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Abstract

We consider the boundary value problem associated with the divergence operator on a
bounded regular subset of R™, with homogeneous Dirichlet boundary condition. We prove
the existence of a classical solution under slight assumptions on the datum.

1 Introduction

In this paper we deal with the existence of classical solutions for the first order boundary value
problem

(1)

divu =F in €,
u=20 on 0f).

We look for solutions u : 2 — R™, belonging at least to C*(Q2) N C°(Q2) but, actually, we will
prove a sharper result of regularity at the boundary (see Theorem . Here, 2 is a smooth,
bounded, open subset of R™, n > 2, while F' is a given continuous function (as expected,
F will be required to fulfill a condition slightly stronger than the bare continuity), satisfying
the compatibility condition [, F'(z)dx = 0. This is a classical problem in mathematical fluid
mechanics, strictly connected with the Helmholtz decomposition and the div-curl lemma (see
Kozono and Yanagisawa [20]). We recall that, if the boundary condition is dropped, a solution
of the divergence equation can be readily obtained by taking the gradient of the Newtonian
potential of F, provided it is in C?(£2). These aspects are extensively covered in Galdi [I5]
Ch. III], with special attention to the work of Bogovskii [7], where the problem (1)) is solved in
the setting of the Sobolev spaces Hé P(Q). Further developments may also be found in Borchers
and Sohr [8]. For different approaches and results, the reader should consider the books by
Ladyzhenskaya [21] and Tartar [26], which especially cover the Hilbert case, while Amrouche
and Girault [I] devised an approach based on the negative norm theory developed in Necas [23].

Our approach follows closely the Bogovskii’'s one, where the representation formula
below, in analogy with the Sobolev’s “cubature” formulae, provides explicitly a special solution
of the problem . We recall that, per se, problem has infinitely many solutions. The
representation formula (2)) turns out to be extremely flexible in the applications to many different
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settings as, for instance, in the recent results for weighted and LP(*)-spaces (see Huber [17]).
Classical results in Holder spaces have been shown in Kapitanski and Piletskas [18], as corollaries
of a more general result, which seems to be obtained in a way different from ours. We point out
that our methods, which can be considered as classical, can be also easily modified to obtain
the corresponding results in Holder spaces, for which we also mention the recent review in
Csat6, Dacorogna, and Kneuss [11]. In addition, we also note that the non-uniqueness feature
of the first order system allows some existence results with more regularity than expected
from the usual Sobolev machinery, as the striking results of Bourgain and Brezis [9], which
come from a non-linear selection principle (see also the extensions to the Dirichlet problem and
Triebel-Lizorkin spaces setting in Bousquet, Mironescu, and Russ [10]).

Our interest in the problem is twofold: on one side, we want to investigate the results close
to the limiting case F' € L>(Q) N C°(£2), where counterexamples to the existence of a solution
are known (see Bourgain and Brezis [9], Dacorogna, Fusco, and Tartar [12]; Maremonti [22],
from the point of view of Hydrodynamics); on the other side, we are interested in relaxing as
much as possible the assumptions needed to prove the existence of classical solutions, with the
aim of finding weaker assumptions allowing to construct classical solutions to fluid mechanics
problems.

Since the bare continuity of F'is not enough to that purpose, we went back to the pioneering
results by Dini [14] and Petrini [24] about the Poisson equation, and consider the problem
with the additional hypothesis that F' is Dini continuous, which we denote in the following
by F' € Cp(Q2) (see Section for a formal definition). The main tool will be to combine
the formula with a modification of an argument used by Korn to obtain a similar regularity
result for the second order derivatives of the Newtonian potential (see Gilbarg and Trudinger [16),
Ch. 4]). In fact, for the Poisson equation, these tools allow to exploit the property of the Dini
continuity to “mitigate” the singularity of the integrand in the formula representing the second
order derivatives of the potential, without the need to apply the Calderon-Zygmund theory for
singular integral operators.

About the homogeneous boundary condition present in , our proof is based on some
new insight on the formula (2)), in the sense that we made some simple observations on the
Bogovskil formula that we cannot find stated explicitly elsewhere in literature (see Theorem .
These observations allow us to consider the case when the datum F' cannot be approximated by
compactly supported smooth functions. Such an approximation seems to play a fundamental
role for the previous results in Sobolev or Orlicz spaces, and hence the argument used in [7, 8 [15]
does not apply immediately to our setting, unless Fjyq = 0, which is an unnecessary assumption
(see also Remark [5).

For the sake of completeness and to put the present work into a wider perspective, we also
wish to mention that the link between Dini continuity and existence of classical solutions in
fluid mechanics started with the work of Shapiro [25] in the steady-state case and found a very
interesting application in the paper of Beirao da Veiga [2], where the 2D Euler equations for
incompressible fluids are solved in the “critical” space of vorticity C°(0, T; Cp(2)). This is also
very close (if one thinks about scaling) to the Besov spaces used by Vishik [27]. More recently,
the same results with Dini continuous vorticity have also been employed in Koch [19] and in [5]
to study the fine properties of the long-time behavior of the 2D Euler equations. In addition,
the interest for classical solutions of the Stokes system has been revived in the recent papers
of Beirao da Veiga [3| 4], and provided a further motivation to our analysis of the divergence
and curl operator, since they are among the basic building blocks of the theory. Finally, the
“inversion” of the divergence operator in the continuous setting is also one of the tools giving
rise to the celebrated series of results of De Lellis and Székelyhidi (see, for instance, [13] Sec. 4])
on the Onsager conjecture.



The main result of this paper is the following theorem of classical regularity up to the
boundary (see Section [2.1]and Section [2.2] below for the definition of C2-boundary and Cp(£2)
respectively, and Remark [23| for the dependencies of the constant c).

Theorem 1. Let Q be a bounded open subset of R™ with a C?-boundary. Then, there exists
a constant ¢ such that, for any F' € Cp(S2) satisfying Jo F(x)dx = 0, there exists a solution
u € C1(Q) of the problem verifying

lullcr@y < e 1Fllep@) -

We also want to point out that, since the system is not elliptic, the well-known results
for elliptic equations (and systems) do not apply directly. While the interior regularity (see
Theorem can be obtained by adapting standard results (see Section [2[ and Section , the
regularity up to the boundary requires an ad hoc treatment (see Section .

