ECOLE
POLYTECHNIQUE

UNIVERSITE PARIS-SACLAY

s

ournal de I'Ecole polytechnique
Mathématiques

Giuseppe Burrazzo, Augusto Gerorin, Berardo Rurrint,
& Bozhidar VeLicukov
Optimal potentials for Schrodinger operators

Tome 1 (2014), p. 71-100.

<http://jep.cedram.org/item?id=JEP_2014__1__71_0>

© Les auteurs, 2014.
Certains droits réservés.

Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd /3.0/fr/

L’acces aux articles de la revue « Journal de 1’Ecole polytechnique Mathématiques »
(http://jep.cedram.org/), implique 1’accord avec les conditions générales d’utilisation

(http://jep.cedram.org/legal /).

Publié avec le soutien
du Centre National de 1a Recherche Scientifique

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jep.cedram.org/item?id=JEP_2014__1__71_0
http://creativecommons.org/licenses/by-nd/3.0/fr/
http://jep.cedram.org/
http://jep.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

75urnal de I'Ecole polytechnique
C

Mathématiques

Tome 1, 2014, p. 71100 DOI: 10.5802/jep.4

OPTIMAL POTENTIALS FOR
SCHRODINGER OPERATORS

BY GruserpE BurTtazzo, Aucusto GErROLIN, BERARDO RUFFINT

& Bozuipar VELICHKOV

Asstracr. — We consider the Schrédinger operator —A + V(z) on Hj (), where € is a given
domain of R%. Our goal is to study some optimization problems where an optimal potential
V' > 0 has to be determined in some suitable admissible classes and for some suitable optimiza-
tion criteria, like the energy or the Dirichlet eigenvalues.

Resumic (Potentiels optimaux pour les opérateurs de Schrédinger). — Nous considérons 1’opé-
rateur de Schrédinger —A + V(z) sur H}(Q), ott Q est un domaine fixé de R%. Nous étudions
certains problémes d’optimisation pour lesquels un potentiel optimal V' > 0 doit étre déterminé
dans une certaine classe admissible et pour certains criteres d’optimisation tels que 1’énergie ou
les valeurs propres de Dirichlet.
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1. INnTRODUCTION

In this paper we consider optimization problems of the form
(1.1) min {F(V): V € V},

for functionals F'; depending on the Schrodinger operator —A+V (z) with potential V
belonging to a prescribed admissible class V of Lebesgue measurable functions on a
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72 G. Burrazzo, A. Gerovin, B. Rurrint & B. VevLiciikov

set Q C R, which is typically chosen to be a bounded open set or the entire space
Q = R?. Problems of this type have been studied, for example, by Ashbaugh-Harrell
[2], Egnell [15], Essen [16], Harrell [20], Talenti [24] and, more recently, by Carlen-
Frank-Lieb [12]. We refer to the monograph [22], and to the references therein, for a
complete list of references and as a comprehensive guide to the known results about
the problem.

In our framework we include very general cost functionals, as for example the
following.

Integral functionals. — Given a function f € L?*(Q) we consider the solution uy to
the elliptic PDE
—Au+Vu=finQ, u € HY (D).

The integral cost functionals we may consider are of the form

F(V):/Qj(x,uv(x),Vuv(x)) dz,

where j is a suitable integrand that we assume convex in the gradient variable and
bounded from below. One may take, for example,

j(ZL’,S,Z) > —a(x) - C|S|27

with @ € L'(Q) and ¢ smaller than the first Dirichlet eigenvalue of the Laplace oper-
ator —A in Q. In particular, the energy £;(V') defined by

1 1
(1.2) Er(V) = inf {/ (§|Vu|2 + 5V(a:)zﬂ - f(:c)u) dr:u € H&(Q)} ,
Q
belongs to this class since, integrating by parts its Euler-Lagrange equation, we have
1
(V) = —5/ F@)uy dz,
Q
which corresponds to the integral functional above with
. 1
j(il?, S, Z) = _if(x)s

Spectral functionals. — For every admissible potential V' > 0 we consider the spec-
trum A (V) of the Schrédinger operator —A + V (z) on Hg (). If  is bounded or has
finite measure, or if the potential V' satisfies some suitable integrability properties,
then the operator —A + V(x) has compact resolvent and so its spectrum A(V) is
discrete:
AWV) = (V) A2(V),...),
where A\ (V') are the eigenvalues counted with their multiplicity. The spectral cost
functionals we may consider are of the form
F(V)=a(A(V)),
for suitable functions ® : RY — (—oo, +00]. For instance, taking ®(A) = A we obtain

F(V) = (V).

JE.P. — M., 2014, tome1
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The class of admissible potentials V we consider satisfies an integrability condition,
namely

(1.3) Y= {V : Q — [0, +00] : V Lebesgue measurable, /
Q

for a suitable function ¥ : [0, +00] — [0, +00]. It is worth remarking that the require-

(V) dz < 1},

ment V' > 0 is not, in general, necessary for the well-posedness of problem (1.1),
but allowing V' to change sign radically changes the conduct of the problem. An in-
stance of optimization problem for sign-changing potentials can be found in the recent
work [12], where the authors study a quantitative stability for the first eigenvalue of
the Schrédinger operator. The integrability constraint in (1.3) naturally appears in
the following cases.

Approzimation of optimal sets. — 1In the case of spectral and energy functionals F' as
above, the optimization problems related to the Schrodinger operators may be linked
to the classical shape optimization theory™™) for problems of the form

min { F(E) : E C Q, |E| < constant}.

Indeed, if we set Vg = 0 in F and Vg = +o0o outside of E, then the Schrédinger oper-
ator —A + Vg corresponds to the Dirichlet-Laplacian on the set E. This observation
suggests, by one side, that we can approach problem (1.1) by means of techniques
developed in the study of more classical shape optimization problems and, on the
other hand, that we can approximate the potential Vg, corresponding to an optimal
set E, by means of potentials that solve (1.1) under suitable constraints. We will show
in Section 5 that a good approximation is given by the family of constraints

(V) =e2".

Ground states of semilinear equations. — 1If the cost functional F is of energy type, as
F(V) = A1 (V), then the study of the optimization problem

min {F(V) LV Q — [0, +00], / VP dr = 1}
Q
naturally reduces to the one of ground states of the equation
(1.4) —AY A+ [P =X, e HH(Q)NL(Q).

The case p > 0 corresponds to the superlinear case s > 0, while the case of nega-
tive exponent p < 0 corresponds to the sublinear case s < 0. Indeed, the potential
V(z) = |1(x)|° satisfies an integrability condition inherited from the ground state ).
In the superlinear case s > 0, we have V € LP(Q) with p = (s + 2)/s, while in the
sublinear case s € (—1,0) we get [, V7 dx < 400 with p = —(s+2)/s.

The paper is organized as follows. In Section 2 we recall the concepts of capacitary
measures and y-convergence together with their main properties. Then we prove some
preliminary results which will be exploited in the subsequent sections.

(DFor an introduction to the theory of shape optimization problems we refer to the papers [8],
[9], [10] and to the books [4], [22] and [23].

JE.P. — M., 2014, tome 1
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In Section 3 we prove two general results concerning the existence of optimal poten-
tials in a bounded domain © C R%. In Theorem 3.1 we deal with constraints V which
are bounded subsets of L?()), while Theorem 3.4 deals with the case of admissible
classes consisting of suitable subsets of capacitary measures.

In Section 3 our assumptions allow to take F/(V) = —&;(V) and thus the optimiza-
tion problem becomes the maximization of £ under the constraint fQ VPdx < 1. We
prove that for p > 1, there exists an optimal potential for the problem

max {Ef(V) : /QVpda: < 1}.

The existence result is sharp in the sense that for p < 1 the maximum cannot be
achieved (see Remark 3.11). For the existence issue in the case of a bounded domain,
we follow the ideas of Egnell [15], summarized in [22, Chapter 8]. The case p = 1 is
particularly interesting and we show that in this case the optimal potentials are of
the form

f

M (XUJ+ - wa) )

where x¢ indicates the characteristic function of the set U, f € L?(Q), M = |luy | L),
and wy = {u=+M}.
In Section 4 we deal with minimization problems of the form

(1.5) min{F(V): /pr(V)dxgl},

and we prove existence for the problem (1.1) for a large class of functionals F' and of
constraints ¥, including the particular cases

U(s)=s""? and U(s) =e .

