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Abstract 

Traffic and air pollution caused by the increasing number of cars have become important issues in nowadays 

cities. A possible solution is to employ recommender systems for efficient ridesharing among users. These 

systems, however, typically do not allow specifying ordered stops, thus preventing a large amount of possible 

users from exploiting ridesharing, e.g., parents leaving kids at school while going to work. Indeed, if a parent 

desired to share a ride, he/she would need to indicate the following constraint in the path: the stop at school 

should precede the stop at work. In this paper, we propose a ridesharing recommender, which allows each user to 

specify an ordered list of stops and suggests efficient ride matches. The ride-matching criterion is based on a 

dissimilarity between the driver’s path and the shared path, computed as the shortest path on a Directed Acyclic 

Graph with ordering constraints between the stops defined in the single paths. The dissimilarity value is the 

detour requested to the driver to visit also the stops of the paths involved in the ride-share, respecting the visiting 

order of the stops within each path. Results are presented on a case study involving the city of Pisa. 

 

Keywords: ridesharing recommender, shortest path, sustainable transport, sequential ordering problem, 

directed acyclic graph, green vehicle routing problem. 
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1. Introduction 

Recently, the use of Intelligent Transportation Systems for the management of different mobility aspects of 

today’s smart cities has spread to overcome the problems caused by the increasing number of private cars 

moving in the city. In fact, the huge number of private cars causes, on the one hand, greenhouse gas emissions 

and air pollution, and, on the other hand, traffic congestions, bottlenecks, incidents, and lack of parking spaces. 

Road transport contributes for about one-fifth of the total emissions of carbon dioxide (CO2) in the European 

Union (EU), with private cars alone responsible for about 12% of CO2 emissions [1]. About this, the EU climate 

target consists in reducing CO2 emissions by 20% by 2020, compared to 1990 [1].  

Even though city administrations direct efforts toward alternatives to private cars (e.g., by promoting the use 

of public transports, bikes, electric cars, etc.), these remain the users’ favorite transportation mode, as they allow 

the maximum flexibility (e.g., pick-up and drop-off at desired time and place) and comfort (e.g., privacy, 

security). Indeed, private cars account for around 83.2% of EU’s inland passengers transport, and Italy is the 

second EU country for motorization rate, over 600 cars per 1000 inhabitants [2]. On the contrary, public 

transports do not offer a door-to-door service [3], and a flexible scheduling timetable, while bikes are reluctantly 

used in the case of bad weather conditions. With an average car occupancy in Europe of about 1.5 passengers 

(according to the ridesharing service BlaBlaCar [4]), city administrations are also introducing High-Occupancy 

Vehicle (HOV) lanes/areas to encourage carpooling, and to reduce the number of single-occupancy vehicles.  

This paper focuses on an approach for diminishing the number of vehicles moving in the city. Our proposal 

may help reduce energy consumption and emission, thus complying with the objective of the so-called Green 

Vehicle Routing Problems (GVRP), which aim to design effective routes to meet environmental and economic 

concerns [5]. A possible answer to the problem we deal with can be found in (peer-to-peer) ridesharing or 

carpooling services, exploiting a form of collaboration between users. Ridesharing is the practice according to 

which at least two users (a driver and a passenger) share a portion of a trip using the same vehicle [6]. Several 

online ridesharing services have spread in recent years as an economical and easy-to-use form of collaborative 

transportation system among users, aimed at reducing the main problems in today’s cities, i.e., traffic and 

pollution. BlaBlaCar [4] is a ridesharing peer-to-peer platform for long-distance trips. Uber [7] is well-known 

for several services in addition to the classic Uber taxi service. UberPop is the Uber peer-to-peer ridesharing 

service. UberPool is an extension of the classic Uber ridesharing service with dedicated driver, in which a pool 

of up to four users share the classic Uber ride. Flinc [8] allows the sharing of both regular and occasional trips, 

by exploiting a social network for trust-based rides. RideshareOnline [9] mainly focuses on multi-modal 

ridesharing services for commuters. Such services provide direct economic benefits for users, e.g., money 

savings in fuel, tolls, parking fees, while societal and environmental benefits for the city are less traffic, less 

pollution, and less need for parking lots [10]. 

In the literature, different ridesharing systems have been proposed. They differ from each other in some 

features such as the matching criterion between rides or between users, and the kind of trip. Regarding the 

matching criterion, rides can be matched taking into account: i) origin and destination points of the trips, ii) pick-

up/drop-off points of users, or designed meeting points along the trip, iii) keywords (cities, regions, Points Of 

Interests (POIs), etc.) associated with the trip, iv) users’ needs, habits, and constraints, v) overlapping portions of 

the trips, and vi) a combination of these criteria. Furthermore, the ride-matching criterion can be aimed, e.g., at 

minimizing the overall travel distance, the overall travel time, the cost in money of the ride, or maximizing the 
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number of user requests served. Regarding the kind of trip, we can make a distinction based on: i) the frequency 

(regular, commute, or occasional); ii) the length (long-distance, e.g., in the non-urban context, or short-distance, 

e.g., in the urban context); iii) the presence of additional stops in the trip before the destination point (with or 

without ordering constraints). Other characterizing criteria can be: i) the number of users matched in a ride; ii) 

the temporal constraints related to the pick-up or drop-off times of passengers; iii) the presence of stay points; iv) 

the allowance of detours (i.e., the pick-up or drop-off points for the passengers do not have to be exactly on the 

route of the driver’s trip); v) the allowance for multi-hop ridesharing (i.e., passengers’ transfers between drivers). 

Furthermore, we can discriminate between dynamic and static ridesharing. In the former case, the ride-matching 

is done on a very short notice on incoming requests from users (users’ trips), while in the latter case, it is done 

offline on a set of fixed trips known in advance [11]. The main challenge in ridesharing systems is to provide an 

effective recommendation criterion, i.e., an efficient matching between rides (or users), by fulfilling the (often) 

conflicting objectives of: meeting users’ needs and privacy, respecting origin and destination points, or 

scheduling times, etc. [6]. In fact, when a user chooses a transportation mode from an origin point to a 

destination point, he/she considers several aspects of the ride: cost, travel time, flexibility, pick-up and drop-off 

points, privacy, security, etc. Some of the aspects mentioned above are difficult to be directly controlled in 

public transport or long-distances ridesharing services, where often the constraints for the pick-up/drop-off 

locations are not flexible for the user. 

In this paper, we propose a ridesharing recommendation system to group similar users, with similar mobility 

needs. Recommendation systems aim to provide users with a list of recommended items (or people) to meet their 

preferences, based on the collection and processing of user activities or item data [12]. While the majority of 

existing ridesharing systems deal with planned and long-distance trips [13], we propose a ride-matching criterion 

for static ridesharing systems in the urban context, where short-distance multiple-stops trips are typically found. 

The several POIs in the city become the desired pick-up or drop-off locations for the users. In this way, the user 

may visit places, such as school, swimming pool, train station, etc., located along the shared path. In addition, 

users are allowed to specify their own POIs (e.g., home, work place), and constraints on the visiting order of 

these POIs of their trips. We wish to point out that we assume that users of the ride need to spend a low amount 

of time in each POI, e.g., they have to be merely picked-up or dropped-off, or they need to run very short errands 

(e.g., take a child to school, buy a coffee or a newspaper). On the contrary, we consider the final destination of 

each trip as a stay point for the corresponding user. Although some papers in the literature propose solutions for 

ridesharing, to the best of the authors’ knowledge, a standard method for determining the best ride-matching 

criterion does not exist [14]. Thus, the problem is formulated as follows. Each user needs to visit a set of POIs 

distributed in the city road network according to a given order. The set of POIs contains an origin point, a 

destination point, and possible intermediate stops. The proposed approach aims to recommend to each user (i.e., 

the driver of the ride) a set of similar users (i.e., passengers) with whom to share the ride, based on the 

geographic characteristics of their paths. The ride-matching criterion is based on the idea of dissimilarity 

between paths: the dissimilarity value is the additional travel distance that needs to be travelled by the driver of 

the shared ride to visit the points of his/her path and those of the passengers’ paths, by respecting the constraints 

on the visiting orders within each path. The resulting travelling path is called shared path and it is optimized 

based on the total travelled distance. It is found by computing the shortest path on a Directed Acyclic Graph 

(DAG) representing the POIs of the paths taken into account and the connections between them, i.e., the road 
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distance between the POIs. Stated in other words, we aim to solve the Sequential Ordering Problem (SOP), first 

formulated in [15]. SOP is a combinatorial optimization problem, which consists of determining the minimum 

cost Hamiltonian tour between a source node and a destination node on a directed graph, satisfying a set of 

ordering constraints between pairs of nodes. We wish to point out that, in the computation of the DAG, the use 

of travelling times in place of the distances could also be easily adopted. Therefore, users are grouped together to 

share the ride at the minimal cost, in terms of additional distance to be travelled by the driver. The greater the 

number of passengers involved in each ride-share, the lower the number of cars moving in the city. Such an 

approach could be very useful to reduce traffic in the city, as usual/frequent activities of citizens (e.g., grocery 

shopping, children pick-up and drop-off, theatre/cinema/sport events attendance) often share the same place. For 

the above reasons, it becomes easy to find people with the same transport needs. Furthermore, the respect of the 

order of sequences within each path becomes of the utmost importance, e.g., in the case of typical urban paths 

such as {1. get out of work, 2. pick-up children at school, 3. go home}, where strong ordering constraints are 

present. A possible real-world context that could benefit from the proposed approach is ridesharing for children. 

Ridesharing services for children have spread in recent years to support families in driving their kids to/from 

school or sport activities, and have become extremely useful especially in the case of families with multiple 

children all engaged in various activities or attending different schools. Such services, e.g., Carpool Kids [16], 

HopSkipDrive [17], KidsLyft “For kids and parents who are going places” [18], Kango [19], Zum [20], allow 

families to reserve safe rides (since parents serve as drivers) and specify single or multiple pick-up and drop-off 

requests for their children. In the following, we provide an example of a simple early morning scenario involving 

two users (user 𝛼 and user 𝛽), e.g., having children attending the same school. User 𝛼’s path is {1. leave home, 

2. drop-off child at school, 3. pick-up a colleague, 4. get to work}. User’s 𝛽 path is {1. leave home, 2. drop-off 

child at school}. In the shared ride, user 𝛼, already giving a ride to work to a colleague, could easily make one 

additional stop to serve the ride request of user 𝛽, i.e., to pick-up (at home) and to drop-off (at school) user’s 𝛽 

child. Thus, the proposed approach can be employed in existing (children) ridesharing services to find the best 

ride-share recommendation, i.e., the best matching, and the shortest shared path, by respecting the ordering 

constraints within each path. The greater the number of common or close POIs (e.g., school, workplace) in the 

paths, the higher the efficiency of the ride-share.  

The paper is organized as follows. Section 2 discusses the related work about trajectory data mining and 

ridesharing recommenders. Section 3 and Appendix A present the proposed approach for urban ridesharing 

recommendations. Section 4 discusses the experimental analysis performed. Finally, Section 5 provides the 

conclusions and the future research. 

 

 

2. Related work 

This section reviews the related work about trajectory data mining and ridesharing recommendation systems. 

 

2.1 Trajectory data mining 

In the following, we review some definitions of trajectory/path similarity functions proposed in the literature. 

Trajectory data mining is a wide research area referring to the extraction of knowledge from the analysis of 
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traces of moving objects [21]-[22], for several purposes, e.g., traffic detection/prediction [11],[23] discovery of 

hot spots and frequent routes [24]-[25], identification of similar traces or users [26]-[27], trajectory prediction 

[28], path routing [29]. In this paper, trajectory data mining is targeted at friend recommendation, and carpooling 

or ridesharing services. A trajectory of a moving object is represented as a series of discrete spatiotemporal 

points, indicating both the position in the road network, and the corresponding time. A path can be considered, 

instead, as a spatial trajectory [30]. Similarity functions between trajectories typically take into account time, 

speed, and direction of the object, while in the case of paths, they only take into account the spatial dimension 

(e.g., the starting node, the ending node, the length of the path, the intermediate nodes, etc.). Similarity functions 

are used to evaluate the amount of similarity between objects. The class of similarity functions chosen, e.g., 

distance-based, statistic-based, point-based, depends on the kind of object and context considered. The 

dissimilarity between objects, represented by a set of numerical attributes, is usually measured with point-based 

distances, e.g., Lp-norm distance metric (Euclidean distance for p = 2). Some drawbacks of this distance metric 

make it not well-suited for trajectories or paths. The drawbacks include the impossibility of considering 

trajectories with different lengths, or shifted in time, and the bad management of outliers. The edit distance 

metric [30]-[31] is defined on two strings as the minimal number of operations needed to transform one string 

into the other. Variants of this metric have been proposed for their application to paths/trajectories: i) the edit 

distance on real sequences [32] captures the similarity in shape between two trajectories; ii) the longest common 

subsequence (LCS) [33] is based on the matching of two sequences of points by stretching and rearranging the 

elements in time and space. Among statistic-based metrics, the odds metric is used to measure the likelihood that 

a sequence belongs to a set of sequences based on the underlying statistical distribution of sequences [30]. The 

inter-cluster distance metric (e.g., the maximum, the minimum) is used to represent the distance between paths 

represented as clusters of points [30]. The dynamic time warping metric [34] allows measuring the similarity 

between two temporal sequences, which may vary in time or speed. The main drawback of this measure is its 

inefficiency for noisy data, but it can be applied to trajectories of different lengths. The similarity between two 

paths p1 and p2, computed according to the perimeter-based similarity metric, corresponds to the perimeter of the 

region formed by the paths, the shortest path from the starting node of p1 and the starting node of p2, and the 

shortest path from the ending node of p1 and the ending node of p2 [30]. This metric is well suited to check the 

similarity between paths based on the starting and ending points. 

The majority of the similarity functions mentioned above are not suited to work with paths or trajectories. In 

fact, in this case, the function should take into account also the underlying road network/graph, and problems 

such as graph connectivity and compliance with the order in the sequences. Other similarity metrics handle only 

standalone trajectories, or are not able to compare paths of different length, or with different sampling 

frequencies. In this paper, we propose a novel dissimilarity function that tries to overcome the aforementioned 

problems. The intuition behind this function is to consider as dissimilarity measure the additional road that needs 

to be travelled by the user of a given path to visit also the POIs of at least another path: if the length of this 

additional road is small, then the effort requested to the driver for the shared ride is negligible. 

