APPROXIMATION OF PLANAR BV HOMEOMORPHISMS
BY DIFFEOMORPHISMS

ALDO PRATELLI AND EMANUELA RADICI

ABSTRACT. We show that a planar BV homeomorphism can be approximated in the area strict
sense, together with its inverse, with smooth or piecewise affine homeomorphisms.

1. INTRODUCTION

The problem of approximating homeomorphisms with diffeomorphisms is well-studied and
much is known. In particular, in the last years, it was deeply investigated how to approximate
Sobolev or bi-Sobolev homeomorphisms in the plane. It is now known that any WP homeo-
morphism defined on some open set Q C R? can be approximated in the strong WP sense by
diffeomorphisms (for a proof see [9, 8], but also [3, 15]). What remains open is then to consider
the case of bi-Sobolev homeomorphisms, that is, Sobolev homeomorphisms whose inverse is also
a Sobolev function. Beside its general interest, this question is of primary importance in the
study of non-linear elasticity. Up to now, it is only known that an approximation in the strong
bi-W 1P sense holds if one considers bi-Lipschitz homeomorphisms (see [5]), or for the special
case p =1 (see [13]).

In this paper, we give an approximation result for the case of BV homeomorphisms, that is,
we show that any BV homeomorphism u in the plane can be approximated by a sequence {u;}
of diffeomorphisms (or of piecewise affine homeomorphisms, which is known to be equivalent
thanks to [12]). It is important to specify in which sense the sequence converges to the original
function: indeed, apart from the case when the BV function is actually in W, it is of course
impossible to obtain a strong BV convergence, so one has to look for a weak one. There are two
notions of weak convergence in BV which are normally used, namely, the weak* convergence and
the strict one, which is stronger. We will prove our result by using the “area strict” convergence,
introduced in the 1990’s by Delladio [6] and recently used by Kristensen, Rindler and Shaw in
some papers, see [10, 11, 16]; even if this convergence is less used than the other two weak ones,
it is extremely reasonable. In particular, since area strict convergence is even stronger than the
strict one, the convergence in particular holds also in both the strict and the weak™ sense. The
formal definition and a thorough discussion about the area strict convervence are in Section 2,
but the idea is very simple; namely, the sequence u; area strict converges to w if it converges
strictly, and a part of Du; strongly converges in L' to the absolutely continuous part of Du.

Before stating our main result, a couple of comments are useful. First of all, it is known
that the inverse of a BV homeomorphism is also BV ([7], see also [4, Theorem 1.3]). And in fact,
in our construction not only the sequence {u;} area strict converges to u, but also the sequence
{u;l} area strict converges to u~!. Hence, our result is somehow in the framework of the open
question for bi-Sobolev homeomorphisms.

Moreover, for simplicity, in our result we only claim the existence of a sequence of piecewise
affine homeomorphisms which converges to u; as said above, this automatically implies also the
existence of a converging sequence of diffeomorphisms, thanks to [12].
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Finally, in our result we will say that each function u; “uniformly coincides with v on 992"
and is “finitely piecewise affine where possible”. The formal definitions of these notions are given
in Section 1.1, however they are not really needed to understand the result. Roughly speaking,
saying that w; uniformly coincides with u on 0 simply means that the error |u; — u| goes
to 0 arbitrarily fast when approching the boundary, while saying that u; is finitely piecewise
affine where possible means that it is finitely piecewise affine, instead of simply piecewise affine,
whenever it makes sense, for instance if ) is a polygon and u is piecewise linear on 9f2.

We can now state our result.

Theorem A (Area strict approximation in bi-BV). Let Q C R? be an open set, and let u : Q@ — A
be a BV homeomorphism. Then, there exists a sequence {u;j} of countably piecewise affine
BV homeomorphisms between Q0 and A, uniformly coinciding with u on 0§ in the sense of
Definition 1.1 and finitely piecewise affine where possible in the sense of Definition 1.2, so that
{u;} and {uj_l} converge uniformly and in the area strict sense to u and u™?.

The plan of the paper is the following. In Section 1.1 below we list some basic notation that
we are going to use; in Section 2 we present and discuss the notion of area strict convergence in
BV; in Section 3 we list several results which have been recently proved and that we are going
to use; in Section 4 we define the “Lebesgue squares” and we prove their main properties, and
finally in Section 5 we present our construction.

1.1. Notation. Here we briefly list the main notation we are going to use through the paper.

Whenever u is a BV(Q) function, we will decompose Du = Vu + D®u, where Vu is the
absolutely continuous part of Du, while D*u is the singular part. We will use the symbol Vu
also to denote the density of the measure Vu with respect to the Lebesgue measure, thus having
Vu € L'(): this is a slight abuse of notation, but it simplifies the notation and does not lead to
misunderstandings through the paper. Note that, since we work only with BV homeomorphisms,
then in particular there is no jump part of Du, so D*u is entirely of Cantor type. In particular,
D*u(S) = 0 for every segment S.

Whenever ¢ € R? and r > 0, we will denote by Q(c, ) the square with side 27, sides parallel
to the coordinate axes, and centered at c.

A function u : Q — R? is said to be piecewise affine if Q can be decomposed as a countable
but locally finite union of triangles, on each of which w is affine. The function is said finitely
piecewise affine if the above decomposition is a finite one (in particular, {2 must be a polygon).
A Jordan curve I' : S! — R? is said piecewise linear if ' is a finite union of segments, and given
such a curve a function g : I' — R? is said piecewise linear if ' is a finite union of segments on
each of which g is linear.

The following two definitions are also used in the paper.

Definition 1.1 (Uniform coincidence at the boundary). Let ) be an open set, and fix any
continuous, strictly increasing function § — n(d) with n(0) = 0. Given two homeomorphisms
u, v: Q — R?, we say that u and v uniformly coincide at 99 if, whenever x € Q has distance
less than § from R?\ Q, one has |u(x) — v(z)| < n(d).

Notice that, if both « and v belong to some Sobolev space WP, the above definition is
stronger than saying that ©w —v € I/VO1 P. in particular, not only the traces of u and v coincide
on Jf) but also, if both the functions are continuous and one of the two is continuous up to the
boundary, then so is also the other one (and the values on the boundary coincide).
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Definition 1.2 (Finitely piecewise affine where possible). Let u be a given BV homeomorphism
between two open sets Q and A in R?, and let v be another BV homeomorphism, which uniformly
coincides with u on 02. We say that v is finitely piecewise affine where possible if the following
holds. Assume that I" is a piecewise linear Jordan curve, contained in OS2 and with positive
distance to OQ\ T', such that u is continuous up to I' and piecewise linear there. Then, there
exists a neighborhood of I' on which v is finitely piecewise affine.

Notice that, if  is a polygon and wu is finitely piecewise linear on 02, then a piecewise affine
function v, uniformly coinciding with 4 on 02 and “finitely piecewise affine where possible” is
actually finitely piecewise affine.