V =

These type of constraints are, as far as we know, new in the literature. In the case
U(s) = s~P the equation reduces, as already pointed out, to the sublinear case of (1.4).

In some cases the Schrédinger operator —A + V(x) is compact even if € is not
bounded (see for instance [5]). This allows to consider spectral optimization problems
in unbounded domains as = R%. We deal with this case in Section 5, where we
prove that for F = & or F = )y, there exist solutions to problem (1.5) in R?
with ¥(s) = s~P. Moreover, we characterize the optimal potential V as an explicit
function of the solution u to a quasi-linear PDE of the form (1.4). Thus the qualitative
properties of u immediately translate into qualitative properties for V. Thanks to
this, we prove that, in the case F' = &, 1/V is compactly supported, provided f is
compactly supported. In the case F' = A; the same holds and the optimal potential V'
is an (explicit) function of the optimizers of a family of Gagliardo-Nirenberg-Sobolev
inequalities (see Remark 5.7).

In the final Section 6 we make some further remarks about the state of the art
of spectral optimization for Schrédinger operators on unbounded domains, and we
apply the results of Section 5 to get, in Theorem 6.1, the qualitative behavior of the
optimal potential for F' = Ay for problem (1.5) with ¥(s) = s7P.

JE.P. — M., 2014, tome1
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2. CAPACITARY MEASURES AND 7Y-CONVERGENCE

For a subset £ C R? its capacity is defined by
cap(F) = inf {/ |Vu|? da:—I—/ w?dz : we H'(R?), u > 1 in a neighborhood of E}
Rd Rd

If a property P(x) holds for all z € Q, except for the elements of a set E C Q of
capacity zero, we say that P(xz) holds quasi-everywhere (shortly g.e.) in 2, whereas the
expression almost everywhere (shortly a.e.) refers, as usual, to the Lebesgue measure,
which we often denote by | - |.

A subset A of R? is said to be quasi-open if for every ¢ > 0 there exists an open
subset A. of RY, with A C A., such that cap(A. ~ A) < e. Similarly, a function
u: R? — R is said to be quasi-continuous (respectively quasi-lower semicontinuous)
if there exists a decreasing sequence of open sets (A,), such that cap(4,) — 0
and the restriction u,, of u to the complement AS of A, is continuous (respectively
lower semicontinuous). It is well known (see for instance [18]) that every function
u€eH 1(]Rd) has a quasi-continuous representative u, which is uniquely defined up to
a set of capacity zero, and given by

- . 1
u(z) = gl_%w/&(z) u(y) dy,

where B.(z) denotes the ball of radius € centered at 2. We identify the (a.e.) equiva-
lence class u € H'(R?) with the (q.e.) equivalence class of quasi-continuous represen-
tatives u.

We denote by M*(R9) the set of positive Borel measures on R? (not necessarily
finite or Radon) and by MJ, (R?) € MT(R?) the set of capacitary measures, i.c. the
measures p € MT(R?) such that u(E) = 0 for any set £ C R? of capacity zero. We
note that when p is a capacitary measure, the integral fRd |u|? d is well-defined for
eachu € H 1(Rd), i.e. if u; and Uy are two quasi-continuous representatives of u, then
fRd |1 dp = fRd |t2|? dp.

For a subset Q C R?, we define the Sobolev space H}((2) as

Hy(Q) ={ue HY(RY) : u =0 q.e. on Q).
Alternatively, by using the capacitary measure I defined as

0 if cap(E~ Q) =0

for every Borel set E C R,
+oo if cap(E~Q) >0

(21)  Io(B) = {
the Sobolev space HE(£2) can be defined as
H(Q) = {u € H'(RY) : / lu|? dIg < +oo}.
Rd

More generally, for any capacitary measure u € M7, _(R?), we define the space

cap

1 _ 1 dy . 2
Hﬂf{ueH(R)./RdM du<+oo},

JE.P. — M., 2014, tome 1
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which is a Hilbert space when endowed with the norm ||ul|1,,, where

||u||%#:/ \Vu|2dx+/ u2d£c+/ u? dp.
R4 R4 R4

If u ¢ Hj, then we set ||ul]; , = +oc.
For © C R?, we define M, ,(€2) as the space of capacitary measures . € M, (RY)

cap

such that u(E) = +oo for any set £ C R? such that cap(E ~ Q) > 0. For
p € M, (RY), we denote with H(Q) the space H ., ;, = H} N Hg ().

Derinition 2.1, — Given a metric space (X, d) and sequence of functionals J,, : X —
R U {400}, we say that J,, I'-converges to the functional J : X — R U {400}, if the
following two conditions are satisfied:

(a) for every sequence x,, converging to z € X, we have
J(x) < liminf J, (x,);
n—oo
(b) for every x € X, there exists a sequence x,, converging to x, such that
J(x) = lim J,(x,).
n—oo
For all details and properties of I'-convergence we refer to [13]; here we simply
recall that, whenever J,, I'-converges to J,

min J(z) < lim inf min J,, (x).

zeX n—oo xzeX
Derinition 2.2, — We say that the sequence of capacitary measures ., € /\/ljidp(Q),
y-converges to the capacitary measure p € /\/ljap(Q) if the sequence of functionals

l|Il1,0,, T-converges to the functional ||-||1,, in L?(£2), i.e. if the following two conditions
are satisfied:

e for every sequence u, — u in L?()) we have

/ |Vu|2dx+/ u2d/¢<liminf{/ |Vun|2dm+/ uidun};
R4 R4 n—oo R4 R4

e for every u € L%(Q), there exists u,, — u in L?*(2) such that

/ |Vu|2dw+/ u?dp = lim {/ |Vun\2d:v+/ uid,un}.
Rd Rd n—oo Rd Rd

If p € ME,,(Q) and f € L?(Q) we define the functional J, (f,-) : L*(Q2) — RU{+o00}
by

1 1
(2.2) Ju(fou) = f/ |Vul|? dz + 7/ u? du —/ fudz.
2 Ja 2 Ja Q
If Q C R? is a bounded open set, € ME, (Q) and f € L*(Q), then the functional

Ju(f,-) has a unique minimizer u € H }L that verifies the PDE formally written as

—Au+ pu = f, ueHi(Q),

JE.P. — M., 2014, tome1
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and whose precise meaning is given in the weak form

/Vu-chder/wpdu:/fgodz, V@EH;(Q),
Q Q Q
The resolvent operator of —A + p, that is the map R, that associates to every
f € L*() the solution u € H\(Q) C L*(Q), is a compact linear operator in L?(Q2)
and so, it has a discrete spectrum

0<-- <A< <Ay <AL

Their inverses 1/A; are denoted by Ax(u) and are the eigenvalues of the operator
—A+ p.

In the case f = 1 the solution will be denoted by w,, and when p = I we will use
the notation wgq instead of wy,. We also recall (see [4]) that if © is bounded, then the
strong L2-convergence of the minimizers w,,,, to w, is equivalent to the vy-convergence
of Definition 2.2.

Remark 2.3. An important well-known characterization of the vy-convergence is
the following: a sequence p,, y-converges to u, if and only if, the sequence of resolvent
operators R, associated to —A + p,,, converges (in the strong convergence of linear
operators on L?) to the resolvent R, of the operator —A + . A consequence of this
fact is that the spectrum of the operator —A + p,, converges (pointwise) to the one
of —A + p.

Remark 2.4. — The space ./\/lj;p(Q) endowed with the ~-convergence is metrizable.

If Q is bounded, one may take d. (p, ) = ||w, —w,||r2. Moreover, in this case, in [14]
it is proved that the space Mf, () endowed with the metric d, is compact.

cap

Prorosition 2.5. — Let Q C R? and let V,, € L*(Q) be a sequence weakly converging
in LY(Q) to a function V. Then the capacitary measures V,, dx y-converge to V dx.

Proof. — We have to prove that the solutions u,, = Ry, (1) to

—Auy, + Vo (@)u, =1
u € H(Q)
weakly converge in H} () to the solution u = Ry (1) to

—Au+V(z)u=1
u € Hy (),

or equivalently that the functionals

Jn(u):/Q|Vu|2dx+/QVn(x)u2dx

I'-converge in L?(2) to the functional

J(u) = /Q Vul? de + /Q V(2)u? da.