 

2.2 Ridesharing recommendation systems 

Hereafter, we recall some ridesharing recommendation systems from the literature. In [13], the authors 

propose a recommender capable of identifying opportunities for ridesharing. The system collects GPS mobility 
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data, identifies users’ routine behaviors by employing text mining techniques, and finally discovers similarities 

among rides. He et al. [35] propose an intelligent routing scheme for carpooling recommendation. The system 

extracts frequent routes of users, searches for qualified riders and generates a commonly accepted route, which 

minimizes the driving distance, the walking distance, and the travel costs. Xiao et al. [26] estimate the similarity 

between users according to the semantic location histories extracted from GPS traces, with the aim of enabling 

friend and location recommendation. In [33], the authors tackle the ride-matching problem and perform an 

automatic classification of similar trajectories using the nearest neighbor classifier, and the LCS as similarity 

function between trajectories, and by allowing stretching in time and translating in space. In [14], the authors 

identify suitable matches between users based on preferred characteristics (age, gender, smoking preferences, pet 

restrictions, etc.) and by satisfying constraints such as vehicle occupancy, waiting time to pick-up, number of 

connections, detour distance. In [36], the authors propose a dynamic ridesharing system for taxis, by employing 

a shortest path algorithm and a dynamic matching criterion, based on historical data. Each trip is defined in terms 

of only the origin and destination points, and the constraints about waiting times.  

In [37], driver and passengers with similar itineraries are matched by means of an agent based model, that 

considers both single- and multi-passenger matches. Herbawi and Weber [38] tackle a ride-matching problem of 

multi-hop trips with detours. They solve a multi-objective optimization problem, taking into account the 

minimization of the overall travelled distance, the minimization of the travel times, and the maximization of the 

number of ride matches. In [39], the authors develop a ridesharing framework for matching users with similar 

mobility patterns. First, they infer users’ mobility patterns and social relations, then they provide ride matches 

based on spatial, temporal and social constraints. In [40], the authors focus on a carpooling application aimed at 

identifying pairs of users that might share their vehicle during their routine trips. They extract the habitual 

mobility profiles from user location history, employing trajectory clustering, and a route similarity function. In 

[41], the authors propose knowledge-based carpooling matches between drivers and passengers based on 

characteristics of the users’ routes, the users’ preferences, and the shared rides. Stiglic et al. [42] propose an 

algorithm to match drivers with riders willing to walk to/from meeting points. Multiple-rider matches are 

obtained in a recursive way, by adding to the match one rider at a time.  

The ride-matching criterion proposed in this paper is based on the geographic dissimilarities (distances) of the 

POIs composing the trips and not merely on the origin-destination matrix, that is, we take into account also 

multiple-stops trips, i.e., trips containing intermediate stops along them in addition to the destination point. This 

means that paths belonging to the same region, city, district, or area of a city (as in our case) will be matched 

according to the distances between the POIs composing the trips. In addition, with the proposed ride-matching 

criterion, the starting points (or ending points) of the matched paths do not have to be the same or very close in 

space: they can be anywhere in the city. With respect to the other works in the literature, our approach takes into 

account a very general situation whose strengths are summarized as follows: i) a driver can give a ride to 

multiple passengers; ii) passengers’ pick-up or drop-off points are exactly on their paths, i.e., no need for the 

passengers to walk to a common meeting point; iii) users’ trips are multiple-stops with ordering constraints; iv) 

origin and destination of the trips do not have to be common for the users; v) the driver is not dedicated, i.e., the 

driver visits also his/her own POIs; vi) the urban context is taken into account. This work is an extension of the 

work in [43], in which only one passenger per ride (in addition to the driver) was taken into account. In the 

present work, instead, we propose a novel framework for the recommendation of ride-shares with multiple 
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passengers, by reducing even more the number of private cars moving in the city. To the best of the authors’ 

knowledge, a similar approach does not exist in the literature. 

 

 

3. The proposed approach for urban ridesharing 

In this section, we describe the proposed approach for urban ridesharing recommendation aimed at grouping 

multiple passengers interested in travelling in the same ride, approximately in the same time interval (e.g., early 

morning). The aim of the work is to suggest to drivers, travelling in the city by car, a set of users with whom to 

share the ride, based on the similarity between the driver’s path and the passengers’ paths. The recommendation 

also suggests the optimal shared path to follow, i.e., the path with the smallest detour distance for the driver. 

Each user trip is defined in terms of a list of POIs that the user needs to visit in the given order. The set of POIs 

includes the path’s origin and destination points, and the stops along it. The shared path should visit all the POIs 

of each user involved in the ride-share in the correct order.  

Consider a set Φ 𝑝 , … , 𝑝 } of P paths approximately belonging to the same time interval. Let 𝑝

𝑎 , … , 𝑎 } be a path in Φ defined in terms of 𝑄  POIs 𝑎 , 𝑞 1, … , 𝑄 , 𝑄 2. The problem consists in 

finding for each path 𝑝  (namely, the driver’s path) the optimal group of 𝑅  paths in Φ for an efficient 

ridesharing recommendation, being 𝑅  the number of passengers accepted by the driver. Stated in other terms, 

being the user of path 𝑝  the driver of the shared ride, we want to recommend him/her the optimal ride sharing 

combination, namely the optimal set of 𝑅  passengers. The recommendation is based on the concept of 

dissimilarity between paths. The dissimilarity is evaluated according to a novel distance-based dissimilarity 

function. The dissimilarity value represents the additional distance to be travelled by the driver of the shared ride 

to visit also the POIs of one or more passengers’ paths. It is computed as the difference between the length of the 

shared path and the length of the driver’s path. To compute the shared path, and thus its length, we exploit a 

well-known algorithm for computing the shortest path on the edge-weighted DAG whose nodes represent the 

POIs of the paths. 

Obviously, to find the best recommendation for a given driver would require to exhaustively try each possible 

combination of the driver’s path with 𝑅  passengers’ paths, resulting in a high computational effort. Indeed, the 

greater the number of users, the greater the number of possible matches driver-passengers to check. On the other 

hand, in a given ride-share, it may be useless to take into account paths very far on the map (e.g., belonging to 

very distant areas of the city). Thus, in order to reduce the computational complexity of the problem, a 

preliminary phase is performed in which the paths in Φ are organized in clusters based on the dissimilarity 

criterion explained above. This allows to search for the best recommendation for a given driver among 

passengers’ paths belonging to the same cluster of the driver’s path, making the entire process more efficient. 

The methodology consists of four different phases: 1) Preprocessing, 2) Grouping of paths, 3) Analysis of multi-

passenger ride matches, and 4) Ridesharing recommendation. The steps of the elaboration are shown in Fig. 1. 
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Fig. 1. The elaboration performed on the paths to find the best recommendation for the driver of path 𝑝 . 

 

The first phase includes the representation of the city road network, the collection and elaboration of the ride 

requests from the users, and the definition of a set Ψ of T prototype paths. Prototype paths are used as reference 

paths for the computation of the similarity between the paths in Φ. 

The second phase mainly consists in arranging the paths in Φ in clusters, on the basis of a dissimilarity 

criterion computed between the paths and the prototype paths defined on the same city road network. Prototype 

paths can be considered as fake-passenger paths. More in detail, the paths in Φ and the prototype paths in Ψ are 

analyzed in a pairwise manner, by taking into account ride-shares consisting of two paths: a driver’s path in Φ 

and a fake passenger’s path in Ψ. Then, the paths are organized in clusters Λ ⊂ Φ, 𝑙 1, … , 𝐿, with L the 

number of clusters identified, on the basis of a hierarchical tree data structure. The aim of this phase is twofold. 

On the one hand, we aim to reduce the computational complexity of the following phase, in which the multi-

passenger ride matches will be found within each cluster of paths. On the other hand, the use of the prototype 

paths allows transforming the paths in Φ into objects described in terms of the same number of features, i.e., the 

T features representing the pairwise dissimilarity values between the paths in Φ and the prototype paths in Ψ. 

The third phase is aimed at analyzing multi-passenger ride matches within each cluster of paths Λ ⊂ Φ. The 

analysis is applied in turn on each path 𝑝  in Λ  as follows. Being 𝑝  the path taken into account, a pool Ω  of S 

paths near 𝑝  is selected in Λ . The pool Ω  contains the candidate paths to be matched with path 𝑝 . The 

nearness is computed exploiting the elaboration made in the previous phase. More precisely, being each path 

described in terms of the T dissimilarity values, the nearness is evaluated according to the cosine distance in ℝ  

between path 𝑝  and each other path in the same cluster Λ . The recommender is supposed to find within the 

pool the best set of paths to recommend to the driver of path 𝑝  for a ride-share. More precisely, being 𝑅  the 

number of passengers accepted by the driver, a DAG is built for each possible combination of 𝑅  paths in the 

pool Ω , until the best set of paths is found. The quality of the set of paths is checked by computing a 

dissimilarity value between the driver’s path 𝑝  and the resulting shared path. Here too, the shared path among 

𝑅 1 paths is computed based on the shortest path algorithm referred to above. The dissimilarity represents the 

additional travel distance requested to the driver (the user of path 𝑝 ) to satisfy also the passenger requests, i.e., 
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to visit the POIs (in the correct order) of the 𝑅  paths selected. 

Finally, in the last phase, the driver of path 𝑝  is provided with the best ridesharing recommendation. The 

recommendation consists of the best set of passengers with whom to share the ride, and the optimal shared path 

to follow. The best set of passengers is determined by applying a ride-matching criterion based on the idea of 

dissimilarity between paths, expressing the detour for the driver. Hence, this set consists of the passengers who 

allow the driver the smallest detour distance. 

In the following, each phase of the methodology is described in more detail, also providing the pseudo-code 

for each phase. Please note that we considered the elaboration from a high-level point of view, by identifying 

and discussing the main subroutines. In addition, Table 1 summarizes the meaning of the main symbols 

employed in this paper. 

 

3.1 Preprocessing 

To represent the city road network and the positioning of the POIs in the city, we exploit the digital map 

provided by the well-known OpenStreetMap (OSM) [44] framework for digital maps. OSM is an open source, 

free-license project aimed at collecting geographic data to create freely available maps of the world with free 

content. A digital map is a graph composed of a set of vertices, defined as GPS positions, and a set of edges, 

each one defined in terms of length, bearing and endpoint vertices. With this structure, a road is described as the 

conjunction of consecutive edges (also called segments) identified in correspondence of intersections, changes in 

bearing of the road, traffic lights, pedestrian crossings, and other relevant points. The use of the digital map of 

the city will allow computing the real travel distances between different points of the map according to the road 

network constraints (one-ways, limited traffic zones, etc.). 

Each POI of a user trip can be expressed with the name of the place, the complete address, or directly in terms 

of the GPS position (latitude and longitude). Then, each POI is map-matched on the closest OSM map segment. 

The resulting path is described as a sequence of POIs, corresponding to a sequence of segments on the digital 

map. 

Further, we define a set Ψ of T prototype paths. Prototype paths are fake-passenger paths uniformly 

distributed in the city road network. They are used as a reference to arrange users’ paths in groups, based on a 

dissimilarity criterion. To define the prototype paths in Ψ, we considered the north, south, east, and west areas of 

the city, and for each area, we identified the paths visiting the most relevant POIs of the city (e.g., hospitals, 

train/bus stations, airport, malls, schools, supermarkets, etc.). The value of T depends on the desired granularity 

of the groups of paths, and on the size of the urban context considered. The greater the value of T, the finer the 

granularity of the representation of the paths in the city road network. 

The preprocessing phase is performed by the following two subroutines: 

Subroutine 1.1: map-match the P users’ paths:= 
 given a digital map of the city 
 given a set Φ of P users’ paths 
 for each user path 𝑝  in Φ, 𝛼 1, … , 𝑃 do 

 map-match each POI of 𝑝  on the city map (path 𝑝  has 𝑄  POIs) 
 end for 
 return the set Φ of P users’ map-matched paths 
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Subroutine 1.2: map-match the T prototype paths:= 
 given a digital map of the city 
 given a set Ψ of T prototype paths 
 for each prototype path 𝑝  in Ψ, 𝛽 1, … , 𝑇 do 

 map-match each POI of 𝑝  on the city map (path 𝑝  has 𝑄  POIs) 
 end for 
 return the set Ψ of T prototype map-matched paths 

 

3.2 Grouping of paths 

This phase focuses on the organization of users’ paths in clusters. To this aim, we act as if each prototype path 

were a passenger path, and we measure the dissimilarity between each path in Φ and each prototype path in Ψ, 

by computing the shared path for the ride involving two users: the driver of path 𝑝 ∈ Φ and the passenger of 

path 𝑝 ∈ Ψ. More precisely, for each path 𝑝 ∈ Φ, 𝛼 1, … , 𝑃, we define the dissimilarity value 𝐷 ,  between 

𝑝  and 𝑝 , 𝑝 ∈ Ψ, 𝛽 1, … , 𝑇, as the detour distance, i.e., the additional distance, with respect to path 𝑝 , to be 

travelled by user of path 𝑝  (the driver of the shared path) to visit the POIs of paths 𝑝  and 𝑝 , respecting the 

visiting orders of POIs in both paths. In addition, being the user of path 𝑝  the driver of the shared path, an 

additional constraint on the visiting order of the POIs is that 𝑎  and 𝑎  are the first and the last visited points 

of the shared path, respectively. More precisely, the shared path should visit the POIs of both paths respecting 

the order of the POIs in each path, and maintain in the shared path the driver’s origin and destination. More 

formally, 𝐷 ,  is computed as: 

 
𝐷 , 𝑝 , 𝑝 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 , (1) 

 

where 𝑝 ∪ 𝑝  is the shortest shared path travelled by the user of path 𝑝  for visiting each point of paths 𝑝  

and 𝑝 , preserving the order of the visited POIs in 𝑝  and 𝑝 , 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝  is the length of the shared path 

𝑝 ∪ 𝑝 , and 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  is the length of path 𝑝 . The term 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  is computed as the sum of the 

distances (in meters) on the city road network between consecutive points in path 𝑝 : 

 
𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∑ 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 , (2) 

 
where 𝑎  and 𝑎  are two consecutive POIs of path 𝑝 , and 𝑑𝑖𝑠𝑡 𝑎 , 𝑎  is the length (in meters) of the 

shortest path between 𝑎  and 𝑎  computed on the map by using the Graph Hopper Route Planner [45], thus 

corresponding to the real travel distance between the POIs 𝑎  and 𝑎  on the city road network. The routing 

algorithm employed generates the shortest path according to the classical Dijkstra’s algorithm [46] for route 

planning. Similarly, 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝  is computed as: 

 

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝 ∑ 𝑑𝑖𝑠𝑡 𝑎 ∪ , 𝑎 ∪ , (3) 

 

where 𝑎 ∪  and 𝑎 ∪  are two consecutive POIs of the shared path 𝑝 ∪ 𝑝 . 

