we consider the subspace Vg = {v € V|(x,v) = 0, Vx € I'}. Notice that since X*(H) =

X*(T)/T', Vg is naturally isomorphic to homz(X*(H),R) = X.(H) ®z R.
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Assume now we are given a smooth fan in V', that is a collection A of simplicial cones in V' such
that

(1) Each cone C' € A is the cone C(e!,...e") of non negative linear combinations of linearly
independent vectors e!,...e" in the lattice X,(T') spanning a split direct summand.

(2) If C € A every face of C is also in A.

(3) HC,C" e A, CNC"is a face of C and of C".

Definition 3.2. The layer Kr 4 has property (E) with respect to the fan A if the subspace I' @z R C
X*(T) @z R has property (E) with respect to every cone C' € A.

Remark 3.1. Notice that the condition of having property (E) with respect to A depends only on

I', in fact only on the vector space I' @z R, and not on the homomorphism ¢.

Lemma 3.2. Assume that the layer KCr 4 has property (E) with respect to the cone C' = Cel, ... eM),
¢! € X.(T) for eachi =1,...h. Then there is an integral basis of T', X1, ... Xr, such that (x;,e’) >0
foralli=1,...,r,5=1,...,h.

Proof. First of all we can assume that r < h. Indeed, otherwise consider the sublattice IV =
I'n{el,...,eM" of elements in I orthogonal to the e/’s. We observe that I" is a direct summand in
T, so choosing a complement I we have that rk(I"") < h and that the space I ®7 R has property
(E) with respect to C.

It now suffices to prove our statement for I'V. So let us assume r < h and furthermore that
rniet, ... eM+t ={0}.

Now under our assumptions, there is a basis of I' @z R, 91, ..., with (¢, e) > 0 for all 4, j.

Furthermore for every i = 1,...,h there is a j(i) such that (1), e') > 0. Setting ¢ = Y, Yii)s
we see that 1) is strictly positive on C.

Since Q is dense in R we immediately deduce that we can choose the ;s in I' ®7 Q and, clearing
denominators, even in I'. So 1, ..., span a sublattice of finite index in I". Also in this situation
the vector v is in I' and, after dividing by a positive integer, we can find a primitive vector x € I'
which is strictly positive on C.

Let us complete x to an integer basis v1 = x,72, ...,V of I'. Then there is a positive integer N
such that x; := 7v; + Ny for j = 2,...r is non negative on C. We deduce that the integer basis
X1 =X, X2,---,Xr of I' satisfies all the required properties. U

Let us denote by Ka the smooth T-variety associated to the fan A and by KF7¢ the closure of
the layer Kr 4 in KA. Notice that H clearly acts on KF,(b with dense orbit Kr 4. From Lemma 3.1

we deduce,

Proposition 3.1. Assume that Kr 4 has property (E) with respect to the fan A. Then:

1) For every cone C € A, its relative interior is either entirely contained in Vi or disjoint

from V.



2) The collection of cones C € A which are contained in Vi is a smooth fan Ag.

Proof. Notice that X,.(T) N Vg = X, (H). From this and Lemma 3.1 we deduce that for every cone
C € A the intersection C' NV is a face of C. If C N Vy is a proper face of C' then the relative
interior of C' is disjoint from V7, otherwise C' C V. This gives 1).

As for 2), notice that from 1) the collection Ay of faces C' € A which are contained in Vi is a
fan in V. To see that it is smooth, it suffices to remark that since X, (H) is a direct summand in
X.(T), a sublattice of X,(H) is direct summand of X, (7") if and only if it is a direct summand in
X.(H). O

We know that there are bijections between the fan A, the set of T stable affine open sets Ka
and the set of T orbits in KA. To give these bijections, let C' be a face of A. Set

Do ={x € X*(T)|{(x,v) >0, Yv € C}, Dg = {x € Dclx|c # 0}.

Then the affine open set Uc C Ka has coordinate ring R = C[Uc] = >_, cp . Cxy C C[T] and the
ideal of the unique relatively closed orbit O¢ in Ug is given by Ig = Exe D Cxy,.

The geometric counterpart of Proposition 3.1 is

Theorem 3.1. Assume that Ky 4 has property (E) with respect to the fan A.Then

1) Kr’(;a is a smooth H-variety whose fan is Apr.

