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ABSTRACT
We compare two Monte Carlo inversions that aim to solve some of the main problems of dispersion
curve inversion: deriving reliable uncertainty appraisals, determining the optimal model
parameterization, and avoiding entrapment in local minima of the misfit function. The first method
is a transdimensional Markov Chain Monte Carlo that considers as unknowns the number of model
parameters, that is the locations of layer boundaries, together with the Vs and the Vp/Vs ratio of
each layer. A reversible jump Markov Chain Monte Carlo (rfMCMC) algorithm is used to sample
the variable-dimension model space, while the adoption of a parallel tempering strategy and of a
delayed rejection updating scheme improves the efficiency of the probabilistic sampling. The
second approach is a Hamiltonian Monte Carlo (HMC) inversion that considers the Vs, the Vp/Vs
ratio and the thickness of each layer as unknowns, whereas the best model parameterization
(number of layer) is determined by applying standard statistical tools to the outcomes of different
inversions running with different model dimensionalities. This work has a mainly didactic
perspective and for this reason, we focus the attention to synthetic examples in which only the
fundamental mode is inverted. We perform what we call semi-analytical and seismic inversion tests
on 1D subsurface models. In the first case, the dispersion curves are directly computed from the
considered model making use of the Haskell-Thompson method, while in the second case they are

extracted from synthetic shot gathers. To validate the HMC and rijMCMC outcomes we analyse the
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estimated posterior models and we also perform a sensitivity analysis in which we compute the
model resolution matrices, posterior covariance matrices, and correlation matrices from the
ensembles of sampled models. Our tests demonstrate that major benefit of the iMCMC inversion is
its capability of providing a parsimonious solution that automatically adjusts the model
dimensionality. The downside of this approach is that many models must be sampled to guarantee
accurate posterior uncertainty. Differently, less sampled models are required by HMC algorithm,
but its limits are the computational effort related to the Jacobian computation, and the multiple

inversion runs needed to determine the optimal model parameterization.

INTRODUCTION

Rayleigh wave measurements are highly sensitive to the S-wave velocity (Vs) and for this reason
they are extensively used for geotechnical characterization or seismic site response studies (Socco
and Strobbia 2004). Over the last years, the full-waveform inversion of surface waves is getting
growing attention thanks to the increased computational power of modern parallel architectures
(Gross et al. 2017; Xing and Mazzotti 2019). However, well-established methods still rely on
dispersion curve inversion under the assumption of a 1D subsurface structure (Socco and Boiero
2008; Maraschini and Foti 2010; Cercato, 2011; Foti et al. 2018; Di Giulio et al. 2019).

The dispersion curve inversion is a highly non-linear and ill-conditioned problem. For this reason, it
is crucial adopting inversion approaches that efficiently converge toward the global minimum, that
allow for a straightforward introduction of a-priori model constrains, and that also provide reliable
estimations of the uncertainties affecting the recovered solution (i.e. the estimation of the posterior
probability density “PPD”). In this context, gradient-based inversion methods (i.e. Gauss-Newton,
Steepest descent) exhibit fast convergence rates but limited capability to explore the parameter
space, resulting in a final solution highly dependent on the initial model (Luke et al. 2003; Wathelet
2005; Kritikakis et al. 2014). Metaheuristic search algorithms (i.e. genetic algorithms, particle

swarm optimization) exhaustively explore the model space but they usually require many forward
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model evaluations and considerable computational effort to converge (Dal Moro et al. 2007; Picozzi
and Albarello 2007; Sen and Stoffa 2013; Sajeva et al. 2014; Sajeva et al. 2017). In addition, both
gradient-based and metaheuristic approaches do not satisfy the importance sampling principle and
for this reason they hamper a reliable uncertainty appraisal (Tarantola, 2005). Markov Chain Monte
Carlo (MCMC) algorithms exhibit global convergence capabilities and honour the importance
sampling principle (Sen and Stoffa, 1996) but they usually require a higher computational effort
with respect to linearized, gradient-based inversion algorithms.

Markov Chain Monte Carlo methods convert the inversion into a sampling problem in which the
sampling density is proportional to the posterior (Sambridge and Mosegaard, 2002). The first stage
of the MCMC sampling is the burn-in period in which the chain moves from a random starting
model to a high-probability region. The second stage is often called the sampling stage in which the
small fluctuations of the misfit value indicate that the MCMC algorithm reaches the stationary
regime. Usually the samples accepted during the burn-in period do not accurately represent the
target density and for this reason they are disregarded in the computation of the PPD.

Another issue of any geophysical inversion is determining the optimal model parameterization (i.e.
number of layers) that guarantees a good compromise between model resolution and posterior
uncertainty (Fernandez-Martinez, 2015; Aleardi 2015; Menke 2018). A transdimensional MCMC
inversion treats the number of model parameters as an unknown to be inferred from the data (Green
1995; Malinverno 2000; Sambridge et al. 2006). In the past years, transdimensional MCMC
algorithms have been successfully applied to solve inverse problems especially at the earthquake
seismology scale (Bodin and Sambridge, 2009; Bodin et al. 2012), whereas over the last few years
their applications have also been extended to exploration and applied geophysics (Dadi et al. 2016;
Ray et al. 2017; Mandolesi et al. 2018; Xiang et al. 2018; Galletti and Curtis 2018; Zhu and Gibson,
2018; Cho et al. 2018). In the context of surface waves inversion, it is known (e.g. Socco and
Strobbia, 2004) that the chosen model parameterization (i.e. number of layers) heavily affects the

outcomes of dispersion curve inversion. For this reason, it is desirable to use an inversion approach
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that automatically adapts the underlying model parametrization and that produces solutions with an
appropriate level of complexity to fit the data to statistically meaningful levels. However, specific
MCMC recipes targeted to the problem at hand must be implemented to maintain the computational
effort of the Markov chain sampling affordable. More specifically, MCMC methods are primarily
affected by low acceptance rates and show high correlations between successively sampled models.
Hamiltonian Monte Carlo (HMC; Duane et al. 1987) algorithm was designed to circumvent these
critical issues of MCMC algorithms. The main benefits of HMC with respect to standard MCMC
algorithms are its rapid convergence toward the stationary regime, so that the burn-in phase is
drastically reduced, and its ability to make long jumps in the model space, so that the independence
of the sampled models is guaranteed. HMC exploits the derivative information of the target PPD to
focus on the most promising regions of the model space, that is regions containing more plausible
models. HMC was developed for problems in which the derivative of the target probability density
with respect to the model parameters can be computed quickly (MacKay, 2003; Bishop 2006; Neal
2011; Betancourt 2017). More in detail, HMC treats a model as the mechanical analogue of a
particle that moves from its current position (current model) to a new position (proposed model)
along a given trajectory (Muir and Tkalcic, 2015; Sen and Biswas 2017; Fichtner and Simuté, 2018;
Fichtner et al. 2019). The geometry of the trajectory is controlled by the kinetic energy (K), by the
mass of the particle, and by the potential energy (U) that is interpreted as the misfit function. Note
that the kinetic energy and the mass matrix are artificially introduced as auxiliary quantities and
allow for the inclusion of the derivative information of the misfit function into the sampling
framework. In case of optimal tuning of the hyperparameters, the acceptance rate in standard
MCMC sampling (such as for the random walk Metropolis) lies between 0.2-0.4 (Sambridge and
Moseggard, 2002), while in case of optimal tuning the acceptance rate of HMC is very close to 0.6
(Neal, 2011).

In this work we compare the transdimensional MCMC and HMC algorithms for inverting Rayleigh

wave dispersion curves and we discuss some of their main benefits and drawbacks. The
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transdimensional MCMC has been already applied for inverting surface waves and some examples
can be found in Bodin et al. (2012), Dettmer et al. (2012), and Galletti et al. (2016). Differently, this
is the first application of HMC to dispersion curve inversion and to the best of our knowledge this is
the first paper in which these two methods are extensively compared in solving this inverse
problem. For this reason, we develop a mainly didactic perspective without including any
methodological novelties to the fMCMC and HMC approaches and by limiting the attention to
synthetic data inversions in which only the fundamental mode is considered.

We apply a birth-death reversible jump MCMC algorithm (rjMCMC; Geyer and Mgller, 1994), in
which the amplitude of the variation of the number of dimensions is one (i.e. only one layer can be
added or deleted to the current model). Both algorithms invert for the shear wave velocity (Vs) and
the compressional wave velocity over the shear wave velocity (Vp/Vs) ratio. The rfMCM also
considers the number of layers and the depth location of the layer interfaces as additional unknowns
to be inverted for, whereas the HMC uses a fixed model parameterization but considers the layer
thickness as un unknown parameter. To avoid biased parameter estimations, we treat the Vp/Vs ratio
as an unknown, although this parameter exerts a small influence on the observed dispersion curves.
The density has an even smaller influence on the observed dispersion curve than the Vp/Vs ratio,
and for this reason this parameter is not inverted but fixed to a previously determined value.

