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ABSTRACT. In this paper we study properties of Toeplitz operators on wei-
ghted Bergman spaces of bounded strongly pseudoconvex domains. We prove
that a Toeplitz operator built using a weighted Bergman kernel of weight
and integrating against a measure y maps continuously a weighted Bergman

space ALl (D) into A}? (D) if and only if y is a (A, v)-skew Carleson measure,
where A = 1+ % — % and y = 1 (5 - %) This generalizes results

obtained by Pau and Zhao on the unit ball, and by Abate, Raissy and Saracco
on a smaller class of Toeplitz operators on strongly pseudoconvex domains.

KEYWORDS: Carleson measure, Toeplitz operator, strongly pseudoconvex domain,
weighted Bergman spaces.

MSC (2010): Primary 32A36; Secondary 32A25, 32Q45, 32T15, 46E22, 46E15,
47B35.

1. INTRODUCTION

Carleson measures are a powerful tool and an interesting object to study,
introduced by Carleson [7] in his celebrated solution of the corona problem. Let A
be a (usually) Banach space of holomorphic functions on a domain D C C"; given
p > 0, a finite positive Borel measure y on D is a Carleson measure for A and p if
there is a continuous inclusion A < LP(u), that is, if there exists a constant C > 0
such that

vrea [ IfPan<cifl.
We shall also say that y is a vanishing Carleson measure for A and p if the inclusion
A — LP(p) is compact.

In this paper we are interested in Carleson measures for weighted Bergman

spaces AZ(D), that is spaces of holomorphic functions on a domain D € C”"

which are p-integrable with respect to the measure 5%v, where v is the Lebesgue
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measure, J is the Euclidean distance from the boundary of D and 8 € R; we shall
denote by A?(D) the (unweighted) Bergman space A} (D).

Carleson measures for (possibly weighted) Bergman spaces have been stud-
ied by several authors, including Hastings [14], Oleinik and Pavlov [27], Oleinik
[26] and Luecking [25] for the unit disk A C C; Cima and Wogen [9], Duren and
Weir [12], Zhu [32] and Kaptanoglu [19] for the unit ball B" C C"; Zhu [31] for
bounded symmetric domains; Cima and Mercer [8], Abate and Saracco [3], Abate,
Raissy and Saracco [4], Hu, Lv and Zhu [17] and Abate and Raissy [5] for strongly
pseudoconvex domains.

One of the reasons of the interest for Carleson measures is that they can be
characterized in several different ways, even without any reference to function
spaces. A particularly important characterization relies on the intrinsic Kobayashi
geometry of the domain D € C". Givenzy € D and r € (0,1), let Bp(z, ) denote
the Kobayashi ball of D with center zy and radius % log % If j1 is a finite positive
Borel measure on D, for any r € (0,1) and 6 € R we can compare the y-measure
and the Lebesgue measure of the Kobayashi balls by using the functions

1(Bp(z1))
V(BD(z,r))g .

It turns out that the behaviour of fi, g can be used to decide whether y is Carleson
for a given weighted Bergman space. Indeed we have the following statement:

THEOREM 1.1 (Abate-Raissy-Saracco [4], Hu-Lv-Zhu [17]). Let D € C" bea
bounded strongly pseudoconvex smooth domain and y a finite positive Borel measure on
D. Choose 0 < p, q < 4oc0 and & > —1, and denote by §: D — R the Euclidean
distance from the boundary of D. Then:

flrp (Z) =

(i) if p < q, then p is a Carleson measure for A} (D) and q if and only ifflyq/p0 v
belongs to L (D) for some (and hence any) r € (0,1);

(i) if p > q, then p is a Carleson measure for Ak (D) and q if and only if ﬁrrlé_%
belongs to Lr (D) for some (and hence any) r € (0,1).

In view of this theorem it is natural to say that a measure y is a (A, )-skew
Carleson measure if A > 1 and fi,,6~** € L®(D), orif A < 1 and f1,16~% €

L7 (D). When A =1 (i.e., p = q) we shall say that y is a a-Carleson measure.

Other characterizations can be given in terms of r-lattices and of the Berezin
transform of the measure p (see Section 2 of this paper for details); but here we
are interested in a different kind of characterization, an application of Carleson
measures to mapping properties of Toeplitz operators.

Roughly speaking, a Toeplitz operator is the composition of a projection
and a multiplication. More precisely, if X is a Banach algebra, Y C X a Banach
subspace, P: X — Y a linear projection and f € X, then the Toeplitz operator Ty of

symbol f is given by Tr(g) = P(fg)-
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In complex analysis, the most important projection is the Bergman projec-
tion B, which is the orthogonal projection of the space L?(D) onto the (unwei-
ghted) Bergman space A%(D), where D € C" is abounded domain. The Bergman
projection is an integral operator of the form

Bf(2) = [ Kiz,w)f(w)dv(w),

where K: D x D — C is the Bergman kernel of D. It turns out that the Bergman
projection can be extended to L¥ (D) for all p > 0 and maps L?(D) into AP(D).
Cutkovi¢ and McNeal [10] suggested to study the mapping properties of Toeplitz
operators, associated to the Bergman projection, of the form

Typf(2) = [ K(zw)f(@)o(w)P dv(w)

in particular they were interested in determining for which values of 8 € R the
operator Ty would map a Bergman space A?(D) into a Bergman space A7(D).
In the paper [4] we realized that to properly address Cutkovi¢ and McNeal’s
questions it is useful to consider the larger class of Toeplitz operators associated
to measures. If y is a finite positive Borel measure on D then the Toeplitz operator
of symbol y is given by

Tof (@) = [ Kizw)f(w)duw) ;

clearly, the Toeplitz operator Tys considered by Cu¢kovi¢ and McNeal is the Toe-
plitz operator of symbol the measure 6fv. Toeplitz operators with a measure as
symbol have been studied, for instance, by Kaptanoglu [6] on the unit ball of
C", by Li [22] and Li and Lueckling [23] in strongly pseudoconvex domains, and
by Schuster and Varolin [30] in the setting of weighted Bargmann-Fock spaces
on C"; they already noticed relationships between their mapping properties and
Carleson properties of y.

