DIFFUSION AND CHAOS IN A BOUNCING BALL MODEL

STEFANO MARO

ABSTRACT. We consider the vertical motion of a free falling ball bouncing
elastically on a racket moving in the vertical direction according to a regular
periodic function f. We give a sufficient condition on the second derivative
of f giving motions with arbitrarily large amplitude and chaotic dynamics in
the sense of positive entropy. We get the results by breaking many invariant
curves of the corresponding map using converse KAM techniques.

1. INTRODUCTION

The vertical dynamics of a free falling ball on a moving racket is considered. The
racket is supposed to move periodically in the vertical direction according to a
regular periodic function f(¢) and the ball is reflected according to the law of
elastic bouncing when hitting the racket. The only force acting on the ball is the
gravity g. Moreover, the mass of the racket is assumed to be large with respect to
the mass of the ball so that the impacts do not affect the motion of the racket.
This model has inspired many authors as it represents a simple model exhibiting
complex dynamics; see for example [5, 8, 13, 11, 12, 21, 22].

We will be concerned with the existence of motions in which the the velocity of
the ball could pass from a small value to an arbitrarily large one (see the statement
of Theorem 2.1 for more details). We will call this kind of motions diffusive, being
freely inspired by the well known phenomenon of Arnold diffusion in nearly integ-
rable Hamiltonian systems.

A first example of diffusive motions is given by unbounded motions, in which the
velocity tends to infinity. On this line, Pustylnikov [21] showed that if

(L.1) fto) = 5

at some point tg, then there exist motions that gain velocity at every bounce es-
caping to infinity.

Large values of the first derivative are not necessary to have unbounded motions.
Actually, in [12] it was proven that one can construct periodic functions f with
arbitrarily small first derivative for which there exist motions that gain velocity at
every N bounces for some NN, escaping to infinity.

These results rely on the existence of some resonance, represented by different
bounces when the racket has the same height and moves upwards. Moreover, the
initial velocity has to be large enough.

In this paper we show the existence of diffusive motions via an indirect way.
More precisely, we will get the following condition, depending only on the second
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derivative of f. Denote m = min f and M = max f then, if

g
(1.2) m < [
then there exist diffusive motions for initial velocities sufficiently large.

The possible motions of the ball can be described by the orbits of a map ¥,
that we call Tennis Map for clear reasons. The Tennis Map turns out to be exact
symplectic and twist when defined on the cylinder with coordinates (¢, e), time of
bouncing and energy just after the bounce. For this class of maps, it comes from a
theorem of Birkhoff that the destruction of rotational invariant curves implies the
existence of diffusive orbits. From this, the main idea for the proof of the results
is that condition (1.2) shall imply that there are no rotational invariant curves for
large values of e.

The study of necessary conditions for the existence of invariant curves for sym-
plectic twist maps goes back to Birkhoff who proved that a rotational invariant
curve is the graph of a (periodic) Lipschitz function. It means that the oscilla-
tions of the tangent vectors to an orbit are controlled by the Lipschitz constant L.
Moreover, a sharp estimate on L would give a more stringent criterion. In the last
decades many results have been proven in this direction and extended to higher
dimensions giving rise to the so called “Converse KAM” theory [19, 18, 7].

These criteria have a variational characterization. Orbits of exact symplectic
twist maps correspond to stationary points of an action and the ones on invariant
curves are action-minimizing. As a consequence, the second variation of the action
must be positive on orbits on invariant curves. MacKay and Percival [19] showed
that this criterion is equivalent to the control of the oscillations taking the Lipschitz
constant L = co. Using the same technique we show that an improvement of the
estimate on L gives a strictly positive lower bound for the second variation of the
action. The value in (1.2) will come from an application of this last result. It is
easy to note that requiring only the positiveness of the second variation we would
get a result on existence of diffusive orbits under the condition

g
m < 9
that is stronger than (1.2).

Finally, we also note that the destruction of invariant curves is strictly correlated
with the presence of chaotic dynamics. This fact holds for exact symplectic twist
maps of the cylinder and is based on Aubry-Mather theory. More precisely, the
chaotic character of the dynamics in a Birkhoff region of instability is described in
[1, 2, 17]. However, our case is slightly different: we obtained the destruction of
invariant curves in an open and unbounded region of the cylinder, while a Birkhoff
region of instability is a compact region between two invariant curves.

In [13] we proved that the results in [1, 2] can be extended to the present case, if

condition (1.1) together with a similar one giving decelerating orbits are satisfied.
More precisely, we got semiconjugation with the Bernoulli shift and therefore pos-
itive topological entropy.
We will show that condition (1.2) alone also gives positive entropy for our map.
This will follow from an application of a result of Forni, giving the existence of in-
variant measures with positive entropy supported in the gaps of the Aubry-Mather
sets.
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The paper is organized as follows. In Section 2 we introduce the Tennis Map
W and describe our main results. In Section 3 we introduce exact symplectic twist
maps and describe two necessary conditions for the existence of invariant curves.
In Section 4 we apply the results from Section 3 to the Tennis Map proving the
non existence of invariant curves. In Section 5 we discuss the proof of our main
theorem as a consequence of the non existence of invariant curves. Conclusions are
drawn in Section 6.