We increase the efficiency of the implemented rfjMCMC approach by applying a parallel tempering
strategy (Sambridge, 2014) and a delayed rejection updating scheme (Bodin and Sambridge 2009).
As previously mentioned, HMC requires the model parameterization (number of layers) as an input
to the inversion. For this reason, we here estimate the most probable model dimensionality by
making use of common statistical tools, such as the chi-squared (x?) probability and the Bayesian
information criterion “BIC” (Schwartz 1978; Ando 2010; Sambridge et al. 2006), which are
applied to models sampled in different inversion runs in which different model parameterizations

are employed.
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For both the rfMCMC and HMC we perform what we call semi-analytical and seismic inversion
tests on 1D reference models. In the first case the observed data (dispersion curves) are semi-
analytically derived from the true model, while in the seismic tests the dispersion curves are
extracted from seismic shot gathers computed on the reference models by means of the reflectivity
algorithm (Mallick and Fraser 1987). In all the following experiments we limit to consider the
fundamental mode as the observed data, although it is known that higher modes are essentially to
better constraints the solution in case of shear velocity inversions and/or high stiffness contrasts
within the soil column (Feng et al. 2005; Luo et al. 2009; Cercato, 2011; Farrugia et al. 2016;
Sajeva and Menanno 2017; Qiu et al. 2019). We return to this aspect in more detail in the discussion
section. The extraction of the dispersion curves is always a very delicate step especially when
higher modes are more energetic than the fundamental one (Xia et al. 2003; Luo et al. 2009; Boiero
et al. 2011). In this work concerning synthetic data, we simply extract the observed data by picking
the maxima of the fundamental mode in the frequency-phase velocity spectra. In both the semi-
analytical and seismic inversions, the forward modelling is based on Haskell-Thompson (Haskell
1953) method that considers a stack of horizontal, homogeneous, layers. This method is also used in
the semi-analytical tests to compute the observed data from the reference models.

For two inversion examples we quantitatively validate the rfMCMC and HMC outcomes by
comparing the estimated marginal PPDs and by analysing some of the most popular sensitivity
analysis tools such as the model resolution matrices, posterior model covariance matrices, and
posterior correlation matrices (Menke, 2018), which are numerically computed from the ensemble
of sampled models. In addition, we the relate these matrices and the estimated PPDs to the
geometrical properties of the misfit function (L2 norm difference between observed and predicted
dispersion curves).

In the following we start with a theoretical description of the rjMCMC and HMC approaches. Only
the main mathematical aspects of the methods are described, while the interested reader is referred

to pertinent references for further details. Then, we discuss the outcomes of the semi-analytical and
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seismic inversion tests. Additional theoretical and practical insights into Monte Carlo inversion of
geophysical data can be found in Mosegaard and Tarantola (1995), Sambridge and Mosegaard
(2002), Mosegaard and Sambridge (2002), and Scalzo et al. (2019).

METHODS
Birth-death reversible jump Markov Chain Monte Carlo

The Bayes theorem can be written as:

_ pdm)p(m)
p(mld) = ==05 ()

or

(o) — P ORMIRE)

p(d)

where equation 1 represents the Bayesian equation for inverse problems with a fixed number of
unknowns, while equation 2 is the Bayesian formulation in case of parameterizations with different
number of unknowns n. In both equations 1 and 2, d is the N-dimensional observed data vector, and
m is the Q-dimensional model parameter vector, whereas the left-hand side terms represent the
target PPD that could be numerically estimated from the ensemble of models sampled by the
MCMC algorithm after the burn-in phase. In a transdimensional MCMC, the Metropolis-Hasting
rule determines the acceptance probability o, which is the probability to move from a model m with
dimension n to a model m’ with dimension n’ at a given step of the chain:

p(m’,n’) p(dm’,n)  q(m njm’,n’)
"p(mn) - p(dm,n)  gq(m’,n'|m,n)

xI1f, (3)

a=p(m’,n'|m,n) = min |1

where J is the Jacobian of the transformation from m to m’ and is needed to account for the scale

changes when the transformation involves a jump between models with different dimensions; q() is

the proposal distribution that defines the new model m’ as a random deviate from a probability
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distribution g (m’|m) conditioned only on the current model m. Note that the proposal ratio term in

equation 3 vanishes if symmetric proposals (for example Gaussian proposals) are employed in a

fixed-dimensional model space (i.e. m and m’ have the same dimensions). In addition, for the

birth-death rjMCMC algorithm the determinant of the Jacobian is equal to 1 and thus it can be
conveniently ignored in computing the acceptance ratio (Bodin and Sambridge 2009).

We consider a Dirichlet prior distribution for interface locations and bounded and independent
uniform priors for Vs and Vp/Vs ratio. We also assume a Gaussian distributed, uncorrelated noise

with data covariance matrix equal to C,, whereas the likelihood function is based on a L2 norm

misfit between observed and predicted data.

In particular, in the rjMCMC inversion the model vector m includes the Vs and Vp/Vs ratio (in the

following equations often indicated with y for notational convenience) of the n layers and the vector

Z = [z4,23, ..., Zn—1] €Xpressing the location of the of the n — 1 interfaces; m = [Vs,y, z] = [e,z].

The prior for model dimension is independent of the prior of layer properties and layer partitioning
(distribution of interfaces depths over the depth range of interest), so that the prior model can be

written as:

p(m,n) = p(e|n)p(zln)p(), (4)

where p(z|n) is the prior on layer partitioning, p(n) is the prior on the number of layers, whereas

p(e|n) represents the prior on Vs and y. By assuming uncorrelated layer properties, equation 4

becomes:

p(m,n) = p(Vs|n)ply|npElnph), (5)
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The prior p(n) is defined as a uniform distribution bounded in the interval [1,,,in, Tmax]:

() = a0’ if npin Eninmax' (6)

0, otherwise

where An = 1,00 — Nmin- A uniform bounded prior for the interface depth within the partition is
given by the Dirichlet distribution (Steininger et al. 2013):

p(zln) =n!zyg., (7)

where z,,... 1S the maximum allowed depth position of an interface.

We define the prior for each layer property (Vs and y) to be a bounded uniform distribution

between [e,min, €maxl:

n n
1 1
. — — = i =7 =7
p(eln) = E[p(31|n) E[ﬂe (Ae)™’ if emaxr <€ =< emax . (8)
= i=

0, otherwise
where e generically represents both Vs and y with Ae = e, — €min-

The assumption of uncorrelated Vs and Vp/Vs ratio is an oversimplification that results in an
augmented null-space of solutions and in an decreased convergence of the sampling. However, in
the following applications the limited number of model parameters (always less than 12) guarantees
the rapid convergence of the algorithm even though an oversimplified prior model is used.

If we assume Gaussian distributed, uncorrelated noise with a covariance matrix Cg, the likelihood

function takes the following form:
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1 ¢(m,n) @(m,n)
p(d/m, n) :me}:p (— 5 ) & exp (— 5 ) (9)

where L is the number of data points, whereas ¢(m,n) = ||C;*?(d — de)||2 is the weighted L2

norm difference between observed and predicted data.

To increase the computational efficiency of the algorithm, we employ a parallel tempering strategy
(Dosso et al. 2012; Sambridge, 2014) in which multiple and interactive chains are simultaneously
run at different temperature levels T=[T1,To,...,Tmax]. High-temperature chains ensure a wide
exploration of the model space, whereas low-temperature chains exploit the high-probability
regions. According to stochastic criteria, swaps of models are allowed between chains at different
temperatures, and in this context the high temperature chains ensure that low-temperature chains
access all the high probability regions while maintaining an efficient exploitation capability. Only
the models collected at T=1 are considered in the computation of the PPD because the models
collected at T>1 sample a biased posterior probability density function. In this context the

likelihood ratio of equation 3 becomes:

p(dim’,n',T) e(m’,n") — ¢(m,n)
pdmnT) (_ 2T ) (10)

In the approach to parallel tempering applied here, the two chains for a proposed swap are chosen at
random from all chains at each iteration, and these chains are allowed to exchange their current
models (or equivalently their current temperature levels). To derive the interchange probability let

us consider two independent Markov chains with temperature 7; and 7; with current models m; and
m;, respectively. At a given Monte Carlo step the two chains exchange their models with a

probability equal to:
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p(i,j) = min Il'expl(%_ﬁ)( (mi)—cp(mj-))] l.(ll)

i

and if the swap is accepted:

(m;, ), (m;, ;) = (my, T;), (m,, ;). (12)

In the dispersion curve inversion, the spread of the PPD is influenced by the model parameter
illumination that, for example, decreases as the depth of investigation increases. In other terms, the
optimal variance of the proposal for a given model parameter (e.g. Vs and Vp/Vs) is expected to
vary with depth. For this reason, we increase the efficiency of the implemented rjMCMC sampling
by using a delayed rejection scheme: after a rejected perturbation, a second attempt is made with a
different proposal that could be theoretically dependent or independent from the previously rejected

model. If the second move is independent from m’ we can simply write (Bodin and Sambridge

2009):

p(m”|d) g;(m’'|m"”) (1 —p(m'im"))
"p(m|d) g;(m’'lm") (1-p(m’|lm)) [

p(m”|m) = min|1

(13)

In practice we derive m” by perturbing m according to a second proposal distribution g,

characterized by a reduced variance with respect to the first proposal g,. To make the computation

of the p(m"'|m) straightforward, the delayed rejection scheme is here applied only to the fixed-

dimension moves (see the following discussion). This strategy automatically adapts the
characteristics of the proposal distribution to the spread of the PPD along different directions in the

parameter space.