JE.P. — M., 2014, tome 1
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The I'-liminf inequality (Definition 2.1 (a)) is immediate since, if u,, — u in L?(£2),

/|Vu\2d:cgliminf/ |V, |? da
Q n—oo Q

by the lower semicontinuity of the H' () norm with respect to the L?(Q)-convergence,

we have

and
/ V(z)u? dr < liminf [ V,(z)u? dx
Q Q

n—oo
by the strong-weak lower semicontinuity theorem for integral functionals (see for
instance [7]).
Let us now prove the I'-limsup inequality (Definition 2.1 (b)) which consists, given
u € H}(Q), in constructing a sequence u, — u in L*(£2) such that

(2.3) limsup/ |Vun|2dx+/Vn(x)uidx</ |Vu\2da:+/V(x)u2dx.
Q Q Q Q

n—o0
For every t > 0 let u! = (u At) V (=t); then, by the weak convergence of V,,, for ¢
fixed we have

lim Vn(x)|ut\2da::/V(x)\ut\zdl‘,
Q Q

n—oo

and

~ 2 g 2
tllgloo QV(z)|u| da:—/QV(m)|u| dz.

Then, by a diagonal argument, we can find a sequence t,, — +00 such that
im [ Vi (2)ut 2 do = / V(@) ul? da.

Taking now u,, = u'*, and noticing that for every ¢t > 0

/|Vut|2dx</|Vu|2dx,
Q Q

we obtain (2.3) and so the proof is complete. O

In the case of weak* convergence of measures the statement of Proposition 2.5 is
no longer true, as the following proposition shows.

Prorosition 2.6. Let Q c R? (d > 2) be a bounded open set and let V,W be
two functions in the class L}‘_(Q) of nonnegative integrable functions on €0 such that
V > W. Then, there exists a sequence V,, € L1 (Q), uniformly bounded in L'(S2), such
that the sequence of measures V,,(x) dx converges weakly* to V() dx and ~y-converges
to W(x)dzx.

PI'OOf(Q). — Without loss of generality we can suppose fQ(V — W)dx = 1. Let u,
be a sequence of probability measures on  weakly* converging to (V — W) dx and
such that each p,, is a finite sum of Dirac masses. For each n € N consider a sequence
of positive functions V,, ,, € L'(Q) such that [, Vomdz = 1 and V,, pda converges

(2)The idea of this proof was suggested by Dorin Bucur.
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weakly* to p, as m — oo. Moreover, we choose V,, ,, as a convex combination of
functions of the form |Bl/m|*1XBl/m(xj).

We now prove that for fixed n € N, (V,,,,, + W)dx ~-converges, as m — oo,
to Wz or, equivalently, that the sequence ww v, ,, converges in L? to wyw, as
m — oco. Indeed, by the weak maximum principle, we have

WWtIg,, , S WAV, S WW,
where Qp, , = QN U; By (z5) and Iq,, , is as in (2.1).
Since a point has zero capacity in R? (d > 2) there exists a sequence ¢,, — 0
strongly in H'(R%) with ¢,, = 1 on By, (0) and ¢,,, = 0 outside B,/ /7(0). We have

/ lww — ww i, |? de < 2[ww || Lo / (ww —wwir,, ) dx
Q Q

= 4||wwHLoo (E(W + IQW,H) - E(W))

2.4 1 1
(24) <4||ww|\Loo(/ 7|Vwm|2+ow,2n—wmdx
02 2

1 1
- / §|wa\2 + §Ww%V — wy dx),
Q
where wy, is any function in € HJ (£, ). Taking

Wi (T) = ww () H (1 — Pz — xj))’
J
since ¢,, — 0 strongly in H'(R?), it is easy to see that w,, — wy strongly in H'(Q)
and so, by (2.4), ww4r, . — ww in L*(2) as m — co. Since the weak convergence of
probability measures and the ~v-convergence are both induced by metrics, a diagonal
sequence argument brings to the conclusion. O

Remark 2.7. When d=1, a result analogous to Proposition 2.5 is that any sequence
() weakly* converging to p is also y-converging to p. This is an easy consequence
of the compact embedding of Hi () into the space of continuous functions on Q.

We note that the hypothesis V' > W in Proposition 2.6 is necessary. Indeed, we
have the following proposition, whose proof is contained in [11, Theorem 3.1] and we
report it here for the sake of completeness.

Prorosirion 2.8. — Let u, € /\/ljap(Q) be a sequence of capacitary and Radon mea-
sures weakly* converging to the measure v and y-converging to the capacitary measure
p e ME(Q). Then p < v in Q.

Proof. — We note that it is enough to show that u(K) < v(K) whenever K CC Q is
a compact set. Let u be a nonnegative smooth function with compact support in §2
such that © < 1in Q and u = 1 on K; we have

u(K)g/uzd,ugliminf/uzd,un:/UQdyiu({u>0}).
Q Q Q

n—oo

Since u is arbitrary, we have the conclusion by the Borel regularity of v. |

JEP. — M., 2014, tome 1
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3. EXISTENCE OF OPTIMAL POTENTIALS IN LP(2)

In this section we consider the optimization problem

(3.1) min{F(V): ViQ [0, 40d], | VPdr< 1},

Q
where p > 0 and F(V) is a cost functional acting on Schrédinger potentials, or more
generally on capacitary measures. Typically, (V) is the minimum of some functional
Jy : H} () — R depending on V. A natural assumption in this case is the lower
semicontinuity of the functional F' with respect to the ~y-convergence, that is

F(p) <liminf F(u,), whenever p,, — u.
n— oo

Tueorem 3.1. — Let F : LY (Q) — R be a functional, lower semicontinuous with
respect to the y-convergence, and let V be a weakly L*(Q)) compact set. Then the
problem

min {F(V): V e V},

admits a solution.

Proof. Let (V,,) be a minimizing sequence in V. By the compactness assumption
on V, we may assume that V,, tends weakly L' () to some V € V. By Proposition 2.5,
we have that V,, vy-converges to V' and so, by the semicontinuity of F,

F(V) < liminf F(V,,),
n—oo
which gives the conclusion. |

Remark 3.2. — Theorem 3.1 applies for instance to the integral functionals and to
the spectral functionals considered in the introduction; it is not difficult to show that
they are lower semicontinuous with respect to the y-convergence.

Remark 3.3. — In some special cases the solution to (3.1) can be written explicitly
in terms of the solution to some partial differential equation on 2. This is the case of
the Dirichlet Energy (see Propositions 3.6 and 3.9), and of the first eigenvalue of the
Dirichlet Laplacian A1 (see [21, Chapter 8]).

The compactness assumption on the admissible class V for the weak L'({2) con-
vergence in Theorem 3.1 is for instance satisfied if 2 has finite measure and V is a
convex closed and bounded subset of LP(2), with p > 1. When V is only bounded in
L'(Q) Theorem 3.1 does not apply, since minimizing sequences may weakly* converge
to a measure. It is then convenient to extend our analysis to the case of functionals
defined on capacitary measures, in which a result analogous to Theorem 3.1 holds.

TureorEM 3.4. Let Q C R? be a bounded open set and let F : ME, (Q) — R be a

cap
functional lower semicontinuous with respect to the ~v-convergence. Then the problem

(3.2) min {F(p) : p € M&,(Q), u(Q) <1},

admits a solution.

JE.P. — M., 2014, tome1
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Proof. Let (u,) be a minimizing sequence. Then, up to a subsequence p,, converges
weakly® to some measure v and y-converges to some measure y € Mé;p(ﬂ). By

Proposition 2.8, we have that () < v(Q) < 1 and so, p is a solution to (3.2). O

We notice that, since the class of Schrodinger potentials is dense, with respect
to the y-convergence, in the class M{, (Q) of capacitary measures (see [14]), the
minimum in (3.2) coincides with

inf{F(V); V>0, /chzx<1}

whenever F' is a ~y-continuous cost functional.

