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INVARIANT MEASURES AND LONG TIME BEHAVIOUR FOR
THE BENJAMIN-ONO EQUATION II

NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

ABSTRACT. As a continuation of our previous work on the subject, we prove
new measure invariance results for the Benjamin-Ono equation. The mea-
sures are associated with conservation laws whose leading term is a fractional
Sobolev norm of order larger or equal than 5/2. The new ingredient, compared
with the case of conservation laws whose leading term is an integer Sobolev
norm of order larger or equal than 3 (that has been studied in our previous
work), is the use of suitable orthogonality relations satisfied by multilinear
products of centered complex independent gaussian variables. We also give
some partial results for the measures associated with the two remaining con-
servation laws at lower regularity. We plan to complete the proof of their
invariance in a separated article which will be the final in the series. Finally
in an appendix, we give a brief comparing of the recurrence properties of the
flows of Benjamin-Ono and KdV equations.

1. INTRODUCTION

In [26] we constructed an infinite sequence of weighted gaussian measures as-
sociated with each conservation law of the Benjamin-Ono equation. The proof of
the invariance of these measures under the flow of the equation turned out to be
a quite delicate problem. In [27], we introduced an argument which allowed to
prove the invariance of some of the measures constructed in [26]. This argument is
less dependent of the particular behaviour of each trajectory compared to previous
works on the subject ([3} [4, [7, [8, 19, 20} 24, 28] ...). In particular, it reduces the
matters to a verification of an asymptotic average property of the initial distribu-
tion of approximated problems. The verification of this property turned out to be
an intricate problem. In [27], we succeed to solve it for a part of the Benjamin-Ono
conservation laws, by exploiting the fine algebraic structure of the Benjamin-Ono
conservation laws. The approach in [27] is not applicable for the remaining cases. In
the present paper we will deal with a large part of the remaining conservation laws.
The new ingredient with respect to [27] will be the use of the random oscillations
on each mode to get an orthogonality which will allow us to get key asymptotic
average property.

Consider thus the Cauchy problem for Benjamin-Ono equation (in the periodic
setting)

(1.1) ou + Ho?u + udpyu =0, u(0) =ug, (t,2) € R x R/277Z.

From now on we shall always assume that H* and H* are the Sobolev spaces defined

on the one dimensional torus. Since the mean value is conserved under the flow

of (), we can assume that the zero Fourier coefficient of the solutions of (L))

is zero and for such functions H*® and H*® norms are equivalent. Thanks to [16],
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the problem (1)) is globally well-posed in the Sobolev spaces H*, s > 0. We
refer to [1l 2], (18] [6], (10 [16] 23], 12l 17] for previous result on the Cauchy problem
for the Benjamin-Ono equation. We also quote the remarkable recent paper by
Deng [9], where the Cauchy problem has been studied in functional spaces larger
than L?. These spaces are large enough, so that one can show the invariance of
the measure associated with the energy conservation law, constructed in [25]. The
energy conservation law is also conserved by the approximated problems and thus
in [9] one does not need to resolve the difficulty we face here and in [27].

We note by @, t € R the flow established in [16] and for every subset A C H®
with s > 0) and for every ¢t € R we define the set ®,(A) as follows:

2) O, (A) = {u(t,.) € H®| where u(t,.) solves (I.I)) with ug € A}.

We now recall some notations from our previous paper [26]. Smooth solutions to
(I satisty infinitely many conservation laws (see e.g. [14]). More precisely for
k > 0 an integer, there is a conservation law of (1) of the form

(1.3) Eyja(u) = ull?,/2 + Ryja(w)

where all the terms that appear in R/, are homogeneous in u of order larger or
equal to three and contain less than k total number of derivatives. Denote by fi,/2
the gaussian measure induced by the random Fourier series

(
(1.

