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ABSTRACT
Geophysical inversions estimate subsurface physical parameters from the acquired data and because
of the large number of model unknowns, it is common practice reparametrizing the parameter space
to reduce the dimension of the problem. This strategy could be particularly useful to decrease the
computational complexity of non-linear inverse problems solved through an iterative sampling
procedure. However, part of the information in the original parameter space is lost in the reduced
space and for this reason the model parameterization must always constitute a compromise between
model resolution and model uncertainty. In this work, we use the Discrete Cosine Transform (DCT)
to reparametrize linear and non-linear elastic amplitude versus angle (AVA) inversions cast into a
Bayesian setting. In this framework the unknown parameters become the series of coefficients
associated to the DCT base functions. We first run linear AVA inversions to exactly quantify the
trade-off between model resolution and posterior uncertainties with and without the model reduction.
Then, we employ the DCT to reparametrize non-linear AVA inversions numerically solved through
the Differential Evolution Markov Chain and the Hamiltonian Monte Carlo algorithm. To draw
general conclusions about the benefits provided by the DCT reparameterization of AVA inversion,
we focus the attention on synthetic data examples in which the true models have been derived from
actual well log data. The linear inversions demonstrate that the same level of model accuracy, model
resolution, and data fitting can be achieved by employing a number of DCT coefficients much lower

than the number of model parameters spanning the unreduced space. The non-linear inversions
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illustrate that an optimal model compression (a compression that guarantees optimal resolution and
accurate uncertainty estimations) guarantees faster convergences toward a stable posterior

distribution and reduces the burn-in period and the computational cost of the sampling procedure.

INTRODUCTION

From a mathematical point of view, the estimation of subsurface parameters from the acquired
geophysical data is an inverse problem (Zhdanov, 2002; Tarantola, 2005; Menke 2018; Aster et al.
2018). One challenge posed by geophysical inversions is the estimation of several (hundreds, or even
thousand) subsurface parameters from noisy, low-resolution, measurements. This lack of information
usually results in an ill-conditioned inverse problem in which many models equally fit the observed
data. For this reason, it is of crucial importance to quantify the uncertainty affecting the final
predictions, and this task is usually accomplished by casting the inverse problem into a Bayesian
framework. Some applications of this approach to solve geophysical problems can be found, for
example, in Sen and Stoffa (1996), Malinverno (2000), Buland and Omre (2003), Malinverno and
Briggs (2004), Bosch et al. (2007), Bodin et al. (2012), Dosso et al. (2012), Rimstad et al. (2012),
Zunino et al. (2014), Grana (2016), Sajeva et al. (2017), Ray et al. (2017), Piana Agostinetti and
Bodin (2018), Pejic et al. (2018), de Figueiredo et al. (2018), Aleardi and Salusti (2019). The final
solution of a Bayesian inversion is the so-called posterior probability distribution (PPD) in the model
space, that can be, however, analytically computed only for linear forward modeling operators and
under Gaussian assumptions about the model, data, and error distributions. Similarly, an analytical
and mathematically exact derivation of the so-called sensitivity analysis tools (e.g. model and data
resolution matrices) is only possible for linear inversions.

In case of non-linear problems or/and non-Gaussian assumptions, the analytical solution is not
available in a closed form and for this reason it must be numerically assessed using Markov Chain
Monte Carlo methods (MCMC; Sambridge and Mosegaard, 2002). These algorithms transform the

inverse problem into a sampling problem in which the sampling density is proportional to the PPD.
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The first stage of the MCMC sampling is the burn-in period in which the chain moves from a random
starting model to a high-probability region. The second stage is often called the sampling stage in
which the small fluctuations of the misfit value indicate that the MCMC algorithm has reached the
stationary regime.

Although the increasing computational power provided by modern parallel architectures has
considerably encouraged the applications of MCMC methods to solve geophysical problems, it is
always crucial adopting a specific recipe to guarantee an accurate and computationally efficient
sampling of the PPD. For example many MCMC algorithms (e.g. the popular random walk
Metropolis) are known to mix slowly between the modes if the target distribution is multimodal with
modes separated by low probability regions (Holmes et al. 2017; Scalzo et al. 2019). A simple
approach to mitigate this issue makes use of multiple MCMC chains to sample the PPD. This strategy
usually offers robust protection against premature convergence because the chains use different
trajectories to explore the parameter space. However, this strategy is inefficient in highly dimensional
problems where the curse-of-dimensionality makes the target distribution highly localized within
each model space dimension. This issue usually increases the probability for the MCMC chains to
get trapped in local maxima of the PPD and for this reason a considerable number of sampled models
is needed to achieve accurate posterior estimations. There have been many attempts to improve the
convergence of MCMC algorithms in case of high-dimensional problems. For examples hybridizing
MCMC algorithms with global search methods (e.g. Differential evolution Markov Chain “DEMC”,
or Differential evolution adaptive Metropolis; Turner and Sederberg 2012; Vrugt 2016; Aleardi and
Mazzotti 2017) or exploiting the Hamiltonian mechanic to include the derivative information of the
PPD into the sampling framework (Sen and Biswas, 2017; Fichtner and Simute, 2018; Fichtner and
Zunino, 2019).