In [4] we performed a detailed study of how Carleson properties of u were
related to mapping properties of T, proving results like the following:

THEOREM 1.2 (Abate-Raissy-Saracco [4]). Let D € C" be a bounded strongly
pseudoconvex smooth domain, y a finite positive Borel measure on D and take 1 < p <
g < +oo. Then the following assertions are equivalent:

(i) T,: AP(D) — A9(D) continuously;
(i) pisa (1 + % — %, 0) -skew Carleson measure.

In proving this theorem we realized that the natural setting to study the
mapping properties of Toeplitz operators of this kind is given by weighted Ber-
gman spaces, and we obtained several results showing that if T, maps a weighted
Bergman space into another weighted Bergman space then y is (A, «)-skew Car-
leson for suitable A and &, and conversely that if ;1 is (A, «)-skew Carleson then T,
maps a suitable weighted Bergman space into another suitable weighted Bergman



4 MARCO ABATE, SAMUELE MONGODI AND JASMIN RAISSY

space. Unfortunately, we got only a few clean “if and only if" statements; more-
over, we were mainly interested in mapping spaces A} (D) in spaces AZ (D) with
g > p, and we did not discuss the case p > g.

This paper is devoted to prove instead a neat and general “if and only if"
statement, following ideas introduced by Pau and Zhao [28] in the unit ball. To
do so we proceed by further enlarging the class of Toeplitz operators we are con-
sidering. Given > —1, the orthogonal projection Pg: L2(oPv) — A%(D) is still
represented by an integral operator of the form

Pef(2) = [ Koz w)f()o(w)P dv(w),

where the weighted Bergman kernel Kg: D x D — C has properties similar to those

of the usual Bergman kernel (see Section 2). The Toeplitz operator Tf of symbol u
and exponent f is given by

10£(z) = [ Koz, w)f(w) dp(ew)
Then the main result of this paper is the following:

THEOREM 1.3. Let D € C" be a bounded strongly pseudoconvex smooth domain.
Let 0 < p1, p2 < +ooand —1 < a1, ay < +o00. Suppose that B € R satisfies

1—|—06]‘
pj

1
n+1+ﬁ>nmax{l,}+

Pi
forj=1,2. Put

and, if A # 0, put

1 a1 zxz)
=—(p+——=]).
TR (ﬁ P p2

Then, for any finite positive Borel measure y on D, the following statements are equiva-
lent:

@) Tﬁ: ARN(D) — AR2(D) continuously;

(ii) the measure y is a (A, y)-skew Carleson measure.

In particular, Theorem[I.2]is now obtained as a consequence of Theorem [1.3]
by takinga; =a; = =0and 1 < p; < pp < +o00.

The paper is structured as follows. In Section 2 we collect a number of
preliminary results, on the Kobayashi geometry of strongly pseudoconvex do-
mains, on the weighted Bergman kernels, and on the known characterizations
of skew Carleson measures. Section 3 is devoted to the proof of Theorem
while in Section 4 we prove a version of Theorem [1.3| for vanishing skew Car-
leson measures, showing that (under the same hypotheses on the parameters)
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Tﬁ : ARI(D) — AR(D) is compact if and only if the measure y is a vanishing
(A, v)-skew Carleson measure.

2. PRELIMINARY RESULTS

In this section we collect definitions and preliminary results that we shall
use in the rest of the paper.

From now on, D € C" will be a bounded strongly pseudoconvex domain in
C" with smooth C* boundary. Furthermore, we shall use the following notations:

e J: D — R will denote the Euclidean distance from the boundary of D,
thatis é(z) = d(z,9D);

e given two non-negative functions f, g: D — R we shall write f < ¢ to
say that there is C > 0 such that f(z) < Cg(z) for all z € D (the constant
C is independent of z € D, but it might depend on other parameters,
such asr, 6, etc.);

e given two strictly positive functions f, g: D — R we shall write f ~ ¢
if f < gand ¢ < f, that is if there is C > 0 such that C~1g(z) < f(z) <
Cg(z) forallz € D;

o v will be the Lebesgue measure;

e O(D) will denote the space of holomorphic functions on D, endowed
with the topology of uniform convergence on compact subsets;

e given 0 < p < +oo, the Bergman space AP(D) is the (Banach if p > 1)
space LP(D) N O(D), endowed with the LP-norm;

e more generally, if y is a positive finite Borel measureon D and 0 < p <
+o0o we shall denote by L” () the set of complex-valued u-measurable
functions f: D — C such that

If

pu = {/D |f(Z)|”d#(Z)T/p < +oo;

e ifa > —1we shall write v, = 6*v, we shall denote by A} (D) the weighted
Bergman space

AY(D) = LP(6*v) N O(D),

and we shall write || - [| o instead of || - |, 5xy;
e K: D x D — C will be the Bergman kernel of D, and for each zy € D we
shall denote by k;,: D — C the normalized Bergman kernel defined by

K(z,zg) _ K(z,zg)
K(z0,z0)  IIK(- z0)[l2

ky(z) =

e givenr € (0,1) and zyp € D, we shall denote by Bp(z, r) the Kobayashi

ball of center z( and radius } log 1*£.
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We refer to, e.g., [1} 2 [18] 20], for definitions, basic properties and applications
to geometric function theory of the Kobayashi distance; and to [16} 15} 21} 29] for
definitions and basic properties of the Bergman kernel.

Let us now recall a few results we shall need on the Kobayashi geometry of
strongly pseudoconvex domains.

LEMMA 2.1 ([3, Lemma 2.2]). Let D € C" be a bounded strongly pseudoconvex
domain. Then there is C > 0 such that
—r C
< <
—5(z20) < 8(2) < T

forallr € (0,1),z9 € Dand z € Bp(zo, 7).