For even iteration numbers, we apply the following perturbation scheme:
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e Property move: Randomly pick one layer and perturb its Vs and Vp/Vs values according to a

Gaussian proposal distribution with a null mean value and a previously selected variance.
For odd iteration numbers we select one of the following updating strategies with equal probability:

e Interface move: Randomly pick one interface and slightly perturb its position using a
Gaussian proposal with a zero mean and a previously selected variance. This move
guarantees a small variation in the likelihood between the current and the candidate models.
However, to prevent the creation of a too thin layer, if an interface is moved too close to
another interface, the move is rejected.

e Birth move: Add a new interface to the model at a given vertical location. Then, pick the Vs
and Vp/Vs values for the newly created layer from the corresponding prior models.

e Death move: choose at random one interface and remove it from the model. Then, randomly
select the layer above or below the deleted interface and assign its properties to the whole

vertical interval pertaining to the deleted layer.

It can be demonstrated that the previously described MCMC recipe results in an acceptance ratio for
all the moves equal to (see Dosso et al. 2014 and Xiang et al. 2018 for a complete mathematical

derivation):

p(d|m’, n')

p(mr_nr|m, n) = min ll,ml (14)

In the following examples we consider a uniform prior for Vs defined over [50 m/s, 400 m/s], a
uniform prior for Vp/Vs ratio defined over [1.8, 5.8], whereas the number of layers is bounded
between [2, 5], for a maximum allowed depth position for an interface equal to 20 m. The variances
of the proposals are properly set to have an acceptance probability between 0.2-0.4 for the chains

running at T = 1. For each chain the starting models are randomly generated from the prior. In all

the following experiments, we employ 20 tempered chains, with 10 chains at T=1 and the remainder
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with logarithmically distributed temperature values between 1 and 100. The highest temperature
values are set to obtain an acceptance probability around 0.6-0.7 for the corresponding chain. The
number of iterations is set to 3000 with a burn-in period of 300. Figure 1 represents the flow-chart

of the iMCMC algorithm.

Read data and inpul Define the starting model
arameters /~—=|from p(m,n) for each chain. Output p(n,m|d
P Set N iter=0 put p(n.mid)

:

Parallel tempering: Propose
a swap of models between
two chains

A

YeS _[Collect all the models sampled

N lter > iter max after the burn-in and at T=1

Cycle over the chains

Set Curr chain=0
N iter=N iter +1 i

yes

—"l Curr chain = Curr chain +1 I
ave all the chains no #
been considered?. F d modell
K orward modelling
Choose a perturbing Perturb (m,n) and evaluation for

strategy derive (m',m’) ()

\

v

Delayed rejection:

If m” is accepted Reject (m', m)

m=m", otherwise Setm=m, n=n no ¢
m=m Compute Compute
> acceptance ratio likelihood function
5 T 7 p(m’,n’'lm,n) for (m',n’)
ccept (', n).

Setm=m/, n=n’

[}

Figure 1: A schematic representation of the rjfMCMC inversion. N iter, iter max, and Curr chain
identify the current iteration number, the maximum number of iterations, and the considered chain,

respectively.

Hamiltonian Monte Carlo

The Hamiltonian Monte Carlo is another method to numerically solve the Bayes theorem (equation
1). HMC improves upon random walk Metropolis by proposing states that are distant from the
current one, but nevertheless have a high probability of acceptance (Duane et al. 1987; Neal, 1996;
Neal 2011; Betancourt 2017). These distant proposals are found by numerically simulating the
Hamiltonian dynamics, in which a model is viewed as a moving particle with a physical state
uniquely determined by the position and momentum vectors: These vectors define the phase space.

HMC samples an auxiliary distribution defined over the 2Q-dimensional phase space, from which
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samples of the posterior can be obtained by ignoring the momentum space component. The particle
trajectory in the phase space is determined by the potential energy (U), the kinetic energy (K) and
the mass matrix (M). The potential energy is the negative natural logarithm of the posterior (see
equation 1) or in other terms is the misfit function associated to the inverse problem. In this context
more plausible models with large values of the posterior are associated to low potential energies.

Generally speaking, the potential energy is given by:

U(m) = —In(p(m|d)). (15)

HMC determines the kinetic energy by introducing an auxiliary variable (momentum variable) p
defined over a Q-dimensional space. It is usually assumed that the auxiliary momentum variable has
a multivariate normal distribution with zero mean and a covariance matrix equal to the so-called

mass matrix:

K(p) = N(p; 0,M), (16)

where N represents the Gaussian distribution, and M is the QxQ mass matrix that must be
accurately set to ensure the convergence of the HMC algorithm (see Fichtner et al. 2019). The

vectors p and m define the 2Q-dimensional phase space, whereas the Hamiltonian H(p, m) is the

total energy of the particle:

H(pm) =U(m) +K(p). (17)

After defining the kinetic and potential energies, the Hamiltonian dynamics can be simulated. In

this context, the model m moves through the 2Q-phase space according to Hamilton’s equations:

dm; JK dp;  dU hi— 12 18
it _dp’ dtr dm Whi=12..Q (18

where t indicates the artificially introduced time variable. Note that the rightmost term of equation

18 contains the partial derivative of the potential energy (i.e. the misfit function) with respect to the
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considered model m. This makes it possible introducing information about the gradient of the misfit

function into the Monte Carlo sampling framework.

For each current model m, and for each iteration, HMC executes the following steps:

1. Randomly draw the Q momenta p from the normal distribution N(p; 0, M);

2. Derive the proposed model m(t) and the new momenta p(t) by solving Hamilton’s
equations (18) for a given propagation time t. In this work we use the leap-frog method as
the numerical integration method (Betancourt, 2017);

3. Accept the proposed model with probability c:

exp [-H(p(t), m(t))]
exp [-H(p,m)]

a = min|1,

. (19)

If accepted, the proposed m(t) point constitutes the starting model for the next trajectory
(m = m(t)). Otherwise, the current model m is again used as the starting point in the
following iteration;

4. Return to step 1.

Note that standard MCMC algorithms explore model space only slowly compared to HMC, because
in HMC all model parameters are updated at each iteration, so that long distances in phase space
can be traversed with a single move. This promotes a high level of acceptance and independence of
the sampled models. Differently, in standard MCMC only subsets of parameters are updated in each
iteration. This maintains a relatively high level of acceptance but at the expense of a high degree of
correlation between successively sampled models. For a more detailed comparison of MCMC and
HMC see, for example, Fichtner et al. (2019).

The model vector in the implemented HMC approach includes the Vs, the Vp/Vs ratio and the layer

thicknesses h of each layer: m = [Vs,y,h]. We use equation 16 to define the momentum



338

339

340

341
342

343

344

345

346

347

348
349

350

351

352

353

354

355

distribution. Since it is known that standard HMC exhibits poor performance in sampling
multimodal target densities (see the discussion section), we simply employ a Gaussian prior model.

In this context the prior model can be compactly written as follows:

P(m) - N(m; mpr:‘or-cm)- (20)
where m,,,;,, and C,,, are the a-priori mean vector and model covariance matrix that can be derived,

for example, from previous knowledge about the investigated area. In the following inversion

examples, we assume an uncorrelated and depth independent prior model (i.e. C,, is diagonal).