The curse of dimensionality can be also mitigated by specific model reparameterizations that reduce
the dimensionality of the inverse problem and its computational complexity. Several methods have

been proposed using different base functions (e.g. principal component analysis, Chebyshev
3
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polynomials, wavelet transforms, Legendre polynomials, Discrete Cosine Transform, machine
learning methods). After such reparameterization the unknown parameters become the numerical
coefficients that multiply the base functions. Some examples of applications of these methods to
geophysical problems can be found in Ferndndez Martinez et al. (2011), Dejtrakulwong et al. (2012),
Lochbuihler et al. (2014), Satija and Caers (2015), Azevedo et al. (2016), Fernandez Martinez et al.
(2017), Aleardi (2019), Szab6 and Dobrdka (2019), Qin et al. (2019), Grana et al. (2019), Nunes et
al. (2019), Azevedo and Demyanov (2019). In the context of Hamiltonian Monte Carlo (HMC)
inversions these parameter reduction methods are not only useful to additionally mitigate the curse
of dimensionality but also to drastically reduce the computational cost related to the numerical
computation of the Jacobian matrix that is needed to estimate the local gradient of the PPD. However,
it is well known that the parameterization of an inverse problem must always constitute a compromise
between model resolution and model uncertainty (Malinverno, 2000; Menke, 2018). This means that
both the model uncertainty and the model resolution decrease as the number of inverted parameters
decreases. In other words, the loss of information due to the parameter space reduction leads to
underfit the observed data, underestimation of the uncertainty in the final solution, and in a decrease
of the model resolution.

In this work, we use the Discrete Cosine Transform (DCT) to reparametrize the amplitude versus
angle (AVA) inversion in which the elastic properties of P-, S-wave velocities (Vp, Vs, respectively)
and density (p) are retrieved from partial angle-stacked seismic data. The AVA inversion can be
formulated either as a linear or non-linear problem depending on the forward operator employed: the
full, non-linear Zoeppritz equations or its linear approximations. The DCT is a linear transformation
that projects an N-length signal (vector of model parameters) to an N-length vector containing the
coefficients of N different cosine (base) functions. This approach concentrates most of the
information of the original signal into the lower-order DCT-coefficient so that only g<N coefficients
can be used to accurately approximate the input signal. In the context of geophysical inversion, this

means that the numerical values of these g DCT coefficients become the unknowns to be inferred
4
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from the data. Estimating the retained DCT-coefficients reduces the parameter dimensionality and
can significantly improve the computational efficiency of the inversion procedure, especially in case
of non-linear problems solved through a sampling approach. We use the DCT because its energy
compaction efficiency (the ability to concentrate most of the input’s signal energy to few DCT
coefficients) is greater than any other transformation and it is to date the most widely used transform
in image and video compression standards (Wallace, 1991; Le Gall, 1991).

To draw general conclusions about the benefits provided by the DCT reparameterization of AVA
inversion, we consider several synthetic inversion tests in which the observed data has been derived
from actual borehole logs. First, the effect of this reparameterization on the model resolution and
model uncertainty are investigated using analytical AVA inversions for which the sensitivity kernels
and the posterior uncertainty can be exactly determined. Then, the DCT is used to reparametrize the
DEMC and HMC inversions. In all cases, we compare the outcomes provided by the DCT
reformulation and the standard model parameterization. To the best of our knowledge this paper
investigates for the first time a DCT reparameterization of linear and non-linear AVA inversions and

runs for the first time an HMC inversion in a DCT-reduced space.

METHODS
In this section we present the mathematical framework of the DCT and the reformulation of the
Bayesian linear AVA inversion in a DCT-reduced model space. Then, we give a brief overview of

the DEMC and HMC algorithms.

Bayesian linearized AVA inversion in the DCT domain

In this work, we use the DCT parameterization because this approach exhibits superior compression
power over other compression methods (see Lochbiihler et al. 2014). Several variants of DCT exist
with slightly modified definitions, but here we employ the so-called DCT-2 formulation that is the

most common. Hereafter we simply refer to the DCT-2 transformation as the DCT. The DCT is a
5
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Fourier-related transform that uses only real numbers to express a finite signal in terms of the sum of
cosine functions oscillating at different frequencies. The DCT transformation of a 1-D signal x of

length N can be written as follows:

2V 1 T
y(k) = \/;znzlx(n)\/ﬁcos (Gren-DE-D), @

where &, represents the Kronecker delta, y are the N coefficients of the transformation that fully
describe the original signal x in the transformed DCT space, and k represents the order of each DCT
coefficient. In matrix form, equation 1 becomes:

y=Bx, (2)
where the vectors x and y represent the original and the transformed signal, respectively, and B is an
N-by-N matrix that contains the cosine functions (base functions) spanning the DCT space. Some
examples of DCT base functions of different orders k are represented in Figure 1. The DCT is a linear
transformation expressed by the orthonormal matrix B (so that BBT = I, where I is the identity
matrix) that concentrates most of the energy of the original signal x in the low order DCT coefficients.
This means that an approximation of the signal x can be obtained by considering only the first g DCT
base functions:

X = Bqu, 3)
where % is the approximated signal, B is a partition of the matrix B, with N rows and g columns
representing the first ¢ DCT base functions, whereas the vector y, contains the first q coefficients
that multiply the base functions. These coefficients become the unknown parameters to be determined
in a DCT reparameterization of the inverse problem. Note that the approximated signal X tends toward
the original signal x as the number of considered coefficients g tends to N. If =N the reconstructed

signal X equals the original signal x.
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Figure 1: Some examples of DCT base functions of different orders k.