2. THE AREA STRICT CONVERGENCES

In this section we recall the well-known definitions of strong, weak™ and strict convergence,
and then we present and discuss the notion of the area strict convergence. Let u € BV () be
given, and let {u;};en € BV(2) be a sequence which strongly converges to u in L!(2). We say
that u; strongly converges to u, or simply w; — u, if the measures Du; strongly converge to
Du, that is, [Du; — Du|(€2) — 0. This is the standard convergence related to the BV norm.
We say that u; weakly™ converges to u, or u;—*
Du with respect to the duality with the continuous and bounded functions, that is, for every
continuous and bounded function ¢ : @ — R one has [, pdDu; — [, ddDu. We say that
uj strict converges to u if it weakly* converges, and in addition the total variations |Du;|(12)
converge to the total variation |Dul|().

u, if the measures Du; weakly™ converge to

In order to introduce the area strict convergence, it is useful to keep in mind that it is always
important to have density of the smooth functions. However, smooth functions are clearly not
strongly dense in BV(Q): indeed, if v is any smooth function, then for sure |Dv — Du|(Q2) >
|DSu|(2), so the density is obviously false unless u is actually W', This is one of the main
reasons why one uses the weak™® or the strict convergence, since in fact smooth functions are
dense in BV in the strict sense. However, notice that if u; is a sequence of smooth functions,
the norm convergence of Du; to Du is only prevented by the presence of the singular part D*u,
while Vu is an L' function, so it can clearly be an L! limit of smooth functions. This motivates
us to give the following definition.

Definition 2.1 (Area strict convergence). Let @ C R? be an open set, let u € BV(Q,R?), and
let {uj} € BV(Q,R?) be a sequence converging to u in L'(Q)). We say that {u;} converges
in the area strict sense to u, or uj&u, if 1t is possible to decompose Duj = pj + v; with
lj — Vul(2) = 0 and |v;|(2) — |D%u|().

It is clear that this convergence is weaker than the strong one, but stronger than the strict
one, and simple examples show that it does not coincide with neither of the two. This notion
of convergence was introduced by Delladio in [6], and recently used in [10, 11, 16], who are only
concerned with the case of a bounded domain 2; their definition is actually quite different, at a
first glance: more precisely, for every function v € BV(Q) and a set A C Q they introduce the

Flu, A) = /A 1+ [Vu(@)|? de + | D*ul(A),

and they say that u; area strict converges to u if u; strongly converges to u in L' and F (uj, Q) —
F(u, Q). Observe that this definition perfectly justifies the use of the word “area”. It is clear that

functional
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this approach is meaningful only if 2 has finite measure, since otherwise F(u,{2) is constantly
+o00; on the other hand, for sets of finite measure our definition is equivalent to their one,
as we show in a moment in Lemma 2.3 below. An interesting link between L! convergence
and convergence of functionals of the above form is also in the paper [2]. Observe that, since
t <V1+1t2<t+1 forevery t, then for any two BV functions u and v on Q, and for any A C Q,
we have

[Dul(A) < F(u, A) < |Dul(A) +[A], |Dv|(A) < F(v, A) < [Dv[(A) + |A],
and as a consequence
[F(u, A) = F(v, A)] < ||Dul(4) - [Dv|(4)| +]4]  vACQ. (2.1)
A standard property, which we prove just for the sake of completeness, is the following.

Lemma 2.2. Let {f;} € LY(Q) be a sequence of positive functions which weakly* converges to
f € LY (), with some set Q of finite measure. Then

1+ 2§hminf/ 14 f? 2.2
| Vies i+ 7 (22)
and, if [o+/1+ f]2 = Jo 1+ f2, then f; — f strongly in L*(Q).

Proof. Since t — /1 + t? is convex, for every x, y € R we have

2y3/2 > V1ita®+ty

+ 92

Vit (@+y)?2>Vita2+y e

X X
\/1—|—.’I]2 ‘/1+.’IJ2.

As a first consequence, we have

R R K v et

and, since the latter integral converges to 0 because f;— f in L' while f/(1+ Y2 € L2, we
deduce (2.2).

Suppose now that [, /1 + fj2 — fo 1+ f2. Let € > 0 be fixed, and let M > 1 be such
that, calling Ayy = {f > M}, one has || f[|1(a,,) + [Am|/2M < . We have then

f 1
52 P =0 g B 0 s

and the assumption that [, /1 + fj2 — [o 1+ f2, together with the fact that (14 f2)=%/2 is
bounded from below in  \ Ay, implies that f; — f strongly converges to 0 in L*(Q\ Au), so
in particular f; — f in LY(Q\ Aps). On the other hand, we can also estimate

f
JV Rz [ VP [ - D
f
2 [P [ Ui D) i+ il — Il — 537 14wl

Since the last integral converges to 0 because the restriction of f/(1 4 f2)1/2 to Q\ Ay is still
a L°° function, we obtain

1
limsup || f5ll 2 an) < 1 I2rcan) + \AM\ <e.

Together with the fact that f; — f strongly in Ll(Q\AM), this gives limsup || f; — fl 1 (o) < 2e.
Since € was arbitrary, we have concluded. O
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Lemma 2.3. Let Q be a set of finite measure, and let u; € BV(Q) be a sequence which converges
in the L' sense to u € BV(Q). Then F(u,Q) < liminf F(u;,Q?), and u; converges in the area
strict sense to u if and only if F(uj, Q) — F(u, ).

Proof. We divide the proof in three short steps.

Step 1. The area strict convergence implies the convergence of the functional.

First of all, let us assume that u; . w and let p; and v; be as in Definition 2.1. Then, let
e > 0 be given, and let 6 < ¢ be such that [[Vul|z1g) < € for every set B with measure |B| < 4.
Let then As be an open set on which D®u is concentrated, with |As| < d, so that

IVullriay) <€, |1il(As) < 2¢, (2.3)

where the second inequality holds for every j > 1, since u; — Vu in the sense of measures.

. . . ! .
Since Du; is bounded in measure and u; — u, we have that u;— u, hence v;— D®u in the
sense of measures. Thus, being Q \ A; closed, we have

0= [D%u|(2\ As) > limsup |v;|(2\ As) ,
from which we obtain
v (2 A5) <e (2.4)
for 7 > 1. Then
[Duj — Dul(Q\ As) < [pj — Vul(2\ As) + |v] (2 A5) < 2¢ (2.5)

as soon as j > 1, again keeping in mind that p; — Vu in the sense of measures. Recalling that
t — 1+ t? is 1-Lipschitz, for j > 1 and by (2.1), (2.5), (2.3) and (2.4), we can then evaluate

| F (u, Q) = Fuj, Q) < |F(u, QN As) = Fuj, QN As)| + | F(u, As) — F(uj, As)|
< |Duj — Dul(Q\ As) + || Dul (A5) — [Duy|(45)] + | 45]
< 36+ |D%ul(9) — ()] + [ Vulr(ag) + sl (A5) + | (@ 45)
< 7e + ||D%ul(Q) — [y|(Q)| < 8,
where the last inequality holds for j > 1 by area strict convergence. Hence, F(uj, 2) = F(u, ).

Step II. Lower semicontinuity of F.

Let us show that F(u, ) < liminf F(u;,2). There is nothing to prove if the liminf is +oo,
so we can assume without loss of generality, and up to a subsequence, that F(u;, 2) is bounded,
hence that the measures Du; are bounded. Let for a moment € > 0 be fixed, and let C' CC 2
be a compact, negligible set such that |D%u|(Q2\ C') < e. Let also 6 = d(¢) < € be chosen in such
a way that the open set A, = {x € Q: dist(z,C) < §} satisfies

|Du|(0A:) = |Du;|(9A:) =0 VjeN, A < e, IVl ia,) <e- (2.6)

Let us then call u$ = Du;L(2\ A.) and v5 = Du;L A. = Du; — pi5. Since the sequences y5 and
vs are bounded, up to a subsequence we have that p5—= p° and vj—=v° with p° +v* = Du.
Since A; and \/TE are open sets, one has

(A < tminf[pE[(A) =0, PAQ\A) < lminf pF[(Q\A) =0, (27)
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Let us now call He = {z € Q: 6 — £ < dist(z,C) < § + £}. Since H is open, as well as Q \ He,
we have

K71(DC) < 47| (H) < lim inf | Du|(He \ Ae) < lim sup | Dus| () < | Dul(Fe)
Jj—00

and since the latter goes to 0 for £ \, 0 we deduce that p°(0C) = 0. From (2.7) and (2.6) we
derive then

ut = Dul(2\ A.), v°=Dul_A,.

