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FOCK SPACE REPRESENTATION OF THE CIRCLE QUANTUM GROUP

FRANCESCO SALA AND OLIVIER SCHIFFMANN

ABSTRACT. In [SS17] we have defined quantum groups U, (sl(R)) and U, (sl(S')), which can be
interpreted as continuous generalizations of the quantum groups of the Kac-Moody Lie algebras
of finite, respectively affine type A. In the present paper, we define the Fock space representation
Fr of the quantum group U,(sl(IR)) as the vector space generated by real pyramids (a continuous
generalization of the notion of partition). In addition, by using a variant of the “folding procedure”
of Hayashi-Misra-Miwa, we define an action of U, (s[(S!)) on Fg.
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1. INTRODUCTION

The present article continues the study of the circle quantum group U, (sl(S')) introduced in
[SS17], where S! := R/Z. In that paper we constructed geometrically a family of representations
Vq,r indexed by a pair of positive integers (g, r)!, with V; 1 being the natural “vector” representa-
tion and Vj, an analog of the r-fold symmetric power of V; ;. Our goal here is to define a Fock
space representation F of Uy, (s[(S')), which may be thought of as a limit of V;, as r tends to
infinity.

Just as the quantum group U, (sl(S!)) is an uncountable colimit of U, (sl(1)) as n tends to
infinity, the Fock space FR is an uncountable colimit of the standard Fock space representation
of Uy (sl(1)) due to Hayashi [Hay90]. Recall that this Fock space is a vector space with a basis is
indexed by all partitions A

F=@QA),
A

where Q := Q[uv,v™1]. The action is induced, via a “folding procedure” (see also Misra-Miwa
[MM90]), by an action of the quantum enveloping algebra U, (sl(c0)) on the same space F.

Main results. One main novelty of the limit which we consider is that instead of partitions, the
Fock space FR has a basis indexed by what we call (real) pyramids (see Section 2). Integral pyra-
mids are close cousins of Maya diagrams and are in bijection with partitions. For instance, on the
left-hand-side there is the Young diagram of the partition (5,42,3,12) with its standard contents
written inside the corresponding boxes, and on the right-hand-side there is the corresponding
integral pyramid:

-5

3| -2] -1

—
-2|-1] 0 1
-1/ 0 1 2

SRUESENRY L[] [ |
5 -4 3 2 -1 0 1 2 3 4

Pictorially, we pass from Young diagrams to Z-pyramids by tilting 45 degrees to the left (or
writing partitions the russian way) and letting gravity act. Unlike partitions, pyramids admit a

Un the setting of [SS17], U, (sl(S')) is realized as (reduced) Drinfeld double of the spherical Hall algebra of parabolic
torsion sheaves on a genus g curve. The representation Vj,  arises from the Hall algebra of rank r parabolic vector bundles
on the curve.
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natural extensions to Q and R. For example, the following is a rational pyramid:

u -1 _7 0 2 2
5 10 5

N

Fix K € {Z,Q, R} and let Pyr(K) be the set of all K-pyramids. Our Fock space is defined as
FK = EB @| p) .

pePyr(K)

In [SS17] we also defined a Lie algebra s[(IK) — now as a limit of the Lie algebras s((n) as n tends
to co — and a corresponding quantum group U, (s((KK)) (the line quantum group, cf. Definition 3.2).
When K = Z, our quantum group U,(sl(Z)) coincides with Uy (sl(c0)), but it is much bigger
when K = Q or K = RR. Let 0 stand for the empty pyramid.

Theorem (cf. Theorem 3.6). There exists an action of U, (sI(K)) on Fy making it an irreducible highest
weight representation with highest weight vector |0).

Let S]% = K/Z for K € {Q,R}. Due to the absence of simple roots for the circle Lie algebra
s[(Sk ) it is not obvious to adapt Hayashi’s folding procedure. Indeed, the circle quantum group
U, (sl(Sk)) is generated by elements Ej, F}, K for | a K-interval in S} and the folding procedure
involves breaking up | into finitely many smaller intervals in all possible ways, see Section 4.2.
In order to obtain the correct action we use a geometric reinterpretation of the folding procedure
due to Varagnolo and Vasserot [VV99] which is based on the theory of Hall algebras and which
does pass to the limit.

Theorem (cf. Theorem 4.5). There exists a natural action of Uy (sl(Sk)) on Fi, which strictly contains
the irreducible highest weight representation generated by the vacuum vector |0).

As opposed to the case of the Fock space of Uy (sl(n)) (see e.g. [KMS95]), Fk contains no
highest weight vector other than the vacuum vector |0) when K = Q or K = R. On the other
hand, it is not a cyclic representation. It is, however, a cyclic representation of the Hall algebra of
Sl (which strictly contains U; (sI(SL))). Its precise structure will be studied in a sequel to this

paper.

Line and circle quantum groups vs. continuum quantum groups. In [ASS18], the authors, to-
gether with Andrea Appel, define a continuum generalization of the Kac-Moody Lie algebras,
associated with a topological generalization of the notion of a quiver. In particular, the vertex
set of a quiver is replaced by an Hausdorff topological space X, and the vertices of the quiver
are replaced by connected intervals in X (we refer to loc. cit. for the relevant definitions). It is
proved in loc. cit. that when X = K, Sk, the corresponding continuum Kac-Moody Lie algebras,
denoted by gx, coincide with sl(K) and s[(Si) respectively. In [AS19], the first-named author,
together with Andrea Appel, constructed a topological Lie bialgebra structure on the continuum
Kac-Moody Lie algebra gx of any space X and defined algebraically the quantization U, (gx) of
gx, which is called the continuum quantum group of X. It is proved in loc. cit. that U,(gx) co-
incides with U, (sI(K)) and U, (sl(Sk)) when X = K, Sk respectively. Finally, in [AKSS19], we
are constructing the quantum group U,(gx) via the theory of Hall algebras. We expect to extend
some of the techniques of this paper to such a more general setting, in particular the construction
of a Fock space representation for any U, (gx) will be the subject of a sequel to this paper.

Outline. The paper is organized as follows. In Section 2, we recall the notions of partitions and
Young diagrams, and describe their topological refinement as rational and real pyramids. In
Section 3, we introduce our Fock space Fi and the action of the quantum group U, (s[(K)), for
K € {Z,Q,R}, on it, while in Section 4, we define the action of U, (5[(Sﬁ<)), for SllK =K/Z
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and K € {Q,R}, on Fk. The proof that such an action is well-defined is given in Section 6
and it is based on a variant of the “folding procedure” depending on the theory of Hall algebras
associated with certain infinite quivers, as introduced in Section 5.

Acknowledgements. We thank Andrea Appel and Tatsuki Kuwagaki for helpful discussions
and comments.

Notation and convention. For any integer n, set

] :z% and [l = [n][n—1] --- [1].

Set Q := Q[v,v~!] and put g = v2.

2. PARTITIONS AND PYRAMIDS

In this section, we introduce integral, rational, and real pyramids and establish their basic prop-
erties. Rational and real pyramids are some “continuous” generalization of the notion of parti-
tion, while we shall show that integral pyramids coincide with partitions.

2.1. Recollection on partitions. A partition of a positive integer n is a nonincreasing sequence
of positive numbers A = (A; > Ay > --- > Ay > 0) such that [A| == Y{_; A, = n. We call
¢ = L(A) the length of the partition A. Another description of a partition A of n uses the notation
A= (1M2M2...), where m; = #{a € Z>o|Ag = i} with Y;im; = nand }; m; = £(A). We
denote by I1(n) the set of all partitions of n, and IT := (J,, I1(n). On the set IT of all partitions
there is a natural partial ordering called dominance ordering: for two partitions y and A, we write
u < Aifandonly if |u| = |Aand pg + -+ pa <Ay +---+ Az foralla > 1. We write y < A if
and only if y < A and u # A.