2. STATEMENT OF THE PROBLEM AND MAIN RESULT

Consider the problem of the motion of a bouncing ball on a vertically moving
racket. We assume that the impacts do not affect the racket whose vertical position
is described by a 1-periodic C? function f : R — R. To get the equations of motion,
we put ourselves in an inertial frame, denoting by (¢, w) the time of impact and
the corresponding velocity just after the bounce, and by (¢,w) the corresponding
values at the subsequent bounce. From the free falling condition we have

(2.1) ) +w(f =) = S(E =02 = (D),

where g stands for the standard acceleration due to gravity. Noting that the velocity
just before the impact at time t is w — g(f — t), using the elastic impact condition
and recalling that the racket is not affected by the ball, we obtain

(2.2) 0+ w— g(f— 1) = 2f(7),

where " stands for the derivative with respect to time. From conditions (2.1),(2.2)
we can define a bouncing motion given an initial condition (¢,w) in the following
way. If w < f(t) then we set ¢ = ¢t and w = w. If w > f(t), we choose t to be

the smallest solution ¢ > ¢ of (2.1). Bolzano theorem gives the existence of such
solution considering

() = f(6) = F() + w(f = t) = S(E 1)

and noting that Fy(¢) < 0 for ¢ — ¢ large and Fy(¢) > 0 for t — ¢ — 0. For this
value of ¢, condition (2.2) gives the updated velocity w.
For t — t > 0, we introduce the notation

f[tvﬂ = wz

and write
2

_ 2
2.3 = ey p—— T
(2.3) t t+gw gf[tﬂ
that also gives
(2.4) W =w — 2f[t, 1] + 2/ ().

Now we change to the moving frame attached to the racket, where the velocity after
the impact is expressed as v = w — f(¢), and we get the equations

2 %hﬂ+§ﬂw

t=t+-v——
(2.5) g 9 _
v=uv=2f[t, 1]+ f() + f().
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By the periodicity of the function f, the coordinate t can be seen as an angle.
Hence, equations (2.5) define formally a map

U:A — A

(t,v) — (t,0),
where we denoted A = T x R with T = R/Z. This is the formulation considered
by Kunze and Ortega [8]. Another approach was considered by Pustylnikov in [21]
and leads to a map that is equivalent to (2.5), see [11]. Noting that w > f(t) if
and only if v > 0, we can define a bouncing motion as before and denote it as a
sequence (ty,, vy )nez+ with ZT = {n € Z : n > 0} such that (t,,v,) € T x [0, +00)
for every n € ZT.

We are going to show the following result

Theorem 2.1. Suppose that f € C3(T) is such that
g

m< ———_—
1+1+ %
where m = min f, M = max f Then

o for every A > 0 there exists a bouncing motion (tn,vn)nez+ Such that

sup v, — inf v, > A,
nezZt neZT

e there exist many compact V-invariant subsets of A on which ¥ has positive
topological entropy.

3. EXACT SYMPLECTIC TWIST MAPS AND DESTRUCTION OF INVARIANT CURVES

In this section we consider a (possibly unbounded) strip of the cylinder and
denote it by ¥ = T x (a,b) with —oo < a < b < +o0. Let S : ¥ — A, be a
C?-embedding and denote S(z,y) = (Z,7) and S"(z,y) = (n,yn). We suppose
that S is exact symplectic and twist. The exact symplectic condition requires the
existence of a C? function V : ¥ — R such that

gdz —ydx = dV (z,y) in X,

and the (positive) twist condition reads
0z

@ >

A negative twist condition would give analogous results. Moreover, the exact sym-

plectic condition implies that .S is orientation preserving and preserves the two-form
dy A dzx. For this class of maps, the following result is well known [4, 20].

0 in X.

Proposition 3.1. There exist a domain Q C R? and a C? function h : @ — R
such that

e hz+1,z+1)=h(z,z) in Q,

o hiz(z,z) <0 in Q,

o for (z,y) € ¥ we have S(x,y) = (Z,7) if and only if

hl(l’, ) =Y

h2 (.’L‘, j) = g
Remark 3.2. Here we denoted the partial derivative of h w.r.t the i-th variable by
h;. We will use this notation throughout the paper.

Kl
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Remark 3.3. The domain € can be defined in the following way (see [9]):
(3.1) Q={(z,z) eR? : Z(z,a) <T < Z(z,b)}.

The condition hiz(x,Z) < 0 is related with the twist condition. Actually, the twist
implies that we can write y = y(z, %) and one gets that

hrale,7) = — (g;@,yu,x»)?

The function h is called generating function and gives an equivalent implicit
definition of the diffeomorphism S. From this proposition one has that a sequence
(Zn, Yn)nez such that (z,,y,) € X for every n € Z is an orbit of S if and only if for
every n € Z, (Tp,Tpy1) € Q and

(3.2) hg(xn_l,l‘n) + hl(ﬂl‘n,l‘n+1) =0,
Yn = *hl(xnyxn-&-l)-

From now on we will consider the case ¥ = A and suppose that S preserves the
ends of the cylinder that is

y — +oo  as y — Foo uniformly in z,
and twists each ends infinitely that is
T —x— +oo asy — oo uniformly in z.

Here, with some abuse of notation, we still denoted Z(z,y) the first component of
the lift of S to the universal cover R? of A. In particular, z € R and Z(z + 1,y) =
Z(z,y) + 1.

