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ABsTrACT. This paper deals with the variational analysis of topological singularities in
two dimensions. We consider two canonical zero-temperature models: the core radius
approach and the Ginzburg-Landau energy. Denoting by ¢ the length scale parameter in
such models, we focus on the |loge| energy regime. It is well known that, for configura-
tions whose energy is bounded by c|loge|, the vorticity measures can be decoupled into
the sum of a finite number of Dirac masses, each one of them carrying =|loge| energy,
plus a measure supported on small zero-average sets. Loosely speaking, on such sets
the vorticity measure is close, with respect to the flat norm, to zero-average clusters of
positive and negative masses.

Here we perform a compactness and I'-convergence analysis accounting also for the
presence of such clusters of dipoles (on the range scale €°, for 0 < s < 1), which vanish
in the flat convergence and whose energy contribution has, so far, been neglected. Our
results refine and contain as a particular case the classical I'-convergence analysis for
vortices, extending it also to low energy configurations consisting of just clusters of
dipoles, and whose energy is of order c|loge| with ¢ < 7.
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INTRODUCTION

Beyond its relevant applications in Physics and Materials Science, the analysis of topological
singularities, as the length-scale parameter ¢ tends to zero, is a very fascinating problem in math-
ematical analysis. A celebrated model for the study of topological singularities is the so-called
Ginzburg-Landau functional. We deal with its very basic version, i.e., without magnetic field.
Let Q C R? be open, bounded, with smooth boundary. For any £ > 0, the Ginzburg-Landau
functionals GL. : H'(2;R?) — [0, +00] are defined as

1 1

(0.1) GL.(u) ;:/ =|Vul® + 5 W(|ul) dz,
Q 2 9

where W € C°([0, +00)) is such that W (¢) > 0, W~1{0} = {1} and

lim inf W) >0, lminfW(¢)>0.
t—1 (1 —1t)2 t—o0

In the monography [5], Bethuel, Brezis and Hélein collect the main results about the asymptotic
behaviour (as € — 0) of the minimizers of GL. with a prescribed boundary datum g : 9Q — S*
having non-zero degree. Since then, much work has been devoted to understand the behaviour
of sequences of functions {u.} which are not necessarily minimizers but satisfy prescribed energy
bounds; the natural language to face this problem is provided by the notion of I'-convergence.

The starting point of such analysis has been the study of the regime |loge|, corresponding to
a finite number of singularities in the limit. Sharp lower bounds for the energy ﬁ(’;éz | are given
in [18, 13]. In [14] a [-convergence result in W1 (Q; R?) is provided together with a compactness
analysis of the vorticity measures, identified with the Jacobians Ju. of u.. Specifically, up to a
subsequence, the Jacobians Ju. converge in the dual norm of Hoélder continuous functions to a
measure consisting of a finite sum of Dirac masses, representing the limit vortices. Self-contained
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short proofs of the compactness of the Jacobians in the flat norm and of the I'- convergence result
are collected in [4]. The “first-order” I'-convergence of the functional GL, — M~ |loge| (where M
is the number of the singularities) has been largely studied (see, for instance, [20, 19, 4]). The
T'-limit is the so-called renormalized energy, depending on the position of the limit singularities
and governing their dynamics [21, 22, 16, 10]. We end up with this list by recalling that in [1] the
T'-convergence analysis of GL. is developed in any dimension and codimension.

Another natural and perhaps simpler model for topological singularities, particularly popular
in Materials Science, is the core radius approach. Here the order parameter takes values in S!
and has a finite number of singularities. The core radius approach consists in drilling the domain,
by removing disks of radius € around each singularity, cutting in this way the logarithmic tail
of the energy. In the specific model we deal with, we consider convenient to enforce that the
singularities have minimal mutual distance of order e: The set of admissible configurations of
topological singularities is defined as

N

X() ={p= Zzléz :NeN, z €Z,x;, € Q, dist (x;,00) > 2¢, |x; — x| >4e Vi#j}.
i=1

The energy functional & : X.(©) — R induced by the distribution of singularities u is given by

1
0.2 g := = min / Vol dz,
(02 =g i [

where

Qe(p) =0\ U Be ()
x; ESUPP U
and the class of admissible order parameters associated to u is given by

AS.(p) == {v € H' (Q.(n); S*) : deg(v, dB.(x;)) = p(x;) for all x; € suppu}.

The T'-convergence analysis for the functionals £ gives the same outcome of the one developed

for GL.; in particular, a sequence of measures {u.} with sup, ‘gifg ;‘) < +00 converges, up to a

subsequence, to a finite sum p of Dirac deltas (see [17]).

In the results mentioned so far, the I'-convergence analysis is done with respect to the flat norm
of the vorticity measures, neglecting somehow the contribution of short (in terms of ¢) clusters of
dipoles of vortices. In this respect a natural question is how to describe these clusters, quantifying
their energy contribution. A first result in this direction has been proven in [15] for the Ginzburg-
Landau functional. In such a paper, the authors provide some fine estimates on the flat distance
between Ju. and the class of measures which are sum of Dirac masses with integer coefficients.
In view of this result we can look at Ju. as a superposition of zero-average clusters and isolated
vortices. However, to the best of our knowledge, a quantitative analysis - both in topology and
in energy - of such zero-average clusters is not available in the literature. In the present paper
we (partially) accomplish this task by analyzing the behaviour and the energy contribution of
zero-average clusters whose size can be expressed in terms of ¢°; with 0 < s < 1.

To this end, we first consider the measures . (resp. Ju.) and their convolution p? (resp. Jou,)
with a mollifier whose support is of order €°. It turns out that these measures average out all
clusters of dipoles whose size is smaller than ¢°, while they provide a good description for the
effective vorticity at mesoscopic scales of order £°. We show that, in the |loge| regime, u? (resp.
J®u.) weak star converge, up to a subsequence, to the flat limit p of u. (resp. Ju.). In this
respect we obtain a new compactness property, namely in the weak star topology, for the vorticity
measures.

In order to account for the short dipoles, we consider the measures |uf| (resp. |J%uc|), and we
prove that they also enjoy suitable weak star compactness properties. The advantage of considering
these total variation measures is that their limits keep track of all clusters of vortices of size larger
than €®. In particular, the limit family of measures parametrized by s classifies them according
to their length. Specifically, we prove that, up to a subsequence independent of s, the measures
|| (resp. |J°uc|) converge to some limit measure v®, with v° = |pu| 4 25, being & ¢ a positive
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sum of Dirac deltas. Moreover, v? is piecewise constant and non-decreasing with respect to s and
it has a countable set S = {0 = s9 < 51 < ...} of jumps. The measures 5. describe the limit
density of zero-average clusters of vortices at all the scales parametrized in terms of all powers
s € (0,1) of e. Finally, we prove that the T'-limit of the energy % (resp. %) with respect
to the convergence of p., uf and |u2| (vesp. Jue, J°u. and [J5u.|) is given by

is
WZ(sk — Sp—1)V°F ().
k=1

In particular, this energy is minimized for &5, = 0, corresponding to v* = |u|, and in this case
it gives back the classical T-limit 7|u|(£2). Moreover, our I'-convergence analysis provides a new
non-trivial outcome whenever the energy bound is lower than 7|loge|, that is, lower than the
minimal energy of a single isolated vortex. More precisely, for configurations with energy of order
clloge|, with ¢ < m, the macroscopic limit vorticity is zero, while £, and in turn v° can be
different than zero for all 0 < s < 1 large enough (depending on the prefactor c).