The dissimilarity function in (1) respects the coincidence axiom, that is, 𝐷 , 𝑝 , 𝑝 0 if and only if 𝑝 𝑝 , 
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but not the symmetry property, that is, 𝐷 , 𝐷 , . With the definition in (1), the closer 𝑝  and 𝑝  (according to 

the previously defined distance) to each other in the road network, the lower the corresponding dissimilarity 

value. Of course, if 𝑝  and 𝑝  are very far from each other, the dissimilarity value will be higher. 

Table 1. List of symbols 

Symbol Meaning 

Φ Set of users’ paths 

𝑃 Number of paths in Φ, |Φ| 𝑃 

Ψ Set of prototype paths 

𝑇 Number of prototype paths in Ψ, |Ψ| 𝑇 

Λ  l-th cluster of paths, 𝑙 1, … , 𝐿 

𝐿 Number of clusters in Φ 

𝑁  Number of paths in Λ , |Λ | 𝑁  

𝑝  𝛼-th path, 𝑝 𝑎 , … , 𝑎 , 𝛼 1, … , 𝑃 

𝑎  q-th POI in path 𝑝 , 𝑞 1, … , 𝑄  

𝑄  Number of POIs in path 𝑝  

𝐷 ,  Dissimilarity value between driver’s path 𝑝  and passenger’s path 𝑝 , 𝛽 1, … , 𝑃 

𝑝  𝛼-th path represented as the object, 𝑝 𝐷 , , … , 𝐷 ,, … , 𝐷 , . 

𝑝 ∪ 𝑝 ) Shared path built on the driver’s path 𝑝  and the passenger’s path 𝑝  

𝐷𝐴𝐺 ,  DAG for the paths 𝑝  (driver’s path) and 𝑝  (passenger’s path) 

Ω  Pool of similar paths to 𝑝  

S Number of paths in the pool Ω  

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝  Length (in meters) of the shared path 𝑝 ∪ 𝑝 ) 

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  Length (in meters) of path 𝑝  

𝑑𝑖𝑠𝑡 𝑎 , 𝑎  Length (in meters) of the shortest path between two POIs 𝑎  and 𝑎  

𝑑𝑖𝑠𝑡 𝑝 , 𝑝  Cosine distance between paths 𝑝  and 𝑝 , represented by 𝑝  and 𝑝 , respectively 

𝐶 ,  Number of possible sets of passengers’ paths for the driver of path 𝑝  

𝑅  Number of passengers accepted by the driver of path 𝑝  

𝛤  g-th set of passengers’ paths for the driver of path 𝑝 , 𝑔 1, … , 𝐶 , , |𝛤 | 𝑅  

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤  Length (in meters) of the shared path 𝑝 ∪ 𝛤 ) 

𝐷
, |

 Dissimilarity value between the driver’s path 𝑝  and the set 𝛤  

𝑠𝑝  Optimal shared path recommended to the driver of path 𝑝  

𝐷𝐴𝐺
, |

 DAG for the set of paths 𝑝 , 𝛤  

𝑋 ,  Node of the DAG associated with a driver’s POI in the single-passenger ridesharing 

𝑌 ,  Node of the DAG associated with a passenger’s POI in the single-passenger ridesharing 

𝑋 , ,…, ,…,  
Node of the DAG associated with a driver’s POI in the multi-passenger ridesharing, 

 𝑟 1, … , 𝑅  

𝑌 , ,…, ,…,  
Node of the DAG associated with a passenger’s POI in the multi-passenger ridesharing, 

 𝑟 1, … , 𝑅  

(i,j) 
Indexes indicating the state of progress achieved in completing the shared path: i refers to the 

driver’s path, and j to the passenger’s path 

𝑖, 𝑗 , … , 𝑗 , … , 𝑗  
Indexes indicating the state of progress achieved in completing the shared path: i refers to the 

driver’s path, and 𝑗 , 𝑟 1, … , 𝑅 , refers to the r-th passenger’s path 
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An example of this reasoning is shown in Fig. 2. The figure shows three paths: paths 𝑝  and 𝑝  are close to 

each other, while path 𝑝  is far from both 𝑝  and 𝑝 . The dissimilarity values 𝐷 , 𝑝 , 𝑝  and 𝐷 , 𝑝 , 𝑝  are 

lower than the dissimilarity values computed taking into account path 𝑝 . This results in a longer detour (visible 

also from the map) for the designated driver, when path 𝑝  is matched with path 𝑝  or with path 𝑝 . 

The computation of 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝  is not trivial since we have to determine the shortest path travelled by 

the user of path 𝑝  for: i) visiting each point of paths 𝑝  and 𝑝 , ii) preserving the order of the visited POIs in 𝑝  

and 𝑝 , and iii) starting and ending in the driver’s first and last POIs. To this aim, we solve the problem as a 

SOP, by finding the shortest path between a source node (the driver’s first POI) and a destination node (the 

driver’s last POI) on a DAG, satisfying a set of ordering constraints between pairs of nodes (visiting order of 

POIs on the two paths). Thus, being the user of path 𝑝  the driver of the shared path, we build an edge-weighted 

DAG (called from now on 𝐷𝐴𝐺 , ) and we compute the shortest path 𝑝 ∪ 𝑝 , using the algorithm described 

in [47]-[48]. 

 

 

Fig. 2. Three paths on the city map of Pisa, Italy, and the corresponding pairwise dissimilarity values computed in meters. 

The map is provided by Google® Maps. 

 

Hereafter we describe in detail the architecture and the semantics of 𝐷𝐴𝐺 , . 𝐷𝐴𝐺 ,  has two kinds of nodes: 

𝑋 ,  and 𝑌 , . The nodes of type 𝑋 ,  are associated with the POIs of the user acting as driver of the shared path, 

i.e., POIs 𝑎  of path 𝑝 , while the nodes of type 𝑌 ,  are associated with the user acting as passenger, i.e., POIs 

𝑎  of path 𝑝 . The indices i and j indicate the state of progress achieved in completing the shared path, on the 

driver’s path, and on the passenger’s path, respectively. More in detail, staying in node 𝑋 ,  of the DAG means 

that the shared path has just reached the POI 𝑎  of the driver’s path 𝑝  and has already visited all the previous 

POIs 𝑎 , … , 𝑎  of path 𝑝  and the POIs 𝑎 , … , 𝑎  of path 𝑝 . Similarly, staying in node 𝑌 ,  means that the 

shared path has just reached the POI 𝑎  of the passenger’s path 𝑝  and has already visited all the previous POIs 

𝑎 , … , 𝑎  of path 𝑝  and the POIs 𝑎 , … , 𝑎  of path 𝑝 . 

The DAG has four possible types of edge. The type of edge depends on the extreme nodes of the edge, and the 

weight associated with each edge is the minimal distance computed on the road network between the POIs 

associated with the extreme nodes. The four types of edges are: 

i) edge 𝑋 , → 𝑋 ,  is defined between two POIs of the driver’s path, and has weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ; 
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ii) edge 𝑋 , → 𝑌 ,  is defined between one POI of the driver’s path and one of the passenger’s path, and 

has weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ); 

iii) edge 𝑌 , → 𝑋 ,  is defined between one POI of the passenger’s path and one of the driver’s path, and 

has weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ); 

iv) edge 𝑌 , → 𝑌 ,  is defined between two POIs of the passenger’s path, and has weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ). 

Edges and nodes are defined in the DAG according to specific subsets of values for i and j, as clarified in detail 

in Appendix A.1. 

Therefore, the shared path 𝑝 ∪ 𝑝  starts from point 𝑎  (corresponding to node 𝑋 ,  in 𝐷𝐴𝐺 , , i.e., the 

source node of the DAG) and ends in point 𝑎  (corresponding to node 𝑋 ,  in 𝐷𝐴𝐺 , , i.e., the sink node of 

the DAG). Then the shared path is computed as the shortest path on 𝐷𝐴𝐺 ,  from the source node to the sink 

node, and the dissimilarity value 𝐷 ,  is computed according to (1). Fig. 3 shows an example of the generation of 

the shared path including the driver’s path 𝑝  (with 𝑄 4) and the passenger’s path 𝑝  (with 𝑄 3). The 

optimal shared path 𝑝 ∪ 𝑝  is shown in yellow on the map and on the DAG. The formal description of how to 

build the single-passenger DAG 𝐷𝐴𝐺 ,  is discussed in Appendix A.1. 

The elaboration is repeated for each pair of paths 𝑝 , 𝑝 , 𝑝 , 𝑝 : 𝑝 ∈ Φ, 𝑝 ∈ Ψ  obtaining as a result 

the PT dissimilarity matrix containing the values 𝐷 , . More in detail, each path 𝑝  is now represented as an 

object 𝑝  described in terms of T features, with feature  corresponding to the dissimilarity value between 𝑝  

and prototype path 𝑝 . We indicate this representation with the vector 𝑝 𝐷 , , … , 𝐷 , , … , 𝐷 , , 

corresponding to row  of the dissimilarity matrix, as shown in Fig. 1. In this way, each path is represented in 

terms of the same set of features, making it easy to compare the similarity (nearness) between paths, i.e., similar 

paths will have similar vector representations.  

Then, to organize paths in clusters we consider the paths in Φ as objects described in terms of T features (the 

dissimilarities with the prototype paths), and then we employ the tree data structure used in the Balanced 

Iterative Reducing and Clustering using Hierarchies (BIRCH) algorithm [49] to represent and cluster the paths. 

BIRCH deals with the efficient incremental and dynamical clustering of high dimensional datasets. Thus, it is 

particularly suited to quickly and efficiently find clusters in large sets of data. The algorithm is based on the 

definition of the clustering feature (CF), a summary information for each cluster of objects in the dataset. A CF 

is defined for each cluster as a triple CF = (n, LS, SS), where n is the number of objects belonging to the cluster, 

LS is the linear sum of the objects, and SS is the square sum of the objects. In addition, a centroid is associated 

with each cluster. BIRCH incrementally constructs a hierarchical data structure called CF-tree. More precisely, it 

stores (and groups) the CFs associated with the clusters, instead of storing the objects belonging to the clusters. 

The dataset is thus represented by means of a CF-tree, a height-balanced tree, reproducing a hierarchical 

representation of the data. Each non-leaf node of the tree contains at most b1 entries: each entry contains a CF 

and a pointer to a child node. A non-leaf node corresponds to a cluster of sub-clusters, and stores the sum of the 

CFs of its children. Each leaf node of the tree contains at most b2 entries: each entry contains a CF, 

corresponding to an actual cluster of objects. All entries in a leaf must satisfy the following requirement: the 

maximum diameter of the cluster represented by the entry in each leaf node has to be smaller than a pre-fixed 

threshold t. The larger t, the smaller the tree, as clusters will contain a higher number of objects. The parameters 
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b1 and b2 are called branching factors and limit the number of sub-clusters in a non-leaf node and a leaf node, 

respectively. The lower their values, the lower the number of nodes of the tree. As new objects are added to the 

tree, the tree is dynamically adjusted by means of splitting and merging operations on nodes, i.e., objects are 

redistributed among clusters, and the CF values are recalculated. To insert a new object in the tree, the following 

operations are performed: 

1. first, by visiting the tree starting from the root node, the closest leaf node is identified based on the CF 

values (according to the average inter-cluster distance); 

2. then, the closest CF entry in the leaf is identified: 

i) if the CF entry can absorb a new object without violating the threshold condition t, the object is 

inserted into the leaf; 

ii) else, if the maximum size of entries b2 is not reached yet, a new CF entry is added to the leaf, and the 

new object is inserted into it; 

iii) otherwise, the leaf is split, a new CF entry is added to the parent node (if this is not possible, the 

parent node is split as well), and the CF entries are redistributed among the leaves; 

3. finally, after insertion, the CFs of the leaf nodes and of all their ancestors are updated.  

 

 

Fig. 3. The generation of the shared path for single-passenger ridesharing. (a) The driver’s path 𝑝  (dashed line) and the 

passenger’s path 𝑝  (continuous line). (b) The shared path 𝑝 ∪ 𝑝  (semi-transparent bold line), going from the start 

symbol to the checkered flag. (c) The corresponding DAG built to find the shared path 𝑝 ∪ 𝑝  (semi-transparent bold 

line). Please note that, for the sake of simplicity, we show the weights only on a few edges, but all the weights are computed 

as explained in the text. 

 

With reference to our context, given an initial set Φ of paths represented in ℝ , we build a CF-tree employing 
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the BIRCH algorithm, and we organize the given paths in clusters. At any time a new ride request arrives, the 

associated path is directly assigned to the closest node, and the CF-tree is dynamically adjusted.  

Finally, we need to check if the size of each cluster obtained is in a reasonable interval. In fact, a too small 

size may prevent from correctly performing the subsequent analysis due to an insufficient number of paths. On 

the contrary, a too big size leads to a high computational effort to analyze the paths within the cluster. Therefore, 

in order to obtain clusters having a reasonable number of paths, we fix an interval for the size of the clusters, and 

we define the actions to perform if the size of the cluster obtained with BIRCH is out of this interval. More in 

detail: 

i) if a cluster does not contain at least 𝑁  paths, the cluster is merged with the nearest cluster according 

to the distance between the centroids. In order to perform the subsequent analysis, the value of 𝑁  

may depend, e.g., on the size of the pool of paths, or on the number of passengers of the ride-share;  

ii) instead, if a cluster contains more than 𝑁  paths, the cluster is split to limit the calculation time. 