gn 1nz

|k/2

(1.4) Pr/2(2,w)
nEZ\{O}

In ([Td), (gn(w)) is a sequence of centered complex gaussian variables defined on
a probability space (2,4, p) such that g, = g—, and (g, (w))n>0 are independent.
More precisely, we have that for a suitable constant ¢, gn(w) = c¢(hp(w) + i, (w)),
where hy,l, € N(0,1) are independent standard real gaussians. We have that
fij2(H®) =1 for every s < (k — 1)/2 while py,o(H*~Y/2) = 0.
For any N > 1, k> 1 and R > 0 we introduce the function
k—2
(15) By r(w) = ( T] xn(Eyp(mnvu) )xr(Bunolmve) — a)e ezt
3=0

where ay = Zg 1 for a sutable constant ¢, 7 denotes the Dirichlet projector
on Fourier modes n such that [n| < N, xr is a cut-off function defined as yr(z) =

Xx(z/R) with x : R — R a smooth, compactly supported function such that x(z) =1
for every |z| < 1. For k = 1 the product term in (L3 is defined as 1. We have the

following statement.

Theorem 1.1 (25 26]). For every k € N with k > 1 there exists a /2 measurable
function Fy 9 g(u) such that Fy o n r(u) converges to Fi o g(u) in L9(duy/2) for
every 1 < q < oo. In particular Fy o r(u) € L(dpg2). Moreover, if we set
dprj2,r = Fry2,r(u)dpy 2 then we have

U supp(pij2.r) = supp(pp2)-
R>0

It is proved in [27] that the measures py /2 g, given by Theorem [T} are invariant
along the flow associated with (II)) provided that k¥ > 6 and k is even. There are
several difficulties to prove the invariance of the measures py /o g. The first one is
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to prove convergence of solutions to the finite dimensional approximation of (L.TJ),
ie.

(16) orun + H(?Q%’U,N + WN((WNUN)az (TFN’U,N)) =0, ’U,(O) = Ug

to the solution of (II)). More precisely, if we denote by ®2 (ug) the unique global
solutions to (L6]), then the following estimates are needed in order to prove the
invariance of dpy /2 Rr:

(1.7) ds<o<(k—1)/2st. ¥S >0, 3t=1(S) >0s.t. Ve>0,
ON(A) C 4(A) + B(g), VN > Noy(e),Vt € (—t,1),YA C B(9),

where B?(R) denotes the ball of radius R and centered at the origin of H?. The
proof of (7)) follows by classical estimates for the Benjamin-Ono equation in the
case k > 6 (see [26]), and it becomes more and more complicated as long as k
becomes smaller.

A second and more essential source of difficulty, to prove the invariance of py /2 r,
is related with the fact that the energies Ej /o (see (L)), that are conserved for the
equation (1)), are no longer conserved for the truncated problems (L0, as long as
k > 2. A partial and useful substitute of the lack of invariance of Ej} , along the
truncated flow (L.0) is the following property, proved in [27] for £ > 6 and k even:

. d
(1.8) lim sup }d_/ Fyj2,n,r(w)dpg2(u)| =0
5 JoN(4)

N—o0 s€[0,t]
AeB(HF=D/2=e)

where B(H*~1/2=¢) denote the Borel sets in H(*~1)/2=¢_ The first contribution of
this paper is the proof of (LL8]) for every k > 2 (even and odd).

Theorem 1.2. Let k > 2. Then ([L8) holds for every e > 0 sufficiently small,
every t € R and every R > 0.

Notice that we do not consider in Theorem [[2the value k = 1. In fact, as already
mentioned the energy £ /5 (which is indeed the hamiltonian) is preserved along the
truncated flows (L)), and this information is stronger than (L8]) for k = 1.

The novelty in Theorem [[L2] compared with [27], is that we allow k = 2,4 and
odd k > 3. In fact, the remaining cases, i.e. k& > 6 and even, were treated in
[27]. The proof of Theorem requires some new ingredients compared with the
argument used in [27]. The crucial novelty along the proof of Theorem (in the
cases k > 3 odd and k = 2,4) is the use of an extra orthogonality argument not
needed in [27].

