
A critical review of reduced
one-dimensional beam models of
piezoelectric composite beams

Journal Title
XX(X):1–16
c©The Author(s) 0000

Reprints and permission:
sagepub.co.uk/journalsPermissions.nav
DOI: 10.1177/ToBeAssigned
www.sagepub.com/

SAGE

Luca Luschi1, Giuseppe Iannaccone1, Francesco Pieri1

Abstract
Simplified one-dimensional models for composite beams with piezoelectric layers, which are intrinsically three-
dimensional structures, are important for many applications, including piezoelectric energy harvesters. To reduce the
dimensionality of the system, assumptions on the stress/strain state in the transverse direction are typically made.
The most common are those of null transverse stress (NTS), used for narrow beams, null transverse deformation
(NTD), used for wide beams, and continuous interface strain, suited for thin piezoelectric layers (we call this
assumption Thin Film Continuous or TFC).
We show that the models based on these assumptions are often used uncritically for beam geometries for which
large errors may result. In particular, NTS fails even for narrow beams if the thickness is much smaller than the
beam width. We give clear geometric criteria that, for any geometry, allow the selection of the most accurate model
among the three. We also develop a single, unified beam equation encompassing the three models and compare
the analytical results from this equation with Finite Element simulations over a wide range of beam lengths, widths,
and layer thicknesses. The selection criteria and the unified beam equation form a valuable tool for fast and accurate
design of composite piezoelectric beams.
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Introduction

Piezoelectric actuation and detection of beams is used in a
wide range of applications. Cantilever harvesters have been
proposed both as micro-engineered solutions (Erturk and
Inman 2009; Karami et al. 2011; Reissman et al. 2016;
Rafique and Bonello 2010) and based on Micro-Electro-
Mechanical Systems (MEMS) technology (Jackson et al.
2017; Olszewski et al. 2017; Jia and Seshia 2016; Lei et al.
2014; Chen et al. 2006; Isarakorn et al. 2011). Resonant
cantilevers exploiting the gravimetric principle have been
employed as gas sensors (Ivaldi et al. 2011; Karabacak
et al. 2010), and biosensors (Shin et al. 2008). Gas sensing
can also be performed with photoacoustic detectors where
cantilevers are used as microphones (Ledermann et al.
2004; Glauvitz et al. 2012). Other possible applications
include atomic force microscopy (Korayem et al. 2017;
Quenzer et al. 2011; Shibata et al. 2004), RF switches
(Mahameed et al. 2008; Wunnicke 2009), accelerometers
(Hewa-Kasakarage et al. 2013; Hindrichsen et al. 2010)
and actuators (Dong et al. 2007). A survey of the literature
also shows that MEMS technology is used in a growing
number of devices, for which the beam geometries (i.e.

width, thickness, etc.) are scattered over a larger range than
for micro-engineered devices (Fig. 2).

A vast literature about the modelling of piezoelectric
composite beams exists. However, we observed that for a
number of these models the actual limits of accuracy as
a function of the beam geometry are not investigated, so
that picking the model which gives accurate results for the
problem at hand—if any exists—is obvious. The literature
is also affected by the use of disparate, and sometimes
inconsistent, notations, which make comparison among the
different models difficult.

Because of these hurdles, several works choose an
inadequate model to predict the behavior of actual devices,
making large errors as a result. The present paper addresses
these problems through the development of a generalized
beam model which includes most cases presented in the
literature, and the definition of clear criteria to decide the
model which provides the best approximation for each case,
while also pointing to the use of incoherent notations which
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may hinder the understanding of a few existing works.

Although an exact description of piezoelectric composite
beams cannot neglect the 3D behavior of the piezoelectric
layers, simplified 1D formulations can provide sufficient
accuracy in many circumstances, with the advantage of
providing practical tools for design and optimization
purposes. 1D models are obtained by choosing simplifying
assumptions on the cross-sectional deformations of the
composite structure, and have the further advantage of
being embeddable in the classic Euler-Bernoulli (EB) or
Timoshenko beam (TB) theories (Hagedorn and DasGupta
2007).

Figure 1. piezoelectric triple layer cantilever bimorph. The
piezoelectric material is shown in orange, the structural
material in grey.

Our reference geometry is shown in Fig. 1, where, for
generality, two piezoelectric layers are shown. To allow
for both series an parallel connection of the bias voltage,
the variable b (with possible values ±1) is introduced. To
understand the simplifications introduced by the various
models, we need to introduce the most general constitutive
equations for the piezoelectric material and the non-
piezoelectric structural material (Fig. 1). We write them in
Voigt notation, using the uppercase S and P subscripts to
indicate the material (S for structural, P for piezo), and the
lowercase subscripts for vector components (with values 1,
2, 3 corresponding to x, y, z), or tensor components in Voigt
form (with the values 1, 2, 3, 4, 5, 6 corresponding to xx,
yy, zz, yz, xz, xy). With these conventions, and assuming
summation over repeated indices, the equations read (IEEE

176-1987)

SS,i = sS,ijTS,j , i, j = 1 . . . 6 (1a)
SP,i = sP,ijTP,j + dmiEm, i, j = 1 . . . 6; m = 1 . . . 3

(1b)

Dm = εmnEn + dmiTP,i, i = 1 . . . 6; m,n = 1 . . . 3
(1c)

where T∗,j indicates the stress tensor, S∗,i indicates the
strain tensor, s∗,ij is the 6× 6 compliance matrix (at
constant electric field for the piezoelectric material), Em is
the electric field,Dm is the electric displacement, εmn is the
3× 3 dielectric permittivity matrix (at constant stress) and
dmi is the 6× 3 piezoelectric strain matrix. For electrical
and piezoelectrical quantities, which are only defined in the
piezo, the material subscript is omitted.