(zo)

LEMMA 2.2. Let D € C" be a bounded strongly pseudoconvex domain, B € R
andr € (0,1). Then
vg(Bp(-1)) ~ SR
where the constant depends on r.

Proof. For B = 0 the result can be found in [22] Corollary 7] and [3, Lemma
2.1]. If B # 0 Lemma 2.T]yields

vg(Bp(z0,7)) = /BD(ZO/r)(S(z)ﬂ dv(z) = 6(z0)Pv(Bp(z0,7))

and we are done. 1

We shall also need the existence of suitable coverings by Kobayashi balls.
Recall that for a bounded domain D &€ C", given r > 0, a r-lattice in D is a
sequence {a;} C D such that D = {J;Bp(ag,r) and there exists m > 0 such
that any point in D belongs to at most m balls of the form Bp(a, R), where R =
T +7).

The existence of r-lattices in bounded strongly pseudoconvex domains is
ensured by the following result:

LEMMA 2.3 ([3) Lemma 2.5]). Let D € C" be a bounded strongly pseudoconvex
domain. Then for every r € (0,1) there exists an r-lattice in D.

We shall use a submean estimate for nonnegative plurisubharmonic func-
tions on Kobayashi balls:

LEMMA 2.4 ([3, Corollaries 2.7 and 2.8]). Let D € C" be a bounded strongly
pseudoconvex domain. Given r € (0,1), set R = 1(1+7r) € (0,1). Then there exists a
constant K, > 0 depending on r such that

K
Ve e D 20) < 77/ dv
0 X( 0) V(BD(Z(),T)> BD(Z()J'))C

and K
Vzg € D Vz € Bp(zo,7 Zgir/ w
0 p(z0,7) x(2) v (Bp(zo,1)) BD(ZOfR)X
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for every nonnegative plurisubharmonic function x: D — R™.

Now we collect a few results on the weighted Bergman kernels. Given 8 >
—1, the weighted Bergman projection is the orthogonal projection Pg: Lz(u/g) —
A%(D), where vg = SPy. Tt is known (see, e.g., [13]), that there exists a function
Kg: D x D — C such that

Pef(2) = [ Kylzw)f(w)s(w)Pdv(w

for all f € L?(vg). Moreover, Kg(z,w) is holomorphic in z, we have Kg(w,z) =
Kg(z,w) and

£2) = [ Koz w) flaw)a(w)Pav(w)

forall f € A%(D). The function Kg is called the weighted Bergman kernel of D. For
a € D, the normalized weighted Bergman kernel of D is
Kg(z,a)

kpa(z) = —rt,
pal?) Kg(a,a)

When B = 0 we recover the usual Bergman kernel, and we shall write K, respec-
tively k,, instead of Ky, respectively kg ,.

We shall need a few estimates on the behaviour of the weighted Bergman
kernel. They are analogous to the classical estimates for the Bergman kernel and
follow from the results obtained by Englis [13] on the asymptotic behaviour of
the weighted Bergman kernel. The first one is the following.

LEMMA 2.5. Let D € C" be a bounded strongly pseudoconvex domain and let
B > —1. Then

IKg(-,20) 25 = 1/ Kp(z0,20) ~ 8(z0) " HHP/2 and kg llop =1
forall zg € D.

Proof. The first equality, and hence the result for kg ., is well-known, as well
as the whole statement for = 0 (see, e.g., [15]).

If B # 0, then thanks to the results in [13], the weighted Bergman kernel is
smooth outside the boundary diagonal; so, in particular, if zp € D’ € D the norm
|Kg(,20)llp,5 is bounded by a constant depending only on D', p and .

Therefore, we only have to estimate the boundary behaviour. Let 4 € 0D
and let U be a neighbourhood of g with coordinates (z/,z,) = (z1,...,2x) cen-
tered in g such that

DNU = {(z,zn) € U : Re(zy) > ¢(z')}

where —1 is strongly plurisubharmonic with V¢ # 0. Set r(z) = Re(z,) — 9(2).
We consider an almost-sesquianalitic extension of r(z) on U x U, i.e., a function,
which we denote again by r, such that:
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o r(z,w) =r(w,z),
o the first derivatives of r with respect to Z and w vanish at infinite order
along z = w,
e 1(z,z) =r(z).
It easily follows from these properties that

0 0
872]7"(0) = a—zjr(o, O) ,
and similarly for the other derivatives. Therefore we have
n—1 .
|2r(z,w) — r(z) — r(w)| = c1]|zn — wn| + 2 c]2|zj — wj|2 +0(||z — w|®).
j=1
Moreover |2r(z,w) — r(z) — r(w)] is positive outside z = w, and so ¢; > 0. There-
fore in a neighbourhood of (O, O) we have that

r(z,w)| ~ (7(2) +r(w) +|zn —wal +nf 2 = wj2> '
j=1

The results in [13] imply that Kg(z, w) is asymptotic to c(z, w)r(z,w) " ~1~F
for a suitable function ¢ € C*®(D x D). Therefore on U we have

- “n-1-p
|K5(z,w)| ~ (r(z) +r(w) + |zn — wy| + Z; |z]- - w]-|2> .
]:

Thus, following the same proof as in the classical case, we obtain the assertion. &

A similar estimate, but with uniform constants on Kobayashi balls, is the
following.

LEMMA 2.6. Let D € C" be a bounded strongly pseudoconvex domain and let
B > —1. Then for every r € (0,1) there exist ¢, > 0 and 6, > 0 such that if zy € D
satisfies 6(zo) < &y then

Cr 1
§(Zo)n+1+ﬁ — ‘K/S(Z,ZO)‘ — Cr(s(zo)n+1+:5
and
c > 1

r
8(zo)" 1P < kg (2)[° < 0r0(zg)"H1HB
forall z € Bp(zo,r).