The proofs of our results exploit the ball construction by Sandier [18] and Jerrard [13]. Tt is a
powerful machinery providing lower bounds and compactness for the vorticity measures p. in the
flat norm. Here we slightly revisit it in order to get also weak star compactness for the measures
ps and |p|, as well as to quantify their energy contribution in the limit as € — 0.

To conclude, let us mention that clusters of vortices with zero-average are relevant in many
physical systems. They first appear (and then remain together with isolated vortices) as the
temperature, and more in general the free energy, increases. In the context of screw dislocations
in crystals, they are somehow identified with the so-called statistically stored dislocations. Our
analysis is a first attempt to describe these objects quantifying their energy contribution, within
a purely variational approach at zero temperature, in the rigorous framework of I'-convergence.
We believe that the analysis we have developed here for GL. and &, can be extended with minor
variations to the case of discrete vortices in the XY model and screw dislocations in crystal
plasticity [3, 2, 17], whereas an extension to semi-discrete models for edge dislocations [11] appears
less clear, and in our opinion deserves future investigations.

1. NOTATIONS AND PRELIMINARY RESULTS

In this section we introduce the notations that we will use throughout the paper. We start by
fixing an open bounded subset 2 of R? with Lipschitz continuous boundary.

1.1. Weak star and flat convergence. Let C.(Q2) be the space of continuous functions com-
pactly supported in Q endowed with the L® norm. A sequence {u,} of measures weak star
converges in ) to a measure p if for any ¢ € C.(Q)

(tns ) = (1, 0)  asn — +o0.

In the following, wherever it is not specified, = will denote the weak star convergence in €.
Moreover, let C%1(2) be the space of Lipschitz continuous functions on § endowed with the norm

||1/}HCO’1 = sup |¢(:Ij)| + sup M
z€eN w,z;eﬂ |m — y‘
7Y

and let C21(Q) be its subspace of functions with compact support. The norm in the dual of

b

C01(€2) will be denoted by || - ||as and referred to as flat norm, while = denotes the convergence
with respect to the flat norm.

1.2. Jacobian, current and degree. Given u € H'(2;R?), the Jacobian Ju of u is the L!
function defined by
Ju := detVu.

For every u € H'(Q;R?), we can consider Ju as an element of the dual of C%1(Q) by setting

(Ju, ) = /QJuw dx for any ¢ € C%1(Q).
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Notice that Ju can be written in a divergence form as Ju = div (uy(u2)g,, —u1(u2)s, ), i-e., for

any ¢ € C2'(9),
(1.1) (Ju, ) = —/ U1 (U2) gy Yy — U1 (U2) g, Pu, da.
Q

Equivalently, we have Ju = curl (u1 Vug) and Ju = Jcurl j(u), where
j(u) = u1Vug — uaVuy

is the so-called current.
Let A C Q be open with Lipschitz boundary, and let h € Hz(§A; R2?) with |h| > o > 0. The
degree of h is defined as follows

_ L [ h O rhy M\ g
deg(h, 04) := 2m /,gA |h| 37’(|h\7 |h|)dH ’

where 7 is the tangent field to 0A and the product in the above formula is understood in the sense
of the duality between H 3 and H 3% ; in [8, 9] it is proven that the definition above is well-posed, it
is stable with respect to the strong convergence in H2 (9A4; R?\ B,) and that deg(h, A) € Z (here
B, = B4(0) stands for the ball of radius « centered at zero). Moreover, if u € H'(A;R?\ B,,) for
some « > 0, then deg(u,dA) = 0 (here and in the following we identify w with its trace). Finally,
if u € H'(A;R?) and |u| = 1 on 9A, by Stokes theorem (and by approximating v with smooth
functions) we deduce

(1.2) / Judzr = 1/ curl j(u)dz := 1/ j(u) - 7dH" = 7 deg(u, DA).
A 2Ja 2 Joa

Notice that any u € H'(A;R?\ B,) can be written in polar coordinates as u(x) = p(x)e’?®)
on 0A with |p| > «, where 6 is the so called lifting of u. By [6] (see also [7, Theorem 3| and
[7, Remark 3]), if A is simply connected, then deg(u,dA) = 0 and the lifting can be selected in
Hz(9A) with the map u — 6 continuous (but the image of a bounded subset of Hz (9A4;S) is
not necessarily bounded in Hz (9A)). For A not necessarily simply connected, if T' is a connected
component of JA and the degree of u on T is equal to d € Z, then the lifting can be locally selected
in H2(T') with a “jump” of order 27d.

Let us introduce a notion of modified Jacobian (a variant of the notion introduced in [1]), which
we will use in our I'-convergence results. Given 0 < 7 < 1 and u € H'(Q;R?), set

(1.3) Uy = TT(|u|)%, Jru = Ju,, where T (p) = min {g, 1} .
Notice that, for every v := (vi,v2), w := (w1, ws) belonging to H'(Q;R?) we have
(1.4) Jv—Jw = %(J(vl — w1,V + wy) — J(ve — wa, vy + wl)).
By (1.1) and (1.4) we immediately deduce the following lemma.
Lemma 1.1. There exists a universal constant C > 0 such that for any v,w € H(£;R?), there
holds

[Jv = Jwllgar < Cllv = wllz2([Voll2 + [[Vwl|z2) -
By Lemma 1.1 we easily obtain the following proposition.

Proposition 1.2. Let {u,} be a sequence in H*(€;R?) such that GL., (u,) < C|loge,|, and let
6 €(0,3). Then there exists C5 > 0 such that
sup ||Jun - JTunHﬂat S 05571‘ 10g5n‘7
T€(6,1-6)

sup | Jrun|(Q) < Cs|logey|.
T€(6,1-6)
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1.3. Mollifiers. We denote by p a mollifier in R?, i.e., a positive, C>° and radially symmetric
scalar function compactly supported in B;(0) with [g. p(z)dz = 1. Moreover, for any n > 0, we
define p,(-) == n%p(ﬁ) We recall that p, € C°°, supp p, C B,(0) and [, py(x)dz = 1. Finally,
for any function f € L', we define the mollification of f as

[ () = /R2 f@)og(z —y) dy;
analogously, the mollification of a Radon measure p is defined via duality by

(1 pyyp) =, 0% py),  forany p € Ce.
By the standard properties of mollifiers, for any ¢ € C,, we have

(1.5) V(¢ * )l < llellz=Vollin™ .

2. BALL CONSTRUCTION

We start this section by presenting the celebrated ball construction (introduced in [18, 12, 13]),
which provides lower bounds of the Dirichlet energy in presence of topological singularities. We
slightly revisit it, following the approach by Sandier [18], adopting the notations in [4].

Let B = {B,, (1), ..., Bry(xn)} be a finite family of open balls in R? with By, (z;)NB,, (z;) = 0
for i # j, and let = SN 2;6,, with z; € Z\ {0} .

