
Comparison of phase-field models of
fracture coupled with plasticity

Alessi R., Ambati M., Gerasimov T., Vidoli S., De Lorenzis L.

Abstract In the last few years several authors have proposed different phase-
field models aimed at describing ductile fracture phenomena. Most of these
models fall within the class of variational approaches to fracture proposed by
Francfort and Marigo [13]. For the case of brittle materials, the key concept
due to Griffith consists in viewing crack growth as the result of a competition
between bulk elastic energy and surface energy. For ductile materials, how-
ever, an additional contribution to the energy dissipation is present and is
related to plastic deformations. Of crucial importance for the performance of
the modeling approaches is the way the coupling is realized between plasticity
and phase field evolution. Our aim is a critical revision of the main constitu-
tive choices underlying the available models and a comparative study of the
resulting predictive capabilities.

1 Introduction

Both theoretical and numerical investigations have proved the efficiency of
gradient damage models in modeling the nucleation and evolution of cracks
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in brittle materials. Under suitable choices of the constitutive functions, it
is possible to prove that gradient damage models Γ−converge to Griffith’s
model of brittle fracture in the limit to zero of an internal length parameter.
These models are also referred to as phase-field models as they contain one
or more internal variables to describe the material degradation.

In brittle materials, since the creation of a crack surface is the main source
of dissipation, a scalar field is usually sufficient to represent the material level
of degradation and to account for the surface energy of Griffith’s theory. Duc-
tile fracture is, instead, associated to more complex processes: large energy
absorption, due to the nucleation and coalescence of micro-voids accompa-
nied by extensive plastic deformations precede the actual formation of cracks.
Hence, measures of the current and accumulated plastic strains seem natural
candidates to complement the scalar damage in the internal material descrip-
tion.

Several authors have recently proposed gradient damage models coupled
to plastic effects. The main difficulty is the simultaneous presence and com-
petition of two dissipative terms, due to plastic flow and to crack growth. In
particular, we cite the models by [1, 2], [9], [12], [14], [17], [4, 5]. Our purpose
is to review these recent contributions and to attempt a comparative study
of their performance in describing the main aspects of ductile fracture. For
the models under consideration, the only rigorous result of Γ−convergence
obtained so far concerns the model [1, 2], see [11].

Limiting ourselves to infinitesimal deformations, we formulate a common
variational setting encompassing all the considered models, in which we are
able to highlight the different choices for the main constitutive functions.
Then, we perform a numerical comparison of all models for a standard uni-
axial tension test. The paper is organised as follows. Sec. 2 sets the variational
framework. Sec. 3 overviews and comments on the specific choices made in the
various models, whereas Sec. 4 reports numerical comparisons. Conclusions
are drawn in Sec. 5.

2 A general framework for phase-field models of
fracture coupled with plasticity

In this section, we present a unified variational setting which encompasses
several, recently proposed phase-field fracture models coupled with plastic-
ity. Assuming that external actions are sufficiently smooth in time and in-
ertial effects are negligible, we consider the energetic formulation for rate-
independent problems [18]. This relies on three simple energetic principles,
namely an energy balance, a dissipation inequality and a stability criterion,
from which all the standard governing equations can be easily obtained. In
such a context, for each model under consideration, it is sufficient to define
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the basic state variables and to introduce the total internal energy density, a
state function which includes both potential and dissipative contributions.

2.1 State variables

Let Ω be an open bounded domain in IRN representing the reference config-
uration of a body, with Neumann and Dirichlet boundaries ∂ΩN and ∂ΩD,
Fig. 1. The state of each point x ∈ Ω is defined by the variables in Tab. 1.

state variables type

u displacement
observableε total strain

p plastic strain (trace free, trp = 0)

internalα scalar hardening variable (accumulated
plastic strain, irreversible)

∇α gradient of hardening variable

d scalar damage (irreversible)
internal∇d gradient of damage

Table 1: State variables.