In order to explain where the oddness or eveness of k plays a role we recall that,
according with Proposition 5.4 in [27], Theorem follows provided that one can
show

d
|G~ (o)l La(dp, o) = 0, Where G (uo) = EEk/z(WN‘I’iV(UO))h:O-
Indeed the reduction of the analysis at time ¢ = 0 is one of the key ideas in [27].
Although the functions Gy (ug) have an explicit expression (see Proposition (3.4) in
[26]), it could be very complicated to deal with them due to the intricate algebraic
structure of the conservation laws FEj /. However, once this expression is written

lim
N —o00
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and some crucial cancellations are done, then one is reduced to prove that the
L?(dp) norm of expressions of the following type go to zero as long as N — oo:

(1'9) ch17~~~7jngj1"'gjn
Cn

where c;j, ... ;. are suitable numbers, g; are the gaussian variables that appear in
(L4) and the dependence on N in (I9) is hidden in the constraint Cy. The main
advantage in the case k > 6 and k even is that the L?(dp) estimate of (LJ) can
be done via Minkowski inequality and hence it can be reduced to the analysis of
numerical series of the type > . |cj, .. ;.- In the case k = 2,4 and k > 3 odd
the Minkowski inequality is useless to estimate (L9), and one needs to exploit
the L?(dp) orthogonality of multilinear expressions g;, ...g;, . Hence we reduce the
analysis to numerical expressions of the type Y ., [¢j,,..j,|?, where C'y is a large
subset of Cy. The analysis on the resonant set Cy\C’'n is then done in a straight-
forward way.

By combining the arguments in [27] with Theorem [[L2] we get the following
measure invariance result.

Theorem 1.3. Let k > 4. Then for every € > 0 sufficiently small and every R > 0,
the measures py o, g are invariant by the flow @, defined on Hk=1D/2=¢

The result of Theorem for k > 5 is a straightforward adaptation of [27].
Concerning the invariance of the measure py g it is necessary to prove convergence
of solutions for the finite dimensional problems (L.6) to the solution of the original
equation (LI, at the level of regularity H3/2~¢. Here we perform this analysis
following the approach introduced in [13]. This approach has the advantage to be
quite flexible and the analysis of the invariance of p p we perform here may be
useful to get measure invariance each time the local well-posedness on the support
of the measure is of quasi-linear nature.

The result of Theorem implies recurrence properties of the Benjamin-Ono
on the support of yy /2. We refer to the appendix of this paper for a more detailed
discussion on this topic.

The invariance of the measure p; /5 g has been proved in [9]. It is worth noticing
that the major difficulty in [9] is the proof of a substitute of (7)) in spaces larger
than L? covering the support of p; /2,r- On the other hand the advantage of working
with pq/9 g is that the energy E 5 is preserved along the truncated flows (L6 and
not just along (LTI).

Thanks to the work by Deng [9] and Theorem [[3] it remains to prove the
invariance of p1 g and p3/2 g. The only remaining point to prove the invariance
P1,R, P3/2,r is the proof of (LT). In fact, in the case k = 2,3 the proof of (L)
would require the use of the gauge transformation introduced in [23] and the more
refined Bourgain spaces. This analysis, and even more, is essentially contained in
the paper [9]. We plan to give the details of this analysis in a separate paper which
will be the last one in the series.
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2. SOME USEFUL ORTHOGONALITY RELATIONS

The aim of this section is to study orthogonality properties of products of com-
plex centered gaussian variables. For an integer n > 1, we set

A = {1, ) € @\{ON" | D jx =0}

k=1
and for every j € Z\ {0} we denote by g;(w) the complex centered Gaussian variable

that appears in the j-th Fourier coefficient in ([4]). Next we give an elementary
lemma that will be useful in the sequel.

Lemma 2.1. Let g be a complex centered gaussian, i.e. g = c(h+il), where ¢ > 0,
h,l € N(0,1) and h,l are independent. Then for every r # q, r,q € N we have

[ g"g%p = 0.

Proof. By introducing polar coordinates we get

/grﬁqdp = C/ ( +iy)" (x — iy)Te” 2@ ) dudy
RQ

0o 2w
— C/ / rp+q+1ei‘/’(r_‘”e_%r2dgodr=O

where at the last step we used that the angular integration vanishes thanks to the
assumption r # q. |

The next proposition is of importance in order to understand orthogonality of
multilinear products of gaussian variables.