One can associate with a partition A its Young diagram, which is the set Y) = {(x,y) € Z%,|1 <
y < £(A), 1 < x < Ay} Then Ay is the length of the y-th row of Y); we write |Y,| = |A| for the
weight of the Young diagram Y. We shall identify a partition A with its Young diagram Y. For
example, with the partition A = (5,42,3,12) we associate the Young diagram Y:

For a partition A, the transpose partition A’ is the partition whose Young tableauis Y, = {(b,a) €
Z%,|(a,b) € Yy}

Finally, we call standard content of s = (x,y) € Y, the quantity c(s) := x — y. We say that box
s is of color i if ¢(s) = i. An addable i-box is a box of color i which can be added to Y in such a
way that the new diagram still comes from a partition, similarly a removable i-box is a box of color
i which can be removed from Y),. For i € Z, define

n;j(A) := #{addable i-boxes of Y, } — #{removable i-boxes of Y } .
Remark 2.1. Note that
1 if there exists an addable box of color i,

nj(A) = ¢ —1 if there exists a removable box of color i,
0  otherwise.
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2.2. Integral pyramids. We now provide another combinatorial realization of partitions very
similar to that of Maya diagrams, which we call “integral pyramids”. Below, ‘increasing’ and
"decreasing’ are meant in the broad sense.

Definition 2.2. An integral pyramid is a function p: Z — Z > satisfying the following properties:
i) p(n) =0for |n] > 0;
ii) p(0) = max{p(n)|n e Z};
iii) p is increasing on Z_ and decreasing on Z;

iv) |p(n) —p(n+1)| <1lforalln € Z.
@

We may represent a pyramid as a box diagram in which we draw p(n) boxes over the integer
n: for instance, we represent the pyramid such that p(—5) = p(—4) = 1,p(-3) = 2,p(-2) =
p(=1) =3,p(0) = 4,p(1) = 3,p(2) = p(3) = 2,p(4) = p(5) = p(6) = 1and p(n) = 0 for
n < —5orn > 6 as follows:

The set of pyramids with 1 boxes will be denoted Pyr(1).

Lemma 2.3. There is a canonical bijection between Pyr(n) and the set I1(n) of partitions of n.

Proof. The bijection A — p, goes as follows. If A is a partition and Y), its Young diagram, we fill
the boxes of Y) with the standard content ¢(s) = y — x if s = (x,y). Then we set p, (1) = #{s €
Yy |c(s) =n}.

Example 2.4. For instance, to the partition A = (5,42,3,12) we associate the pyramid p,(—5) =

iu(—‘l) = pa(=3) = 1,pA(=2) = 2,pA(=1) = pa(0) = pa(1) = 3,pr(2) = 2,pA(3) = pa(4) =

3| -2]-1

>
-2/-1,0 1
-1/ 0 1 2

IR L[] [ |
5 4 -3 2 -1 0 1 2 3 4

Pictorially, the bijection amounts to folding clockwise by 90 degrees the part of the pyramid
which lies over —Z > (and shifting accordingly each layer of the pyramid to the right by a num-
ber of boxes equal to its height). Conversely, starting from a partition, one may tilt its Young
diagram 45 degrees to the left (so that it stands on its corner) and let gravity act to obtain the
associated pyramid. JAN

It is easy to translate several classical notions from partitions to pyramids. For instance,

£(A) =sup{n|pr(—n) #0}, (2.1)
Py =pacot, (2.2)
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where A’ is the transpose partition of A and i: Z — Z sends n to —n, and
A= [ =T 23)
h n

The dominance ordering is less pleasant. It translates into the following set of inequalities:

p>4q = / inf(p,x,) > /inf(q, kn) forallm, (2.4)
where
n ifi >0,
k(i) =<¢n+i if —n<i<O,
0 ifi < —n.

2.3. Rational and real pyramids. We now generalize the concept of pyramids to allow for “jumps”
of the function p located at non-integral points. More precisely, let us introduce the following def-
inition.

Definition 2.5. A rational (resp. real) pyramid is defined to be a function p: Q — Zx( (resp. a
function p: R — Z>) satisfying the following properties (we set K = Q, R accordingly):

i) p(x) =0 for |x| > 0;
ii) p(0) = max{p(x) |x € K};
iii) p is increasing on IK_ and decreasing on K ;
iv) p is right-continuous and piecewise constant, with finitely many points of discontinuity;

V) |p+(x) — p—(x)] < 1forall x € K.
@

We extend the notions of length, transpose and size to rational or real pyramids using (2.1),
(2.2), (2.3) respectively. The notion of dominance is also extended accordingly, where we now
require the inequality (2.4) for any n € K.

We may still represent rational or real pyramids as diagrams (now simply the graph of the
function p). On the other hand, it is not possible to represent rational or real pyramids as Young
diagrams anymore, as the operation of “folding clockwise by 90 degrees” does not make sense.
We denote by Pyry the set of all K-pyramids. We will sometimes also denote by Pyry (u) the set
of K-pyramids with size u.

2.4. Addable and removable intervals. Fix K € {Z,Q,R}.

Definition 2.6. We call a K-interval a closed-open interval of the form | = [a,b[;= {x e R | a <
x < b} with a,b € K. We denote by 1 ] the characteristic function of |. @

Definition 2.7. Let p be a K-pyramid. A K-interval ] is called addable (resp. removable) if p + 1
(resp. p — 1)) is still a K-pyramid. @

Remark 2.8. When K = Z, as proved in Lemma 2.3 a pyramid p corresponds to a partition A,. A
length one Z-interval | gives rise to abox s := (1+ p(a),1+ p(a) — a). Hence ] is addable (resp.
removable) if s is addable (resp. removable) in the sense defined in Section 2.1. More generally,
when | is of arbitrary length, it corresponds to a connected strip. A
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Example 2.9. Here is an example of an addable Z-interval and the corresponding strip:

=5
4| -3| 2
-3|-2]|-1
-2/-1,0 1 -
-1/ 0 1 2
0 1 2 3 4 ‘ ‘ ‘ ‘
-5 -4 -3 -2 -1 0 1 2 3 4
and here is an example of an addable Q (or R)-interval (in this case, | = [— %, % D:

2

3
Note that we could not have added [— %, %[ since there would be a jump of 2 over %, nor could
we have added the interval [— %, 0[ since 0 would not be the maximum anymore. A
Definition 2.10. Let p be a K-partition. We put

Dk (p) == {y € Ry is a point of discontinuity of p} .
and call this the set of discontinuities of p. @

Remark 2.11. Let | = [a, b be a K-interval and let p be a K-partition. Then p + 1; is a pyramid if
and only if one of the following mutually exclusive cases occurs

e 0 € Dk(p)if0<a;
e 0,b¢ Di(p)ifa<0<Ub;
e be Dk(p)ifb<0.
Similarly, p — 1 is a pyramid if and only if one the following mutually exclusive cases occurs
e be Dk(p)if0<a;
e 0,be Dk(p)ifa<0<p;
e a € Dk(p)ifb <0.

Let p be a K-pyramid and let | be an addable interval. We define the p-height of | as
hty(J) = sup {|p(x) —p(W)| >,y € J}-

We will also consider the variants

ht; (J) = sup {|p(x) = p(y)| | x,y € TN K<},
so that ht, (J) = max{ht;} (), ht, (J)}.
Example 2.12. In the last example above, we have, for | = [— %, %[,

hty(J) =2, hty(J)=2, htf())=0.
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3. FOCK SPACE REPRESENTATION OF THE QUANTUM GROUP OF THE LINE

Fix K € {Z,Q,R}. We denote by F(KK) the algebra of piecewise constant, right-continuous
functions f: R — Z, with finitely many points of discontinuity, bounded support and whose
points of discontinuity belong to K. This means that f € F(K) if and only if f = }; ¢; 1,
where the sum runs over all intervals of K and ¢; € Z is zero for all but finitely many J. Given
f,8 € F(K), we define

=L/ —g+(x)) and (f,8)=(f.8)+(gf), (31)
where we have set h4 (x) == lim_,0~0h(x £ t). Let F(K) ™" (resp. IF(K) ™) be the set of functions
f € F(K) such that f(x) > 0 (resp. f(x) < 0) for any x € R.