Only the displacement field u(x, t), the plastic strain field p(x, t) and the
damage field d(x, t) are independent. The infinitesimal strain is the symmetric
gradient of the displacement field, and the hardening variable, identified in
this context with the accumulated plastic strain, is given by

α(x, t) := kN

∫ t

0

‖ṗ‖ dτ, kN =

{
1, if N = 1
N−1
N , otherwise

(1)

The scalar damage field is bounded, since we assume d ∈ [0, 1]; d = 0 means a
sound material and d = 1 a fully damaged material. This field must satisfy the
following irreversibility condition to prevent healing effects, as first introduced
in [7] and [16]

ḋ ≥ 0, ∀t and ∀x. (ir)

In the following subsections, we briefly introduce the total energy den-
sities of gradient damage models, traditionally used to describe brittle or
quasi-brittle fracture phenomena, and of gradient plasticity models, tradi-
tionally used to describe plastic hinges or shear bands. Their combination is
discussed in Sec. 2.4, whereas Sec. 2.5 summarises the governing equations
and evolution laws.
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2.2 Gradient damage models

The total internal energy density is the sum of two terms

Fig. 1 Schematic repre-
sentation of the problem.

∂ΩD ∂ΩN

u = ū(t)

f(t)

α

d

∝ `p
∝ `

fracture
(d = 1)

Ω

WD(ε, d,∇d) := g(d)ψe(ε)︸ ︷︷ ︸
free en.

(elastic pot.)

+ ∆f(d,∇d)︸ ︷︷ ︸
damage diss.

, (2)

the first representing the free energy energy density and the second the local
dissipated damage work. Here, ψe(ε) is the elastic energy density of a sound
material. The scalar degradation function g(d) models the deterioration due
to the microcracks nucleation and growth. This function is assumed to satisfy
the following conditions

g(1) = 1, g(0) = 0, g′(d) ≤ 0. (3)

In almost all the considered models, this function is assumed in the form

g(d) := (1− d)2. (4)

The damage dissipation term accounts for the energy lost during the cracking
process. A widely adopted expression1 is

1 In the gradient damage context, a different expression is often considered instead of (7),
namely

∆d(d,∇d) := w(d) +
1

2
`2dw1|∇d|2 (5)

The constitutive functions and constants are linked by the following relations

`d =
√

2`, w(1) =: w1 = Gc/(`cω), w(d)/w1 = ω(d) (6)
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∆f(d,∇d) :=
Gc

cω

(
ω(d)

`
+ `|∇d|2

)
(7)

where the constant Gc represents the fracture toughness of the material, that
is the energy dissipated to create a crack of unitary area. As follows, the two
most commonly used models will be considered and termed AT-1 and AT-2
(AT refers to the Ambrosio-Tortorelli functional [6]):

ω(d) =

{
d, AT-1

d2, AT-2
and cω := 4

∫ 1

0

√
ω(β) dβ =

{
8/3, AT-1

2, AT-2

(8)
The main difference between these two models is that AT-1, due to the

linear term, owns an elastic stage before the onset of fracture, while with
AT-2 damage starts to evolve as soon as the material is loaded.

Phase-field models characterized by total energies in the form (2) have
been rigorously proved to Γ -converge to Griffith’s brittle fracture model.
As the internal length ` tends to zero, the phase-field variable, which can
be mechanically interpreted as a damage variable [15], localizes towards the
fracture path and the global minima of the phase-field energy functional tend
towards those of the energy functional of Griffith’s brittle fracture [10].

2.3 Gradient plasticity models

The total internal energy density is taken as

WP(ε,p, α,∇α) :=

elastic pot.︷ ︸︸ ︷
ψe(ε− p) +

plastic hard.︷ ︸︸ ︷
ψp(α,∇α)︸ ︷︷ ︸

free en.

+ ∆p(α)︸ ︷︷ ︸
plastic diss.

, (9)

Here we consider, for sake of brevity, only the Hencky-Mises plastic model.
The first term represents the elastic energy of an undamaged material and
depends on the elastic strain ε − p. The second free energy term represents
a non-local isotropic hardening contribution and reads

ψp(α,∇α) :=
1

2
Hα2 + f(α) +

1

2
`2p|∇α|2, (10)

the first two terms being, respectively, the linear and non-linear hardening
contributions while the last term is a gradient plasticity energy source. H is
the hardening modulus while `p is an internal material length governing the
plastic localisation band width. The last term in (9) represents the plastic
dissipated work and is given by
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∆p(α) := σpα, (11)

with σp as the plastic yield stress.