The following example shows that the optimal solution to problem (3.2) is not,
in general, a function V(z), even when the optimization criterion is the energy &
introduced in (1.2). On the other hand, an explicit form for the optimal potential V' (z)
will be provided in Proposition 3.9 assuming that the right-hand side f is in L?(Q).

ExamrLe 3.5. Let Q = (—1,1) and consider the functional

e 1/t
Fu) = —min{Q/ |u’|2dx+§/ u? dp —u(0) : u € Hé(—l,l)}.
-1

—1

Then, for any u such that pu(2) < 1, we have

1
(3.3) F(u) > —min{;/1 /% da + ;((Slllri)uf —u(0): ue Hy(~1,1), u > 0}.
By a symmetrization argument, the minimizer v of the right-hand side of (3.3) is
radially decreasing; moreover, u is linear on the set u < M, where M = sup u, and so
it is of the form
M M
1_ax+m, xz € [—1,—q],
u(z) = M, z € [—a,al,
M M
11—« “ 1—a

z € [o, 1],

for some a € [0,1]. A straightforward computation gives & = 0 and M = 1/3.
Thus, u is also the minimizer of

1
F(8p) = — min {;/ [u'|? da + %u(0)2 —u(0): u e Hi(-1, 1)} ,
-1
and so dg is the solution to
min {F () : p(Q) < 1}.

In the rest of this section we consider the particular case F/(V) = —&£¢(V), in which
we can identify the optimal potential through the solution to a nonlinear PDE. Let
Q2 C R? be a bounded open set and let f € L?(Q2). By Theorem 3.1, the problem

(3.4) min {-&¢(V): V e V} with V= {V >0, / VPdx < 1},
Q
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admits a solution, where £;(V') is the energy functional defined in (1.2). We no-
tice that, replacing —&¢(V') by £;(V'), makes problem (3.4) trivial, with the only
solution V' = 0. Minimization problems for £; will be considered in Section 4 for
admissible classes of the form

v={v=o, / Vrde <1},
Q
Analogous results for F(V) = —\; (V) were proved in [21, Theorem 8.2.3].

Prorosition 3.6. — Let Q C R? be a bounded open set, 1 < p < oo and f € L?(2).
Then the problem (3.4) has a unique solution

—-1/p
v, = (/ 29/ D) dx) [/ =D,
Q

where u, € HY(Q) N L2P/(P=1(Q) is the minimizer of the functional

1 1 (p—l)/p
35)  Jy () = 5/ Vu|2dx+2(/ |22/ (P=1) dm) —/ufdx.
Q Q Q

Moreover, we have E¢(Vy) = Jp(up).

Proof. — We first note that we have

1 1
(3.6) max min / <7\Vu|2+fu2vfuf) dz
VeV ueHL(Q) Jo \2 2

1 1
< min max/ <7|Vu|2+fu2vfuf) dz,
weHE(Q) VeV Jo \2 2

where the maximums are taken over all positive functions V € L?(Q) with [, V? dz <1.
For a fixed u € H}(Q), the maximum on the right-hand side (if finite) is achieved
for a function V such that ApV?~! = u2, where A is a Lagrange multiplier. By the
condition fQ VP dz =1 we obtain that the maximum is achieved for

-1/p
Vo (/ |22/ =D dx) |2/ 1)
Q

Substituting in (3.6), we obtain
max {E;(V): V €V} <min {J,(u) : ue Hj(Q)}.

Let u,, be a minimizing sequence for J,. Since inf J, < 0, we can assume Jp(u,) < 0
for each n € N. Thus, we have

1 1 (p—1)/p
(3.7) 7/ Vun|2dx+(/ |un|2p/(f'1>dx>
2 Ja 2 \a

< / tn f dz < C ]l 2oy | Vitnl| 2,
Q

where C is a constant depending on ). Thus we obtain

(p—1)/p
(3.8) P ( [t/ d:c) <407 ey,
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and so, up to subsequence u,, converges weakly in Hg(Q) and L?/(P=1(Q) to some
u, € H}(Q) N L#»/P=V(Q). By the semicontinuity of the L?-norm of the gradient
and the L?/(P=Y_norm and the fact that [, fu,dz — [, fu,dz, as n — oo, we
have that u, is a minimizer of J,. By the strict convexity of J,, we have that u, is
unique. Moreover, by (3.7) and (3.8), Jp(up) > —oo. Writing down the Euler-Lagrange
equation for u,, we obtain

—1/p
Au, + </ |20/ dm) |2/ Dy = f.
Q

Setting

-1/p
Vv, = (/ |up|2p/(p*1) dx) ‘up|2/(p*1)’
Q

we have that fQ Vpp dx =1 and wu,, is the solution to
—Au, + Vyu, = f.

In particular, we have J,(u,) = £(V,) and so V,, solves (3.4). The uniqueness of V,
follows by the uniqueness of u, and the equality case in the Hoélder inequality

1/p (p—1)/p
/ u?Vde < (/ vr dm) (/ |u|?P/(P=1) dx)
Q Q Q
(p—1)/p
< (/ |u‘2p/(p*1) dx) ) 0
Q

When the functional F'is —&, then the existence result holds also in the case p = 1.
Before we give the proof of this fact in Proposition 3.9, we need some preliminary

results. We also note that the analogous results were obtained in the case F' = —)\;
(see [21, Theorem 8.2.4]) and in the case F' = —&f, where f is a positive function
(see [11]).

Remark 3.7. — Let u, be the minimizer of J,, defined in (3.5). By (3.8), we have the
estimate

”VUPHLZ(SZ) + HUPHLQP/(P*U(Q) <2V2C Hf||L2(Q)>

where C is the constant from (3.7). Moreover, we have u, € H () and for each
open set ' CC Q, there is a constant C' not depending on p such that

upllm2(0y < C(f, Q).
Indeed, u,, satisfies the PDE
(3.9) — Au+ clul®u = f,

with ¢ > 0 and @ = 2/(p — 1), and standard elliptic regularity arguments (see [17,
Section 6.3]) give that u € H?

loc

(2). To show that [|u|| g2 (o) is bounded independently
of p we apply the Nirenberg operator Ofu = w on both sides of (3.9), and
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multiplying by ¢26‘,}gu, where ¢ is an appropriate cut-off function which equals 1 on €/,
we have

/¢2|V8,}C’u\2da:+/ V(a,’ju)V(ﬁ)a,’juda@—&—c(a—i—l)/ % |ul®|Ofu|? da
) Q Q
—- [ oot

for all k =1,...,d. Some straightforward manipulations now give
d
IV2ul|72(qr) < Z/Sz¢2|vaku|2 dz < C() (I fllz2gg2>0n + Vullz2(0)) -
k=1

Levva 3.8. — Let Q C R? be a bounded open set and let f € L*(Q). Consider the
functional Jy : L*>(Q) — R defined by

1 1
(3.10) () = 7/ IVl do + S [lull% —/ufdx.
2 Ja 2 Q
Then, J, T-converges in L*(Q) to Ji, as p — 1, where J,, is defined in (3.5).

Proof. — Let v, € L*() be a sequence of positive functions converging in L? to
v € L*(Q) and let o, — +00. Then, we have that

(3.11) [0l Loe () < Hminf [Jvp || Len (-

In fact, suppose first that ||v||p~ = M < 400 and let w, = {v > M — ¢}, for some
€ > 0. Then, we have

1iminf|\vn||Lan(Q) > lim |w5|(170‘")/%/ Uy dx = |w6|71/ vdr > M — ¢,
n—oo n—oo we we

and so, letting ¢ — 0, we have liminf,, o ||Vl pen (@) = M. If ||v][z = 400, then
setting wy, = {v > k}, for any k > 1, and arguing as above, we obtain (3.11).