Notice that, by (2.6) and since |D%u|(Q2\ A¢) < ¢, if € \, 0, then p¢ and v© strongly converge to
Vu and D*®u respectively. As a consequence, with a standard triangular argument, we can call
i = ujj and v; = V;j for a suitable sequence ¢, going to 0 slowly enough so that

;== Vu, vi—=Du.
Finally, let us call a; the singular part of M; and let
uj:u;—aj, Vj:V§+aj.

Notice that o strongly converges to 0, so also p; and v; weak™ converge to Vu and D*u.
However, u; € L'(£2). Observe that

Flug ) = Fluss 0\ Ao + Pl Ag) = [ I T+l + Flug A
> foa, VIFTRP @ 5 1410 = [ VTP + ) ~ 142,
By Lemma 2.2 we can then evaluate
Flu, Q) = /Q I+ [Val? + | D%u|() < nminf/Q VI 152 + liminf |](2)
< liminf/ﬂm—i— 1;](9) < liminf F(uj, Q).

The lower semicontinuity of F is then obtained.

(2.8)

Step III. The convergence of the functional implies the area strict convergence.
To conclude, let us assume that F(u;, ) — F(u,). We define the sequences {yu;} and
{v;} as in Step II, so that the inequality (2.8) holds true, and it must actually be an equality.

This implies at once that |v;|(2) — |D%u|(€2), and that [, \/1+ |pj|? = [ /1 + [Vu|?, which

in turn gives p; — Vu strongly in L'(Q) by Lemma 2.2. O

We conclude this section with a known technical result, which represents a link between the
directional derivatives of a BV function and the derivatives of the one-dimensional sections, and
with a final remark.

Lemma 2.4 ([1], Theorem 3.103). Let Q) be a square, and let uw € BV(Q). Then, for almost every
y the function uy(z) = u(x,y) is a BV one-dimensional function, and moreover Diu = Du, dy,
where Duy, is the derivative of the BV function u,,.

Remark 2.5. Let us notice that, in the proof of the Lemma 2.3, we did not really use the
fact that the integrand is precisely /1 + t2, but only that it is a strictly convex function linear at
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infinity (so, in particular, Lipschitz). Therefore, the very same proof actually shows that the area
strict convergence on sets with finite measure is equivalent to the convergence of the functional

Foylv, A) i= / $(IVo(2)|) de + duo|D°0|(A) Vv e BV(Q), AC 0
A
for any positive, strictly convex function ¢ with recession ¢oo = limy_o0 G(t)/t < 00.

3. PRELIMINARIES

This section is devoted to present several known results, which have been proved in the last
few years, and which we will need later. We start with two geometrical facts taken from [8]: the
first one is a simplified version of [8, Proposition 4.18], and the second one is [8, Theorem 3.1].

Lemma 3.1. Let ' = Uleé’j be a finite union of segments in the interior of 1, and let Ty be
a collection of some of these segments. Moreover, let € > 0 be a fized constant, and g : T — R?
be a given injective function. Then, inside each segment S; there are finitely many essentially
disjoint subsegments Sj’:, each of which with length at most &, such that the following holds.
Every segment S; lies entirely within a distance § from Lo, so in particular if S; has distance
larger than & from T there is no segment S;; on the other hand, if S; € I'g then the union of
the segments 8; is the whole S;. Moreover, defining ¢ : I' — R? the function which is linear
on each segment S;, coinciding with g on the two endpoints of Sj, and which coincides with g

outside the union of the segments Sl-j, we have that ¢ is still injective.

Theorem 3.2. There exist two purely geometric positive constants € and K such that, if Q is a
square of side 2r, ¢ : 0Q — R? is a piecewise linear and injective function, M is a matriz with
det M =0, and

Do — M - 7/(9Q) < r||M]lg,
where T denotes the tangent direction on 0Q), then there exists a finitely piecewise affine extension
v:Q — R? of ¢ such that

/Q|DU—M| < Kr|Dgp — M -7/(Q) . (3.1)

Let us now recall some useful results about planar homeomorphisms of bounded variations.
The first one generalizes to the BV setting the simple identity || Dul|11(q) = [[Du™"]|11(4()) that
holds for planar bi-Sobolev homeomorphisms, and it was proved in [4, Theorem 1.3].

Theorem 3.3. Let Q, A C R? be open and suppose that u : Q — A is a homeomorphism. Then
u € BV(Q, R?) if and only if u=" € BV(A, R?). Moreover, for every A C Q2 one has

[Dul(A4) = [Du| (w(4)) .

We present now some results contained in the paper [14], which is appearing contemporarely
to this one. Let R be a rectangle with the sides parallel to the coordinate axes, and let OR be
its boundary. For every Jordan curve ¢ : OR — R?, we will call P = P(¢p) the internal part
of this curve, that is, the closed, bounded, connected component of R? \ p(dR); since we will
almost always consider piecewise linear maps ¢, the sets P will usually be polygons. We define
the “minimal energy of ¢” as follows.

Definition 3.4. Let R = [a~,at] x [b=,b"] be a rectangle, and let ¢ : OR — R? and P be a
Jordan curve and its internal part. For every x,y € P, we call dp(x,y) the geodesic distance
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in P between x and y, that is, the length of the shortest path connecting x and y inside P. The
minimal energy of ¢ is the number

at bt

W)= [ dp(etb) o6 dt+ [ dp(pla 0. 0lat0) dt.
- -

The reason for the name comes from the following simple result (actually much more is true,
namely, the “minimal energy” is really the minimal one, without multiplicative constants, as
soon as one considers the Manhattan distance instead of the Euclidean one, see [14, Theorem A)).

Lemma 3.5. Let u : Q2 — A be a BV homeomorphism, let R CC ) be a rectangle, and let @ be
the restriction of u to OR. Then |Du|(R) > g\ll(go)

Proof. For simplicity of notation, we assume that R = [0,1]? is the unit square. Keep in mind
that, if S C R? is a segment and 1 : S — R? is a continuous BV curve, then the total variation
|Dv|(S) is greater than or equal to the length of the curve; in particular, by Lemma 2.4, for
almost every 0 < t < 1, if we call §; the horizontal segment {(s,t), 0 < s < 1} and ¢ the
restriction of v to S, we get

’Dlu’(‘gﬁ) = |Dw’(8t) > dP(‘P(Oat)v(P(lat)) )

where the last inequality is due to the fact that v is a curve contained in P(p) and connecting
©(0,t) with (1,¢). Similarly, calling 8! the vertical segment {(,s), 0 < s < 1}, we have

|D2u|(8t) > dp ((,O(t, 0)7 90(t7 1)) :

Finally, just by integrating, directly by Definition 3.4 we get
1 1
VRIDUI(R) = [Drul(R) +Daul(R) = [ 1Drul(S)+ [ 1Daul(8) = ().
which concludes the proof. O

We now see how the function ¥ varies if we slightly modify the boundary value ¢. More
precisely, we will consider the following variations of a boundary value.