2.4 Gradient damage models coupled with plasticity

This section presents a gradient damage model coupled with plasticity as a
rational merging of the two basic models presented in the previous subsec-
tions. Starting from total energy densities (2) and (9), the following coupled
total internal energy density is postulated

WPD(ε,p, d,∇d, α,∇α) := ψ(ε,p, d, α,∇α)︸ ︷︷ ︸
free energy

+ ∆(d,∇d, α)︸ ︷︷ ︸
dissipated work

=

= g(d)ψe(ε− p)︸ ︷︷ ︸
E

+ h(d)ψp(α,∇α)︸ ︷︷ ︸
H

+∆f(d,∇d)︸ ︷︷ ︸
F

+ p(d)∆p(α)︸ ︷︷ ︸
P

. (12)

The first term (E) represents the elastic potential and its expression is ob-
tained by combining the elastic potential of (2) and (9) with the degradation
function g(d) satisfying (3). The second term (H) represents the isotropic
plastic hardening contribution supposed to be affected by a damage degrada-
tion function h(d) satisfying the conditions in (3), with ψp(·) defined in (10).
The third term (F) is the fracture energy defined in (7), not directly affected
by plasticity. Finally, (P) is a damage-plasticity coupled dissipation term
which contains not only the entire source of plastic dissipation but also a con-
tribution to the damage dissipation, see also [3]. Its expression is obtained by
penalizing the plastic dissipation (11) by another damage-dependent degra-
dation function p(d) satisfying again (3). The stress is defined as

σ := ∂εψ = g(d) (ε− p) (13)

The assumption (12) for the total energy encompasses all the models under
consideration as special cases.

2.5 Governing equations and evolution laws

According to the energetic formulation, the evolution of a rate-independent
system is simply governed by three energetic principles: an energy balance, a
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dissipation inequality and a stability criterion. Moreover, some explicit irre-
versibility conditions may be prescribed, such as here (ir). For the purposes
of the present work and thanks to the regularity of the energetic functionals,
it is sufficient to consider the first-order energy balance condition and the
first-order directional stability condition.

Then, the evolution problem consists in finding a process (u,p, α, d)t, sat-
isfying at each instant t the boundary conditions, the energy balance, dissipa-
tion inequality and the first-order stability. For a detailed description of these
equations see e.g. [3]. For the present model derived governing equations are
summarised in Tab. 2.
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equilibrium

equilibrium

equations

divσ + b = 0, ∀x ∈ Ω (14)

boundary
conditions

{
σn = f , ∀x ∈ ∂ΩN
σn = fr, ∀x ∈ ∂ΩD

(15)

plasticity conditions

KKT system


fp(σ, α, d) ≤ 0

α̇ ≥ 0

fp(σ, α, d)α̇ = 0

, ∀x ∈ Ω (16)

flow rule p = α̇nσ′ , ∀x ∈ Ω
(nσ′ = deviatoric stress direction)

(17)

yield surface fp(σ, α, d) :=

|σ| − h(d)
(
Hα+ f′(α)− `2p4α

)
− p(d)σp

(18)

boundary

condition

∇α ·n = 0, ∀x ∈ ∂Ω (19)

damage conditions

KKT system


fd(ε,p, α, d) ≤ 0

ḋ ≥ 0

fd(ε,p, α, d)ḋ = 0

, ∀x ∈ Ω (20)

yield surface fd(ε,p, α, d) :=

− g′(d)ψe(ε− p)− h′(d)ψp(α,∇α)

−
Gc

cω

(
ω′(d)

`
− `4d

)
− p′(d)∆p(α)

(21)

boundary
condition

∇d ·n = 0, ∀x ∈ ∂Ω (22)