For the Bayesian linear AVA inversion, we employ the method proposed by Buland and Omre (2003).
In this case, the model vector of N x 3 rows and 1 column, represents the natural logarithm of P-
wave velocity (Vp), S-wave velocity (Vs) and density (p) along a 1D vertical profile:

m = In[Vpy,Vp,, ..., VDN, VS1, VSa, o, VSy, P1, P2r s PN1T- (4)
The forward modeling of the linear AVA inversion is given by the time-interval extension of the

single-interface Aki and Richards equation (Aki and Richards,1980):

R 9—11 2(0 alV 4%2(t)'2961V
PP(t,0) = 5 (14 tan?(9)) 5, Vp(0) + 450z sin® (0) 3. In V()
1 1 4%2(1:) 2(g 61
+§ - V_pz(t)sm (8) anp(t)

0 0 0
= avpaln Vp(t) + awaln Vs(t) + apalnp(t), (5)

el

where t is the time, 8 is the incidence angle, Rpp is the P-wave reflection coefficient, whereas Z:;z
indicates the average Vs/Vp ratio at the reflecting interfaces that can be derived, for example, from
the so-called low-frequency (LF) elastic back-ground model usually estimated from well log data
interpolation. If we consider the convolutional modeling and we adopt the matrix formalism, the

seismic gather d can be computed as:

d=SADm =Gm+n, (6)
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where S is the wavelet matrix, n is the noise vector, A contains the numerical coefficients ay,,, ay;
and a, of equation 5, D is the first order numerical derivative operator, and G is a M X (N X 3)
forward operator matrix, where M indicates the number of data points. In this context, an
approximation of the elastic model can be obtained as:
m ~ n, +Kir, (7)
where p,y, is the mean elastic model (e.g. the elastic LF model), and K is a block diagonal matrix
with N x 3 columns and g X 3 rows given by:
B, 0 0
K,=[0 By 0, (8)
0 0 B,
and again B,contains the first g DCT base functions, whereas the parameter vector in the reduced
(g x 3)-D space is represented by the vector r in which the first g elements are the coefficients that
pertain to Vp, the second g elements are associated to Vs, and the last g elements pertain to the density.
In geophysical inversions this means that the DCT allows for a reduction of the (N x 3)-D full, elastic
space to a (q x 3)-D space with g<N.
In all the following examples we simply consider a Gaussian elastic prior model p(m), with mean
vector p,, and a-priori covariance matrix Cp,:
p(m) = N(m; puy, Cy), (9)
where V' represents the Gaussian distribution defined over the elastic model space m. Note that to
mitigate the ill-conditioning of AVA inversion, the prior covariance matrix C,, expresses both the
covariance of the elastic properties and their vertical variogram (see Buland and Omre, 2003). Since
the DCT is a linear transformation, the prior model in the DCT space is still Gaussian:
p(r) = N(r;pr, C), (10)
with mean vector and covariance matrix equal to:
pe=0, (11)
C. =K,CKl. (12)
8
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According to equation 7, note that a null a-priori mean model in the DCT space corresponds to an
elastic prior model equal to p,. By combining equation 6 with equation 7 we derive the linear
forward modeling in the DCT space:

d=G(KIr+puy,)+n =Pr+Gp, +n, (13)
in which the matrix P is a M x (g x 3) matrix, computed considering only the first g DCT

coefficients for each elastic property, and n is again the noise vector. As an example, Figure 2

compares the forward modeling matrices G and P, associated with the elastic and the DCT space.

Forward operator in the elastic space
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Figure 2: a) Example of forward modeling matrix in the elastic space for 630 data points and
273 model parameters. b) The projection onto the DCT space of the forward modeling matrix

shown in a) if only the first 40 DCT coefficients per elastic property are considered (q=40).

