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ABSTRACT. We prove the existence of weak solutions to the homogeneous wave equation
on a suitable class of time-dependent domains. Using the approach suggested by De Giorgi
and developed by Serra and Tilli, such solutions are approximated by minimizers of suitable
functionals in space-time.
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INTRODUCTION

Several problems in dynamic fracture mechanics lead to the study of the wave equation in
time-dependent domains (see [6, 7, 3]). The main difficulty is that at every time ¢ the solution
belongs to a different function space V;. It is not restrictive to assume that all spaces V; are
embedded in a given Hilbert space H .

In the case of fracture mechanics, a common situation is V; = H*(Q\T) and H = L?(Q0),
where Q is a domain in R? and T is a closed (d— 1)-dimensional subset of 2, representing the
crack at time t. A natural assumption on I'; is that it is monotonically increasing with respect
to t, thus encoding the fact that, once created, a crack cannot disappear. As a consequence,
the spaces V; are increasing in time too.

To deal with possibly irregular cracks a more general increasing family of spaces has been
considered in [2]: V; = GSBVZ(Q,T}), defined as the space of functions u € GSBV () such
that u € L2(Q), Vu € L?(;R?), and J, C Iy (see [1] for the definition and properties of
these spaces and for the definition of the approximate gradient Vu and of the jump set J,,).

Given v € Vg and u! € H , the Cauchy problem we are interested in is formally written as

u”’(t) + Au(t) =0 for a.e. t >0,
(0.1) u(t) € Vi for a.e. t >0,
u(0) = u’, v/ (0) = ut,

where ’ denotes the time derivative and A is a continuous and coercive linear operator (A =
—A with homogeneous Neumann boundary conditions in the examples considered above).

The existence of a solution for (0.1) has already been proven in [2], through a time-discrete
approach, by solving suitable incremental minimum problems and then passing to the limit
as the time step tends to zero.

The purpose of this paper is to prove that a solution of (0.1) can be approximated by
global minimizers of suitable energy functionals defined as integrals on [0, c0) with respect to
time. On the one hand this shows a link between solutions of the hyperbolic problem (0.1)
and solutions of minimum problems for integral functionals on the same time domain. On
the other hand this result provides a new proof of the existence of a solution to (0.1).
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The seminal idea of this approximation process goes back to a conjecture by De Giorgi [5]
on the nonlinear wave equation. Such a conjecture has been proven by Serra and Tilli in [8]
and, in a more general setting, in [9].

In our paper we extend their result to the case of time-dependent domains. To illustrate
the global minimization approach in our setting, we focus on the model case V; = H'(Q\ T})
and A = —A. The main idea is to associate to the Cauchy problem (0.1) a functional of the
form

1

(02) Fotwy = [ (ROl ey + IV Bz .

This functional is to be minimized, for every fixed £ > 0, among all the functions t — u(t)
satisfying the initial conditions u(0) = u° and u’(0) = u' and the time-dependent constraint
u(t) € V; for a.e. t > 0. Once the existence of a minimizer u. is proven, the Euler-Lagrange
equation of (0.2) formally reads as

20 (1) — 2 () + " (t) — Auc(t) = 0 in Q\ Ty,

£

and hence, letting € — 0, one formally obtains a solution to the wave equation in (0.1).

As mentioned above, a quite general scheme to pass to the limit rigorously has been intro-
duced by Serra and Tilli in [9] when time-dependent constraint u(t) € V; is not present. The
proof consists in finding suitable estimates on the minimizers u. of the functionals F. and to
exploit these estimates in order to obtain, by compactness, the convergence of u. to a weak
solution u to the wave equation.

In this paper we implement this scheme in the case of time-dependent domains. This
requires some changes in the proof, since all competitors of the minimum problem for (0.2)
must satisfy the constraint u(t) € V; for a.e. t > 0.