Proposition 2.2. Let

(2.1) (J1soes din)s (015 ey in) € Ay {d15 oy Jn} # {01, 00}
be such that

/ Gjr++-9jnGiz -G dp # 0.

Then there exist 1 < I,m < n, with ] # m and such that at least one of the following
occurs: either iy = —im Or ji = —jm.

Proof. By 21 we get that either

le{l,...,n} st iy & {j1,.sn}
or

ke {1,...,n}st. gk & {i1,....in}
We assume that we are in the first case (the other one is similar), and hence let [
be fixed as above. Then we introduce

N = H{k=1,..,nl|ixr=—i},
M = {k=1,..,nl|iL =14},
L = {k=1,...n|j = —i}.
Notice that M; # () since it contains at least the element [. Our aim is to prove

that N; # 0. Assume by the absurd that A; = ), then by independence and by
Lemma 2. we get

/gjl 95, Yy - gzndp /gil‘Ml‘+|£l|dp/(Hk¢Mzm) (thﬂlgjh)dpzo
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where | M| and |£;| denote the cardinality of M; and £;. We get a contradiction,
therefore Ny # (). O

Motivated by Proposition we introduce the following sets:
A = {01,y Jn) € An|jr # —i Yk, 1} and AS = A, \ A,.
In particular we get
(2.2) A, = A, UAS and the union is disjoint.

Remark 2.1. We shall need to consider along the paper the following sets, where
N eN:

{(j17j25j35j4) € ”ZLCL | |jl +.]2| > N}

It is easy to check that this set can be characterized as follows:
{(k,h,—k,—h),(k,h,—h,—k)|h,k € Z\{0},|h+ k| > N'}.
Corollary 2.3. Assume that
(J1, J2, J3), (11,42, 13) € As, {Jj1, 2,3} # {i1,12,73}
then [ 9j, 9529529 iz Giadp = 0.

Proof. Tt follows by Proposition22] in conjunction with the fact that A3 = A;z. To
prove the last identity assume by the absurd that there exists (i1,1i2,43) € As, such

that i, = —i,, for some 1 < [,m < 3,1 # m. Then this implies, by the condition
i1+ 12 + i3 = 0, that necessarily i, = 0 for k € {1,2,3}\ {I,m}. We get an absurd
since by definition of A3 we have 41,142,143 # 0. O

Corollary 2.4. Assume that
(J1y s dn)s (815 oy in) € A, {1y ooy gnt # {i1, ooyin}
then [ gj,...9;, i, -G dp = 0.
Proof. Tt follows by Proposition (]

Next we introduce for every j € Z\ {0},n € N

(2.3) AT = {(j1, .y jn) € AS|j = j1 = —jm for some 1 <1 #m < n}.
Hence we get
(2.4) Ag = A,

7>0

Notice that in (24 the union is for positive j since by definition we have
(2.5) Al = Aclil v j e 7.\ {0}.

Remark 2.2. In general the union in (24]) is not disjoint. However it is disjoint for
n = 5. In fact assume that (1, ja, j3, ja, js) € AS* N AS7 for i # j, i,5 > 0. Then
up to permutation we can assume j; = —ja2 = j, j3 = —ja = ¢ and hence by the
condition j1 + jo + j3 + ja + j5 = 0 we get js = 0, which is in contradiction with
the hypothesis (j1, j2, js, ja, js) € As.
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Proposition 2.5. Let i,j > 0 be fived and assume
(1, J2, J3: Jar Js) € A5, (i1, iz, i3, ia, 15) € A5
({1,520 43, 5as 35} \ g, =3} } # {{i1,d2, 3,44, 05) \ {i, =i} }
then [ gj 95294911945 Tix 9z i 9ia i P = 0.

Proof. For simplicity we can assume j = j; = —jo and ¢ = i1 = —is. Since by
assumption

{{i1, 72,93, das g} \ {4, =5} } # {{ir, 2, i34, 05} \ {i, —i}}
we deduce as before that either
3 € {35475} s.t. 7;l ¢ {j3aj4a.j5}
or
1€ {3,4,5} s.t. ji & {is, 14,45}

Again we only consider the first possibility, the analysis of the second being iden-
tical. We introduce the sets

Ny = {k =3,4,5li), = —is}, My = {k = 3,4,5|ix = i}, L1 = {k = 3,4,5|j) = —ir}.