We do not lose much generality if we assume hexagonal
anisotropy for both materials. This type of anisotropy is
typical of many piezoelectric materials such as PZT, AlN,
ZnO (Auld 1975), and can also describe many structural
materials such as aluminum, steel, single crystal silicon,
polysilicon and others. We assume that the z axis of the
piezoelectric material is oriented parallel to the same axis
of the system of coordinates in Fig. 1. This implies that
the piezo is actuated in the d31 mode, which is the most
common in the literature. Alternative actuation modes,
corresponding to the d33 piezoelectric coefficients, are
possible. The expanded matrix form of Eqs. (1a-1c) for
hexagonal anisotropy is reported in Appendix A, where
the generic compliance coefficients s∗,ij are written as a
function of the more commonly used Young’s moduli Y∗,i,
shear moduli G∗,ij and Poisson’s ratios ν∗,ij . When the
expanded notation is used, to simplify notation, we drop the
subscripts for the elastic moduli referred to the x and y axes,
i.e. we set Y∗,x = Y∗,y = Y∗, G∗,xy = G∗ and ν∗,xy = ν∗.

Essentially all existing models simplify Eq. (1c) by
assuming that the in-plane components of the electric field
and electric displacement are negligible:

E1 = E2 = D1 = D2 = 0. (2)

Also, because it is generally assumed that the thicknesses
are much smaller than the beam length (tS , tP � L), the
out-of-plane (i.e. along z) stress is always neglected as well:

TS,3 = TP,3 = 0. (3)

The models can thus be classified depending on the
assumptions made on the stress-strain state along the
transverse (y) direction. These assumptions depend on the
beam geometry, whose defining quantities (the length L,
width W , and piezo and structural thicknesses tP and tS)
are shown in Fig. 1 in the case of a triple layer bimorph.
To simplify the classification, we define three adimensional
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parameters, the in-plane aspect ratio ã, and the normalized
piezo thickness t̃, and the slenderness s̃:

ã =
W

L
, t̃ =

tP
tS
, s̃ =

L

tS
. (4)

All three parameters span over more than two decades
in actual devices [Fig. 2, (top)]. In the following, we will
refer to three commonly used reduced models, i.e., the Null
Transverse Stress (NTS) model, the Thin Film Continuous
(TFC) model, and the Null Transverse Deformation (NTD)
model.

The NTS model (Maurini et al. 2006; Gafforelli et al.
2015) is likely the most commonly used, and further
assumes that:

TS,2 = TP,2 = 0. (5)

Intuition suggests that this model is valid for narrow
enough beams (i.e. for ã� 1), under the argument that both
the structural and piezoelectric materials can release their
transverse stresses over the length of the beam. NTS was
first derived by Crawley and De Luis (1987) and developed
in several subsequent works (Gafforelli et al. 2015; Smits
and Choi 1991; Smits et al. 1991; Smits and Ballato
1994; Qing-Ming Wang and Cross 1999; Weinberg 1999;
Tadmor and Kosa 2003). Smits and coworkers derived the
constitutive equations in matrix form for static cantilever
unimorphs (Smits and Choi 1991) and static (Smits et al.
1991) as well as dynamic (Smits and Ballato 1994)
cantilever bimorphs, while Wang and Cross considered
the case of symmetric triple layer cantilevers (Qing-Ming
Wang and Cross 1999). The same treatment was extended
by Weinberg in order to take into account the effect of
built-in axial stresses (Weinberg 1999), and by Tadmor
and Kosa (2003), who considered the effect of bending
strain on the electric field in the piezoelectric layers. Inman
and coworkers developed a distributed parameter model
of the beam frequency response (Erturk and Inman 2008),
and used it to describe the experimental evidence obtained
from several micro-engineered devices (Erturk and Inman
2009; Karami et al. 2011). Garcia and coworkers extended
the theoretical model to the more general case of the TB
model (Dietl et al. 2010), and also used it in experimental
works on micro-engineered harvesters (Reissman et al.
2016). A similar study was also performed by Rafique and
Bonello (2010). Interestingly, specific NTS assumptions on
the geometry of the beam are frequently overlooked in the
above literature and, when given, are not consistent. For
example, Smits et al. (1991) mentions ã� 1, while Smits
and Ballato (1994); Qing-Ming Wang and Cross (1999)
also require W � t; Weinberg (1999) requires W ≈ t;
Tadmor and Kosa (2003) requires W < 5t. Unfortunately,
as no unified notation emerged in the above literature, a
comparison of these models can be cumbersome and even
challenging. To add another difficulty, some of these papers

use a notation which may not be consistent with standard
definitions (IEEE 176-1987), as we will detail below.

More troubling than notation issues is that NTS is often
used when the piezoelectric layer is very thin (i.e. for t̃�
1), when it is not realistic to assume that its stress state is
not influenced by the (much thicker) structural layer. As
a matter of fact, Eq. (5) leaves the layers free to deform
independently along the y axis, violating the continuity at
their interface. This inconsistency is usually irrelevant in
composite beams made only of structural elastic layers,
as the difference in transverse deformation is only due
to the different Poisson’s ratios. In piezoelectric layers,
instead, transverse deformations are also coupled to the
electric field through the d32 = d31 piezo-strain coefficient
(see Appendix A), and this effect is relevant. To overcome
this problem, Dubois and Muralt (1999) dropped Eq. (5)
and assumed that a thin piezoelectric layer inherits the
deformation of the structural layer, while the latter is still
assumed to release its stress:

SS,2 = SP,2, TS,2 = 0. (6)

This model has been used in other works on the
characterization of piezoelectric thin films (Defaÿ et al.
2006; Ledermann et al. 2003), as well as cases where a
large difference between the thicknesses of the structural
and piezoelectric layer exists. These include gas detectors
exploiting gravimetric (Ivaldi et al. 2011) and photoacoustic
(Ledermann et al. 2004) detection. We will refer to this
model as the Thin Film Continuous (TFC) model.

Finally, for wide beams (i.e. when ã ≥ 1), which are
often used in harvesting applications (Jackson et al. 2017;
Olszewski et al. 2017; Jia and Seshia 2016; Lei et al. 2014)
and accelerometers (Hindrichsen et al. 2010, 2009), the
clamp at x = 0 inhibits deformations along the entire length
of the structure, so that negligible transverse deformation
(or NTD) is often assumed:

SS,2 = SP,2 = 0. (7)

NTD and NTS models are frequently presented together
and labeled as plane strain and plane stress hypothesis,
respectively (Weinberg 1999; Tadmor and Kosa 2003). Lei
et al. (2014) used NTD assumptions to model their MEMS
energy harvester. The same was done by Benjeddou et al.
(1997) for their finite element model of piezoelectric beams
and by Lim et al. (2001) in their theoretical study. NTD is
also relevant in clamped-clamped beam resonators, as they
are typically actuated and detected through piezoelectric
patches placed at the clamps and covering only a small
part of the total length of the beam (Karabacak et al. 2010;
Piazza et al. 2004; DeVoe 2001; Torri et al. 2014) and,
as such, the assumption of NTS (i.e. piezoelectric layers
which are much longer than wide) is rarely true. Also in this
case the literature gives inconsistent assumptions: Weinberg
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(1999) requires W � t, Tadmor and Kosa (2003) requires
W > 5t, Lei et al. (2014) require L,W � t.