In this way, the generating function is defined in = R2. This allows to give a
variational characterization of the orbits of S defining the action

k-1
Hyp(xh, ... 2p) = Z h(Zn, Tng1)
n=h

and seeing that solutions of (3.2) (and hence orbits of S) are in 1-1 correspondence
with stationary points of Hyj, with respect to variations fixing the endpoints xp,, z.

We will be interested in action minimizing orbits, i.e. orbits (z,,yn)nez of S
such that for every pair of integers h < k and for every sequence of real numbers
(2} )h<n<k such that z} = x; and x}, = x} it holds

Hhk(l'h; . ,.’Ek) S Hhk(x,*” . ,:L’Z)

In this framework, we will be concerned with necessary conditions for the exist-
ence of invariant curves for S. More precisely, an invariant curve will be a curve
I’ C ¥ homotopic to {(z,y) € A : y =k, for some k € R} and such that S(I') =T.

Let us start recalling the following well known result by Birkhoff (for a proof see
[10, 16, 19]).

Theorem 3.4. FEvery invariant curve I' of a symplectic twist diffeomorphism of
A that preserves and twists infinitely the ends is the graph of a Lipschitz function
P:T—>R,ie I'={(x,P(x)) € A : x €T} Moreover, if there exist y~ < y*
such that each orbit (Tp,Yn)nez with yo < y~ satisfies y, < y+ for every n € Z,
then there exists an invariant curve T C T x (y~,y™).
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The necessary conditions that we are going to give, will be concerned with the
properties of the orbits on the invariant curve itself. For this purpose, we state here
a consequence of Theorem 3.4.

Lemma 3.5. For every invariant curve I' of S there exists an increasing bi-
Lipschitz homeomorphism ¢ : R — R such that p(z +1) = ¢(x) + 1 and

(3.3) ha(p ™ (), ) + b1 (2, p(x)) = 0,
for every x € R. Moreover, for every x,z, € R

p(x) — ()

0 < essinf ¢’ <
T T — Ty

< esssup ¢’ < oo.
T

Proof. By Birkhoff theorem there exists a Lipschitz function P : T — R such that
I'={(z,P(x)) : v €T}.

From now on, with some abuse of notation, we will still denote with the same letter
S or P the corresponding lifts. Since P is Lipschitz and I' is invariant, the map
@ : R — R defined as

(3.4) p(r) = m o Sz, P(x))
is an increasing Lipschitz homeomorphism such that ¢(x + 1) = p(z) + 1 and
S(z, P(x)) = (¢(x), P(e(x))) forall z € R.

Then, from (3.2),
ha(¢™ (2), %) + ha(z, p(x)) = 0.

Since ¢ is Lipschitz-continuous it admits a derivative ¢’ defined almost every-
where and its Lipschitz constant turns out to be equal to esssupp¢’. On the
other hand, ¢~1(x) = m 0 S~ (z, P(x)) is also Lipschitz and (¢~ 1)’ = W 0
that essinfr ¢’ > 0. Summing up, ¢ is a bi-Lipschitz homeomorphism such that,
for every z,z, € T

p(a) = p(.)

0 < essinf ¢’ <
T T — T

< esssup ¢’ < oo.
T
O

Given an invariant curve I' of S, we consider the corresponding homeomorphism
¢ from Lemma 3.5 and introduce the functions a,b: R — R defined as

(3.5) a(x) = haa(@~ ' (2),2) + hi1(z,0(2)), b(z) = —h12(p~ " (2), z),

where h is the generating function introduced in Proposition 3.1. Note that both
functions are continuous and 1-periodic and b is strictly positive.

The following result gives a first necessary condition for the existence of invariant
curves. Even if it was proven in [15] we give here the proof since we will need it
later.

Theorem 3.6. If T is an invariant curve of S, then

a(x) >0 forallz € R.
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Proof. From an application of Lemma 3.5 we get a bi-Lipschitz homeomorphism
o satisfying (3.3). This last equation can be differentiated in almost every point
leading to

hoa (™! (2), ) +ha1 (z,0(2)) = —hia(x, ()¢ (x)—har (¢~ (), 2)— !

m a.e. r € R,

that using (3.5) and Proposition 3.1 becomes
b(x)

3.6 a(z) = b)) (z) + ———— ae. z €R,
(3.6) (z) = blp(2))¢'(z) o 1(0)
and b(x) > 0 for every « € R. Hence, from Lemma 3.5 we get that
. b(x)
>b fo'+ —— >0 ae. R.
a(z) > b(p(x)) essinf ¢’ + pre— a.e T €

The last inequality holds for all x € R, hence by continuity we get that for every
z €R,

b
€SS Supt ¢

(3.7) a(z) > b(p(x)) essTinf o+
Following the ideas in [19, 18] Theorem 3.6 can be improved.

Theorem 3.7. Let T be an invariant curve of S and consider four positive constants
B, C* such that

4 a(x) + < min b(x)
Bz @)y ¢ S be@)’

a(z) bp(a))

B Zmﬂgx@, C <mﬂén b))

where the functions a,b have been defined in (3.5) and the function ¢ comes from
Lemma 3.5. Suppose that

(3.8) (B%)? —4C* > 0.

Then, for every x € R,

where
D+:%(B++ (BT —407), D = % (B~ VB —a0).