Let moreover F(B,u,-) be a function defined on open subsets of R? satisfying the following

properties:
(i) F(B,u, AUB) > F(B,u, A) + F(B, u, B) for all A, B open disjoint subsets of R?;

(ii) for any annulus A, g(z) = Br(z) \ B,(z) with A, r(z) N, B, (z;) = 0, there holds
R
(2.1) F(B,jt Ar (@) > (B, ()] log -

Remark 2.1. Let u € H, (R*\ Jpcp B;:S') be such that p = Y 55 deg(u,dB)d,,, where zp
is the center of B. Then, an explicit example of admissible functional F'(B, y,-) is given by

P 4) =5 [ Vuf? d,
2 JaM\Upes B

for every open set A C R?. For further details see Remark 2.5.

Proposition 2.2. There exists a one-parameter family of open balls B(t) with t > 0 such that,
setting U (t) := UBeB(t) B, the following properties hold true:

(1) B(0) =B;

(2) U(t1) C U(ta) for any 0 <t; <ta;

(3) the balls in B(t) are pairwise disjoint;

(4) for any 0 < t; <ty and for any open set U C R?,

(2.2) FB,p,UNUt)\Ut)) =7 > |u(B) log% ;
BeB(tz2)
BCU

(5) Z r(B) < (1+1) Zri, where r(B) denotes the radius of the ball B .

BeB(t) i

Proof. In order to construct the family B(t), we closely follow the strategy of the ball construction
due to Sandier and Jerrard. The ball construction consists in letting the balls alternatively expand
and merge into each other as follows. The expansion phase consists in letting the balls expand,
without changing their centers, in such a way that, at each (artificial) time ¢ the radius r;(¢) of
the ball centered at xz; satisfies

T (t)

Ti

(2.3) =1+t for all 1.
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The first expansion phase stops at the first time 77 when two balls bump into each other. Then
the merging phase begins. It consists in identifying a suitable partition {5 Jl }i=1,...n, of the family
{Bm (Tl)(xi)}, and, for each subclass S}, in finding a ball B, (l‘jl) which contains all the balls in

J

.....

S such that the following properties hold:
i) B,,Jl(x%) N Bpa(xp) = 0 for all j #1;
ii) le- < ZBeS} r(B).
1

After the merging, another expansion phase begins: we let the balls {Br; (x ])} expand in such

a way that, for ¢ > Ty, for every j we have

i) 14t

7‘]1, _1+T1

(2.4)

Again note that rjl- (Th) = 7"]1-. We iterate this procedure thus obtaining a set of merging times
{T1,..., Tk} with K < N and a family B(t) for all ¢ > 0; precisely, B(t) is given by {B,, ) (7;)};
for t € [0,T1); for ¢t € [Tk, Tk+1), B(t) can be written as {Brf(t)(:c?)}j forall k =1,...,K — 1,
while it consists of a single expanding ball for t > T} . By construction, we clearly have properties
(1), (2) and (3). Moreover, (5) is an easy consequence of (2.3), (2.4) and property ii).

It remains to show property (4). We preliminarily note that, by (2),

(2.5) S u®B)= Y |uB)  forany 0<7 <.
BeB(m1) BeB(r2)
BCU BCU

Let t; <t < ta. In view of (2.5), if we show that (4) holds true for the pairs (¢1,t) and (¢, t2), then
(4) follows also for ¢; and t5. Therefore, we can assume without loss of generality that Ty ¢]t, to]
forany k=1,..., K.

Let t; < 7 < t and let B € B(7). Then there exists a unique ball B’ € B(t;) such that B’ C B.
By construction, pu(B) = pu(B’) and by (2.1) we have

1+7
F B\ B) > B)|log ——
(5,11, B\ B) 2 nlu( )] log 1
which, summing up over all B € B(7) with B C U, and using (2.5), yields
1+7 147
FB.wUNUE\UG) 27 Y uB)logy T 2n Y lu(B)log .
BeB(r) ! BEB(ts) !
BCU BCU
Property (4) follows by letting 7 — ts. O

The following lemma collects some convergence results that will be used in the proofs of our
main results. For any given ¢ : E C R? — R we set oscg(v)) := supg ¢ — infg ). Moreover, for
any family # of balls we define Rad(%) = >, g r(B). Finally, we often denote by xp the
center of a ball B.

Lemma 2.3. There exists a constant C > 0 such that the following holds true. Let B be a family
of pairwise disjoint balls in R? and let € be the family of balls in B which are contained in Q.
Let moreover «, B be two Radon measures supported in  with

(2.6) supp & C U B, supp 8 C U B and «o(B)=p(B) forany BE € .
Be® BeA
Then, for any n > 0, there holds:
(i) Jla = Bllgas < C Rad(B)(Ja| +18))(Q) ;
(il) Y peg |((a = B)LB) * py| < C[[Vp| 2 n~ ' Rad(B)(|al + |B)(Q) ;
(iii) for any ¢ € C(Q)

> Wa(B)day, — [a(B)[8ay, * py, @) < C lal(2) wy (),
Be€
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where w, denotes the modulus of continuity of ¢.

Proof. We divide the proof in three steps corresponding to the three facts stated in the Lemma.
Step 1: Proof of (i). Set 9 := B\ €. Let ¢ € C21(Q) with ||[¢]|cor < 1. By (2.6) we have

@=5.0)= 3 [ vda-p Z/wdﬂ

BeC Be9
< D osen(¥) (lal +1B)(B) + Y max|v||5](B)
Be€ Be9
< Z diam(B) (|a| + |B8])(B Z diam(B) |B|(B)
Be€ BeY
< Y diam(B) (| + [8])(Q) = 2Rad(2)(|o| + |B8)(2).
BeA

By taking the sup over all ¢ we get (i).
Step 2: Proof of (ii). Let B € € and let ¢ € C.(B). By (2.6) and (1.5), we have
(((a = B)LB) * py, 0) = {(a = B)L B, p * py)
< oscp (@ * py)(laf + |B))(B) < V(@ * py)|| L~ diam(B) (|af + |8])(€2)
< el [IVpllgr ™" diam(B) (o] + 8])(€2) -

By taking the sup over all ¢ and summing over all B € €, we get (ii).
Step 3: Proof of (). Let ¢ € C.(€2). Then

> aB)lday — [a(B)ldap * pys @)l = D (B0, 0 = ¢ % py)|

Be¥ Be€
< D laB)|we(n) = [al(Q) wo(n).
Be¥
This concludes the proof of (iii) and of the lemma.
O
We set
N
X)) :={u= Zzl&g :NeN, z €Z, z;, € Q}.
i=1
Moreover, for any countable set S C R we denote by #S the cardinality of S. If S is infinitely
countable, with a little abuse of notations, we write “k = 1,...,#5” in place of “k € N”. Finally,

here and throughout the whole paper, C' denotes a positive universal constant which may change
from line to line. We write C, whenever we want to stress the dependence of C' on some parameter
a.

Theorem 2.4. Let B, = {B,,, (%;,)} be a sequence of finite families of disjoint balls in R? with
Ry :=Rad(B,) = 0 as n — 400, and let pin ==Y, Zi n0s, ,,, with z;n € Z. Assume that

(2.7) F(Bn, tin, Q) + |pn|(2) < C|log Ry,

for some constant C > 0 independent of n. Set p;, := pin * prs for any 0 < s < 1.
There exist u € X(Q), a countable (finite or infinite) set S := {0 = s < 81 < 82 < ...} with
sup S =1, and a family {v°}cp0,1) C X(Q2) such that the following facts hold true.