2) Let O be a T orbit in Ka and let Co € A be the corresponding cone. Then
(a) If Co is not contained in Vi, O NKr4 = 0.
(b) If Co C Vi, ONKr,4 is the H orbit in Kr g corresponding to Co € Ap.

Proof. 1) Since the affine T-stable open sets cover Ka, to see that KP,d) is smooth, it suffices to
show that its intersection with every affine T-stable open set is smooth.

So fix a cone C' € A and let Uz C Ka be the corresponding open set. If C' = C(e!,...e*), then by
assumption we can complete e!, ... e* to an integral basis e!,...e" of X,(T) and by taking the dual
basis (x1, ... Xn) of X*(T") we obtain an identification of R = C[U¢] with Clz, ...z, $§t+11» ozl
where we set x; = x,,, 1 = 1,...,n, and hence of Uc with A®* x O. Now take a basis p1,...p, of I".
Since property (E) holds we can assume by Lemma 3.2, that m; ; = (u;,e’) >0 forall j =1,...7,
1=1,...,8s.

Each p; € R so that, setting b; = ¢(y5), we get that the ideal of Enqg N Uc¢ is generated by the
polynomials py(x1,...,2n),...,pr(21,...,2,) € C[Uc] with

7=1,...,nr

pi(T1,...,Tn) = le’j L b,
Remark that by the linear independence of the ;’s, the matrix A = (m; ;) has maximal rank r. So,

there is a sequence 1 < i < --- <4, < n such that the determinant of the r x r matrix C' = (m;, +)
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is non zero. Set M; = Z;:1 m; ;. A simple computation shows that

.
det(dp; /dz;,) = det(C) [[ 2 [ =

=1 i#i
Since the polynomial [], :nf.\jifl [T, :r:fwl does not vanish on Uc N Ky , and det(C) # 0, we
deduce that Uc N Kr 4 is smooth as desired.

2) We keep the notations introduced above. First assume that C' is not contained in Vi so that
there is x € I and v € C such that (x,v) # 0. It follows that there is at least one pair (7, j) with
t=1,...sand j = 1,...7 such that m;; > 0. Since z; € Ic and the b;’s are non zero, we deduce
that the ideal (I¢, pj) is the unit ideal proving that O N Kr 4 = 0.

Assume now that C = C(e!,...e®) C V. We complete e',...,e® to a basis of X,(T) by first

n—r+1
)

completing e!,...e® to a basis e!, ..., """ of X,(H) and then adding 7 vectors e ...e"to get

a basis of X, (7). Let us now consider the basis x1,...xn of X*(T') dual to the basis chosen above.
We know that the coordinate ring of U¢ is given by Clzy, ...z, xf_&l, ot
Clearly Xp—r+1,-..Xn is a basis of I' and setting a; = ¢(Xp—r+i), @ = 1,...,7 we get that the

ideal J of KF,¢ N Uc is generated by the polynomials
Tp—r4i — Qg i=1,...,T.
It follows immediately that we have a H equivariant isomorphism

(C[xl,...xs,x;til,...xfl]/J:(C[xl,...xs,xi}l,.. ).

n—r

Thus Kr’d, NUg, being a H invariant affine open set in the H variety EF,dn corresponds to the cone
C. Furthermore the unique H closed orbit in KF@ N Ug coincides with Ep#) NO¢.

To finish, let us remark that, if we take any H orbit P in Kp#g, then if we choose p € P there
is a T orbit O in KA such p € O. From the above analysis it follows that the cone Co C Vg and
hence P =0nN El"’qg proving our claims.

d

Remark 3.2. (1) Notice that by Theorem 3.1, if in addition the fan A is complete and Kr 4
has property (E) with respect to A, then the space Vi is the union of cones of A that it
contains.

(2) Under the same assumptions we clearly also have that for any T orbit closure O in Ka, the
intersection KF,(b N O is either empty or consists of a H -orbit closure in Kp#). In this case

1t 18 clean.

4. A COMBINATORIAL ALGORITHM

In this section we describe a combinatorial algorithm that, starting from a finite set of vectors
Z in a lattice L and a smooth fan A in V' = homyz(L,R), produces a new fan A with the same

support as A (a proper subdivision of A) with the property that, for each cone C' € A and each
8



X € E we either have (x,C) > 0 or (x,C) < 0. In other words the line Rx has property (E) with
respect to C. In view of this we shall say that x has property (E) with respect to C. Notice that
it suffices to check property (E) on each two dimensional face C' = C(e!, €?) where it is equivalent
to (x,e"){x,e?) > 0.