To conclude the introduction, we also mention that the problem of the existence of a C1(2)N
CY(Q) solution for the curl equation (with homogeneous Dirichlet boundary condition) is treated
elsewhere (see [0]), following the same method, by using the similar (but more complicated)
representation formula valid in that case.

2 Basic concepts, notations, and preliminary results

In this section we recall the main definitions we will use, as well as some basic facts about the
representation formula developed by Bogovskii. Most of the results of this section are well-
known. However, some of them about the behaviour at the boundary (that will be crucial in
order to fulfill the homogeneous boundary conditions) are, as far as we know, not explicitly
available in the literature.

In the following we denote by B(x,R) = {y € R" : |y — x| < R}, the open ball of radius
R centered at x, by S""! = {y € R™ : |y| = 1} the unit sphere of R", and by |S"}| its
(n — 1)-dimensional measure.

2.1 Definition of a C**-boundary

By following Necas [23], we say that 92 is of class C¥* (and write 99 € C*) if, for any P € 052,
there exist a rotation Ap, positive numbers dp and Ap, and hp : [~dp,5p]" ! = (—Ap, Ap)
verifying hp € C*A([~8p,dp]"!) such that:

o (¢/,x,) € Ap(Q— P) <= z,, > hp(2/),
o (2 x,) € Ap(0Q — P) < x, = hp(a'),

for any 2’ € [~0p,6p]" ! and any z, € (—Ap, Ap).
Here Q —P:={A—-P:AcQ}and 00 — P :={A— P: Ac 00}

The hypothesis that 9Q € C%! will be used in Section 3, to obtain a more general inner-
regularity result. For the oncoming results of Section 4.2, let us remark explicitly that, if 92
is of class C? as in Theorem |1| (but it is enough that hp is at least differentiable in P for any
P € 09), in the previous definition it is possible to choose Ap so that it maps the normal to
0 at P onto the z,, axis, Ap < §p/2 and to have, for some 0 < Rp < dp, that the following
properties hold true

° {P + A;l((—RP, Rp)”), P e QQ} is an open covering of 0f2,

e Op:=P+ A;l({x’ € (—Rp,Rp)" !, h(2) < zn < h(z') + Rp}) C Q.



If, in addition, €2 is bounded, it follows immediately that there exist a finite number of boundary
points Py, ..., P such that 9Q C U¥_,Qp,, and then Q\ UX_, Qp CC €, and it may be covered
by a finite number of open balls contained in 2. This feature, together with a localization
argument, will allow to treat the problem of the regularity at the boundary (see Section 4).

2.2 The Dini continuous functions

We denote by Cp () the space of the Dini continuous functions F, i.e. the functions F' € C°(€Q2)
such that, if one introduces the (uniform) modulus of continuity

w(F,p) = sup |F(x)— F(y),
z,yeN
lz—yl<p

then the function w(F,p)/p is integrable around 0*. The space so defined may be equipped
with the following norm

diam(2)
IFllopey = max|Fa@)f + [ 252y,
e 0 P
and turns out to be a Banach space. In literature, the space Cp(f2) is often referred to as
the space of uniformly Dini continuous functions. We remark that, by uniform continuity,
any function in Cp(€2) may be extended up to the boundary of © with the same modulus of
continuity. We also observe that C%%(Q2) C Cp(Q) for any « €]0, 1], and recall that the relevance
of Dini continuity in partial differential equations theory comes from the result stating that, if
f € Cp(Q), then the solution of the Poisson equation

Au = f,

with zero Dirichlet conditions satisfies D?u € C°(Q) (see, e.g, Gilbarg and Trudinger [16]
Pb. 4.2]; see also Dini [14] and Petrini [24]).

As usual, we denote by C(Q) the space of the functions in CY(2) whose first order deriva-
tives are uniformly continuous in €2, and so they may be continuously extended to the closure
Q. We do not distinguish between scalar and vector valued functions, since the meaning is clear
from the context.

2.3 Bogovskii’s formula and its variants

Unless differently specified (namely, in the last two sections), the following notation and hy-
potheses are tacitly assumed throughout all the paper:

e The symbol B denotes the open unit ball of R", n > 2, centered at the origin;

e The symbol 1 denotes a non-identically vanishing scalar function verifying ¢ € C§°(R")
and supp ¥ C B;

e By 0;9 we denote the partial derivative of ¢ with respect to its j-th argument;

e The domain 2 is a bounded open subset of R", star-shaped with respect to any point of
B (This strong geometric restriction on 2 will be relaxed in the last two sections).

The aim of this section is to recall the representation formula for a solution of the divergence
problem, due to Bogovskil [7], as well as several useful variants and consequences. We start
with a theorem, which recalls the integral formula and gives a first uniform estimate.



Theorem 2. Let ¢ > n and let F € L1(2). Then:

i) The Bogovskii’s formula

oa) = [ Plo) [‘;__y"‘"n /ljw (wgéjz‘) 5”%5] dy, (2)

defines for any x € R™ (and not only almost everywhere) a vector-valued function v :

R" — R";

it) The vector field verifies v(z) =0 for all x € R™\;

i11) For any q >n
(@) <cl|Fllrae  VzeR",

where the constant ¢ depends only on n, v, diam 2, and q;

Formula can be also rewritten in the following three equivalent ways

w) v(z) = [ Fy) [(z —y) [[7¢ Y+ alz —y) a" tda] dy;
)= Jo F ) [Ix yl" o (m s y\> (lz =yl +T)”_1dr] dy;

vi) v(z) = [, o F(x )ﬁ IS <$ + rﬁ) (|z| +r)"tdrdz,
wherex—Q-{zElR”:ElyGQ such that z =z — y}.

Definition 3 (Bogovskii’s kernel). For z,y € R™ with x # y, we define the Bogovskii’s kernel

(associated to 1)) by
T —y +o00 T —y _—
N(z,y) = ” v ly+ £ dg,
|z — Y™ Jjz—y| |z —yl

and remark that we can rewrite the Bogovskit’s formula as follows

=/N(w,y)F(y)dy-
Q

Occasionally, we refer to the vector field v as the Bogovskii’s potential, in analogy with the
classical theory of Newtonian potentials (see [16]). Equivalent expressions for the Bogouvskii’s
potential can be written by using the formulae iv),v), and vi) from Theorem .