(i) Flat and weak-x compactness for vorticity measures: Up to a subsequence fi, Aag w and for
any s € (0,1), ud = 1 up to a subsequence (independent of s).

ii) Weak-x compactness or vorticity densities: For any s € (0,1)\ S, [u5] = v* up to a
(i) y y i,
subsequence (independent of s).
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(iii) Structure of vorticity densities: For all s € [0,1), v° = |u|+ 25 for some defect measure
Eher € X(Q) with &5 > 0. Moreover, v® is constant in [Sp—1, s) with v°*=1 < v for any

Fe1,... 5.
85
F(By, tin, 2
(iv) Lower bound: lim inf (lfog'l;%|) = W};(Sk — sk—1)v* 1 (Q).

Proof. Although the proof of the first part of (i) is well-known to experts (see for instance [4] and
the references therein), we provide it together with all the needed estimates, since they will be
used also in the proof of the other items.

Let B,,(t), for any n € N, be a time parametrized family of balls, starting from B,,, as in Propo-
sition 2.2. Set C,(t) :={B € B,(t), BCQ}, Du(t):=Bn(t)\Cn(t), Uyn(t):= UBeBn(t) B.

Moreover, for any 0 < s < 1 set
S 1 ~8
b =575 — L Mo = Z pin(Br ()05 .
By (z)eCn(ts)
By the energy bound (2.7) and by applying (2.2) with U = Q, t; = 0 and t5 = ¢, we have
Cllog Rn| = F(By, pin, 2N (Un(ty) \ Un(0)))
>7 Y |pa(B)(1 = 8)|log Ry| = m(1 = 8)|725, ()] log Ro|
BeC, (t3)
and hence
C

(238) 71(9) < 1

By (2.8), up to a subsequence, [if converges to some p®, both in the weak star and in the flat
sense, for some p® € X (). Let us show that in fact p := p® does not depend on s. To this
purpose, it is enough to prove that for any 0 < 01 < g2 < 1, ||@3* — i22]|gat — 0 as n — +o00. By
construction, (7' — f22)(B) = 0 for every B € C,(t7'). Therefore, by applying Lemma 2.3 (i)
with B = B, (t7), a = %' and § = 172, we get

~0 ~0 o ~0 ~0 C o
(2.9) [lA7" = Ar®llaae < CRad(By (7)) (a7 () + |72 |(Q)) < 7— Ryt =0 asn — 400,
— 02
where in the last inequality we have used (2.8) and Proposition 2.2 (5).
Moreover, by applying again Lemma 2.3 (i) and Proposition 2.2 (5), and using also the energy
bound (2.7), we easily deduce that for every 0 < s < 1

(2.10) |t — @5 |laas < CllogRy|R;,  — 0 as n — +00.
Therefore, by (2.8), (2.9) and (2.10),

(2.11) T forany 0 < s <1 and L fag 1

up to a subsequence independent of s.
We now prove the second part of (i). In view of (2.8), it is immediate to see that for any
0<oy,00<1

ﬂgz*pR?fﬁZzLO as n — +00.
Therefore, in virtue of (2.11), the claim (i) is proven if we show that for any 0 < 01 < 02 < 1
it = (g2 % prgr) =0 asn = +oo.
Let ¢ € C.(Q?). By applying Lemma 2.3 (ii) with & = B, (t3?), o = i%?, f = pn, and n = RZ,
for n large enough we get
(s = 52 provs o) = > [(((un — 52)LB) * pras, o)
BE€C,(t7?)

< CllellLe Vol Ry, 7 Rad(Bn (t72)) (ln] + 1777 )(2)
< Ollellz= Vel Ry~ [log Ra| — 0,
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where in the last inequality we have used again Proposition 2.2 (5) and the bound (2.7). We
pass to the proof of (ii) and (iii). First we recall that, in view of (2.8), the measures |fif| are
pre-compact. Let now 0 < 01 < o2 < 1 and assume that for ¢ = 1,2

~oi | KX ~oi
|fig: | = D7 as np — +00,

for some subsequence nj, — +oo (independent of 7) and for some measures 7%, that by construction
satisfy

1,

S (77 = |ul) € X(9).
Then, it is easy to see that 7?1 < »?2 in the sense of measures. Since this happens for every
pairs of limit measures (9°!,0°2), arguing as in the proof of the classical Helly’s Theorem we
deduce that there exists a non-decreasing family of measures %, with s € (0, 1), such that, up to
a subsequence (not relabeled and independent of s)

(2.12) s | = o forall0 <s<1.

By the monotonicity property, and recalling that ©° are finite sum of Dirac masses with positive
integer weights, we have that the map s +— ©° is piecewise constant.

Let 4, : (0,1) — N U {0} be the function that to any s € (0, 1) associates the number of balls
B in C,(t5) with p,(B) # 0, and let S,, be the union of the set {0, 1} with set of discontinuity
points of 1,,. By (2.8) the cardinality of .S,, N (0, ¢) is uniformly bounded from above by a constant
depending only on t. Therefore, up to a subsequence, .S,, converge in the Hausdorff sense to some
discrete set S C [0,1] with 0, 1 € S. Moreover, by construction S contains all the discontinuity
points of the map s — U°. Let v® be the right continuous extension to the whole interval [0,1) of
Uy restricted to (0,1) \ S. By construction v*® satisfies all the properties in (iii).

We pass to the proof of (ii). In virtue of (2.12), (ii) follows provided that for any s < o with
[s,0] € (0,1)\ S there holds

(2.13) | — s =0 as n — +00.
Set
finso= Y LB and [ _o:=pn — @ 4o
BeCy(t7)
HH(B)750

Let A CC € be open. By applying Lemma 2.3 (ii) with & = B,,(t;), @ = 0 and 8 = jij, _, and
by using Proposition 2.2 (5) and the bound (2.7), for n large enough we obtain

o |(A) £ ST (nlB) % pms | < ClIVpllus [log Rl RS> 0 as = +o0.
BEC,,(t9)

pn(B)=0
As a consequence, (2.13) is equivalent to

(2.14) |fig 20 * prs | — |fig] X0 asn — +00.

Since [s,0] C (0,1) \ S, it is easy to see that, for n large enough, the supports of the measures
(un L B) * prs (for B € Cy,(t5)) are pairwise disjoint, whence

(2.15) 85 20 % PRyl = D 1(unB)  pry .
BEC,(t7)
l”n(B)?ﬁO
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Let ¢ € C.(2) with ||¢]r~ < 1. By (2.15) and by triangular inequality we have

—1agl ol < Y. K(unlB) % prs| = |pn(B)|6ay, #)|
BEC,, (%)
Hn (B)#£0

(2.16) < 3" W(alB) = prs| = lin(B)|8ay * prs, #)]
Becn,(tg)
IJ‘WV(B)#O

(2.17) + Y Wun(B)ldap * pry — i (B)l8as, o) -
BeCy (ty)
pn (B)#0

As for the addendum in (2.16), we can apply Lemma 2.3 (ii), Proposition 2.2 (5) and (2.7),
thus obtaining

‘<|ﬂz,¢0 * PR

> W Byxprs |=lin(B)6asprs, @) < D (1L B)xprs —pin(B)daey*prs |, o))
BeCy(t7) BeCy, (t5)
i (B)0 i (B)0
< Z |((pn L B) = pin(B)dey) * prs | < C||Vpl[r1]logR,|R;, ™ =0 asn — +oo,
BEC,(t%)
Hn (B)#0

whereas for the term in (2.17), by applying Lemma 2.3 (iii) and recalling (2.8), we get

Z |{|ttn (B)[0z 5 * PRs — ‘Nn(B)‘(SvaQOH < CW@(RZ) =0 as n — +00.