The intuitive geometrical conditions on ã and t̃ assumed
for the three models are summarized in the second column
of Table 2, and denoted by distinct color shades in Fig. 2
(top). However, the result of our Finite Element (FEM)
simulations, summarized in Fig. 2 (bottom), show that these
conditions are not always appropriate and, in the case of
NTS and TFC, lead to very large errors. As a matter of
fact, apart from the case of NTD, none of the conditions we
summarized in the above discussion match the simulations
results. Based on FEM results and physical insight, we
developed revised geometrical conditions (Table 2, third
column) that give a better description of the actual behavior.
Their derivation will be detailed in the rest of the paper.

It is worth mentioning that more general models have
been developed. For example, Dell’Isola and coworkers
used a mixed variational approach to model narrow beams
(Maurini et al. 2006). Their work can be seen as an
attempt to unify the NTS and TFC models. Corigliano
and coworkers (Gafforelli et al. 2015) developed a semi-
analytical expression based on the fitting of FEM results to
describe the continuous variation from narrow to wide beam
while keeping the thicknesses constant. The model can be
thus seen as an attempt to unify NTS and NTD models.

The rest of the paper is organized as follows. In the next
section, we develop a set of one-dimensional equivalent
constitutive equations. Using a unified notation and
equivalent mechanical and electrical parameters, we show
that these equations have the same form for each of the
three models. Assumptions and expected range of validity
for each model are also examined. Then, the constitutive
equations are used to develop a complete set of differential
equations for the dynamical behavior of the beam. These
equations are obtained by averaging the electrical and
mechanical constitutive equations over a generic cross-
section. We then propose and solve analytically a case study
based on static loading of the piezoelectric composite beam.
We then present FEM simulations of the same beam over
a wide range of geometries and use the results to assess
the range of validity of each model by comparison between
FEM and theoretical expectations.

Model
Our derivation of the beam equations applies to generic
beam structures and boundary conditions. However, for
simplicity, we refer to the specific case of a piezoelectric
triple layer cantilever bimorph as shown in Fig. 1, where
the structural material is sandwiched between two identical
piezoelectric layers. The clamped end is at x = 0, while the
other end (at x = L) is free. The origin of the reference
system is placed at center of the beam cross section. We also
assume that the top and bottom surfaces of the piezoelectric

Figure 2. (top) In-plane aspect ratio ã and normalized piezo
thickness t̃ for piezoelectric beams reported in literature,
classified by boundary conditions and fabrication technology
(microengineering or MEMS). The reference for each number
is given in Table 1. For devices with piezoelectric patches, the
in-plane aspect ratio of the patch is reported. The red, green,
and purple areas give the expected ranges of validity for NTS,
TFC and NTD, respectively. (bottom) For comparison, the
actual ranges, as derived from FEM simulations, where the
model errors are below 5% (darker color) and 10% (lighter
color).
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Table 1. Correspondence table for reference numbers in Fig. 2 and Fig. 6.

Ref. number Reference Ref. number Reference

1 Chen et al. (2006) 12 Karabacak et al. (2010)
2 DeVoe (2001) 13 Karami et al. (2011)
3 Dong et al. (2007) 14 Ledermann et al. (2004)
4 Erturk and Inman (2009) 15 Lei et al. (2014)
5 Glauvitz et al. (2012) 16 Olszewski et al. (2017)
6 Hewa-Kasakarage et al. (2013) 17 Piazza et al. (2004)
7 Hindrichsen et al. (2010) 18 Rafique and Bonello (2010)
8 Isarakorn et al. (2011) 19 Reissman et al. (2016)
9 Ivaldi et al. (2011) 20 Shibata et al. (2004)

10 Jackson et al. (2017) 21 Shin et al. (2008)
11 Jia and Seshia (2016) 22 Torri et al. (2014)

Table 2. Equivalent parameters for the reduced constitutive Eqs. (8) for the three different reduced models (NTS, NTD, TFC).

model
intuitive

geometric
conditions

revised
geometric
conditions
(this work)

assumptions
KS

(N/m2)
KP

(N/m2)
γm

(C/m2)
γe

(C/m2)
εP

(F/m)

NTS ã� 1
ã� 1,

t̃ ≈ 1 or t̃
s̃ã

& 1
TS,2 = TP,2 = 0 YS YP d31YP = γm ε3 − d231YP

TFC ã� 1,
t̃� 1

ã� 1,
t̃� 1, t̃

s̃ã
� 1

TS,2 = 0,
SS,2 = SP,2

YS
YP (1−νSνP )

1−ν2
P

d31YP
1−νP

d31YP (1−νS)
1−νP

ε3 − 2d231YP

1−νP

NTD ã ≥ 1 ã ≥ 1 SS,2 = SP,2 = 0 YS

1−ν2
S

YP

1−ν2
P

d31YP
1−νP

= γm ε3 − 2d231YP

1−νP

layers are equipotential, i.e. covered by a perfect electric
conductor of negligible thickness, and that a voltage V is
applied to between top and bottom surfaces of the upper
layer, and a voltage bV is applied between the top and
bottom surfaces of the lower layer, as illustrated in Fig. 1.

In the rest of this section we derive a single set of
equations that are equivalent to any of the NTS, TFC, and
NTD models, depending on the choice of a few parameters.
The reader only interested in the results can jump directly to
the presentation of the modified Euler-Bernoulli Model and
refer, for the definition of the model parameters, to Table 2
and Table 4.