A closely related algorithm already appears, for different, although related, purposes in [9]. Here
we give an alternative simplified version which we believe better explains the role of two dimensional
faces.

Let us start with a single vector x. If all cones in A are one dimensional there is clearly nothing
to prove. So let us assume that A contains at least a cone of dimension 2.

The algorithm consists of repeated applications of the following move:

e Start with the fan A. If x has property (F) with respect to each two dimensional cone in
A, then A already has the required properties and we stop. Otherwise,
e Choose a two dimensional face C' = C/(e', €?) of A with the property that (x,e!){x,e?) < 0.

Lo wh)

e Define the new fan ¢ A which is obtained from A by substituting each cone C'(e', €2, w
containing C' with the two cones C(el, el +e2 w!, ..., w!) and C(e! + €2, €2, wt, ..., wt).

The following Proposition is clear and we leave it to the reader.

Proposition 4.1. 1) The fan ¢A is smooth.
2) ¢A is a proper (and in fact projective) subdivision of A.
3) If L = X*(T) and Ka and K_a are the T-varieties corresponding to A and ¢A, K, is
obtained from Ka blowing up the closure of the orbit of codimension two in Ka associated

to C.

In view of Proposition 4.1 what we have to show is that we can judiciously make a sequence of
the above moves in such a way that at the end we obtain a fan with the required properties.

We denote by A®) the set of two dimensional cones in A.

Lemma 4.1. A cone in ¢A® is either a cone in AP\ {C}U{C(e',e! +¢€?),C(e?, e +€2)} orit
is of the form C(e! + €2, u) with C(e!,e?,u) € A

We set A%) c A® equal to the set of cones with respect to which y does not have property (E).
Whenever Ag\%) # (), we define

Pa: A S Nx{0,1}
by setting for ¢ = C(e!,e?), Pa(o) = (My,e5) with M, = mazs_12|(x,e®)|, and e, = 1 if
I(x, e!)| = |(x, €?)| = My, 5 = 0 otherwise.
Let us now order the set N x {0, 1} lexicographically. We have

Lemma 4.2. Assume Ag\%) # 0 and choose 0 = C(el,e?) € Ag\?) in such a way that Pa(o) =
(My,e5) is mazimum.
Then



1) ife; =1, then UAS\?) = Ag\z{) \o
2) If ex = 0, then the mazimum value of P A is less than or equal to (My,es). Furthermore
[P A (Mo, 20))] < [P (Mo 20))].

Proof. After possibly exchanging e! and e?, and/or — for y, we can always assume that M, =
(x,el) > 0> (x,e?) > —M,.
By Lemma 4.1, we need to analyse the cones C(e!, el +¢2), C(e?,e! +e?) and C(e! + €2, u) with
Cl(el,e? u) € A.
1. Suppose €, = 1, then (x, e?) = —M,, hence (x, el + e2) = 0 so that all these cones do not lie
in UA%). It follows that UAS\Q,) = AS\%) \ o hence our claim.
2. If ¢, = 0, necessarily for any u such that C(e!,u) € Ag\%), 0> (x,u) > —M,. In particular
M, > {x,e! +¢e?) > 0.
We have
(1) C(el el +e?) ¢ AR,
(2) Moo g1 e = maz(—(x, €2), (x, € +€2)) < M,
(3) Assume C(e!,e?,u) € A. Then
a) If (x,u) >0, C(e' + % u) ¢ AR
b) T (x, u) < 0, Moot ez gy = maz((xs e! + €2}, (), ) < M.

We deduce that P A takes values which are at most equal to (M,,€,). Furthermore if 7 € JA§\2,) is

such that P A(7) = (M,, €5), necessarily 7 € Af,) \ {0} and everything follows. O

Let us now denote by M a the family of fans which are obtained from A by a repeated application
of the following procedure: given a fan R, choose a two dimensional cone ¢ in R and create the

new fan ,R.