If the forward operator is linear, the posterior model p(r|d) in the DCT space is still Gaussian with
posterior mean and covariance given by:
Mg = e + (PTC'P+ G TIPTC (A~ Pyy),  (14)
Cra = (PTC3'P+C71)™. (15)
In equation 14 note that we directly invert for the reflectivity contrasts because the low-frequency
elastic model is simply added when we project the results back onto the elastic space. Indeed, to be
of practical utility, the final solution of the AVA-DCT inversion must express the posterior
distribution of elastic properties m conditioned upon the observed data d and the reduced model r:

p(m|d,r) = NV (m; jar, Cmiar)- FOr a linear inversion, the statistical properties of such posterior

9
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model can be computed by projecting the mean and covariance of the p(r|d) distribution onto the
elastic space:
Mmjdr = Hm + K{lyq, (16)
Crnjar = KiCraKy. (17)
For what concerns the sensitivity analysis kernels, the model resolution matrix in the DCT space is
defined as (Menke 2018):
R, = (PTC;'P + C;H)™IPTCy'P. (18)
The corresponding model resolution matrix in the elastic space given the reduced model r, can be
obtained by a projection of the R, matrix (Menke, 2018):

Ryr = KIRK,. (19)

The DEMC and HMC inversions

For the sake of coherency, the numerical inversions consider the same Gaussian prior model (i.e. log
Gaussian distributed elastic properties) used by the linear inversion. However, one outstanding
benefit of Monte Carlo methods is that they can also manage non-parametric prior models. Both the
DEMC and HMC inversion employ a convolutional forward modeling based on the exact Zoeppritz
equations. These two approaches make use of the well-known Metropolis-Hasting rule to define the
probability of moving from the current state of the chain e to the proposed state e’. For example, in

the implemented DEMC this rule can be written as follows:

. p(e’) p(dle’)
a =p(e'|le) = min ll, X ,  (20)
p(e) p(dle)
where wand Mare the so-called prior and proposal ratios, respectively, whereas in the standard
p(e) p(dle) P prop , TesP y

inversion approach e represents the elastic model m, while in the DCT inversion e represents the
vector r. In both the DEMC and HMC inversions the ensemble of models sampled after the burn-in

period is used to numerically compute the statistical properties (e.g. mean, mode, standard deviations,

10
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marginal densities) of the PPD. For the inversions running in the DCT space, the a-priori mean vector
and covariance matrix are analytically derived from the statistical properties of the elastic prior model
through equations 11 and 12. For these inversions, the sampled models are projected back onto the
elastic space (see equation 7) just before the forward modeling phase (see equation 13) that gives the
predicted data needed to compute the likelihood value. The elastic posterior model can be numerically
derived from the ensemble of DCT models collected during the sampling stage, after projection onto
the Vp-Vs-density space.

The DEMC is an advanced MCMC algorithm that uses a population of different chains that are
evolved using differential evolution principles (Ter Braak, 2006). In more detail, such differential
evolution principles are used to generate multivariate proposals for each DEMC chain: let the d-vector
s represent the state of a single chain, then at each iteration t-1, the Q chains define a population S =
{sl i, s 4, ...,sf_l} which corresponds to an @ X d matrix. Multivariate proposals s,, are defined
as:

sh=st +y(sti—sl )+e a=b=i (21)

where i is the index of the current chain, y denotes the jump rate, a and b are integer values drawn
without replacement from {1,...,i-1,i+1,..., Q}, and € represents a small random perturbation drawn
from a normal distribution with a small standard deviation ¢ tailored to the problem at hand: € =
N (0, 0). Each proposal is accepted with Metropolis probability (see equation 20). If the proposal is
accepted si =s,, otherwise s!=s. ;. The optimal y parameter depends on the model
dimensionality and is usually set to y = 2.38/2d. Besides, with a 10% probability the value of y =
1 allows for mode-jumping which is a significant strength of DEMC compared with more
conventional MCMC methods (i.e. random walk Metropolis or adaptive Metropolis). Additional and

more detailed theoretical insights into the DEMC, together with a Matlab implementation can be

found in Vrugt (2016).
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Finally, HMC considers a model as a particle that moves from its current position to a new position
along a given trajectory that is uniquely determined by the mass matrix (M), the kinetic energy (K),
and the potential energy (U). In particular, the potential energy is equal to the negative natural
logarithm of the posterior distribution and is interpreted as the misfit function. For a d-dimensional
parameter space, HMC determines the kinetic energy by introducing an auxiliary variable

(momentum variable) p that is defined over a d-dimensional space:

K(p) = % p" M~'p. (22)

After defining the Kkinetic and potential energies, the model e moves across the 2xd-phase space

according to Hamilton’s equations:

l !pl ) 1 l y 4y, U, ( )
dpl aU . :
l l i) WIthl 11 2:---1d; (2 1)

where t indicates the artificially introduced time variable, whereas the vectors e and p define the so-
called phase space. Note that the kinetic energy and the mass matrix are artificially introduced as
auxiliary quantities and allow for the inclusion of the derivative information of the misfit function
into the sampling framework. Indeed, the right term of equation 24 contains the partial derivative of
the potential energy (i.e. the misfit function) with respect to the considered model e. For each HMC
iteration, the momentum vector is drawn from the normal distribution p(p) = N (p; 0, M ), then the
proposed model is found by numerically solving the Hamilton’s equations starting from the current
state of the chain.