The main change is in the proof of the key estimate for u.(¢), which is obtained in [9] by
using an inner variation u.(ps(t)) for a suitable function ¢s: [0,00) — [0,00). Since in our
case we have to require that u.(p;s(t)) € V; for a.e. ¢ > 0, this variation is admissible only if
ws(t) <t for a.e. t>0. By the technical definition of g, this leads to the constraint § > 0.
Therefore the standard comparison between the functional on u.(ps(t)) and on the minimizer
ue(t), in the limit as 6 — 0+, gives only an inequality, instead of the equality proven in [9,
formula (4.7)]. This inequality, however, turns out to be enough to obtain the other estimates
of [9] with minor changes.

A further difficulty appears when proving that the limit u of u. is a weak solution of (0.1),
since also the test functions 7 must satisfy the constraint n(t) € V; for a.e. t > 0. Therefore,
to adapt the proof of [9], we have to approximate an arbitrary test function n satisfying the
constraint n(t) € V; for a.e. ¢ > 0 by sums of functions of the form ¢(t)v with v € V; and
¢ € C*(R) with supp(¢) C [s,00), which still satisfy the constraint.

1. DESCRIPTION OF THE PROBLEM

1.1. Setting. To study the wave equation in time-dependent domains we adopt the functional
setting introduced in [4]. Let H be a separable Hilbert space and let (Vi)ic[0,o) be a family
of separable Hilbert spaces with the following properties

(H1) for every ¢t € [0,00) the space V; is contained and dense in H with continuous
embedding;

(H2) for every s,t € [0,00), with s < t, V is a closed subspace of V; with the induced
scalar product.
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The scalar product in H is denoted by (-, ) and the corresponding norm by || - ||. The norm
in V; is denoted by || - ||¢. By (H2) for every 0 < s < t we have ||v||s = ||v|; for every v € V.

The dual of H is identified with H , while for every ¢ € [0,7] the dual of V; is denoted by
V7. Note that the adjoint of the continuous embedding of V; into H provides a continuous
embedding of H into V;* and that H is dense in V;*. Let (-,-); be the duality product
between V,* and V; and let || - ||} be the corresponding dual norm. Note that (-,-); is the
unique continuous bilinear map on V;* x V; satisfying

(1.1) (h,v)y = (h,v) for every h € H and v € V.

Let Vo := Ui Vi and let a: Vo X Vo — R be a bilinear symmetric form satisfying the
following conditions:

(H3) continuity: there exists My > 0 such that

(1.2) la(u,v)| < Mo||lull¢||v]|: for every ¢t > 0 and every u,v € V;
(H4) coercivity: there exist A9 > 0 and vy > 0 such that

(1.3) a(u,u) 4+ Aol[ul* > voljul|?  for every t > 0 and every u € V;;

(H5) positive semidefiniteness:

(1.4) a(u,u) >0 for every u € V.

For every 7,t € [0,00) let AL : V; — V* be the continuous linear operator defined by
(1.5) (Alwu,v), = a(u,v) for every u € V; and v € V; .

Note that

(1.6) | ALul|x < Mpllul|; for every u € V;.

Finally, we set Q(u) := a(u,u) for every u € V.

Definition 1.1. Given T' > 0, we define W' := L2((0,T); V) N H'((0,T); H) , with the
Hilbert space structure induced by the scalar product

(u, U)ng = (va)LQ((O,T);VT) + (u/avl)LQ((O,T);H) )

where 1/ and v’ denote the distributional derivatives. The norm induced by the scalar product
(*;)yp01 is denoted by [ - ||, 0,1 . Moreover, we define
T T

V%l ={u e W%l s u(t) € Vg forae. t € (0,7)},

and note that it is a closed subspace of W%l .

Analogously, we define W%2 = L*((0,T); V) N H?((0,T); H), with the Hilbert space
structure induced by the scalar product

()02 = (u,v)L2(0,ryve) + (W0 ) 20,y + (W5 V") 2 0,rymy »
and the space
V%z ={ue W%Q s u(t) € Vi forae. t € (0,7)},

which is a closed subspace of W%Q .