The proof of Theorem [2] requires some preliminary results, we will use extensively later on.
Lemma 4. The following properties of the Bogovskii’s kernel hold true:
i) The kernel N(z,y) verifies

N(z,y) =0 Vo ¢ QandVy € Q;

it) There exists a constant ¢ > 0, depending only on n, v, and diam Q, such that

IN(z,y)| <cle—y['™ VYo,yeR": z#y.



The proof of Theorem [2 follows immediately from the direct inspection of the kernel and

by observing that if x ¢  and (y + 6;:3‘) # 0 holds true for some & > |z — y|, then y ¢ Q.

By using the above lemma, Theorem [2] follows by some straightforward arguments, left to the
reader. We just point out that since  is bounded, it turns out that N(z,-) € L7 () for all

r € Q and for all ¢ € [1, 25[.

Remark 5. It is useful to point out explicitly that the Bogovskii’s potential v(x) is well-defined
and vanishes at the boundary O for any F € LY(Q), with ¢ > n, without any other assumption
but those made on 2 and ¢ in Theorem |d. Next, the property vjpqo = 0 does not come by
approzimating F by C§°(Y) functions and by taking limits, but it descends directly from the
formula for a large class of data. This will be crucial in the rest of the paper, since a function
in Cp(Q2) cannot be approzimated uniformly by regular functions with compact support, unless
it vanishes at the boundary.

Very relevant consequences of the properties of N (z,y) and of Theorem [2|are the two interior
and boundary regularity results for the potential v of a smooth, compactly supported F.

Theorem 6. Under the same hypotheses of Theorem[3, if in addition
F e C3(Q) then v € CF°(Q).

Theorem 7. Under the same assumptions of Theorem [, it follows that
v € CO°(R™) and, by restriction, v € C°(Q).

Theorem |§| is classical and the proof of may be found, e.g., in Galdi [I5, Lemma III.3.1],
while the short proof Theorem [7], which is based on Theorem [2] is original and given below.

Proof of Theorem[7. Let {F}} C C3°(Q) be such that F, — F in L4(Q) for some g > n, and
assume that Fj is extended by zero outside €. Let vy and v be the corresponding Bogovskii’s
potentials. By Theorem 2| ii) and i), it follows that vy converge uniformly to v in R™. Since,
by Theorem [6] {v} C C§°(R™), the theorem follows immediately. O

We also recall some further properties of the Bogovskii’s kernel, which will turn out to be
useful in the following, see again Galdi [I5, Ch. II1.3]. First, we have an identity about the
derivatives of the kernel in Theorem [2|, iv), which can be obtained observing that differentiating
under the sign of integral is completely justified also in the sense of Riemann integrals (Note
that this is the expression of N(x,y) fow which derivatives are better handled). Next, we have
the fundamental estimates for 0., N;(z,y) (which allowed to exploit the Calderon-Zygmund

theory to obtain the original Bogovskii’s results about the Hé P(Q) regularity of v), which will
be essential for our results in the setting of Dini continuous functions.

Lemma 8. For any fized x,y € 2, such that x #y let, fori=1,....,n
Nifoy) = (@i - ) [ 00+ ale - ) o da,
Then, it follows that for alli,7=1,...,n
00, Nio9) = (@ =) [ 000y + ol — ) o da = 0, Nifa.).

Moreover, 0y, Ni(x,y) = K;j(x,x —y) + Gij(z,y), where Kij(z,-) is a Calderon-Zygmund sin-
gular kernel and G;j is a weakly singular kernel, hence it holds

|81]Nl($7y)| SM|$_y|_n \V/l',yeRni x#ya
for some constant M = M (¢, n, diam ).



2.4 The representation formula for derivatives of the Bogovskii’s potential

The main tool we take advantage of in this paper is an old aged argument exploited by Korn (see,
e.g., Gilbarg and Trudinger [16, Ch. 4]) in the study of the existence of classical solutions of the
Poisson equation, based on a suitable smoothing of the singularity present in the representation
formula for the second order derivatives of the Newtonian potential. A similar argument provides
us a way to approximate the Bogovskii’s potential by regular functions. We give full details
since the technique is different from the one with truncation, used to get results in the Lebesgue
space setting and also because we will need to use the theorems about uniform convergence of
sequences of continuous functions. To this purpose, we fix a function n € C*°(R™) such that
n(t)=0on [0,1], n(t) =1if ¢t > 2, and |n/(¢)] < 2 for all t € RT.

Definition 9. For any F' € LP(Q)), with p > 1, and € > 0 let us set

@)= [ P [/ vl +ale— ) o] 0 (1) ay
/F <| Zy|> d

We remark that

N(w,y)n(@)EO for |z — y| <€,

and therefore the above truncated kernel belongs to C*°(IR"™ x R™) and is bounded by Lemma
On the other hand, if |x — y| > € the set of a such that |y + a(z — y)| < 1, where ¢ could be
non vanishing, is bounded as well. It follows immediately that v¢ is well-defined for all x € R™
and it belongs to C*°(IR™). Moreover, under the same hypotheses of Theorem |§| and following
the same argument, one proves that it actually belongs to C§°(€2). The following theorem is
the cornerstone of the resolution of the divergence equation.

Theorem 10. Assume the same hypotheses of Theorem[d, and let n and v¢ be as above.
i) If F € L>®(9Q), then
lim v(z) =v(x) wuniformly in R".

e—0t

i) If, in addition, [, ¢(z)dz =1 and F € C°(Q), then

lim dive(x) = F(z) — ¢(x)/ F(y)dy Ve,

e—0t Q
and consequently, if fQ x)dx =0, then
lim divo(z) = F(x) Ve
e—07+

Proof. The fact that the Bogovskii’s potential is a right inverse of the divergence is a classical
result. Nevertheless we report the proof here since it is slightly different from that in Lebesgue
spaces (cf. [15, Lemma II1.3.1]), where the truncation is not smooth and a surface integral (not
present here) has to be studied. To prove i), let us fix any 2 € 2. We remark that, by Lemma
for any e < dist(z, 0§2)/2

[0 () = vi(2)]

a:‘ J—
1 1-n
< CHFHLOO(Q) T W <l Flleo 2|77 dz,
|z—y|<2e ’l‘ - y| |z|<2e

7



and by the absolute continuity of the Lebesgue integral, it follows that the last integral tends
to zero, independently of x € Q2. To complete the proof of i) it is enough to remark that, again
by Lemma [] v¢(z) = v(z) =0 for all z ¢ Q.