Definition 3.6 (n-linearization of a Jordan curve). Let g : 9R — R? be a given Jordan curve, let
S1, Sa, ..., Sp be finitely many essentially disjoint segments in OR. We define the continuous
curve ¢ : OR — R? as the function which coincides with g on OR \ UL, Si, and which is the
segment connecting the images under g of the two endpoints with constant speed in each S;. We
say that ¢ is an n-linearization of g, for n > 0 much smaller than the diameter of g(OR), if ¢
is injective and, for every 1 < i < P, the curve g on S; has length smaller than n and intersects
© only within the segment p(S;) (but not necessarily only at the endpoints of this segment).

The next three results are taken from [14], in particular the first one is [14, Corollary 4.3],
the second is an obvious consequence of [14, Theorem A], and the third one is [14, Theorem 1.4
and Remark 4.4]. Notice that, also by Theorem 3.3, the last result is exactly the same as our
Theorem A, except that the area strict convergence is replaced by the (weaker) strict conver-
gence.

Lemma 3.7. Let g : OR — R? be a Jordan curve and let p be an n-linearization. Then

U(p) < W(g) +nA(OR).
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Proposition 3.8. Let R be a rectangle, and let ¢ : OR — R? be a continuous injective function.
Then, there exists a piecewise affine homeomorphism v : R — R? such that v = ¢ on OR and

[ 1pvl < v,
R

Moreover, if ¢ is piecewise linear then the function v can be taken finitely piecewise affine.

Theorem 3.9. Let Q C R? be an open set, and let u : @ — A be a BV homeomorphism. Then,
there exists a sequence {u;} of countably piecewise affine BV homeomorphisms between 2 and
A, uniformly coinciding with u on OS2 in the sense of Definition 1.1 and finitely piecewise affine
where possible in the sense of Definition 1.2, such that {u;} and {uj_l} converge uniformly and
strictly to v and u™'.

4. DEFINITION AND PROPERTIES OF THE LEBESGUE SQUARES

This section is devoted to the definition and the study of the “Lebesgue squares”, which are,
roughly speaking, squares inside the domain where the function is sufficiently close to an affine
mapping. The same concept has been already successfully used several times in the last years
(see for instance [5, 13, 8]), but always in the framework of Sobolev or bi-Sobolev functions.
As a consequence, we need now to give a more general definition, to cover also the case of BV
homeomorphisms.

Definition 4.1 (Lebesgue squares). Let u € BV(,R?) be a homeomorphism, and let ¢ €
and r > 0 be such that Q(c,3r) CC Q. We say that Q(c,r) is a Lebesgue square corresponding
to the matrix M € R?*? and to the constant § < 1 if

‘Du — M‘(Q(C, 3r)> <r?s.

The main utility of the Lebesgue squares comes from the following simple fact, which ensures
that in such a square the function v is uniformly close to an affine function w with Dw = M.
The very same result has been already noticed and used several times for Sobolev functions, see
for instance [8, Lemma 4.3]; the proof in the more general framework of BV functions is also
very similar, one only has to be careful that Du is a measure instead of an L! function.

Lemma 4.2. Let Q = Q(c,r) be a Lebesgque square with matriz M and constant 6. For every
€ > 0 there exists 6 = 0(e, || M||) < € such that if § < 6, then

v — wllpeo(Qe, 2r)) < €T (4.1)

where w : R? — R? is a suitable affine function satisfying Dw = M. If in addition det M > 0,
then, provided § < &' (e, || M]||,det M),

w(Qe,(1=2)r)) Cu(Qe,(1—2e)r)) Cw(Q(e, (1= 5)r)) Cu(Q) Cw(Q(e, (1 +2e)r)). (4.2)

Proof. Without loss of generality, we can assume that @) is centered at the origin. By Lemma 2.4

we decompose Diu = Duy dy and Dou = Du” dx, where, for almost every z, y, Du, and Du”

are the derivatives of the BV functions u, and u”, being u,(t) = u(t,y) and u*(t) = u(x, t).
Let then R be a large constant, to be specified later: we define

A= {x € (—=3r,3r) : |Du® — Ms|(—3r,3r) < R5T} ,

B ={ye (=3r,3r) : |Du, — M|(~3r,3r) < Ror},
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where M7 and Ms are the two rows of the matrix M, and we notice that by the definition of
Lebesgue square we have

(=3r,3r)\ 4] < =, (=37, 3r)\ B| < =, (4.3)
R R

Let us now select a point a = (a1, ag) such that a; € A, ay € B, and let us define the auxiliary
BV functions w(z) = M(z — a) +u(a), and ¢(z) = u(z) — w(z). For every z € A, y € (—3r,3r),
then, since ¥ (a) = 0 we have

(. y)] < [, y) — (e, az)| + (. a2) = d(ar, az)|

(4.4)
< |Dux - M2|(a2>y) + |Dua2 - Ml‘(xaal) < 2R(5?”,

and the obvious modification of the argument implies that the estimate holds true also for
x € (=3r,3r),y € B.

Let now (z,y) be any point in Q(c,2r); thanks to (4.3) we can select z~ < z < zT and
y~ <y <yt such that ¥ € A, y* € B, and |z* — 27| < /R, [y* —y~| < r/R. Let us call
for a moment R the rectangle with vertices (z*,y™). The curve w(9OR) is a small parallelogram
around w(z,y), with diameter at most v/2r||M||/R; moreover, (4.4) holds for every point of IR,
thus ¢ = u — w is uniformly bounded by 2Rdér on OR; therefore, the curve u(0R) is entirely
contained within distance 2Ré7++/2r||M||/R from w(z,y). Since u is a homeomorphism, u(z, y)
is inside this curve, hence we get

(e, y)| = lu(w,y) - wla,y)| < 2Ror + V2 5 [M]| < er,

where the last inequality holds as soon as R has been chosen large enough, depending on € and
on ||M]|, and then § has been chosen small enough, depending on € and R, so ultimately on &
and ||M]]. Since (x,y) € Q(c,2r) was an arbitrary point, we obtain (4.1).

To conclude, let us assume that det M > 0. Then, observe that the validity of all the
inclusions (4.2) holds true as soon as we have the uniform bound

lu = wllLeo(@ear)) <ver,

for a geometrical constant v > 0 only depending on ||M || and on det M. Notice that this estimate
has the same form as (4.1); therefore, to get it we can simply modify the definition of R and of &
done before, in fact one has just to choose R’ = R/v and §' < v25. As a consequence, the proof is
concluded by replacing the constant &(e, || M]|) with the smaller constant &' (e, || M||,det M). O

From the above calculations on the Lebesgue squares, we can derive the following useful
property about the energy.