Proof. If B = 0 then this is proven in [22, Theorem 12] and [3, Lemma 3.2
and Corollary 3.3]. If B # 0, then thanks to the results in [13], we have that

ne1 —(n+1+p)
(2.1) Kg(z20) = c(2,20) <V(Z) +1(z0) + |20 — zon| + 21 |z _ZO,j|2>
]:
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in suitable local coordinates around a point of the boundary diagonal, i.e., if
d(zp,0D), d(z,0D) and ||z — z¢|| are small enough. By the completeness of the
Kobayashi metric, there exists J, > 0 such that every z € Bp(zo, ) satisfies such
condition if §(zg) < Jr. The assertion then follows by arguing as in [22, Theo-
rem 12] or as in [3, Lemma 3.2 and Corollary 3.3]. 1

REMARK 2.7. Note that in the previous lemma the estimates from above
hold even when 6(zg) > J,, possibly with a different constant ¢,. Indeed, when
d(zg) > drand z € Bp(zo, 1) by Lemmathere is 4, > O such that 6(z) > 4,;as a
consequence we can find M, > 0 such that |[Kg(z,z0)| < M; as soon as 6(zo) > 4y
and z € Bp(zp, ), and the assertion follows from the fact that D is a bounded
domain.

A very useful integral estimate generalizing the analogous ones for the un-
weighted Bergman kernel (see [22, Corollary 11, Theorem 13] or [4, Theorem 2.7])
is the following:

THEOREM 2.8. Let D @ C" be a bounded strongly pseudoconvex domain, zg € D
and o, B> —1. Thenfor0 < p < +ooanda — B < (n+ B+ 1)(p — 1) we have

[, 1K@ 207821 du(@) = 8(zo) Pl B GD

In particular,

IK(20) | pa = 8(z0) "7~ H14B)

Proof. If B = 0 then this is proven in [22, Corollary 11, Theorem 13] and [4}
Theorem 2.7]. If B # 0, then it suffices to use and follow the same proof as
in the unweighted case. 1

Finally, the normalized Bergman kernel can be used to build functions be-
longing to suitable weighted Bergman spaces:

LEMMA 2.9. Let D @ C" be a bounded strongly pseudoconvex domain, and >
—1. Given0 < p < +ooand =1 < a <min{(n+p+1)p—np—1,(n+p+1)p—
n—1}, set
n+1+B n+l+a
T = 7 - ” .
Foreach a € D set f, = 6(a)"kpq. Let {ai} be an r-lattice and ¢ = {c} € (7, and put

F=3 cifa
k=0

Then f € AL(D) with || f||pa = |l¢/p-

Proof. If B = 0 then this is a consequence of [17, Lemma 2.6]. If B # 0, then
it suffices to use the estimates given by Theorem 2.8/and follow the same proof as
in the unweighted case. 1




10 MARCO ABATE, SAMUELE MONGODI AND JASMIN RAISSY
We also need to recall a few definitions and results about Carleson mea-
sures.

DEFINITION 2.10. Let0 < p, g < +o0and a > —1. A (p, g; «)-skew Carleson
measure is a finite positive Borel measure u such that

L IF@1duz) 2 Il

for all f € AF(D). In other words, y is (p, ; «)-skew Carleson if A} (D) — L1(u)
continuously. In this case we shall denote by ||z 4« the operator norm of the

inclusion A}(D) < L7(u). Furthermore, a (p,q;«)-skew Carleson measure is
vanishing if
I / (2)|7du(z) =0
i [ 1@ due)
for any bounded sequence {f;};cy C Ak(D) converging to 0 uniformly on any
compact subset of D. For p > 1, u is a vanishing (p, q; «)-skew Carleson if and
only if A}(D) < L9() compactly (see, e.g., [4, Lemma 4.5]).

REMARK 2.11. When p = g we recover the usual (non-skew) notion of Car-
leson measure for A} (D).

DEFINITION 2.12. Let 8 € R, and let y be a finite positive Borel measure
onD. Givenr € (0,1),let fi, p: D — R be defined by

. #(Bp(z,1)
frale) = £E2E20)
v(Bp(z,1))
we shall write fi, for fi, ;.

We say that p is a geometric 0-Carleson measure if fi,p € L®(D) for all r €
(0,1), that is if for every r > 0 we have

0
#(Bp(z, 1)) = v(Bp(zr))
for all z € D, where the constant depends only on r.

Furthermore, we shall say that u is a geometric vanishing 9-Carleson measure

if
zl—ing P (z)=0
forallr € (0,1).

Notice that Lemma[2.2] yields
22) flrg~ o DO g,

In [4], Saracco, the first and the third author proved (among other things)
that, if p > 1, a measure y is (p, p; «)-skew Carleson if and only if it is geometric
f-Carleson, where 6 = 1+ nj‘_l. Hu, Lv and Zhu in [17] have given a similar
geometric characterization of (p, g; «)-skew Carleson measures for all values of p
and g; to recall their results we need another definition.
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DEFINITION 2.13. Let u be a finite positive Borel measure on D, and s > 0.
The Berezin transform of level s of u is the function BSu: D — RT U {+oo} given
by

B(z) = [ Ike(w) " dp(eo)

The geometric characterization of (p,q; «)-skew Carleson measures is dif-
ferent according to whether p < g or p > q. We first recall the characterization
for the case p < g.

THEOREM 2.14 ([17, Theorem 3.1], [5, Theorem 2.15]). Let D &€ C" be a
bounded strongly pseudoconvex domain. Let 0 < p < g < 4ooand a > —1; set
0 =1+ ;45 Then the following assertions are equivalent:

(i) uisa (p,q;a)-skew Carleson measure;
(ii) w is a geometric 10-Carleson measure;

(iii) there exists ro € (0,1) such that fi, 1, € L¥(D);
'r
ol
(iv) for some (and hence any) r € (0,1) we have fi, 46 7 € L®(D);
‘P

(v) for some (and hence any) r € (0,1) and some (and hence any) r-lattice {ay} in
D we have

Vke N “l/l(BD(ak,T’)) jV(BD(ﬂk,T))%Q}

(vi) for some (and hence all) s > 9% we have

Bou < 6 D(05-3)

7
Moreover we have

(n+1) <7—9”)

(2.3) B®t|eo -

i, 30l % 36~ 1o |16

The geometric characterization of (p,q; «)-skew Carleson measures when
p > q has a slightly different flavor.