In this work the potential energy is defined as (Fichtner et al. 2019):

1 T 1 T
U(e) = > (d—G(e)) C;*(d—G(e) + 3 (e — eprior) Cot(e—eprior), (25)
where G represents the non-linear, exact Zoeppritz equations, C, is the data covariance matrix, d is

the observed data (partial angle stacks at different incidence angles), e, is the prior model (either
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in the elastic or in the DCT space) with prior covariance matrix given by C.. Note that the potential
energy U(e) in equation 25 equals the negative natural logarithm of the posterior probability of
Bayesian inversions (Tarantola, 2005). The mass matrix and the number of time integration steps (L)
in the phase space are two crucial hyperparameters that must be accurately set to ensure the
convergence of the HMC algorithm. For setting the L parameter we follow the approach of Mackenze
(1989) that in each iteration randomly draws the number of time integration steps from a previously
defined uniform distribution, that in our case is U(5,10). On the other hand, following Fichtner et al.
(2019) we compute the mass matrix as a local approximation (around the currently evaluated model)
of the inverse of the posterior covariance matrix:
M=J"Ci'+ €Y (26)

where J is the numerically computed Jacobian matrix that expresses the partial derivative of the data
with respect to model parameters. We use a forward finite difference scheme to compute the Jacobian
and in this context the model reparameterization provided by the DCT is particularly useful to reduce
the number of forward evaluations needed for the Jacobian computation. Indeed, the HMC algorithm
was developed for problems in which the derivative of the target probability density can be computed
quickly. For example, if L is the number of integration steps for solving the Hamilton’s equations and
for a d-dimensional model space, the number of forward evaluations per iteration needed to
numerically compute the Jacobian with a forward finite difference scheme is equal to (d+1)xL. In this
context, the computational cost of the HMC sampling exponentially increases with the number of
unknowns.

Additional theoretical details about the HMC method can be found in Neal (2011) and Betancourt
(2017), while Sen and Biswas (2017), Fichtner et al. (2019), Fichtner and Zunino (2019), Aleardi and
Salusti al. (2020), and Aleardi et al. (2020) presented some applications of this method to solve

geophysical inverse problems.
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APPLICATIONS AND RESULTS

Linear AVA inversions

We now discuss the results provided by linear Bayesian AV A inversions running in the full and the
reduced DCT space. We consider two different examples in which the true models have been derived
from logged elastic properties recorded along different wells (hereafter called well A and well B)
drilled in the same area and through similar geological formations. The covariance of the elastic prior
model is the same in all the following examples and has been derived from borehole information
extracted from three other wells drilled in the same zone. The variance of the DCT prior model has
been analytically computed by projecting the prior variance in the elastic space onto the DCT space
(see equation 12). The prior covariance is assumed to be stationary along the entire inverted vertical
profile. The a-priori mean model in the elastic space is equal to a heavily low-pass filtered version of
the true model. This prior corresponds to a null mean vector in the DCT space (see equation 11). The
observed data are computed through equation 6 and considering a sampling interval of 1 ms and a
55-Hz Ricker wavelet as the source signature. The observed data vector is contaminated with random
Gaussian noise with a standard deviation of 0.03.

For well A the true model is formed by 91 time samples of Vp, Vs, and density for a total number of
91 x 3 = 273 elastic parameters to be determined. For well B the true model includes 140 time
samples of Vp, Vs and density, thus resulting in 140 x 3 = 420 elastic parameters. Figure 3 shows
the explained variability of the logged Vp, Vs, and density values along well A and well B as the
number of the considered DCT coefficients increases. For both wells, we note that only 25
coefficients per elastic property (g=25) explain more than the 90% of the variability and that the 95%,
approximately, of the total variability, is explained by only 50 coefficients. Therefore, the same
number of DCT base functions can conveniently be used to compress signals with different lengths,

but with similar statistical properties (i.e. vertical variability, variance).
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Figure 3: Explained variability of the true Vp, Vs, and, density profiles along well A (a), and B

(b) as the number of considered DCT coefficients increases.

We start by describing the inversion tests on well A. Figure 4 shows the results in the DCT space if
20 and 40 coefficients are considered. In both cases the inversion reliably predicts the coefficient
values associated with the true elastic model. Moreover, for the low-order coefficients, which
describe a major part of the original variability of the elastic profile, the true model usually lies in the
95% posterior confidence intervals. In Figure 4b we observe that the match between predicted and
actual coefficients decreases as the coefficient order increases, and that the predictions of the high-
order coefficients (i.e. higher than 27) are primarily guided by the prior information (i.e. the prior and
posterior mean and variance are very similar). Indeed, high order coefficients explain minimal, high-
frequency variations of the elastic profile that are not constrained by the seismic data. In other terms,
these parameters are associated with the lowest singular values of the inversion kernel and span the
null-space of solutions. We can also observe that the posterior uncertainties (evidenced by the 95%
confidence intervals) increase as we move from the inversion with g=20 to the inversion with q=40

(Figure 4c).
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between the confidence intervals estimated by the inversions shown in a) and b).