Table 2: Governing equations and evolution laws deduced from the energetic
formulation.
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3 Overview of existing models

Tab. 3 gives an overview of the existing models, presented with a unified no-
tation and with the format induced by (12). Each model is presented in terms
of the energy contributions E, H, F and P. The next sections are devoted
to the discussion of the different constitutive choices the investigated models
rely on. However, some preliminary observations are immediately given:

1. Concerning E in (12), the models differ only for the choice of the degrada-
tion function g, for which the key properties (3) are always fulfilled. Most
models adopt the standard quadratic expression (4). Parametric cubic and
non-linear degradation functions are considered by Alessi et al. [1, 2] and
Borden et al. [9], respectively. The latter contains, as a limit case, the
standard quadratic expression. Finally, a specific quadratic-like g, which
also depends on the accumulated plastic strain, is considered by Ambati
et al. [5]. The motivation behind each particular choice is outlined in Sec-
tions 3.1 and 3.4.

2. Stronger differences concern the plastic isotropic hardening entry H. The
most general representation for ψp is considered by Miehe at al. [17], where
the leading linear hardening term 1

2Hα
2 is enriched by adding a non-

linear one and a non-local gradient contribution with its own length-scale
parameter, as in (10). All other models consider at most linear hardening
effects. Only Alessi et al. [1, 2, 3] do not consider plastic hardening effects,
see Sec. 3.3. However a straightforward extension of their model by Ulloa
et al. [20] does. In all models with the exceptions of Duda et al. [12]
and Ambati et al. [5], plastic hardening is coupled with damage and the
degradation multiplier h is typically taken identical to the function g. Such
a coupling has a strong impact on the evolution and interplay of damage
and plasticity during the softening stage, as discussed in Sections 3.1, 3.2
and 4.

3. In contrast to H, the fracture energy entry F is quite standard for all
the examined models. In all but one cases, ∆f is given by (7) combined
with either AT-1 or AT-2, (8). The only exception, discussed in Sec. 3.5, is
proposed in Miehe at al. [17], where the fracture energy term can formally
be viewed as a two-parametric extension of the AT-2 model.

4. Finally, the fourth term P differs between the models only for the presence
or not of the degradation function p(d) which indicates whether the plastic
dissipation (11) is affected or not by the damage evolution. In the case
of coupling, the corresponding degradation function p is typically chosen
identical to g. The only exception is in Alessi et al. [1, 2, 3], where a simple
parametric expression allows to achieve different coupling orders, including
the quadratic and uncoupled case, and to describe very different material
behaviours. No coupling is assumed in Duda et al. [12] and Ambati et
al. [5].
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model name E H F P

g(d)ψe(ε− p) h(d)ψp(α,∇α) ∆f(d,∇d) p(d)∆p(α)

Alessi et al.

[1, 2, 3]

(1− d)2

k − (k − 1)(1− d)2
ψe(ε− p) —

3Gc

8

(
d

`
+ `|∇d|2

)
(1− d)2n σpα

with k > 0. For k = 1 one recovers (4) AT-1, (7)-(8) with n > 0

Borden et al.

[9]

g(d)ψe(ε− p) h(d)

(
1

2
Hα2

)
Gc

2

(
d2

`
+ `|∇d|2

)
p(d)σpα

with g(d) = (1− d)2 (1 + d(2− k)) and

k > 0. For k = 2 one recovers (4)

with h(d) ≡ g(d), g defined in E AT-2, (7)-(8) with p(d) ≡ g(d), g
defined in E

Duda et al.
[12]

(1− d)2ψe(ε− p)
1

2
Hα2 σpα

Kuhn et al.

[14]

(1− d)2
(

1

2
Hα2

)
(1− d)2σpα

Miehe et al.
[17]

(1− d)2
(

1

2
Hα2 + f(α) +

1

2
`2p|∇α|2

) (
1−(1−d)2

)
wc+

wc

ξ
`

(
d2

`
+ `|∇d|2

)
with f(α) = (σ∞ − σp)(α+ 1

η
e−ηα)

and η > 0, σ∞ > σp

with wc > 0, ξ > 0.