THEOREM 2.15 ([17, Theorem 3.3], [5, Theorem 2.16]). Let D &€ C" be a
bounded strongly pseudoconvex domain. Let 0 < q < p < +ooand a« > —1; put
0 =1+ ;55 Then the following assertions are equivalent:

(i) pisa (p,q;a)-skew Carleson measure;
u is a vanishing (p, q, «)-skew Carleson measure;

(i)
(iii) yr57“% e L7 (D) for some (and hence any) r € (0,1);
(iv) for some (and hence any) r € (0,1) and for some (and hence any) r-lattice {ay }

r
in D we have {fi, 01 (ag)} € £v-1;
v) for some (and hence all) s > 6'7 + 7T (1 %) we have

f(n+1)(et% 40

5 ) By e L5 (D) ;
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Moreover we have

~ ||5—(n+1)(9g—;+%

_al R
@49 pllpgn = o™l o~ Ift, g3 (ar) "Bl
p—q p p—q

(S

=i

We also have a geometric characterization of vanishing (p, 4; #)-skew Car-
leson measures when p < g:

THEOREM 2.16 ([17, Theorem 3.1], [4, Theorem 4.10]). Let D &€ C" be a
bounded strongly pseudoconvex domain. Let 0 < p < g < +ooand o > —1; set
0 =1+ ;55 Then the following assertions are equivalent:

(i) p is a vanishing (p, q; «)-skew Carleson measure;

(ii) u is a geometric vanishing %G—Carleson measure;

(iii) there exists rg € (0,1) such that lim fi, q,(z) = 0;
z—dD" 0y

(iv) for some (and hence any) r € (0,1) we have liryD fl, a (z)(s(z)—“% =0;
z—> P

(v) for some (and hence any) r € (0,1) and some (and hence any) r-lattice {ay } in
D we have

o

==

Jim i ag(a) = lim A, o (a)0(a) " = 0;

(vi) for some (and hence all) s > 9% we have

tim 5(2) " VG0 B2y = 0.

z—dD
A consequence of these theorems is that the property of being (p, q; «)-skew

Carleson actually depends only on the quotient q/p and on a. We shall then
introduce the following definition:

DEFINITION 2.17. Take A, « € R. A finite positive Borel measure y on D is
a (A, a)-skew Carleson measure if
- A > 1and #,)0~* € L®(D) for some (and hence any) r € (0,1), and
we shall put ||zt s, = [[,20~ [|ee; 0,
- A<land 1,67 € Lﬁ(D) for some (and hence any) r € (0,1), and
we shall put [[p]| . = [0~ 1 .

1-A
Notice that by [17, Lemma 2.3] different r’s yield equivalent norms.
Furthermore we say that y is a vanishing (A, a)-skew Carleson measure if

- A>1land lir(ng fiy 1 (2)3(z) ~*" = 0 for some (and hence any) r € (0,1);
z—
or,
- A <1landpisa (A, a)-skew Carleson measure.
So a measure is (vanishing) (p, g; «)-skew Carleson if and only if it is (vanishing)
(q/p,n)-skew Carleson. Notice that the definition of (0, «)-skew Carleson does
not depend on «.

This definition has the following easy (but useful) consequence.
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LEMMA 2.18 ([5, Lemma 2.18]). Let D &€ C" be a bounded strongly pseu-
doconvex domain, A > 0 and « > —1. Let p be a (A, a)-skew Carleson measure,

and B > —A(a+1). Then pg = Puisa (Aa+ %)—skew Carleson measure with
Il = il
We end this section by recalling the main result in [5], which gives a charac-

terisation of (A, y)-skew Carleson measures on bounded strongly pseudoconvex
domain through products of functions in weighted Bergman spaces.

THEOREM 2.19 ([5, Theorem 1.1]). Let D € C" be a bounded strongly pseudo-
convex domain, and let y be a positive finite Borel measure on D. Fix an integer k > 1,
and let 0 < p;,q; < +ooand —1 < a; < +oobe given forj=1,... k. Set

£ qj . i
— and ——
‘L v
Then y is a (A, y)-skew Carleson measure if and only if there exists C > 0 such that

2.5) /H|f] ) du(z <c]’[||f,

>\>—‘

pj&j

forany f; € AZ;(D)

3. TOEPLITZ OPERATORS AND SKEW CARLESON MEASURES ON WEIGHTED BERGMAN SPA-
CES

This section is devoted to the proof of our main Theorem[I.3} We shall need
the following preliminary result:

LEMMA 3.1. Let D @ C" be a bounded strongly pseudoconvex domain. Let 1 <
p <400, —1 <, a’ < +ooand put

x o
= -4+ =,
P p 7

where p' is the conjugate exponent of p. Then the functional
(£.8)p = [ F2)3@vg(2)

is a duality pairing between AL(D) and AZ/ (D), where vg = 5Pv.

Proof. The continuous dual of A% (D) is Agl (D), with the usual pairing

(1) = [ FRGE ().
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Therefore
(1.9 = [ F@8@vp(2) = [ F2)gE@0()F*du(z) = (f,88P~%)

is a duality pairing between A} (D) and AZ/ (D) as soon as h = goP—% ¢ Ag,(D),
i.e., as soon as

[ 15 52 -ty (2) < oo

D

which is true because the choice of f yields (B —a)p’ +a =a'. 1
Now we can prove Theorem .3}

THEOREM 3.2. Let D € C" be a bounded strongly pseudoconvex domain. Let
0 < py, p2 < +ooand —1 < a1, ay < 4o00. Suppose that B € R satisfies

1+ a;
(3.1) n+1+p > nmax 1,l + !
pj pj
forj=1,2. Put
A=l4———
Pt P2

and, if A # 0, put

1 aq 0(2)
= (p+2-2).
TR (ﬁ Pi P2
Then for any positive Borel measure y on D the following statements are equivalent:
(i) Tf: ARN(D) — AR2(D) continuously;
(ii) pisa (A,y)-skew Carleson measure.