Finally, V%! (resp. V%?2) is defined as the space of functions wu: (0,4+00) — H whose
restrictions to (0,7) belong to V%l (resp. V%2) for every T' > 0.
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Remark 1.2. It is well known that every function u € H((0,T); H) (resp. u € H?((0,T); ))
admits a representative, still denoted by u, which belongs to the space C°([0,T]; H) (res

C([0,T); H)). With this convention we have V' ¢ C°([0, T]; H) (resp. Vi* ¢ C1([0, T; ))
for every T > 0.

Definition 1.3. We say that u is a weak solution of the equation
(1.7) u”(t) + Alu(t) =0, wu(t) €V, for t € [0, 00)
if w € V! and for every T > 0

T T
(18) /O (! (£), 9/ (1)) dt = /0 a(u(t), ¥ (t)) dt

for every ¢ € V' with 1(0) = ¢(T) = 0.
For every Banach space X let C,(]0,7]; X) be the space of functions u: [0,7] — X that
are continuous for the weak topology of X .

Remark 1.4. If u is a weak soltution of (1.7) with u € L*°((0,T); V) and v’ € L*>((0,T); H)
for every T' > 0, then [4, Theorem 2.17 and Proposition 2.18] imply that, after a modification
on a set of measure zero, u € Cy,([0,T]; V) and v’ € Cy([0,T]; H) for every T > 0.

1.2. Main results. Throughout the paper we fix u® € Vg, u! € H , and a sequence {ul} C V,
such that

(1.9) lul —u'lg - 0ase—=0+ and elulllo <Oy,
for some constant C; < oo. For every € > 0 we consider the functional
1 o
(1.10) Felu) = 2/ (2 (1) 2 + Q(u(v)) ) dt
0

defined on the set
(1.11) Vo2 (00 ul) = {u € VO? 1 u(0) = u°, w'(0) = ul},

which is well-defined in view of Remark 1.2.
We now state our main results, which are proven in Sections 2, 3, and 4.

Theorem 1.5. For every € € (0,1) the functional F. admits a unique global minimizer u. in
the set VO2(u®,ul) . Moreover,

(1.12) Fe(ue) < Ce,

for some constant C' < oo depending only on ||u°||o and C1 .
In particular, if €||ulllo — 0 as e — 0+, then

1
(1.13) Fo(us) < 5(§Q(u0) + rg) :
where re — 0 as e — 0+.

Theorem 1.6. There exists a constant C < oo such that for every € € (0,1) the minimizer
ue of Fo in VO2(u®, ul) satisfies the following estimates:
t+7

(1.14) Qus(s)ds < Cr for everyt >0, 17 >¢,
¢

(1.15) |ue(8)|1> < C(1 + %) for everyt >0,
(1.16) |lul(t)| < C for every t > 0.
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Theorem 1.7. For every ¢ € (0,1) let u. be the minimizer of Fe in V2(u®,ul). Then for
every sequence {e,} C (0,1), with e, — 0 asn — oo, there exist a subsequence, not relabeled,
and a weak solution u of (1.7) such that u., — u weakly in W%l for every T' > 0. Moreover
the following properties hold:

(a) weak continuity: u € Cy([0,T); V) and u' € Cy([0,T); H) for every T >0 ;
(b) initial conditions: u(0) = u® and u'(0) = u' .
If, in addition, €||ulllo — 0 as e — 0+, then the following energy inequality holds:
(1.17) o' ()11 + Qu(t)) < [lul|]* + Q(u)  for every t > 0.
2. PROOF OF THEOREM 1.5

Before proving our results we introduce a change of variables that will be useful throughout
the paper.