Figure 5 compares the outcomes of a standard Bayesian (SB) inversion (Buland and Omre, 2003) and
of two DCT inversions in which 15 and 40 coefficients per elastic property are considered. In these
cases, we are reducing the full 273-D elastic space to a 45-D and a 120-D parameter space,
respectively. For g=15 the AVA inversion is not able to reliably reproduce the actual elastic property
contrasts and for this reason the observed data is not properly matched. Differently, 40 coefficients
per elastic property provide final estimates (in terms of posterior mean and variance) close to the
actual elastic property profiles, and congruent with the predictions of the SB inversion running in the
full, elastic space. Figure 6 highlights that the DCT inversion with g=15 underestimates the posterior

uncertainties, while the inversion with q=40 yields confidence intervals equal to those provided by

the AVA inversion running in the unreduced space.
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with g=15 and q=40, and for the AV inversion running in the unreduced elastic space.

For a more quantitative assessment of the influence played by the number of considered DCT base
functions in the posterior model resolution and covariance, we perform a sensitivity analysis of the
inversion kernel and we also compute the coverage ratio of the inversion results for different g values.
Figure 7a shows the ratio between the posterior variances provided by the SB and DCT inversions as
the number of DCT coefficients per elastic property (q) increases. For the DCT inversion, as expected,
we observe that for q<38 the posterior variance in the reduced space underestimates the posterior
variance of the full model problem, while for g>38 the posterior variance of the reduced problem
equals the posterior variance of the full model problem. The 0.95 coverage ratios (i.e. the probability
that the 95 confidence interval contains the true model parameter values) provided by the SB and
DCT inversion confirm that 40 coefficients are more than enough to guarantee the same level of
accuracy of a standard inversion running in the full space (Figure 7b). Finally, Figure 7c compares
the diagonal entries of the model resolution matrices for the SB and DCT inversions. Again, we note
that 40 DCT coefficients per elastic property guarantee the same resolution of a linear AVA inversion
running in the unreduced, elastic space. As expected, the model resolution decreases moving from
the Vp to Vs and to density. Indeed, the Vp is the parameter that mostly influences the observed

seismic amplitudes, while the density is the parameter that exerts the minor influence on the P-wave
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reflection coefficients. These results confirm that for well A, only 40 DCT coefficients for each elastic
property allow for a substantial reduction of the model dimensionality (from the unreduced 237-D
elastic space to a 120-D DCT space), while still guaranteeing model resolution and uncertainty
estimations similar to those estimated in the full model space.

We now briefly discuss the results we obtain on well B. Figure 8 compares the outcomes of an SB
inversion with those yielded by DCT inversions with different compressions of the elastic parameter
space. For 15 DCT coefficients we obtain underpredicted posterior uncertainties, a poor match
between the true and the predicted properties, and underfit between predicted and observed data. On
the contrary, the SB and the DCT inversion running with q=40 provide similar estimates of the
posterior mean and posterior variance. In Figure 9 the ratio between the posterior variances estimated
in the DCT and in the full space, the 95% coverage ratio, and the model resolution, confirm the
conclusions drawn in the previous example on well A: 40 coefficients can successfully recover the
vertical variability of the true Vp, Vs and density profiles and ensure final accuracy and resolution
similar to the SB inversion.

Finally, the two examples on wells A and B show that the optimal number of DCT coefficients is
independent of the number of samples forming the true elastic property profiles but depends on the
actual vertical variability (or in other terms the variance) of the true model. This means that elastic
model vectors with different lengths but with similar vertical variability can be conveniently
approximated by the same number of DCT coefficients. Therefore, in a DCT inversion the same
number of unknowns can be used to infer the elastic property values along vertical intervals of

different lengths.
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DEMC inversion

In all the examples discussed in this section we use the exact, non-linear, Zoeppritz equations as the
forward modeling operator for computing both the observed data and the data predicted on each
sampled model. To this end, we consider a 55-Hz Ricker wavelet and an angle range between 0-40
degrees. Gaussian random noise with a standard deviation of 0.03 contaminates the observed
amplitudes values. The prior models for the SB and DCT inversions are the same previously used in
the linear examples. The starting models for each DEMC chain are randomly generated according to
the Gaussian prior model.

We start by describing the results on well A. In this case the DEMC inversion employs 20 chains
running for 30000 iterations and with a burn-in period of 10000. If only 20 coefficients per elastic
property are used (Figure 10a), we get a PPD that underestimates the posterior uncertainty, and a
posterior mean with low vertical resolution. Differently, 40 coefficients (Figure 10b) ensure model
resolution and uncertainty assessment comparable to that yielded by the DEMC running in the
unreduced space (Figure 10c). Figure 11 shows the evolution of the negative log-likelihood values in
the first 10000 iterations for the examples depicted in Figure 10. The MCMC chains running in the
DCT space always show faster convergence toward the stationary regime than the DEMC inversion
running in the full space. In more detail the DEMC-DCT with q=20 shows the fastest convergence
rate, although the underparameterization of the model generates underfitting with the observed data
(i.e. the chains converge to higher negative log-likelihood values). If g=40 the DEMC-DCT algorithm
attains the stationary regime within 2000 iterations approximately, while more than 5000 iterations
are needed by the standard DEMC. Note that the DEMC-DCT with q=40 guarantees the same level
of data fitting of the standard DEMC, as demonstrated by the same negative log-likelihood values
reached by the two inversions. These results show that 40 DCT coefficients constitutes a good

compromise between model resolution, data prediction, and accuracy of the final solution.
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uncertainty that is evidenced by the darker colors of the PPD.
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g=20 and q=40.