Remark 3.1. Let J; = [a;, b;[ be a K-interval for i = 1,2. Then

e (1;,1;,) = 1if one of the following conditions holds: J; = |5, a1 = ap and by, < by,
ay <apand by = by, ap < aq < by < by;

e (1;,1;,) = 0if one of the following conditions holds: J; N ], = @, b, = a1, a; = a, and
bi <by,ay <apand by =by, a1 <ap, < by <by,ap <ay <by <by;

e (15,1y,) = —1ifeither by = ap oray < ay < by < by.
Thus, the following holds:
e for any K-interval ], we have (1;,1;) = 2;
e if ], ], are K-intervals of the form J; = [a,b[ and ], = [b, ¢[, we get
(A 1) = Ay, 1) = =1

e in any other case, (i.e. if I # | are K-intervals such that 1; + 1; is not the characteristic
function of any interval) then (1;,1;) = 0.

A

3.1. The bialgebra U, (s((K)).

Definition 3.2 (cf. [SS17, Section 1.1]). Let U, (sl(K)) be the topological Q-bialgebra generated
by elements Ej, Fj, K;‘Ll, where | runs over all K-intervals, modulo the following set of relations:

o Drinfeld-Jimbo relations:
— for any intervals J, I, I, I,

Ky, K] =0,
KiEp Kt = oMW E;,
KiF Kt = v W) Fp

— if J1, ] are intervals such that 1N [, = @

[Fp Epl = 0;
- for any interval J,
K —K;!
[E), Fj] = 71)_]1 ;

e join relations: if J1, ], are intervals of the form J; = [a,b[ and ], = [b, c[ then

Ky, Ky, = Kpup, 5
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and
Ejup, = v"/2Ej Ej, —v V2 EL Ey
Frup =v V2F, F =o' 2 F Fy,

e nest relations: _
— if J1, ], are intervals such that 1N [, = @,

[Eh’E]Z] =0 and [FJI’FJZ} = 0,’ (32)
— if J1, J» are intervals such that [; C |,
o) Ej Ej, = oy ELEj,
U<ﬂ]1,]1]2> Fh sz = U<ﬂ]2'ﬂ]1> sz Fh :
The coproduct is given by:
A(Ky) = K@K,
AEgp) =Epp@1+ Y v V2 (0= 0" Ey (Ko @ Eje, b + Kia, o @ Efa 8] »

a<c<b
A(Fia,p) = 1@ Fapp— 3, 072 (0= 07") Fio y @ Fig o Ky + Fia o @ Ky -
a<c<b
Here the sums on the right-hand-side run over all possible’ K-values ¢ € [a, b|. @
Definition 3.3. Let f = }; ¢;1; € F(K). Then we set K¢ := []; KIC]. %)

Remark 3.4. Let J1, ], be K-intervals of the form J; = [a,b[ and ], = [b, ¢[ (so that J; U ], is again a
interval). Then, by the join and the nest relations we derive:

2 2
EhE]z_[z] Eszthz—i_E]th =0 (3.3)
2 2 _
FhFlz - [2] Fszhsz +F]2Fh =0

and similarly with J; and |, exchanged. In other words, the usual (type A) cubic Serre relations
are implied by the join and nest relations. A

Definition 3.5. We define a IF(K)-gradation on U, (s[(K)) by setting
deg(E;) =1;, deg(F;) = —1; and deg(K;) =0

for any K-interval J. @

As usual, we define U (sl(K)) (resp. U, (s[(K))) as the subalgebra of U,(sl(K)) generated
by the E; (resp. the F)) for any K-interval J. Let also UY(s[(K)) be the subalgebra of U, (s!(K))
generated by the K?ﬂ for any K-interval J. Finally, set

US0(s1(KK)) := U, (sl(K)) - UY(sl(K)) and UZ%(sl(K)) := UY(sl(K)) - U (sI(KK)) .

Then U5 (sI(KK)) and U7 (s[(IK)) may be endowed with the structure of topological Q-bialgebras.

3.2. The Fock space Fi of U, (s[(K)). Our aim in this section is to define explicitly an action of
the quantum group U, (s/(K)) on the space

Fk= @ Qlp),
pePyrk

generalizing the standard Fock space representation of U, (s[(c0)).

2Ul,(sl(]l()) is a topological coalgebra, i.e. the comultiplication only takes values in a suitable completion, see [SS17];
we will not use the coproduct in this paper.
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Theorem 3.6. The following formulas define an action of the quantum group U, (s((K)) on Fy: for any
J =la,bland p € Pyrg

Elp) {—01/2(—v)p(b)P(“) |p —1y) if ] is a removable interval of p ,
JIP) =

otherwise ,

Eilp) {v1/2(—v)p(”)p(b)|p+ll]) if ] is an addable interval of p ,
JIP) =

otherwise ,

Kjlp) = 0" |p),
where

0 if ] is neither addable or removable to p ,
ny(p) =<1  ifJisaddabletop,
—1 if ] is removable to p .

The representation F is highest weight and irreducible.

Proof. For simplicity, let us put
erp = _Ul/2(_U)P(b)*P(u) and fj, = 01/2(—1))?’(“)*7’(’7) .

We will check the compatibility with all the defining relations directly.

Nest relations. Let’s start by verifying the nest relations for F;. We begin with the case of a pair
of intervals I, ] such that I N ] = @. Then it is possible to successively add I and then | to p if
and only if it is possible to successively add | and then I to p. Moreover, in this case we have
frp+1, = frpand fi 41, = fi1, It follows that F; Fj|p) = Fj Fi|p) as wanted.

Now assume that I = [a,b[C | = [a’,V'[. We claim that it is possible to add both I and | to p (in
either order) only if I C J°, i, onlyif a’ < a < b < V'. Indeed, suppose for instance that a’ = a.
Then (p +1; +1j)(a) = p(a) +2while (p +1; +1j) (a) = p_(a). But then pand p +1; +1;
cannot both be pyramids: if 2 < 0 then we have p_(a) < p(a) hence (p +1; +1j)_(a) <
(p+1; +1)(a) — 2, violating condition iii) of pyramids; likewise, if a > 0 then p(a) < p(a) +1
hence (p +1;+1j)_(a) < (p+1;+1;)(a) — 1, again violating condition iii) of pyramids. A very
similar reasoning takes care of the case b = b'. We are thus left with the case s’ <a <b < V. In
this situation, it is easy to see that either I and | are both addable to p, in which case they can be
added in either order, or one of them is not addable to p, in which case the two can not be added
(in either order). If both may be added, then we have

p(a) —p(b) = (p+1j)(a) = (p+1))(b) and p(a') —pt') = (p+1)(@) - (p+1)(),
from which it immediately follows that f1 1, f1,p = f]p+1, f1p, 1-€., F1 Fj|p) = Fj Fi|p) (note that

(1 I,él ;) = (1;,11) = 0, cf. Remark 3.1). The proof of the nest relations for the Ej follows similarly
as above.

Join relations. Let’s now move to verify the join relations for the F;. Assume that I = [a,b[, ] =
[b, c[. There are three mutually exclusive possible situations: it is not possible to add both I and |
to p (in either order) and neither I U J; it is possible to add I, then |, hence also I U J; it is possible
to add ] then I, hence also I U J. In the first case, we have F; Fj|p) = 0 = Fj Fi|p), hence the join
relation is proved. In the second case, we have

(p+1)(b) =p), (p+1)(c)=rplc),

hence

U_l/sz,er]lI fip = 01/2(—U)p(a)_p(c) = flugp -



FOCK SPACE REPRESENTATION OF THE CIRCLE QUANTUM GROUP 1

In the last case, we have

(p+1y)(a) =pla), (p+1y)(b) = p(b) +1.
Hence
_Ul/zfl,p+]1, frp = — 0% (—p)Pl@ PO = frogp -
In both cases, the join relation Fjj|p) = v'/2F; Fj|p) — v~ 1/2F; F|p) is verified. Similarly, we
verify the join relation for E;.