In this work the potential energy is defined as:

U(m) = —In(p(m|d))
1 T ., T .,
=5 |(@-6mm) czi(d - 6m) + (m — myrior) €32 (M~ mprier)|, @D
The partial derivative of equation 21 with respect to the model parameter vector m is equal to:

JdUu(m)
am

=JCzH(d - 6(m)) + Ct(m — my,, ), (22)

In equations 21 and 22, G is the non-linear forward modelling that computes the dispersion curves

from the current model (i.e. the Haskell-Thompson method), C; is the data covariance matrix that

expresses the error affecting the observed dispersion curve (under the assumption of a Gaussian

distribution). J is the Jacobian matrix (also called Fréchet derivative matrix) that we compute with a

central finite difference (FD) approach (Aster et al. 2018). We use the FD approach for its
straightforward implementation but if needed other more sophisticated and more efficient methods

can be used (Sen and Roy, 2003).



356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

A proper setting of the mass matrix (M) is of crucial importance in any HMC sampling (see for

example Fichtner et al. 2019) because it serves as a tuning parameter to adjust the speed with which
the phase space is traversed, or in other words it is used to decorrelate the target distribution
(Betancourt, 2017). In practice, a proper setting of this matrix maximizes the independency of the
sampled models, while preventing the exploration of similar model space regions. The optimal

setting of the mass matrix is strongly case dependent, but typical applications use a diagonal M

defined as a scalar multiple of the identity matrix. However, this strategy often hampers an efficient
sampling of the parameter space. In this work, the mass matrix is computed as a local
approximation (around the considered model) of the inverse of the posterior covariance matrix (see

Fichtner et al. 2019):

M=]7C + Gl (23)

In the leapfrog method, we update the momentum and position variables sequentially. First, we
simulate the momentum dynamics (changing momentum) by 42 time units, then simulating the
position dynamics (moving in model space) for full 6 time units, then again completing the
momentum simulation for the remaining half-time units, ¢2, so that the momentum and model
perturbations can be at the same time of ¢ time units. This process is repeated for a total of L times
after which the algorithm reaches a new state. The leapfrog method integration is described by the

following equations:

§ au
pi(t +8/2) =pi(t) — X am. (24)
JdK
m;(t+8) =m;(t) + 8 X 3_3:11 |t+g. (25)

1) § dU
pi(t+8) =p, (?3 +§) —Exmhw- (26)
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where t is the time variable. Although, many other integrator methods exist (see for example Blanes
et al. 2014), here we use the leapfrog method for its easy implementation.

In addition to the mass matrix, also the choice of L and ¢ plays an important role in the efficiency
of the sampling and for this reason these parameters need to be tuned properly to get the desired
acceptance rate. In particular, they determine the sampling trajectory in the augmented model space.
A too short trajectory generates proposal models very close to the current position, thus slowing
down the exploration of the model space. In contrast, if the trajectory is too long the algorithms
revisits points in model space that have been already sampled, thereby wasting computing time. To
avoid locking in periodic trajectories we follow the strategy discussed in Mackenze (1989) and in
each HMC iteration we draw the L parameter randomly from a previously defined uniform
distribution (see the discussion section for more details). More theoretical details about HMC
inversion can be found in Neal (2011) and Betancourt (2017).

Differently from the rjMCMC, the model dimensionality (layer number) is fixed in an HMC
inversion run. For this reason, we propose to determine the most probable number of layers by
performing different HMC inversions with different parameterizations. Then, standard statistical
tools, such as the y? probability and the BIC, can be used to determine the most probable model
dimensionality. In the following examples we use a single HMC chain running for 3000 iterations,
for a burn-in period of 30 samples. Similarly to the jMCMC, the starting points for the HMC
inversions are randomly generated from the prior distribution. Figure 2 shows the schematic flow-

chart of the implemented HMC inversion.
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Figure 2: The schematic workflow of the HMC inversion. N iter and iter max identify the current

iteration number and the maximum number of iterations, respectively.

SEMI-ANALYTICAL INVERSIONS

We represent in Figure 3 the prior models for the rjMCMC and HMC algorithms. Note that these

priors are depth independent and different for the two inversion approaches: uniform for riMCMC

and Gaussian for HMC.
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Figure 3: a) Prior distributions of Vs, Vp/Vs ratio, interface depth, and number of layers for the

riMCMc algorithm. b) Prior distributions for the HMC algorithm projected onto the Vs, Vp/Vs, and

layer thickness axes.
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The use of uniform and Gaussian priors highly simplifies the derivation of the acceptance ratio in
the rfMCMC and of the posterior model in the HMC inversions, respectively. From a theoretical
point of view the use of different priors complicates a direct comparison of the posterior models
provided by the two inversion algorithms. Indeed, the posterior tends to the prior as the likelihood
function becomes less informative. Despite this difference, we will see that the two methods
provide PPD estimations congruent with the likelihood function and with the considered prior
models. In particular, they yield similar posterior estimations for the model parameters better
constrained by the data. For detailed investigation of the influence played by the prior model in a

Bayesian inversion we refer the reader to Malinverno and Briggs (2004), and Theune et al. (2010).

Transdimensional Markov Chain Monte Carlo inversions
In this section we consider two schematic subsurface models with 2 and 4 layers, respectively. The
frequency range of the data lies in the interval [4-30 Hz], whereas the noise standard deviation is

assumed known and fixed to a value of 5 for all the frequencies.
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Figure 4: Semi-analytical inversion results provided by the rjMCMC algorithm for the 2-layer
model. a) True Vs model (green line) and marginal PPD for Vs (colour scale). b) True Vp/Vs model
(green line) and marginal PPD for Vp/Vs ratio (colour scale). c) Marginal PPD for interface

location. d) Prior and posterior probability density functions for the number of layers. e)
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Comparison between the observed noisy data (black line), the data generated on the starting
models (green lines) and the data generated on the last sampled models (red line). The black bars

represent the noise standard deviation. f) Example of evolution of the L2 norm misfit for 10 chains

out of 20.
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Figure 5: Semi-analytical inversion results provided by the rjMCMC algorithm for the 4-layer
model. a) True Vs model (green line) and marginal PPD for Vs (colour scale). b) Marginal PPD for
interface location. ¢) Prior and posterior probability density functions for the number of layers. d)
Comparison between the observed noisy data (black line), the data generated on the starting
models (green lines) and the data generated on the last sampled models (red line). The black bars
represent the noise standard deviation. e) Example of evolution of the L2 norm misfit for 10 chains

out of 20.

We start from a very schematic model constituted by two layers separated by an interface located at
8 m depth. The marginal PPDs of Vs and interface location show that the inversion recovers the
interface positions, the Vs of the first layer and that of the half-space (Figure 4). Conversely, as
expected, the estimated Vp/Vs ratio is affected by much greater ambiguity. For this reason, in many
of the following examples the estimated Vp/Vs ratio is not discussed. The algorithm has reliably

sampled the PPD for the number of layers and yields a maximum-a-posteriori (MAP) solution that
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matches the correct value of 2. The data comparison in Figure 5d demonstrates that the algorithm
successfully converges toward the so-called equivalence region of solutions. Finally, Figure 4f
proves that the fMCMC reaches the stationary regime after 200 iterations approximately, when the

L2 errors of the different chains start to oscillate around stable values.

The second example considers a 4-layer model (Figure 5). As expected, we observe an increase of
uncertainties with respect to the previous test, related to the increased ill-conditioning of the
inversion procedure. The Vs of the shallowest layer and the position of the shallowest interface are
recovered with high accuracy, while the uncertainties on the estimated Vs and on the interface
positions increase for the deepest layers and deepest interfaces. The uncertainties affecting the
model parameterization (Figure 5c) increase with respect to the previous example. In this case both
the 3-layer and the 4-layer parameterizations exhibit similar posterior probability values, although
the MAP solution erroneously indicates that 3 is the most probable number layers, thus
underestimating the correct number of layers (4). This proves that in cases of more than 3 layers
and if we consider the fundamental mode only, the estimation of the number of layers becomes a
severely ill-conditioned problem. Differently, the inversion still provides satisfactory shear wave
velocity predictions. Figure 5d proves that the models sampled by the rjMCMC algorithm
successfully predict the observed data, whereas the evolution of the L2 norm data misfit (Figure 5e)

shows that the stationary regime is reached after 300 iterations, approximately.

Hamiltonian Monte Carlo inversion

In this section we again consider the 2- and 4-layer models already used in the fMCMC inversion.
In the 2-layer model example our aim is to compare the uncertainties affecting the final solution
when the dispersion curves lie in different frequency bands. In the first test the dispersion curve
extends over [3-30 Hz], whereas in the second case the observed data lie in the interval [6-30 Hz].