Corollary 4.3. Let Q(c,r) be a Lebesgue square corresponding to the matriz M and the constant
6. Then, one has

F(u,Q) > (4V/IIM]2 +1 - 6)r%, F(u™u(@) > [Dul(Q), (4.5)
and, if € > 0 is given, det M # 0, and § < &' (g, || M|, det M), it is also

Fluw(@) > [w(@](V1+ M2 - a), (4.6)

where o = a(e, || M||,det M) is an explicitely computable constant, which converges to 0 if € \, 0
while ||M|| and 1/ det M remain bounded from above.
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Proof. Since Q = Q(c,r) is a Lebesgue square, and since the function ¢ — /1 + ¢2 is 1-Lipschitz,

then
Flu,Q) - /Q VI + 11 < |Du— M|(Q) < 62,

from which the first estimate in (4.5) holds. Moreover, by Theorem 3.3 and the fact that

V1 +t2 >t we have

Flu™u(Q)) = [Du™|(u(Q)) = |Dul(Q),
hence also the second estimate in (4.5) is established.

Concerning (4.6), let us fix a constant ¢ > 0, and assume that det M # 0 and § <
§'(e,||[M||,det M). Let w be the affine function given by Lemma 4.2, and consider the par-
allelogram T = w(Q(c, (1 —E)T)), which is contained in u(Q) by (4.2). Since Dw = M, for every
a, b € R? one has

det M
w(a) —w(d)] > ————la—1b|.
| M|
Hence, for any z € T, calling Z = w™!(z) and 2 = u~!(z), by (4.1) we have
det M
re > |w(2) — u(d)| = (%) - w(®)| > T 15 2],
| M|
which can be rewritten as
- _ 2 re| M|
12y — (s < Y2 TEIMI 47
u () —w )| < L2 (4.7

Let then R C T be a rectangle, with sides having lengths ¢; and /o, and directions p, v € S!
respectively. If x and y are two points belonging to the two opposite sides of length ¢, with
y — x parallel to v, (4.7) applied to x and y gives

)~ ()] 2 o @) o ) -2

Arguing in the same way for all such couples x and y, by integrating we get
TEHMH — |R‘<M_1(V) QT‘SHM‘> )

det M  lodet M
Arguing in the same way for points on the two opposite sides of length ¢, we obtain

re|| M|
det M -~

=M (v) -2

|ID,u™H(R) > t1le M~ (v) — 204

D,u Y [(R)> |RIl M~ () — =120
|Dyu™"[(R) > | |< () ¢y det M

By an easy geometrical argument, there are two perpendicular vectors u, v € S! so that, for
every d < rdet M/||M]||, there are finitely many essentially disjoint rectangles R;, with sides
parallel to 4 and v, all having sides bigger than d, so that the union S := U;R; C T satisfies
T\ S| < 2 M|lrd.
In particular, we fix d = r/e det M/||M]||, so that also by (4.2)
1-¢)?—
S| > |T| — 2r® /e det M = (4(1 — €)® — 2/2)r* det M > ((12)2\/5 lu(Q)|, (4.8)
€

and from the above estimates we obtain

2 2
D ()2 1512170 - DY pja i) 2 15130 - 2D
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Let us now decompose Duflf1 = Vﬂu*1 + DZ1F1 and Dyu~! = V,u™! + Dsu~1, with Vﬂu*1
and V,u~! in L' and DZu_l and D3u~! singular measures. Since u(Q) 2 T 2 S, Jensen’s
inequality, the above estimate and (4.8) give

Flu (@) = Flut,8) = [ I+ Vu P+ D"
WSP ([ 1vu1) + D% 1(5) 2 VISP + [Du 1152

Vel M|
> 2 -1 2 -1 2> 2 -8 ——
> /IS]? + [Dou=1[(S)? + | Dyu~1|(S) _ISI\/H”M I* =8 aet )

- (1 +e) (det (det M3~
from which (4.6) follows. The proof is then concluded. O

The following simple result shows that small squares around Lebesgue points for Vu are
always Lebesgue squares: the same result is well-known for the case of Sobolev mappings, see
for instance [13, Lemma 2.2].

Lemma 4.4. Let x € Q be a point of approximate differentiability for u, and let € > 0 and
§ < 6(e, Vu(z)) be as in Lemma 4.2. There is then ¥ = 7(x, §) > 0 such that, for every r < 7
and ¢ € Q(z,r), the square Q(c,r) is a Lebesgue square with matriz Vu(z) and constant 0.

Proof. Since x € Q) is a point of approximate differentiability for u, there exists 7 = 7(x, d) such
that for every r < 7 one has Q(x,4r) CC Q and

|Du — Vu(z)|(Q(z,4r)) < r%5.
Hence, for any ¢ in Q(z,r) we have
|Du — Vu(:n)|(Q(c, 3?")) < |Du— Vu(:v)|(Q(33, 47“)) <%,

thus the thesis is concluded. g
Lemma 4.5. Let Q, A C R? be two bounded open sets, u € BV(Q; A) a homeomorphism, and
e < 1 fizred. There exists H = H(u,¢) such that for every 6 < 1/H there exists T = 7(d, H) with
the property that, for every r < ¥, there are essentially disjoint squares {Q;}i=1, . N, all with
side 2r, each being a Lebesgue square corresponding to a matriz M; and the constant &, and so

that ‘Q\Uf\ilQi < e and for every 1 <i < N one has that either M; =0 or 1/H < |M;|| < H,
and either det M; =0 or 1/H < det M; < H.

Proof. For each H > 0 we define the set
Ap = {z €Q:|Vu(z)|| € (0,1/H) U (H,+00) or det(Vu(z)) € (0,1/H) U (H,+o0)} .

Since Ay C Ay whenever H > H' and Ng~oApg = 0, there is a suitable H = H(u,e) > 1 with
|Am| < /3. Let us now fix any 6 < 1/H: for almost any x € 2, we have the constant 7(x, ¢)
from Lemma 4.4; hence, we can find 7 < 1 such that also the set

By = {er\AH: F(x,é)gf}

has measure less than €/3. Up to decrease the constant 7 if necessary, only depending on €2, for
every r < 7 we can find finitely many essentially disjoint squares {Qj }jzl,---, p, all with side 2r
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and centered at points ¢; € €, such that every square Q(c;,3r) is compactly contained in 2 and
the measure of Q\ UleQj is less than /3.

Up to renumbering, we have some N < P such that the square (); contains at least a point
zj € Q\ (Ag U Bp) if and only if j < N. By construction, Q \ Uévlej has at most measure
¢; moreover, by Lemma 4.4 each Q; with 1 < j < N is a Lebesgue square with constant 6 and
matrix Vu(x;), so by the definition of Ag the proof is concluded. O

5. PROOF OF THE MAIN RESULT

This section is devoted to show our main result, Theorem A. The main step of the construc-
tion is the lemma below, showing how to modify a function, slightly in the area strict sense, so
to become piecewise affine in a big portion of €.

Lemma 5.1. Let Q, A C R? be two bounded, open sets and u € BV(; A) be a homeomorphism.
For every ¢ > 0 there ezists a homeomorphism v € BV(Q; A), finitely piecewise affine on a
polygon P CC Q with |\ P| < e, such that {v # u} CC Q, and satisfying

lv = ull ooy + 07" = u™ | poo(ay + F0™h) = F(u™h) + [F(o) = Flu)| <e. (5.1)
Since the construction is quite involved, we single out the main steps in separate lemmas.