To prove i), by differentiating v{ at any x € €2 it follows that

Oq, 05 ()
N /QF(y) 8ij [/100¢(y +a(z—y)) O‘nlda] K <|w . y|> !
+/QF(y)(ac¢ — ) :/Fajlb(y +a(z —y)) a”da} n <’l:y|> d

+/QF(y)(xi—yi) :/loow(y+a(x_y))an_1da] n,<|x;y|> T;:Zy/ﬂy
¥

= [ Fws | [ vt +ate - pyaniaa] o (1) 4

+/ F(y) (@i — i) / (09 (y + ez —y)) Oé"da} n <|x_y|) dy

€

+/QF(y)( ~ )z | ~vi) [/ Yy + oz — ))a”‘lda] n,(@;ﬂ)ciy?

Ifc—y\ €

and therefore we have

divv®(x)

<l e e (2
+Z/ [/1 (z¢(y+a(x—y))a”da]n<|x;y|> dy
+/QF(y)!w—y| Ul w(y+a(a:—y))a"lda] n/<|xzy|) d—ey

=1L+ 1+ Is.

Now,
I + 1

[ ron(:2) -

X/l [¢(y+a(x—y))na”_1 +aniﬁi¢(y+a(m—y))(wi —yi)] dady
:/QF(y)n<|ny|>/loodi{z/J(y+a T—y a”} dady
—ot) [ Fon (T )y — et [ P

as € tends to zero.
Moreover, introducing in I3 first the change of variables o := £/|x —y|, next & :=r+ |z —y|,




and finally z := ¢ !(z — ) one obtains

— F(y) /(|$—y|>1 o0 < l‘—y) -
fo= € dé| d
’ /Qx_y’n_ln € € [/x_yw y+£|$_y| I3 &l dy
- F(y) ,<|x—y|)1
/€<=’By<2e ’fL‘ - y|n71 g € € X
X [/w¢<$+rw> (T+|$—y|)"_1dr} dy
0 |z —yl
= M / |: = < Z) n—1 ]
/1<|Z<2 B n'(|2]) /0 (0 x—l—rw (r+elz)" tdr| dz.

We now claim that, as € goes to 0, the latter converges to

Fla) /1<|Z<2 \z|’11117/(|z|) [/Ooow (ﬂ:+r|i|> r”_ldr} dz. (3)

In fact, since (m + rﬁ) vanishes when r > 1 + diam €2, then

/001/1 <:c+r i ) (T+e\z|)”_1dr
0 2|

< max [¢] (1 4+ 2diam Q)" =: M.

Hence, we get

/ e = VPO e [ [T (oo 2 ) ot el ]

con [ W) F@ly [ B,
1<|z]<2 |2]™ 1<|z]<2 |2|"

where we recall that w(F, ) is the modulus of continuity of F. By the uniform continuity of F'
on (2 and the Lebesgue theorem on dominated convergence, the last integral vanishes as € goes
to zero and therefore the claim is proved.

Finally, by introducing in (3] the radial and angular coordinates p := |z| and u := z/|z|, one
gets

2 oo
/1 7 (p) dp /S B /0 vl v drdu = ((2) < n(D) | vw)dw=1
Therefore, I3 — F(z) as € goes to 0, and the lemma follows. O

The next lemma will be useful in proving the representation formula in Theorem

ot (28] = (222

() - [T 00+ ala - ) 0l

Lemma 11.

Proof. Tt is an immediate consequence of Lemma [§ and the opposite sign in the derivatives of
n(lz —yl/e). O



As usual in potential theory, getting a representation formula for the derivatives of the
function v; is a crucial goal. We will obtain it by taking the limit of the derivatives of its
“regular approximation” v§. Thus, let us start by differentiating its components

(o) = [ P () ay -

where F' € L*>(Q) is extended by zero outside 2 and By := B(0,2diam Q) is a ball of radius large
enough to have 2 CC Bj. By the previous lemma and Bogovskii’s formula in Theorem |2, iv)
it follows that, for any = € €,

F(y)Ni(z,y)n <‘x - y) dy,

Bp

0y 05 ()

TjYe

z/BAF(y)&pj [Ni(fv,y)n(xzy’)] dy

_ /BA [F(y) — F(x)] 0, [Ni(x,y)n (m;y'ﬂ dy
+ F(x) /BA Or; [Ni(xay)ﬁ <|$;y|>} dy
= /BA [F(y) — F(2)] 0, [Ni(x,y)n <‘xzy‘>] dy

+ F(z) /BAU(|x_y|)($i_yi) Awajw(y+a(w—y))a”_ldady

€

— F(x) /BA d,, {Ni(a:,y)n (‘””;y’ﬂ dy.

Since 7 ('xﬂ”) =1 forany x € , any y € 9B, and € < diam /2, by the Gauss-Green formula

€
the last integral is equal to faBA Ni(z,y) vj(y) doy, where vj(y) is the j-th component of the
outward unit normal vector at the point y € OBj.

The previous computations suggest to put forward a conjecture about the limit as € goes to
zero: it will be proved in the next theorem, which is the main original result of this section.

Theorem 12 (Representation formula and estimate for the derivatives of the potential). As-
sume all the hypotheses of Theorem [, and let n, v¢, and By be as above. Furthermore, let
Jgn V(@) dx =1 and let F € Cp(Q). For alli,j=1,...,n define

V@)= [ [F) - Pla))0s,Nila.u) dy
A
+F@) [ (w=w) [0t + ol =) " dady
A
- F(z) Ni(z,y) vj(y) doy.
O0BA
Then, for alli,j =1,...,n, we have:
i) The function VZ](SC) is well-defined for all x € Q;
ii) As e — 0, the partial derivative Oy;v; converges uniformly to Vij on any K CC Q;

i) It holds Oy ;vi(x) = sz(x) for all x € Q;

10



iv) The potential v € C*(Q);

v) For any K CC ) there exists a constant ¢, depending only on n, 1, diam €, and d(K, 0R),
such that

[oller ) < el Fllep -

Proof. To prove i), fix any € Q. Remark that, after its extension by zero outside Q, F €
L>*(R™). Fix any ¢, with dist(z,09Q)/2 < { < dist(z,d2). One has

| 1P = F@)lo. N dy
— [ PG - F@) [0, NiGew)] dy
B(z,()

+ [ IF(y) — P} 00, N, dy
{lz—y|=¢}NBa
=1, + I5.