Let u,, — u in L?(Q2). Then, by the semicontinuity of the L? norm of the gradient
and (3.11) and the continuity of the term [, uf dx, we have

Ji(u) < liminf J,, (u,),
n—oo

for any decreasing sequence p, — 1. On the other hand, for any v € L?, we have
JIp, (w) = J1(u) as n — oo and so, we have the conclusion. O

Prorosition 3.9. — Let Q C R? be a bounded open set and f € L*(Q). Then there is
a unique solution to problem (3.4) with p =1, given by

1
‘/1 = M (Xerf_waf)a
where M = |[uy]| Lo (), wy={u1 = M}, w_={uy=—M}, being uy € Hj(Q) N L>(Q)
the wunique minimizer of the functional Jy, defined in (3.10). In particular,

fdx— fde=M, f>0o0onwy and f <0 on w_.
w4 w_ +
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Proof. — For any u € Hj(2) and any V > 0 with [, V dz < 1 we have

[avs <l [ Vo< jul,
Q Q

where for sake of simplicity, we write || - [|o instead of || - ||z (q). Arguing as in the
proof of Proposition 3.6, we obtain the inequalities

1 1
7/ |Vu|2dx+f/qudx—/ufdwng(u),
2 Ja 2 Jo Q
maX{Ef(V): /Vg 1} <min {Ji(u) : u€ Hy(Q)}.
Q

As in (3.7), we have that a minimizing sequence of .J; is bounded in HE(Q2) N L>(Q)
and thus by semicontinuity there is a minimizer u; € H}(Q) N L>°(Q2) of Jy, which
is also unique, by the strict convexity of J;. Let u, denotes the minimizer of J, as
in Proposition 3.6. Then, by Remark 3.7, we have that the family u, is bounded in
H} () and in H%(Q') for each Q' CC Q. Then, we have that each sequence u,, has a
subsequence converging weakly in L?(£2) to some u € HZ_(Q)NH{(£2). By Lemma 3.8,
() N H(Q). Thus up, — ug in L2(Q).

we have v = u; and so, u; € HZ,

Let us define M = ||Ju1|lcc and w = wy Uw_. We claim that u; satisfies, on €,
the PDE
(3.12) —Au+xof =Ff.

Indeed, setting 0 = QN {Ju| < ¢} for t > 0, we compute the variation of J; with
respect to any function ¢ € H}(Qa/—). Namely we consider functions of the form
p = Yw, where w, is the solution to —Aw. = 1 on Qp;_., and w. = 0 on INp;_..
Thus we obtain that —Awu; = f on Qp;_. and letting € — 0 we conclude, thanks to
the Monotone Convergence Theorem, that

—Auy = f on Oy = D\ w.

Moreover, since u; € HZ (), we have that Au; = 0 on w and so, we obtain (3.12).
Since w; is the minimizer of J;, we have that for each e € R, Jy ((1+¢&)uq)—J1(u1) = 0.
Taking the derivative of this difference at € = 0, we obtain

/ |V | de + M? = / fuyp dx.
Q Q
By (3.12), we have [, |[Vui|*de = [, fuidz and so

M = fdx—/wffdx.

W

Setting V1 :
H~1(Q) and

1 (Xws f = Xw_f), we have that [, Vide =1, —Auy + Viuy = f in

1 1
Jl(ul):§/ \Vu1|2dx+§/u%Vldzf/ulfdx.
Q Q Q
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We are left to prove that V; is admissible, i.e. V7 > 0. To do this, consider w, the energy
function of the quasi-open set {u < M — ¢} and let ¢ = w.1) where 1) € C(R9),
1 = 0. Since ¢ > 0, we get that

m Ji(ug +tp) — Ji(wr) _

0< i
t—0+ t

/(Vul,ch> dx—/ fodz.

Q Q

This inequality holds for any ¢ so that, integrating by parts, we obtain
—Auy—f 20

almost everywhere on {u; < M —e}. In particular, since Au; = 0 almost everywhere
on w_ = {u = —M}, we obtain that f < 0 on w_. Arguing in the same way, and
considering test functions supported on {u; > —M + €}, we can prove that f > 0
on wy. This implies V3 > 0 as required. O

Remark 3.10. — Under some additional assumptions on €2 and f one can obtain some
more precise regularity results for w;. In fact, in [15, Theorem A1] it was proved that
if 90 € C? and if f € L°°(9Q) is positive, then u; € CH1(Q).

Remark 3.11. — In the case p < 1 problem (3.4) does not admit, in general, a solution,
even for regular f and 2. We give a counterexample in dimension one, which can be
easily adapted to higher dimensions.

Let @ =(0,1), f=1,and let ., = k/nforanyn e Nand k=1,...,n— 1. We
define the capacitary measures u, = Ig g, where K, ={k/n: k=k=1,...,n—1}
and I g, is defined in (2.1). Let w, be the minimizer of the functional J,, (1,-),
defined in (2.2). Then w,, vanishes at z, j, for k =1,...,n — 1, and so we have

1 1/n 1/n C
E(lpn) = n min 7/ |u’|2do:—/ udr : u € Hy(0,1/n) p = ——,
2 Jo 0 n?

where C' > 0 is a constant.
For any fixed n and j, let V;" be the sequence of positive functions such that

Jy VP do = 1, defined by

n—1 n—1
(3.13) V= Cn 2 0Ny < 2 o a - kes)
k=1 k=1
where C,, is a constant depending on n, and I is as in (2.1). By the compact-
ness of the vy-convergence, we have that, up to a subsequence, V" dx ~v-converges
to some capacitary measure p as j — oo. On the other hand it is easy to check that
Z;ll IQ\[%7%7%+%} ~-converges to i, as j — oco. By (3.13), we have that pu < py,.
In order to show that yu = u, it is enough to check that each nonnegative function
u € H}((0,1)), for which [u?dp < +oo, vanishes at @,y for k = 1,...,n — 1. Sup-
pose that u(k/n) > 0. By the definition of the ~-convergence, there is a sequence
u; € HY () = H%,Jn(ﬂ) such that u; — u weakly in Hj(Q) and [u3V}*dz < C, for
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some constant C' not depending on j € N. Since u; are uniformly 1/2-Hélder contin-
uous, we can suppose that u; > ¢ > 0 on some interval A containing k/n. But then
for j large enough A contains [k/n — 1/j,k/n + 1/j] so that

1 k/n+1/j
C> / usJ" dr > / U?VJ" dz > 2Cn€2j1/”_1,
0 k/n—1/j

which is a contradiction for p < 1. Thus, we have that y = p, and so V" y-converges
to pn as j — oo. In particular, £(u,) = lim; El(VJ»") and since the left-hand
side converges to zero as n — 0o, we can choose a diagonal sequence V" such that
E(V]') — 0 as n — oo. Since there is no admissible functional V' such that & (V') = 0,
we have the conclusion.

4. EXISTENCE OF OPTIMAL POTENTIALS FOR UNBOUNDED CONSTRAINTS
In this section we consider the optimization problem
(4.1) min {F(V): V eV},

where V is an admissible class of nonnegative Borel functions on the bounded open
set Q C R? and F is a cost functional on the family of capacitary measures ML (Q).

The admissible classes we study depend on a function ¥ : [0, +00] — [0, +0o0]

V= {V : Q — [0, +00] : V Lebesgue measurable, /

[ w(v)de < 1}.

Tureorem 4.1. — Let Q C R? be a bounded open set and let ¥ : [0, +00] — [0, +00] be
an injective function satisfying the condition

(4.2) there exist p > 1 such that the function s — W~1(sP) is convexr.

Then, for any functional F : ./\/lj'ap(Q) — R which is increasing and lower semicon-
tinuous with respect to the y-convergence, the problem (4.1) has a solution, provided

the admissible set V is nonempty.

Proof. — Let V,, € V be a minimizing sequence for problem (4.1). Then, v, :=
(‘I’(Vn))l/p is a bounded sequence in LP(Q2) and so, up to a subsequence, v, converges
weakly in LP(Q) to some function v. We will prove that V := U~1(vP) is a solution
o (4.1). Clearly V € V and so it remains to prove that F(V) < liminf, F'(V,). In
view of the compactness of the y-convergence on the class Mjap(Q) of capacitary
measures (see Section 2), we can suppose that, up to a subsequence, V,, y-converges
to a capacitary measure py € ./\/l;';p(Q). We claim that the following inequalities hold
true:
(4.3) F(V) < F(p) < liminf F(V,).

n— o0

In fact, the second inequality in (4.3) is the lower semicontinuity of F' with respect to
the y-convergence, while the first needs a more careful examination. By the definition
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of y-convergence, we have that for any u € H{(Q2), there is a sequence u,, € H}(Q)
which converges to u in L?(Q) and is such that

/|Vu|2dx+/u2d,u: lim / \vun|2dx+/uivndx
Q Q n—oo Jo Q

= lim / \Vun|2dx+/ui\11_1(vﬁ)dw
Q Q

>/|Vu|2dx+/u2\ll_1(vp)dm
Q Q

:/ |Vu|2dx+/u2de,
Q Q

where the inequality in (4.4) is due to strong-weak lower semicontinuity of integral
functionals (see for instance [7]), which follows by assumption (4.2). Thus, for any

u € H}(Q), we have
/ u? dp > / u?V dx,
Q Q

which gives V' < p. Since F' is assumed to be monotone increasing, we obtain the first
inequality in (4.3) and so the conclusion. O

Remark 4.2. — The condition on the function ¥ in Theorem 4.1 is satisfied for in-
stance by the following functions:

(1) ¥(s) =sP, for any p > 0;

(2) U(s) = e, for any « > 0.