Drinfeld-Jimbo type relations. Finally, let us verify the Drinfeld-Jimbo type relations. The only
relation we have to address carefully is the commutation relation between the E; and the F;. By
the same argument as at the beginning of this proof, it is not possible to both add and remove
the same interval | to a pyramid p (otherwise it would be possible to add twice the interval
J to p —1j). Thus either F;Ej|p) = 0 or EjFj|p) = 0. There are three (mutually exclusive)
possibilities:

e it is neither possible to add nor remove J. The assertion follows.
e it is possible to add | = [4,b[. Then
ErFylp) = —0'/2(—o) PO (P02 (—p)p@PO)p) = —v(—0) 7} p) = |p) .
Hence, [E}, Fj]|p) = |p), as wanted.
e itis possible to remove J. Then
FiEjlp) = v"/?(—o) =@ m O (o1 /2) (—0)p 07D p) = —v(—0) 7 |p) .
Hence, [Ej, Fj]|p) = —|p), as expected.

The rest of the Drinfeld-Jimbo relations are easier to be verified and we leave the check to the
interested reader.

To finish, let us check that Fi is generated by |0) and is irreducible. Let p be a K-pyramid.
We may write p as a sum p = )¢ ; 1} where I;,...I; are strictly nested intervals, i.e. I; D
I D --- D I; and the endpoints of the I; are all distinct. It is easy to see that, up to a constant,
Fy, ---Fy - |0) = |p), proving the first assertion. The irreducibility may be proved by reversing
this argument: up to a constant, we have Ey, - - - Ey, - |q) = Jp,4|0) if g is any pyramid such that

Pl = lql- O
Remark 3.7. Note that for | = [a, b[ we have
b
(@, p) =} (p-(x) = p(x)) = p(a) = p(b), (p. 1)) = p—(b) —p(a).
x>a
Hence
ey = —0'/2(—p)~ P fip = o2 (=)W

A

For completeness, we also state the following result.
Lemma 3.8. Let | be a K-interval and p be a K-pyramid. Then
ny(p) = doey — (1, p) -
Proof. Let | = [a, b[. Note that (1}, p) = (p—(b) — p(b)) — (p—(a) — p(a)). There are three (mutu-
ally exclusive) possibilities to consider:

e it is neither possible to add nor remove J. We will check that dgc; — (1], p) = 0. There are two
subcases to consider, according to whether 0 € Jor 0 ¢ J.
(@) 0 ¢ J. In that case, either the two endpoints a and b of | do not lie on points of disconti-
nuity of p or they both lie on points of discontinuity of p. Thus (1}, p) = 0.
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(@”) 0 € J. In that case, exactly one of the endpoints @ and b of | lie on a point of discontinuity
of p. Moreover, a < 0and b > 0 so that p_(a) < p(a) while p_(b) > p(b). It follows that

e itis possible to add J. Then we will show that dpc; — (1}, p) = 1. There are again two subcases
to consider, according to wether 0 € Jor 0 & J.
(b’) 0 ¢ J. In that case, either 4 > 0 and a is a point of discontinuity of p butnot b, or b < 0
and b is a point of discontinuity of p but not a. Hence (1}, p) = —1.

(b”) 0 € J. In that case, neither endpoints a2 and b of | may lie over a point of discontinuity of
p,and thus (1}, p) = 0.
e itis possible to remove . Then we will show that dpc; — (1}, p) = —1. There are two subcases
to consider, according to whether 0 € I or 0 ¢ J.
(c’) 0 € J. Here, either a < 0 and a lies over a point of discontinuity of p (but not b), ora > 0
and b lies over a point of discontinuity of p (but not a). We deduce (1, p) = 1.

(c”) 0 € J. Inthat case, a < 0,b > 0 and both a and b lie over points of discontinuity of p, so
that (1;, p) = 2.
O

3.3. Generalisation to arbitrary discrete subsets. Let a: Z — R be any strictly increasing map.
We may define a quantum group U, (s[(x(Z))) as the subalgebra (but not coalgebra) of U, (sl(R))
generated by all elements Ej, Fj, K; where the endpoints of | belong to «(Z). There is an obvious
isomorphism 7y, : Uy (sl(Z)) = Uy(sl(a(Z))) mapping Ej, Fj, K; to Ex(1), Fa(y)- Ka(y) respectively.
Let us now assume that 0 € Im(a) and let F,,(z) be the linear subspace of Fr spanned by pyra-
mids p satisfying Dr(p) € Im(a). It is clear that F, ) is stable under the action of Uy (sl(a(Z)))
and that the following square is commutative:

Uy (s(#(2))) —— End(Fy(z))

“mT taT ’

Uy(sl(Z)) ——— Fz
where 1, Fz = Fu(z) Is the linear isomorphism induced by «.

3.4. Relation with U, (sl(o0)). Recall that the quantized enveloping algebra U, (sl(c0)) of sl(o0)
is the unital associative Q-Hopf algebra generated by E;, F;, Kiil, fori € Z, subject to the Drinfeld-
Jimbo type relations

KK7'=1=K'K;, KK;=KK;,

K;— K1
KEK ' = v%E;, KFK'=v%F, [EF]= %ﬁ ,
1-a;; 1—a;;
Y (R EWEENTY Zo= Y (RO EECTTY i,
k=0 k=0
where
2 ifi=j,
ajj=q -1 ifli—j=1,
0 otherwise,
and
k k
Ei(k) = % and Fi(k) = % .
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The coproduct is
AK) =K ®K;, AE)=E®1+K®E, AF)=EK'+1®F.
Following [VV99, Section 4], there is an action of U, (s[(c0)) on Fz given by

[v) if Yy \ Yy is a box with color i,
Ei|)t> = {

0 otherwise,

|u) if Y}, \ Y, is a box with color i,
Fi|)\> = {

0 otherwise ,
KiA) = v"M|A)

fori € Z.
The quantum group Uy (sl(Z)) admits a minimal set of generators {Ej; j 1), Fjjiv1)s K[jlﬂl |
| i € Z}. Thanks to the nest relation (3.2) and the Serre relations (3.3), the assignment

+1

Ei — E[i,i—H[ ’ Fi = F[i,i-l—l[' Klil = K[iriJrl[

defines an isomorphism of bialgebras U, (sl(c0)) — U, (sl(Z)).

The action of U, (s[(Z)) on Fz given in Theorem 3.6 reduces to
—v2|v) if Yy \ Y, is a box with color i and i < 0,
Ejj isiflA) = v Y2 v) if Yy \ Y, is a box with coloriandi > 0,

0 otherwise,

—vo V2 |y if Yy \ Y) is a box with coloriand i < 0,
F[i,i+1[|)‘> = { pl/2 n if Y, \ Y, is a box with coloriand i > 0,

0 otherwise ,
K iv1|A) = v M)A

fori € Z. Here, we used the bijection between Z-pyramids and partitions (cf. Lemma 2.3) and
the identity

ni(A) =mnpi1(pa)

where p, is the Z-pyramid associated with A. Thus the U, (sl(Z))-action on Fz defined in Theo-
rem 3.6 is identified with a suitable rescaling of the standard U, (sl(o0))-action on the Fock space.

4. FOCK SPACE REPRESENTATION OF THE CIRCLE QUANTUM GROUP

In this section, we recall the definition of the circle quantum group and define an action of it
on the Fock space F. We wil use the “folding procedure” of Hayashi-Misra-Miwa (see [Hay90,
Section 6.2] and [MMO90, Section 2]) as reinterpreted by Varagnolo-Vasserot in [VV99, Section 6].
This uses the realization of these quantum groups as Hall algebras. Let K be either Q, R or «(Z)
where a: Z — R is a strictly increasing map whose image contains 0 and is invariant under
integer translations. Set Sl := K/Z and denote by 7 : K — Sl the projection map.
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4.1. The bialgebra U, (sl(Sk)). The notion of (closed on the left, open on the right) intervals
generalizes in a straightforward way to Si.. We say that an interval | of Si is strict if | # Sk.