For a more quantitative demonstration of the faster convergence achieved in the DCT space, we
compare for some elastic parameters the evolutions of the potential scale reduction factor (PSRF)
computed on the elastic models sampled by the DEMC running with g=40 and by the DEMC running
in the full elastic space. We remind that the PSRF quantifies for each model parameter the difference
between the “within-walk” and “between-walk” estimated variances (Gelman et al. 1995). The PSRF
decreases to 1 as the number of drawn samples tends to infinite. A high PSRF value indicates that for
the considered model parameter the variance within the walks is small compared to that between the
walks and that additional iterations are needed to converge to a stable distribution. Usually, a PSRF
lower than 1.2 for a given unknown proves that convergence has been achieved for that model
parameter. Figure 12 shows that the DEMC-DCT algorithm is characterized by faster convergence
toward a stable posterior than the standard DEMC. Note that for the considered parameters the
standard DEMC never reaches reliable PPD estimations within the first 20000 iterations. Conversely,
the DEMC-DCT always converges to a stable posterior model. In practical terms, this means that the
DEMC-DCT needs a much lower number of forward modeling evaluations to attain stable posterior

estimations than the standard DEMC.
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at 1.2 indicate the threshold of convergence.

We now briefly discuss the results on well B. In this case to better highlight the benefit provided by
the DCT transformation we decrease the number of MCMC iterations to 20000. The higher
dimensionality of the elastic space (now comprising 420 parameters to be estimated) increases the
differences between the rates of convergence of the different inversion approaches. The standard
DEMC is severely affected by the curse of dimensionality and reaches the stationary regime well
beyond the 15000 iterations (Figure 13). Conversely, only 5000 iterations are needed by the DEMC-
DCT to reach the stationarity. This means that the algorithm running in the unreduced model space
requires a much higher number of sampled models to attain a stable posterior distribution than the

algorithm running in the reduced DCT space. In other terms, the standard DEMC required a much
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higher number of forward evaluations (and then a much higher computational effort) than the DEMC-
DCT. The scattering in the final PPD estimated by the standard DEMC (Figure 14) is a direct
consequence of the lack of convergence of the algorithm toward the stationary regime and a stable
PPD. In Figure 14b the similarity between the prior and the posterior mean models (especially for
the density parameter) further demonstrates that the standard DEMC needs more iterations to
accurately sample the posterior model. On the contrary, the DEMC-DCT provides accurate posterior

assessments and reliable predictions also within the limited number of iterations we employ.
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Figure 13: Evolution of the negative log-likelihood values for the different chains in the

example on well B.
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HMC inversion

For the sake of brevity here we limit the attention to the well A, but similar conclusions would have
been drawn for the well B. Similarly to the previous DEMC experiments, the observed data have been
computed from the true model and applying the Zoeppritz equations within an angle range of 0-40
degrees and with a 55-Hz Ricker as the source wavelet. Gaussian random noise with a standard
deviation of 0.03 has been added to the synthetic, noise-free, observed seismic gather. In all the
inversions that follow we use a single HMC chain running for 10000 iterations with a burn-in of 100.
The prior models for the standard and DCT inversions are the same used in the linear examples. The

starting points of the HMC sampling correspond to the a-priori mean models.
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We start by comparing the predicted elastic models provided by a standard HMC inversion running
in the full space with those yielded by HMC-DCT inversions running with different q values (Figure
15). We note that for q=20 (corresponding to a 60-D parameter space) the inversion satisfactory
captures the vertical variability of the elastic properties, but the major elastic contrasts are slightly
underestimated as are the uncertainty affecting the recovered model (compare Figure 15a with Figures
15b-c). As expected, the underprediction of the elastic contrasts generates underfitting with the
observed seismic data. Differently, if we employ 40 DCT coefficients (q=40, thus corresponding to
a 120-D parameter space) the HMC-DCT and the standard HMC inversion provide congruent results
with similar posterior mean models, posterior uncertainties, and similar matches between observed
and predicted seismic amplitudes.

For the HMC inversion with q=40 we represent the results in the DCT space (Figure 16). For the low-
order coefficients, which are the parameters better constrained by the data, we observe that the true
model usually lies in the posterior 95% confidence interval. Differently, the accuracy of the results
decreases as the coefficient order increases, and also moving from the coefficients pertaining to Vp,
to Vs, and to density. The latter characteristic is related to the different influences played by the elastic
properties in determining the seismic amplitudes, while the former indicates that the high-order
coefficients are not informed by the data. This is also confirmed by Figure 17 that compares the true,
prior, and posterior models for 12 DCT coefficients out of 120. We note that the posterior model
tends to the prior as the order of the considered DCT coefficient increases. This proves that the
estimation of these parameters from the data is a hopelessly ill-conditioned problem, and for this

reason the prediction is mainly driven by the a-priori information infused into the inversion.
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Figure 179: Comparison in the DCT space, between the true model (dashed red lines), the
marginal prior (green curves) and the marginal posterior distributions (blue bars) for different

DCT coefficients estimated by the HMC-DCT inversion running with q=40.