Ambati et al.
[5]

(1− d)2b(α)ψe(ε− p)
1

2
Hα2 Gc

2

(
d2

`
+ `|∇d|2

)
σpα

where b(α) = (α/αcrit)m, with αcrit > 0

and m > 0

AT-2, (7)-(8)

Table 3: Overview of the total internal energy density WPD for the compared models. The labels refer to (12).



12 Alessi R., Ambati M., Gerasimov T., Vidoli S., De Lorenzis L.

3.1 On the lack of a damage-plastic coupling

In Duda et al. [12], no coupling between damage and plasticity is prescribed,
in the sense that the plastic yield condition (16) does not depend upon the
damage variable whereas the damage yield condition (20) does not depend
upon the plastic variable. Thus, the damage evolution is driven only by elastic
strains and is governed by the classical brittle phase-field law. Therefore, the
formulation in [12] is a model for “brittle fracture in elastic-plastic solids”.

The coupling source for the model in Ambati et al. [5] relies only on the
special degradation function of the elastic potential energy E whereas for the
remaining models coupling effects originate from H and/or P.

3.2 On the identical degradation functions

In the models of Borden et al. [9], Kuhn et al. [14] and Miehe at al. [17],
all three degradation functions in E, H and P are assumed identical, i.e.
g ≡ h ≡ p. After factoring them out in the plastic yield function fp, (18), one
arrives at the representation

fp(σ, α, d) = g(d)
(
|ε′ − p| − (Hα+ σp)

)
with ε′ as the deviatoric part of ε and where non-linear hardening and gradi-
ent plastic terms are omitted. Thus, the evolution of the accumulated plastic
strain becomes independent on the phase-field. This allows the straightfor-
ward use of standard elasto-plastic algorithms. As a side effect, α will grow
approximatively with half the rate of |ε̇| even in regions where the material is
already fully degraded, possibly causing convergence issues since ε strongly
localises and so must p and α. Such behaviour is illustrated in Sec. 4. Note
that g ≡ h ≡ p does not affect the damage yield function fd in the way it
happens for fp, meaning that the evolution of d will still be affected by α.

3.3 On the lack of plastic hardening

In the original model of Alessi et al. [1, 2, 3], no plastic hardening effects
are considered. This allows for plastic strains to localise as Dirac’s measures
leading to the formation of shear bands. In such a case, the governing equa-
tions of Table 2 are complemented with the equations for the singular parts
of displacement and the plastic strain fields, leading to a rigorous description
of shear bands and therefore displacement jumps. This has been proved to
be a key feature in describing different fracture cohesive responses.
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3.4 Non-standard degradation functions

Referring to (4) as the “standard” quadratic degradation function, non-
standard choices for g (yet fulfilling (3)), have been considered in the models
of Alessi et al. [1, 2], Borden et al. [9] and Ambati et al. [5].

Alessi et al. [1, 2] considered the one-parametric non-linear degradation
function

g(d) :=
(1− d)2

k − (k − 1)(1− d)2
, k > 0,

which recovers (4) for k = 1. The parameter k controls the material response
in the post-critical stage. In particular, as shown e.g. in [2] for the stress-
strain uniaxial homogeneous response, a larger k leads to a less steep softening
curve, i.e. to a slower damage evolution.

The one-parametric cubic degradation function

g(d) := g(d) = (1− d)
2

(1 + d(2− k)) , k > 0,

in [9] is adopted from Borden et al. [8], where its implications are discussed
in detail. Unlike for the combination “quadratic g + AT-2”, where damage
starts at zero loading, the combination “quadratic g + AT-1” has a linearly
elastic stage up to the peak stress. However, the boundness of d ∈ [0, 1], which
automatically holds for the “quadratic g + AT-2” combination, is no longer
fulfilled. This leads to the need for constrained minimization algorithms. The
cubic function proposed in [8], with an extremely small k, used with AT-2,
retains the presence of the elastic limit and the boundedness of d.