More precisely, the cluster undergoes a new analysis with BIRCH, i.e., a new CF-tree for the paths in 

the cluster is built. The value of the threshold t in this case can be adjusted based on the distribution of 

paths, i.e., if the cluster is highly compact, the value of t is diminished so as to generate clusters with a 

lower number of objects. The sub-clusters originated from this analysis are treated as the other clusters. 

The value of 𝑁  may depend, e.g., on the available computing capacities, or on some Quality of 

Service requirements for the system.  

Thus, at the end of this elaboration the paths in Φ result to be organized in L clusters Λ , 𝑙 1, … , 𝐿, as 

follows: 

 

Φ Λ  , 

 
with each cluster containing 𝑁  paths, 𝑁 𝑁 𝑁 . 

The following subroutines summarize the work performed in the “Grouping of paths” phase: 

Subroutine 2.1: compute the PT matrix of dissimilarity values between users’ path and prototype paths:= 
 given a set Φ of P users’ map-matched paths 
 given a set Ψ of T prototype map-matched paths 
 for each user path 𝑝  in Φ, 𝛼 1, … , 𝑃 do 

 compute the length of path 𝑝 : 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  
 for each prototype path 𝑝  in Ψ, 𝛽 1, … , 𝑇 do 

 build the DAG for single-passenger ridesharing for path 𝑝  and prototype path 𝑝 : 𝐷𝐴𝐺 ,  

 compute on 𝐷𝐴𝐺 ,  the shared path 𝑝 ∪ 𝑝  as the shortest path that starts in 𝑝 ’s first POI, 

respects the visiting orders of POIs in 𝑝  and 𝑝 , and ends in 𝑝 ’s last POI 

 compute the length of 𝑝 ∪ 𝑝 : 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝  

 compute the dissimilarity value: 𝐷 , 𝑝 , 𝑝 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝑝 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  
 end for 

 end for 
 return the PT dissimilarity matrix of values 𝐷 , 𝑝 , 𝑝  

 
 

Subroutine 2.2: identify L clusters of users’ paths:= 
 given the PT dissimilarity matrix of values 𝐷 , 𝑝 , 𝑝  

 apply the BIRCH algorithm to identify L clusters of paths in Φ 
 return the L clusters of users’ paths 
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3.3 Analysis of multi-passenger ride matches  

In the following we describe the analysis aimed at finding multi-passenger ride matches. The analysis is 

performed within each cluster of paths Λ , 𝑙 1, … , 𝐿, found after the elaboration made in the previous phase. 

The elaboration is applied in turn on each path 𝑝  in Λ , with 𝑝  represented as 𝑝 𝐷 , , … , 𝐷 , . First, the 

similarity between 𝑝 ∈ Λ  (the driver’s path) and each other path 𝑝 ∈ Λ , 𝛽 1, … , 𝑁 , is computed exploiting 

the cosine distance. We chose this kind of distance as it is known to be best suited to cope with the high-

dimensionality of the objects. In fact, when dealing with high-dimensional domains, the use of other distance 

metrics (e.g., the Euclidean distance) could flatten the distances between the objects due to the “curse of 

dimensionality” effect [50]. Thus, the cosine distance between 𝑝  and 𝑝  is computed according to the following 

equation: 

 

𝑑𝑖𝑠𝑡 𝑝 , 𝑝 1
∑ , ∙ ,

∑ , ∙ ∑ ,

 (4) 

 
being 𝑝  and 𝑝  represented as the objects 𝑝 𝐷 , , … , 𝐷 ,  and 𝑝 𝐷 , , … , 𝐷 , , respectively. Then, 

the 𝑁  values 𝑑𝑖𝑠𝑡 𝑝 , 𝑝  computed are sorted in ascending order, and a pool Ω ⊂ Λ , of 𝑆 𝑅  paths near 

𝑝  is selected as those having the smaller cosine distance from 𝑝 . We recall that 𝑅  is the number of passengers 

accepted by the driver of the ride-share. The pool is defined as Ω 𝑝 |𝑝 ∈ Λ  , 𝑝 𝑝 , 𝑑𝑖𝑠𝑡 𝑝 , 𝑝

𝜗 , with 𝜗  the cosine distance computed between 𝑝  and the S-th path (after the sorting). Stated in other words, 

the paths in the set Λ \ 𝑝  are sorted in ascending order based on the value computed using (4), and the first S 

paths are selected to form the pool Ω . 

Among the S paths selected we are supposed to find the best group of paths of size 𝑅  to recommend to the 

driver of path 𝑝  for a ride-share. The minimum value for 𝑅  is 1, while the maximum value for 𝑅  depends on 

the number of free seats in the driver’s vehicle, or on other driver’s preferences. In addition, for the sake of 

simplicity, we assume that the users asking for a ride need to travel alone. In this way 𝑅  matches exactly the 

actual number of passengers present in the car. Obviously, to adapt the methodology to the case of users 

travelling with someone else is straightforward. E.g., let us consider a ride-share satisfying the requests of three 

users (including the driver): if one of the users travels with a child, the methodology is applied with 𝑅 2, 

even though the actual number of passengers in the car is four. 

Actually, to find the best group of 𝑅  paths for the driver, each possible group of passengers’ paths in Ω  

should be examined. We indicate with 𝛤 , 𝛤 ⊂ Ω , the g-th group of paths in Ω , defined as 𝛤

𝑝 | 𝑝 ∈ Ω , |𝛤 | 𝑅 , 𝑔 1, … , 𝐶 , . 𝐶 ,  is the number of possible groups of 𝑅  paths in Ω , and is 

computed as the number of combinations of S paths into 𝑅  distinct elements as follows: 

 

𝐶 ,
!

! !
 .  (5) 

 

Fig. 4 clarifies the relationship among the sets of paths Φ, Λ , Ω , and 𝛤  involved in the elaboration. 

Then, for each possible group of paths 𝛤 : 
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i) a DAG (denoted with 𝐷𝐴𝐺
, |

) is built on the set of paths 𝑝 , 𝛤 , which includes the 

driver’s path 𝑝  and the 𝑅  passengers’ paths in 𝛤 ;  

ii) the candidate shared path 𝑝 ∪ 𝛤  is calculated, corresponding to the shortest path on 

𝐷𝐴𝐺
, |

; 

iii) the dissimilarity value between path 𝑝  and the shared path 𝑝 ∪ 𝛤  is computed. 

The dissimilarity value is computed as a generalization of (1)-(3) to multi-passenger ride-shares as follows: 

 
𝐷

, |
𝑝 , 𝛤 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 . (6) 

 
In (6), 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤  denotes the length of the shared path and is defined as: 

 

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤 ∑ 𝑑𝑖𝑠𝑡 𝑎
∪ |

, 𝑎
∪ |

, (7) 

 

where 𝑎
∪ |

 and 𝑎
∪ |

 are two consecutive POIs of the shared path 𝑝 ∪ 𝛤 , and 𝑄

∑ 𝑄
∈

 is the sum of the number of POIs of all the passengers’ paths. The shared path is computed as the 

shortest path on the corresponding multi-passenger DAG built, i.e., the g-th 𝐷𝐴𝐺
, |

, a generalization of 

the single-passenger DAG presented before. The formal rules for the creation of the DAG in the case of a 

multiple passengers ridesharing are described in Appendix A.2. 

 

 

Fig. 4. The sets of paths built to find the best recommendation for the driver of path 𝑝 : the initial set Φ, the cluster Λ , the 

pool Ω , and the groups of paths 𝛤 , 𝑔 1, … , 𝐶 , . To show the reasoning, we set P = 25, S = 6 and 𝑅  = 3, thus 𝐶 ,

20. 

 

The selection of a pool of candidate paths is needed to guarantee to recommend the optimal ride match to the 

driver. In fact, merely taking into account the nearest 𝑅  paths to 𝑝  will not typically lead to the best solution, 

as Fig. 5 shows. In Fig. 5 the driver’s path 𝑝  is shown along with the three nearest paths 𝑝 , 𝑝 , and 𝑝  ordered 

by ascending dissimilarity, i.e., with 𝐷 , 𝐷 , 𝐷 , . By considering no pool and, for the sake of simplicity, 

𝑅 2, we can easily see that the detour for the driver when the two nearest paths 𝑝  and 𝑝  are taken into 



 18

account is clearly bigger than that computed when taking into account 𝑝 , matched with the third nearest path 

𝑝 . More precisely, 𝐷
,

≪ 𝐷
,

, being 𝛤 𝑝 , 𝑝  and 𝛤 𝑝 , 𝑝 . 

 

 

Fig. 5. A situation showing the requirement for a pool of 𝑆 𝑅  paths (continuous lines) to compute the optimal shared path 

for the driver of path 𝑝  (dashed line). The map is provided by Google® Maps. 

The following subroutines summarize the work performed in the “Analysis of multi-passenger ride matches” 

phase: 

Subroutine 3.1: identify a pool of S paths for each user’s path:= 
 given the L clusters of users’ paths 
 for each cluster Λ , 𝑙 1, … , 𝐿, do 

 for each user path 𝑝  in Λ , 𝛼 1, … , 𝑁  do 
 for each user path 𝑝  in Λ , 𝛽 1, … , 𝑁 , do 

 compute the pairwise cosine distance 𝑑𝑖𝑠𝑡 𝑝 , 𝑝  
 end for 
 sort the 𝑁  values 𝑑𝑖𝑠𝑡 𝑝 , 𝑝  

 form the pool Ω  of paths by selecting the S paths 𝑝 , 𝑝 𝑝 , in Λ , having smaller cosine 

distance from 𝑝  
 end for 

 end for 
 return a pool Ω  of S paths for each user’s path 𝑝  

 
Subroutine 3.2: examine the groups of paths in each user’s pool:= 

 given the pool Ω  of S paths for each user’s path 𝑝  
 for each user’s pool of paths Ω , 𝛼 1, … , 𝑃 do 

 form the 𝐶 ,  possible groups of paths in Ω , 𝛤 , 𝑔 1, … , 𝐶 ,  

 for each group of paths 𝛤  in Ω , 𝑔 1, … , 𝐶 , , do 

 build the DAG for multi-passenger ridesharing for the path 𝑝  and the group of paths 𝛤 : 

𝐷𝐴𝐺 , |  

 compute on 𝐷𝐴𝐺 , |  the shared path 𝑝 ∪ 𝛤  as the shortest path that starts in 𝑝 ’s 

first POI, respects the visiting orders of POIs in 𝑝  and 𝛤 , and ends in 𝑝 ’s last POI 

 compute the length of 𝑝 ∪ 𝛤 : 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤  

 compute the dissimilarity value: 𝐷 , | 𝑝 , 𝛤 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 ∪ 𝛤

𝑙𝑒𝑛𝑔𝑡ℎ 𝑝 . 
 end for 

 end for 

 return the groups 𝛤  of paths and the dissimilarity values 𝐷 , | 𝑝 , 𝛤  for each user’s path 𝑝  
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3.4 Ridesharing recommendation 

In the last phase, a ridesharing recommendation is finally produced for each driver of the paths in Φ.  

More precisely, the best group of paths 𝛤  for the driver of path 𝑝  is found among the 𝐶 ,  possible 

groups, as the one corresponding to the shortest detour for the driver, i.e., the smallest dissimilarity value:  

 

𝑔 �̅�  ∶   min 𝐷
, |

𝑝 , 𝛤  . 

 

The recommendation for the driver of path 𝑝  consists of: 

i) the best group of paths 𝛤  (i.e., users with whom to share the ride), corresponding to the dissimilarity 

value 𝐷
, |

𝑝 , 𝛤 ; 

ii) the corresponding optimal shared path 𝑠𝑝 𝑝 ∪ 𝛤  to follow in order to satisfy the order 

constraints on each path. 

The quality of a recommendation for the driver of path 𝑝  can then be evaluated in terms of the dissimilarity 

value itself, measuring the detour for the driver, and in terms of the mileage saving obtained exploiting the ride-

sharing opportunity with respect to the case in which the 𝑅 +1 users drive alone. 

The following subroutine summarizes the work performed in the “Ridesharing recommendation” phase: 

Subroutine 4.1: find and recommend the optimal shared path to each user:= 

 given the groups 𝛤  of paths and the dissimilarity values 𝐷 , | 𝑝 , 𝛤  for each user’s path 𝑝  

 for each user path 𝑝  in Φ, 𝛼 1, … , 𝑃 do 

 select the best group of paths 𝛤  corresponding to the smallest dissimilarity value 

𝐷 , | 𝑝 , 𝛤 , 𝑔 1, … , 𝐶 ,  

 provide the optimal shared path 𝑠𝑝 𝑝 ∪ 𝛤  

 end for 

 return the best group of paths 𝛤  for each user’s path 𝑝  and the optimal shared path 𝑠𝑝  

The underlying idea of the proposed approach could be of the utmost importance in the effective management 

of ridesharing services, as it is able to take into account multiple-stops trips. Users may indicate their trips, 

defined in terms of the set of ordered POIs, scheduled in the near future, and even a preferred role for the trip 

(passenger, driver or both). In the case that a user wants to act exclusively as driver (or as passenger), the 

elaboration regarding that user can be adapted accordingly, e.g., by excluding the user from the list of passengers 

(or drivers). In the experiments, we take into account the most general case, in which the users typically are car 

owners and may act indifferently as drivers or passengers, and we produce a recommendation for each driver. 

 

3.5 Flowchart of the overall process 

With the objective of summarizing the overall process performed by our ridesharing recommender, Fig. 6 

shows the flowchart of the overall process, pointing out the activation of the subroutines in each phase. 

Appendix B presents some considerations on the computational complexity of each phase. 
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Fig. 6. Flowchart of the main operations of the elaboration, by phase.  

 

 

4. Experimental results and discussion 

In this section, we describe the experimental analysis performed on a case study for evaluating the proposed 

approach. Table 2 summarizes the parameters’ values of the experimental analysis. 