In some special cases, the solution to the optimization problem (4.1) can be com-
puted explicitly through the solution to some PDE, as in Proposition 3.6. This occurs
for instance when F' = Ay or when F = &, with f € L?(Q2). We note that, by the
variational formulation

Al(V):min{/ |Vu|2dx+/u2de: u € Hy(Q), /
Q Q

w?de = 1},
Q

we can rewrite problem (4.1) as

(4.5) min{ min {/ |Vu|2dx—|—/u2de} V>0, /\II(V)dxgl}
lullz=1 * Jo Q Q
— min {min{/ \Vu‘de—&-/uQde: V>0, /W(V)dxgl}}.
lull=1 Q Q Q

One can compute that, if ¥ is differentiable with ¥’ invertible, then the second min-
imum in (4.5) is achieved for

(4.6) V= ()" (Au?),

where A, is a constant such that [, ¥ ((¥')~*(A,u?)) dz = 1. Thus, the solution to
the problem on the right hand side of (4.5) is given through the solution to

(4.7) min{/Q|Vu|2dx+/QUQ(\IJ’)_l(AuuQ)dx: u € Hy(Q), /Qqum:1}.
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Analogously, we obtain that the optimal potential for the Dirichlet Energy & is given
by (4.6), where this time w is a solution to

1 1
(4.8) min {/ ~|Vul|? dx —|—/ —u? (U (Au?) do — / fudz: ue H&(Q)} .
Q2 a2 Q
Thus we obtain the following result.

Corovrrary 4.3. — Under the assumptions of Theorem 4.1, for the functionals F'= Xy
and F = & there exists a solution to (4.1) given by V = (¥')"1(A,u?), where
u € HF(Q) is a minimizer of (4.7), in the case F = A1, and of (4.8), in the case
F=¢.

Exavere 4.4. — If ¥(x) = 7P with p > 0, the optimal potentials for A; and &y are

1/p
V= (/ || 2P/ (PF+1) dx) w2/ e+
Q

where u is the minimizer of (4.7) and (4.8), respectively. We also note that, in this

case
(1+p)/p
/ Uz(\If/)il(Au’U,z) de = </ |u|2p/(13+1) dl’) .
Q Q

ExampLE 4.5. If U(z) = e with a > 0, the optimal potentials for A; and £y are

V= é (log (/Q u? dx) ~log (u2)> :

where u is the minimizer of (4.7) and (4.8), respectively. We also note that, in this
case

/QuZ(\I/')*l(Auu ;(/u dx/log da:—/uQIOg (u?) da:).

5. OPTIWIZ/\TION PROBLEMS IN UNBOUNDED DOMAINS

given by

given by

In this section we consider optimization problems for which the domain region is
the entire Euclidean space R?. General existence results, in the case when the design
region {2 is unbounded, are hard to achieve since most of the cost functionals are
not semicontinuous with respect to the v-convergence in these domains. For example,
it is not hard to check that if u is a capacitary measure, infinite outside the unit
ball By, then, for every x,, — oo, the sequence of translated measures p, = u(- + x,)
~y-converges to the capacitary measure

Lo (E) = {O, if cap(E) =0,
+o00, if cap(E) > 0.

Thus increasing and translation invariant functionals are never lower semicontinuous
with respect to the y-convergence. In some special cases, as the Dirichlet Energy or
the first eigenvalue of the Dirichlet Laplacian, one can obtain existence results by a
more direct methods, as those in Proposition 3.6.
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For a potential V > 0 and a function f € L4(R?), we define the Dirichlet energy
E¢(V) as in (1.2). In some cases it is convenient to work with the space HY(RY),
obtained as the closure of C°(RY) with respect to the L? norm of the gradient,
instead of the classical Sobolev space H!(R?). In fact, since the energy only contains
the term |Vu|?, its minimizers are not necessarily in L?(R). We recall that if d > 3,
the Gagliardo-Nirenberg-Sobolev inequality

(5.1) lull p2a/a-n < Cal|Vulrz,  Vue HY(R?),

holds, while in the cases d < 2, we have respectively

2\ 2/(r+2) . .
(52) Jullee < (555) 7 MWD, vz, vue HUR)

2

PN/ i :
(5:3) Jullpee < (5=) 7 AP IVUY, v > 1, vue YR,
5.1. OprivarL poreNTIALS IN LP(R?). — In this section we consider the maximization

problems for the Dirichlet energy £ among potentials V' > 0 satisfying a constraint
of the form ||V||zr < 1. We note that the results in this section hold in a generic
unbounded domain 2. Nevertheless, for sake of simplicity, we restrict our attention
to the case Q = R,

Prorosition 5.1. — Let p > 1 and let q be in the interval with end-points
a=2p/(p+1) and b = max{1,2d/(d + 2)} (with a included for every d > 1,
and b included for every d # 2). Then, for every f € Li(RY), there is a unique
solution to the problem

(5.4) max {Sf(V) V=0, /

VPdr < 1}.
Rd

Proof. — Arguing as in Proposition 3.6, we have that for p > 1 the optimal poten-
tial V}, is given by

—1/p
(5.5) vV, = </}Rd |up\2p/(p*1) dx) |up|2/(p71)7

where u,, is the solution to the problem

(r—1)/p
(5.6) min {1/ |Vul|? da + L </ |u|?P/(P=1) dx) —/ ufdz :
2 Rd 2 R4 R4

we H'Y(RY) N L/ <p1>(Rd)}.

Thus, it is enough to prove that there exists a solution to (5.6). For a minimizing
sequence u, we have

1 1 (p—1)/p
2/Iv%Fm+2(/%”“””w) </lmwﬁ<ﬂﬁhﬁ%hw
R4 R4

Rd

JE.P. — M., 2014, tome1



OPTIMAL POTENTIALS FOR SCHRODINGER OPERATORS g1

Suppose that d > 3. Interpolating ¢’ between 2p/(p —1) and 2d/(d — 2) and using the
Gagliardo-Nirenberg-Sobolev inequality (5.1), we obtain that there is a constant C,
depending only on p,d and f, such that

1 1 (p—1)/p
,/ V|2 do + = / |un|2p/(p—1) dr <C.
2 Rd 2 Rd

Thus we can suppose that u,, converges weakly in (R%) and in L?/(=1)(R%) and so,
the problem (5.6) has a solution. In the case d < 2, the claim follows since, by using
(5.2), (5.3) and interpolation, we can still estimate ||uy|| ;o by means of | Vuy,| 2 and
[tn || L2vr -1 - O

Repeating the arguments of Propositions 3.6 and 3.9, one obtains an existence
result for (5.4) in the case p = 1, too.

Prorosition 5.2. Let f € Li(RY), where q € [l,dQT‘_iz], ifd > 3, and ¢ = 1, if
d = 1,2. Then there is a unique solution Vi to problem (5.4) with p = 1, which is
given by

f
Vi = M (Xw+ _wa)a

where M = |luy || oo (rey, wy = {u1 = M}, w_ = {uy = —M}, and uy is the unique
manimizer of

1 1 .
min 7/ |Vul? dz + = ||ul|3 = —/ ufdr: ue HY(RY) N L®[RY) L.
2 Rd 2 Rd
In particular, fw+ fde— [ fdz=M, f>0onwy and f <0 onw_.

We note that, when p = 1, the support of the optimal potential V; is contained in
the support of the function f. This is not the case if p > 1, as the following example
shows.