We denote by F(SL ) the algebra of piecewise constant, right-continuous, Z-valued functions
f: Sk — R, with finitely many points of discontinuity, whose points of discontinuity belong to
Si.. There is an obvious map 7tk : F(K) — F(SL ). Formula (3.1) defines bilinear forms (-, -) and
(-,+) on F(Sk). One defines IF(S )* as before. There is an obvious map 7y : F(K)* — F(Sk)*.

Remark 4.1. Note that (141, f) = 0 for any f € F(Sk). In fact it is easy to see that the kernel of
(+,+)isequal to Z1g:. A
Define, for a strict interval | C Sk,
Int(J) := {I C K |I=[a,blisaK-interval , mx (I) =] } .
Thus Int(]) consists of all integer translates of some (any) K-interval J such that 7y () = J.

Definition 4.2. Let ] and ]’ be strict intervals of Si.. We say that | is left adjacent to ] if N ]' = @,
JNJ' # @and JU ] is an interval of Si.. We denote itby | — J'. @

We are now ready to give the definition of the circle quantum group.

Definition 4.3 ([SS17, Definition 1.1]). Let Uy(sl(Sk)) be the topological Q-bialgebra generated
by elements Ej, Fj, K?El, where | (resp. J') runs over all strict intervals (resp. intervals) of Sk,
modulo the following set of relations:

o Drinfeld-Jimbo relations:
— for any intervals I, I}, I and strict interval J,

Ky, K] =0, (4.1)
K Ej Kt = oM Ep, 4.2)
KiF Kt =v M Fp; (4.3)

— if J1, J» are strict intervals such that [ N [, = @,
[Ejy, Fp] =0; (4.4)

- for any strict interval J,

g5 = 92K 45
EpBl=—— 71 (4.5)

e join relations:
— if J;, ] are strict intervals such that J; is left adjacent to J»,

Ky, K, = Kpup, 5

— if J1, J are strict intervals such that J; is left adjacent to J, and J; U J, is again a strict
interval,

_.1/2 —-1/2
Epup, =v " "Ep B, —v " ER Eyy
_..—1/2 1/2 .
Frpup, =v "2 F, By —v " Fp Fpy

e nest relations: —
— if J1, ] are strict intervals such that [ N J, = @,

[Eh’E]Z]:O and [Fh,F]Z}:O,’
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— if J1, ], are strict intervals such that [; C J,,
o' EnEp = o'zt EpEp
o' Fp b, = o'zt Fp, By, -
The coproduct is given by
A(Ky) = K@Ky,
AEgp) = Epp @1+ Y 072 (0 =0 Ey (Koo @ Eje, b + Kia, o @ Efa 5[ »

a<c<b
_ -1/2 -1 -1 ~1
A(F[a,b[) =1® F[a,b[ — Z v (v—v7") F[c,b[ & F[a,c[ K[c,b[ + F[a,b[ ® K[a,b[ .
a<c<b
Here the sums on the right-hand-side run over all possible K-values ¢ € [a, b|. @

Definition 4.4. We define a F(S},)-gradation on U, (s[(Sk)) by setting
deg(Ej) =1;, deg(Fj)=-1; and deg(Ky)=0

for any strict interval | and any interval J'. @

Asin Section 3.1, we define the subalgebras U¢ (s[(Sk )), with € = 0, 1, as well as the negative
subalgebra U;O(sl(S&()) and the positive subalgebra U%O(S[(S%()).

4.2. The Fock space Fi of U,(sI(Sk)). We will now define the main object of the present paper,
namely the Fock space representation of the circle quantum group. As a vector space, this Fock
space is again

Fk= P Qlp) -
pEPyrK

For I a K-interval and p a K-pyramid, we set

nf(p) =Y no,m(p),  ni(p)= Y ne ), Flp)= Y ng,mp),

m>1 m>1 meZ

where nj(p) is defined as in Theorem 3.6 and where 7;,(I) is the translation of I by m > 1 to the
right, i.e. if I = [a,b) then T, (I) = [a 4+ m, b+ m). If I, ] are K-intervals then we write I < J if
I=1ab),]=]cd) andb <c.

Theorem 4.5. The following formulas define an action of the quantum group U, (s{(Sk)) on Fi:

LL-yin5(p) — i (.p) e
Eflp)= Y v® T (—o) T o= o ) = ),

Tl
F+rin,(p) S Lp) _
Flpy= Y o T (=) 0 =) T p+ L), (4.6)
L i
Kj|p) = v"1P)|p), 4.7)

where the sums range over all tuples of removable K-intervals (],...,];) (resp. all tuples of addable
K-intervals (J{, ..., ]")) satisfying the conditions

a)Ji>Jp > >
b) mx(Jy) = mx(J3) = - = 7k (Jp),
¢) nx(J)U--Unk(fy) =T
(resp.
a’) J <JY <o <Y,
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b”) n(Jy) = mx(J3) = - = m(Jy),
") mg(J)U---Unx(J)) =J.)

The proof of this Theorem occupies Sections 4.3 and 6. For now, we show that the above
formulas are well-defined and we examine certain simple properties of this Fock space.

4.3. Well-definedness. Let us first check that E; and Fj are well-defined, i.e. that the sums in-
volved in their definition are in fact finite. We treat the case of the operators Fj, the case of E;
being similar.

Let us fix a K-pyramid p. By definition, a collection of K-intervals J{, J7, ..., ]/ satisfying the
conditions (a”), (b”), (¢”) in Theorem 4.5 induce a subdivision [; — [, — .-+ — J; of ], with
Ji = mk (J!'). For any given interval I C Si and any pyramid g, there are at most finitely many
I" € Int(I) which are addable to g (because g is of compact support). Hence it is enough to prove
that only finitely many subdivisions J; — J, — --- — ], of | may give rise to a collection of
addable intervals (J{,...,J;).

Write [ = [a,b) and |} = [cg = a,¢1), ]2 = [c1,¢2), .-, Js = [cy—1,c¢ = b). We claim that if there
exists addable K-intervals J{, ..., J// such that J/" € Int(];) foralliand J{' < J < --- < J then
necessarily c1,¢,...,¢/—1 € (D (p)). Indeed, writing J/" = [a/,b!) fori = 1,...,£ (so that
m (a)) = ci_q, (b)) = ¢;) we have by Remark 2.11

b € Dx(p) ifb! <Oandi#¢,
a! € Dx(p)U{0} ifa) >0andi#1.

Since Dk (p) is finite, this implies the desired finiteness of possible tuples (J3, ..., J;). The argu-
ment for Ej is similar, using the reverse condition J{ > Jj > -+ > J.

4.4. Non-cyclicity. In the finite setup (i.e., for Hayashi’s Fock space of U, (sl(11))) the Fock space
is not cyclic. The same holds here:

Proposition 4.6. The subspace U, (sI(Sk)) - |0) of Fi is strict.

Proof. We claim that the element |1 ;[) does not belong to U, (sI(Sk)) - |0). Let us argue by con-
tradiction. Let u := P (Fh/ s, F]s) be a linear combination of monomials in generators Fj,, ..., Fj,
such that u - [0) = Tjp,1- Choose a finite subset & C 511K containing all the endpoints of the
intervals J; and let a: Z — K be such that 7t («(Z)) = «. There is a canonical embedding
U, (5[(5;(2))) — Uy(s!(Sk)) whose image contains u. Moreover, U, (5[(5;(2))) is isomorphic to
U,(si(N)), where N = [&@|, and the restriction of Fi to U, (5[(511(2))) contains the Fock space
Fu(z) as the subspace spanned by all pyramids p satisfying Dk (p) € a(Z). Hence it is enough
to check that [194() & Uy (si(S} (Z))) - |0) or equivalently that the element [A) with A = (N) does
not belong to the subspace U, (sI(N)) - |0) in Hayashi’s Fock space. This last statement may be
checked by some simple direct calculations which we leave to the reader. 0

4.5. Highest weight vectors. The vacuum vector |0) is an obvious highest weight vector. Some-
what surprisingly, it turns out to be the only highest weight vector in Fx when K = Q or K = RR.
Proposition 4.7. Assume that K = Q or K = R. We have

(Fi) Y 15%) = Qo) .