 

Table 2. List of symbols 

Parameter P 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝  T L 𝑅  S 𝑄  𝑏 =𝑏  t 𝑁  𝑁  

Value 100 200 m - 4 km 10 17 1 - 4 𝑅  - 10 2 - 5 5 5000 S+1 30 

 

The set Φ of paths employed as case study contains P = 100 trips belonging to the road network of the city of 

Pisa, Italy (covering an area of about 70 km2), and representing the ride requests coming from P users in a given 

time interval. The trip length ranges from 200 m to about 4 km. They represent an example of the most frequent 

or usual trips of users moving in the city by car in a given time interval. In fact, the aim is to match trips with 

similar temporal constraints, i.e., users with similar needs, and moving approximately in the same area. Each trip 

is described in terms of a set of POIs, which can be of common interest (e.g., school, grocery, department store, 

drugstore) or relevant for the corresponding user (e.g., home, work place). The number of POIs of each trip 

ranges from 2 (meaning that the trip is defined only in terms of its origin and destination points) to 5. Each POI 

can be provided as the name of the place (e.g. Pisa Airport), the complete address (e.g, Piazzale D'Ascanio, 1, 

56121 Pisa, Italy), or directly by means of its GPS coordinates (e.g., {43.688479, 10.397713}). The trips were 

generated within a specific interview campaign involving 30 voluntary users. The users indicated some of their 

habitual paths in the city along with the set of POIs to visit. Table 3 shows the GPS coordinates of the POIs of 

each path. We recall that users of the ride have to be merely picked-up or dropped-off, i.e., they will spend a 

negligible amount of time in each POI.  

During preprocessing, the POIs of each trip are map-matched, exploiting the OSM digital map related to the 

city of Pisa, Italy. The set Ψ of prototype paths was selected in order to uniformly cover the city. By taking into 

account the size of the city, we generated T = 10 prototype paths, with the same ranges for length and number of 
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POIs of the paths in Φ. Next, we grouped the paths into clusters. First, we computed a dissimilarity value 

between each path in  Φ, and each prototype path in Ψ, by building the corresponding DAG for single-passenger 

ridesharing, and by computing the shortest path on it. Then, the paths, represented in terms of T dissimilarities 

values, were clustered by means of the CF-tree data structure of BIRCH. In the experimental analysis, we set the 

following values for the model parameters. The values for the branching factors b1 and b2 were both set to 5. The 

value for the threshold t was heuristically set, in order to obtain clusters of a reasonable size: we tried values 

between 0 and the average pairwise distance between paths in Φ, and we found 5000 to be a reasonable value for 

t. From the CF-tree we obtained 𝐿 17 clusters. Afterward, we applied the additional splitting and merging 

operations to obtain clusters of reasonable sizes, by setting 𝑁 𝑆 1, and 𝑁 30. The choice of the 

value of S is discussed hereunder. 

Then, we performed the elaboration to obtain multi-passenger ridesharing recommendations, by taking into 

account one cluster at a time, say cluster Λ . For each driver’s path, say 𝑝 ∈ Λ , we took into account a pool of S 

candidate passenger paths. Within the pool, we considered all the possible groups of 𝑅  passenger paths. The 

value of 𝑅  may be different for each driver, but in the experiments, for the sake of simplicity, we took into 

account the same value for all the drivers. Thus, for each possible group of 𝑅  paths, we built the corresponding 

DAG for multiple-passenger ridesharing, and we computed the dissimilarity value and the resulting shared path. 

The experiments for multi-passenger ride-sharing were performed for 𝑅 1,2,3,4 . We did not consider 

higher values for 𝑅  as the majority of cars moving in the city has typically five seats (four taken by the 

passengers and one by the driver). Regarding the value of S, we experimented with and without the use of the 

pool, by proving that the use of the pool improves the results obtained in terms of the length of the shared path. 

More in detail, computing the recommendations without employing the pool of paths means choosing the first 

𝑅  paths in a greedy way (i.e., setting 𝑆 𝑅 ). Thus, for each value of 𝑅 , we heuristically tried several values 

for S: from 𝑅  (corresponding to the absence of the pool) to 10. In fact, we found that for higher values of S the 

results did not change in a considerable way. Further, the value of S may be set based on the distribution of paths 

in the city road network. More precisely, if the paths to be processed are all close together, increasing the value 

of S may help to find a better shared path; on the contrary if the paths are very far away from each other, even a 

low value of S may be sufficient to find the best shared path. 

Finally, the recommender matched path 𝑝  (and thus its user) with the least dissimilar group of paths, 

corresponding to the shared path with the shortest detour for the driver. The recommendation results of the 

experiment performed with 𝑅 1 and S =5 are provided in Table 4. 

Even though the effort requested to the driver may be big, several benefits rise from ridesharing. Traffic 

problems, e.g., queues and congestions, are reduced as only one vehicle moves in the city instead of 𝑅 +1 

vehicles. Pollution, caused by cars travelling for a given amount of distance, may be reduced in the case of 

vehicle mileage savings, i.e., when the shared path is shorter than the sum of the lengths of the paths of the 𝑅 +1 

users driving alone. Besides, the monetary cost of parking fees, fuel, restricted traffic areas tickets, etc. can also 

be shared among users. In the experiments performed, the recommendation for each driver in Φ was evaluated in 

terms of the following measures: i) mileage saving (if achieved), ii) length of the resulting shared path, and iii) 

dissimilarity value, i.e., a measure of the detour for the driver. In this way, the convenience of the ride-share can 

be assessed both in terms of the overall economy of the ride, and in terms of the discomfort for the driver. Table 

5 shows the results of the experiments performed for different combinations of the values of S and 𝑅 . In each 
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experiment, we first computed the measures for each of the 100 recommendations, and then we calculated the 

averaged values. More precisely, the length of the shared path, and the dissimilarity value were computed 

according to (6)-(7), for each recommendation, and then averaged over the 100 paths. The mileage saving (MS) 

was calculated for each recommendation as the difference between the sum of the distances travelled by the 

𝑅 +1 users driving alone, and the length of the shared path 𝑠𝑝  of the ride-share: 

 

𝑀𝑆 𝑙𝑒𝑛𝑔𝑡ℎ 𝑝   𝑙𝑒𝑛𝑔𝑡ℎ 𝑝

∈

𝑙𝑒𝑛𝑔𝑡ℎ 𝑠𝑝 . 

 
Then, the average mileage saving was obtained considering only the positive mileage savings obtained in each 

experiment: we obtained a positive mileage saving in Z cases over 100 (with Z going from 39 to 76). The reason 

of this result is trivial: the detour for the driver is unavoidable, as he/she needs to alter his/her path to visit the 

POIs of the passengers picked-up. The only (lucky) case in which a detour is not needed is when all the POIs of 

the passengers are exactly on the driver’s path. In addition, we wish to point out that the detour for the driver 

may be big, due to the presence of several one-ways, or limited traffic zones, which require, e.g., to go back over 

the same route, by increasing the length of the shared path. This is particularly evident in the city road network 

of Pisa, Italy.  

Table 5 shows an increasing average mileage saving, an increasing value of Z, a decreasing average length of 

the shared path, and a decreasing average dissimilarity value as the size of the pool increases.  

Furthermore, in order to better highlight the reasoning, we also show in more detail (Fig. 6) an example of 

multi-passenger ridesharing with 𝑅 4, i.e., with five users. Fig. 6(a) shows the position and the information 

about the five paths involved in this ride-share on the city map: the driver’s path 𝑝  (depicted with a black 

dashed line) and four passengers’ paths 𝑝 , 𝑝 , 𝑝 , 𝑝  ∈ Ω  (depicted with continuous colored lines). The set of 

passengers’ paths represents the best group of paths found in the pool of paths Ω  for the driver of path 𝑝 . Fig. 

6(b) shows the resulting shared path to follow 𝑠𝑝 𝑝 ∪ 𝑝 , 𝑝 , 𝑝 , 𝑝  (depicted on the map with a bold 

grey semi-transparent line). The length of the shared path is 8 km, and it requires a detour for the driver of about 

4.3 km. From Fig. 6 we can observe that the distance travelled by the driver along the shared path (8 km in the 

example) is lower than the sum of the distances travelled by the single vehicles (9.5 km in the example), with a 

mileage saving of 1.5 km. We would like to point out that the considerable detour for the driver is mainly due to 

the limited number of users considered in the experimental analysis. When the recommender will be deployed, 

we expect that a higher number of users will allow generating more convenient shared paths for the driver. 

Anyway, we have to consider that, just in the described example, we have a significant benefit since only one car 

will be travelling in the city rather than five, thus ensuring traffic reduction. 

As a final remark, we wish to point out that, in the case the driver thinks the detour proposed by the 

recommender system is too big, the system might also be designed to reduce his/her discomfort by suggesting a 

shared-ride with: i) a lower number of passengers, or ii) a smaller detour value (the driver may indicate a 

maximum detour value allowed, e.g., corresponding to a given percentage of the length of the driver’s path). For 

the sake of simplicity, however, we have limited ourselves to consider only shared rides with the number of 

passengers indicated by the driver, and without limitation on the detour value. 

The proposed approach is intended to be integrated in a ridesharing recommendation service for smart cities. 

A user willing to use the service sends a ride request and he/she is recommended with an efficient ridesharing 
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solution. In order to handle the computational effort needed to find the best recommendation for the users, the 

service can be built on a Service Oriented Architecture (SOA). SOAs allow exploiting easy integration with 

other services and scalability of the service itself. The integration property allows the ridesharing recommender 

to be integrated with other services (e.g., traffic news, weather information). The scalability property allows 

distributing the users’ requests among different elaboration servers, dedicated, e.g., to different city areas, or 

clusters of paths. Further, the use of a cloud computing architecture and of different instances of the service 

could help manage scalability dynamically, and reduce the time needed to compute a recommendation. In fact, 

this time depends both on the number of passengers of the ride-share, and on the number of POIs composing 

each path involved: the greater the total number of POIs to visit in the shared ride, the bigger the order of the 

DAG, and thus the greater the time needed to compute the shortest path on it.  

Finally, we would like to highlight that a comparison with ridesharing works existing in the literature is not 

straightforward as the proposed system is novel and has peculiar features that make it different from the previous 

works and hardly comparable with these. Basically, the proposed approach differs from existing works because it 

is characterized by all the following aspects: i) it takes the urban context into account; ii) the driver is not 

dedicated and can give a ride to multiple passengers; iii) it matches multiple-stops trips, and allows each user to 

specify ordering constraints between the POIs to be visited; iv) the ride-matching criterion is based on the 

definition of a novel dissimilarity function between paths, which takes into account the geographic distances 

between the POIs; v) the shared path recommended to the driver is the shortest path satisfying the users’ ride 

requests; vi) passengers’ pick-up or drop-off points are exactly on their paths, i.e., no need for the passengers to 

walk to a common meeting point; vii) origin and destination of the trips do not have to be common for the users. 

In particular, to the best of our knowledge, the aspect iii) is considered in no previous ridesharing work: our 

system allows users to specify POIs to be visited and the order of the visit, thus making it unique among the 

different approaches proposed in the literature. Since the optimization is based on this constraint, comparisons 

with ridesharing approaches, which do not consider to visit POIs in a user-specified order, does not appear to be 

fair. Further, although there exist a number of ridesharing services available on the web, these services allow 

users to indicate the origin and destination of the trip and then suggest possible shared rides by considering 

origins and destinations of the trips already stored in the repository. Thus, no experimental evaluation can be 

performed by using these services because they do not allow populating the database independently.  

Since we could not prove the effectiveness of our system in terms of optimal choice of the passengers, we 

decided at least to show that our system is able to generate the optimal shared ride for the selected passengers. 

To this aim, we used RouteXL [51], a publicly available route planner service for multiple destinations. Given a 

fixed starting point, a fixed ending point, and a set of intermediate stops in random order, the service generates 

the best path in terms of duration of the route by choosing the best visiting order of the intermediate stops. We 

recall that in the case of negligible amount of time spent in each POI and considering the urban context, the 

quickest path corresponds actually to the shortest path. We adopted as starting and ending points for RouteXL 

the corresponding points of the driver. Further, the intermediate stops were initialized with the starting and 

ending points of the trips of the passengers, and with the POIs of the trips of the driver and passengers.  We 

aimed to verify whether RouteXL determines the same optimal path as our system, when the choice of the 

minimal shared path is not affected by the constraints on the visiting order of the POIs. For the sake of 

simplicity, we selected cases with one driver and at most two passengers. We showed and discussed four cases 
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(Fig. 7) in which the shared path of a given recommendation suggested by our algorithm and depicted through 

Google Maps (on the right) matches the route generated by the RouteXL service (on the left). Conversely, we 

show two cases (Fig. 8) in which the optimal path computed by the RouteXL service does not match the 

recommended path produced by our algorithm, due to the presence of unfavorable constraints on the visiting 

order of the POIs. In these cases, however, it can be observed that the optimal path determined by our system 

and the one determined by RouteXL are not very different and the increase in length is actually due to the 

constraints imposed by the single paths. 

 

 

5. Conclusions 

We have presented an approach for ride-sharing recommendation. The ride-matching criterion is based on a 

novel dissimilarity function computed between the driver’s path and the shared path. The dissimilarity function 

measures the detour requested to the driver to visit also the POIs of the passengers’ paths, by respecting the 

ordering constraints defined between the POIs of each path. By formulating the problem as a SOP, we are able to 

find the shortest shared ride that satisfies the ordering constraints. We have applied our approach on a case study 

of 100 paths in the city of Pisa, Italy. 