Notice that A; = ) (otherwise by the constrained iy + i2 + i3 + 44 + 75 = 0 and by
recalling that ¢ = i; = —iz, we would get 4, = 0 where m € {1,2,3,4,5}\{1, 2,1, k},
which is absurd since (i1, 2,13, 1%4,5) € As). Hence we get

/ 9319297593295 iz Giz Giz Gia Jiz AP

= / |g; | |gs| g M4 (Mg, i) (Mg 2,95, ) dp

where |M;|,|L;| denote the cardinality of M;, £;. By combining independence
with Lemma [2.0] and by noticing that by definition |M;| > 1, we can continue the
identity above as follows:

= / |gj|2|gz-|291?“'*“l'dp/ (Mg, i) (Mage, 95, )dp = 0 if [ir] = |i] = |

M L __ . . . .
= / lgi|2g M ap / 1951 (Mgt i) (Mg 2,95 )dp = 0 if [ig| = [i] # 4]
= / lg;2gl e g / 19:* (e, @) (Mhg, 95, )dp = O if [id] = || # |i]

o= [ ap [ 10, Pl (M) (Mg, g3, ) dp = 0 i i 2 1l
and we thus conclude the proof. (I
As a consequence we get the following useful corollary.
Corollary 2.6. Let j € N\ {0} be fized and
(J1s d2 Jas jas Js)s ins iz, iz dais) € A5, {1, o, s, das s} 7 (i, o, s, da, i}
then [ 9j, 952952931955 Tir 912 9z 9ia i P = 0.
Proof. Apply Proposition 2.5 with i = j. O
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We conclude this section with some notations that will be useful in the sequel. We
need to introduce some subsets of A%/ (see ([Z3)): given any couple 1 <l <m <n
and any fixed j € Z \ {0} we define

A = { (G ey ) € AZINj = 1 = =i}
Notice that, since we have fixed an ordering on [,m, it is no longer true that
e tbm) — fo=7(bm) (compare with ([Z.1])). Actually el tm) and 4G are
disjoint.
Of course we have that
AT = U (Acatm) g go=a(m)y,
o<l<m<n
Notice that the union above is not disjoint. For instance we have
(s g —ds ks =i — k) € AgHD 0 4G+,

In order to overcome this difficulty we introduce the usual ordering on the couples
(I,m) (i-e. (I1,m1) < (Iz,mo) ifl; <lz orly =ls and my < mg). Once this ordering
is introduce we define
, o
37017],(172) _ U_Af{ 7,(1,2)
+

and by induction

Bfl,]}(lo,mo) _ UA%iﬁ(lo,mo) \ U Bfl;j7(l;m)_

+ (I,m)<(lo,mo)

Hence we get

(2.6) AT = U Bedbm),

o<i<m<n

where the union is disjoint.

3. SOME CALCULUS INEQUALITIES

As a matter of convention, in the sequel, we assume that a summation on the
empty set equals to zero. The following lemma has been crucial in [26] and [27].

Lemma 3.1. The following estimate occurs:
1 In N
— =0(——).
|_Z |]||l|2 ( N )
JHI>N
0<jl,]lI<N

The next lemma will be useful in the sequel.

Lemma 3.2. For any m > 2, the following estimate occurs:

(3.1) ) —— O(mTN)-

s sy IRk
0<[j1lseenslim| SN

Proof. Notice that

m m
1> gkl >N =Dkl >N
k=1 k=1
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hence it is sufficient to prove (B under the extra condition ji, ..., jm > 0. Next
we use induction on m (notice that the case m = 2 is the content of Lemma B]).
Hence we show that if we assume

(3.2) > S 0(%)

m—1 -2
— S g

then (I (where we remove the absolute values |.|) is true. Notice that the sum
in (3) can be splitted as follows:

1 1
Y —t > — = Iy +1Iy.
e L LT —~ i,z N
Smti>N 0< T iR <N
0<g1,sjm <N N-S77 jk<jm<N
0<j1,--rJm—1<N

By (B2) we get immediately Iy = O(h‘TN), hence the proof will be complete if we

show

In N
(3.3) Iy = O(T).
We have that there exists C such that for every 1 <a < N,

N
1 C(N—-a+1)
. - < —
(3.4) ]; k2 — aN
The bound (B4 can be obtained by evaluating the sum by an integral. Therefore,
we obtain
1 m—1 .
<< oy L _( L=t I ).
N NS g NN — Ek:l Jrk+1

o< m T k<N

0<j1seesdm—1<N
Hence the proof of [B.3]) (and as a consequence of (B.1])) will be completed, provided
that:

(3.5) 3 Hmfl,Q(N_Zl —) =0(N)

m—1
— —2J g+ 1
0<T L <N k=2 Jk k=1 J
O<j1;~~~;jm—1SN

1 1
(3.6) 3 - ( -~ ) — O(In N),
. ,Hm ,2 _ m 1 .
0<3 7 k<N i ;7;% Je SN =320 gk +1
0<j1,esdm—1<N

for every [ = 2,...,,m — 1. Notice that the Lh.s. in (B3] can be estimated as follows

> %12( > ! ) =0 N)

L & N-j-%p 1
0z imorsy k=2 Tk o o N 7= 2k i

IN

and hence we get (35]) . Concerning ([B.6) we can assume by symmetry that | = 2,
and in this case the r.h.s. in (B.0) can be written as follows:

N

1 1
o J=1 (N—=J+1) Z?ij—J Jrjell ! 2
=1

0<g1,d2,--sJm—1<N



10 NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

(for m = 3 the product IT}">' is assumed 1). As a consequence (B.6) follows
provided that

(3.7) sup ( sup Z %) < 00.

m—1 2
N>1 \1<J<N W J17210 257 5%

For fixed N and J, we can write

1 1 1 1
Z — < 2 Z (_12 + _2) L2

I v
ST = J1jell 2 3 ]k ST =g J J2 k=3 Jk
0<g1,925--,dm—-1<N 0<g1,92,--,dm—-1<N
1 \m—2
< (X j_2)
Jj>0
< C.
This completes the proof of Lemma O

Lemma 3.3. The following estimate occurs:

0<|jI<N

0<|I|<N

Proof. As in the proof of Lemma [3.2] it is sufficient to prove the estimate under the
extra condition 0 < j,I < N. Using ([B4]), we obtain that for every j > 0 (j < N)
fixed one has the bound:

Hence we get

The proof of lemma follows by the following chain of inequalities:

et
o<§<:zv VIIN +1-7) 0<jz<;w2 N/2<Zj<N

C
< > h+ Y e
0<J<N/2 N/2<j<N N(N+1-3j)
< > —
\/—0<<N\/_
<

This completes the proof of Lemma O
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Lemma 3.4. The following estimate occurs:

11
> 5 =O(NInN).
[§+I>N
o<|jl,[1I<N

Proof. We can assume, arguing as in Lemmal[3.2] that j,1 > 0. Hence by elementary
computations we get:

Som Y =y X NN - (NN 14 1)]

0<I<N ~ N—-I<j<N 0<I<N
1 1
=5 > 72N +1-1)=O(NInN).
0<I<N
This completes the proof of Lemma [3.4 O

4. PROOF OF THEOREM FOR k =2

First we recall the explicit expression of the energy
3 1
(4.1) Ei(u) = HuHi{l + 1 /qu(uz)d:r + 3 /u4d3:.
Next we introduce the sequence of functions G;CV/2, k=0,1,2, defined as follows:

d
GY :supp(p1) > u — aEH (WNq)iv(u))t:O

d
G}f :supp(p1) 2 u— d—E1/2 (WN‘I)iV(UD

d
G ssupp(mn) 3w = (lmvel @)3)

where 7 is the projector on the Fourier modes n such that |n| < N. According to
Proposition 5.4 in [27], Theorem[[ 2 for k = 2 follows from the following proposition.