Theorem 4.1 (see also [9]). Let L be a lattice and A a smooth fan giving a partial rational decom-
position of hom(L,R). Let Z C L be a finite subset. Then there is A € Ma such that

1) A is a smooth fan.
2) A is a projective subdivision of A.

3) For every x € Z, x has property (E) with respect to every cone in A.

Proof. The first two properties are obviously satisfied for every © € MAa. Let us show how to find
A satisfying the third.

We proceed by induction on the cardinality of =Z. If = = () there is nothing to prove. Let = = {x}.
If Ag\?) = () again there is nothing to prove, A = A.

Otherwise define for © € Mx,

0 if 0 =0
Mo = N
maxaeeg)MJ otherwise
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0 it =g

e =
maxaeeg\?) Moo otherwise
. 2
0 ife® =
qo =

|P5'((Me,c6))| otherwise

Take O in such a way that the triple (Meg,ce,qo) is lexicographically minimum. If @5\?) £ 0,

by Lemma 4.2 we can find a o € @E\?) such that the triple (M_o,¢,0,q,0) is smaller giving a
contradiction. This settles the case 2 = {x}
The general case now follows immediately by induction once we remark that if for a given y, ©

is such that @%) = (), the for every o € O3 also 065\2,) = (. O

5. AN EXAMPLE OF HOW THE ALGORITHM WORKS

Let us consider the fan A in R® consisting of the first quadrant together with its faces. Let
E={0=00,-2),x2=(21-1}

As an example of the strategy described in Section 6 we will show how to subdivide A getting
another fan A with the property that both characters x1 and x2 have property (E) with respect to
every cone of A. This means that, with respect to the dual bases of each 3-dimensional cone of A,
x1 and x2 are both expressed with all nonnegative or all nonpositive coordinates.

We apply our algorithm until y; has property (E) with respect to each cone and the coordinates
we get at the end for x; are given by the set X = {(3,0,1),(—1,0,—2),(0,0,—1),(1,0,0)} (see the
left hand side of Figure 1). As far as xo is concerned, after these steps, the set of coordinates does
not always satisfy property (E). Indeed we get the coordinates (0,1, —1) in one case (see the right
hand side of Figure 1).

(3,0,-2) 2,1,-1)
N\ O\

(1,0,-2) (3,0,1) (1,1,-1) 2,1,1)
(-1,0,-2) (1,0,-1) (0,1,-1) (1,1,0)
O\ O\

0,0,-1)  (1,0,0) (1,1,00  (1,1,1)

FIGURE 1. On the left: the algorithm applied to x1 = (3,0, —2). On the right: the
same steps applied to x2 = (2,1, —1). The vector (0,1,—1) (in red) is not ‘good’.

Now we apply the algorithm one more time and obtain the two vectors (0,0, —1), (0,1, 0) whose
coordinates are respectively all nonpositive and all nonnegative. Figure 2 shows the final output for

the coordinate of x1 (left hand side) and of y2 (right hand side).
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(3,0,-2) (2,1,-1)

(1,0-2) 801 A1) @1,0)
O\ 7\
(-1,0,-2) (1,0,-1) (0,1,-1) (1,1,0)
0,0-1)  (1,1,0) (1,1,00  (1,1,1)
(-1,-2,-2) (-1,0,-2) (0,0,-1) (0,1,0)

FIGURE 2. The algorithm of Figure 1 is completed by a further step (blue arrows)

since the vector (0,1, —1) was not ‘good’ .

Figure 3 shows that after applying the steps of the algorithm, in the end we subdivide the cone
{el, €2 €3} into the following maximal cones: o1 = {e!,e?,e! + €3}, o9 = {e! + 2e3,e? + €3, €3},
o3 = {e! +2e3 2,2 + €3}, ot = {2e! +3e3,e? el + 263}, 00 = {e! + 3,2, 2e! + 3e3).

{el €2 3}
Ce 2\3} el 2 el e?)
{e1+263,e2’e3} {el+e3,e2’e1+2e3}

<N

{2el+ 3e3, e2, ely2 63}{e1 +e3’ e2,2e1+ 3 es}

fele2e3e2e24e%)

{el+2e3 e2+¢3 %)

FIGURE 3. The subdivision of the cone {e!,e? e3} produced by the steps of the
algorithm of Figure 2.