As a future work we aim to include, in the computation of the shared path, also temporal constraints for 

visiting the POIs, e.g., to let the users specify a specific time window to visit each POI. In addition, we are 

planning to add live road traffic information to the recommender system. In this way, the suggested shared path 

recommended to the users can avoid traffic jams, by taking into account the live traffic conditions. 
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Table 3. Description of paths 

Path id List of POIs 

1 𝑎 43.71878,10.38510 𝑎 43.71829,10.39224 𝑎 43.71790,10.39440  

2 
𝑎 43.71677,10.38217  𝑎 43.71726,10.38916 𝑎 43.72235,10.39205 𝑎 43.72346,10.39199  
 𝑎 43.72463,10.39397  

3 𝑎 43.71616,10.39147  𝑎 43.71404,10.39061 𝑎 43.71410,10.38845 𝑎 43.71974,10.38520  
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4 𝑎 43.71606,10.39266 𝑎 43.71974,10.38520  

5 𝑎 43.71616,10.39147  𝑎 43.71344,10.38908 𝑎 43.71751,10.38902 𝑎 43.71790,10.39440  

6 𝑎 43.71685,10.40731 𝑎 43.71864,10.40864 𝑎 43.71668,10.40422  

7 
𝑎 43.72386,10.41012  𝑎 43.71923,10.41089 𝑎 43.71636,10.40453 𝑎 43.71756,10.40431
𝑎 43.71829,10.40498  

8 𝑎 43.71563,10.40683 𝑎 43.71582,10.40714 𝑎 43.72076,10.40405  

9 𝑎 43.71563,10.40683  𝑎 43.71642,10.40666 𝑎 43.71636,10.40453 𝑎 43.71668,10.40422  

10 𝑎 43.71973,10.40521 𝑎 43.72521,10.40561  

11 𝑎 43.71181,10.39370 𝑎 43.71386,10.40358  

12 𝑎 43.71281,10.40507 𝑎 43.71369,10.40394 𝑎 43.71868,10.40922  

13 𝑎 43.71250,10.39799  𝑎 43.71226,10.40109 𝑎 43.71267,10.40239 𝑎 43.71363,10.40324  

14 𝑎 43.71066,10.40008  𝑎 43.70992,10.39951 𝑎 43.71032,10.40555 𝑎 43.71313,10.40579  

15 𝑎 43.71051,10.40256 𝑎 43.71313,10.40579  

16 𝑎 43.72821,10.39396 𝑎 43.72731,10.39267 𝑎 43.72397,10.38362  

17 
𝑎 43.71010,10.38334  𝑎 43.71335,10.38872 𝑎 43.71726,10.38916 𝑎 43.72278,10.39222
𝑎 43.72440,10.40236  

18 𝑎 43.72322,10.37953 𝑎 43.71746,10.38265 𝑎 43.72003,10.38677  

19 𝑎 43.71564,10.37992 𝑎 43.71797,10.38172 𝑎 43.72631,10.37824  

20 𝑎 43.72464,10.39140  𝑎 43.72489,10.39253 𝑎 43.71971,10.39739 𝑎 43.71588,10.40187  

21 𝑎 43.71066,10.40543 𝑎 43.71059,10.40127  

22 𝑎 43.70148,10.42042  𝑎 43.70604,10.40925 𝑎 43.70727,10.40759 𝑎 43.70995,10.40173  

23 𝑎 43.70693,10.38581 𝑎 43.70805,10.38553 𝑎 43.71048,10.38778  

24 𝑎 43.71386,10.40186 𝑎 43.71422,10.40289 𝑎 43.71444,10.40314  

25 𝑎 43.72996,10.41945 𝑎 43.72729,10.41555 𝑎 43.72847,10.40269  

26 𝑎 43.69945,10.39177 𝑎 43.70627,10.39677  

27 𝑎 43.70024,10.40181 𝑎 43.70398,10.39638 𝑎 43.70379,10.39787  

28 𝑎 43.70700,10.39609 𝑎 43.69964,10.39223  

29 𝑎 43.69856,10.41001 𝑎 43.70674,10.40295  

30 
𝑎 43.69962,10.40070  𝑎 43.69965,10.40011 𝑎 43.69979,10.39840 𝑎 43.70011,10.39790
𝑎 43.70152,10.38869  

31 𝑎 43.73065,10.39719  𝑎 43.72212,10.39767 𝑎 43.71640,10.37406 𝑎 43.71206,10.38249  

32 𝑎 43.72464,10.40785 𝑎 43.72104,10.42930  

33 𝑎 43.69945,10.39177 𝑎 43.69818,10.39102 𝑎 43.69762,10.39612  

34 𝑎 43.70666,10.39717  𝑎 43.70484,10.40104 𝑎 43.70343,10.40362 𝑎 43.70431,10.40653  

35 𝑎 43.71168,10.42055 𝑎 43.71602,10.41420 𝑎 43.72749,10.42690  

36 𝑎 43.72330,10.39212  𝑎 43.72012,10.39664 𝑎 43.71906,10.39387 𝑎 43.71903,10.38603  

37 𝑎 43.71591,10.39847  𝑎 43.70986,10.39365 𝑎 43.70912,10.40131 𝑎 43.71073,10.40346  

38 𝑎 43.71296,10.40127 𝑎 43.70912,10.40131  

39 𝑎 43.71790,10.39440  𝑎 43.72001,10.38666 𝑎 43.71677,10.38217 𝑎 43.71396,10.38337  

40 𝑎 43.71183,10.39863  𝑎 43.70992,10.40046 𝑎 43.71246,10.40519 𝑎 43.71313,10.40579  

41 𝑎 43.71066,10.39176 𝑎 43.70976,10.40404  

42 𝑎 43.71588,10.40187 𝑎 43.71077,10.39834 𝑎 43.70112,10.40021  

43 𝑎 43.72009,10.38644 𝑎 43.71762,10.39108 𝑎 43.71589,10.39347  

44 𝑎 43.70614,10.39793 𝑎 43.70524,10.39984 𝑎 43.70511,10.40164  

45 𝑎 43.70608,10.39809 𝑎 43.71091,10.39990  

46 𝑎 43.72347,10.41364 𝑎 43.72260,10.41484 𝑎 43.72170,10.41213  
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47 
𝑎 43.72025,10.41987  𝑎 43.72057,10.41784 𝑎 43.71809,10.41806 𝑎 43.71789,10.41625
𝑎 43.71970,10.41336  

48 𝑎 43.71966,10.41288 𝑎 43.71930,10.41706 𝑎 43.72098,10.42070  

49 𝑎 43.71010,10.41326 𝑎 43.71226,10.42386 𝑎 43.70993,10.42391  

50 𝑎 43.72307,10.40884  𝑎 43.71938,10.41753 𝑎 43.71517,10.41064 𝑎 43.71164,10.40948  

51 𝑎 43.72267,10.40964  𝑎 43.72208,10.41032 𝑎 43.72212,10.41331 𝑎 43.72376,10.41080  

52 𝑎 43.71883,10.41102  𝑎 43.71917,10.41535 𝑎 43.72114,10.41639 𝑎 43.72202,10.41504  

53 𝑎 43.72829,10.39425 𝑎 43.72900,10.39869 𝑎 43.72886,10.40548  

54 𝑎 43.72886,10.40542  𝑎 43.72796,10.39978 𝑎 43.72720,10.39486 𝑎 43.72771,10.39345  

55 𝑎 43.72263,10.40668  𝑎 43.72146,10.40316 𝑎 43.72372,10.40265 𝑎 43.72435,10.40231  

56 
𝑎 43.71419,10.40792  𝑎 43.71364,10.40976 𝑎 43.71463,10.40974 𝑎 43.71585,10.40909
𝑎 43.71865,10.40858  𝑎 43.72355,10.40224

57 𝑎 43.71399,10.40833 𝑎 43.71046,10.40977 𝑎 43.71004,10.41279  

58 𝑎 43.72587,10.40339 𝑎 43.72896,10.40618 𝑎 43.73313,10.41120  

59 𝑎 43.72789,10.39984 𝑎 43.73090,10.40211 𝑎 43.73226,10.40778  

60 𝑎 43.73096,10.39661 𝑎 43.72761,10.39090 𝑎 43.72877,10.38865  

61 𝑎 43.71183,10.39863  𝑎 43.70992,10.40046 𝑎 43.71246,10.40519 𝑎 43.71313,10.40579  

62 𝑎 43.71066,10.39176 𝑎 43.70976,10.40404  

63 𝑎 43.71588,10.40187 𝑎 43.71077,10.39834 𝑎 43.70112,10.40021  

64 𝑎 43.72009,10.38644 𝑎 43.71762,10.39108 𝑎 43.71589,10.39347  

65 𝑎 43.70614,10.39793 𝑎 43.70524,10.39984 𝑎 43.70511,10.40164  

66 𝑎 43.70608,10.39809 𝑎 43.71091,10.39990  

67 𝑎 43.72347,10.41364 𝑎 43.72260,10.41484 𝑎 43.72170,10.41213  

68 𝑎 43.72025,10.41987 𝑎 43.71789,10.41625 𝑎 43.71970,10.41336  

69 𝑎 43.71966,10.41288 𝑎 43.72098,10.42070  

70 𝑎 43.71010,10.41326 𝑎 43.71226,10.42386 𝑎 43.70993,10.42391  

71 𝑎 43.72307,10.40884  𝑎 43.71938,10.41753 𝑎 43.71517,10.41064 𝑎 43.71164,10.40948  

72 𝑎 43.72267,10.40964 𝑎 43.72208,10.41032 𝑎 43.72376,10.41080  

73 𝑎 43.71883,10.41102  𝑎 43.71917,10.41535 𝑎 43.72114,10.41639 𝑎 43.72202,10.41504  

74 𝑎 43.72829,10.39425 𝑎 43.72886,10.40548  

75 𝑎 43.72796,10.39978 𝑎 43.72771,10.39345 𝑎 43.72886,10.40542  

76 𝑎 43.72263,10.40668 𝑎 43.72146,10.40316 𝑎 43.72435,10.40231  

77 𝑎 43.71419,10.40792  𝑎 43.71364,10.40976 𝑎 43.71865,10.40858 𝑎 43.72355,10.40224  

78 𝑎 43.71399,10.40833 𝑎 43.71046,10.40977 𝑎 43.71004,10.41279  

79 𝑎 43.72896,10.40618 𝑎 43.73313,10.41120 𝑎 43.72587,10.40339  

80 𝑎 43.72789,10.39984 𝑎 43.73090,10.40211 𝑎 43.73226,10.40778  

81 𝑎 43.73096,10.39661 𝑎 43.72761,10.39090 𝑎 43.72877,10.38865  

82 𝑎 43.72464,10.40785 𝑎 43.72104,10.42930  

83 𝑎 43.69945,10.39177 𝑎 43.69762,10.39612  

84 𝑎 43.70666,10.39717  𝑎 43.70484,10.40104 𝑎 43.70343,10.40362 𝑎 43.70431,10.40653  

85 𝑎 43.71602,10.41420 𝑎 43.72749,10.42690 𝑎 43.71168,10.42055  

86 𝑎 43.72330,10.39212 𝑎 43.72012,10.39664 𝑎 43.71903,10.38603  

87 𝑎 43.71591,10.39847 𝑎 43.70986,10.39365 𝑎 43.70912,10.40131  

88 𝑎 43.71296,10.40127 𝑎 43.70912,10.40131  

89 𝑎 43.72821,10.39396 𝑎 43.72731,10.39267 𝑎 43.72397,10.38362  
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90 
𝑎 43.71010,10.38334  𝑎 43.71335,10.38872 𝑎 43.71726,10.38916 𝑎 43.72278,10.39222
𝑎 43.72440,10.40236  

91 𝑎 43.72322,10.37953 𝑎 43.71746,10.38265 𝑎 43.72003,10.38677  

92 𝑎 43.71564,10.37992 𝑎 43.72631,10.37824  

93 𝑎 43.72464,10.39140  𝑎 43.72489,10.39253 𝑎 43.71971,10.39739 𝑎 43.71588,10.40187  

94 𝑎 43.71066,10.40543 𝑎 43.71059,10.40127  

95 𝑎 43.70604,10.40925 𝑎 43.70995,10.40173 𝑎 43.70148,10.42042  

96 𝑎 43.70693,10.38581 𝑎 43.70805,10.38553 𝑎 43.71048,10.38778  

97 𝑎 43.71386,10.40186 𝑎 43.71422,10.40289  

98 𝑎 43.72996,10.41945 𝑎 43.72729,10.41555 𝑎 43.72847,10.40269  

99 𝑎 43.69945,10.39177 𝑎 43.70627,10.39677  

100 𝑎 43.69945,10.39177 𝑎 43.70627,10.39677  

 

 

Table 4. Recommendation results for the experiment with 𝑅 =1 and S=5. 

Driver’s path id Passenger’s path id Order of POIs in shared path 

1 5 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

2 1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

3 4 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

4 3 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

5 3 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

6 9 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

7 9 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

8 9 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

9 6 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

10 8 𝑎 𝑎 𝑎 𝑎 𝑎  

11 41 𝑎 𝑎 𝑎 𝑎  

12 6 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

13 41 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

14 41 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

15 14 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

16 18 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

17 90 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

18 1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

19 18 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

20 1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

21 24 𝑎 𝑎 𝑎 𝑎 𝑎  

22 38 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

23 41 𝑎 𝑎 𝑎 𝑎 𝑎  

24 21 𝑎 𝑎 𝑎 𝑎 𝑎  

25 55 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

26 99 𝑎 𝑎 𝑎 𝑎  

27 44 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

28 44 𝑎 𝑎 𝑎 𝑎 𝑎  
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29 44 𝑎 𝑎 𝑎 𝑎 𝑎  

30 27 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

31 93 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

32 46 𝑎 𝑎 𝑎 𝑎 𝑎  

33 83 𝑎 𝑎 𝑎 𝑎 𝑎  

34 84 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

35 12 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

36 1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

37 41 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

38 21 𝑎 𝑎 𝑎 𝑎  

39 3 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

40 61 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

41 62 𝑎 𝑎 𝑎 𝑎  

42 63 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

43 1 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

44 65 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

45 66 𝑎 𝑎 𝑎 𝑎  

46 67 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

47 68 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

48 69 𝑎 𝑎 𝑎 𝑎 𝑎  

49 70 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

50 71 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

51 72 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

52 69 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

53 59 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

54 55 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

55 59 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

56 55 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

57 24 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

58 59 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

59 53 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

60 54 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

61 40 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

62 41 𝑎 𝑎 𝑎 𝑎  

63 42 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

64 91 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

65 44 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

66 45 𝑎 𝑎 𝑎 𝑎  

67 46 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

68 47 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

69 48 𝑎 𝑎 𝑎 𝑎 𝑎  

70 49 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

71 50 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  
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72 51 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

73 52 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

74 80 𝑎 𝑎 𝑎 𝑎 𝑎  

75 74 𝑎 𝑎 𝑎 𝑎 𝑎  

76 80 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

77 76 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

78 57 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

79 80 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

80 74 𝑎 𝑎 𝑎 𝑎 𝑎  

81 89 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

82 32 𝑎 𝑎 𝑎 𝑎  

83 33 𝑎 𝑎 𝑎 𝑎 𝑎  

84 34 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

85 69 𝑎 𝑎 𝑎 𝑎 𝑎  

86 64 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

87 64 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

88 38 𝑎 𝑎 𝑎 𝑎  

89 81 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

90 17 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

91 92 𝑎 𝑎 𝑎 𝑎 𝑎  

92 91 𝑎 𝑎 𝑎 𝑎 𝑎  

93 64 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

94 21 𝑎 𝑎 𝑎 𝑎  

95 88 𝑎 𝑎 𝑎 𝑎 𝑎  

96 23 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

97 24 𝑎 𝑎 𝑎 𝑎 𝑎  

98 76 𝑎 𝑎 𝑎 𝑎 𝑎 𝑎  

99 26 𝑎 𝑎 𝑎 𝑎  

100 26 𝑎 𝑎 𝑎 𝑎  

 
 

Table 5. Averaged results for the multi-passenger ridesharing recommendations by varying the number of passengers 𝑅  

and the size of the pool S. 