ExampLe 5.3. Let f = xB(o,1) and p > 1. By our previous analysis we know that
there exist a solution u, to problem (5.6) and a solution V,, to problem (5.4) given by
(5.5). We note that u, is positive, radially decreasing and satisfies the equation

d—1

" o' (r) + Cu® =0, r e (1,+00),

—’LLH(’I”) _

where o = 2p/(p — 1) > 2 and C is a positive constant. Thus, we have that
up(r) = fr?/ (=)

where k is an explicit constant depending on C, d and «. In particular, we have that u,
is not compactly supported on R? (see Figure 5.1).
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Up

-3 -1 1 3

Ficure 5.1. The solution u, to problem (5.6), with p > 1 and f =
XB(0,1) does not have a compact support.

5.2. OPTIMAL POTENTIALS WITH UNBOUNDED CONSTRAINT. In this subsection we con-
sider the problems

(5.7) mm{&ﬂU:V>Q L”HMgl}
Rd

(5.8) nﬂn{AﬂVﬁ:‘/2(Lu/ V—P¢z<1},
Rd

for p > 0and f € LY(R?%). We will see in Proposition 5.4 that in order to have existence
for (5.7) the parameter ¢ must satisfy some constraint, depending on the value of p
and on the dimension d. Namely, we need ¢ to satisfy the following conditions

qe[%7%], ifd>3andp>1,

2d .
qe[m,—&—oo], ifd>3andp<1,

2p .
(5.9) qG(l,p_l], ifd=2and p>1,
g€ (1,400], ifd=2andp<1,
gell,~2 ] ifd=1andp>1,

p—1

g€ [l,4o00], ifd=1andp<1.

We say that ¢ = ¢(p,d) € [1,+0o0] is admissible if it satisfies (5.9). Note that ¢ = 2 is
admissible for any d > 1 and any p > 0.

Prorosition 5.4. — Let p > 0 and f € LY(R?), where q is admissible in the sense
of (5.9). Then the minimization problem (5.7) has a solution V,, given by

1/p
(5.10) V= (/ ‘up|2P/(P+1) dx> |up|—2/(1+p)’
R
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where uy, is a minimizer of

(p+1)/p
1 1
(5.11) min {/ |Vu|? de + = (/ || 2P/ (PHD) d:c) 7/ ufdx:
2 R4 2 Rd Rd

ue HY(RY), |u?P/+D) ¢ Ll(Rd)}.

Moreover, if p > 1, then the functional in (5.11) is convez, its minimizer is unique
and so is the solution to (5.7).

Proof. — By means of (5.1), (5.2) and (5.3), and thanks to the admissibility of g, we
get the existence of a solution to (5.11) through an interpolation argument similar to
the one used in the proof of Proposition 5.1. The existence of an optimal potential
follows by the same argument as in Corollary 4.3. (|

In Example 5.3, we showed that the optimal potentials for (5.4), may be supported
on the whole R?. The analogous question for the problem (5.7) is whether the optimal
potentials given by (5.10) have a bounded set of finiteness {V,, < +oo}. In order to
answer this question, it is sufficient to study the support of the solutions u, to (5.11),
which solve the equation

(5.12) — Au+ Cplu|Y Py = f,

where C}, > 0 is a constant depending on p.

Prorosition 5.5. Let p > 0 and let f € LI(R?), for ¢ > d/2, be a nonnegative
function with o compact support. Then every solution u, to problem (5.11) has a
compact support.

Proof. — With no loss of generality we may assume that f is supported in the unit
ball of R%. We first prove the result when f is radially decreasing. In this case u,, is also
radially decreasing and nonnegative. Let v be the function defined by v(|z|) = u,(x).
Thus v satisfies the equation

, d—1

U(l) = up(l)v

where s = (p—1)/(p+1) and C}, > 0 is a constant depending on p. Since v > 0 and

(5.13) VGt =0 1 e (1 +00),

v’ < 0, we have that v is convex. Moreover, since
—+oo —+oo
/ v?r¢=tdr < 400, / [ [2rd=L dr < o0,
1 1

we have that v, v' and v vanish at infinity. Multiplying (5.13) by v’ we obtain

(’U/(T')2 o U(T)erl)/ _ _E v/(r)2 <0.

2_ps—|—1 r
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Thus the function v/(r)?/2 — Cpu(r)* ™! /(s +1) is decreasing and vanishing at infinity
and thus nonnegative. Thus we have

(5.14) —'(r) = Co(r)t/2 re (1, +00),

where C' = (ZCp/(s + 1))1/2. Arguing by contradiction, suppose that v is strictly
positive on (1,+00). Dividing both sides of (5.14) and integrating, we have

—o(r)3=9/2 > Ar 4+ B,

where A = 2C/(1 — s) and B is determined by the initial datum v(1). This cannot
occur, since the left hand side is negative, while the right hand side goes to +o00, as
T — +00.

We now prove the result for a generic compactly supported and nonnegative
feLIRY). Since the solution u, to (5.11) is nonnegative and is a weak solution
to (5.12), we have that on each ball By C R%, u, < u, where u € H'(Bg) is the
solution to

—Au = f in Bp, u = u, on 0BR.
Since f € L(R?) with ¢ > d/2, by [19, Theorem 9.11] and a standard bootstrap
argument on the integrability of u, we have that u is continuous on Bpg/;. As a
consequence, u, is locally bounded in R%. In particular, it is bounded since u, A M,
where M = ||up|| = (B,), is a better competitor than u, in (5.11). Let w be a radially
decreasing minimizer of (5.11) with f = xp,. Thus w is a solution to the PDE

—Aw + Cpw® = xB,,
in R?, where C), is as in (5.13). Then, the function w;(z) = t*/(1=*)w(z/t) is a solution
to the equation
—Awy + Cpwi = t2/0=9)y p

Since u, is bounded, there exists some ¢ > 1 large enough such that w; > u, on the
ball B;. Moreover, w; minimizes (5.11) with f = ¢?/(=%)xp and so w; > u, on R?
(otherwise wy A u, would be a better competitor in (5.11) than w,). The conclusion
follows since, by the first step of the proof, w; has compact support. O

The problems (5.8) and (5.7) are similar both in the questions of existence and the
qualitative properties of the solutions.

Prorosirion 5.6. For every p > 0 there is a solution to the problem (5.8) given by
1/p
(5.15) Vo= ([l )y 200
R4
where uy, is a radially decreasing minimizer of
(p+1)/p
(5.16) min {/ |Vul|* dz+ (/ |u|?P/ (P+D) da:) cu € HY(RY), / u? dle}.
Rd Rd Rd

Moreover, u, has a compact support, hence the set {V, < +oo} is a ball of finite
radius in R?.
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Proof. — Let us first show that the minimum in (5.16) is achieved. Let u,, € H*(R9)
be a minimizing sequence of positive functions normalized in L?. Note that by the
Polya-Szego inequality we may assume that each of these functions is radially decreas-
ing in R? and so we will use the identification w, = u,(r). In order to prove that the
minimum is achieved it is enough to show that the sequence u, converges in L?(R%).
Indeed, since w,, is a radially decreasing minimizing sequence, there exists C' > 0 such
that for each r > 0 we have

iy ()2 1) |Bl | / W2/ ) g < TQ
Thus, for each R > 0, we obtain

(5.17) / uZ dz < 01/ pdetD)/p pd=1 g — CLRT/P,
% R

where Cy and Cs do not depend on n and R. Since the sequence u,, is bounded in
H'(R?), it converges locally in L?(R%) and, by (5.17), this convergence is also strong
in L?(R9). Thus, we obtain the existence of a radially symmetric and decreasing
solution u, to (5.16) and so, of an optimal potential V,, given by (5.15).

We now prove that the support of u, is a ball of finite radius. By the radial
symmetry of u, we can write it in the form u,(z) = u,(|z|) = up(r), where r = |z|.
With this notation, w,, satisfies the equation:

—1

"

p

/ s __
u, + Cpuy, = Auy,

where s = (p—1)/(p+1) <1 and C, > 0 is a constant depending on p. Arguing as
in Proposition 5.5, we obtain that, for r large enough,

1/2 1/2
—(r) 2 (3%1 wlr) =) (2(5041; ) .
where, in the last inequality, we used the fact that u,(r) — 0, as r — oo, and
s +1 < 2. Integrating both sides of the above inequality, we conclude that u, has a
compact support. In Figure 5.2 we show the case d =1 and f = x(_1,1)- (|

-3 -1 1 3

Ficure 5.2. The solution u, to problem (5.11), with p > 1 and f = x(_1,1).