Remark 2.1. For every € > 0 and every T > 0 we set
W2 := L2((0,T): Ver) N H2((0,T); H),
Vg’% ={ve WS% cv(t) € Vo for ae. t € (0,7)}.
Note that WS% is a Hilbert space with the scalar product
(u, vy = (W, V) r2(01)ver) + (s 0") 2o,y my + (W50 ) 20,0y »

and Vg 7% is a closed subspace of WS% Furthermore, V22 denotes the space of functions
u: [0,00) — H whose restrictions to the interval (0,7") belong to Vg’% for every T' > 0. By
Remark 1.2 every u € WS% admits a representative, still denoted by w, which belongs to

C1([0,T); H). With this convention we have Vg’% c CY([0,T); H) for every T > 0. Finally,
we define ’

V020 eul) := {v € V2% . v(0) = 0,v/(0) = eul}.
It is easy to see that if u € VO2(u®,ul), then the function v defined by

(2.1) v(t) := u(et)
belongs to V2 (u?, eul) and
(2.2) Fe(u) =G (v),
where
o0 " 2
Ge(v) = ;/0 e‘t(iu g)’ + Q(U(t))) dt.

In view of Remark 2.1, Theorem 1.5 is a consequence of the following result for the func-
tional G, .
Theorem 2.2. For every e € (0,1) the functional G. admits a unique global minimizer v in
V220, eul) . Moreover,

(2.3) Ge(ve) < C,

for some constant C' < oo depending only on ||u°||o and C1 .
Furthermore ug(t) := v.(%
fies (1.12).

) is the unique global minimizer of F- in V*2(u® ul) and satis-
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Finally, if e||ujllo — 0 as € — 0+, then

(2.4) Ge(ve) < 2@( O +re,

where T — 0 as € = 0 and u, satisfies (1.13).

Proof. Fix ¢ > 0 and set v(t) := u® + etul for every t > 0. Note that v € VO?(u?, cul), since
u’, ul € Vo C V; for every t > 0. By (H3) and by (1.9), we have

Q(u®) + My ellulflo(cllutllo + u’llo) < C

N =

25 Gl)=; [ Qe

where C is a constant depending only on C; and |lug|lo. Note that, if e||ul[lo — 0 as e — 0+,
then by (2.3) it follows that

(2.6) G-(v) < ZQu°) + e,

N | =

where r. -+ 0ase — 0.

In particular, G, has a finite infimum and (2.3) (as well as (2.4)) follows as soon as G, has an
absolute minimizer v . To show this, consider a minimizing sequence {v.,} C V(10 eul)
and fix T' > 0. By the very definition of G. and by (2.5),

T T
@1 [ @R [ et 0P de < 257G we) < 2Cr
0 0

for some constant Cp < co. The bound (2.7), together with the boundary conditions

(2.8) Ve (0) =u®  and v, ,(0) = cul,
implies
(2.9) (o1 < Cre

for some constant Cr . < oo independent of n. Moreover, by (H2) and (H4), for t € [0,T] we
have

vol[ven ()17 = vollven(®F < Aollven ()1 + Q(ven(t))
from which, using (2.5) and (2.9), we get

)VT)<)\0HUanHL2 ((0,7);H / Qvgn ))dt<CT5

for some constant 6’T ¢ < 0o independent of n . It follows that ||v,, ”HWO 2 is uniformly bounded

and hence up to a subsequence, v, , — v, in W T as n — oo, for some v, E W . Moreover,
since V. T is closed, v; € VOQ By the arbitrariness of 7' we have v € V2 and by (2.8) we

get v, € V20, eul) . F mally, since G, is lower semi-continuous and strictly convex by (H5),

v is the unique minimizer of G. in V2?(u®,eul). The statements about u.(t) follow from

Remark 2.1. m
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3. PROOF OF THEOREM 1.6

We first introduce some notations. Let v, be the minimizer of G. in V2 (u®, eul) and let

L. be the corresponding Lagrangian defined as

(3.1) Lc(t) := De(t) + Q:(¢) ,
where
v (1)])? ve(t
(3.2) D.(t) :== 7" 222)” and Q. (t) := Qve(t)) ;( ) .
Moreover, we define the kinetic energy function K. as
_ @1

We shall use the following result, which can be proven as in [9, Lemma 3.4].