Finally, a specific non-linear function

g(d, α) := (1− d)2(α/αcrit.)
m

, m > 0, (23)

is proposed in [5]. Its introduction serves the purpose of realizing the plastic-
damage coupling, as already explained in Sec. 3.1. With the above g, α explic-
itly appears in the damage evolution equation and fracture is triggered by the
accumulation of the ductile damage once the threshold αcrit. is reached. The
parameter m provides additional flexibility: the increase of m slows down the
accumulation of damage before reaching αcrit. and accelerates it when αcrit.

is exceeded, see [5] for a complete numerical assessment.

3.5 Non-standard fracture dissipation term

A feature of the model in [17] is the damage dissipation density function

∆f := (1− g(d))wc +
wc
ξ
`

(
d2

`
+ `|∇d|2

)
, wc > 0, ξ > 0, (24)
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The parameter wc governs the onset of fracture, whereas ξ controls the
slope of softening. The proposed ∆f can formally be viewed as an extension
of the AT-2 model. An interesting question is that of the relation between
wc and Gc. Being ξ dimensionless, wc has the dimension of Gc/`. Our idea
of deriving the explicit dependency of wc on Gc is to rescale ` =

√
2˜̀ and

collapse the two terms in ∆f. This yields the representation

∆f = 2
wc
ξ

˜̀
(

2ξd− (ξ − 1)d2

2˜̀
+ ˜̀|∇d|2

)
.

Setting ξ = 1, the above ∆f resembles AT-1 provided wc = 3/16Gc/˜̀.

3.6 On the damage irreversibility

The damage irreversibility is imposed by requiring ḋ ≥ 0. Already for brittle
fracture, this condition is known to lead to a box-constrained optimization
problem for the functional W. To avoid this for the brittle case, the history
variable

Ht := maxs≤tψe(εs),

which records the maximal undegraded elastic density energy obtained in a
loading process, can be introduced in the evolution equation for d, as origi-
nally proposed in [16]. This weak enforcement of irreversibility can only be
used with models where d starts to evolve as soon as the material is loaded,
as the AT-2 model but not AT-1. Another approach consists on imposing the
irreversibility only for totally broken material points, i.e. where d = 1, as
proposed e.g. in [10].

In ductile phase-field models, the above definition of Ht appears in the
formulations of Duda et al. [12], Ambati et al. [5] and Borden et al. [9]. A
more sophisticated expression for Ht is designed in Miehe et al. [17], see also
Sec. 3.7. The formulation of Kuhn et al. [14] uses the irreversibility idea from
[10]. The treatment of ḋ ≥ 0 through optimization algorithms is adopted in
Alessi et al. [1, 2, 3].

3.7 Parameters and thresholds

The capability to tailor the constitutive response to match experimental data
is an important asset of any formulation. The role of some constitutive param-
eters and thresholds, designed for this purpose, has been already discussed
in Sections 3.4 and 3.5, limited to the formulations of Alessi et al. [1, 2, 3],
Borden et al. [9], Miehe et al. [17] and Ambati et al. [5]. As follows, we focus
on additional quantities introduced in some formulations at a later stage of
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the model derivation. This holds for the models of Borden et al. [9] and Miehe
et al. [17]. In [9], the evolution equation for d (with the identity h ≡ p) reads

g′(d)ψe + h′(d) (ψp +∆p) +
Gc

`

(
d− `2∆d

)
= 0.

This expression is furthermore modified by introducing (i) the elasticity-based
history variable Ht for irreversibility, (ii) a plastic work threshold W0, and
(iii) two parameters βe, βp ∈ [0, 1] to weigh the influence of damage on the
elastic strain energy and plastic work. The resulting equation becomes

βeg
′(d)Ht + βph

′(d)〈ψp +∆p −W0〉+ +
Gc

`

(
d− `2∆d

)
= 0, (25)

where 〈a〉+ := max(0, a). In [17] the evolution equation for d is equipped with
the history variable Hc := maxs∈[0,t]〈ψe + ψp +∆p − wc〉+, yielding

−2(1− d)Hc + 2
wc
ξ

(
d− `2∆d

)
= 0.