BeCy (ty)
Hn (B)#0

Then, (2.14) follows and (ii) is proven.
Finally, we prove the lower bound (iv). Let L € N with L < #S and let > 0 (small enough).
By (2.2) we have

L
F (B, pin, Q) 2> F (B, i, @O (Un (857 F7) \ Un (£577))
=1

L L
>mllogRal Y (si=sim1=20) D lua(B) = wllogRul Y (s1—si—1—2n)|isF7|().

=1 Bec, (") =t
By (2.12) and recalling that the map s — v* is the right-continuous extension of s — *, we have

msi—1tn| K msi—1tn s
|/1’n ‘ -V =v .

By the lower semicontinuity property of the total variation with respect to the weak star conver-
gence we get

lim inf 71?(8”’ o 2)

L
> s = 2t (Q
n—too  |log Ry| 77TZ(SZ si-1 = 2 @),

1=1
from which the lower bound (iv) follows by sending first n — 0 and then L — 4S. O

For further use, we fix the “minimal” functional F satisfying the assumptions (i) and (ii) in

Section 2. First, if A, r(z) := Bgr(z) \ Br(z) is an annulus that does not intersect any B, (x;),
we set

G(B 1, Ar(x)) = mlu(By())| 1og (R) .

-
Then, for every open set A C R? we set
(2.18) F(B, i, A) :=sup »_ G(B,p, A;),

J
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where the sup is over all finite families of disjoint annuli A; C A that do not intersect any By, (z;).
Notice that, if A is an annulus that does not intersect any B,,(x;), then F(B,u, A) = G(B, u, A).

Remark 2.5. The definition of F' in (2.18) is justified by the following observation. Let Q=
Q\ UpesB. Given u € H'(Q;SY), let p := > pec deg(u, 0B)d,,,, where C denotes the family of
balls in B that are contained in 2, and zp is the center of B. Then, by Jensen inequality we easily
deduce (see for instance [18]) that

1
FB,uU) < / Vul dz,
2 UnQ

for every open set U C €.

3. '-CONVERGENCE OF THE CORE RADIUS APPROACH

In this section we exploit the results in Section 2 in order to develop a I'-convergence analysis
for the core radius approach (0.2).

Theorem 3.1. Let {e,} C RT with e, — 0 as n — +oo. The following T'-convergence result
holds true.

(Compactness) Let {u,} with p, € X., () for alln € N be such that
(3.1) &, (n) < Cllogey| for alln € N,

for some constant C > 0 independent of n. Set p;, := pin * pes for any 0 < s < 1.

Then, there exist a measure p € X (), a countable (finite or infinite) set S := {0 =
50 < 81 < 82 < ...} withsupS =1, and a family of positive Radon measures {v*®}s¢cjo,1) C
X (), such that the following compactness and structure properties hold true:

(1) Flat and weak star compactness for vorticity measures: Up to a subsequence, (i, fag W
and for any s € (0,1), ps = p up to a subsequence (independent of s).

(2) Weak star compactness for vorticity densities: For any s € (0,1)\ S, |us| = v* up
to a subsequence (independent of s).

(3) Structure of vorticity densities: For all s € [0,1), v® = |u| + 2&5. for some defect
measure 5. € X(Q) with £, > 0. Moreover, v® is constant in [sg—1,Sk) and
vi-1 <y forany k=1,...,4S.

(T -liminf inequality) Let {u,} be such that for all s € (0,1), |us| = v° for some family

of measures {v°}scp0,1) as in (8). Then,

45
lim inf ) > wZ(sk — Sp_1)V 1 (9).

n—+too |loge,| — et

(T-limsup inequality) For any p € X () and for any family of measures {v°}cp0,1) as
in (3) with Zi‘il(sk — Sp—1) )V 1(Q) < +o0, there exists {pn} with p, € X, () for all
n € N such that py, T p, 1 = for any s € (0,1), |us| = v® for any s € (0,1)\ S, and

Eeliin) _ o
En n — _ Sk—1
(3:2) ot Tog e, WkEZI(Sk sp—1)V** ().

Proof. For any n € N we denote by z;, the points in the support of p, and we set B, :=
{B., (zin)} and R,, := Rad(B,,). Trivially,

(3.3) R < en|pnl(2) .

Let B,,(t) be a time parametrized family of balls given by Proposition 2.2 starting from B,, =:
B,,(0); we denote by C,(t) the family of balls in B,,(t) that are contained in Q and by U, (t) the
union of the balls in B,,(t). Moreover we set

pn(t) = Z deg(tn, 0B)0y,, -
BECn(t)
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Let F' be as defined in (2.18).
Step 1: Proof of compactness. By applying Proposition 2.2 (5) with t; = 0 and t5 = 1, we
have

(3-4) F(Bpypin, ) 2mlog2 Y |ual(B) =7 log2|ua|(9),

BeB, (1)
BCQ

where the equality follows by the fact that p, € X, (). Therefore, by (3.4), Remark 2.5 and the
energy bound (3.1), we obtain
(3.5) F(Bn, pins Q) + [n|(Q) < C F(Bp, pin, ) < CE&, (pn) < Cllogen|,
which, in view of (3.3), immediately implies
F(Bu; pin, ) + [1n|(€2) < Cllog R |-
By Theorem 2.4 there exist a measure p € X(€2), a countable set S := {0 < 81 < 52 < ...} with

sup S = 1 and a family of measures {v°}scj0,1) C X () satisfying the structure properties in (3),
such that up to a subsequence independent of s, there holds

flat
Hn =2
(3.6) [in % PRE — for any s € (0,1),
ltn * prs | = v for any s € (0,1)\ S.

Therefore, in order to conclude the proof of the compactness it is enough to show that
(3.7) [in * Pes. RaNyy for any s € (0,1)
— |ftn % pes | =0 for any s € (0,1)\ S.

(38) |/~Ln * PR
We preliminarily notice that if p, = 0 for n large enough, then (3.7) and (3.8) are trivially

satisfied, so that we can assume without loss of generality that u,, # 0 and hence

(3.9) Ry >ep.

We start by proving (3.7). Let o > 0 and set t7 := 511*" — 1. By construction

(n, — pn(t2))(B) =0 for any B € C,(t7).
Therefore, by Lemma 2.3 (i), (3.5), Proposition 2.2 (5) and (3.3), we have
(3.10)  [|ptn — 120 () l8as < C Rad(Bn(t%)) (|in|(Q) + |1n (12)](2))
< CRad(B,(t9))|logen| < Ci|loge, |t — 0 asn — 400,

which in virtue of (3.6) yields that, up to subsequences,

o flat
(3.11) pn(t) = po.

Moreover, by (3.5) and by (2.2) in Proposition 2.2,
Cllogen| = F(Bn; pin, 2N (Un(t7) \ Un(0))) = mlpn(t7)|(1 — o)|log enl,
which, together with (3.11), implies that, up to a subsequence independent of s, ., (%) X 4 and
(3.12) inlt5) % pes, > 1.
Let now o > s. By (3.10), for any ¢ € C.(Q) with ||| L~ < 1, we have

[(ttn * pes, — pn(t0) * pes, @) = [(ttn — pn(t7), @ * pes )
< C|lptn = pn(t9)|gat €,,° < Cilogen|"Te? ™5 — 0 as n — +0o.
This fact combined with (3.12) implies (3.7).