Lemma 3.1. There exists a constant C < oo (depending only on |[u®|o, |ut], and Cy
in (1.9)) such that for every e € (0,1) the minimizer v. of Ge in V2 (u0,eul) satisfies

o e DA OIS
(3.4) /0 e tDE(t)dt:/O e tZTdtgc,
00 o'} ! (¢ 2
(3.5) /eﬂ&@wz/e%mg’aga
0 0 2e
In particular, in view of Lemma 3.1, we have K, € W11(0,T) for all T > 0 and
1
(3.6) K.(t) = g—z(v;(t), v (t)) fora.e. t > 0.

Following the approach in [9], we introduce the average operator A, defined by

(Aﬂ@y_/maﬁﬂv@du $>0.

for every measurable function f: [0, 00) — [0, o0].
We note that Af is well defined (possibly co) since f > 0. Moreover, the equality

(37) A50) = [Tt

0
implies that, if Af(0) < oo, then Af is absolutely continuous on all intervals [0, 7] and
(3.8) (Af) = Af — f ae.in [0,00).

In any case, since Af > 0, starting from f > 0 one can iterate A, and a simple computation
gives

(39 D) = [ e - s,
thus in particular
(3.10) (A%£)(0) = / h e ltf(t)dt.
0
Finally, we define the approximate energy
(3.11) EL(t) = K.(t) + (A%Q)(1).

The key ingredient in order to prove Theorem 1.6 is given by the following proposition.
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Proposition 3.2. The function E. is uniformly bounded and monotonically nonincreasing.
More precisely, there exists O < oo, depending only on ||[u°||o, |||, and Cy in (1.9), such
that

(3.12) E.(t) < C] for everyt>0.

Moreover, if ||ulllo — 0 as e — 0+, then

1 1 ~
(313) B.(1) < gl + 2 Q) + 7,
where 7 — 0 as € — 0+.

Proof. The proof of Proposition 3.2 closely follows the strategy adopted in [9] to prove [9,
Theorem 4.8]. We briefly sketch the main steps, underlining the main differences with respect
to the case treated in [9]. The proof is divided into four steps.

Step 1. For every g € CHY(R;[0,00)), with g(0) = 0 and g(t) affine for t sufficiently large,
there exists a constant C1(g) < oo, depending on g, ||[u°||o, and Cy in (1.9), such that

(3.14) /00 e *(g'(s) — g(s))Le(s)ds — /00 e *(4D(s)g'(s) + K.(s)g"(s))ds + R. > 0,
0 0
where

R. == £4(0) / e *sa(ve(s), uz) ds
0

satisfies

(3.15) |Re| < Ci(g)-

In particular, if €||ulllo — 0 as e — 0+, then

(3.16) |R:| — 0 ase =0+ .

Using the approximation argument in [9, Corollary 4.5], it is enough to prove (3.14) for
g € C?(R; [0, 00)) with g(0) = 0 and g(¢) constant for ¢ large enough.

For § > 0 small enough, the function ¢s(t) := t—Jg(t) is a C%-diffeomorphism of [0, c0) into
itself. We consider the function v, s(t) := v.(ps(t)) + tdeg’(0)ul . By construction ps(t) < ¢
so that, in view of (H2), v.5 € V22 Note that in the proof of this property the condition
§ > 0 is crucial. Moreover, v. 5(0) = v-(0) = v and

VL 5(8)]y = v(0)(1 = 8g'(0)) + deg' (0)uz = e,
whence v, 5 € VQ’Q(UO, eul).