Generalized Constitutive Equations
Starting from Eqs. (29a)-(29c), we can solve for the axial
stresses TS,1, TP,1 and the vertical electrical displacement
D3 by substituting Eqs. (2), (3) and one among Eqs. (5), (6)
or (7). After a cumbersome but straightforward derivation,
we can write their expressions as a function of five
equivalent parameters with an intuitive physical meaning,
whose values depend on the choice of the model:

TS,1 = KSSS,1, (8a)

TP,1 = KPSP,1 − γmE3, (8b)

D3 = εPE3 + γeSP,1. (8c)
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KS , KP are equivalent longitudinal stiffnesses associ-
ated with the beam and piezo respectively, γm and γe are
equivalent coupling coefficients of mechanical and electri-
cal equations respectively, and εP is an equivalent electrical
permittivity. Their values for each of the three models are
summarized in Table 2.

Table 2 shows that the three models (NTS, NTD, and
TFC) can be unified under the same, compact constitutive
Eqs. (8), with each model characterized by appropriate
choice of the five parameters. The notation used in the
several papers cited in the introduction is often different
from the one adopted in this work. An attempt to organize
and clarify these different notations is made in Appendix A,
where alternative expressions for the equivalent parameters
of Table 2 are also provided.

Beam Equations
Eqs. (8) are general relationships, only based on the
assumptions of Eqs. 5-7. To determine the actual stress-
strain field at each point in the beam, we now assume
(as commonly done in the literature) that the strain
distribution is that of the standard Euler-Bernoulli beam
theory. Specifically, we write the axial strain S∗,1 as the
superposition of an extensional strain λ(x) and a flexural
deformation χ(x) · z

S∗,1(x, z) = λ(x) + χ(x)z (9)

where λ(x) and the curvature χ(x) are constant over
the cross-section. The corresponding stress distributions in
each layer will then be obtained by substituting Eq. 9 into
Eqs. 8a-8b. Here, as in most literature, the dependence on
y is dropped (as in the standard Euler-Bernoulli model).
An exception is (Gafforelli et al. 2015), where a specific
functional dependence is initially retained and the stress-
strain field is then averaged along y with the aid of
fitting parameters to reduce the dimensionality of the
problem. Because of piezoelectric coupling, the cantilever
may withstand extensional deformations (i.e. λ(x) can be
non-zero) even in absence of axial loads. Eqs. (8) and (9)
can now be used to further reduce the dimensionality of
the problem to one. Specifically, integration along z of
the axial stress T∗,1 and electrical displacement D3, taken
from the constitutive equations at a generic cross-section,
leads to a set of beam constitutive equations linking the
charge per unit length ρ(x), bending moment M(x) and
axial force N(x) to the applied voltage V , curvature χ(x)
and extensional deformation λ(x). By substituting these
constitutive equations into the differential equations of
the Euler-Bernoulli model, the simplified 1D piezoelectric
beam model is completed.

Charge per unit length. We derive the charge per unit
length on the top/bottom surfaces of the piezoelectric

Figure 3. Gauss’ theorem applied to the upper electrode of
the top piezoelectric layer. The Gauss surface is represented
in blue. The integration surface element has area ds = Wdx.

layers by exploiting Gauss’ flux theorem together with
the constitutive electrical Eq. (8c). In this section we also
show that, because of flexural deformations, the electric
field inside the piezoelectric layers varies linearly across
the thickness (z coordinate) with a slope proportional
to the curvature χ(x). This effect is typically neglected
(Erturk and Inman 2008; Dietl et al. 2010), as the
common assumption is to consider the electric field
independent of deformations. As will be shown in the
following section, a non-constant electric field implies
an additional, piezoelectrically-induced term in the beam
bending stiffness. In the Case Study section we will discuss
the range of validity of models neglecting this assumption.
Among the papers cited in the introduction, the only ones
considering the dependence of the electric field on the
curvature are (Maurini et al. 2006; Tadmor and Kosa 2003;
Benjeddou et al. 1997; Lim et al. 2001). The effect was
also investigated by Krommer (Krommer 2001), Littrell and
Grosh (Littrell and Grosh 2012) and Sze and coworkers
(Sze et al. 2004).

To derive the charge expression, we first consider the top
piezoelectric layer with the voltage V applied between its
upper and lower surfaces. By applying the Gauss theorem
to a surface enclosing a portion of length dx of the positive
electrode (Fig. 3), we obtain

−D3(x, z0)Wdx = ρH(x)dx (10)

where D3(x, z0) is the z component of electric displace-
ment inside the top piezoelectric layer and ρH(x) is the
charge per unit length on the surface of the positive elec-
trode. Since z0 is arbitrary, the electric displacement must
be independent of z. The right-hand side of Eq. (8c) is
therefore also independent of z. As SP,1, because of Eq. (9),
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is a linear function of z, so must be E3. We then write

E3(x, z) = E
(0)
3 (x) + E

(1)
3 (x)

(
z − tP + tS

2

)
(11)

where E
(0)
3 (the field at the center of the layer) and

E
(1)
3 (its slope) are suitable functions of x. Their values,

as well as the ones relative to the bottom piezoelectric
layer, can be easily determined by simple substitutions (see
Appendix C). The complete expressions for electric fields
E3H , E3L inside the top and bottom piezoelectric layers,
respectively, are (Tadmor and Kosa 2003; Benjeddou et al.
1997; Krommer 2001)

E3H(x, z) = − V
tP
− γe
εP
χ(x)

(
z − tP + tS

2

)
(12a)

E3L(x, z) = −bV
tP
− γe
εP
χ(x)

(
z +

tP + tS
2

)
. (12b)

The electric field expression has a first term which
is constant and typical of parallel plate capacitors, and
a second term proportional to the curvature and varying
linearly with z. Neglecting the effect of deformations
on the electric field means neglecting this latter term in
Eqs. (12a)-(12b). Substituting Eqs. (12a)-(12b) and Eq. (9)
into Eq. (8c) the expressions for the electric displacements
are found

D3H(x) = −εP
V

tP
+ γeλ(x) +

1

2
γe (tP + tS)χ(x)

(13a)

D3L(x) = −εP
bV

tP
+ γeλ(x)− 1

2
γe (tP + tS)χ(x).