Moreover, one has
Tf R .
| y”Ag%(D)ﬁAg(p) ||}”H)w
Proof. The proof is divided into several cases.

(i)=(ii) We consider two cases: A > 1and A < 1.

Case 1. Assume A > 1. Leta € D and consider f, = Kg(-,a). By (.1)
with j = 1, we get (n + 1+ B)p; > n+ 1+ a3, which is equivalent to a1 — f <
(n+ B+1)(p1 — 1), so, by Theorem[2.8] for a € D we have that

(32 IKg (-, a) |10y = 6(a)™HHHo1= 0TI

in particular, f, € Ag} (D). We can then apply the Toeplitz operator to f, and
consider the value of the resulting function for z = a:

7! fala /Kﬁawm Jn(w) = [ Kp(a,w) Pp(w)
(3.3)

> [ Kat)Paute) = 1E0K)
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as soon as 4 is close enough to dD, where, in the last inequality, we used Lemma
2.6

Moreover, by Lemma
T’Ba :Tﬁa Pzplz_<1|: T:l?a P24 :|"12
) =[R2 Z Lo oy TRS@)P200)
(3.4) - 5(a)~%2/p2

1/pa
_W [/B \Tﬁfa( NP2a(¢ )“ZdV(C)}

where we used Lemma [2.2]and Lemma 21

<5 (a)~rHte) /”2|\Tﬁfu||pz,rxz < | TRN8(a) =0 2 £y
Combining (3.2), and (3.4) we conclude that
ity
B ) ~ T’S 5 (n+14B)+
o5 HBol@n) < T

n+1+ an
P1

_ ||Tﬁ||‘5( ) (n+1+7)A
~ ”TﬂHU(BD(a r>)(n+1+7)/\/(n+l) '

This means that y is a geometric A (1 4 ;15 )-Carleson measure, which, by Theo-
rem is equivalent to y being a (A, v)-skew Carleson measure. Moreover,

iy = ITEI -
of [5

Case 2. Assume A < 1, thatis p < p1. In this case, we can adapt the proof
| Proposition 3.4]. We present here the full proof for the sake of completeness

Let {a;} be an r-lattice in D, and {r,} a sequence of Rademacher functions
(see [11, Appendix A]). Set

_n+1+p n+l+4m
2 Pl !

and, for every a € D, put f, = 6(a) kg ;. Then Lemmaimplies that

fe=Y_ ckr(t) fu
k=0
belongs to A}! (D) for all ¢ = {cx} € ¢¥1, and || fi|| py 0

= lellp-
Since, by assumption, Tf is bounded from A} to A}? we have
p2
HT ft”rizﬂéz = chrk T fﬂk ) dvtxz(z)

< IIT’gII’”ZIIftI b 0 = ITEIP )b

Integrating both sides on [0, 1] with respect to t and using Khinchine’s inequality
(see, e.g., [25]) we obtain

. [ o p2/2
[, (Z |ck|2T£fak<z>|2> dvey (2) < TP el -
: k=0
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Set By = Bp(ay, ). We consider two cases: pp > 2and 0 < pp < 2.
If py > 2, using the fact that ||a|,, /> < ||a||1 for every a € (! we get

IMCYREAACILEIND
p2/2
</ <Z|Ck| | fﬂk |XBk( )) dVﬂlz(Z)
. p2/2
S/D(E)ICkIZITffak(Z)F) ey (2) -

If instead 0 < pp < 2, using Holder’s inequality, we obtain

Y- lexl?? [ ITEfo (2)]72 dusy ()
k=0 By

P2 1— P2

</ ( a |Tﬁfak<>|> (fwm) iy (2)
k=0

00 p2/2
= (kzo |ck|2|T5fak<z>|2> B2

where we used the fact that each z € D belongs to no more than m of the By.
Summing up, for any p, > 0 we have

L led? [, T fou(2)17 dves(2) = TEP el

Now Lemmas [2.2} 2.1 and [2.4]yield
TE (a2 < 8a)4152) [ Ty ()12 duy(2)

and so we have

é ek [P26(ax) "2 T £ (@) P2 < | TEIIP2 e 32
On the other har;d, using Lemmas[2.5/and we obtain

T8 o (00) = 0(a)" [ Koot )k, () dp(w)
2 [ Kyl w) dn(w)
> 0(a)" T [ Kl ) )
b

1+ p— ntltaq ],[(BD(ak, )) . ,u(BD(ak/ ))
P1 3 .
5(ay)? (n+1+B) §(ak)n+1+ﬁ+ ntltag

= O(a)™"

= o(ay)
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Putting all together we get

Bo (7)) \"
£ i (0o < i,

since
n+1+[5+n+1+“1 _n+l4m — (147N
pP1 P2
Now, set d = {dy}, where
dv — V(BD(ak/r))
k= 8(ag) (A

Then by duality we get {d}?} € (P1/(P1=P2) with ||{d,fz}\|pl/(pl,p2) = ||T£||p2,
because p1/(p1 — pz2) is the conjugate exponent of p;/p, > 1. This means that
d € trp2/(11—p2) = p1/(1-A) with
p
Il <7

and the assertion then follows from Theorem [2.15] (notice that the proof in [17]

that {fl, xo(ax)} € (T implies 1,6 7 € LllA( D), where =1+ holds also
for A <0).

n+1’

(ii)=(i) We consider three cases: p, > 1,pp =1land 0 < pp < 1.

Case 1. If pp > 1, let p}, > 1 be the conjugate exponent of pp, and choose
af, € R so that
© Y
ZI
An easy computation shows that &, = ay + (B — a2)p5, and then &, > —1 follows
from forj=2.