𝑹𝜶 S 
Average shared path's length [m] 

over 100 paths 
Average dissimilarity [m] 

over 100 paths 
Average mileage saving MS [m]

over Z paths (Z) 

1 

10 2185 604 1129 (70) 

9 2195 614 1134 (70) 

8 2281 700 1090 (65) 

7 2303 722 1103 (64) 

6 2318 737 1121 (63) 

5 2476 895 1054 (57) 

4 2583 1002 1107 (51) 

3 2707 1126 1116 (49) 

2 2842 1261 1101 (48) 

1 3236 1655 1103 (48) 

2 

10 3178 1597 1245 (58) 

9 3205 1624 1256 (57) 

8 3331 1751 1214 (55) 
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7 3409 1828 1113 (54) 

6 3451 1870 1072 (56) 

5 3847 2266 995 (48) 

4 3999 2418 987 (46) 

3 4218 2637 903 (45) 

2 4907 3326 824 (36) 

3 

10 3918 2337 1563 (67) 

9 3955 2374 1533 (68) 

8 4223 2642 1400 (69) 

7 4324 2743 1278 (68) 

6 4474 2893 1230 (69) 

5 4937 3356 1121 (64) 

4 5172 3591 1223 (51) 

3 6137 4556 982 (39) 

4 

10 4870 3289 1624 (76) 

9 4927 3346 1665 (76) 

8 5312 3731 1607 (70) 

7 5580 3999 1476 (64) 

6 5882 4301 1625 (63) 

5 6585 5004 1307 (56) 

4 7746 6165 1052 (49) 

 

 

 

Fig. 7. Example of multi-passenger ridesharing. (a) The driver (user of path 𝑝 , dashed line) and 𝑅 4 passengers (the 

users of paths 𝑝 , 𝑝 , 𝑝 ,  𝑝  ∈ Ω , continuous lines). Empty dots and full dots indicate the starting point and the ending 

point of each path, respectively. (b) The resulting shared path 𝑠𝑝  (bold grey semi-transparent line) and the visiting order of 

the POIs in 𝑠𝑝 . The start symbol and the checkered flag indicate the starting point and the ending point of the shared path 

suggested to the driver. The map is provided by Google® Maps. 

  
  (a) 
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  (b) 

 
  (c) 

 
              (d) 

Fig. 8. Four examples of exact matches involving (a) driver of path #58 and passenger of path #59, (b) driver of path #3 and 

passenger of path #4, (c) driver of path #2 and passenger of path #1, (d) driver of path #76 and passenger of path #80. On the 

left, route generated by the RouteXL service from the initial POI (house label) to the final POI (flag label). On the right, 

shared path recommended by our system from the initial POI (O label) to the final POI (D label). In both figures the number  

on each intermediate POI identifies the visiting order. 
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(a) 

 
(b) 

Fig. 9. Two examples of inexact matches involving (a) driver of path #5 and passenger of path #43, (b) driver of path #2 and 

passengers of paths #1 and #3. On the left, route generated by the RouteXL service from the initial POI (house label) to the 

final POI (flag label). On the right, shared path recommended by our system from the initial POI (O label) to the final POI (D 

label). In both figures the label number on each intermediate POI identifies the visiting order within the path. 

 

 

Appendix A. Generation of the DAG 

In the following we describe more formally how to build the single-passenger DAG and the multi-passenger 

DAG. 

 

A.1 How to build a single-passenger DAG 

For reasons of readability, we will index with x all that is concerned with the driver’s path, and with y all that 

is concerned with the passenger’s path, with the aim of maintaining the notation consistent with that of nodes 

𝑋 ,  and 𝑌 , . Thus, we define 𝐷𝐴𝐺 , ν, ε , where ν is the set of nodes, and ε is the set of edges, i.e., ordered 

pairs of nodes. The set of nodes ν is defined as ν ν ∪ ν , where ν  is the set of nodes of type 𝑋 , : 

 
ν 𝑋 , | 𝑖, 𝑗 𝑖 1, 𝑗 0 ⋁ 𝑖 𝑄 , 𝑗 𝑄  ⋁ 𝑖 2, … , 𝑄 1, 𝑗 0, … , 𝑄 , if 𝑄 3 , 

 
and ν  is the set of nodes of type 𝑌 , : 
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ν 𝑌 , | 𝑖, 𝑗 𝑖 1, … , 𝑄 1, 𝑗 1, … , 𝑄 . 

 
More precisely, the nodes of type 𝑋 ,  are defined for the following sets of values of i and j: 

 𝑖 1, and 𝑗 0 corresponding to the source node of the DAG, 

 𝑖 𝑄 ,  and 𝑗 𝑄 , corresponding to the sink node of the DAG, and  

 𝑖 2, … , 𝑄 1, and 𝑗 0, … , 𝑄  corresponding to the other nodes. This set is valid only if 𝑄

3; 

while the nodes of type 𝑌 ,  are defined for the following values of i and j: 

 𝑖 1, … , 𝑄 1, and   𝑗 1, … , 𝑄 . 

The order of the DAG, i.e., the total number of nodes |ν|, is defined as: 

 
|ν| |ν | |ν | 𝑄 2 ∙ 𝑄 1 2 𝑄 1 ∙ 𝑄 2 ∙ 𝑄 ∙ 𝑄 𝑄 3 ∙ 𝑄  (A.1) 

 
being |ν | and |ν | the number of nodes of type 𝑋 , , and of type 𝑌 , , respectively. 

The set of edges ε ε ∪ ε ∪ ε ∪ ε  is built according to the rules defined in Table A.1, with 

ε , ε , ε , ε  referring to four different sets of edge. More in detail, each type of edge is built according to a set 

of specific values for i and j. Sometimes an additional condition on the number of POIs 𝑄  of the driver’s path is 

required. In Table A.1, conditions (*) derive from the values assumed by index i, while conditions (§) are needed 

to avoid moving between two POIs of the driver’s path in the case of 𝑄 2. In this case, in fact, the edges of 

type 𝑋 , → 𝑋 ,  do not exist in the DAG, and there is only one possible shared path: the one starting in node 

𝑋 , , visiting in sequence the nodes of the passenger’s path, and ending in node 𝑋 , .  

The size of the single-passenger DAG, i.e., the number of edges, corresponds to the sum of the number of 

edges by type, |ε| |ε | |ε | |ε | |ε |. These values are shown in Table A.2. E.g., in the case of 𝑄

4, the number of edges is  |ε| 4 ∙ 𝑄 ∙ 𝑄 8 ∙ 𝑄 2, while in the case of 𝑄 2, |ε| 𝑄  𝑄 1 ∙

𝑄 1 . 

 

A.2 How to build a multiple-passenger DAG 

Hereafter we describe in detail how to build the g-th DAG in the case of a multiple passengers ridesharing. 

This DAG is a generalization of the single-passenger DAG. For the sake of simplicity, as done before, we will 

index with x all that is concerned with the driver’s path 𝑝 , and with 𝑦 , 𝑟 1, … , 𝑅 , all that is concerned with 

the r-th passenger’s path of the g-th group 𝛤  taken into account. Thus the ride-share is defined in terms of the 

driver’s path 𝑝  and a set of 𝑅  passengers’ paths 𝑝 , ∀𝑟 ∈ 1, … , 𝑅 . 

The DAG corresponding to the ride-share has two kinds of nodes: the nodes of kind 𝑋 , ,…, ,…, , and the nodes 

of kind 𝑌 , ,…, ,…, , defined ∀𝑟 ∈ 1, … , 𝑅 . The former nodes are associated with the POIs of the user acting 

as driver of the shared path, while the latter nodes are associated with the POIs of the users acting as passengers. 

The superscript r in node 𝑌 …  indicates the corresponding r-th passenger. The indices 𝑖, 𝑗 , … , 𝑗 , … , 𝑗 , 

indicate the state of progress achieved in completing the shared path on all the paths taken into account in the 

ride-share. More precisely, the index 𝑖 refers to the progress related to the driver’s path, while each index 𝑗  
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( 𝑟 1, … , 𝑅 ) refers to the progress related to the r-th passenger path. More in detail, staying in node 

𝑋 , ,…, ,…,  of the DAG means that the shared path has: 

i) just reached the POI 𝑎  of the driver’s path 𝑝 ,  

ii) already visited all the previous POIs 𝑎 , … , 𝑎  of path 𝑝 , and 

iii) already visited the POIs 𝑎 , … , 𝑎  of the passenger’s path 𝑝 , ∀𝑟 1, … , 𝑅 .  

Similarly, staying in node 𝑌 , ,…, ,…, ,…, , with 𝜏 ∈ 1, … , 𝑅  means that the shared path has: 

i) just reached the POI 𝑎  of path 𝑝 , 

ii) already visited the previous POIs 𝑎 , … , 𝑎  of path 𝑝 , 

iii) already visited the POIs 𝑎 , … , 𝑎  of path 𝑝 , and 

iv) already visited the previous POIs 𝑎 , … , 𝑎  of path 𝑝 , ∀𝑟 1, … , 𝑅 , with 𝑟 𝜏. 

The edges of the DAG are built according to a set of rules valid for specified subsets of values for 

𝑖, 𝑗 , … , 𝑗 , … , 𝑗 , as explained later. In the case of the multi-passenger DAG, we have five types of edge 

instead of four: 

i) 𝑋 , ,…, ,…, → 𝑋 , ,…, ,…, , with weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 , is defined between two POIs of the 

driver’s path 𝑝 ; 

ii) 𝑋 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…, , with weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ), is defined between one POI of 

the driver’s path 𝑝  and one POI of a passenger’s path 𝑝  with 𝜏 ∈ 1, … , 𝑅 ; 

iii) 𝑌 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…, , with weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ), is defined between two POIs 

of the same passenger’s path 𝑝  with 𝜏 ∈ 1, … , 𝑅 ; 

iv) 𝑌 , ,…, ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…, ,…, , with weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ), is defined between 

one POI of the passenger’s path 𝑝  and one POI of another passenger’s path 𝑝  with 𝜏, 𝜔 ∈

1, … , 𝑅 , 𝜏 𝜔; 

v) 𝑌 , ,…, ,…, ,…, → 𝑋 , ,…, ,…, ,…, , with weight 𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ) is defined between one POI of 

the driver’s path 𝑝  and one POI of a passenger’s path 𝑝  with 𝜏 ∈ 1, … , 𝑅 . 

The DAG is defined as 𝐷𝐴𝐺
, |

ν, ε , where ν ν ∪ ν  is the set of nodes, and ε is the set of edges. 

The order of the DAG is |ν| |ν | |ν |, where |ν | is the number of nodes of kind 𝑋 , ,…, ,…, , and |ν | is 

the number of nodes of kind 𝑌 , ,…, ,…,  ∀𝑟 ∈ 1, … , 𝑅 . Thus, |ν | is defined as: 

 
|ν | 𝑄 2 ∙ ∏ 𝑄 1 2, (A.2) 

 
where 𝑄  is the number of POIs of 𝑝 , and 𝑄  is the number of POIs of 𝑝  , ∀𝑟 ∈ 1, … , 𝑅 ; |ν | is defined 

as: 

 
|ν | ∑ |ν |, (A.3) 

 
being |ν |, with 𝑟 𝜏, 𝜏 ∈ 1, … , 𝑅 , defined as: 
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|ν | 𝑄 1 ∙ 𝑄 ∙ ∏ 𝑄 1,   . (A.4) 

 
Equations (A.2)-(A.4) are a generalization of Equation (A.1). 

The nodes of type 𝑋 , ,…, ,…,  are defined for the following sets of values of i and j: 

 𝑖 1, and 𝑗 0, ∀𝑟 1, … , 𝑅 , corresponding to the source node of the DAG, 

 𝑖 𝑄 , and 𝑗 𝑄 , ∀𝑟 1, … , 𝑅  corresponding to the destination node of the DAG, and 

 𝑖 2, … , 𝑄 1, and 𝑗 0, … , 𝑄 , ∀𝑟 1, … , 𝑅 , corresponding to the other nodes. 

The node of type 𝑌 , ,…, ,…, ,…, , ∀𝜏 ∈ 1, … , 𝑅  are defined for the following values of i and j: 

 𝑖 1, … , 𝑄 1, and 𝑗
1, … , 𝑄 ,            𝑟 𝜏  
0, … , 𝑄  ,    ∀ 𝑟 𝜏      

. 

The size of the multi-passenger DAG is the sum of the number of edges by type, |ε| |ε| |ε | |ε |

|ε | |ε |. These values are shown in Table A.3. E.g., in the case of 𝑄 2, and 𝑅 2, the number of edges 

is |ε| 4 ∙ 𝑄 ∙ 𝑄 2.  