Lemma 5.2. Let ¢ < 1 be given, let Q = Q(c,7) CC Q be a Lebesque square, corresponding to
a matriz M and a constant § < §(e, |M||), with 6 < §'(e, || M]||,det M) if det M > 0. Then,

|Dul(Q(c,m) \ Q(c, (1 —&)r)) < (16| M| + 10)er? (5.2)

Proof. By definition of Lebesgue squares, we have

[D1ul(Q) < [Dru — M(e)|(Q) + 4|M (e1)|r? < (4]M(er)] +6)r*. (5.3)
On the other hand, let us take any —(1—¢)r <t < (1—¢)r, and call z; = (¢c;1 — (1—¢)r, co+t) and
Yyt = (c1 + (1 —e)r,ca +t) two points on the boundary of Q(c, (1 —¢)r). The L™ estimate (4.1)
ensures that

(o) = u(ye)| — 21 = e)r|M(er)]| < 2re,
hence
| Drul(zye) 2 [u(ee) — uye)| = 2(1 — )r[M(er)| — 2re.

Integrating in ¢, we obtain

Dul(Qe (=) = [ 7 1Dl 2 401 <Pr? M (o) e,

(1—e)r

which together with (5.3) gives
| D1uf(Q(e, )\ Qle, (1= e)r)) < ((BIM]| +4)e +6)r? < 8| M| + 5)er?.
Since the very same estimate holds clearly with Dyu in place of Dju, we have obtained (5.2). O

Lemma 5.3. Let ¢, Q = Q(c,7), M and 0 be as in Lemma 5.2, and assume that det M # 0.
Then there exists a piecewise affine homeomorphism v : Q — R2, finitely piecewise affine on a
polygon P CC Q with area at least (4 — 8¢)r?, with v =u on 0Q and

|Du— Du|(Q) < 42(1 + || M||)er?, (5.4)
Flo ™ u(@) < F(u ™' u(@)) + alu(@)] + (23]| M| + 31 + 16 det M)er?, (5.5)
where o = afe, || M|, det M) is the constant given in Corollary 4.5.
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Proof. By construction, we can apply Lemma 4.2, hence we have an affine function w : R? x R?
with Dw = M such that (4.1) and (4.2) hold. We can then define v = w on the square
P = Q(c, (1—¢)r), so v is in fact affine on the polygon P, which has area 4(1—¢)%r? > (4—8¢)r2.
Notice that for every x € dQ(c, (1 —e)r) the point v(x) is in the interior of u(Q) by (4.2). Let us
now subdivide C = Q(c,r)\ Q(c, (1 —¢)r) in four rectangles R, 1 < j < 4, each with two sides of
length er and two sides of length (2 —¢)r. We want to define v on OR; for each j. Notice that,
since v has been already defined on Q(c, (1—¢)r), and we have to define also v = u on 9Q), it only
remains to specify v on four short segments of length er. The definition is the following: given
any of these short segments, call it S, let S’ C S be the shortest segment having one endpoint

in Q, and the other one in v~ (w(Q(c, (1 — 5)r))), which is possible by (4.2). Then, we let v be

the function coinciding with « on S’ and linear on S\ S’. Let us take any rectangle R, and call
P and P’ the internal parts of the Jordan curves u(9R;) and v(9R;); let moreover z and y be
two points on two opposite sides R ; having one of the two coordinates equal. By construction,
thanks to our definition of v on OR; and recalling (4.1), a simple geometric estimate shows that

dP’(l’;y) S dp($7y> + 287’,

so that by integration
U(vLOR;) < U(ul OR;) + der?.

Hence, by Proposition 3.8 we can extend v to the interior of R; as a homeomorphism, satisfying

/ |Do| € W(0LOR;) < W(uLORy) + der® < Va|Dul(Ry) + der?,

J
where we have also taken Lemma 3.5 in account. Adding this inequality for the four rectangles
and keeping in mind Lemma 5.2 we obtain

/C|Dv| < V2| Du|(C) + 16612 < (23| M]| + 31)er?. (5.6)
In the smaller square P, instead, we have
|Du — Dv|(P) = |Du — M|(P) < 6r% < er?.
Putting the last two estimates together we get
|Du — Dv|(Q) < e 4 |Du|(C) + |Dv|(C) < (39| M| + 42)er?,

which is stronger than (5.4). We have then now to prove (5.5).
First of all, since v = w on P, we have

F™hu(P)) = 1+ M2 u(P)]. (5.7)
Moreover, by (4.2) we have
v(P) = w(Q(e, (1= €)r)) v(Q) = u(Q) S w(Qe, (L +e)r)),
so that
[0(@)\o(P)| = [(Q)] — [v(P)| < 16er* det M

As a consequence, since v/1 +¢2 < 1 + ¢ and by Theorem 3.3 and (5.6) we have
.7:(1)71,1)(@) \U(P)) < |Dv 7 (w(Q) \ v(P)) + [v(Q) \ v(P)| < |Dv|(C) + 16er* det M
< (23||M || + 31 + 16 det M)er?.
Putting this estimate together with (5.7) and with (4.6) from Corollary 4.3, we get (5.5). O
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Lemma 5.4. Let e, Q = Q(c,r), M and § be as in Lemma 5.2, and assume that M = 0. Then
there exists a piecewise affine homeomorphism v : Q — R2, finitely piecewise affine on a polygon
P CC Q with area at least (4 — 8&)r?, with v =u on 0Q and

|Du — Dv|(Q) < 3er?, (5.8)
]:(U_l, u(Q)) < f(u_l, u(Q)) + 2er?. (5.9)

Proof. Let 0 < t < € be a number, to be specified in a moment. Similarly to the previous lemma,
we call P = Q(c, (1 —t)r) a square slightly smaller than @), which has of course area larger than
(4 — 8¢)r?, and we subdivide C = Q \ P in four rectangles R;, 1 < j < 4. Let us now call I the
union of the boundaries of the square P and of the rectangles R;, and I'g the boundary of P.
We can assume that the restriction of u to I' \ 9Q belongs to W1, since this is true for every
choice of t outside a negligible subset of the interval (0,¢). As a consequence, for every n > 0
there exists £ < tr such that every segment xy contained in I' \ 0Q with length smaller than &
has image, under u, with length less than 7.

Let then n < 1 be a constant, to be chosen in a moment, and let £ > 0 be the corresponding
constant. Applying Lemma 3.1 with our choice of I', T'g and &, and being g the restriction of u
to I', we obtain an injective function ¢ : I' — R2. Since & < tr, we have that ¢ = u on 0Q, and
on the other hand ¢ is piecewise linear on dP. By construction, ¢ is a n-linearization of g on
each of the four rectangles OR; as well as on 9P, according to Definition 3.6. As a consequence,
by Lemma 3.7 we have

U(pLOR;) < ¥(ulLOR;) +4nr V1< j<A4, U(pLoP) < U(ulLOP)+ 8nr.