Set 15(s) = gogl(s) for every s > 0. By the change of variables ¢ = ;5(s), it is straight-
forward to check that

Ge(ve,5) :2%2 /°° Ys(s)e™ 2|0 (5)[@h (15 (s)) | + vi(s)¢5 (s ()1 ds
(3.17) 0

" ;/Om U5(s)e " Q(ue(s) + 29’ (0)s(s)ut) ds.
Notice that
(3.18) s = ps(1s(s)) = vs(s) — 0g(s(s))
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so that, in view of the assumptions on g, we have e~ ¥s(s) < ¢dllglliz =5 Moreover, since

V5(s) =1+ 8¢ (Ys(s))ws(s)  and  ¥f(s) = a(g" (s(s)(¥5(5))” + g’ (s(5))¥5 (5)),

for ¢ sufficiently small both ¢§(s) and 9§ (s) are bounded uniformly with respect to s. This
fact, together with Lemma 3.1, implies that the first integral in (3.17) is finite. As for the
second integral we have

(3.19) % /0 " U ()e D Q(un(s) + o (O)s(s)ud) ds < éuwgnme&“g”w (A1 + A + Ag),

where

A = /Oooe_sQ(vs(s))ds

Ay = 02(g(0))22Q(u)) / e~ (hs(s))2 ds

0
As = 25€g'(0)/Oooe_sgb(s(s)a(ve(s),u;)ds.

Now, A; < oo by (2.3) and Az < 400 in view of (3.18). Finally, by (H5) and the Cauchy
inequality, we have A3 < A; + Ay < oo. It follows G.(v.s5) < oo for ¢ sufficiently small.

Analogously, one can show that differentiation under the integral sign in (3.17) is possible.

Since v 0 = v. and v. 5 € Vg ' (uo Eu ) only for 6 > 0, the minimality of v. implies

d
— >
dégs(vsﬁ) s=0 = 0,
while in [9] the equality holds. One can compute this derivative as in [9, pages 2031-2032]
and one can check that it coincides with the left-hand side of (3.14).

As for R, , by assumptions (H3) and (H5) and by (1.9) and (2.2), we have
Rl =elg/ ) [ e ub)lds
(3.20) < s\g'(0)|(/0 e—SQ(ve(s))ds+M0||u;yo/Ooo e 52 ds)
< 19'(0)[(2Ge (ve) + 2Moelucllo) < 2¢'(0)(eC + C1) =: Ca(g),
thus proving (3.15). By the last but one inequality in (3.20) and by (2.2), it follows that, if

ellutllo — 0 as € — 0+, then R. — 0 as ¢ — 0+.

Step 2. We have (A?L:)(0) < (AL:)(0) — 4(AD.)(0) + R .
The claim follows by applying (3.14) with g(t) =t¢.

Step 3. We have K.(t) < (AL.)(t) — (A%L:)(t) — 4(AD.)(t) for almost every t > 0.
The proof closely resembles the one of [9, Corollary 4.7]. Fix ¢ > 0 and for every 6 > 0 let
gts be defined by
0 if s <t,
(3.21) gs(s) = B if g et 4],
s—t—3% ifs>t+6.

The claim follows by considering g = ¢; 5 in (3.14) and sending § — 0.
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Step 4. Inequality (3.12) holds true.

In view of Step 2 and (3.6), A?Q. and K. are absolutely continuous on the intervals [0, T’]
for every T' > 0. Therefore, we can differentiate F. and, using Step 3, (3.8), and the very
definition of L. in (3.1), we get

E. = K.+ (A’Q.) = K. + A’Q. — AQ:
S ALE - A2L5 - 4AD5 + AQQE - .AQg == _"42DE - 3AD5 S O,

and hence E.(t) < E.(0) for a.e. t > 0. Moreover, by the very definition of E. and L.,
together with (2.3), Step 2, and (3.15), it follows that

F.(0) = K.(0) + (42Q2)(0) = 5 [ + (4°Q.)(0)
(3.22) < Sl + (AL)(0) < Sl + (AL)(©O) + .
= I+ Go(o2) + Re < O,

where C} depends on ||u°||o, [|u!|, and C; in (1.9). This concludes the proof of (3.12).
Finally, by using (3.16) and (2.4) in the last line in (3.22), we obtain that, if e||ulllo — 0 as
€ — 04, then