Remark 3.8. Note that by Theorem 3.6 and the twist condition the periodic and
continuous functions a(x) and b(z) are strictly positive. Hence, the continuous

functions
a(r)  a(z) blz)  ble(x))
ble(z))” blx)" ble(x))”  b(z)
are periodic and attain a positive minimum on R. This implies that the constants
B¥ are already positive and that the constants C* satisfying the desired estimates
actually exist.
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Remark 3.9. Theorem 3.7 yields Theorem 3.6 in the limit case D~ — 0, DT —
400. In the other cases, Theorem 3.7 gives a stronger necessary condition since
ming b(z) > 0 and D~, Dt > 0.
Remark 3.10. Let us consider the standard map
T=x+y—ksinz
{ Y=y —ksinzx,
1

where k > 0. One has that h(z,z) = 5(z —x)? + k cos z, so that, given an invariant

curve, a(z) = 2 — kcosz and b(z) =1 for every = € R.

To apply Theorem 3.6 we note that a(0) = 2—k < 0 is satisfied for & > 2. It means
that there cannot exist invariant curves crossing the vertical line x = 0 so there are
not invariant curves at all.

To apply Theorem 3.7 we first note that we can take

Bt=2+k Ct=1,

k k2 k k2 1
v kK gk L
DY =145+ +k D =147 Tk .

We need to find 2 € R such that

so that

k k2
2—k 2({1+—=—41/—+Ek].
cost < <+2 4+ )

As before choosing x = 0 we have that

k k2
2—k<2|14+-—1/—+k
<aief- 5]

is satisfied if k > 4/3. As a consequence, for k > 4/3 there are no invariant curves.
In this way, we recover the famous result by Mather [16].

The rest of the section is dedicated to the proof of Theorem 3.7.

Proof of Theorem 3.7. Let us fix an invariant curve I' and consider the correspond-
ing bi-Lipschitz homeomorphism ¢ coming from Lemma 3.5. Recalling equation
(3.7) we have

1

— for every z € R.
ess supy ¢

(3.9) a(z) > b(p(z)) essTinf ¢ +b(x)
The purpose of the proof is to find explicitly two positive constants D~ and DV
such that D~ < essinfr ¢’ and D" > esssupy ¢’

Let us denote by Ay the subset of T of null measure on which ¢ or ¢~! are not
differentiable. Hence the set N' = J,,c; ¢™(No) has zero measure, and is such that
every point z° € T\ N has the following property: both ¢ and ¢ ~! are differentiable
along its orbit (z9),ez, where (29) = " (20).

Consider #° € T \ NV and denote ¢!, = ¢'(z). Since ¢ satisfies equation (3.6),

recalling also its definition (3.4), we get for every n

0 0 +
(3.10) o= ) baw) 1 g O
b(xn+1) b($n+1) Prn-1

1
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where the last inequality comes from the definitions of BT, CT. Hence, from (3.10)

+ + +
(p/(IL’O)SB+*C,7§B+7%§B+7JFC’—m§
= BT -4, BY -5
Y_3

This gives an expression for the upper bound DT as a formal continued fraction.
This procedure can be made rigorous, since from the hypothesis (see also Remark
3.8) Bt >0, C*t > 0 and (B")? —4C* > 0. This implies that the continued
fraction expansion converges to the largest solution of the quadratic equation

&*—-Btd+CT =0
that is

1

Dt =2 (B+ + /(B2 = 4C+) .

We get D~ in a similar way. From equation (3.6) we also have, for 2° € T\ N and
for every n,

a(z8.4)  b(xl.,) ! _ _ -1
3.11 ;:( ntll _ Zond2d > (B~ -0 ¢, :
G = Gt b,y ) 2 BT Cen)

Equation (3.11) gives the estimate of the lower bound D~ in terms of the inverse
of a continued fraction:

1 -1
1,0 — — 1 — c- _ Cc-
go(x)Z(B -C 901) 2<B __/> 2<B C—) >
BT =C e B” - g~
As before, the continued fraction converges to the largest solution of the quadratic
equation
d> - B d+C™ =0,

and D~ is the inverse of such root. Finally,
1
szi(B*ﬂ/ B-)?—4 f>.
2C- (B7) ¢

Since neither D¥ nor D~ depend on the orbit on ', we can plug them into (3.9)
and get the thesis. ([l

4. APPLICATIONS TO THE TENNIS MAP

We apply Theorems 3.6 and 3.7 to the Tennis Map ¥ introduced before in (2.5).
The main result of the section is stated and proved in Proposition 4.9. Let us
introduce the notation R,, = {v € R : v > v,} and A,, = TxR,,. We will denote
the sup norm by ||| and recall that f € C3(T).

In Section 2 we described how to define a bouncing motion for the Tennis Map
V. However, to apply the theorems, we need some regularity for the map. This is
guaranteed by the following Lemma.

Lemma 4.1. There exists v, > 4| f|| such the map ¥ : A,. — A is a C? embedding.