3.8 Variational (in)consistency

Almost all models in Tab. 3 fit in the variational framework. However, as
discussed in the previous sections, the introduction of various indicator and
ramp functions, tuning parameters and threshold values into the strong form
equations to enable a greater flexibility in the model response inevitably leads
to the loss of variational consistency. This holds for the works of Duda et al.
[12], Ambati et al. [5], Borden et al. [9] and Miehe at al. [17]. These models
are therefore semi-variational. Only the formulations of Alessi et al. [1, 2, 3]
and Kuhn et al. [14] retain a truly variational nature. However, only the
former model is rich enough to capture a variety of anticipated ductile and
cohesive fracture responses.

3.9 Additive split of the elastic energy density function

Our last comment concerns the so-called tension-compression additive split
of the elastic energy density function ψe, first discussed by [7, 16], which is
incorporated in several models but omitted for the sake of brevity in Tab. 3.
In general, the split representation g(d)ψ+

e + ψ−e for E, with ψ+
e and ψ−e as

a “sort of” tensile and compressive parts of ψe, respectively, is present in all
formulations except for the one by Alessi et al. [1, 2, 3] and Kuhn et al. [14].
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4 Numerical comparisons

This section aims at highlighting the salient features of the models by pre-
senting a short numerical comparative survey of a uniaxial tension test, con-
sisting of a bar of length L, clamped on its left end, with a monotonically
increasing displacement ū prescribed on its right end. The adopted material
parameters, taken from [9], are the following: E0 = 68.8 GPa, σp = 320 MPa,
H = 688 MPa, and Gc = 138 MPa m. Such parameters correspond to a duc-
tile fracture response with an elastic stage, a linear-hardening plastic stage
and a softening/fracturing stage.

Both homogeneous and non-homogeneous responses are investigated. The
former, captured with a short bar length, highlights the underlying material
response, whereas the latter evidences the localisation/fracture process. For
the non-homogeneous response, the value of the bar length L = Ln is chosen
sufficiently large to allow the development of a full localisation but not too
large in order to avoid snap-back effects. The influence of the bar length on
the non-homogeneous global response is discussed, for instance, in [3]. Ho-
mogeneous responses are obtained numerically as well by taking L = 0.1Ln.

Since the damage threshold stress for the phase-field model (7) directly
depends on the internal length, even for an homogeneous evolution of the
damage variable such as, for instance, during the hardening stage, different
internal lengths are chosen for the models in order to obtain (except for Duda
et al.) approximately the same peak stress and its corresponding limit strain.
Setting ` = Ln/30, different bar lengths Ln are considered.

The finite element mesh is uniform with element size h = L/500. A stag-
gered numerical solution scheme [5] is adopted. For the present simple test,
irreversibility is not taken into account.

As follows, the numerical results for each model are presented. The ho-
mogeneous (H) and non-homogeneous (NH) responses of each model are vi-
sualised by four plots: (a) stress-mean strain H and NH responses, (b) accu-
mulated plastic strain and damage profiles for the NH response, (c) plastic
strain and damage evolutions for the H response, (d) maximum plastic strain
and maximum damage evolutions for the NH response.

In the results presented in Fig. 2 and Fig. 3, the model by Alessi et al. is
enriched by a linear hardening term, not present in the original formulation,
according to [20]. Hence, plastic strains cannot localise as a Dirac measure
anymore, Sec. 3.3. Nevertheless they localise in a narrower band than the
damage. The main difference between Fig. 2 and Fig. 3 is the different value
of the exponent of the degradation function p(d), Tab. 3. During the soften-
ing stage, for n = 1 the stress approaches asymptotically zero (Barenblatt’s
cohesive behaviour), whereas for n = 0.5 it vanishes at a finite strain value
(Dugdale’s cohesive behaviour). This different behaviour is due to the fact
that in the former case plasticity continues to evolve during the softening
stage, whereas in the latter it does not.
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Plastic strains evolve in a localised manner during the softening stage also
in Miehe et al. (Fig. 8) (whose response is very similar to Alessi et al. in
Fig. 2), in Borden et al. (Fig. 4) and in Kuhn et al. (Fig. 6). Conversely,
plastic strains stop their evolution immediately after the peak stress in Duda
et al. (Fig. 7) and Ambati et al. (Fig. 10), since here the plastic evolution is
associated to a stress-hardening response.