Since B(z,() C 2, by Lemma [§]it follows that

F — F(x
s | F@ = F@l oo, N,y dy
B(z,¢) ly — x|

[ eBhe w
B¢ ly—zl |y—az"

where w(F,-) is the modulus of continuity of F' in Q. By introducing the radial and angular

coordinates it follows that C
F
I, < M\S”71| / Md/%
0 P

and, therefore, it is bounded by M |S" | [|F||c, -
Furthermore, since both F' and 0, N;(z,y) are bounded on {|z — y| > (}, the term I5 is
bounded as well by M’ ||F||o, where M’ depends only on n,,diam €2, and dist(z, 0).
Finally, since 0;¢ € Cg°(R") and supp ;4 C B, it follows that

[wi=w [~ o+ ate —)ardady,
Q 1

is the Bogovskii’s potential associated to 0j9 instead of v, and corresponding to the smooth
and bounded function F = 1. By Theorem [2| iii), it is globally bounded by some constant M",
depending only on n,, and diam Q. Since x € Q and |y| = 2diam Q, then N;(z,y) is bounded
on 0B, and therefore the surface integral is finite as well. Thus ) follows.
Moreover, we remark explicitly that the previous computations imply immediately that, for any
x €€, '

V2 (@)] < MIS"™ | Fllep @) + (M + M) Flloe < el Fllopo) (4)

where ¢ depends only on n, ), diam 2 and dist(zx, 0f2).
To prove i), fix any K CC €. Thus, for any z € K and € > 0 such that e < dist(K, 0Q)/2, it
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follows that
100,05 (x) =V (2)] <

/‘ N@v@www>@(“;“)_@}d4
PK)/ yz/f%¢y+a@—))%(mzm>—anme
/Bme) F(y)| 102, Ni(, y)| dy+
o)
# [, @] [ 100000 + e ) |0 ey

=:I¢+ I7 + Is.

dy

/ F(y) - F(2)||Ni(z, )
B(z,2¢)

As above, by Lemma [§] it follows that

F(z) - F F
Is < M / Mdyg M \S”*1| / Mdp.
z,2€) |y - x|n p<2e p

By the Dini continuity of F' and the consequent absolute continuity of the integral, the last
term vanishes as € goes to zero, independently of x € K.
In order to estimate the second term Iy remark that, by Theorem [2| v) and the hypothesis

01’117/
X y
n/(‘ )

X i — i ‘w <:):—|—7“x_y>‘(\x—y\+r)"_ldrdy
0

lzj — yj 1
oy €

L < / Ly [F@ = F)

|z —y[" [z —y|
1
<4 / F(z) - F(y) x
e<|z—y|<2e lz —y|"
> r—1y n—1
Ylx+r (|l —y|+r)" “drdy.
|z —y

By introducing the variable y := x + pu, since

00 1+|z|
[ 1wt rolo+rrtar= [ wta il (oo tar
0 0
< max [] (1 + diam Q + 2¢)" 1,

2 w(Fp) dp and, again

it follows as above that the last term is bounded by a multiple of f
by the absolute continuity of the Lebesgue integral, the term I; vanishes as € goes to zero,
independently of x € K.

Finally, by using 01 instead of ¢, as in the proof of the previous 4) from Theorem 2| iii), it

follows that for any fixed ¢ > n and suitable constants ¢/, ¢’

Is] < ¢ max |F(x) Hn ('x‘y‘) 1
[9) €

La(Q)

La(B(z,diam Q)) '



Since the last norm vanishes as € goes to zero, for any ¢ > n and independently of = € Q, i)
follows.

From ii), by the classical theorem on a converging sequences of functions whose derivatives
converge uniformly, it follows i), while 7v) follows immediately from i), i), due to the fact
that v € C®(R").

Finally, the estimate v) follows immediately from i), the above bound for Vij in (), and
the bound for the potential in Theorem [2| i77). O

By using a well-known argument based on translation and rescaling, as in Galdi [I5, Lemma I11.3.1]

with z +— #5, the previous results lead to the following theorem.

Theorem 13 (Interior regularity for bounded star-shaped domains). Let B(zo, R) be an open
ball in R™,n > 2, and let 2 be a bounded open subset of R™, star-shaped with respect to every
point of B(xg, R). Then, for any F € Cp(Q) verifying [ F(x)dx = 0, there exists a solution
u € CHQ) N C°(R™) of the problem

divu(z) = F(x) in Q,
u=0 on 09,

verifying, for any K CC Q,
[olleriry < ellFllep )
where the constant ¢ depends only on n,,diam Q, R, and dist(K,09).

3 Classical solutions for the divergence problem in the interior
of Lipschitz domains.

The aim of this brief section is to relax the very strong geometric restrictions on the domain €2
requested in the previous results, although at the price to renounce the simplicity of the solution
in the form of a single Bogovskii’s potential.

The next lemma (which follows strictly the one proved in Galdi [I5, Lemma II1.3.4]) provides
the localization apparatus we will use to prove the existence of a classical solution in a wider
class of bounded domains including, for instance, those with a smooth boundary. We start with
a suitable “partition of unity” lemma.

Lemma 14. Let Q C R" be a bounded open set and G = {G1,...,Gm4p} be an open covering
of Q. Assume that, if ; := QN Gy, then:

a) 02 C U™ G ;
b) G, CQ, foranyi=m+1,....,m+p;
C) Q:U:r:‘l_pﬂl

Neat, for each i = 1,...,m + p, there exist {; € C3°(G;), m; € N and, for k = 1,...,m;,
Ox € C°() and ¢r € C§°(Q) such that, if one sets

Fia) = G@F@) + Y 06ls) [ o) F(0)dy,
k=1 Q
for any F € Cp(Q) with [, F(x)dx =0, then

13



i) ;=0 in Q\Q, foralli=1,...,m+ p;

i) |Fillop ) < cllFllop @), where ¢ is a constant depending only on §;
ii) [o Fi(x)de =0, foralli=1,...,m+p;

w) F(x)=Y"P Fy(x), for all x € Q.