1 1 1 1 ~
Fo(0) < g1+ SQ) + e + Re < SRl + 2Q0) +7:
where 7. — 0 as ¢ — 0+ . Therefore also (3.13) holds true. O

Proof of Theorem 1.6. By using Proposition 3.2, Theorem 1.6 can be proven as in [9, Section
5]. O

4. PROOF OF THEOREM 1.7

Before proving Theorem 1.7, we introduce a suitable subset of Vg ’7%, which is dense in

{n € C2((0,T); V) : n(t) € V; for every t € (0,T)}. For every ¢ > 0 and T > 0, we define
Dr as the set of all functions n € C2((0,T); V) of the form

N-2

2
n(t) = > Y wij(thi;

=2 j=0

forsome N e N, 0=ty <t1 <...<ty =T, ¢;j € C?(R) with supp ©ij C [ti—1,ti+1], and
hij eV, ,fori=2,...,N—2and j=0,1,2. By (H2) the last two conditions imply that
n(t) € V; for every t € [0,7]. We are now in a position to state and prove our density result.

Lemma 4.1. Let T > 0. For every n € C2((0,T); V), with n(t) € V; for every t € (0,T),
there exists a sequence {nn} C Dr such that

(4.1) H?] — nNHCQ([O,T];VT) —0 as N — 0.

Proof. Let n € C%((0,T); V), with n(t) € V; for every t € (0,T). In order to construct
the approximating sequence {ny} C Dy we make use of quintic Hermite interpolants, that
we construct here through the Bernstein polynomials. Let N € N and set ¢; = z% for
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1=20,1,...,N. Fixi=0,...,N. For n € N, we define the Bernstein polynomials in the
interval [t;,t;11] as

n k n—k
% — (k)(t_tz) (ti+1_t) fOI'k:O,...,n,
Bl‘“"(t)'_{() fork<Oork>n,
and we define the polynomials of the spline basis as follows
N?° ) ) N° . .
Yio+(t) = 5 (B 5(t) + Bi5(t) + Bys(t),  wio-(t) = T5 (B3 5(t) + By 5(t) + By 5(1)),
4 N4 )
Yin+(t) = o (B, () +2B35(1) i —(t) = —5T4(2Bg 5(t) + Bis(t))
Vi () == WBQ,B(t)7 Vi (t) == WB3,5(75)-
By construction, it is easy to see that
(4.2) Ibi’o,_;_(t) + 1/%70,_ (t) =1 for t € [ti, tz’—i—l] .
Moreover, by using that
d i i
dtBk n( ) n(kal,nfl(t) - Bk,nfl(t)) )
one can easily show that
T
(4.3) —*wg o () F Uiy () +4i, (1) =1,
T2
(4.4) oo, () + o (0) W (1) + Ul (1) = 1.

For everyi=1,...,N —1and j =0,1,2 we set

wi—l,j7_(t) ifte [ti_l, ti] ,
SO%J(t) = d)ivj,-‘r(t) if ¢ € [t% ti—l—l] )

0 elsewhere .
Finally, we define the function
N-2
nn(t) == Z (pio@)n(ti=1) + @i1 () (tim1) + @iz(®)n" (ti-1)) -
i=2

By (H2) we have n(t;—1), n'(ti—1), 0 (ti-1) € Vi,_, , hence nx € Dy for every N € N.
It remains to prove (4.1). Let t € supp . For N € N large enough there exists i =
., N — 3 such that ¢ € [t;,t;11) , so that by (4.2) and by the very definition of nx, ¥i 1+,
and ;2 4+, we have
I (t) = n®) |7 < [[¥io0+E)n(ti-1) + Yio~(E)n(t:) — n(t)llr + O(1/N)
< Inti-1) = n@®llr + [In(t:) —n(t)l|lr + O(1/N),

and hence ny converges to n in Vp uniformly in [0,7]. Analogously, by (4.3), we obtain
Iofe) =/ Ol < ([ (i) + o (Ont) + o (0 ()]
i e I (tiea) = 7' ()l + ||1!1i,1,_||L°<> I’ ( z') —n'(t)|lr + O(1/N),
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which, using that (by (4.2)) the first term on the right-hand side is bounded by