Both examples consider a correct number of layers equal to 2. In Figure 6 we represent the results
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for the 3-30 Hz example. The marginal PPDs of Vs and interface location show that the inversion
correctly and accurately estimates the true model. Differently the Vp/Vs ratio is not recovered, as
demonstrated by a posterior distribution still very similar to the prior with a depth-independent
MAP value equal to 4 (see Figure 6b). Note the fast convergence rate and that less than 20 iterations
are needed to reach the stationary regime. The data comparison in Figure 6e demonstrates that the
algorithm successfully predicts the observed data. Figure 7 shows the results for the 6-30 Hz
example. We observe that the Vs of the first layer has been recovered with the same accuracy of the
previous example. Differently, the position of the interface and particularly the velocity of the
deepest layer are now estimated with higher uncertainties. This is mainly related to the lack of low
frequencies in the observed data that are crucial to constraint the Vs of the deepest layer (Socco and

Strobbia, 2004).
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Figure 6: Semi-analytical inversion results for the 2-layer model provided by the HMC algorithm in
the frequency range [3-30] Hz. a) True Vs model (green line) and marginal Vs PPD (colour scale).
b) True Vp/Vs model (green line) and marginal Vp/Vs PPD (colour scale). ¢c) Marginal PPD for

interface location. d) Evolution of the L2 norm misfit. e) Comparison between the observed noisy
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data (black line), the data generated on the starting model (green line) and the data generated on

the last sampled model (red line). The black bars represent the noise standard deviation.
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Figure 7: Semi-analytical inversion results for the 2-layer model provided by the HMC algorithm in
the frequency range [6-30] Hz. a) True Vs model (green line) and marginal Vs PPD (colour scale).
b) Marginal PPD for interface location. ¢) Evolution of the L2 norm misfit. d) Comparison between
the observed noisy data (black line), the data generated on the starting model (green line) and the
data generated on the last sampled model (red line). The black bars represent the noise standard

deviation.

We now perform different inversion runs with different model parameterizations (i.e. different
number of layers) and considering a frequency band between 4 and 30 Hz. We compute the
observed data on the 4-layer model already considered in the rjfMCMC inversion (Figure 5), and we
invert by considering a 4- and a 3-layer parameterization. Figure 8 shows that if the correct
parameterization is employed, the inversion is still able to accurately predict the Vs of the two

shallowest layers and to correctly locate the shallowest layer boundary. As expected, the shear wave
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velocities of the intermediate layers and the position of the deepest interface are recovered with
high uncertainties. If we consider the 3-layer parameterization, we are still able to accurately predict
the velocity of the two shallowest layers and to correctly locate the positions of the two shallowest

interfaces but the position of the deepest interface and the Vs of the third layer are not recovered.

POC) BIC
2-layer parameterization 0.0003 38.93
3-layer parameterization 0.0386 21.93
4-layer parameterization 0.0199 32.30

Table 1: p(y?) and BIC values for the semi-analytical test resulting from different model

parameterizations.
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Figure 8: Semi-analytical inversion results for the 4-layer model provided by the HMC algorithm
for a 4-layer parameterization. a) True Vs model (green line) and marginal Vs PPD (colour scale).
b) Marginal PPD for interface location. c) Evolution of the L2 norm misfit. d) Comparison between

the observed noisy data (black line), the data generated on the starting model (green line) and the
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515 deviation.
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518  Figure 9: As in Figure 8 but for a 3-layer parameterization.

519  Table 1 shows the p(x?) and BIC values obtained in this semi-analytical test when different model
520 parameterizations are employed. The higher p(x®) and lower BIC values for the 3-layer
521  parameterization indicate that this is the most appropriate in this case. This result still proves that
522  estimating the correct number of layers for a 4-layer model from the fundamental model only is a
523  hopelessly ill-conditioned problem. Despite this limitation the Vs profile is still retrieved with
524  reasonable accuracy. Finally, in both Figures 8c and 9c note the fast convergence of the HMC

525  algorithm toward the stationary regime that is reached just after 20 iterations.

526

527  Sensitivity analysis of the inversion results
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In this section we discuss in more detail the statistical properties of the ensemble of models sampled
by the HMC and rjMCMC algorithms. For brevity we limit to a single semi-analytical test running
on the previously considered 2-layer model and employing observed data lying in the same
frequency range (6-30 Hz). All the algorithm hyperparameters are the same previously used in the
2-layer examples. First, we compute the misfit function of the inversion procedure that is the L2
norm difference between observed and predicted dispersion curves. We remind that this misfit
function is directly related to the likelihood function of the Bayesian inversion through equation 9.
Figure 10 shows some examples of 2D projections of the misfit function, in which the elongated
valleys of minimum represent directions in the model space, and then model parameter
combinations, that weakly affect the observed data. In other terms the elongated valleys are aligned
with the eigenvectors in model space associated with the smallest singular values of the inversion

kernel (Fernandez Martinez et al. 2012).
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Figure 10: Some projections of the L2 norm misfit function onto different 2D sections. The
subscripts 1 and 2 refer to the first (shallowest) and second (deepest) layer, respectively, whereas h

indicates the layer thickness. The black arrows in d) indicate two local minima.

As expected, the contours lines of the misfit function are very different from elliptic cylinders or
ellipses as it would be in a linear inverse problem (Fernandez Martinez et al. 2012). From the
inspection of Figure 10 we note that the dispersion curve is mostly influenced by the Vs of the
shallowest layer (Vsi1) , followed by the Vs of the deepest layer (Vs2), and by the thickness of the
first layer (hy), while the Vp/Vs ratio plays a negligible role in determining the measured data. From

the analysis of the orientation of the misfit function we can claim that the shear wave velocities of
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the two layers independently influence the data since the axes of the global minimum valley are
almost parallel to the model parameter axes (Figure 10a). In Figure 10b if we focus the attention to
the neighbourhood of the global minimum, we see that the Vs and the thickness of the first layer are
positively correlated. The orientation of minimum valley in Figure 10c indicates a strong positive
correlation between the Vs of the second layer and the thickness of the first one. In other terms, to
keep the data unchanged, an increase of the thickness of the first layer must be compensated by an
increase of the shear wave velocity of the underlying layer. In any case all these 3 parameters (Vsi,
Vsz and hy in Figure 10) are informed by the data and none of them lies in the null space of
solutions. This means that the posterior model for these parameters will be mainly influenced by the
likelihood function instead by the a-priori assumptions. For this reason, in case of an accurate
sampling we expect that the geometrical characteristics of the misfit function influence the
statistical properties of the estimated PPDs. On the contrary. we observe in Figure 10d that the
Vp/Vs ratio is not illuminated by the data as the misfit function shows a very elongated valley with
two minima: one local minimum for a Vp/Vs ratio equal to 2.4, and the global minimum
corresponding to Vp/Vs ratio of the reference model equal to 4. In this case the two axes of the
minimum valley are aligned with the two considered model parameters and this means that the Vs
and the Vp/Vs of the first layer independently influence the observed dispersion curve. Similar
conclusions could have been drawn about the resolvability of the Vp/Vs ratio of the second layer
(not shown here for brevity). For this reason, we conclude that the Vp/Vs ratio lies in the null space
of solutions and for this reason we expect that the associated PPDs will be mainly determined by
the a-priori assumptions in case of an informative prior model (i.e. the Gaussian prior used by the
HMC algorithm), or by the likelihood function for an uninformative prior (i.e. the uniform prior

used by jMCMC).
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Figure 11: 2D Marginal PPDs estimated by the rjMCMC (a) and by the HMC (b) algorithms.

Figure 11 shows 2D marginal PPDs projected onto the same sections previously considered in
Figure 10. Both the posterior models estimated by the rjMCMC and HMC algorithms confirm that
the Vs of the first layer is the parameter mostly illuminated by the data, followed by the Vs of the
second layer and the thickness of the first layer. As expected, the posterior estimations of these
parameters are mainly driven by the likelihood function and for this reason both HMC and
rfMCMC provide similar PPD predictions, although the informative, Gaussian prior adopted by
HMC often gives narrower posterior estimations with respect to rjMCMC. Differently the estimated
PPDs for the Vp/Vs ratio of the first layer are substantially different, because mainly influenced by
the prior model. Indeed, the HMC provides a Gaussian posterior centred on the prior mean value of
4, while the uninformative prior used by the rfMCMC results in a posterior model very similar to
the likelihood. In this case, note that two local maxima of the posterior model (Figure 11a rightmost
plot) correspond to the two local minima of the misfit function (Figure 10d). The model parameter
correlation can also be correctly inferred from the sampled models. Indeed Figure 11 clearly shows
the independence of the Vs of the two layers, the weak positive correlation between the Vs and the
thickness of the first layer, the independence of the Vs and the Vp/Vs ratio of the firs layer, and the
strong positive correlation between the Vs of the second layer and the thickness of the underlying

layer.
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Figure 12: From left to right we represent: non-dimensional model resolution matrix, posterior
model covariance matrix, and posterior model correlation matrix. a) and b) represent the results
for the riMCMC and HMC algorithms, respectively.