(13b)

Assuming a similar relationship for the bottom piezo-
electric layer, Eqs. (13a)-(13b) can be finally used to
compute the total charge per unit length through Eq. (10).
Before this, however, we need to take into account the fact
that ρH is defined as the charge on the positive electrode
(which, for the bottom piezoelectric layer, could be the
lower one, depending on the sign of b), so that the sign
of D3L as presented in Eq. (13b) has to be reversed when
b = −1, leading to

ρ(x) = ρH(x) + ρL(x) = W (−D3H(x)− bD3L(x)) .
(14)

By substituting Eqs. (13a)-(13b) we finally obtain

ρ(x) = ClV − ΓeLλ(x)− ΓeFχ(x), (15)

where the expressions for the equivalent capacitance for
unit length Cl, the electrical coupling coefficient for
longitudinal deformations ΓeL, and the electrical coupling
coefficient for flexural deformations ΓeF are reported in
Appendix B.

Bending Moment. The bending moment at a generic cross-
section can be calculated by integrating the axial stresses
multiplied by their respective arms on the cross-section
surface

M(x) = W

(∫ − tS
2

− tS
2 −tP

TP,1(x, z)z dz

+

∫ tS
2

− tS
2

TS,1(x, z)z dz

+

∫ tS
2 +tP

tS
2

TP,1(x, z)z dz

)
.

(16)

By using the expressions of the axial stresses of Eqs. (8a),
(8b) and substituting Eqs. (9) and (12a)-(12b), the previous
equation reduces to

M(x) = KI totχ(x) + ΓmFV, (17)

where the expressions of the total flexural stiffness
KI tot and the mechanical coupling coefficient for flexural
deformations ΓmF are reported in Appendix B. The total
flexural stiffness KI tot is the sum of the flexural stiffness
of the composite beam KI , plus a piezoelectrically-induced
flexural stiffening introduced by the curvature-dependent
term of the electric field. This latter term vanishes if the
electric field is assumed constant. The expression of the
flexural stiffness of the composite beam KI is given by the
standard theory of composite beams (Lobontiu and Garcia
2005) using the stiffnesses KS , KP of Table 2 in place of
the Young’s moduli.

Axial force. The approach used to compute the moment can
be repeated to determine the axial force:

N(x) = W

(∫ − tS
2

− tS
2 −tP

TP,1(x, z) dz

+

∫ tS
2

− tS
2

TS,1(x, z) dz

+

∫ tS
2 +tP

tS
2

TP,1(x, z) dz

)
,

(18)

and, with the same substitutions as above, we obtain

N(x) = KAλ(x) + ΓmLV (19)

where the expressions of the longitudinal stiffness KA
and mechanical coupling coefficient for longitudinal
deformations ΓmL are again reported in Appendix B. The
expression of the longitudinal stiffness KA is given by the
standard theory of composite rods (Lobontiu and Garcia
2005) with again the equivalent stiffnessesKS ,KP in place
of the Young’s moduli.
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Matrix form Eqs. (15), (17) and (19) can be collected in
matrix form:N(x)

M(x)
ρ(x)

 =

 KA 0 ΓmL
0 KI tot ΓmF
−ΓeL −ΓeF Cl

λ(x)
χ(x)
V

 . (20)

The matrix is, in general, not antisymmetric. However:

• for the NTD and NTS models, γm = γe (See
Table 2), the mechanical and electrical coupling
coefficients are identical (see Table 4), and the matrix
is antisymmetric;

• if the piezoelectric layers are biased with the
same orientation (i.e. b = 1), the flexural coupling
cofficients ΓmF and ΓeF vanish, and the voltage is
coupled to longitudinal deformations only;

• if the bias orientation is alternate (b = −1), the
longitudinal coupling coefficients ΓmL and ΓeL
vanish, and the voltage is coupled to flexural
deformations only.

Typical polarization schemes exploit parallel and series
connections, as well as the different poling of the
piezoelectric layers (Smits et al. 1991; Qing-Ming Wang
and Cross 1999). The symmetric triple layer bimorph show
in Fig. 1 is typically polarized for flexural deformations. For
unimorph beams, longitudinal and flexural deformations
are intrinsically coupled (Luschi and Pieri 2015). The
expressions of the coefficients appearing in Eq. (20) are
summarized in Appendix B, where the expressions for
unimorph beams are reported as well.

Modified Euler-Bernoulli Model for
Piezoelectric Beam
We are now ready to generalize the differential equations
governing flexural and longitudinal deformations of beams
to include the effect of piezoelectric coupling described by
Eq. (20). Flexural deformations can be studied by means of
the Euler-Bernoulli model (Hagedorn and DasGupta 2007).
Following the approach in (Reissman et al. 2016), (Luschi
et al. 2016), we write them in matrix form. This is done by
substituting the expression of the bending momentM(x) of
Eq. (20) into the matrix form of Euler-Bernoulli equation,
to obtain:

∂

∂x


Uz(x, t)
Ψ(x, t)
M(x, t)
T (x, t)

 =


0 1 0 0
0 0 −1/KI tot 0
0 0 0 1
0 0 0 0



Uz(x, t)
Ψ(x, t)
M(x, t)
T (x, t)



+


0

V (t)ΓmF /KI tot
0

−p(x, t) + µlÜz(x, t)


(21)

where Uz(x, t) and Ψ(x, t) are the out-of-plane deflection
and rotation angle of the cross-section, respectively, T (x, t)
is the shear force at the cross-section, p(x, t) is the
distributed load per unit length along the beam and µl
is the mass per unit length. Straightforward expressions
for the mass per unit length for unimorph and bimorph
beams are given in Appendix B. In writing Eq. (21), the
relationship between rotation angle and curvature χ(x, t) =
−∂Ψ(x, t)/∂x has been used, and dots have been used to
indicate time derivatives.

A corresponding derivation can be performed for
longitudinal deformations (Hagedorn and DasGupta 2007).
By substituting the expression of the axial force N(x, t)
obtained from the beam constitutive Eq. (20), the matrix
form of the differential system becomes

∂

∂x

[
Ux(x, t)
N(x, t)

]
=

[
0 1/KA
0 0

] [
Ux(x, t)
N(x, t)

]
+

[
−ΓmLKA V (t)

−q(x, t) + µlÜx(x, t)

] (22)

where Ux(x, t) and q(x, t) are the axial displacement of the
cross-section and the distributed axial load per unit length,
respectively. In writing Eq. (22) we used the relationship
between the longitudinal strain and axial displacement
λ(x, t) = ∂Ux(x, t)/∂x. One last equation for the electrical
port is needed to completely describe the system. This
is obtained by integrating ρ(x, t) over the length of the
cantilever

Q(t) =− ΓeL [Ux(L, t)− Ux(0, t)]

+ ΓeF [Ψ(L, t)−Ψ(0, t)] + C0V (t)
(23)

where Q(t) is the total charge on the electrodes and C0 =
ClL the total capacitance. Moreover, if, for example, the
electric port is closed on a resistive load R (a configuration
typically used to evaluate the performances of piezoelectric
energy harvesters (Erturk and Inman 2009; Karami et al.
2011; Reissman et al. 2016; Rafique and Bonello 2010)),
the additional equation

d

dt
Q(t) = −V (t)

R
. (24)

is required. The method of the transmission matrices can
be used as an efficient solution technique for this system of
differential Eqs. (21-24) (Reissman et al. 2016; Luschi and
Pieri 2015; Luschi et al. 2016).