Proof. Letv := Y, ap|p) be a highest weight vector. By homogeneity we may assume that all p

for which a, # 0 are of the same size s. Assume thats # 0 (i.e., thatv ¢ @O)). Because a) is
nonzero for only finitely many pyramids p, the set

D= |J Dxl(p)
p,ap#0
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is nonempty and finite. Set x = max (D). Choose some small € > 0 such that [x —e,x] N D = {x}.
Let p be a pyramid for which a, # 0 and x € Dk (p) (hence the support of p is an interval of the
form [a, x]). Set ] = [x — €, x). By construction, | is removable from p. Moreover p is the only
pyramid which can contribute to p — 1 in E; - v; this follows from condition (a’) in the definition
of the action of Ej (cf. Theorem 4.5) and from the fact that x — e ¢ Dg(q) for any pyramid g
occuring in v. We deduce that (p — 1j|E; - v) = (p —1j|Ej - p) # 0, which is in contradiction with
the assumption on v. g

Remark 4.8. Hayashi’s Fock space decomposes into a direct sum of highest weight representa-
tions. In [S00], these highest weight vectors are obtained by the action of the center of the Hall
algebra on the vacuum vector. In the setting of the infinite quivers Q/Z or R/Z such a center
only appears in a suitable completion (see [SS17]). This suggests that a better object to study
would be a similar completion of our Fock space. We hope to return to this in the future. A

5. HALL ALGEBRA ACTION ON THE FOCK SPACE

It is possible but very tedious to check directly that the operators in the statement of The-
orem 4.5 satisfy the join and nest relations. We will use instead a more interesting approach,
based on the identification of U; (sl(Si)) with the (spherical) Hall algebra of a certain category
of representations of an infinite quiver.

5.1. Representations of infinite quivers. Let us begin with the line K, with K € {R,Q} as be-
fore. We start by recalling the notion of persistence modules (see [BBCB18] [DEHH18, Section 2.3]
for a recent report.

Definition 5.1. Let k be a field. A K-persistence module® is a functor F: (K, <) — Vect; from
the poset (K, <) to the category Vect; consisting of finite-dimensional vector spaces over k with
linear maps between them. Explicitly, F is determined by:

i) a finite-dimensional k-vector space F(t) for every t € K,

ii) a k-linear map F(s < t): Vs — V; for every pair of real numbers s < t such that
— F(t <'t) is the identity map from V; to itself,

- given real numbers s <t < u, onehas F(s < u) = F(t <u)oF(s < t).

Morphisms of K-persistence modules are defined in the obvious way.

Remark 5.2. The poset (K, <) can be interpreted as a category, whose objects are points of K and
the set of maps between two objects s, € K consists of exactly one map s if s < t, otherwise is
empty. Thanks to this interpretation, one can extend the definition above replacing (K, <) with
any (small) category, as done e.g. in [BBCB18, Section 2].

Definition 5.3. A point t € K is regular for a persistence module F if there exists an interval
I C Kwheret € I and F(a < b) is an isomorphism for all pairs a,b € I. Otherwise we say that ¢
is critical. A persistence module F is fame if it has finitely many critical values. @

The set of all regular points will be called the regular locus and its complement the critical locus.

Example 5.4. Any K-interval | = [a, b[ gives rise to a persistence module kj, for which k;(t) = k
if t € ], otherwise k;(t) = {0}, and for any pairs, t € K one has that kj(s < t) is the identity map
if s,t € ], otherwise kj(s < t) is the zero map. A

From now on, we shall restrict to a smaller class of persistence modules.

3In the literature of persistent homology [Carl09, Oud15], this is called pointwise finite-dimensional persistence module.
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Definition 5.5. We say that a persistence module F is coherent if it is tame and the map f —
dim F(t) is right-continuous and compactly supported. @

Remark 5.6. The above definition is somehow inspired by the notion of finitely presented parabolic
sheaves; see e.g. [Tall8, Section 3.3]. A

Thanks to the fundamental theorem of persistent homology (see e.g. [BBCB18, Section 2.3]),
we get that:

Lemma 5.7. For any coherent IK-persistence module F there exists a partition

{x e K| F(x) £ {01} = L)

into finitely many K-intervals J; = [a;, b;] such that F(v < u) is an isomorphism for any pair v < u of
elements belonging to the same interval J;.

From now on, we shall denote the data of a coherent K-persistence module in the following
way: V; = F(t) and x5 := F(s < t). Thus a coherent K-persistence module is encoded by
a collection of data (V,x) = (Vi xt,5)t,s. We shall also call a coherent persistence module a
representation of the infinite type A quiver K. Summarizing, a representation of K is a collection of
data (V,x) := (W4, xt,5)t,s with

i) V;is a finite-dimensional k-vector space for every t € K,
ii) xts: Vs = V}is a k-linear map for every pair s, t € K withs <t{,
such that

a) the map t — dim(V;) is right-continuous, compactly supported and with finitely many
discontinuities,

b) wehave x; » = x; s 0 x5, for any tripler <s <,

c) there exists a partition {t € K | V; # {0}} = |J; J; into finitely many intervals J; = [a;, b;]
such that x,, ; is an isomorphism for any pair v < u of elements belonging to the same
interval J;.

We denote by Rep;K the category of representations of K. Then Rep;K is abelian. It may be
realized as a certain colimit of categories of representations of (locally) finite type A quivers. More
precisely, for any locally finite subset S C K, let us denote by Rep,({s)]K the full subcategory of

RepK consisting of representations (V;, x¢,s)t,s for which x; s is an isomorphism for s, t € K\ S.
Then Replgs)K is equivalent to the category of representations of the quiver Qg, whose vertices
are the maximal intervals in K \ S and whose arrows are given by the adjacency relation. It is
clear that Qg is either a finite type A quiver (if |S| < o0) or a quiver of type A (if S is infinite).
The categories Rep]((S)IK form a direct system with respect to the inclusion S C §’ and we have
. S
Rep; K ~ hg Rep,(( )]K .

It follows that Rep;K is hereditary, i.e., that Ext'(M, N) = {0} for any pair of representations
(M,N) and any i > 1. By [BBLIS, Proposition 2.2], the persistence module k; introduced in
Example 5.4 is a (unique up to isomorphism) indecomposable object associated to the interval J.

Let us next consider the case of the circle Sk. Let I be the oriented fundamental groupoid of
Si: its objects are homotopy classes of orientation preserving paths [0,1] N K — SL; these may
be parametrized by triples (s, f, n) where s, t are (not necessarily distinct) elements S]}( andn € N
is the winding number of the path. For v = (s, t, n) we will sometimes write 7/ =s,7” = t.

By following Remark 5.2, we replace (K, <) in Definition 5.1 by the category whose objects
are points ¢ € Sl and morphisms are given by v € I': thus, the notion of coherent persistence
modules makes sense. We denote by Rep;Si the category of these coherent persistence modules,
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which we shall call representations of the infinite affine type A quiver Si.. Note that Lemma 5.7
holds also in this case, thanks to [BBL18, Theorem 1.1]. Summarizing, a representation of S]% isa
collection of data (V, x) := (Vi, x4 )t with t € SllK and 7y € T with
i) V; is a finite-dimensional k-vector space for every t € Sk,
ii) xq: V,y — V. is a k-linear map for every y €T,
such that
a’) the map t — dim(V}) is right-continuous and with finitely many discontinuities,
b’) we have x,, o x4, = x,,.4, for any composable pair 1, v, of elements of T,
¢’) there exists a partition Sk = |J;J; into finitely many intervals J; = [a;, b;[ such that x., is
an isomorphism for any path -y contained in a single interval J;.
Again, Rep; S} is a hereditary abelian category. Like Rep;K it may be realized as a colimit

Rep;Sk = hﬂ Rep,((S)S]}(, where S ranges over all finite subsets of S%(. Note that RepIES)S]k is now

equivalent to a category Rep; Qg of representations of an affine (cyclically oriented) quiver of type
A. For any strict interval | = [, b of Sk there is a indecomposable object k| of Rep; Sk, and one
obtains in this way all rigid indecomposables.