Take f € AR (D) and h € AZ,Z(D). Then

(3.6) p=

(Tff h) 5 —/ / K/g z,w) f(w)dp(w )dvﬁ(z)
= | [ Kp(w 2)h@dv() fw)dn(w) = [ h(w)f(w)dntw)
Therefore, as j is (A, )-skew Carleson, by Theorem[2.19] we have

(TR E, 1)) = o s 1l g

because, by our hypotheses,
/
()
P P2

(3.7)

)\—i—i-l and v =
PP

>



18 MARCO ABATE, SAMUELE MONGODI AND JASMIN RAISSY

As this holds for every h € AZ,Z (D), that is, by Lemma for every continuous
2
functional on AZ§ (D), we conclude that
178 Flpass < llanFllpsas
that is Tﬁ is bounded from AZ}(D) to Ay?(D) and ||Tﬁ|\ = pellrq-
Case 2. 1f p» = 1, thatis A = -, condition (8.1) for j = 2 implies § — > > 0.
Take f € AR (D). Then

1T f s [ [ 1Kz )l £ a0) dp(ao)dvay (2)

= [17(@)| [ [Kez o) Favg(2)an(o) 3 |f(w) o) Pdu(w)

by Theorem[2.8]
Now, as p is (A,y)-skew Carleson, Lemma implies that 62~ Py is a

1
<P’ 041) -skew Carleson measure, with ||6*2= Py 1/p1,0 2 I#]l7,y- Theorems|2.14
1

and then imply that 82~ is (py, 1; & )-skew Carleson, and so we obtain

ITE Flley < ilas I F 1o -

as desired.

Case 3. If 0 < pp < 1, thanks to Lemma 2.3 we can find a r-lattice {a;}
and m € N such that for every z € D there exist at most m values of k such that
z € Bp(ag, R), where R = J(1+7r). Put By = Bp(ay, r) and B = Bp(ai, R).

By Lemmas 2.2} 2.1]and 2.4|for w € By we have

Fa) %

J 1O, @

and

P2 <
[Kp(z,w) P2 < -

)[P2dve, (€) -

Therefore, integrating on By we get

1Ktz @)l 1f () ()

- Yo (Bk)lyp(f/]; (Bi)l/P2 ( f Q)P dva (C )>l(/§k |K/3(Z,C)|p2dlez(€))’}2.

Since p, < 1, summing over k we get

= 3 b (@I ) ste, P ).

1 Vi ( Bk)”z/”lva (Br)
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Integrating in z over D with respect to v,, we obtain

P2

(3.8) ||Tﬁf||p2,tx2 = i (S(If)l((HH?APz (/ 1£(2)|Prdva, (T )) ,

k=1
thanks to Lemma[2.2) Lemma 2.7 and Theorem [2.8] that we can apply because of
(3.1) for j = 2.

Now, if A > 1 we have that

1 (Be) = [[pllay6(ag) "N,

and so yields

P2

v (@ @) < I 1A

On the other hand, if A < 1 (that is p1/p> > 1), by Holder inequality we
have

¥ s (f, o )"

o uB)  VRE\T (e 1 "
<<kX_j1 (W) ) (El/gk LA dm(é)) :

Now, the proof of the implication (b)=-(c) in [17, Lemma 2.5] applied with s =
—yAand p = p1p2/(p1 — p2) yields

{ #(Bk) } c i
k>1

§(ak>(n+1+’y)/\

’H (By) }
(g(ak)(n+l+'y))\ k1

ITEF11B2 = N2 N5
and we are done in this case too.

ITEFII72 a0y <

f’2

and

v il
¢{P1—P2

So

4. COMPACT TOEPLITZ OPERATORS AND VANISHING SKEW CARLESON MEASURES

In this section we shall prove a version of Theorem [3.2|concerning compact
Toeplitz operators and vanishing skew-Carleson measures. The only interesting
caseis A > 1, because for A < 1 (thatis pp < pp) all (A, y)-skew Carleson mea-
sures are vanishing (Theorem and all continuous operators from Ag} (D) to
Azg (D) are compact (see, e.g., [24, Proposition 2.c.3]).
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To deal with the case A > 1 we shall need the following version of Theo-
rem whose proof is analogous to the proof of [28, Theorem 4.1]:

THEOREM 4.1. Let D € C" be a bounded strongly pseudoconvex domain, and let
p be a positive finite Borel measure on D. Fix an integer k > 1, and let 0 < pj, q; < +o0
and —1 < aj < +oo be given for j=1,... k. Set

)\:

>=\H

k g; k

2 4 and Z i} .
j=1Pi j=1 Pj
Assume that A > 1. Then the following statements are equivalent:

(i) p is a vanishing (A, y)-skew Carleson measure.
(ii) For any sequence {f1 ¢}, in the unit ball of AL} (D) converging to 0 uniformly
on compact sets in D we have

lim F(¢) =0,

{—o0

where
k
F(£) = sup {/D fLe@IM T T duz) | fillpe <1, 7= 2f-~-/k} :
j=2

(iti) For any k sequences {f1 ¢}, ..., {fx¢} in the unit balls of AL} (D), ..., A (D),
respectively, which are all convergent to 0 uniformly on compact sets in D, we
have

tim [ 1f@)0 - (@) du(z) = 0.

Proof. Assume (i) is satisfied, that is y is a vanishing (A, )-skew Carleson
measure. Let {f; /}scn be a sequence in the unit ball of A}! (D) which converges
to 0 uniformly on compact subsets of D, and for j = 2,...,k let f] be an arbitrary

function in the unit ball of Agj(D) Givenr > 0,letusset D, = {z € D | é(z) <
r}. Then u, = u|p, is a (A, 7)-skew Carleson measure, and

=0

i
lm {|perf|,9

because y is vanishing. Fix ¢ > 0. Then if r > 0 is small enough Theorem 2.19
yields

/D|rf1,g(Z)|q1|f2(Z)|q2' | fx(2)|dp(2)
= /lel,z(Z)lqllfz(Z)l‘“' - fr(2) |y (2) < €

On the other hand, thanks to the uniform convergence of f; , to 0 on compact
subsets of D, we can find M € N such that for any £ > M we have |f; /(z)| < ¢

(4.1)
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forall z € D\ D,. Therefore applying again Theorem we have
/ Vl (@A™ fil2)|*du(z)<e] | f(2)|% | fi(2)[*dp(z)

:?/l)\1|q1|f2(z)|qz. U fel2) | dp(z)= e

These last two estimates together imply (ii).