For a further quantitative quantification of the results provided by the two sampling methods we use
the ensemble of sampled models to compute some of the most popular sensitivity analysis tools
such as the model resolution matrix and the posterior model covariance matrix. Since the inversion
considers different parameter types (seismic velocity and thickness) the off-diagonal elements of the
model resolution matrix and of the posterior covariance matrix become dimensionally dependent,
thus complicating their visual inspection. For this reason, we resort to scale these matrices with
respect to the prior and posterior standard deviation of the model parameters, thus deriving the non-
dimensional model resolution matrix and posterior correlation matrix (see Sambridge, 1999). For
example, the values corresponding to the i-th row and j-th column of the non-dimensional model

resolution matrix is derived as:

o 0;
R:‘,j = Ri,j_ , (27)
gj
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where g;and o; are the a-priori standard deviations of the i-th and j-th model parameter

respectively, whereas R and R are the standard and non-dimensional model resolution matrices,

respectively. The posterior correlation matrix C can be computed as follows:

cM. .
Cii=—g (28)

Lj
G

where €™ is the posterior model covariance matrix. Figure 12 demonstrates that the fMCMC and

HMC provide similar non-dimensional model resolution matrices, posterior covariance matrices
and posterior model correlation matrices especially for the parameters better illuminated by the data
(Vs and layer thickness). We observe an almost perfect resolution on the Vs of the two layers and a
slightly lower resolution for the layer thickness, while the Vp/Vs ratios are not resolved. Due to the
different parameter dimensionality the analysis of the posterior covariance matrix only reveals that
the Vs of the first layer is more accurately estimated than that of the second layer. The posterior
model correlation matrices show the almost null correlation among the shear wave velocities of the
two layers, the weak positive correlation between the Vs and the thickness of the first layer, the null
correlation between the Vp/Vs ratio and the Vs of the first layer, and the strong positive correlation
between the Vs of the second layer and the thickness of the first one.

For the sake of clarity, we point out that for the HMC algorithm the matrices shown in Figure 12
have been derived from the ensemble of models sampled after the burn-in period. Differently, not
all the models sampled by rjMCMC have the same dimensionality and for this reason the matrices
shown in Figure 12 have been computed from the sampled models with two layers, that corresponds
to the estimated MAP solution for the layer number.

Finally, this analysis confirms that although the rjMCMC and HMC algorithms use different model

parameterizations and prior models, they not only achieve comparable and congruent estimates of
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Vs, and interface positions but also provide the same insight into the model parameter correlation
and resolution, at least for the parameters better constrained by the data. Indeed, for these
parameters the posterior sampling is mainly driven by the likelihood function instead of by the a-

priori constraints.

SEISMIC INVERSIONS
In the following experiments the observed dispersion curves have been picked on the frequency-
phase velocity spectra derived from synthetic shot gathers. For the sake of conciseness, we limit the
attention to two examples pertaining to two different 3-layer reference models. The first example
concerns a subsurface model with a steady increase of Vs with depth. The second example is more
challenging because it considers a model in which the Vs of the second layer is lower than that of
the first layer. This velocity inversion complicates the picking of the fundamental mode because
higher modes become more energetic than the fundamental mode at high frequencies. In both cases
we employ the reflectivity algorithm as the forward modelling, where the source signature is a 15-
Hz Ricker wavelet with a sampling interval of 2 ms. We simulate an off-end acquisition geometry
with a minimum offset of 10 m and 48 receivers equally spaced of 5 m, resulting in a maximum
offset of 245 m. Before the picking procedure we add to the synthetic seismic data, Gaussian
random noise with a standard deviation equal to the 100 % of the standard deviation of the noise-
free seismic dataset. As a result, differently from the previous inversion tests, the noise standard
deviation contaminating the observed dispersion pattern is not constant over the frequency range
but decreases as the frequency increases. For this reason, the diagonal entries of the data covariance
matrix are now related to the ambiguity affecting the picking of the dispersion curve. The prior

distributions are the same previously used in the semi-analytical tests.
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Figure 13: Data associated to the first 3-layer reference model used in the seismic tests. a) Noise
contaminated shot gather. b) Close-up of a). c) Fourier amplitude spectra of a). d) Phase velocity

spectra derived on a). In d) blue and red colors code low and high amplitude values, respectively.
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Figure 14: Data associated to the second 3-layer reference model. a) Noise-contaminated shot
gather. b) Close-up of a). c) Fourier amplitude spectra of a). d) Phase velocity spectra derived on

a). In d) blue and red colors code low and high amplitude values, respectively.

Figures 13 and 14 show the shot gathers, their Fourier amplitude spectra and the frequency-phase
velocity spectra. In Figure 13 note that the steady Vs increase with depth makes it possible an
accurate identification of the fundamental mode over the entire frequency range [5-30 Hz], but
especially at high frequencies. Differently in Figure 14, the velocity inversion generates higher
modes that become dominant for frequencies higher than 20 Hz. For this reason, in this case the

rfMCMC and HMC inversions run in a narrower frequency band ranging from 5 to 20 Hz.

Transdimensional Markov Chain Monte Carlo inversion

Figure 15 shows the rfMCMC inversion results for the first 3-layer model. The Vs of the shallowest
layer and the position of the first interface are well resolved. As expected, the uncertainties rapidly
increase with depth. The overall loss of accuracy on the Vs and interface position with respect to the

semi-analytical inversions is obviously produced by the loss of low frequencies (frequency lower
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than 5 Hz) and by the higher uncertainties contaminating the picked dispersion curve at low
frequencies. Figures 15c¢ and 15d prove that the algorithm, even in this not favourable scenario,
correctly identifies the correct number of layers and produces final dispersion curves that match the
observed data. The evolution of the L2 norm error shows that the stationary regime is reached after

200 iterations, approximately.
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Figure 15: Seismic inversion results for the first 3-layer model. a) True Vs model (green line) and
marginal PPD for Vs (colour scale). b) Marginal PPD for interface location. c) Prior and posterior
probability density functions for the number of layers. d) Comparison between the picked
dispersion curve (black line), the data generated on the starting models (green line), and the data
generated on the last sampled models (red line). The black bars represent the noise standard

deviation. e) Example of evolution of the L2 norm misfit for 10 chains out of 20.

Figure 16 displays the results for the second 3-layer model. We note that in spite of the more
complex dispersion pattern generated by the shear-wave velocity inversion, the algorithm correctly
estimates the velocity of the first two shallowest layers, and the velocity inversion occurring at 6 m
depth, while the uncertainties significantly increase for the Vs of the deepest layer. The layer

interfaces are still accurately located, and the number of layers is correctly determined. The



692

693

694
695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

comparison of the picked and finally sampled dispersion curves confirms the convergence of the

algorithm to the stationary regime that is attained after 200 iterations, approximately.
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Figure 16: As in Figure 15 but for the second 3-layer model.

Hamiltonian Monte Carlo inversion

We now discuss the results obtained by the HMC algorithm on the data generated from the two
considered 3-layer models. Figure 17 represents the outcomes of the first example without the
velocity inversion. If we adopt a 3-layer parameterization we accurately predict the Vs of the
shallowest layer and the position of the first interface. The accuracy of the results rapidly decreases
as the depth increases, although the shear velocity of the second layer is still predicted with
acceptable accuracy, while the Vs of the third layer and the position of the second interface are
slightly underpredicted. This is obviously related to the lack of low frequencies in the data and to
the severe noise contamination at low frequencies that produces high uncertainties in the picking
phase (see Figure 14). However, the overall Vs trend and the positions of the layer interfaces are
still recovered with reasonable accuracy. The evolution of the data misfit shows the rapid
convergence of the HMC algorithm toward the stationary regime, that is attained in less than 30

iterations. Again, the final predicted data shows a good match with the picked dispersion curve.
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Figure 17: Seismic inversion results for the first 3-layer model and considering a 3-layer
parameterization. a) True Vs model (green line) and marginal Vs PPD (colour scale). b) Marginal
PPD for interface location. ¢) Evolution of the L2 norm misfit. d) Comparison between the picked
dispersion curve (black line), the data generated on the starting model (green line) and the data
generated on the last sampled model (red line). The black bars represent the noise standard

deviation.

Similarly to the semi-analytical inversion tests, we now rerun the HMC inversion on the same data
but employing a 4-layer parameterization. The results are shown in Figure 18. The Vs of the
shallowest layer and the position of the first interface are accurately predicted and also the Vs of the
second layer is well recovered, while high uncertainties affect the estimated positions of the deepest
interfaces and the Vs of the deepest layer. Spurious interfaces are predicted by the algorithm below
15 m depth. Similarly to the previous example, less than 30 iterations are enough to converge
toward the stationary regime in which the predicted data closely match the dispersion curve

extracted from the seismic shot gather.
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Table 2 demonstrates that our inversion workflow correctly identifies the correct number of layers
in this first seismic inversion and proves that the statistical tools we use (p(yx?) and BIC) could

constitute a valid help to select the optimal model parameterization.