The evolution of the negative log-likelihood values shows that the length of the burn-in period slightly
decreases as the number of considered DCT coefficients decreases (Figure 18). However, if only 20
coefficients are employed, the inversion underfits the observed data, while just 40 coefficients ensure
final negative log-likelihood value equal to that achieved by an HMC inversion running in the full
space. Note that the reduction of the burn-in period less significant in the DCT-HMC inversion than
in the DCT-DEMC. Indeed, the inclusion of the derivative information into the sampling framework
allows for a rapid convergence toward the stationary regime also in high-dimensional model spaces.
This is a crucial strength of the HMC sampling in comparison with standard MCMC algorithms.
Therefore, the major benefit provided by the DCT in the HMC inversion concerns the reduction of
the computational cost. In Figure 18b we compare the percentage difference of the computational
costs of a standard HMC inversion and HMC-DCT inversions running with different g values. If we
consider only 10 DCT coefficients per elastic property, we move from the original 273-D elastic
space to a reduced 30-D parameter space. This huge dimensionality reduction saves the 90 % of the

total computational cost with respect to a standard inversion, but, as previously discussed, the final
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results would be characterized by low resolution and underestimated posterior uncertainties. On the
other hand, 40 base functions per elastic property guarantee a substantial decrease of the
computational cost with respect to a standard HMC inversion (equal to the 58% in our example), but

still ensure reliable PPD estimations (see Figure 15).
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Figure 18: a) Close-up of the evolution of the negative log likelihood values for the three
inversions shown in Figure 15. b) Percentage difference between the computational cost of an
HMC inversion running in the full space, and HMC-DCT inversions running with different q

values.

CONCLUSIONS
We used the DCT to reparametrize linear and non-linear 1D Bayesian AVA inversions, the latter
solved using both the DEMC and the HMC algorithms. With this parameterization a signal (i.e.
expressing the subsurface model vector) is expanded into series of cosine functions oscillating at
different frequencies. Usually, most of the variability of the original signal is expressed by the first
DCT coefficients (low-order coefficients) and for this reason this mathematical transformation can
be used for model compression, which is accomplished by setting the coefficients of the base function
terms beyond a certain threshold equal to zero. In this context, the unknown parameters become the
numerical values of the retained, non-zero coefficients. The choice of this threshold level constitutes

a compromise between the desired resolution, the accuracy of the estimated PPD, and the
32



593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

dimensionality reduction of the parameter space. Indeed, the analytical solutions of linear inversions
clearly showed the trade-off between resolution and uncertainty, that is a too strong compression of
the parameter space leads to an underestimated posterior variance, decreased model resolution, and
underfitting with the observed data. However, our examples showed that for the considered case 40
DCT base functions per elastic property ensured posterior assessments, data predictions, and model
resolutions similar to those achieved by Bayesian inversions running in the full, elastic space. This
means that the DCT reparameterization allowed for a substantial reduction of the dimensionality and
the computational complexity of the AVA inversion. For example, in the inversion experiments on
well B, the 420-D elastic model space was conveniently reduced to a 120-D DCT space.

The DEMC examples showed that the length of the burn-in period and the number of iterations needed
to attain stable PPD estimations significantly decrease in the reduced space. The DCT compression
slightly reduced the length of the burn-in phase of the HMC inversion, but in this context the major
benefit provided by this reparameterization was the significant reduction of the computational effort
related to the numerical derivation of the Jacobian matrix.

In case of field data applications, the number of DCT coefficients (or in other terms the optimal
compromise between the model compression and the accuracy and resolution of the results) can be
determined by a DCT decomposition of actual well log data or of elastic property profiles simulated
in accordance to the prior model. For example, these simulations can be used to determine the fraction
of the entire model variability expressed by different numbers of base functions. Noteworthy, the
optimal number of DCT coefficients is independent of the number of model parameters to be
estimated and is only related to the variance of the subsurface model. Indeed, the examples on wells
A and B showed that model vectors with different dimensionalities but with similar statistical
properties (e.g. vertical variability) can be compressed using the same number of DCT coefficients.
The approach presented here can be extended to other model reduction strategies (i.e. using Legendre
polynomials, or wavelet transform approaches) and to other geophysical inverse problems. For

example, the DCT transformation is also extendible to 2D signals (i.e. images) and for this reason it
33



619  could be used to reparametrize 2D geophysical inversions (e.g. 2D seismic or electrical resistivity
620  tomography).

621

622 Data availability

623  Data associated with this research are available and can be obtained by contacting the corresponding

624  author
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