It is evident that (ii) implies (iii). To prove that (iii) implies (i) we follow the
same construction as in the proof of Theorem Choose oy, ..., 0, € N* such
that

(4.2)

pioi >max{1 1+ +1}
forallj=1,...,k and

k
Y 99> Ar,
=

and set

(n+1)0; ntl+w
Foranya € Dandj=1,...,k, consider
fial(z) = 6(a)ka(2)%
Then, since a; < (n+1)(p;o; — 1) by the choice of ¢; we know (Theorem 2.8) that
| fj,a pis < 1forallj=1,...,k; moreover it is easy to see that

li , —
Jim Ifia(z)] =0

uniformly on any compact subset of D. Therefore (iii) yields

k
4.3) lim / H\fjﬂ(z)\% du(z) = 0.
=

a—dD JD

7’]'2

Now, we have

/. H|f,ﬂ 219 du(z) = [ ka(2) 99025 dp(),

and

pj
Therefore, setting s = }; 0jq; > Ay, {.3) becomes

k k
;% g n+1
2‘711 (n+1) Z;ljzj_ei],]: 2 Z;QJ'U]'_(”JFU)\%

tim 8(a) DG [ k() dn(z) = tim 5(a) DG Bpa) =,
a—dD

where By is the Berezin transform of level s of #, and so y is a vanishing (A, )-
skew Carleson measure thanks to Theorem ]
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We can now prove the following result:

THEOREM 4.2. Let D € C" be a bounded strongly pseudoconvex domain. Let
0<p; <p2 < +ooand —1 <y, ap < 4o00. Suppose that B € R satisfies

14«
(4.4) n+1+ B > nmax 1,l + /
Pj Pj
forj=1,2. Put
A=1t— L
pr P2

and .
151 L %]
== (p+====).
A (ﬁ p1 Pz)
Then for any positive Borel measure y on D the following statements are equivalent:
@) Tf: ARN(D) — AR (D) compactly;
(il)  is a vanishing (A, y)-skew Carleson measure.

Proof. Assume that (i) holds. Since Tﬁ is compact, it maps every bounded
sequence in AL (D) converging uniformly to 0 on compact subsets of D to a se-
quence strongly converging to 0 in A2 (D).

We consider a sequence {a;} € D such that kl_i)rfoo 8(ax) = 0 and we set

fi(z) = 8(a) PR  (7, )
Thanks to Theorem 2.8 we have that

I fillppa <1
Moreover, for any L € D there exists a constant C; > 0 such that |Kg| is bounded
from above by C; on L x D. Therefore for every z € L we have that
|fi(2)] < Crd(ag)HHHA- e/
and so, since since our hypotheses give us that (n +1+ ) — (n+1+a3)/p; >0,
we get

lim sup |fi(z)] < lim Cyd(a)" A= (mH1ta)/p — o
k—+o0 T k—+o0

Hence the compactness of Tﬁ implies

. B B
*3) Jim T fellpaay = 0.
Now, the same computations as in the proof of the implication (i)==-(ii) of Theo-
rem [3.2] yield
H ( BD (ak/ 7’) ) B
8 (ay) (HH IR (1) [y = Ty fi(ax)
and

TR fi(ar) < 6(ar) 092 m2 | TR f |y
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Therefore
#(Bp (4, 1))
3(ag) (PN =78 fellpas
which, together with and Theorem implies that p is a vanishing (A, y)-
skew Carleson measure.

Conversely, assume that p is a vanishing (A, y)-skew Carleson measure
with A > 1, and let {gx }xen be a bounded sequence in A}! (D) converging uni-
formly to 0 on compact subsets of D. We want to prove that the bounded se-
quence {Tf Sktken C AR (D) converges strongly to 0 in Ay?(D). We consider
twocases: pp >1land 0 < pp < 1.

If p, > 1 then, as in the proof of Theorem 3.2} thanks to Lemma3.T} denoting
by p} the conjugate exponent of p; and by &} the number defined in (3.6), using
we have

ITigillme: ~  sup | Thgpl < sup [ h(a)llge@)ldn(),

11l <1 Il <1

and Theorem [4.1]yields that the last integral converges to 0 as k tends to +co.

If 0 < p» <1, for any r-lattice {a;} we consider the associated balls {B; =
Bp(aj,r)} and {Ej = Bp(aj,R)}, where R = (14 )/2, as usual. Using we
obtain that

p 0 u ( ,)Pz p2/p1
p2 J P
(4.6) HTPlgk”leﬂz = ]; 5(aj)(n+1+7)/\}72 (/E] |gk(€)| 1dval(§)> '
Let ¢ > 0. Since y is a vanishing (A, 7)-skew Carleson measure by Theorem
there exists jp > 0 such that

1(B;))
§(aj)(n+1+'y))\

for all j > jo. Choose &y > O such that B; C L = {z € D | 6(z) > &} € D for
all j < jo. We can then split the sum in the right-hand-side of into two parts.
For the first part we have

. P2 : P2
o P2 2 7 Jo P2 N
i (B)) . T i (By) " vy (B))"
S Sud VN < p1

j=1 =1

and clearly the right-hand-side converges to 0 as k tends to +oo.
On the other hand we have
P2

; ,
5 W(/ (@) P @))’i Y ( [ lsil@) <é>>m
J':jo+15(”j)(”+1+7)AP2 B; ' j=jo+1\"Fi 1

< gl < e
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because the sequence {gx} is norm-bounded. Therefore klim ||T5 Skllprar = 0,
—+o0

and this concludes the proof. 1
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