The set of edges ε ε ∪ ε ∪ ε ∪ ε ∪ ε  is built according to the rules (i.e., sets of values of i and j) 

defined in Table A.4. These rules are a generalization to 𝑅  passengers of the rules in Table A.1. More in detail, 

each type of edge is built according to the corresponding conditions on the values for the indexes 

𝑖, 𝑗 , … , 𝑗 , … , 𝑗 . In addition, some conditions on the indexes must undergo an additional condition related to 

the number of POIs of the driver’s path 𝑄 . In Table A.4, conditions (*) derive from the values assumed by 

index i, while conditions (§) are needed to avoid moving between two POIs of the driver’s path in the case of 

𝑄 2. In fact, in this case edges of type 𝑋 , ,…, ,…, → 𝑋 , ,…, ,…,  cannot exist in the DAG. 

 

Table A.1. Existence rules of the edges in the single-passenger DAG 

Edge’s type Set Edge’s weight Set of values for i and j Conditions on 𝑸𝒙 

𝑋 , → 𝑋 ,  
(driver’s POI→ driver’s POI) 

ε  𝑑𝑖𝑠𝑡 𝑎 , 𝑎  

𝑖 𝑄 1, and 𝑗 𝑄  if 𝑄 3 (§) 

𝑖 1, and 𝑗 0 if 𝑄 3 (§) 

𝑖 2, … , 𝑄 2, and 𝑗 0, … , 𝑄  if 𝑄 4 (*) 

𝑋 , → 𝑌 ,  
(driver’s POI→ passenger’s POI) 

ε  𝑑𝑖𝑠𝑡 𝑎 , 𝑎  

𝑖 1, … , 𝑄 1, and 𝑗 0 – 

i 2, … , 𝑄 1, and 𝑗 1, … , 𝑄 1 if 𝑄 3 (*) 

𝑌 , → 𝑋 ,  
(passenger’s POI→ driver’s POI) 

ε  𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ) 

𝑖 𝑄 1, and 𝑗 𝑄  – 

𝑖 1, … , 𝑄 2, and 𝑗 1, … , 𝑄  if 𝑄 3 (*) 

𝑌 , → 𝑌 ,  
(passenger’s POI→ passenger’s POI) 

ε  𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ) 𝑖 1, … , 𝑄 1, and 𝑗 1, … , 𝑄 1 – 
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Table A.2. Number of edges by type in the single-passenger DAG  

Edge type Set Number of edges 

𝑋 , → 𝑋 ,  

(driver’s POI → driver’s POI) 
ε  |ε |

0 if 𝑄 2               
2 if 𝑄 3                
2 𝑄 3 ∙ 𝑄 1 if 𝑄 4

  

𝑋 , → 𝑌 ,  

(driver’s POI  → passenger’s POI) 
ε  |ε |

𝑄 1 if 𝑄 2                       
𝑄 1 𝑄 2 ∙ 𝑄 1  if 𝑄 3

 

𝑌 , → 𝑋 ,  

(passenger’s POI → driver’s POI) 
ε  |ε |

1 if 𝑄 2          
1 𝑄 2 ∙ 𝑄 if 𝑄 3        

𝑌 , → 𝑌 ,  

(passenger’s POI  → passenger’s POI) 
ε  |ε | 𝑄 1 ∙ 𝑄 1  

 
 
 

Table A.3. Number of edges by type in the multi-passenger DAG 

Edge type Set Number of edges 

𝑋 , ,…, ,…, → 𝑋 , ,…, ,…,  

(driver’s POI → driver’s POI) 
ε  |ε |

0 if 𝑄 2                       
2 if 𝑄 3                       

2 𝑄 3 ∙ ∏ 𝑄 1 ,   if 𝑄 4
  

𝑋 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…,  

(driver’s POI  → passenger 𝜏 ’s POI) 
ε  

|ε |
1 if 𝑄 2                                         

1 𝑄 2 ∙ 𝑄 ∙ ∏ 𝑄 1,       if 𝑄 3
 , 

 𝜏 ∈ 1, … , 𝑅  

𝑌 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → passenger 𝜏 ’s POI) 
ε  |ε | 𝑄 1 ∙ 𝑄 1 ∙ ∏ 𝑄 1 ,      ,  𝜏 ∈ 1, … , 𝑅  

𝑌 , ,…, ,…, ,…, ,…,

→ 𝑌 , ,…, ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → passenger 𝜔 ’s POI) 

ε  
|ε | 𝑄 1 ∙ 𝑄 ∙ 𝑄 ∙ ∏ 𝑄 1,   , 

 𝜏, 𝜔 ∈ 1, … , 𝑅 , 𝜏 𝜔 

𝑌 , ,…, ,…, ,…, → 𝑋 , ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → driver ’s POI) 
ε  

|ε |
1 if 𝑄 2                                          

1 𝑄 2 ∙ 𝑄 ∙ ∏ 𝑄 1    ,    if 𝑄 3
,  

 𝜏 ∈ 1, … , 𝑅  

 

 

 

Table A.4. Existence rules of the edges in the multi-passenger DAG 

Edge type Edge’s weight Sets of values for i and j 
Conditions on 

𝑸𝒙 

𝑋 , ,…, ,…, → 𝑋 , ,…, ,…,  

(driver’s POI → driver’s POI) 
𝑑𝑖𝑠𝑡 𝑎 , 𝑎  

𝑖 𝑄 1; 𝑗 𝑄 , ∀𝑟 ∈ 1, … , 𝑅 ; if 𝑄 3 (§) 

𝑖 1; 𝑗 0 , ∀𝑟 ∈ 1, … , 𝑅 ; if 𝑄 3 (§) 

𝑖 2, … , 𝑄 2; 𝑗 0, … , 𝑄 , ∀𝑟 ∈ 1, … , 𝑅 ; if 𝑄 4 (*) 

𝑋 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…,  

(driver’s POI  → passenger 𝜏 ’s POI) 
𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ) 

𝑖 1; 𝑗 0, ∀𝑟 ∈ 1, … , 𝑅 ; – 

𝑖 2, … , 𝑄 1; 𝑗
0, … , 𝑄 1 , 𝑟 𝜏  
0, … , 𝑄 , ∀ 𝑟 𝜏      

, 

 r∈ 1, … , 𝑅 ; 
if 𝑄 3 (*) 

𝑌 , ,…, ,…, ,…, → 𝑌 , ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → passenger 𝜏 ’s POI) 
𝑑𝑖𝑠𝑡 𝑎 , 𝑎 , 

𝑖 1, … , 𝑄 1; 𝑗
1, … , 𝑄 1, 𝑟 𝜏
0, … , 𝑄 , ∀𝑟 𝜏     

,  

r∈ 1, … , 𝑅 ; 

– 

𝑌 , ,…, ,…, ,…, ,…,

→ 𝑌 , ,…, ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → passenger 𝜔 ’s 

𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ), 𝑖 1, … , 𝑄 1; 𝑗

1, … , 𝑄 , 𝑟 𝜏              
0, … , 𝑄 1, 𝑟 𝜔     
0, … , 𝑄 , ∀𝑟 𝜏 𝜔

, – 
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POI)  r∈ 1, … , 𝑅 ; 

𝑌 , ,…, ,…, ,…, → 𝑋 , ,…, ,…, ,…,  

(passenger 𝜏 ’s POI  → driver ’s POI) 
𝑑𝑖𝑠𝑡 𝑎 , 𝑎 ) 

𝑖 𝑄 1; 𝑗 𝑄 , ∀r∈ 1, … , 𝑅 ; – 

𝑖 1, … , 𝑄 2; 𝑗
1, … , 𝑄 𝑟 𝜏     
0, … , 𝑄 ∀𝑟 𝜏  

, 

 r∈ 1, … , 𝑅 ; 

if 𝑄 3 (*) 

 

 

Appendix B. Computational complexity of the elaboration 

In this appendix, we present the approximated computational complexity for each phase (expressed using the 

“Big O” notation). 

 

B.1 Computational complexity of the “Preprocessing” phase 

The complexity of the subroutine 1.1 depends on the number of paths P and on the number of POIs 𝑄  

involved in each path. The approximated complexity can be computed considering the same value of 𝑄 𝑄  for 

all paths, and the map-matching operation having negligible complexity. Hence, the complexity of the first 

subroutine is Ο 𝑃 ∙ Ο 𝑄 Ο 𝑃 ∙ 𝑄 .  

The computation of the complexity of subroutine 1.2 is similar to that of subroutine 1.1. By applying the same 

reasoning, we determine that the complexity of the second subroutine is Ο 𝑇 ∙ 𝑄 .  

The overall complexity of this phase can be approximated as the sum of the complexities of the composing 

subroutines, that is, Ο 𝑃 ∙ 𝑄 Ο 𝑇 ∙ 𝑄 = Ο 𝑄 ∙ 𝑇 𝑃 . Now, T has typically a lower order of magnitude than 

P (indeed, in the experiments we set T = 10 and P = 100), hence we can state that 𝑇 𝑃 𝑃. Further, Q can 

be considered as a negligible constant (indeed, in the experiments we employed a number of POIs per path 

ranging from 2 to 5). Thus, we can approximate the complexity of the “Preprocessing” phase to  Ο 𝑃  .  

 

B.2 Computational complexity of the “Grouping of paths” phase 

In subroutine 2.1 the computation of the matrix of dissimilarity values between each user’s path and each 

prototype path involves a series of operations. For the sake of simplicity, we consider only the most time-

consuming operation, that is, the computation of the shortest path on the single-passenger DAG. This operation 

is O(|ν|+|ε|) with |ν| being the number of nodes and |ε| being the number of edges of the DAG. Now according 

to the building rules of the single-passenger DAG (see Appendix A.1), O(|ν|) and O(|ε|) can both be 

approximated with O(𝑄 ) with Q the number of POIs per path. The shortest path is computed for each pair of 

user’s path and prototype path, thus the overall complexity of subroutine 2.1 is O(𝑄 ) ∙ Ο 𝑃 ∙ 𝑇 Ο 𝑄 ∙ 𝑃 ∙ 𝑇). 

The complexity of subroutine 2.2 can be approximated with the complexity of the BIRCH algorithm that is 

Ο 𝑃 . 

The overall complexity of the “Grouping of paths” phase can be approximated with Ο 𝑄 ∙ 𝑃 ∙ 𝑇) + Ο 𝑃

Ο 𝑄 ∙ 𝑃 ∙ 𝑇). The simplification is possible as the additive factor Ο 𝑃  has a lower order of complexity than 

Ο 𝑄 ∙ 𝑃 ∙ 𝑇) from the asymptotic point of view. 
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B.3 Computational complexity of the “Analysis of multi-passenger ride matches” phase 

The complexity of subroutine 3.1 depends on the number 𝑁  of paths per cluster, and on the number L of 

clusters. The approximated complexity can be computed considering, for the sake of simplicity, the same value 

𝑁 𝑁  for all clusters. Hence, the complexity of the first subroutine is Ο 𝑁 ∙ Ο 𝐿 Ο 𝑃 ∙ 𝑁 , as 𝑁 ∙ 𝐿 𝑃. 

To compute the complexity of the subroutine 3.2, we consider only the most time-consuming operation, that 

is, the computation of the shortest path on the multi-passenger DAG. This operation is O(|ν|+|ε|) with |ν| being 

the number of nodes and |ε| being the number of edges of the DAG. Now, according to the building rules of the 

multi-passenger DAG (see Appendix A.2), O(|ν|) and O(|ε|) both depend on the number of POIs Q of each path, 

and on the number 𝑅  of passengers of the ride-share (for the sake of simplicity we can consider the same value 

of 𝑅 𝑅  for all users). Thus, O(|ν|) Ο 𝑄 , and O(|ε|) Ο 𝑄 . The operation is O(|ν|+|ε|)

Ο 𝑄 𝑄 Ο 𝑄 . The shortest path is computed for each user and for each group of paths among 

𝐶 ,  possible ones in the user’s pool of paths, thus the overall complexity is Ο 𝑃 ∙ 𝐶 , ∙ Ο 𝑄 Ο 𝑄 ∙

𝑃 ∙ 𝐶 , . 

The overall complexity of the “Analysis of multi-passenger ride matches” phase can be approximated with 

Ο 𝑄 ∙ 𝑃 ∙ 𝐶 , + Ο 𝑃 ∙ 𝑁  Ο 𝑄 ∙ 𝑃 ∙ 𝐶 , , as the additive factor Ο 𝑃 ∙ 𝑁  has a lower order of 

complexity than Ο 𝑄 ∙ 𝑃 ∙ 𝐶 ,   from the asymptotic point of view. 

 

B.4 Computational complexity of the “Ridesharing recommendation” phase 

The complexity of subroutine 4.1 depends only on the number P of paths and can be approximated with Ο 𝑃 , 

which also corresponds to the complexity of the “Ridesharing recommendation” phase. The overall complexity 

of the ridesharing approach is therefore Ο 𝑃  + Ο 𝑄 ∙ 𝑃 ∙ 𝑇) + Ο 𝑄 ∙ 𝑃 ∙ 𝐶 ,   + Ο 𝑃  Ο 𝑄 ∙ 𝑃 ∙ 𝑇) + 

Ο 𝑄 ∙ 𝑃 ∙ 𝐶 , . We observe that the complexity depends linearly on P, T and 𝐶 ,  and exponentially on Q. 

We have to consider that Q is the number of POIs for one path and typically this number is very small. Further, 

R is the number of passengers of the ride-share and can assume at most the value of 4. Thus, the weight of Q on 

the computation of the complexity is comparable with the weight of P, T and 𝐶 , . 

 

 

Appendix C. Glossary 

User’s POI: the desired pick-up or drop-off location for the user. A user’s path is an ordered sequence of 

user’s POIs. 

Shared path: the path suggested to the driver. The shared path visits all the POIs of the paths involved in the 

ride-share, and respects the ordering constraints between POIs in each path. 

Dissimilarity value: the additional travel distance (i.e., the detour) for the driver of the shared path. It is 

computed as the difference between the length of the shared path and the length of the driver’s path. 

Ridesharing recommendation: ride-matching suggestion for the driver of the shared ride. It consists of the best 

group of passengers’ paths, and the corresponding shortest shared path to follow. 

Multi-passenger ridesharing: ridesharing involving the driver, and at least two other users (i.e., passengers). 
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Pool of paths: set of candidate paths to be matched with the driver’s path. The pool contains the best group of 

paths to recommend to the driver. 

Prototype paths: reference paths used to arrange users’ paths in groups, for efficiency reasons. 
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