We now give an example of the algorithm applied to a 2-dimensional complete fan. We let T’
be 2-dimensional and choose a basis of X*(7'). The starting fan is then the one whose maximal
dimensional cones are the four quadrants with respect to the chosen basis. We then take = = {x; =
(1,0), x2 = (1,2)}. We remark that the algorithm needs to be applied only in the second and fourth

quadrants. The reader can easily check that the final output is the fan given in Figure 4.

6. THE CONSTRUCTION OF THE TORIC VARIETY KA (4

As we mentioned in the Introduction, given a toric arrangement A in T the main step in our

construction of a projective wonderful model for the complement M(.A) is the construction of a
12



(0,-1) (1,-1) (2,-1)
FIGURE 4. Fan for (1,0), (1,2).

smooth projective toric variety K(4) (Where A(A) denotes its fan), containing 7" as a dense open
set.

We will describe K (4) by describing its fan A(A); this in turn will be obtained by a repeated
application of the algorithm of Theorem 4.1.

As a first step we choose a basis for the lattice X*(T"). This gives an isomorphism of T with
(C*)™, an isomorphism of X*(T") with Z™ and of X, (T') ® R with R™. The decomposition of R" into
orthants gives a fan A whose associated T variety is isomorphic to (P1)".

Let us now consider the toric arrangement A = {1, ..., KC;p, }, where K; = Kr, ¢,, and, for every
i=1,...,m, let xi1, ..., xij, be an integral basis of I'; C X*(T"). Let Z be the set whose elements are
the characters y;s, for every i = 1,...,m and for every 1 < s < j;.

By applying Theorem 4.1 to the fan A and to the set = C X*(T'), we obtain a new fan A(A)
such that each character x; s has property (E) with respect to A(A).

Definition 6.1. A layer Kr 4 is a layer for the arrangement A = {K1,...,KCp,}, or a A-layer, if it

is a connected component of the intersection of some of the K;.
We have thus proved

Proposition 6.1. Let A be a toric arrangement. Choose a basis for X*(T) and let T C (P1)" be
the corresponding T embedding. There is a fan A(A) such that
1) The T embedding K4y is smooth and it is obtained from (PYHY™ by a sequence of blow ups

along closures of orbits of codimension 2.
2) Every A-layer has property (E) with respect to A(A).

A few observations are in order:

Remark 6.1. The construction of A(A) strongly depends on
(1) The choice of a basis for X*(T).
(2) The choice of the set of characters =.

(3) The strategy in which our algorithm is implemented.
13



It is desirable to understand whether and how one could develop a more efficient procedure. We
observe that, as a geometric counterpart to the combinatorial blowups of fans, we have that the toric
variety Ka(ay is obtained from (PYHY™ by a sequence of blowups: each blowup is the blowup of a toric

T-variety along the closure of a 2-codimensional T-orbit.

Remark 6.2. Let us consider the linear span V' in V. = X*(T) @ R of the vectors x;s mentioned
above (soi=1,..m and 1 <s<j;). If V' # X*(T) @ R we can choose a basis 11, ...,n, of X*(T)
such that ny, ...,n, span V' (from the computational point of view it could be useful to pick as many
ni as possible from the set {xis}). We have an isomorphism T = (C*)" as (C*)" x (C*)™7) and
one easily sees that our problem reduces to finding a smooth projective toric variety for the toric
arrangement A restricted to (C*)". So without loss of generality in the sequel we will always suppose
V=V =X*T)®R.

7. THE ARRANGEMENT OF SUBVARIETIES L

Given the toric variety Ka(4) constructed in Section 6, we denote by Q the set whose elements
are the subvarieties C; and the irreducible components D,, of the complement K A(4) — T We then
denote by L the poset made by all the connected components of all the intersections of some of the

elements of Q.
Theorem 7.1. The family L is an arrangement of subvarieties according to Definition 2.4.

Proof. Let us consider an element S € L, that is a connected component of the intersection S of
some of the elements in Q. If all of these elements are irreducible components D,, of the complement
Ka(a) — T, from the theory of toric varieties we known that .S is smooth and that the intersection
is clean.

Let us then consider the case when S is the intersection of the closures of some layers of the
arrangement A = {K1,..., K, }, say K1, Ka,..., Ks. Therefore S is the closure of a A-layer Kr 4.