Finally we prove (3.8). Let s € (0,1) \ S and let k be such that s € (sg—1,sk). Moreover, let

o € (s,s;) and set {7 := % — 1. By construction, (g, — i, (£2))(B) = 0 for any B € C, (7).
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Therefore, by applying Lemma 2.3 (ii) with & = B,, (1), a =0, 3 = pnlU pee, (i, for any open

Hn(B)=0
set A CC ) and for n large enough we obtain

(3.13) > (unLB)*pes + > (L B)xpes|(4)
BEC,.(i7) BEB(i5)\Cn(i7)
Hn(B)=0

@A) < > (uaLB) # pes |(A)

BeC,(17) BeC, (t79)
pn (B)=0 pn (B)=0
< |(ttn L B) * pes | < Cy[|Vp| 11| loge,|'T7€57% =0 as n — +o0o,
BeC,(i%)
pn(B)=0

where the last inequality follows by the energy bound (3.5) and by (3.3). Similarly, one can prove
that also

(3.14) > (Ll B)sprs+ Y. (mLB)*pry|(4) = 0.
BeC,,(i9) BeBn (i5)\Cn (3)
Hn (B)=0

Moreover, by arguing as in (2.15) and by using (3.9), it is easy to see that, for n large enough,

Z (NnI—B)*pEi = Z ‘(:unl—B)*Psi )
BeCn (%) BeC, (i%)
(B (B
(3.15) in (B)#0 fin (B)#0
> (L B)xpry|= Y. ‘(NnI—B)*PR; :
BeC, (%) BeC, (t7)
Jin (B)70 in (B)#0

Let now ¢ € C.(2) with ||¢||~ < 1. By (3.15) and by triangular inequality, we have

(3.16) ‘<’ > (pnlB)*pey |- ’ > (ualLB)*prs |, @)
BeC,,(i9) BeCa (i)
tn (B)#0 pn(B)#0
< > ((unlB) * pes — (unLB) % prs ], [¢l)
BeC, (£7)
pn (B)#0
< D (B = () (B)ory) # pes s ol + Y (LB = pn(B)day,) * pry . ll)
BeC, (£7) BeC, (£7)
pn (B)#0 in (B)#£0
+ Z (|10 (B)0s * Pes — pin(B)bz *pR;|»|<P|> =0 asn — +00,
BeC, (%)
pn (B)#0

where the convergence to zero of the first two addenda can be proven by applying Lemma 2.3
(ii) whereas the convergence to zero of the last addendum follows by Lemma 2.3 (iii) and the
triangular inequality.

Then (3.8) follows by (3.13), (3.14) and (3.16).

Step 2: Proof of the I'-liminf inequality. We can assume without loss of generality that
the upper bound (3.1) is satisfied, so that all the convergences in (3.6) hold true. Therefore, by
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Remark 2.5, (3.3), (3.5) and Theorem 2.4 (iv) we have

8

e, (k) F (B, fin, Q)
li f > liminf ———MM—2~ > E — Sp_1)V°F ().
71941-20 | 0g5n| r%—)-&l—r;o [logR,| — szl(Sk o 1>V W

Step 3: Proof of the I'-limsup inequality. Let u, {vs} and S be as in the assumptions. By
standard density arguments we can assume that K := §S < 400, so that S = {0 = sg < 51 <

. < sg =1} We set 3% = £3% and 3k == v — v~ for any k =1,..., K. It is easy to see
that
K K
(3.17) Z sk — Sp—1)V 1 (Q) = |p|(Q) + Z (1 — s)ngse(2).
k=1 k=0

Again by density arguments we can assume that pu = Z@Z\; 2i0g, with |2z;| = 1 and z; # z; for
i # j, and that 735, = 20,5, with all y** different from each other and from all z;’s. For any
n € N, we define

K
= Y, b )

k=0 ’
where y,*, and y,*_ are two points in Q such that dist (y,",,y,_) = 2dist (y,",,y**) = 2¢&5F
for any £ = 1,..., K, while for £ = 0 we consider a dipole whose length tends to zero slower
than any power of ¢,; for instance such that dist (y,’,,y;’_) = 2dist (y;°,,y%) = 2 “T:LE'. It is
immediate to see that, for n large enough p, € X, (), tn flag My Hon % P2 2y for any s € (0,1)
and |, * pS | = v® for any s € (0,1)\ S.

For any ¢ € R2, consider the standard polar coordinates centered at ¢ and let 0¢ denote the

phase, namely the angular coordinate. We set

K
(3.18) Zzz () D (Bye, () =By ()

=1 k=0

and u,, := €. Trivially, u, € AS., (jt,,) and fQ (i )|Vun| dz = fﬂ (i )|V?9 |2 dz .

Now we show that the pair (g, u,) is a recovery sequence for the T- limsup inequality (3.2).
Recalling (3.17), we have to prove that

n—-+o0o

K
. 1 )
: _— nl?dz < — s Q).
19 mews [l da < (@) +7 3 (1 = su)iie(D

Fix r > 0 such that the balls B,(x;) and B, (y®*) are pairwise disjoint and compactly contained
in Q. Then

N K
(320) Q1) = Q) U U (Br (@) \ Bey (@) U (Br(w™)\ (B, () U B, (53) ).

k=0

By construction

1
(3.21) 7/ |Vu,|*dz < C,,
2 Q (:“'n)
where C). is a constant independent of n. Moreover, for any ¢ =1,..., M, by using Cauchy-Schwarz

inequality together with the fact that [V (-)| =

1 1
(3.22) f/ VI, )2 da < f/ |V9wi\2dx+C:7rlogL+C,
2 JB,(z:)\B., (x:) 2 J B (w:)\Be,, (2:) En
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for some positive constant C > 0. Arguing analogously, one can easily check that for any k =
0,1,..., K there holds

1 1
(3.23) 7/ |V, |2 dz < 7/ ‘ VO, [*dx
2 BE;";k (yil‘ci)\Bsn (yfllfi) 2 Bsik (y;],cj:)\BEn (yi’?i) mE
1
2 B_sy, (1, )\ Bey, (v,54) " B_sy, (4,)\Bey, (v, 1) * -

<7(1—sg)|loge,| +C.
Furthermore, by straightforward computations, it follows that for any £ =0,1,..., K

1 1
(3.24) */ VI, |? do < f/ V(0,0 — 0,0 ) de+C < C.
2 JB,(yo)\B,_s1 (v°F) 2 JB, (o \B. o (5°) ST A

Finally, by scaling arguments, it is easy to see that for any £k =0,1,..., K

1
(3.25) 1 /
2 JB o rONB x W5 )UBe, (v°F)
By summing (3.21), (3.22), (3.23), (3.24), (3.25), and recalling (3.20), we obtain (3.19), i.e., the

claim.

|V, |>dz < C.

O

4. T-CONVERGENCE OF GL,
This section is devoted to the T'-convergence analysis of the Ginzburg-Landau functionals (0.1).

Theorem 4.1. Let {e,} C RT with e, — 0 as n — +oo. The following T'-convergence result
holds true.

(Compactness) Let {u,} C H*(Q;R?) be such that
(4.1) GL., (un) < Clloge,| for alln € N,

for some constant C > 0 independent of n. Set J*uy := Juy, * pes for any n € N and for

any 0 < s < 1.