Proof. To prove that the map is well defined and C? we apply the implicit function
theorem. To this aim we introduce the C? function F : {(¢,v,f,0) € R? x R? : t #
t} — R? given by
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_ 2 2 2.
F o t—t—;v—i—;f[t,ﬂ—;f(t)

o— v+ 2f[68) — f(B) - f(1

)

and compute

)

7 1+ 20:ft, 7] O
DtaF(t,v,t75)< +35 i fl ,J >’
Qaff[tﬂ - f(f) 1
where |
f(t) = flt,t
O [1,1) = %

Let us now consider a point satisfying F(to, vo, o, 7o) = 0, with (to,vo) € A, and
Usex = 4Hf|| Since Vg > Vsx WE have

_ 2 2 _ . 4 .
to —to > —vo — —|f[to. to] + f(to)| > —| fIl
g g g

and we check the condition of the implicit function theorem:

.y
det(DfaF(to,’Um{(),@())) = 1 + 28{f[t_(),t0} > ]. — g Hf”O > 0
’ g to—to
Hence, we get a C2 map ¥, : Uy — A, defined in a neighbourhood Uy > (tg,vo)
such that (to, ) = Wo(to,vo) and F(t,v, Uo(t,v)) = 0 for every (t,v) € Uy. Notice
that the previous computations do not depend on the chosen point (g, vg), so the
local map ¥y extends to a global map ¥ (the implicit function theorem can be
applied in the full set A, ). Moreover, using that f[t,t] = f[t + 1,t + 1] and the
uniqueness of the implicit function, we observe that the points (fg, 79) = ¥(to,v9)
and (t1,v1) = U(to + 1, vg) satisfy tg + 1 =#; and vy = v;.
Moreover, one can easily check that W is a local diffeomorphism since

det(Dt,vF(ta v, \Il(t7 U)))
~det(Dzy F(t, v, U(t,v)))

det D, ,U(t,v) =

#0 onA,,,.

To prove that ¥ is an embedding we prove that it is injective in A,,, for v, eventually
larger than v,.. It is convenient to use the variable w = v+ f(¢) and the conjugated
map ¥ given by (2.3-2.4). Suppose that there exist (¢1,w1) and (t2,ws) such that
U(t1,wy) = W(ta,ws) = (f,w). From implicit differentiation of (2.3-2.4) we get that
for large w

- 1+0(+ 24001

Dy ¥ (t, w) 3 (W)l 1 (w) 1y |-
’ 2f(D) +O0(2) 1+ 1f(H+0(2)

Applying the mean value theorem to both components of T we get the system
(4.1)

0 = F(ts, ws) — E(t1, 1) = <1 +0 (i})) (ts—t1) + @ +0 (;)) (wz — wy)

0 = @(ts, ws) — B(tr, w1) = (Zf(tg) +0 (;)) (ts —t1) + (1 + gf'(fg) +0 (;)) (wz — wy),

where w = min(wy, wy) and

te =t((1 —&ta — &1, (1 — wy — Ewn),
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for some & € [0,1]. We conclude noting that system (4.1) has the only solution
tz—tl = Wy — W1 =0

for wo,w; large enough since, from a direct computation, the determinant of the
associated matrix is of the form 1+ O ( ) This concludes the proof coming back

1
to the variables (¢, v). a
O

Remark 4.2. Note that we cannot guarantee that if (tg,v9) € A, then U(tg,vg) €
A,,. This is reasonable, since the ball can slow down decreasing its velocity at
every bounce. However, a bouncing motion is defined for v > 0.

Remark 4.3. From the physical point of view, the condition U™ (tg,vg) € A,, for
every n, implies that we can only hit the ball when it is falling. To prove it, suppose
that tg = 0 and let us see what happens at the first iterate. The time at which the
ball reaches its maximum height is t™** = %". On the other hand, the first impact
time ¢ satisfies,

__ 2 4. . 4 .
02 200 211 = eme (2= 271 > me
g ) Vo
where the last inequality comes from vy € R,, and v, > 4| f||.
The variables time-velocity (¢,v) introduced before are not symplectic, so that

we change to the variables time-energy (¢, e) defined by

(t,e) = (t, ;v2> ,

obtaining the conjugated map

O: A, — A, e*:%vf
defined by
_ 2 2 2,
t=t+ =V2e — = f[t, 1] + = f(t)
(4.2) g g g

e =y (V3o — 2/t + fB) + f(1)

that by Lemma 4.1 is a C2-embedding.
We have the following

2
)

Lemma 4.4. The map ® is exact symplectic and twist in A., . The generating
function is given by

(f(5) — f(1)?

Mt =55 =0+ SO+ FO)E— 1) = 5=

(4.3) ; L
—o [ 16s+ [ (s
where

t—teQ={(t1)ecR?:t>T(t)}
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for a C? function T : R — R such that T(t + 1) = T(t) + 1 and %(v* —2|Iflh <
() — t < 2(v. + 2| f1)).
Moreover, ® preserves and twists infinitely the upper end.

Proof. The proof basically comes from [8]. Inspired by (3.1), consider the set

Q:{(t7f)eR2:t_—t>z(v*—f[taﬂJrf(t))}

and the function h : Q@ — R defined in (4.3).
Note that, by the implicit function theorem, the set {2 can be written as

Q={(t1HeR*:t>T(t)}
for a C? function 7 : R — R such that T(t + 1) = T'(t) + 1 and %(v* —2|Iflh <
T(t)—t< %(v* +2||f]1). Moreover, T'(t) —t > 0 since v, > 4| f]|.
For every (t,t) € Q, h(t+1,t+ 1) = h(t,t) and

ount.d) = —x (L -0 + it - F)]

Ooh(t,0) = 5 [5G~ 1)~ 711, + F(D)

Note that if (¢,e) € A., then from (4.2) we have (¢,t(¢,e)) € Q2 so that

(4.4)

2

and we can write

(4.5)

Hence, the map ® : A., — A can be expressed in the implicit form (4.5). On the
other hand, in €2,

Ouh(t.0) = — (2@ —1) + 1.1 - f0)| (3 +aef1t.11) <o,

where the inequality comes from two computations made in the proof of Lemma

4.1. Hence the system

81h(t,f) = —€

62h(t, E) =e
defines implicitly two functions é(t, e), #(t,e) : A., — R that by (4.4) satisfy (4.2).