P(C) BIC
2-layer parameterization 0.0092 38.93
3-layer parameterization 0.0342 25.20
4-layer parameterization 0.0105 31.30

Table 2: p(x¥®) and BIC values for the first seismic inversion resulting from different model

parameterizations.
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Figure 18: As in Figure 17 but for a 4-layer parameterization.

If we compare Figure 17 with Figure 15, we note that HMC provides more accurate predictions
(affected by lower uncertainties) with respect to the rjMCMC algorithm, especially for the Vs of the
two deepest layers and the position of the deepest interface. Probably, conversely to the

uninformative (i.e. uniform) priors used by the rjMCMC, the Gaussian prior employed by the HMC
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method efficiently contributes to reduce the ensemble of possible solutions. In this case the a-priori
constraints play a crucial role in determining the posterior model due to the ill-conditioning of the
inverse problem that is mainly related to the narrow frequency band and to the noise contamination
at low frequency.

Figure 19 displays the results for the second model and for a 3-layer parameterization. The Vs of the
two shallowest layers are well resolved, and despite the velocity inversion the algorithm accurately
predicts a low velocity layer located between 6 m and 11 m depth. The uncertainties in the
estimated Vs rapidly increase as the depth increases and the velocity of the deepest layer is not well
recovered with a MAP solution that significantly underestimates the actual velocity value. Figure
19b demonstrates that the HMC algorithm correctly identifies the position of the interfaces, whereas
Figure 19c shows that in 30 iterations the algorithm converges toward the stationary regime, after

which the observed data is fairly reproduced by the sampled models (Figure 19d).

0% BIC
2-layer parameterization 8x10” 48.92
3-layer parameterization 0.076 36.61
4-layer parameterization 0.021 41.42

Table 3: p(¥®) and BIC values for the second synthetic test resulting from different model
parameterizations.

Figure 20 illustrates the results obtained on the same dataset but with a 2-layer parameterization.
The velocity of the shallowest layer is still accurately retrieved, but the Vs of the deepest layers and
the interface locations are not correctly estimated and show MAP solutions affected by significant
biases. The evolution of the L2 norm error value demonstrates that in this case more iterations are
needed to converge (for this reason we adopt only for this test a burn-in period of 150 samples),
whereas the data generated on the final sampled model show some discrepancies with respect to the

picked dispersion curve especially at low and high frequencies. Again, the p(x?) and BIC values
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761  Figure 19: Seismic inversion results for the second 3-layer model and considering a 3-layer
762  parameterization. a) True Vs model (green line) and marginal Vs PPD (colour scale). b) Marginal
763  PPD for interface location. c) Evolution of the L2 norm misfit. d) Comparison between the picked
764  dispersion curve (black line), the data generated on the starting model (green line) and the data

765  generated on the last sampled model (red line). The black bars represent the noise standard

766  deviation.
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Figure 20: As in Figure 19 but for a 2-layer parameterization.

If we compare Figure 16 and Figure 19, we note that the rjMCMC and HMC algorithms provide
congruent and comparable PPDs for the shear wave velocity and interface locations. This means
that the posterior model for these parameters is mainly influenced by the observed data than by the
a-priori constraints infused into the inversion framework. This aspect is deepened in the following

section.

Sensitivity analysis of the inversion results

We now discuss the results of the sensitivity analysis for the second 3-layer model. Differently from
the semi-analytical examples, we limit our discussion to the model parameters that can be inferred
from the data (i.e. the Vp/Vs ratio is not discussed). Figure 21 shows some 2D projections of the L2
norm misfit function. We observe that the shear wave velocities of the first two layers (Vs and Vs»)
are the parameters that mostly influence the dispersion curve, followed by the layer thicknesses (h:
and hy) and by the Vs of the deepest layers (Vs3). Between the considered parameters, the velocity

of the third layer is the one that plays the minor role in determining the dispersion pattern.
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From the orientation of the global minimum valleys we observe positive correlations between the
Vs and the thickness of the second layer and between the Vs of the third layer and the thickness of
the second one (Figures 21b and 21c), while the shear wave velocities and the thicknesses of the

first two shallowest layers are negatively correlated (Figures 21a and 21d).
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Figure 21: Some projections of the L2 norm misfit function onto different 2D sections. The
subscripts 1 and 2 refer to the first (shallowest) and second (deepest) layer, respectively, whereas h

indicates the layer thickness.

Figure 22 shows 2D marginal PPDs estimated by the HMC and rjMCMC algorithms and projected
onto the same sections previously considered in Figure 21. For both the rfMCMC and HMC
inversions emerges that the velocities and the thicknesses of the first and second layer are well
recovered, while higher uncertainties affect the estimated Vs of the deepest layer. We also observe a
positive correlation between Vs and hy, and between Vss and h., while negative correlations
characterize the marginal PPDs projected onto the Vsi-Vs; and hi-h; planes.

The non-dimensional model resolution matrices (left hand side of Figure 23) confirm that the Vs of
the two shallowest layers are the best resolved model parameters, while lower resolutions
characterize the Vs of the third layer and the layer thicknesses. The mutual parameter correlations
expressed by the 2D projections of the marginal PPDs can be also inferred from the inspection of
the posterior correlation matrices (right hand side of Figure 23). The marginal PPDs displayed in
Figure 22 and the non-dimensional model resolution matrices and posterior model correlation

matrices of Figure 23 are in good agreement with the geometrical characteristics of the misfit
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function (Figure 21). This proves that both the implemented algorithms accurately estimate the

uncertainties affecting the model parameters and their mutual correlations.
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DISCUSSION
The main advantage of the rjMCMC algorithm is the possibility to provide stable and reliable
predictions with a minimum of a-priori constraints infused into the inversion kernel. Indeed, it does
not require any statistical test to choose the adequate model parameterization and do not include any
regularization operator to force the model to honour some external constraints. Instead, it

automatically adjusts the underlying model parametrization to produce solutions with appropriate
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level of complexity to fit the data to statistically meaningful levels. The downside of rijMCMC is
that a specific recipe for the problem at hand is usually needed to speed up to convergence of the
sampling toward the stationary regime. To mitigate this issue, in this work we employed a parallel
tempering strategy and a delayed rejection perturbation scheme: the former ensures optimal
exploitation and exploration capabilities, while the latter locally adapts the proposal to the shape of
the posterior. In particular, the convergence speed of the algorithm critically depends on the choice
of the statistical characteristics of such proposal distribution: a suboptimal proposal distribution
causes a persistent rejection of models, thus significantly reducing the exploitation of the algorithm.
Note that the updating of the different chains in the rjMCMC inversion can be done in parallel with
the different chains distributed across different processors. Such parallelizability and the 20
available CPUs make it possible the application of the parallel tempering and the delayed rejection
strategies with a limited extra computational cost. Indeed, in the parallel tempering the models
sampled at T>1 must be disaggregated when computing the PPD and this fact implies that many
chains (each one involving a forward modelling run per iteration) are needed to converge to a stable
posterior. On the other hand, the delayed rejection implies the computation of an additional forward
solution in a single iteration when the first proposed model is rejected. For this reason, the
application of these two strategies must be carefully evaluated. In our inversion tests we found that
they are effective in speeding up the converge of the chains toward the stationary regime, in
promoting the exploration of the parameter space, and in increasing the acceptance rate of the
rfMCMC. Thanks to the limited number of unknown parameters (i.e. limited number of layers in the
inverted models) in our tests we found that an uncorrelated Gaussian proposal constitutes a good
compromise between acceptance rate and convergence of the sampling. If needed more
sophisticated strategies based on SVD decomposition and orthogonal projections could be used to
include a covariance model into the model perturbation scheme (Dosso et al. 2014). Another limit
of the rfMCMC is that the successively sampled models are usually highly correlated. For this

reason, to avoid biased PPD estimations (MacKay, 2003) not all the models sampled after the burn-
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in phase have been used to numerically compute the PPD, but several iterations of the algorithm are
allowed to elapse in between successive samples. In all the previous examples only 1 model every 5
is considered in the computation of the posterior model.