Then, there exist a measure p € X (), a countable (finite or infinite) set S := {0 =
50 < 81 < 82 <...} withsupS =1, and a family of positive Radon measures {v*®}scjo,1) C
X (), such that the following compactness and structure properties hold true:

(1) Flat and weak star compactness for the Jacobians: Up to a subsequence Juy, flag T
and for any s € (0,1), J%u, = 7y up to a subsequence (independent of s ).

(2) Weak star compactness for vorticity densities: For any s € (0,1)\ S, |J%u,| = 7v°
up to a subsequence (independent of s).

(3) Structure of vorticity densities: For all s € [0,1), v® = |u| + 25, for some defect
measure &5 € X(Q) with £, > 0. Moreover, v° is constant in [sg—1,Sk) and
vt <k forany k=1,...,4S.

(T-liminf inequality) Let {u,} C H'(;R?) be such that for all s € (0,1), |J%u,| = 7v°

for some family of measures {vs}sep,1) as in (3). Then,

GL. un
lim inf —*"2 > - voE1(Q).
n i Togenl WZ = sk (@)
(T-limsup inequality) For any p € X(Q) and for any family of measures {v°®}¢cj0,1) as
in (3) with Ziszl(sk — sp_1)V**1(Q) < 400, there exists {u,} C H'(;R?) such that
Ju, 2 o, Ju, = mu for any s € (0, 1) | J5u,| 2> 7v® for any s € (0,1)\ S, and

GLe,
(4.2) lim ——n g
n—-+o0o |10g€n‘

Z (8K — sk—1)V*1(2).
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Proof. First we will prove the compactness properties and the I'-liminf inequality, following the
approach in [18, 4]. By standard density arguments in I-convergence we may assume that the
functions wu,, are smooth.

Step 1: Energy estimates. Following the notations in [18, 4], for any n € N and for any
€ (0,1) we set

Q= {|un| > 7}, Vn,r =0, \ 09, Ky :=Q\ Q.

1 2
O, (1) = 5/9

By the Coarea Formula we have

I 2W(7) 1 1 _ 0072 " (r
(4.3) GLEn(un)2§/o <mn(7)+ = / |v|un|d7-[>d7 /0 e’ (7),

n,T

vi

||

dz, my(7) = / |V |, || dH .

n,T

where O/ (1) is the distributional derivative of the decreasing function 0, (7) and the inequality
is due to the possible presence of flat regions {V|u,| = 0} with positive measure.

Fix [ € N (large). For any 7 < 1— 1 and n large enough we have |K, .| < Cie2|loge,| < [,
so that, using also that €2 is Lipschitz we have

Hl (aKn,T) S CIHI (’Yn,'r)~

Notice that, by definition of Hausdorff measure, since 0K, , is compact, it is always contained in a
finite union of balls B, (y;) such that >, r; < H*(0K, ). Moreover, after a merging procedure, we
can always assume that such balls are disjoint. As a consequence, either K, , or Q\ K, , = €, ; is
contained in the union of such balls. In the latter case, since [\ K, .| > || we have Y-, r; > C,
and we replace these balls by one single ball containing 2. In both cases, we have a family of balls
B, whose union contains K, -, such that

(4.4) Rad(B,,.) < CH' (0K, ) < C/H (7).
Notice that we can always assume (just by enlarging an arbitrarily chosen ball in B,, ;) that
En é Rad(Bn,‘r) S ClHl(’Yn,‘r) +éen.

Since K,  is monotone in 7 (with respect to inclusion), for any given 7 > 0 (possibly depending
on n) we can always assume that the map 7 +— Rad(B,, ) is measurable and

1
(4.5) en < Rad(Bp.r,) < Rad(Bn.r,) + 1 foral0 <7 <mp <1-— 7
By Holder inequality we have
1
(4.6) HY (n.r)? < C () / an,
v [V ]|

Fix 7 ¢ ( 1-— %) By usmg, in order of appearance, (4.3), (4.6), Young inequality, integration by
parts of 72d©’ (1), and (4.4), we obtain

> / mp (T (%L’T)ZVV(T)dT—/OOOTQd@;(T)

Ce2m, (1)
> OOO ggiﬂHl(%,THzT@n(ﬂdT
(4.7) > 01—% C”;i)(nad(zg ) —en) + 270, (1) dr
(4.8) = C‘f; iT)(Rad(Bn,T)—an)+2T@n(7)dT
ALG

T+
(4.9) +1 Cier (Rad(By,7) — €n) + 270, (1) dr
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(t) the union of the balls in B, (t). Moreover we set
7 (1) == Z deg(un, 0B)0y,, .
BEC, (1)
Let F' be as defined in (2.18). By (2.2) in Proposition 2.2, for any ¢, > 1 we have
(4.11) F(Bn,7(0), pin 7(0), 20 (Un,7(tn) \ Un,7(0))) = mlpn,7 (tn)[ log (1 + ) -

Moreover, (4.8) implies in particular that

GL., (up) > / 270, (1)dr > C10,,(7),
0
which together with (4.11), Remark 2.5, the energy bound and (4.10) yields

(4.12)  log(1 + tn)|pnz (tn)] < CF(Bp,7(0), pin,7(0), ) < CO,(T)
< Cy|logen| < Cillog Rad(B,, 7)| -

In particular, by applying (4.12) with ¢, = 1, we have
(4.13) ki, 7(1)] < C1 F(Bn,7(0), in,7(0),2) < Ci|log Rad(Bn 7)] -
Moreover, by construction (see also (2.18)),

F(Bn,z(1), pin,7(1),2) < F(Bn,7(0), in,7(0),2) < Ci|log Rad(Bn,7)] ,
which, in virtue of (4.13) and Proposition (2.2) (5), implies
(4.14) F(Byz(1), pin,7(1), Q) + |pn,7(1)| < Ci|logRad(B, 7)| < Ci|log Rad(B, 7(1))].

Step 2: Proof of compactness. Let T € (%, 1- %) By (4.14) and by Theorem 2.4, there exist
pr € X(Q) and {v£}4ep0,1) € X () such that, up to a subsequence independent of s,

(4.15) pnr (1) ™ ey ps 2(1) B e for any s € (0,1)

and

W (D] 502 forany s € (0,1)\ Sy,
where S; is the set constructed in the proof of Theorem 2.4. Moreover the measures v satisfy all
the structure properties in (3).