Taking the dimension function f(V): t — dim(V;) defines a map dim from the Grothendieck
groups Ko(RepyK) and Ko(Rep;Sk ) to F(K) and F(Sk ) respectively.

5.2. Hall algebras of infinite quivers. When k = T, is a finite field, Rep;[K and RepyS are
finitary categories, i.e., the sets Exti(V, V') are finite for any V, V' and i = 0, 1. In this context we
may consider the Hall algebras Hx and H511[< of Rep, K and Reka]k respectively. We recall this

construction very briefly and refer to [S12] for details.

Set v := g!/2. Let My, Mg denote the set of all isomorphism classes of objects of Rep;K and
Repy Sk respectively. As vector spaces we have

Hi := {h: Mg — C | |supp(f)| < c0o} and HS]% = {h: Mg — C | |supp(f)| < oo} .

We will denote by [V] the characteristic function of an object V. The function dim induces a
natural gradation

H]K: @ H]K[f] and HS]1K: @ HS%U] (51)

feF(K) feF(Sk)
The multiplication in Hy is defined as follows. For V € Hk[f] and V' € H[f'] we set
[V [V') = 0l Y PRy W]
W

where W ranges over the (finite) set of extensions of V' by V and where
PYy=HUCW|U~V,W/U~V}.
The multiplication in Hg, is defined in the same fashion. Note that the multiplication is graded
with respect to the decomposition (5.1).
We let HZE(h be the subalgebra of HSIIK generated by the elements [k;] where | runs through the
set of strict intervals in S'.
Theorem 5.8.

(i) The assignment [kj] — v 1/2E j for all intervals | defines an isomorphism of graded algebras
Hg ~ U} (sI(K)).
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(i) The assignment [k;] — v=Y/2E| for all strict intervals | defines an isomorphism of graded alge-
bras HE" ~ U} (sl(Sk))-
K

Proof. Notice that any order-preserving bijection IK —]0, 1[NK induces both a fully faithful em-
bedding Rep; K < Rep;Sk and an inclusion of algebras U/ (sI(K)) — U (sl(Sk)). Hence,
by the compatibility between the Hall algebra construction and fully faithful embeddings (see
e.g. [S12, Section 1.8]) it is enough to treat the case of Rep;Sk and U (s(Sk)). By the same

functorial properties of Hall algebras, HZ’ih is isomorphic to an inductive limit of Hall alge-
K

bras HsPh(Rep]({S)(S]%()) as S ranges over all finite subsets of Si. On the other hand, denote by
U (s1(5) (Sk)) the subalgebra of U (sl(Si)) generated by the elements E; for | = [a, b[ satisfy-
ing a,b € S. Then U (sI(Sk)) is the inductive limit of U (sI(9)(Sk)) as S ranges over all finite
subsets of Sl.. Hence it suffices to prove that the assignment E; — v2[k 7] extends to an algebra
isomorphism Uy (sI() (L)) = Heph (Repl((s) (SL)) for any S. Since S is finite, this reduces to the
well-known identification between the spherical Hall algebra of a cyclic quiver with n vertices
and U (sl(n)) (see e.g. [SS17, Section 4.2]). O

We will need a slight variant of the above result, involving U (s[(Sk)) instead of U (s[(Sk)).
Corollary 5.9.
(i) The assignment [kj] — —v~'/2F; for all intervals | defines an isomorphism of graded algebras
Hgi ~ U, (sl(K)).
(i) The assignment [kj] ~— —v~Y2F; for all strict intervals | defines an isomorphism of graded
algebras HZ‘I’h ~ Uy (sl(Sk)).
K

Proof. This comes from the isomorphism U (sI(Sk)) ~ Uy (sl(Sk)) given by E; — —FJ. O

5.3. Folding procedure. To unburden the notation, let us simply denote by f ~ f the projection
nk : F(K) — F(Sk) and likewise s — 5 for the projection K — S} .. We will denote by s, ¢,...
elements of K and by 4, b, . . . elements of S}K.

Following [VV99, Section 6] we will now construct a family of maps

7 Hg [f] = Hi[f]

for every f € F(K). Fix a function f € F(K) and a collection of vector spaces V;, for t € K, such
that dim(V;) = f(t) for all t. Put:

V=PV, V=EPV., V.=EPV.
t a S=a

Thus, even if they may be canonically identified, V is a K-graded vector space while V is Sk -

graded. Note that since supp(f) is compact, V, is finite-dimensional for any 4. For any s € K we
define

VZS ::@W/

t>s

and we denote by Vg the associated filtration of V. There is an induced filtration V.Z of V where

VZSIGBVZS,Q and VZs,a: @ Vt.
a

t>s, t=a
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The filtrations V2, V2, are defined in the same way, replacing > by >. The associated graded
space
gr(V) = @(st /Vss)
S
is canonically isomorphic to V as a IK-graded vector space.

Let us denote by £y the groupoid of all representations of K in V: objects are collections of
maps xts: Vs — V; for s < t satisfying conditions (b) and (c) in Section 5.1 and morphisms are
given by elements of []; GL(V}). We likewise denote by & the groupoid of all representations
of Sk in V: objects are collections of maps x. V., — Vi for v € T satisfying (b’) and (') and
morphisms are elements of [T, GL(V,). Finally, let £, i denote the groupoid of representations
in & preserving the filtration V.Z: objects are collections x,, as above such that for any y € I' and
any s € K satisfying 5 = 7' we have x,(V>;) C Vs, () — here 7(s) is the deck transformation of
s associated to y; morphisms are given by elements of [, P, where P, C GL(V,) is the parabolic
subgroup of elements preserving the induced filtration V.Z NVa.

There is an obvious functor j: £, — &y Passing to the associated graded we also get a
functor p: &£, — v defined as follows. For every s,t € K with s < t, let y correspond to the
oriented path s — t in K; the map x,,: Vs — V; sends st to VZt and Vs to Vy; we let Xt,s be
the induced map Vs — V>s/Vss = Vi / Vs = Vi

Lemma 5.10. The functor p: £y, — Ev has essentially finite fibers.

Proof. Let p = (x15)s € Ev. Denote by D, C K the set of critical points of p and let D, C S} be
its reduction mod Z. Any object § = (x,), in the fiber p~!(p) has a critical set D; included in
D,. Let S be a finite subset of Sl containing D,. Let 5‘(/5), E(VS ), 5‘(/5)?

Ev, &y, €, 7 whose objects are those representations whose critical sets are contained in 7T]I_<1 (S)

be the (full) subgroupoids of

and S respectively. The functor p: £, — &y restricts to a functor pS): 5‘(15)? — 5‘(/5) and there
is a cartesian square

S
5‘(/)7 — &y

’

lp@ Jp

¥ — &y

Since p € E‘(/S ), it suffices to show that p(®) has essentially finite fibers. This is obvious since 5‘(/5)7
has finitely many objects up to isomorphism. O

For a groupoid X, we denote by C(X) the space of complex functions on Obj(X) which are
invariant under isomorphism and have essentially finite support. We will identify C(£y) and

C(&y) with Hi [f] and HS}< [f] respectively. We set

75 =v " proj: H [f] = Hklf],
where

h(f)=—Y (£, 7)),

<0

with T(f): t — f(t —1) being the translation operator in IF(K), and where p; is taken in the sense
of groupoids, i.e.,

)= ¥ uple@l

5 <Obj(p 1 (p))/ [Aut(p)]
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Proposition 5.11. For any pair h,h' € F(Sk) and any f € F(K) such that f = h + h' we have

Z U(ng€>0T€(g/))r)/g<u)*l)/g/(ul) = 'yf(u*ul)
g+g'=f
g=h,g'=l’

forany u € Hg [h],u' € Hg [h'].