Case Study
As a case study we consider the triple layer cantilever
bimorph of Fig. 1 with flexural coupled polarization (b =
−1). We apply a static moment (per unit width) ML at
the free end and determine the open circuit voltage Voc
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(Fig. 4, inset). This configuration is common in harvesting
applications (Erturk and Inman 2009; Rafique and Bonello
2010; Maurini et al. 2006; Dietl et al. 2010). Since there
are no axial loads, and ΓeL, ΓmL are zero due to the
chosen bias, the system is fully described by Eqs. (21) and
(23). By solving with the boundary conditions Uz(0) =
Ψ(0) = T (L) = Q = 0 andM(L) = MLW , the following
expression for the open circuit voltage is found

Voc =
ΓeFL

C0KI tot + ΓeFΓmFL
MLW. (25)

It is useful to express the open circuit voltage as a
function of the equivalent constitutive parameters and the
geometrical adimensional coefficients t̃ and ã, substituting
the expressions of Appendix B:

Voc =
γe
(
1 + t̃

)
6t̃(

εP
[
KS +KP

(
6t̃+ 12t̃2 + 8t̃3

)]
+

2γeγmt̃
3 + 6γeγmt̃

(
1 + t̃

)2 ) 1

tS
ML.

(26)
The five equivalent parameters KS , KP , γm, γe and

εP have different expressions for the NTS, TFC and
NTD models (Table 2). These parameters impose an
additional implicit dependence of the voltage on t̃ and
ã. In the following we will investigate this dependence
and verify the predictions of the three models by
comparing Eq. (26) with FEM simulations performed
over a wide range of geometries. FEM simulations were
performed with ANSYS, using SOLID186 and SOLID226
elements to mesh the volumes associated with the structure
and piezoelectric material, respectively. The number of
elements along the thicknesses was kept constant at 2 and
1 for the structural and piezoelectric material, respectively,
while the number of in plane (i.e. along W and L) elements
are varied with the structure geometry. The applied moment
per unit width is set to ML = −10−3N. The simulated
structural material is polysilicon, while the piezoelectric
layers are made of PZT-5H. Material properties, taken from
(Cho and Chasiotis 2007) and (Auld 1975), respectively, are
reported in Table 3.

We simulate several different geometries by sweeping
ã between 0.01 and 10, t̃ between 0.02 and 1, and s̃
between 30 and 150 while keeping the structural thickness
tS constant at 6 µm. These ranges include most real
geometries in the literature (see Fig. 2).

We first analyze the impact of the (normalized)
piezoelectric thickness t̃, comparing the predictions of the
analytical model of Eq. (26) and FEM results. In Fig. 4,
the voltage Voc as a function of t̃ for the three analytical
models and for two FEM cases, corresponding to the lower
and upper bounds of ã, are given (the slenderness s̃ is
kept constant at 30 in both cases). The voltage has a

maximum for a specific piezo thickness, a behavior has
already been documented in the literature (Karami et al.
2011). In agreement with our previous discussion on the
range of validity of the models, for narrow beams (ã = 0.01)
the FEM data moves from the TFC to the NTS model as
t̃ increases. The agreement is confirmed for wide beams
(ã = 10), where the behavior is completely caught by the
NTD model.
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1
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normalized piezo thickness t~

s=30 NTS     TFC     NTD
 FEM, narrow beam (a=0.01)
 FEM, wide beam (a=10)

Figure 4. FEM open circuit voltage as a function of t̃ for
analytical and FEM models; the voltage polarity and loading
torque direction are shown in the inset.

Other aspects can be appreciated by looking at the
plots of Fig. 5, where we give the voltage Voc as a
function of ã for the three analytical models and for two
FEM cases, corresponding to the lower and upper bounds
of t̃ (the slenderness s̃ is kept constant at 30 in both
cases). Since no explicit dependence on ã is present in
the models, they appear as horizontal lines in these plots.
The monotone behavior of the FEM voltage with respect
to ã is also documented in (Gafforelli et al. 2015) and
has its upper limit well predicted by the NTD model for
both thin (lower graph, low t̃) and thick (higher graph,
high t̃) piezoelectric layers. The lower limit is instead
predicted by the TFC and NTS models for thin and thick
piezo layers, respectively. Once again, such behavior is in
agreement with our discussion on the range of validity of
the models. In these plots NTS and NTD models are also
reported (as dashed lines) assuming a constant electric field
and thus disregarding the piezoelectrically induced flexural
stiffening in KI tot (see Table 3). The data reveals that this
effect gives a noticeable improvement to the NTD model
only for thick piezoelectric layers.

A comprehensive assessment of the range of validity of
the models can be obtained by defining the relative error of
each model as

Er =
Voc(model)− Voc(FEM)

Voc(FEM)
(27)
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Table 3. Material properties used in the example. Symbols are defined in Appendix A.

Material
Y∗ Y∗,z ν∗ ν∗,xz G∗ G∗,xz ρ∗ ε1 ε3 d31 d33 d15

(GPa) (/) (GPa) (kg/m3) (nF/m) (10−10 m/V)
Polysilicon 164 0.219 67.3 2330 / /

PZT-5H 60 48.2 0.51 0.29 23 23.3 7500 27.6 30.4 -2.75 5.94 7.39
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Figure 5. Open circuit voltage as a function of ã for the upper
and lower bounds of the normalized piezo thickness, t̃ = 1
(top) and t̃ = 0.02 (bottom).

and plot them in the [ã,t̃] design space. A plot of the
absolute value of the relative error is given in Fig. 6 for three
values of the slenderness s̃. The stars in Fig. 6 represent
actual devices (reported in the references) for which the
authors have presented an analytical model, with the star
color referring to the used model (red for NTS, green for
TFC, purple for NTD). Each star has been placed in the
plot with the value of s̃ closest to the real one. Comparison
of solid and dashed lines in Fig. 6 shows that the assumption
of field-induced flexural stiffness is only significant for the
NTD model. This confirms the behavior shown in Fig. 5 for
thick piezoelectric layers.