In the global response, an asymptotically vanishing stress in the fracturing
stage is observed in Alessi et al. (Fig. 3), Borden et al. (Fig. 4), Kuhn et al.
(Fig. 6) and Ambati et al. (Fig. 10). Within the last model no plastic strain
localisation is observed while for the remaining models a true fracture with
vanishing stress is achieved for a finite strain value.

The plastic hardening-damaging softening transition is smooth for Borden
et al. (Fig. 4) and Kuhn et al. (Fig. 6) and sharp in all other cases. In Kuhn
et al. Fig. 6, no stress-hardening effects are observed, which is in contrast
with the experimental evidence.

Some models (Duda et al., Kuhn et al. and Ambati et al.) show after
the peak stress an homogeneous damage evolution and only successively a
damage localisation evolution associated to a steeper global response curve.
Such material bifurcation, associated to the choice of an “intermediate” bar
length, is very well investigated and explained in [19].

Damage increases very fast during the plastic-hardening stage in Kuhn et
al. and Ambati et al. while it increases imperceptibly in all other models,
except for Alessi et al. where it does not evolve at all, even during the elas-
tic stage, Sec. 2.2. In addition, Duda et al. model has a significant damage
evolution even during the elastic stage.

Fig. 5 highlights the role of W0 in (25), see Sec. 3.7, which essentially tunes
the value of the peak stress. A similar control is performed by the parameter
αcrit in Ambati et al., see Sec. 3.4. In addition, Fig. 9 highlights the role of ξ
in (24), see Sec. 3.5, which tunes the concavity of the global response in the
softening stage.
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Fig. 2: Alessi et al. Homogeneous and non-homogeneous responses for a bar
length Ln = 10 mm and n = 1.

Fig. 3: Alessi et al. Homogeneous and non-homogeneous responses for a bar
length Ln = 22 mm and n = 0.5.
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Fig. 4: Borden et al. Homogeneous and non-homogeneous responses for a bar
length Ln = 10 mm and W0 = 0.

Fig. 5: Borden et al. Effect of W0 on the homogeneous response
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Fig. 6: Kuhn et al. Homogeneous and non-homogeneous responses for a bar
length Ln = 3.5 mm.

Fig. 7: Duda et al. Homogeneous and non-homogeneous responses for a bar
length Ln = 100 mm.



Comparison of phase-field models of fracture coupled with plasticity 21

Fig. 8: Miehe et al. homogeneous and non-homogeneous responses for a bar
length Ln = 10 mm, wc = 3Gc

16` and ξ = 1.

Fig. 9: Miehe et al. Effect of ξ on the homogeneous response.
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Fig. 10: Ambati et al. homogeneous and non-homogeneous responses for a
bar length Ln = 10 mm, and αcrit = 0.025.

Fig. 11: Ambati et al. Effect of αcrit on the homogeneous response.
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5 Concluding remarks

We reported a critical comparative review of existing phase-field models for
fracture in elasto-plastic materials. All models can be cast in the same varia-
tional framework and differ mainly by the choices of the damage dissipation
term, by the degradation function(s) as well as by the way the coupling be-
tween plasticity and damage is realized. The models in “basic” form (i.e. with
the minimum possible amount of tailorable parameters, if any) retain a vari-
ational nature but are not always able to reproduce an experimental response
due to lack of flexibility. More elaborated versions with additional ingredients
such as thresholds and indicator functions gain flexibility but may loose the
variational nature. Two main categories of models can be identified based on
whether the plastic hardening variable stops or continues its evolution once
damage is triggered. The behavior of real materials in this respect would be
easily identified by analyzing the unloading response in uniaxial stress-strain
curves. Finally, more sophisticated aspects of the phenomenology such as
those examined in [5] as well as triaxiality effects remained out of the scope
of this paper and should be accounted for in future work.
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