Thanks to Proposition 3.8, we can find a piecewise affine extension v of ¢ on each R; and on P
in such a way that, also by Lemma 3.5,

=1

4 4
/|DU|:/ |Dvy+2/ Dv| < W(pLAP) + 3 U(pLIR;)
Q P j=1"R;
4

< U(uLOP) + Z U(ul OR;) + 24nr < V2| Dul(Q) + 24nr .
j=1

Notice that v = u on 0Q, and that v is finitely piecewise affine on P since ¢ is piecewise
linear on P. Then we have only to take care of (5.8) and (5.9). Since @ is a Lebesgue square
corresponding to M = 0, by definition we have |Du|(Q) < dr? < er?, hence

|Du — Do|(Q) < [Dul(Q) + |Do|(Q) < (1+ V2)|Dul(Q) + 24nr < 3er?,

where the last inequality is true up to have chosen 7 small enough. We have then proved (5.8).
Recall now that, by (4.1) of Lemma 4.2 and since M = 0, the set u(Q) has area less than
ne?r?. As a consequence, since /1 + t2 < 1 + ¢ and by Theorem 3.3 we have

Fohu@) - Flu™hu(@) < Flo™hu(Q)) < [Dv(v(Q)) + [u(Q)]
< |Dv|(Q) + we®r? < V2er? 4 24mr 4 wer?
from which also (5.9) follows if 7 is chosen small enough. The proof is then complete. O

Lemma 5.5. Let ¢, Q = Q(c,r), M and § be as in Lemma 5.2, and assume that det M = 0 but
M # 0. Calling € and K the constants of Theorem 3.2, assume in addition that 6 < ||M||e€.
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Then there exists a piecewise affine homeomorphism v : Q — R2, finitely piecewise affine on a
polygon P CC Q with area at least (4 — 8¢)r?, with v =u on 0Q and

|Du — Do|(Q) < 39 (1+K§2) (1 + [ M|)er?, (5.10)

Flou(@) < Flu u(@) +43 (1+ K jz) (1 + || M|])er?. (5.11)

Proof. Let 0 <t < ¢ be a number, to be fixed in a moment. We will call again P = Q(c, (1—t)r)
the slightly smaller square, and we will again subdivide C = @ \ P in four rectangles R;,
1 < j < 4. Moreover, we call again 'y the boundary of P and I' the union of the boundaries
of P and of the rectangles R;. As already noticed, the restriction of u to I' \ Q) belongs to
WL for all ¢t except those contained in a negligible subset of (0,¢). Moreover, if we call S; the
boundary of P, by Fubini Theorem we have

3
512 > |Du— M|(C) = 7"/ \Du— M|(S;) dt
t=0
hence we can select some 0 < t < ¢ such that not only u belongs to WH1(T" \ 9Q), but also
o
|Du — M|(0P) < —r. (5.12)
€

Let again 7 < 1 be a small constant, to be chosen in a moment, and let £ < ¢r such that every
segment zy contained in I'"\ 0Q with length smaller than £ has image, under u, with length
less than 7. Applying Lemma 3.1, with g being the restriction of u to I', we obtain an injective
function ¢ : I' — R?, and by construction ¢ = u on dQ and ¢ is a 7-linearization of g on the
boundary of every R;. As in the previous lemma, then, we have

V(pLOR;) < ¥(ulORj) +4nr V1<j<A4,

hence Proposition 3.8 provides us with a piecewise affine extension v of ¢ inside each R; which,
by Lemma 3.5, satisfies

I

4
|Dv|(C) < > W(pLIRy) Z U(ul R;) + 16nr < V2| Dul(C) + 1617 (5.13)
j=1 j=1

Concerning the square P we need to argue in a different way: more precisely, ¢ is piecewise
linear on P, and since ¢ is a linearization of g, then by (5.12)

|Do — M - 7|(0P) < |Dg — M - 7|(0P) < |Du — M|(0P) <

M| >

. (5.14)

Notice that the first inequality is true because, for each segment zy C OP for which ¢ is
linear on xy and coincides with g on x and on y, the vector Dy — M is constant and coincides
with the average of the vector Dg — M, thus by concavity of the distance we clearly have
|De — M - 7|(zy) < |Dg — M - 7|(zy).

Since or/e < ||M||ér, by (5.14) we can apply Theorem 3.2, which provides us with a finitely
piecewise extension v of ¢ on P satisfying

|Dv — M|(P) §K§r2.
9

The function v on the whole @ is then a BV extension of u on 9@, which is finitely piecewise

affine on the polygon P, having area at least (4 — 8¢)r2. Moreover, putting together the last
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estimate and (5.13), also by Lemma 5.2 and the definition of Lebesgue squares we obtain
Dv — Dul(Q) < |Dv|(C) + |Dul(€) + |Dv — M|(P) + | Du — M](P)
0
< (39||M|| + 25)er® + 16nr + K - r? 4 er?,

which is stronger than (5.10) up to have chosen 7 small enough, depending on €.

To conclude, recall that by Lemma 4.2 there exists an affine function w with Dw = M
such that |[u — wl|pe(g) < er. Since w(Q) is a segment with length ||M||r, we deduce that
[u(Q)] < A(| M| + 1)er?, thus

F(ohu(@) = Fu ' u(@) < Do~ |(w(@)) + [u(Q)] — [ Du~(u(Q))
< |Dul(Q) — | Dul(Q) + 4(I|M]| + 1)er?
hence (5.11) follows from (5.10) and the proof is concluded. O
We are now ready to prove Lemma 5.1.

Proof (of Lemma 5.1). First of all, we apply Lemma 4.5 with the constant e; = ¢/(1 + 2|Q]),
thus finding the constant H > 1. Then, we define e9 = e9(u, e, H) < €1 with the property that

a(es, | M|, det M) < @ VM e R (| M|, det M) € (1/H, H)?, (5.15)
and that
992 (1 + 2H)eo| Q| < %. (5.16)
Moreover, calling & and K the constants of Theorem 3.2, let § = d(e2, H) < 1/H be such that
8 < 8(ea, || M])) VM e R¥2: | M| € {0}u(1/H, H), (517
§ < &(e2,||M|,det M) VM € R¥?: (| M|, det M) € (1/H, H)* '

and L

§ < min {H K} | (5.18)

We use now our choice of 4 to apply Lemma 4.5, finding the constant 7 = 7(0, H) = 7(u, e, H).
Then, we pick some r < 7 such that
€ €
|u(x)—u(y)|<1 Va,yeQ: |y —xz| < 2v2r, T<E\/§’ (5.19)
and we finally use this r in Lemma 4.5 to get the squares {Q;}i=1,..,n and the corresponding
matrices M;; keep in mind that, by construction,

’Q \ Ui, Qi

<egp =

€
T2 2] (5.20)
By (5.17) and (5.18) to every square @);, with constants €3 and ¢ and matrix M;, we can apply
either Lemma 5.3, or Lemma 5.4, or Lemma 5.5, respectively if det M; # 0, or M; = 0, or
det M; = 0 # ||M;]|, thus finding the functions v; : Q; — R%. We let v € BV(Q; A) be the
function coinciding with v; on every @);, while v = u outside of the union of the squares

It is true by construction that v is a homeomorphism and that {v # u} C UY,Q; cC Q.
Moreover, every square Q; contains a polygon P; with |Q; \ P;| < 2e2|Q;| on which v; is finitely
piecewise affine, hence v is finitely piecewise affine on the polygon P = U | P;, and by (5.20)

2\ Pl = |2\ U, Q;

+ZIQ1\P|< Ty + 222 Ui Qi <2
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To conclude, we have then only to show (5.1).
First of all, notice that for every square ); we have v = u on 9Q;, hence for every x € Q;
it must be |v(z) — u(z)| < diam(u(Q;)) < /4 by the first property in (5.19), so we deduce
€

v —ul| Loy < 1 (5.21)

Analogously, for every 1 < i < N and for every z € u(Q;), we have that both u~1(2) and v™1(2)
belong to @Q;, hence their distance is at most 2v/27, so the second property in (5.19) gives

1 S

o™ = u | peo(a) < T (5.22)

Concerning F(v~1) — F(u~1!), up to renumbering we can assume that det M; # 0 if and only if
i < Nj for some Ny < N. Then, in every square (); we can use either (5.5), or (5.9), or (5.11),
which also keeping in mind (5.15), (5.16) and (5.18) gives

Flo - Z]: — Flu™,u(@y))

=z

1

N
K§
<> alez, | Ml det Mp)[u(Q)| + Y- 43(1 + [[M;]] + det M) (1+€2>52r2 (5.23)
=1 2

@
I
—

Ké
< -+ 11(1+2H) <1+2) e9|Q] < E.
€5 4

co| ™

Finally, concerning F(v) — F(u), since t — +/1+t? is 1-Lipschitz we can use (5.4), (5.8)
and (5.10), together with (5.16) and (5.18), to get

N N
| F(v) = Flu)| = > |F (0, Qi) — F(u, Qi) < [Dv; — Dul(Q;) <
i=1 =1

Hk\m

This inequality, together with (5.21), (5.22) and (5.23), gives (5.1), thus concluding the proof. O

We can now conclude the paper by showing our main result, which can be obtained applying
twice Lemma 5.1 if ) is bounded, while the general case needs an approximation argument.