The data in Fig. 6 also clearly shows that there is a
large domain of geometries, where real devices commonly
lie, for which none of the usually used models gives
accurate predictions. Most importantly, it shows that NTS

is frequently used far outside of its reasonable range of
validity. Moreover, sometimes, as in (Ledermann et al.
2004), TFC has been used when NTD would be more
accurate.

Using the error zones of Fig. 6, a critical review of
the ranges of validity discussed in the initial section and
given in the second column of Table 2 for each of the
three analytical models is possible. The condition on NTD
(i.e. ã ≥ 1) is essentially respected, but the conditions for
the NTS model (ã� 1) and the TFC model (ã� 1 and
t̃� 1 ) do not capture the FEM behavior. The transition
between NTS and TFC is ruled by both ã and t̃, and is
also somewhat dependent on the slenderness, with the NTS
model more accurate for a smaller slenderness.

A possible explanation for this effect can be given by
reconsidering the argument behind the choice of the NTS
model, that is, the assumption that, for sufficiently long
beams, the piezo can release its transverse stress because
it is not constrained significantly by the clamp. This, of
course, might not be the case if the piezo is so thin that its
deformation is imposed by the underlying structural layer
(hence the need, correctly identified by some authors, of
the TFC model). Fig. 6 shows that a beam with a thin piezo
(t̃� 1) can nevertheless obey NTS, if the beam is narrow
enough. This behavior can be explained by noting that, even
if the piezo is thin with respect to the beam, it would be free
to expand along y (and thus release the transverse stress) as
long as it is narrow, i.e. for tP &W . This inequality can be
translated in adimensional form as:

t̃

ãs̃
& 1. (28)

It is thus reasonable that NTS retains its validity even at
small t̃’s, if Eq. (28) holds, and also takes into account the
dependence on the slenderness of the NTS validity domain.
Conversely, the assumption at the base of TFC, i.e. the
continuity of transverse deformation of the two layers, does
not seem justified for this kind of geometries, even for small
t̃’s.

Figure 6 also shows, however, that for tP ≈ tS and
moderate beam widths (ã between 0.1 and 1), i.e. in
the upper central portion of the graphs, the validity of
NTS extends to the right of the domain defined by
Eq. (28). A possible explanation is related to the fact that
the piezolectrically-induced transverse stress is distributed
along the whole thickness tP of the piezo. A larger
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Figure 6. Regions in the [ã, t̃] space where the analytical models provide an estimate of the open-circuit voltage Voc with |Er|
less than 5% (darker color) and 10% (lighter color) at three different values of s̃. Data in the shaded area are interpolated.
Dashed lines assume a constant electric field, solid lines a non-constant one. Actual structures from the literature are marked
with a star and color-coded depending on the model used in the reference. The reference for each number is given in Table 1.

thickness may then favor the release of this stress in that
part of the piezo which is further away from the interface
between the two layers, thus causing an extension of the
NTS range even at larger widths. Consequently, we propose
that NTS is accurate when ã� 1 and either t̃/ãs̃ & 1 or
t̃ ≈ 1 is true (Table 2).

Finally, from Fig. 6 appears that TFC behaves as an
intermediate model between NTS and NTD over the whole
design domain, even for large t̃’s, where, strictly based
on its assumptions, it should not be applied. This fact
is confirmed also by Figs. 4-5, where the green TFC
curve always lies between the other two, and is likely a
consequence of the transitional nature of the model.

Conclusions

It this work, we critically review the most commonly used
simplified models for the electromechanical behavior of
composite piezoelectric beams. These models essentially
differ on the assumptions used to simplify the complex
stress-strain state at the beam cross-section and reduce
the dimensionality of the problem. We develop a compact
formalism which incorporates three different models into a
single, generalized set of equations. The parameters of this
model can be chosen depending on the validity of certain
assumptions, which in turn depend on the beam geometry.

The model can be used both for unimorph and bimorph
beams.

We validate our model with extensive FEM simulations
of a piezoelectric bimorph beam for hundreds of different
geometries, showing that the models broadly used in the
literature are often applied in a way that can lead to very
large errors, even when the geometric conditions of validity
commonly assumed for these models are satisfied. We
then propose revised geometric conditions that match the
expected behavior more accurately.

Our approach presents two distinct advantages for
designers: first, they are given a single, unified equation
which can be used to obtain accurate predictions for
any geometry of the beam; moreover, the dependence
on the beam geometry is included through the use of
equivalent parameters with clear physical meaning, and
these parameters can be easily computed based on simple
selection rules which, in turn, depend on the beam
geometry. We expect our model and geometric criteria
for model selection to become a valuable help for the
designer of piezoelectric sensors and actuators in a variety
of applications.

Appendix A
Assuming hexagonal anisotropy constitutive Eqs. (1) can be
written in matrix form as


SS,1
SS,2
SS,3
SS,4
SS,5
SS,6

 =



1
YS

− νS
YS

−νS,xz

YS
0 0 0

− νS
YS

1
YS

−νS,xz

YS
0 0 0

−νS,xz

YS
−νS,xz

YS

1
YS,z

0 0 0

0 0 0 1
GS,xz

0 0

0 0 0 0 1
GS,xz

0

0 0 0 0 0 1
GS




TS,1
TS,2
TS,3
TS,4
TS,5
TS,6

 (29a)
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SP,1
SP,2
SP,3
SP,4
SP,5
SP,6

 =



1
YP

− νP
YP

−νP,xz

YP
0 0 0

− νP
YP

1
YP

−νP,xz

YP
0 0 0

−νP,xz

YP
−νP,xz

YP

1
YP,z

0 0 0

0 0 0 1
GP,xz

0 0

0 0 0 0 1
GP,xz

0

0 0 0 0 0 1
GP




TP,1
TP,2
TP,3
TP,4
TP,5
TP,6

+


0 0 d31
0 0 d31
0 0 d33
0 d15 0
d15 0 0
0 0 0


 0

0
E3

 (29b)

D1

D2

D3

 =

ε1 0 0
0 ε1 0
0 0 ε3

 0
0
E3

+

 0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0



TP,1
TP,2
TP,3
TP,4
TP,5
TP,6

 . (29c)

By imposing the appropriate boundary conditions to
this system of equations, the reduced order constitutive
equations (8) of NTS, TFC and NTD models are found.
The expressions of the five equivalent parameters appearing
in such equations are reported in Table 2.