By point 2) of Proposition 6.1, Kr 4 has property (E) with respect to A(A) and it then follows
from point 1) of Theorem 3.1 that S is a smooth toric variety. By the description of point 1) of
Theorem 3.1 it also follows that if we further intersect S with some irreducible components D, of the
complement Ka(4) —T', we get that the resulting connected components are boundary components
of the toric variety S, and therefore they are smooth.

It remains to prove that the intersection of two strata Ay, Ao in £, if it is not empty, satisfies the

condition on the tangent space, i.e.,
T/\iﬁ/\ﬁy =Thy N TAj,y

for every y € A; N A;.

The inclusion

Taindjy € Thsy NTay
14



is obvious, then it is sufficient to check that the dimensions are the same. We have already proved
that A; N Aj is smooth, so dim Ty,na;y = dim A; N A;.

Again, let us first consider the case when A; and A; are connected components of the intersection
of the closures of some layers of the arrangement A. Therefore we can put A; = Kpim, Aj = Kpj%.

Then every connected component of A; N A; is of the form Kf@, where T is the saturation of the
lattice I'y + I's.

In the proof of point 1) of Theorem 3.1 we showed, by a local computation in a chart of Kx (),
that the rank of the Jacobian matrix of the equations defining Ef@ is equal to the rank of T.
Therefore the dimension of Kf@ is equal to n — rank T'.

Now we observe that the dimension of T, , N Th;y 18 equal to the dimension of the intersection
of the kernels of the Jacobian matrices of the equations defining Eph@. and Er‘j@j. This dimension,
as one can immediately check, is equal to n — rank (I'y +T's). Since rank T = rank (T'; + T'y) this
concludes the proof in this case.

Let us now consider the case when A; (or A;) is equal to Kr, ¢, intersected with some components
D, of the complement Kx(4) — 7. The relevant remark is that in a local chart a component D,
has an equation of type x, = 0, therefore if the intersection A; N A; is not empty the variable z,
does not appear in the equations that define Eri7¢i and prﬁj.

Up to this, the computation of the dimensions of Ty,na;,, and Ty, , NT}y, 4 is then completely
similar to the one of the preceding case.

O

8. ROOT SYSTEMS AND RELATED EXAMPLES

It is important to point out that our proof of Theorem 7.1 shows that, given a toric arrangement
A={K4,...,Kn} and a smooth complete fan ©, in order for the family £ consisting of all connected
components of intersections of some of the K; and some components of the complement Kg \ T, to
be an arrangement of subvarieties it suffices that each of the K;’s has property (E) with respect to
0.

This fact allows us to give a class of examples for which we do not have to go through the
algorithm of Section 4.

We first notice that Theorem 3.1 provides another point of view on our construction of the toric
variety in the case of a divisorial arrangement. Let us consider the divisorial toric arrangement A =
{o b5 oo Ky bt in T', where I'; = Zx;, x; a primitive character. In V' = homgz(X*(T),R) take
the real hyperplane arrangement H4 = {Hy,, ..., Hy,, } of the hyperplanes orthogonal to the x;’s.
The chambers of this hyperplane arrangement define some n-dimensional rational polyhedral cones,
which we can assume to be strongly convex (see Remark 6.2). Taking all non empty intersections of
(the closures of ) these chambers, we obtain a complete fan ®, that is not necessarily smooth: as a
consequence of Theorem 3.1 (see Remark 3.2) we have that the fan A(A) provided by our algorithm

gives a particular subdivision of this fan but any smooth complete fan subdividing ® would do.
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If it happens that @ is already a smooth projective fan then there is no need to apply our algorithm
so that the toric variety K¢ gives a canonical choice for our construction.

Here is the main example of this situation. Suppose T is the maximal torus in an adjoint semisim-
ple group G and R C X*(T) is the corresponding root system. We choose a set of positive roots R™
and fix for each a € RT a constant b, € C*. We then get the toric arrangement A = {Kqp, }acr+-
It is immediate from the definition that the corresponding fan ® in V' = homgz(X*(T),R) is given
by the Weyl chambers and their faces. Also each Weyl chamber corresponds to a choice of a basis
of simple roots and every root is expressed as a linear combination with respect to such a basis with
all non negative or non positive coefficients.