Proof (of Theorem A). We divide the proof in two steps.

Step I. The case when 0 and A are bounded.

Let us first assume that 2 and A are bounded. In this case, let 7 € N be fixed, and
let e = 1/j. We apply Lemma 5.1 to u, finding a polygon P; CC € and a homeomorphism
@1 : Q — R2, finitely piecewise affine on Py, such that {¢1 # u} CC Q, |2\ Pi| < ¢, and (5.1)
holds. Let us now apply again Lemma 5.1 to the restriction of ¢;' to A\ ¢1(P;), finding
another BV homeomorphism s : A\ ¢1(P;) — R?, finitely piecewise affine on some polygon
Py CC A\ ¢1(Pr) with A\ (¢1(P)) U Py) < e and {2 # @7 '} €C A\ ¢1(P1), and again such
that (5.1) holds. Let us now define @3 :  — A the function which coincides with ¢, ! on Q\ P,
and with ¢ on Pi; by construction, it is a homeomorphism which satisfies

los = ull o) + llos " = u™ ) + Flog!) = Flu™) + Flos) = Flu) <2e,  (5.24)

and which is finitely piecewise affine on the polygon P = P; U ¢, 1(Pg). By construction,
|Q\ P| <e, A\ p3(P)| < e. (5.25)

Keep in mind that P CC €2, and that @3 is piecewise linear on dP. Then, calling Q= = Q\ P
and A~ = A\ ¢3(P) for brevity, we apply Theorem 3.9 to the restriction of 3 to 27, finding a
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countably piecewise affine homeomorphism ¢4 : Q= — A~ which coincides with 3 on P and
which is finitely piecewise affine on a neighborhood of P, and such that

4 — @3]l Loy <€, ler' — @3 llre(am) <&,

‘|D<P4|(Q_) - |D<P3|(Q_)‘ <e, ‘|D¢51](A—) — \Dgogl|(A—)‘ <e (5.26)

Finally, define v; : © — A the function which coincides with 3 on P and with ¢4 on 7. By
construction, this is a countably piecewise affine BV homeomorphism, uniformly coinciding with
u on 0F2 and finitely piecewise affine where possible. Notice that

|vj — ull L) < 3¢, ij_l — u_1HLoo(A) < 3e, (5.27)

and moreover by (5.25) and (5.26), also recalling (2.1), we have
F(vj) = Fles, P) + Flpa, 07) = Flp3, Q) + Flpa, 07) — Fe3,Q27) < Fes,Q) + 2¢.
In the very same way,
F;h) < Fle3h A) + 2,
hence by (5.24) we deduce

Flo) + Flurh) < Flu) + Fu™) + j . (5.28)

In particular, {v;} and {vj_l} are bounded in BV, thus by (5.27) they converge weakly™ to u and
u~! respectively. Since, as noticed with Lemma 2.3, the functional F is lower semicontinuous
with respect to the weak™® convergence, (5.28) implies that F(v;) and F (vj_l) converge to F(u)
and F(u~") respectively, hence they converge in the area strict sense since € and A are bounded.

The proof is then concluded in this case.

Step II. The general case.
Let us now give the proof in the general case, when 2 and A might be unbounded. Let
J € N be fixed, and let €2; CC €2 be an open, smooth set such that

|Dul(Q2\ Q) < e, (5.29)

where again we write for brevity e = 1/j. Calling A; = u(2;), we can applying the result of
Step I to the function u on the set €, finding a sequence of functions {y; , tneny € BV (25, A;),
which converge uniformly and in the area strict sense to u and whose inverses converge uniformly

and in the area strict sense to u L.

©j = Pjn(y), one has

By Lemma 2.3, we can find n = n(j) such that, writing

s — ull iy + lloj — ulleo,) + 1197t —u i, + llo; 't —u Hiea,) <&, (5.30)
and moreover one can write Dy; = p/ + 1/ so that
W = Vul(2) <e, [1V/1(2) = 1D*ul()] <& (5.31)
Let now P CC €); be a polygon such that
|Du|(€;\ P) + D[ (€2 \ P) <, (5.32)

and call Q7 = Q\ P and A~ = A\ ¢;(P). Let then v : Q= — A~ be the function which
coincides with ¢; on €; \ P, and with v on Q\ ;. By construction, (5.29) and (5.32), this is a
BV homeomorphism with

|Dv|(27) < 2e, (5.33)



20 A. PRATELLI AND E. RADICI

and it is continuous up to 0P, being piecewise linear there. We can then apply Theorem 3.9 to
v, finding a BV homeomorphism ¢ : 2~ — A~ such that

15 = vllpi-y + 19 = vl + 15 =v ipa-) + 107 = v lpe@ay <&, (5.34)
and with
IDB|(Q7) < |Dul(Q) + ¢ < 3¢, (5.35)

where we have also used (5.33). Let us finally define v; : @ — A the function which coincides
with ¢; on P, and with ¥ on Q7. By construction, this is a piecewise affine BV homeomor-
phism, uniformly coinciding with u on 02 and finitely piecewise affine where possible. By (5.30)
and (5.34), we have that v; and ’Uj_l converge uniformly and in L' to u and u~! respectively.
Since |Dwvj;|(€2;) and |Dv;|(£27) are bounded by (5.31) and (5.35), then also by Theorem 3.3 v;
and vj_l are bounded in BV, so they weak* converge to u and u~!. Finally, let us call v =V'LP,
and p; = Dvj — vj, so we have decomposed Dv; = p; + vj. We have

vy = V1@ = N2\ P) < [Dsl(@5\ P) < e (5.30)
by (5.32), hence by (5.29) and (5.31)
[1251(2) = |D*u ()] < [[V/[(9) = [D*ul(@)] + & < [[V/]() = |D*ul(y)] +2¢ < 3. (5.37)
Moreover, we have
pj —Vu=Dv; —v;j—Vu=Dp;LP+ Do —v — (v; — V) — VulLQ; — Vul(Q\ Q;)
=Dy — Dp;L(Q;\ P)+ Do — v — (vj — ') = VuLQ; — VuL(Q2\ Q;)
=u' —VulLQj — Dp;L(Q;\ P) + Do — (vj — V') — VuL(Q\ ©Q;),
so by (5.31), (5.32), (5.35), (5.36) and (5.29) we get
lnj — Vul(Q) < Te.

This equation, together with (5.37), ensures that v, kN u, hence the proof is concluded. [
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