Relation (4.5) also shows that in A.,
d(h(t,t(t,e))) = O2h(t,t(t,e))di(t,e) + O1h(t, t(t, e))dt
= e(t, e)di(t, e) — edt.
The twist condition comes from implicit differentiation in (4.5):
ot 1

3e€) = T O1ah(t, (L, €))

> 0.
Oe
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Finally, from (4.2), uniformly in ¢,
t—t— +oo and é&— +oo
as e — +00. (]

We stated Theorems 3.6 and 3.7 for exact symplectic twist diffeomorphisms
defined in the whole cylinder A. Hence, we need the following extension lemma
(see for example [11, 13, 14] and [20, Theorem 8.1])

Lemma 4.5. There exists a C? ezact symplectic and twist diffeomorphism d:A—
A such that ® = ® on A., and ® = g on A\ Aex where Qg is the integrable twist

map ®y(t,e) = (t+e,e). Moreover, ® preserves the ends of the cylinder and twists
them infinitely.

We are going to prove that ® has no invariant curves in A, for some e* > e,
large enough. To this aim, we need to bound the oscillations of possible invariant
curves of ® contained in Ae. and guarantee which ones are contained in A, . Let

us write ®(t,e) = (T(t,e), E(t,e)) and introduce
E* = max{|E(t,e) —e| : (t,e) € T x [%*,e*} } ,

: (t,e) € T x {62*76*}}.

Lemma 4.6. LetT' C A% be an invariant curve of ®. Suppose that TNA: # 0 for
some et satisfying V2ef > \/2e, + 2||f|| + g + %max{§\|f||,T*}. Then, choosing
e satisfying V2e* = v/2ef — 2||f|| — g — ¢ max {%HfH,T*}, we have

9 Tﬂznwxﬂfa@)—t—z¢%

Ay CA CA,,,
and
FcAy, CA,.

Proof. The first part comes directly from the hypothesis. Let us prove the second
part. Let (t,e) € I and denote (£,&) = ®(t,e) € I'. It is known (see [4]) that all
the orbits on an invariant curve are minimal and have the same rotation number
w. More precisely, there exists w such that for every (¢,e) € I, we have

[t —t—w| <1
On the other hand, from (4.2) and (4.6) for every (t,e) € Aex

_ 2
’t—t— —V2e
g

4 .
<max {217}
g
We deduce that
2 4 .
(4.7 \/%>w—1—max{||f||,T*} for every (t,e) € T.
g g
By hypothesis, there exists a point (t7,e%) € T N A.:. As before we have that
[t —tt —w| <1,

and, since A C A,

_ 2
T —tt — 22t
g

4 .
< -[Ifll;
g
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from which

2 4 . 2 4 .
w> 2vaer = 2l -1 2vad - 2y -1
g g g g
Plugging this last inequality into (4.7) we get that if (¢,e) € T', then
, 4 .
V2e > V2et —2||f|| — g — gmax{ngH,T*} > /2,

that is
V2e >V 2eb > \/2e,,

from which, squaring, we get the thesis.
O

Let us start computing the corresponding functions a(t), b(t) defined in (3.5),
and the constants DT from Theorem 3.7. Note that, from Lemma 4.5, the diffeo-
morphism ® satisfies the hypothesis of Lemma 3.5. Hence, given an invariant curve
I', the homeomorphism ¢ and the functions a and b are well defined. Moreover, we
recall that by Birkhoff Theorem every point (¢,e) € I' is of the form (¢, P(t)) for a
Lipschitz 1-periodic function P.

Lemma 4.7. LetT’ C A., be an invariant curve of &. We have, for every (t,e) €T,

a(t):\/%(94—2]5(1&)-1-RA>7 |RA| < <16(g+3f||)>||f||

o) ve
_ g (79 +2/) \ I£1]
) = oe (G4 Rt), IR <\/§> Ve
_ : 5 (59 +2[1/1) \ 171l
b(p(t)) = V2e (5 + RB> , |RB| < (\/§> %
Moreover, if we denote M = max f and e = min{e > e, : (t,e) € T} we can

choose, as e — 00

D+_g+2M+2\/M2+gM+O<1>
g b

\/é
D:g+2M—2\/M2+gM+O<1>.
g Ve

Proof. Let us denote ®"(t, ) = (tn,e,). Since I' C A, we have that ® = & so that
(tn, €n)nez is given by equations (4.2) and we can consider the generating function
h defined in (4.3). Moreover, from the definition of ¢ in (3.4), we have t; = ¢(t)
and t_; = o 1(¢).
From (4.4) and using that
S(t) = flt. 1]
t1—1t

ottt = ~HOEIE0L gpie ) =

b
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we have

hu(tt) = 50 =) (§+ F0)) + (afle.t] - F0)) (F0) = s tl)