T, ., nti) —nlti-1) H

W g (D) || oo || — LAY g

o Olls | = FEL T @)
implies that 1y, converges to 7’ in Vg uniformly in [0,7]. Analogously, using (4.2), (4.3), and
(4.4), one can show that 7%, converges uniformly to n” in [0,77]. O

Lemma 4.2. Let ¢ >0 and T > 0. For every n € C2((0,T); V), with n(t) € V; for every
t € (0,T), we have

(45) /0 G (2 (u(),"(5) + alue(s), n(s)) ) ds = 0.

Proof. In view of Lemma 4.1, it is sufficient to prove (4.5) for n € Dy . The proof is analogous
to the one of [9, Lemma 5.1]. Let 6 € [—1,1] and set u.; := uc + dn. By construction,
Ue s € V%2 and, since 17 has compact support, also the initial conditions are satisfied. Therefore
ues € V92(u® ul), and, again by construction, F.(ucs) is finite. Then the Euler-Lagrange
equation (4.5) easily follows by differentiating F¢ (u. ) with respect to § at 6 =0. O

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. Let us fix a sequence {e,} C (0,1), with ¢, = 0 as n — co. We
divide the proof into five steps.

Step 1: There exist a subsequence, not relabeled, and a function u € V%! such that
(4.6) Ue,,

Moreover, u' € L*>®((0,00); H) and u € L*((0,T); V) for every T > 0.
Let T > 0. By (1.15) and (1.16),

—u n W%l for every T > 0.

sup HuanHHl((O,T);H) < 0.
neN

This inequality, together with (H4) and (1.14), implies that there exists Cr < oo such that

T
vole, 1220, 1svi) S/0 Quz, (£)) dt + Xollue, 2o,y < Or -

As a result {u,} is equibounded in W%l and hence there exist a subsequence, not relabeled,
and a function u € W%l such that u;, — u weakly in W%l . Moreover, since {u,,} C V%Z C
V%l and V%l is a closed subspace of W%l , we have that u € V%l . By the arbitrariness of T,
the function u belongs to V%! and (4.6) holds true. Furthermore, in view of (4.6), inequality
(1.16) implies u’ € L>°((0,00); H) and (1.15) gives u € L*((0,T); V) for every T > 0.

Step 2: Let T > 0. For every ¢ € C((0,T); V), with ¥(t) € V; for every t € (0,T), we
have

T T
(4.7) /0 (. (8), 20" (1) + 26" (£) + ¥/ (8)) dlt = /O a(ue, (1), (1)) dt

The claim follows by considering 1(t) = e*/¢ri)(t) in (4.5) and integrating by parts.

Step 3: The function u is a weak solution of (1.7).

By [4, Lemma 2.8], it is enough to prove the claim for ¢» € C2°((0,T); V) with ¢ (t) € V;
for every ¢ € (0,7). In view of (4.6), one can pass to the limit as n — oo in (4.7), thus
obtaining (1.8).
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Step 4: u satisfies (a) and (b).

Since v’ € L*>®((0,00); H) and u € L>*((0,7T); V) for every T > 0 by Step 1, property (a)
follows from Step 3, thanks to Remark 1.4. Claim (b) is obtained by combining (a), (1.9),
and (4.6), together with the fact that u., € V9! (u% u! ).

Step 5: The function u satisfies the energy inequality (1.17).

By using [9, Lemma 6.1] and (3.13), one can argue as in [9, Section 6] to obtain that the
energy inequality (1.17) is satisfied for almost every ¢ > 0. Actually, in view of (a), this
inequality is satisfied for every ¢ > 0. g
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