Proof. The proof of this result may be obtained by following that in [I5, Lemma II1.3.4], simply
by replacing C§° with Cp in any occurrence involving f, f; or g; (by assuming (2 as their domain
of definition) and by extending 1; and x; by zero outside their supports. O

Remark 15. In order to apply the reqularity result in Theorem [13 to the divergence problem
“localized” in §;, we remark explicitly that:

a) The compatibility condition for the “localized” datum F;, i.e.

/ Fi(z)dx =0,
Q;
follows immediately from i) and iii) of Lemma .

b) If 00 € C%! then, by following the proof of [15, Lemma II1.8.4], it can be shown that any
Qi, 1=1,...,m+p, in the previous lemma may be chosen as star-shaped with respect to
any point of some closed ball contained in it.

c) If 00 € C?, then the open sets Q;, i = 1,...,m, may be chosen as the sets Qp, in
Section [2.1], while the remaining ones are open balls.

The next result, which extends Theorem [L3| to a considerably wider class of domains, will
now be obtained by a localization argument.

Theorem 16 (Interior regularity for Lipschitz domains). Let Q be a bounded open subset of
R"™, with 0 € C%'. Then, for any F € Cp(Q) with Jo F(z)dx = 0, there exists a solution
u € CHQ)NCQ) of the problem

divu(z) = F(x) in Q,

u=0 on 0f,
verifying for any K CC €,
[vllerxy < ellFllep @)

where the constant ¢ depends only on n,, Q2 and dist(K,0%).

Proof. Let Q; and F; be defined as in Lemma |[14] and Remark [15(b), and let u; be the solution
in CY(Q;) N C°(R™) of the problem

divu;(z) = Fi(x) in €,
u; =0 on 0,
whose existence is ensured by Theorem Lemma and Remark [15| a)-b). Thus, by setting
m-+p
u(z) =y ui(x),
i=1

one obtains u € C*(Q) N C°(R™). Moreover, divu(z) = F(z) and, since u; vanishes on 0,
then v = 0 on 9f). The norm estimate follows immediately from the one in Theorem applied
to each wu;. ]
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Remark 17. The relevant point is the fact that €2 can be decomposed as a finite union of €2;,
each one star-shaped with respect to some closed ball contained in it. The Lipschitz reqularity
of O is only a sufficient condition for it, without any direct relationship with the interior
reqularity.

Remark 18. The constant in the norm estimate from Theorem does not depend only on
diam 2, but also on its geometry. In fact, both the number of the star-shaped subsets of its
decomposition and the radii of the closed balls with respect to whose points they are star-shaped
are to be taken into account in the expression of the constant.

4 Classical solutions regular up to the boundary

In this section we prove the main result of the paper, that is the existence of a solution of the
divergence equation regular up to the boundary and vanishing on it, as previously outlined in
Theorem [T} Our approach follows, as far as possible, the classical one for the Poisson equation,
which is essentially based on the following steps: first, a suitable localization, together with a
change of variables to reduce the domain of the problem to a special one, namely a half-ball or a
half-cube, while the portion of boundary under exam is mapped onto a subset of the hyperplane
{z € R"™: z, = 0}; next, a separate treatment of the “tangential” derivatives, as opposed to
the “normal” ones in the x,-direction; finally, a suitable “reflection” of the solution across the
hyperplane {x € R"™ : x, = 0}, in order to put the portion of the boundary of interest in
the interior and then to be able to take advantage of the already proved result of regularity at
the interior. A favourable feature of the Laplace operator is that the regularity of any selected
second order derivative (namely the “normal” one) may be deduced from those of the other
derivatives and of the datum, simply by using pointwise the equation. On the contrary the
particular structure of the divergence operator, which is non-elliptic, allows to employ a similar
argument only for the “normal” derivative of the “normal” component w,, of the unknown vector
field, requiring an ad hoc treatment for all the other partial derivatives in the normal direction.

In the former of the following sections it will be established a result of regularity at the
boundary for a half-cube; in the latter, the localization in Lemma [14] and Remark and a
standard “flattening” change of variables are exploited to extend the previous result to the
general domain with a C?-boundary.

4.1 The case of a half-cube

Let us define, for a > 0, the cube @, := (—a,a)™ and the upper and lower half-cubes Q} :=
(—a,a)" ! x (0,a) and Q; := (—a,a)" ! x (—a,0), respectively. Furthermore, we set z’ :=
(l’l, ey :L‘nfl).

The object of this section is to prove the following theorem.
Theorem 19. For any F € Cp(QF) verifying fQ;r F(z)dx =0, and such that supp F C @:/2,

there exists a solution u € Cl(@:) N CY(R™) of the problem

divu(z) = F(z) in QF,
u=0 on CQT

a?

verifying
HUHC1@I) < CHFHCD(Q(J{)y

where the constant ¢ depends only on n,,a.
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The proof will be postponed until the end of the section, and requires several considerations
and lemmas. We immediately observe that, by (possibly) extending F' by zero outside its
support and rescaling the variables as in Theorem we can reduce ourselves to consider only
the case where a = 1, and supp F' C @T/g.

To this aim, let us define

L
F(e) = { o)
F(l’ ) m Ql )

where, as usual, the starred variable z* := (2/,z,)* = (2/, —,,) denotes that one obtained by
reflection across the {x,, = 0} hyperplane. We observe that

J

and, obviously, if F € Cp(Q7) then F* € Cp(Q1), with the same norm.
By the previous Theorem (13| there exists W € C9(Q;) N C'(Q1), such that

F*(z)dx = /Q+ F(x)dx,

1

divWW = F* in Q,
W =0 on 0Q.

Thus, we define a vector field w : @1 — R™ by setting

w(z) == (wi(z),. .., wp—1(z), wn(z))

_ %(Wl (@) £ Wi (@), .. W1 (2) + Wi (2%), Wi(z) — Wa(2*)).

and we observe that it satisfies
divw = F* in Q1,
w=20 on 0Q)1,
wy, =0 on ((—1, 1)"71 X {0}),

and hence, by restriction to the upper cube Qf’,

divw =F in Qf,
we =0 on 8@?\((—1,1)"71 x {0}), fora=1,...,n—1,
wy, =0 on 8@1".

Therefore, in order to show that there exists a C'* (@T) solution of , it is enough to subtract
from w any divergence-free vector field ¢ € C* (@f) such that (;5| 00+ = Waqr- In particular,

it is enough to find a function ¢ vanishing on 6@?\((—17 1t x {0}) and verifying, for a =
1,...,n—1,

ba(2',0) = wa(x,0) € CH((—=1,1)" 1) and én(2',0) = 0.