(t1 — 1) (g + f(t1)> (3tf [t t1] — f(ta ) (ft ] — )
g
2

N o

haa(t,t1) =
2

hra(t ) = =2 (6 = ) + 0u Tt 1] (F(8) — STt 1a]) -
These formulas give,
a(t) = has(t_1,t) + hir(t,t1) = 2(t —t_1) (Q n f(t)) + R,
2 2

2
b(t) = —h12(t71’t) = gZ(t — t,l) + -Rb7

with

(R <8I 1R < 21N (1F] +29)-

Moreover, from (4.2) we have

ty—t_q = g 2e 1 + g (f'(tfl) + f'(t)) - gf[tfht} - %f[mtﬂ

4 4 ;
=—\/2e_; (1+RY), |RY< ,
g\/Tl( ), IR ﬁIIfII

2
t*t—lzg\/ﬂ(1+R2)7 |R2|< F||f||a

then, using also that

VI =Va (L4 BY). IR < —— ||,

= Vo
we have
o) = VB (g 2f0 + 1), 0ty < O gy
)= va (44 R7), o) < Ty
i) = V3 (54 RP), o) < B2y

Now, to compute D* we first search for the expressions of B* and C*. Since the
curve I is the graph of a Lipschitz (periodic) function,

. 1
[RAL,|RP|,|RB| = O (f) a5 ¢ 50,

and we have

15
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and similar estimates hold for % and b(ffé) ) Since these estimates are uniform

on I', we can choose
2 1 1
Bi=g+2M-+0(>, Ci=1+o<),
g ( ) Ve Ve

for which conditions (3.8) easily holds for e — 0o and the expressions of D* follow

from a straightforward computation.
O

We are now ready to prove that Theorem 3.6 gives the following

Proposition 4.8. Let m := minf and suppose that m < —%. Then, if there exists

an wnvariant curve I' C A%* of ® then,
FCA%\A‘B* CA%’
with
. 16(g+ 3| f , g 4.
vaer = vae: + /122D Loy g4 Lamax {23070}
—(g +2m) 2 g
Proof. Suppose that there exists an invariant curve such that I' N A« # (). Since
: ; g 4 i 16(g + 3|/
Vaew =20l - g — Lmax {417, 7} = vaer 71 8B e
2 g —(g + 2m)
we can apply Lemma 4.6 and get that I' C A,, with
. 16(g + 3| f
20 = /P, + ||fHM > Ve,
—(g +2m)

We show how to get a contradiction with Theorem 3.6. Let ¢y be such that m =
f(to) and consider the corresponding point (¢g,ep) € I'. By Lemma 4.7,

[Hil

A% ‘30

Then a(ty) = v/2eg (g + 2m + R()“) is negative if g + 2m + R§' < 0. This happens
if g+2m <0 and

alto) = Ve (9+2/(t0) + B ). R3] < 16(9 +3IF)

If]

|&ﬂ<1a9+mumvﬁf

—(g +2m),

that is )
;1 16(g + 3[1/1)
V2ey > — .
By Theorem 3.6 there cannot exist invariant curves crossing the vertical line {(to, D V2e > Hf | 16((99132%“) }

Since v2¢> > | f|| 16((99132‘%” this is a contradiction with I' C A, .

The main result of this section comes from an application of Theorem 3.7.
Proposition 4.9. Suppose that

m< ———F—————.
1+1+ %
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Then there exists e*, with v/2e* > \/2e, + g+ 2| f|| + % max {%Hf'”,T*} such that
if there exists an invariant curve I' C Aee of ® then,
FCA%\Ae* CA%,

Proof. The proof goes as before applying Theorem 3.7 instead of Theorem 3.6. Fix
to such that m = f(tp). We claim (and prove later) that there exists e™ satisfying

. 4 .
VR > VB g+ 2|+ e {21717

and such that there are no invariant curves crossing the vertical line £ = {(¢o,¢€) :
V2e > @} This gives the thesis choosing e* such that v/2e* > v/2et + g +
2/l £1l + 2 max {§||f||7 T*}. Actually, any invariant curve T' satisfying T' N A« # ()
would satisfy, by Lemma 4.6, I' C A + and then cross the line L.

We now go back to the proof of the claim. Fix an invariant curve I' C Ae. and
pick the orbit (t,,en)nez through (tg,ep). We show that for eq large

b(to)

D+’

contradicting Theorem 3.7. By Lemma 4.6, denoting e = min{e : (t,e) € I'} we
have

(1.9 V> Vo - g =201 - §wax {217
From Lemma 4.7 and using (4.9) we can write, as y/2e — 00

alty) = \/E(g+2m+0(\}é>>7

b(to), b(t1) = v/2eq (;’ +0 (;é)) :

1 2M — 24/ M?
D+ g Ve

(4.8) alto) < b(t)D™ +

Hence, (4.8) is satisfied if

1
€

that is
1

or equivalently

g 1
4.10 m<—+0<).
(4.10) 1+1+ 3% Ve
Since by hypothesis

g
m< ————
1+1+ %

condition (4.10) is satisfied for e (and therefore eg) large enough.
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5. DIFFUSIVE ORBITS AND CHAOTIC DYNAMICS

In this Section we describe how our main result, Theorem 2.1, follows from Pro-
position 4.9. In the following we consider the cylinder A« coming from Proposition
4.9.