Proposition 4.1. We have
k
Jim ZHG P2 ()| L2 (g () = O-

Proof of Proposition [{-1] The property limy_, Zk:o ||Gf\,/2 () 22 (dps (uy) = 0 fol-
lows from the fact that E o(mn @Y (u)) = const and ||y @} (u)|| 2 = const. Hence
we shall focus on the proof of |G} (w)|| L2(au; (w)) = 0 as N — co. In the sequel we

shall use the notation 7~y = Id — . We have the following explicit expression
of G} .

Lemma 4.2. For every N € N and for every u € supp(u1) we have

3
(4.2) G (u) = ~1 /(wNu)Qam(wNu)w>N((wNu)z)dx.
Proof. First we recall that, by Proposition 3.4 in [27] and @), we have:
d 3
(4.3) EEl (ﬂ'Nfl)iv(u))t:O =3 /uNﬂ'>N(uN8muN)H(8muN)dx

3

+Z/(UN)2H7T>Nam(uNamUN)dx+ %/W>N(UN81UN)U§Vd‘T
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= IN(’UJ) +IIN(’LL) +IIIN(’U,)

where uy = myu. Notice that if we denote by u}'{, (resp. u™) the projection of uy
on the positive (resp. negative) Fourier modes then we have 7~y (ujuy) = 0 and
hence we can deduce (see [26], [27] for more details) the following identity:

3 a0 -
In(w) = 5 [ 7o @) (a5 Oy

3
—0—5/7T>N(H(azu;,)u&)ﬂﬂv(u]"\}amu})daj

and hence by definition of H

.3 4
=iy /7T>N(u}8$u})7r>N(uN8muN)dx

3
—HE /7T>N(6wu;,u]_v)7r>1v(u}'{,8$u?\})dx = 0.

Similarly we have

IIn(u) = —Z /8m(u})2H7T>N(u;,81u;V)daj - Z/@m(u;,)sz>N(u}81u§)daj

= _ig/6:E7T>N(U})2az7T>N(U;V)2d«T+ig/6:E7T>N(UR[)26:E7T>N(U};)2dx: 0.

Hence we get by (3]

d 1
%El (TrN(I)iV(U))t:O =3 /7T>N(uN8muN)u?Vdaj.
The conclusion follows by integration by parts. This completes the proof of Lemma[£.2]

O

Let us come back to the proof of PropositionIl In order to prove |Gy () || L2(du (u))
tends to zero as N — oo, we plug in the r.h.s. of [@2) the random vector (L4)
(where we fix k = 2) and we are reduced to prove (see [26] and [27] for similar
reductions in the case of higher order conservation laws)

J3941 952975954 945

TR — 0 as N — oo.
|Jl||]2||]3||]4||]5|

4.4
44 L?(dp)

0<|j1l,15215178], 144l 175 | <N
[jatis|>N
(41,42,93,J4,J5)EAs
Notice that by combining (22) with the Minkowski inequality, it is sufficient to

prove that:

1 Fnl L2(ap), 1 FR [ 2(ap) — 0
where the functions Fiy and F§ are defined as in (@) with the condition j € As
replaced respectively by ; € As and j € Ag (where we used the notation j =

(j1,72, 73,74, 75)). In order to estimate ||Fy||z2(ap) we use Corollary 2.4 and by
orthogonality we get:

1 1
2 JE—
IFNI72ap) < C ) AP 0(—N)
0<|g1]51921:1d4l,195 | <N

|[ja+is|>N
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where the last step we used the fact that |j4+js5| > N implies max{|j4|, |j5]|} > N/2.
Next we estimate || F5 || 12(ap), i-e.

— 0 as N — oo.