Proof. Let f, h, h' be as above and fix some u € Hg [h],u" € Hg [1']. Let S be a finite subset of S},

containing the critical sets of all representations occurring in u, 1’ as well as all the discontinuities
of f,h,I'. Then S contains also the critical sets of any representation occurring in u x 1/, as well
asin v (u), 74 (') and hence also of ¢(u) x v (u'). Arguing as in the proof of Lemma 5.10, we
see that it is enough to prove the statement of the theorem when we replace everywhere £y, ...

by 5‘(,5), .... Butin this case Rep]((S)S]k and Rep]((S)IK are equivalent to categories of representations

of a cyclic quiver and a bi-infinite linear quiver respectively and we are in the precise* setting of
[VV99, Proposition 6.1], to which we refer for a proof. O

Using the above Proposition, we may define an algebra morphism from H s1 toa certain com-

pletion of U5%(sI(KK)) that we are going to introduce now. Let IF(IK)¢ be the space of piecewise
constant, right-continuous functions f: R — Z whose points of discontinuity all belong to KK
and project onto a finite subset of S}.. In other words, IF(K)® is an analogue of IF(K) but without
the bounded support condition. Let UY(s(KK))¢ be the algebra generated by elements K}‘L for

f € F(K)* subject to the relations KK = Kr ¢, for f, ¢ € F(K)°. We set

Us(s(K) = P U (sl(K))“[g]
g€F(Sg)

U IK) gl == [T {Ud(st(K)) w Ug (sU(K)[f]} -

feE(K),f=¢
One can show that U5 (s[(K))C is an algebra. For x € Hg [g] we set
@)= X Ko rp() € U (1))
fif=g
where o(f) = Yoo T(f)-
Corollary 5.12. The map r := HSIIK — U (sI(K))¢ is an algebra homomorphism.

Using the above Proposition, we can pull-back via r any weight representation of U5 (s((IK))
which extends to U5 (sI(KK))¢; in particular we define the Fock space representation of H 51 or

U, (sI(Sk)) as the pullback by r of the Fock space representation Fi of UsO(sI(K)). Let us
compute explicitly the action of elements Fj.

Lemma 5.13. Let | be a strict interval of Si.. Then

=1, _
r(F)= Y, vz =0 F - F [] K, (5:2)
]l/"'/]( l,[>0

where the sum ranges over all tuples [1, |5, ..., ]y such that 1 = w(Ly, +---+1y,), 1 < Jo < --- and
ik (J1) = ik (2) = -+

4Note, however, that [VV99] use the opposite multiplication for Hall algebras and work over a field IF».
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Proof. Let f € F(K) be such that f = 1;. We claim that
ve(Fp) = vl%[(v_1 — v)ﬂ_1 Fy, ---F,

if there exists J1, Jo, ..., Jesuchthat f =1 +---+1,J; < ]2 <--- and i (J1) = 7t (J2) — - - -
and v¢(Fj) = 0 otherwise. Let us write f = Zle 1), with Jj < Jo < ---J;. For v¢(Fj) to
be nonzero, there must exist a filtration My C M C --- C M, = k; of the indecomposable
Sk-module kj such that dim(M;/M;_1) = 1j, fori = 1,...,¢. This is possible if and only if
mk(J1) — 7 (J2) — --- and moreover in that case we have @; M;/M;_1 ~ @;kj,. The claim
now follows from the facts that |Aut(kj)| = g — 1, while |Aut(; I},)| = (g — 1)’ and h(f) =1 —¢,
and finally from the easily checked relation [@; kj] = [kj,] % - - - x [k},]. To obtain formula (5.2),
observe that for i < k we have (t¢(1 5:)-1;,) = 0 for all £ > 0 while for i > k there exists a unique
¢ such that (t°(1},),1;,) = 1 and (t(1,),1;,) = 0 for all other values of ¢. O

Using Formula (5.2) and Theorem 3.6 we deduce

{— >
Flpy= ¥ o7 0 CoB e ol - o) T p ).

JiJe

This proves that operators (4.6) indeed define an action of U;f (s[(Sk)) as wanted. To prove
that the operators (4.7) define an action of U (s[(Sk)), one may argue in a similar fashion —
using Hall algebra of the opposite quivers with v=2 = g — and show that the assignment

Ejm Y v (oo e By, T Ky,
]ll"'l][ 1,[>0 b

where the sum ranges over all tuples [y, ..., J; of intervals such that 1; = (1, +--- +1,), J1 >
Jo > -+ and n (J1) — m(J2) — - - -, defines an algebra morphism Uj (s[(Sk)) — Uy (sI(K))®.

Remark 5.14. As we have seen, the Fock space is not a cyclic representation of U (sl(Sk)). How-
ever, it is a cyclic representation of the Hall algebra HSIIK . This follows by reduction to the case of

cyclic quivers which is treated in [VV99]. A

6. END OF THE PROOF OF THEOREM 4.5

6.1. The Drinfeld-Jimbo relations. It remains to check that the actions of U£ (sl(Sk)) and of
UY(s1(SL)) glue together to form an action of U, (s(Sk )). Each of the relations (4.1 - 4.5) involves
finitely many generators Ej, Fj, K; acting on a pyramid p.

Let a: Z — R be a strictly increasing map, whose image is invariant under integer trans-
lations, contains 0 as well as Dk (p) and the endpoints of all involved intervals . Put N =
#(a"1([0,1))). Arguing as in Section 3.3 we construct natural isomorphism U, (sl(S} Z))

N
U, <5[<Si(z))) and F1, >~ F,z) compatible with the formulas in Theorem 4.5. Thus it is enough
N

12

to prove the theorem in the case K = ;Z, which we assume from now on.

Relations (4.1), (4.2), (4.3) are obvious. Using the join relations, we may reduce relations (4.4),
(4.5) to the cases where |1, ], resp. | are of length % ; this is clear for (4.1) and results from a
lengthy but straightforward computation for (4.2). In the case of length %-intervals (i.e. of sim-
ple roots of sI(N)) these relations are well-known; we nevertheless derive them below for the
reader’s comfort: let p be a %Z-pyramid, and let ] = [i,i + %[ for some i € %Z /Z. Letp’
be another §Z pyramid. By construction, we have (p’ | EjFjp) = (p' | F;E;p) = 0 unless
p’ = p—1p + 1 for a pair of intervals ], ] such that 77(J') = 7(J') = J. Let us first show that if
p # p' then (p' | FE;p) = (p’ | EjFyp). In that situation, ]’ and ]” are unique and we have

Z(p)—n5(p+1m
(0 | EyErp) = (p' | Ep(p+ 1)) (p+ 1y | Eyp) = o) 0]
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>// =1,)— </
(0 | FEp) = (¢ | Fi(p 1)) (p—1p | Ejp) = "7 P75 ®)

There are two possibilities: J” > J" or ] < J'. In the first one we have nj, (p) = np,(p —1j)
and n;(p + 1) = nj;(p), while in the second one we have ny,(p) = np,(p —1y) + 1 and
n5i(p+ 1) =nj(p) — 1. Inboth cases the desired equality follows.

Thus only when p = p’ may we have a contribution to the commutator [E}, Fj]. Let I; < I, <
-+ < I be the different addable or removable intervals of p which are congruent to /. We may
partition [1,c] = AUR with A = {i | I; isaddable} and R = {i | I; is removable}. Let us also
write

avp=|ANh+1Ln]|l, roy=|RNI+1Ln]|, ac,=|AN[Lh—=1]|, ropy=|RN[1,h—-1]].
The contribution of the interval I, to (p | [Ej, Fj]p) is equal to
(P | Ej(p+15,))(p+ 11 | Frp) = v(®ron=(@ara)
if h € A, while itis
~{p | Fy(p = 13)){p = 11y | Egp) = —of®ron)~(rcir<0)
if h € R. All together we get

(p|[ELFlp) =Y, vlasn=rsp)=(acp=ren) _ Y. ol@sn=rsn)=(achn=ran) (6.1)
heA her

It thus only remains to check that the r.h.s. of relation (6.1) coincides with
(| (Kj— Kfl)p)/(v — vl = (oMIFIRIZ IRIZIHD /(p — p 1y

This is a purely combinatorial statement, which may be proved as follows. We first check it when
R = [1,u],A = [u+1,n], and then we prove that the rh.s. of relation (6.1) remains unchanged
when we exchange the position of a pair of adjacent elements, one which belongs to A and the
other to R. We leave the details to the reader.
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