Observe that, since supp wq (2',0) CC (—1,1)""1, then wy(2’,0) can be extended by zero and
considered as it belongs to C}(R"1).
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One may be tempted to set

Al

o) =2, (1 — ) *wa (2, 0) fora=1,...,n—1,

— 0% 0D, 0%
oy = (. LS00

Observe that :ISQ vanishes on 8@?, for any a = 1,...,n — 1. A direct computation shows that
5 assumes the requested value on 8Qf. Moreover, by the already proved inner regularity of
w in @, it follows that 0,0, <T>a is continuous and thus, by the Schwarz theorem on mixed
derivatives, 5 turns out to be divergence-free. Nevertheless, it is not evident as to whether
pelC 1(@?), because the function ®4(z) can be differentiated, in principle, only one time with
respect to 2’. To overcome this difficulty, we regularized each component &30” fora=1,...,n—1,
in such a way that the trace of its normal derivative on {z,, = 0} is equal to wqs(2’,0), by
adapting some classical mollification tools as those used in Necas [23] for the extension of
traces; see also [9) [10] for related results about Sobolev spaces.

As above, by applying the rescaling already used in Theorem [13| after a possible extension
of wq(2’,0) by zero to the whole subspace {z, = 0}, we can reduce ourselves to the case where
supp wq (2',0) C (—1/2,1/2)" L.

Definition 20 (A compactly supported regular extension to the upper half-plane). Let p €
Cee(R™1) be such that [p.—. p(2')da’ =1 and supp p C B(0,1). Moreover, let § € C*(R) be
such that 0(0) = 1 and () = 0 for t > 3. We define @, : R"! x [0,4+00) — R by setting
0(x x
) [ a0
Rr—1

7) dy’ for x, >0,
Tn Tn

O, (2, 1) =
0 for x, = 0.
We observe that
O, (1) = 2, 0(x) (wal(-,0) * pg, ())(2)) for z,, > 0,

where the symbol “+” denotes the convolution operator in R"~! and, for any function g defined

on R" ! and any € > 0, we use the standard notation g.(z') := 6,},19(%/). We recall the

following elementary result on convolutions, which we will use extensively.

Lemma 21. Let f € CQ(R"!) and g € CP(R™1). Then:

supp(f * g) C supp f + supp g,
lim (f * g)(z") = f(2') / 9(y)dy'  uniformly on R"',
e—0t Rn-1

(f#g0) (@) < clflle  and (fxg) @) <cllflle Va' € R™,

| lim
e—07F
where ¢ = ||g|1-

The next lemma provides the required regular extension of the boundary data and a bound
for its norm.
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Lemma 22. Fora =1,...,n —1 it holds ®, € C*>(R"! x [0, +c0)), supp P, C @;—, and the

vector field
0D 9D, S 0%
0= (o e )
B=1
verifies
€ C' @), (6)
dive =0 in QF, (7)
ba(2',0) = we(a',0) fora=1,....,n—1, (8)
én(2',0) =0, (9)
I8 ) < el @znganmop (10)

where w is defined as in Theorem[19, and c is a constant depending only on n,0, and p.

Proof. We observe that, by the standard properties of the mollifiers, it follows that ®, €
C*®(R"! x (0,400)), but the relevant fact is how it behaves as x, — 0%,

From Lemma [21]it follows immediately that ®, € C°(R"~! x [0, +00)), and that supp ®, C
Q7 , while the fact that div ¢ vanishes in the interior follows (formally) from direct computation,
but it will be justified only after it will be proved that ®, € C*(Q}), a=1,...,n— 1.

First, we consider the tangential derivatives and we have, for x,, > 0,

/

0(xy,
Oy, 0o (! ) = 0] /R w0 (-

Tn

= 0(wn) (wal-0) *ng () (),

with 1°(2') 1= 9, p(2'). Since [.-1n’(2’)da’ = 0, by Lemma 21 it follows that

L) ()

im0, P (2, 2n) = 0 = 0y, Pa(a’,0),

Tn—0T

and therefore 0., @, (2, z,) € CO(R"! x [0, 400)), for o, 8 =1,...,n— 1, and moreover (9) is
satisfied.

For x,, > 0, we have by direct computation that

0' () z —y
:cq)a ! n) = - « ! dy’
(el ) = T [ w0 () ay

mn n
9(‘7571) / x/ — y/ /
2= /Rn_1 wa(y', 0) p( . )dy
0(n) / ;o) = (T8~ Yp ?—yN
2l Jraa wa(y’,0) ; ( Tn ) 8905,0( Tn ) dy’-

By defining
Z 250z, p(x Z 51

we can rewrite the normal derlvatlve as follows
Or ol 2) = [208 (20) + (2 = )0(wn) | (wal-,0) * pa, ()) (@)
— 0(xy) (wa (-, 0) * \I/xn())(*xl)

(12)
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Since, integrating by parts, one gets

/ W) da' = —(n — 1)/ o(2)dr’ = —(n—1),
Rnfl Rnfl
we obtain by Lemma [21] that

lim 8, Bala’,zn) = [(2 —n)0(0) — (1 — n)G(O)}wa(x’,O) = wa(z',0),

Tp—0T

and then ® € C1(R"~! x [0, +c0)) and holds true.

Next, we need to prove the continuity of the second order derivatives of ® to show @

First, we consider the second order derivatives different from 882 and, for x,, > 0, by using the

commutativity of the convolution operator, we have for all o, 5,y =1,...,n—1
Or, 2 Paa' s 2n) = i(gfﬁ | e =/0) axﬁp( ) dy "
= 0(x3) (O, wal(-,0) %117, (-) ('),
Oz, 0r,, Pa (2, Tn)
_ xnﬁ’(mn)-i-ii— n)@(mn)/ﬁn 1 Oy wala'— 1, 0)p (:ch/:) i
_ i(g_nl) /n_l &Mwa(ﬂ?/ —/,0) \Il(xy;) dy' (14)

= [raff () + (2~ (2] By a(0) * i, (D))
—0(xp) (8:6#”01('7 0) * \I’xn('))(l’/)a

and they are all continuous up to {r, = 0}, by the Cl-regularity of ws(z’,0). The analo-
gous result about 81,13% o, (', x,) follows immediately from the Schwarz theorem on mixed
derivatives.