Many references use different and sometimes misleading
notations for these same coefficients. It is common to
NTS models (see for example (Karami et al. 2011; Dietl
et al. 2010; Torri et al. 2014)) to call the equivalent
coupling coefficients γm = γe with the symbol e31, and
the equivalent dielectric permittivity εP with the symbol
εS3 . This notation can be confusing, as these symbols are
typically used to identify an element of the piezoelectric
stress matrix (e31) and of the dielectric permittivity tensor
as constant strain (εS3 ), respectively (IEEE 176-1987), and,
in general, there is no identity between the two. Moreover,
some references (see for example (Dietl et al. 2010)),
use the symbol C11 for the Young’s modulus, which is
the standard symbol for the 11 element of the stiffness
matrix (at constant electric field) c∗,ij = (s∗,ij)

−1 and is,
in general, different from the Young’s modulus.

For further clarity, we also report below the relationships
among these coefficients assuming hexagonal anisotropy.
The piezoelectric stress matrix emi has the same form of the
piezoelectric stain matrix dmi reported in Eq. (29c) and can
be written as emi = dmkcP,ki. The extended expressions
relating the coefficients of the two piezoelectric matrices
are

e31 =
YP
(
YP d31 + d33Y P,zνP,xz

)
YP (1− νP )− 2YP,zν2P,xz

, (30a)

e33 =
YPYP,z (d33(1− νP ) + 2d31νP,xz)

YP (1− νP )− 2YP,zν2P,xz
, (30b)

e15 = d15GP,xz (30c)

d31 =
e31(1− νP )− e33νP,xz

YP
, (30d)

d33 =
e33
YP,z

− 2e31νP,xz
YP

, (30e)

d15 =
e15
GP,xz

. (30f)

The dielectric permittivity matrix at constant strain εSmn
has the same form of the permittivity matrix at constant
stress εmn reported in Eq. (29c) and can be written as
εSmn = εmn−dmkekn. The extended expression relating the
coefficients of the two permittivity matrices are

εS1 = ε1−d15e15, εS3 = ε3 − 2d13e13 − d33e33. (31)

We note here that the equalities e31 = d31Y P and εS3 =
ε3 − d231YP suggested by the notations used in (Karami
et al. 2011; Dietl et al. 2010; Torri et al. 2014) are true
if and only if a simplified version of the piezoelectric
stress matrix, where only the 31 element e31 is nonzero,
is assumed, a condition never verified in real piezoelectric
materials.

A further useful clarification on notation is required
for many works regarding TFC and NTD models (see
for example (Defaÿ et al. 2006; Ledermann et al. 2003;
Benjeddou et al. 1997)). In these works, a notation
exploiting the piezoelectric stress coefficients, as well as
the stiffness coefficients is used. By means of simple
substitutions it is easy to verify the identities among such
expressions and the ones used in this work:

K∗
NTD−−−→ Y∗

1− ν2∗
= c∗,11 −

c2∗,13
c∗,33

(32a)

γm
TFC,NTD−−−−−−−→ d31YP

1− νP
= e31 −

cP,13
cP,33

e33 (32b)

εP
TFC,NTD−−−−−−−→ ε3 −

2d231YP
1− νP

= εS3 +
e233
cP,33

(32c)

Appendix B
The expressions of the parameters appearing in the
differential system (21-23) are reported in Table 4
for symmetric triple layer bimorphs and unimorphs
piezoelectric beams. The triple layer bimorph geometry of
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Fig. 1 has been introduced and taken as a case study for
the derivation of such parameters in the Model section. The
results are summarized here for convenience. By following
the same procedure with minimal changes, the expressions
for the unimorph geometry can be obtained. For this case,
only the top piezoelectric layer is retained.

In the same table, the position zN of the neutral axis
(computed from the bottom of the stack) and the expression
of the mass per unit length µl, are also reported. In the
expression of µl the symbols ρS and ρP represent the
mass density of the structural and piezoelectric material,
respectively.

The position of the neutral axis is straightforward for
the triple layer bimorph due to the symmetry of the
system. For a unimorph geometry the position of the neutral
axis involves basic beam computations (Lobontiu and
Garcia 2005), once again using the equivalent longitudinal
stiffnesses KS , KP in place of the Young’s moduli.

While computing the parameters in Table 4, we choose
to place the origin of the reference system at the neutral
axis. It is worth noting that this choice is arbitrary but
any choice different from the one adopted here has the
significant drawback of leading to a beam constitutive
matrix of Eq. (20) with nonzero elements at positions 12
and 21, as suggested in (Littrell and Grosh 2012).

Appendix C
The complete expression of the electric field inside the
top piezoelectric layer can be determined by substituting
Eqs. (9) and (11) into Eq. (8c)

D3(x) =εPE3(x, z) + γeSP,1(x, z)

=εP

[
E

(0)
3 (x) + E

(1)
3 (x)

(
z − tP + tS

2

)]
+ γe [λ(x) + χ(x)z]

=εP

[
E

(0)
3 (x)− E(0)

3 (x)
tP + tS

2

]
+ γeλ(x) + z

[
εPE

(1)
3 (x) + γeχ(x)

]
. (33)

The independence on z of the electric displacement
D3(x) requires that the last term vanishes and, conse-
quently

E
(1)
3 (x) = − γe

εP
χ(x). (34)

E
(0)
3 (x) can be obtained by integration of Eq. (11) along

the layer thickness∫ tS
2 +t

P

tS
2

E3(x, z) dz = E
(0)
3 (x)tP = −V (35a)

E
(0)
3 (x) = − V

tP
. (35b)

By substituting Eqs. (34) and (35b) into Eq. (11) the
complete expression of the electric field is found.
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