We have the following

Lemma 5.1. For every K > 0 there exists an orbit (t,,én)nez of ® such that
sup é, —infé, > K. Moreover, 5 < infé,.

Proof. Suppose by contradiction that there exists K > 0 such that every orbit
of ® is such that Sup,cz+ en — inf,cz+ e, < K. Then for every initial condition
(to, e0) € A with eg below a level y~ > e* satisfies, for every n, e, <y~ + K :=y™.
Therefore the second part of Birkhoff Theorem 3.4 gives the existence of an invariant
curve for ® in A,- contradicting Proposition 4.9. The last part of the statement
comes from the fact that the map @ is the integrable map for e < 5 (]

The orbit (fn, én)nez of ® could not be an orbit of ® since it may be not contained
in A.,. However we have

Lemma 5.2. Consider a constant E > 2||f]| (2\/2(6* + E¥) —|—4Hf||) where E*

was defined in (4.6). There exist two integers n~ < nt such that |é,+ — é,-| > E
and é,, > e, for every integer n € [n~,n*].

Proof. From Lemma 5.1 with K = E + E* + 5 + ¢ we have that there exist two
integers n' < n? such that [é,2 —é,1| > E+ E*+ % and é, > S for every integer
n. Consider the case é,2 > é,1: the case é,2 < é,1 can be studied similarly. We
claim that there exists n3 such that é,5 > e, and

€p2 — €3 > F.

This is clear if é,1 > e,. To prove the claim in the other case, we remember that
S < ép1 < ey, then,

én2 >én1+E+E*+%*>e*+E+E*>e*+E*.

This implies that to go from é,: to é,2 we must cross the strip ¥ = T X [ex, e, + E*]
that has width equal to E*. This cannot be done in one iterate by the definition
of E*. So that there exists n® such that é,s € [e., e, + E*]. Finally,

ép2 — €3 >e,+ E+ EF —(e* —i—E*) =F.
This argument allows to conclude the proof. Suppose that there exists n* € [n?, n?]
such that % < é,1 < e.. As before, there exists n® € [n*,n?] such that é,s €
[ex, ex+E*] and é,2—é,5 > E. Repeating this argument we find é,2_; € [e,, ex+E*]
and é,2 — é,2_1 > E. This is a contradiction with the hypothesis on E, since by
(4.2), if e < e, + E*, then |& — e| < 41/2(e. + EN)||f|| + 8| f]>.
O

Lemma 5.2 gives the proof of the first statement in Theorem 2.1. One just has
to consider the bouncing motion with initial condition (tg,vo) = (¢,,—, v/2€,-).

Concerning chaotic dynamics, we first recall that the diffeomorphism ® satisfies
the hypothesis of Aubry-Mather theory in [4] (see also [11], [20, Theorem 8.1]).

In particular, for every w € R\ Q there exists a compact ®-invariant set M, with
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rotation number w that is either an invariant curve or a Cantor set. Using some
ideas as in Lemma 4.6 there exists w* sufficiently large such that for w > w*,
M, C Ag«. This implies that M, is made of orbits of the original map ® and, from
Proposition 4.9, is a Cantor set.

In this setting, the following theorem by Forni [6] implies chaotic dynamics. Let
us fix w > w* and denote by o, the unique d-invariant ergodic Borel probability
measure supported on M,,.

Theorem 5.3. Let I be an exact symplectic C* twist diffeomorphism of the cyl-
inder A that does not admit any invariant curve of rotation number w € R\ Q.
Then there exists a F-invariant ergodic Borel probability measure p,, of angular
rotation number w, having positive metric entropy. Moreover, u,, can be chosen
arbitrarily close to o, in the weak topology on the space of compactly supported
Borel probability measures on A.

We can apply this theorem to the extended map ® and note that, as we showed,
has no invariant curves in A.+ and in particular, none with rotation number w > w*.
Since w > w*, the measure o, is also ®-invariant. The measure p,, with positive
metric entropy can be chosen arbitrarily close to o, hence we can have supp
close to M, and contained in Ag«. In this way we have that p, is ®-invariant.
From the variational principle for the topological entropy we get the thesis.

6. CONCLUSIONS

We considered the model of a free falling ball bouncing elastically on a racket
moving in the vertical direction according to a regular periodic function f. We
were interested in the possibility of diffusive motions and chaotic dynamics. Both
problems have been already investigated and an affirmative answer was given if || f||
was sufficiently large. In [12] we showed that large values of || f| were not necessary
to have unbounded motions. In the present paper we provided a sufficient condition
depending only on f giving diffusive and chaotic motions.

The proof is based on the breaking of invariant curves, using a converse KAM
method. The method is based on a variational characterization of (segments of)
orbits on invariant curves. We stress that Theorem 3.7 is not optimal as more
stringent necessary conditions can be obtained considering longer orbit segments.
We guess that a more stringent criterion would give a weaker condition than the
one we obtained in Theorem 2.1. However this would have implied much more
complicated computations and the result would not have been optimal. Note that
obtaining an optimal condition in this context is equivalent to finding an explicit
necessary and sufficient condition for the existence of invariant curves. This problem
seems to be very hard.
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