Remark 5.7. — We note that the solution u, € H*(R?) to (5.16) is the function for
which the best constant C' in the interpolated Gagliardo-Nirenberg-Sobolev inequality

d/(d+2p) 2p/(d+2p)
(5.18) lull 2oy < CIVull G lull 2o gy
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is achieved. Indeed, for any u € H'(R?) and any t > 0, we define u;(z) := t%/2u(tx).
Thus, we have that ||u||p2 = |Ju¢]| 2, for any ¢ > 0. Moreover, up to a rescaling, we
may assume that the function g : (0, +00) — R, defined by

g(t):/ Vut|2d:c—|—</ g | 2P/ D)
R4 R4

(r+1)/p
:t2/ \Vul? do + ¢ ~4/P (/ UI2p/(p+1)dx) :
R4 R4

achieves its minimum in the interval (0, +00) and, moreover, we have

d/(d+2p) 2(p+1)/(d+2p)
min g(t)zC(/ |Vu|2dx> (/ |u|2p/p+1da;> ,
R4 R4

te(0,+00)

>(p+1)/p

where (' is a constant depending on p and d. In the case u = u,, the minimum of g
is achieved for ¢ = 1 and so, we have that u, is a solution also to

d/(d+2p) 2(p+1)/(d+2p)
min{ (/ |Vul? dm) </ |u|?P/ (P+1) d:r) :
R4 R4

u € H'(RY), /

Rd

w?dr = 1},
which is just another form of (5.18).

Remark 5.8. — We conclude this section with a remark about the constraint
U(s) = e~ . This type of constraint may be used to approximate shape optimization
problems, in which the main unknown is a domain £, i.e. the potential V' = Iq is the
capacitary measure of (2. To get an example of this fact we recall the problem

(5.19) min {5f(V) +A/

e Vidr: Ve B(Q)},
Q

where A is a Lagrange multiplier and B(€2) is the class of nonnegative Borel measurable
functions on Q. As before, we note that the problem (5.19) is equivalent to

1 1
(5.20) min {/ <§|Vu|2 + 5Vt~ fu+ Ae*av) dor:ue HY(Q), Ve B(Q)} .
Q
Fixing u € H}(Q) and minimizing in V € B(£) leads to the problem

min{/ Vuzdm—i—A/e_“de: VGB(Q)},
Q Q

whose solution V' satisfies
u? — Aae™®V =0 on {V(x) > 0}.

We note that if u? > Aq, then necessarily V = 0. On the other hand, if u? < Aq,
then by the optimality of V', we have V' > 0. Finally, we get
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Substituting in (5.20), we obtain the problem

1
2
V der — — 2] ( ) d

/fudx+A\{u > Ao} + 1/ u2dx},
{u?<Aa}

or, equivalently,

5.21 i Vul|?d ——/ 2] d
( ) “6%181(19){ /‘ U| de u2<Aa}u Og(A ) v

f/fudz+A\{u2>Aoz}|+l/ u2dx}.
Q @ J{u2<Aa}

Note that the second term is actually positive and so, by a standard variational
argument, we have that the problem (5.21) has a solution u, € Hg (). Moreover, on
the quasi-open set u? > Aa, we have —Au = f. Let J,, be the functional in (5.21), i.e

/ |Vu|? dz + — / [1 - flog (A )] dz + A{u® > Aa}|.
{u2<Ao¢}

Then J, I'-converges in L?(Q2), as a — 0, to the functional
1
=3 / |Vul|? de + Al{u # 0}|.
Q

Note that this implies the convergence of the optimal potentials V,, for (5.19) to a
limit potential of the form

+oo if u(x) =0
0 if u(z) #0,

where u is a solution to the limit problem

min{;/Q|Vu|2dx—/ﬂfudac+A{u7é0}| : uEH&(Q)}

This limit problem is indeed a shape optimization problem written in terms of the
state function u, and several results on the regularity of the optimal domains are
known (see for instance [1], [3]).

6. FURTHER REMARKS ON THE OPTIMAL POTENTIALS FOR SPECTRAL FUNCTIONALS

We recall (see [5]) that the injection H{(R?) — L2(R%) is compact whenever
the potential V' satisfies fRd V™Pdxr < +oo for some 0 < p < 1. In this case the
spectrum of the Schrodinger operator —A+V () is discrete and we denote by A, (V) its
eigenvalues. The existence of an optimal potential for spectral optimization problems
of the form

(6.1) min{/\k(V): V>o,/ V*degl},

Rd
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was proved in [6], for any k € N and for p € (0,1). This result cannot be deduced
by the direct methods used in Subsection 5.2 and is based on a combination of a
concentration-compactness argument and a fine estimate on the diameter of the set
of finiteness {V;, < +oo} of the optimal potential V},. We note that the existence of
an optimal potential in the case k > 2 and p = 1 is still an open question.

In the case £k = 2 the idea from Subsection 5.2 can still be applied to prove an
existence result for (6.1) and to explicitly characterize the optimal potential. We first
recall that, by Proposition 5.6, there exists optimal potential V,, for A;, such that
the set of finiteness {V}, < 400} is a ball. Thus, we have a situation analogous to the
Faber-Krahn inequality, which states that the minimum

(6.2) min {\;(Q): @ C R, Q| =},

is achieved for the ball of measure c. We recall that, starting from (6.2), one may
deduce, by a simple argument (see for instance [21]), the Krahn-Szegé inequality,
which states that the minimum

min {A2(Q) : @ CR?, Q| = ¢},

is achieved for a disjoint union of equal balls. In the case of potentials one can find two
optimal potentials for A; with disjoint sets of finiteness and then apply the argument
from the proof of the Krahn-Szeg6 inequality. In fact, we have the following result.

Turorem 6.1. There exists an optimal potential, solution to (6.1) with k = 2
and p € (0,1]. Moreover, any optimal potential is of the form min{Vj, Vs2},
where V1 and Va are optimal potentials for A\ which have disjoint sets of finiteness
{Vi < 400} N{Vz < 400} = & and are such that [o, Vi P de = [, Vo P de =1/2.

Proof. — Given V; and Vs as above, we prove that for every V : R? — [0, +-00] with
Jga VP dx = 1, we have
Ag(min{Vl, ‘/2}) < AQ(V)

Indeed, let ug be the second eigenfunction of —A + V(z). We first suppose that us
changes sign on R? and consider the functions V., = sup{V, Ofu,<0}} and Vo =
sup{V, 0ogy, >0} } Where, for any measurable A C R4, we set

00, x € A,
ooa(z) =
0, x ¢ A
We note that
12/ V*pdac>/ V_;pder/ VP dzx.
R4 R4 R4

Moreover, on the sets {us > 0} and {ug < 0}, the following equations are satisfied:
—AU;L =+ V+’LL; = AQ(V)U;, —Au; =+ V,’u,; = AQ(V)U;,
and so, multiplying respectively by u; and u, , we obtain that

X (V) = M(Vy), X (V) = M (Vo),
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where we have equalities, if and only if, u; and u, are the first eigenfunctions cor-
responding to A1 (V) and A1 (V_). Let now V; and V_ be optimal potentials for A\;
corresponding to the constraints

/ ViPde= [ V[ Pdx, / VoPdr = / VP de.
R R4 R4 R4

By Proposition 5.6, the sets of finiteness of ‘~/+ and V_ are compact, hence we may
assume (up to translations) that they are also disjoint. By the monotonicity of Ay, we
have

max{A1(V1), A\1(V2)} < max{A:(V4), A (Vo)},

and so, we obtain
Ao (min{ Vi, Vo}) < max{A; (Vi), A (Vo)) < max{Ay (V4), A (Vo)) < Aa(V),

as required. If uy does not change sign, then we consider V; = sup{V, 00yy,—0}} and
V_ = sup{V, 00{y,—0} }, where u; is the first eigenfunction of —A + V(). Then the

claim follows by the same argument as above. |
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