Firstly, we show that, up to a subsequence, Ju,, flag mur and that actually prz does not depend
on 7. By construction and by the very definition of Jzu, (see (1.2) and (1.3)) we have that for
any t, > 1

(Jrup, — Tin, = (tn))(B) =0 for any B € Cpz(ty).
Therefore, by triangular inequality, Proposition 1.2, Lemma 2.3 (i), Proposition 2.2 (5), (4.10)
and (4.14), for any t, > 1 and for n large enough we have

(4.16) || Jup — Tpin 7 (tn) laas < [ Jtn — Jrtin||fias + || Jrtn — Thin,7 (o) fat
< Cienllogen| + CRad(By, 7 (tn)) (| J7un|(€2) + 7l pn 7 (£1)](2))
< Cien|logen| + Cr Rad(Bn,7(tn)) (| log en| + |1n,7(1)|(£2))
< Cllloge,P(1+tn)en .
Therefore, by (4.15), applying (4.16) with ¢, = 1 and setting u := pz, we get

a a _ 2 2
(4.17) Jup oL, tn,7(1) fa 1 for any 7 € <l7 1- l> ,

up to a subsequence independent of 7.
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We now prove that J*u, = Juy, * pes B mu for any s € (0,1) up to a subsequence independent
of s. To this end, fix s € (0,1) and let o > s. By applying (4.16) with ¢, = t7 := s%” —1, for

n

any ¢ € C.(Q) with [|¢||L~ < 1, we get

(4.18)  [(Jun * pes, — T z(t7) * pes, 0)| = [(Jun — Tpn z(17), ¢ * pes )

< Cl[Jun = pin 7 (t7) [t €,° < C1f logen|?eq~* .
By using (4.16) with ¢, =t and by (4.17), pp 7 (t2) 8¢ J1; moreover, by (4.12), |pn7(t9)] < £,
so that p, 7(t7) = p and fin 7 (£) * p-s = p. This latter fact, combined with (4.18) implies that
JUp * pes X 7ru, as claimed above.

In order to conclude the proof of (i), we show that, up to a subsequence independent of s,
| Tty * pes | X rug for any s € (0,1)\ S7 and that actually 2 do not depend on 7 and, in turn, Sy
can be also chosen independent of 7. We denote by sj the points in the set S; with sg = 0 and
sg—1 < s for any k =1,...,4S. Set R, » := Rad(B,, ) and t], - := ﬁ — 1 for any o € (0,1).

We recall that, by (2.13), if s € (sk—_1, sx) for some k, then for any o € (s, si)
(4.19) |tn,7 (5, 7)) RNV as n — +00.

By triangular inequality, to prove the claim it is enough to show that for any s € (0,1) \ S;
up to a subsequence independent of s) there holds

(

(4.20) |t * pes | — | ety * pes | = 0 as n — +oo,
(4.21) | Jrtn * pes | — | Jrun * pry, | 20 as n — 400,
(4.22) | Jrun * prs, | RNy as n — +00.

As for the proof of (4.20), notice that, by Proposition 1.2 and the energy bound, for any
© € C.(Q) with ||¢||r= < 1 we have

— | Jrun * pef,,‘790>| <A|(Jun — Jruy) * pe;|v lo) < (|Jun — Jrun| * Pes le])
S ”Jun - J%Un”ﬂat ||V(|§0| * Pe;)
Let us pass to the proof of (4.21). Let s € (0,1) \ Sz, let k be such that s € (si_1,s;), and let

o € (s,s;). Let A CC Q be open. By arguing as in (3.13) and (3.14) and replacing u,, with J-u,,
we get

(| Tun * pes

|L= < Ciel~*|loge,| — 0 as n — +o0o.

(4.23) > (JruplB)xpes  + > (Jrunl_B) * pes, _|(A) =0,
BECy» (1] ;) BEB, #(t5 )\Cn 7 (t5 )
Jzun (B)=0
(4.24) > (JrunLB)xpss + > (Jrun L B) % ps;__|(A) — 0.
Bec'n,'?(tz,%) BeBni(t%,f)\cm?(tg,?
Jrun(B)=0

Moreover, by arguing as in (3.15) and by using the first inequality in (4.10), it is easy to see that

S GrmlBlapg|= S |(runlB) e,

BECn #(t7 ) BECn #(t7 )
Jrun(B)#0 Jrun(B)#0

(4.25)

BECW,,;—(th)?) BECW,,;(tzj)
Jzun (B)#0 Jzun (B)#0

)
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which, by arguing as in (3.16), implies that for any ¢ € C.(Q) with |||~ <1

(4.26) (’ Z (Jrun L B)*pes —’ Z (J;unl_B)*p(;;ﬁ‘, ©)| =0 as n — 400,
BECn,# (7, +) BECH (] )
Jrun(B)#£0 Jrun(B)#£0

Then (4.21) follows by (4.23), (4.24) and (4.26).
We end up with the proof of (i) by showing (4.22) which, in view of (4.19) and (4.24) is
equivalent to

(4.27) Z (JrunLB) * pss _| — Z (pn=(th )L B) X0 as n — +00.
BECn £ (7 . BEC, +(t7 )
Jzun (B)#0 Jrun(B)#0

Let ¢ € C.(2) with ||¢||L~ < 1. By (4.25) and by triangular inequality we have

| Y GwblBos, |- Y (LB
Becn,?(tﬁ,;) Becnf(tgz,,i—)
Jrun(B)#0 Tz (B)#0
< Y [l Bypsy | = s ttn LB )]
BeCn 7 (7, 7)
Jrtn (B)#£0

< Y [l By o5y, | = [(unr(t ) B) xpss ||
BGCn,%(tz);)
Jzun (B)#0

D DI (TSI :) Ry B (P (AT )
BECn,%(tZ,;)
Jrtun (B)#£0

,@)‘—)0 as n — +o0o,

where the convergence to zero of the first addendum and of the second addendum follow by Lemma,
2.3 (ii) and (iii) respectively.

This concludes the proof of (4.27), of (4.22) and, in turn, of all the compactness properties in
(i)
Step 3: Proof of the I'-liminf inequality. We can assume without loss of generality that
the upper bound (4.1) holds true. Then, by (4.7), Fatou Lemma, Remark 2.5, (4.10), (4.14) and
Theorem 2.4 (iv) we have

L., (un 1 1-%
imint SEen ) o e L / 270, (7) dr
n—+oo |logey,| n—+oc |logen| J2
1-2 1-% F 1 1,0
2/ 27 lim inf On(7) dTZ/ 27 lim inf (B, (1) fin.(1), )dT
% n—-+00 |10g €n| % n—+00 |10g Rn’7|
N
> (1 - 7) w3 (sk — spm )1 (Q),
k=1

whence the claim follows by sending | — oco.

Step 4: Proof of the T'-limsup inequality. The construction of the recovery sequence closely
resembles the one in the proof of Theorem 3.1. We briefly sketch it.

Let u, {v°} and S be as in the assumption. By standard density arguments we can assume
that K := #S < +oo so that S := {0 = 59 < 51 < ... < sg = 1}. We set 3% = &% and
nike = v —v*-1 for any k = 1,..., K. Again by density arguments we can assume that
w= Zi\il 20z, with |z;| = 1 and x; # x; for i # j, and that 73} = 20, with all y** different
from each other and from all z;’s. Let moreover yff + and yfl’L be two points in € such that
dist (y,~y,ynt_) = 2dist (y,*y,y°) = 2¢5F for any k= 1,..., K, while for k = 0 we enforce that
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dist (y;,°1, ) = 2dist (y;,°4,y%°) =2 m. For any n € N, let g,,(r) := min{-, 1} and let ¥,
be defined as in (3.18), for any = € Q we set
N

K
wn(2) = [ gn(l- —ail) - [T 9n(l- —0is ) - gl - =y l) - 0.
k=0

i=1

One can easily check that u, € H(2;R?) and that Ju, satisfy all the desired convergence
properties. By arguing as in the proof of Theorem 3.1, one can prove that

GL., (uy) X
lim sup ———="2 < 7|u[(Q) + 7 1 —sp)n3k(Q),
n—)+o<I>) |10g5n| = |IU‘|( ) l;)( k)ndef( )

which, in view of (3.17), and sending eventually K — +o0, yields (4.2). O
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