If we then take the family £ of the connected components of all the intersections of the closures

of Ka,ba and of boundary divisors in K¢ we get
Proposition 8.1. The family L is an arrangement of subvarieties in Kg.

Remark 8.1. 1) The variety K¢ appears in various relevant instances, for example as the closure
of a “generic” T orbit in the flag variety, or as the closure of T in the wonderful compactification
of G.

2) If W denotes the Weyl group of the root system R, W acts on the embedding Ko compatibly
1

with its action on T'. Now, if for a negative root o, we set b, = b_,

we obtain a map R — C*. If
this map is constant on W -orbits then W also acts on A and on the family L. So taking a building

set stable under the W action we obtain a W equivariant compactification of A.

Notice that obviously the embedding K¢ works as well for any arrangement A’ C A.

For instance, given a directed graph I', one can associate to its vertices i, ..., Yn+1 the vectors
e1,...,ent1 of a basis of Z", and to its arrows their incidence vectors (if an arrow connects 7; and
7; and points to v; we associate to it the vector e; — e;). If we think the root system of type A, as
the set of vectors o; j = €; —ej, where 4,5 = 1,...n 41 and ¢ # j, then to such a directed graph it
is associated the subset of A (for A,) consisting of those Ky, for which o = e; — e; comes from

an arrow of our graph.

9. A SIMPLE REMARK ON THE INTEGER COHOMOLOGY AND ON THE CHOW RING OF A
PROJECTIVE MODEL

Let us consider a toric arrangement 4 and denote by W(.A) any projective wonderful model for
A constructed according to the strategy described in this paper. We will prove that the integer
cohomology of W(.A) is even and torsion free and that the integer cohomology ring is isomorphic
to the Chow ring.

Let us start by recalling from [8] the definition of property (5) for a smooth projective algebraic
variety. If X is an smooth and projective algebraic variety, let us denote by AF(X) the group
generated by the k-codimensional irreducible subvarieties modulo rational equivalence (see [21] 1.3)

and by A*(X) the Chow ring.
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Let H’(X) be the integer cohomology of X. There is a canonical ring homomorphism (see for
instance [21] 19.1 or [4] 12.5):
o A*(X) - H*(X)
that sends A7(X) — H%(X) for every j.

The following definition is adapted from [8] (we are specializing to our case where Poincaré duality
holds).

Definition 9.1. A smooth and projective algebraic variety X is said to have property (S) if
(1) H{(X) =0 fori odd and H7(X) has no torsion for even j.
(2) @45 : AN(X) = HY(X) is an isomorphism for all j > 0.

In particular, if a smooth projective algebraic variety X satisfies property (S) we have that ®

gives a ring isomorphism A*(X) = H*(X).
Theorem 9.1. The projective wonderful variety W(A) has property (S).

Proof. We start by remarking that if we have two smooth complete subvarieties Y C X such that
both Y and X have property (S), then also the blowup X = BlyX of X along Y has property
(5). Indeed recall (see for instance Theorem 15.11 in [17]) that, setting E equal to the exceptional

divisor, we have the exact sequence of Chow groups
0= A(Y) = A(X)® A(E) —» A(X) =0

Since F is a projective bundle over Y, then E has property (S). Also, since Y, X and F have no
odd cohomology, we get, by comparing the exact sequence above with the corresponding sequence
for cohomology, that also X has the property (.5).

This allows us to prove inductively that the projective model W(A) has the property (S). We
start by observing that W(A) is constructed by the blowup process described by MacPherson-
Procesi and Li (see Theorem 2.1) starting from the smooth projective toric variety K A)- Now
from the theory of toric varieties we know that a smooth projective toric variety has the property
(S) (see for instance [4] 12.5).

As we noticed in Remark 3.2, from Theorem 3.1 and from the standard theory of toric varieties
we know that also all the strata in £ are smooth projective toric varieties.

So in the first step of the construction we blow up a smooth projective toric variety along a
stratum that is isomorphic to a smooth projective toric variety. The resulting variety has property
(S) and also the proper transforms of the other strata have property (.5), since (again by Theorem
3.1 and standard theory of toric varieties) they are blowups of smooth projective toric varieties
along smooth projective toric subvarieties.

By induction on the dimension one can immediately see that at every step of the blowup process

we blow up a variety that has property (S) along a subvariety that has property (.5). O
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