Next, by introducing the change of variables 3y’ = z,2/, we get

(wa (-, 0) * ¥y ())(2) = /}Rn_l wa (2" — 2, 2, 0) U (2') d2/,

and
Oz, O, Po (2, 2y
= [0/ (20) + @0 (@0) + (2 = )6 (@) (wal-0) * pr, (@)
= 0'(@n) (wa(-,0) * Wy, ())()
+ (20 (@a) + (2 = 0)0(n) | (1wal-,0) * T, ())(@)

n—1
0 n ax « h— n ,,0 \I’z ! d ,-
+0(x )/Rnlﬁz::lzﬂ sWa(T" — 202", 0) Wy (27) d2z

Therefore @4 (2, 2,) € C*(R"™! x [0, +00)) for « =1,...,n — 1, and thus (6) follows. By the
Schwarz theorem, also follows.

Finally, the estimate follows directly by applying the bounds from Lemma [21f to the ex-
pressions for the first and second order derivatives of ® in , , , , and . O
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Now, we can get the result of regularity at the boundary for a half-cube as outlined at the
beginning of this section.

Proof of Theorem[I9. By setting

u(r) = w(r) - ¢(x),

where w is defined as in and ¢ as in Lemma it follows that w is the aimed classical (of
class C1) solution for the divergence equation vanishing at the boundary and regular up to it.
The estimate follows immediately from those of Theorem [13| and Lemma, O

We observe that the solution provided by the last theorem is not simply a possibly scaled
Bogovskii’s potential for some B and v: in fact, it is the difference between a superposition of
such a potential and its “reflected” one, as in a sort of image-charge method in Electrostatics,
and a suitable regular extension of the boundary datum.

4.2 The proof of the main theorem in the general case

In order to exploit the results in the previous sections and to prove the main theorem, we first
introduce the hypothesis 92 € C? and apply Lemma and Remark a) and c) to get an
open covering of 2 whose members are either balls contained in 2 or sets Qp = Qp,, defined in
Section verifying U™, Qp, D 9. Hence, to build up a global solution from the “localized”
ones (in the same way we have obtained it in Section 3), it will be sufficient to apply to each of
these sets (2p a well-known regular change of variables, boundary- and divergence-preserving.
It transforms each Qp into a half-cube where, by Theorem we have a regular solution, and
then we transform it back to obtain the aimed “localized” regular solution. The argument is
well-known but some details in the classical setting are worth to be emphasized, especially to
deduce the requested regularity on the boundary of the domain.

To this purpose, fix Z := Ap(Qp — P) as in Section By the same divergence-preserving
rescaling used in Theorem [13| we may assume Rp = 1. Now, let us define the smooth transfor-
mation T : = — Qf by setting

y=T(x):= (2,2, — h(z")),
where we have set h := hp. The map T is invertible, its inverse being

e=T""y) = (', yn + 1Y)

Observe that both T, T _1~have Jacobian determinant equal to 1 and therefore, for any given
f: 2 — R, if one defines f : Qf — R by setting

fly) = 1T (W),
it follows immediately that

[ Ty = / f(z) da.

Thus, given F' € Cp(Z) such that [- F(x)dx = 0, it follows immediately
/ F(y)dy =0,
Qf
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while, to show that F € Cp(Q7), it would be enough to prove that the mapping 77! : Qf — =
is a-Hoélder continuous for some o > 0 (see, for instance, [2, Lemma 4.1]). Since we are actually
assuming that 9Q € C?, we have immediately that |Vh(x)| is bounded and therefore

w(F,p) < w(F\[|Vhl| p),

which proves that F' € Cp(Q7).
Hence, it is possible to apply Theorem which provides a solution u € CI(QT) NCO(R™)
of the problem _
divy a(y) = F(y) in Q7
{ u=0 on CQT,

where we denote by div, the divergence operator with respect to the variables y = (', yn).

Observe also that suppu C @f
Now, we need to transform back the vector field % to find a solution in Z. Vector fields
u : Z — R" are transformed in the “covariant” way into @ : Qf — R™ (where z = T~ (y)) as

follows:
U (y) = uq(x) fora=1,...,n—1,

n—1
Un(y) == up(z) — Z ug(z) Oy h(z').
B=1

Analogously, the inverse transformation (where y = T'(z)) is given by

U () = U (y) fora=1,...,n—1,

n—1
Un () = n(y) + Y Us(y) Oe,h(y). (16)
A=1

We observe that

div, u(x) = Z Oz, uj ()

j=1
n—1

= > OealT(2)) + O, (Wn(T(2)) + D Wp(T () Dy h(2'))
a=1
n—1 n-1

— Z 8aﬂa(y) — Z Gah(y/) anaa(y)
a=1 a=1

n—1 n
+ Onlin(y) + > 9h(y") Onlis(y) =Y 0y, (y)
B=1 Jj=1
= divy u(y),

where h(y') = h(x'), since the transformation 7T is the identity on the first n — 1 variables.
Furthermore, the “lower boundary” of =, that is the set

{x = (2/,zp,) €eR™: 2/ € (-1,1)" ! and z, = h(m’)},
is mapped on (—1,1)"~! x {0}, the lower face of the cube Qf, and since
u(y’,0) =0 implies wu(z’,z, — h(2")) =0,
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then the vector u satisfies ujgq = 0.

Thus, being u defined by , in order to get the regularity up to the boundary of u it will
be sufficient to recall that h € C%((—1,1)"1).

Now, in order to pass from the local coordinates in each set 2p,, i = 1,...,m, to the global
ones in the original domain 2, one can apply to each of them the inverse of the rotation and
the translation introduced in Section 2.1, which preserve regularity, divergence, and boundary
values. Finally, we observe that, by , the C''-norm of u on Qp, is bounded by the C*-norm of
@ on [—Rp,, Rp.]" !, multiplied by a constant depending on the C?-norm of hp,. Since, by ).
the C'-norm of % is bounded in turn by the C'p-norm of F; it follows that

luller @y, < cllEillop@;
and Theorem [I] follows by localization.

Remark 23. The estimate in Theorem|[1]is a consequence of those in all the previous regularity
results. It follows that the constant appearing there depends on the dimension n, the diameter
and the geometry of Q and its boundary, and the functions ¢ used to define the local Bogovskii’s
potentials occurring in the construction of the provided global solution.
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