The main advantage of HMC is that it guarantees an efficient sampling with a rapid convergence
toward the stationary regime. This ability rests on the exploitation of the derivative information that
other Monte Carlo methods, such the well-known random walk Metropolis (that is the basis of the
rfMCMC algorithm), do not consider. In particular, the HMC provides highly independent samples
and for this reason a lower number of iterations are needed for a reliable estimation of the posterior
model with respect to MCMC algorithms. Indeed, differently from the rjfMCMC inversion, the high
independence of successively sampled models granted by the HMC framework, allows us to exploit
all the models collected after the burn-in phase in computing the PPD. In this work, the HMC
algorithm has been implemented for a Gaussian prior model, but another outstanding benefit of
HMC is the possibility to consider either parametric or non-parametric priors. However, making the
HMC sampling still efficient in highly multimodal distributions is an active research field nowadays
(Girolami and Calderhead, 2011; Nishimura and Dunson, 2016; Graham and Storkey, 2017).
Differently from rjMCMC, one limit of HMC is that the model parameterization is an input to the
inversion. In this study we propose to solve this issue by performing different inversions with
different parameterizations and then using the sampled models and standard statistical tools to
determine the most probable number of layers. Another limit is that the HMC algorithm can be
applied to problems where the derivative of the posterior model can be rapidly computed and where
this derivative is continuous. For example, such derivative becomes discontinuous if multiple
dispersion modes are considered. For this reason, in this work we have limited the attention the
fundamental mode only. Currently, we are investigating this issue in order to possibly extend the
HMC to the inversion of multiple modes. For the sake of consistency, in this work also the
rfMCMC inversion has been limited to the fundamental model. However, the fMCMC algorithm

does not exploit any derivative information and for this reason the current implementation can be
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directly used for inverting higher modes. Another critical element of HMC is the choice of a
suitable mass matrix. In the examples discussed here we found that setting this matrix equal to the
inverse of the locally approximated posterior covariance guaranteed stable posterior estimations.
Other choices of the mass matrix, for examples a diagonal matrix (e.g. a scalar multiple of the
identity matrix) resulted in very slow convergence and unreliable posterior assessments (see
Fichtner et al. 2019). Another critical aspect of HMC is the choice of the length of the trajectory in
the phase space. We overcome this issue by drawing the L parameter (which controls the number of
time integration steps and the trajectory length) from a previously defined uniform distribution in
each iteration. However, the trajectory length can be adaptively set, for example by adopting the so
called no U-turns sampling method (Gelman et al. 2013; Hoffman and Gelman et al. 2014) that
terminates the integration when the trajectory begins to return towards its starting point. In any case,
in the examples discussed here we found that 3-6 time steps per trajectory are usually optimal.
Using fewer time steps, leads to very high acceptance rates but at the expense of a limited model
space exploration and slow convergence. Otherwise, a larger number of time steps resulted in low
acceptance rates and in a decreased accuracy of the numerical integration.

To get the benefits of both the rfMCMC and HMC algorithms, we are also investigating the
possibility to hybridize these two methods and to implement a transdimensional Hamiltonian
algorithm for surface wave inversions, that is an inversion approach that infers the most appropriate
model parameterizations from the data and that is also characterized by an extremely efficient
sampling of the parameter space. An example of this approach applied to reflection seismic data can
be found in Sen and Biswas (2017).

We ran all our experiments on two deca-core intel E5-2630 @2.2 GHz (128 Gb RAM) and
employing parallel Matlab inversion codes. Table 4 lists some more quantitative details about the
HMC and rjMCMC seismic inversions on the second subsurface model (the Vs model with the
velocity inversion). The total computational time was 11 and 19 minutes for rfMCMC and HMC,

respectively. We point out that in our current implementations the rfjMCMC algorithm is more
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scalable than HMC, although the HMC requires a lower number of sampled models to provide a
stable posterior. In particular, note that the total number of forward modelling runs in the HMC is
higher than that associated to the rjMCMC. Indeed, for a single chain and for a single iteration, the
rfMCMC algorithm requires just one forward modelling run, while in the HMC several forward
evaluations are needed to compute the Jacobian matrix associated to each considered model. This
number of forward evaluations depends on the number of unknown parameters, on the length of the
trajectory in the phase space (value of the L parameter), and on the adopted FD scheme. For a Q-
dimensional model space, the number of forward evaluations per iteration is given by (Qx2+1)xL if
a central FD scheme is adopted. This number reduces to (Q+1)xL if a forward FD is employed. For
this reason, a computationally efficient derivation of the Jacobian matrix would be crucial to
drastically reduce the computational time of each iteration. Although we employ a computationally
intensive numerical approach to derive the Jacobian, we reduce the computational effort of the
HMC by computing each column of this matrix in parallel. Indeed, the columns of the Jacobian are
independent to each other and their computation can be distributed across different processors. This
fact, together with the limited computational cost of the forward solver, did not hamper the
application of this method to the considered examples. Possible strategies to drastically reduce the
number of forward evaluations could be the adoption of a less computationally expensive FD
scheme (e.g. forward finite difference) and/or the adoption of a more parsimonious parameterization
of the model space. From the one hand, additional experiments we carried out (not shown here for
brevity) demonstrated that the application of the forward difference approach does not sensibly
affect the sampling efficiency of the method. On the other hand, since the number of columns on
the Jacobian is equal to the number of unknowns, we can reduce the number of forward modelling
runs by reducing the number of model parameters, for example by inverting for the Vs and layer
thickness and not for the Vp/Vs ratio that is known to be not constrained by the data. To put this in
perspective, if we consider a forward FD scheme and we remove the Vp/Vs ratio from the model

vector, the number of forward evaluations on the seismic inversion on the second subsurface model
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is reduced from 229500 to 81000 (see Table 4). Note that this value is lower than the number of

forward evaluations ran by the rjMCMC inversion on the same example (103200).

learning approaches could also be useful to reduce the computational cost of MCMC inversion

(Hansen and Cordua 2017). In our specific case, machine learning algorithm can be trained to predict

a local approximation of the Jacobian matrix around a considered model.

riMCMC HMC
Average computational time ~ 0.063 s
for a single forward modelling
evaluation
Number of iterations (per 3000 3000
chain)
Number of chains 20 1

Total number of forward 103200 229500
modelling evaluations (this  number takes into | (this number takes into
account also the forward | account the forward modelling
modellings related to the | runs needed to compute the

delayed rejection)

Jacobian with the central finite

difference approach)

Total number of sampled 60000 3000
models
Number of models used to 5600 2970
compute the posterior
Average computational time of ~0.21s ~ 0.38s
a single iteration
(considering all the 20 chains | (This number varies for

Machine
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945

running in parallel) different iterations because is
dependent on the drawn L

value)

Average computational time Not applicable ~0.32s
for the Jacobian computation
(This  number varies for
in a single iteration
different iterations because is
dependent on the drawn L

value)

Table 4: Some details of the fMCMC and HMC inversions for the last seismic inversion.

CONCLUSIONS
We implemented a Hamiltonian Monte Carlo (HMC) algorithm and a reversible jump Marko chain
Monte Carlo (rjMCMC) algorithm for Rayleigh wave dispersion curve inversion. This inverse
problem is highly non-linear and highly ill-conditioned. For this reason, the ultimate goal of this
study was to compare two inversion approaches that guarantee reliable uncertainty quantifications,
that estimate the most probable model parameterization (i.e. number of layers in the subsurface),
and that yield stable predictions not affected by the choice of the starting model. We limited the
attention to synthetic tests to maintain the discussion at a didactic level and to draw essential
conclusions about the main benefits and drawbacks of the two implemented approaches in the
context of dispersion curve inversion. Our experiments demonstrated that HMC and rjMCMC are
very promising approaches for dispersion curve inversion as they provide reliable assessment of the
posterior uncertainties also for this highly non-linear and severely ill-conditioned inverse problem.
In particular, the HMC and rjMCMC algorithms yielded uncertainty quantifications and model
predictions in accordance with the expected model parameter illuminations and model parameter

correlations. For example, the uncertainty increases passing from Vs to Vp/Vs ratio and increases as
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the depth of investigation increases or when the noise in the observed data increases.
Notwithstanding the two algorithms use different model parameterizations and prior assumptions,
they estimate congruent and comparable posterior uncertainties and model parameter correlations
especially for the parameters better illuminated by the data, that is for those parameters for which
the PPD is mainly influenced by the likelihood function instead of by the a-priori constraints. The
transdimensional inversion approach and the combined used of HMC and statistical tools (such as
BIC and p(x?)) demonstrated to be two valid strategies to determine the model parameterization (i.e.
number of layers), at least for subsurface models with a limited number of layers (less than 4 if only
the fundamental model is considered).

For both approaches an efficient parallel code is essential to decrease the computational time of the
inversion procedure related to the many forward modelling runs needed by the HMC to numerically
compute the Jacobian matrix, and by the rjMCMC to make evolve the different chains in a single

iteration.
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