‘ Z j39j1 9529539549355
L2(dp)

1117211531171 |75 ]

0<|g1ll521:|78],1da]: |75 | <N
|ja+is|>N
(J1,52,33,Ja,75) EAS

Notice that by (Z4) (where the union is disjoint for n = 5 by Remark [Z2]) and by
Minkowski inequality, it is sufficient to prove that

N .
Z ’ Z J395195295395495s
3= octint il S sl 1112 113s117all5s|

|jat+is| >N
(41,392,334 ,55) EAZI

that in turn due to (2.40) follows by

N .
(4.5) > 3 J39;97291:931935

S ol e a<n Wllzllisllialljs]
|j4+j5|>N ‘
(41,72,43,Ja,45)€BLT ™)
with (I,m) = (1,2),(1,3),(1,4),(1,5),(2,3),(2,4), (2,5),(3,4),(3,5). Indeed we
have excluded the possibility (I,m) = (4,5) since for every (ji,j2,73,Jj4,75) €
Bg,j1(4,5)

—0as N — o0

L2(dp)

L?(dp)

we get |js + j5| = |j — 4| = 0 which is in contradiction with the con-
strained |js + js| > N that appears in (£5). Notice that we can also exclude
(I,m) = (1,2) since for any (41, j2, j3, ja,J5) € Bg,y,(lﬂ) with |js + j5| > N, we
have N < |ja + Jjs| = |j1 + j2 + 73| = |7 — j + 43| = |j3|, which contradicts the
condition |j3| < N that appears in (LI). By similar argument we can exclude
(I,m) = (1,3),(2,3). Next we prove (£H) by considering separately all the possible
remaining values for the couple (I, m).

e (I,m)=(1,4) (it is similar to (I, m) = (1,5), (I, m) = (2,4), (I,m) = (2,5)).
Then by Corollary and Lemma B3] we estimate the contribution of
B to @3) by

S(Y o)
s 1214, 144-12
2 Mol TN 2|2 |jal*| 5]
|ja+is|>N

N 1 1 1
o3 (S ) =0l
ng 0<§<N |gal*1js[? N
|[ja+is|>N

e (I,m) = (3,4) (which is similar to the case (I,m) = (3,5)). In this case, by
Corollary [Z6] we estimate the contribution of BE’J’(SA) to (LX) by
(Y )
711215212174l ?[ 5]

Ja=1  0<l|jl,|s2l, |55 |<N
|jat+is|>N

[SE
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N
1
<0 (Y o)
2\ 2 T
[jat+is|>N

Nl=

~o(-%)

where we used Lemma [3.3] at the last step.

This completes the proof of Proposition [£.1] O

5. ON THE STRUCTURE OF CONSERVATION LAWS

The aim of this section is to recall some notations (for more details see [20]).
Given any function u(z) € C°°(S!), we define

Pi(u) = {05'u, HOJ 'ulay € N},
Pa(u) = {05'ud?u, (HOT w)0s?u, (HOS uw)(HIY?u)|a, ag € N}

and in general by induction

k
Pu(w) = { T H pi v, i € 0,1},
=1

2
Zjl =n,k e {2,..,n} and p; (u) € P;, (u)}
=1

where H is the Hilbert transform. Notice that for every n the simplest element
belonging to P, (u) has the following structure:

(5.1) [To2u, ai € N.

=1

In particular we can define the map Pn(u) 3 pp(u) — pn(u) € Pp(u) that as-
sociates to every pp(u) € Pp(u) the unique element p,(u) € P,(u) having the
structure given in (&) where 091w, 032w, ..., 09" u are the derivatives involved in
the expression of p,(u) (equivalently p,(u) is obtained from p,(u) by erasing all
the Hilbert transforms H that appear in p,(u)).

Next, we associate to every py,(u) € P, (u) two integers as follows:

if pp(u) = 1:[1(% u then |py,(u)| := (ax o and ||pn(u)|| := 20@.
Given any even k € N, i.e. k = 2n, the energy Fj/; (preserved along the flow of
Benjamin-Ono) has the following structure:

62) Ep@ =l + Y ) [pluds
p(u)EPs3(u)s.t.
pu)=ud? "1 udu

+ > c2n(p) / p(u)dz

p(u)€P;(u)s.t.j=3,...,2n+2
llp(w)||=2n—j+2
Ip(u)|<n—1
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where ca,(p) € R are suitable real numbers. For k € N odd, i.e. kK =2n + 1, the
energy Ej /5 has the following structure:

63 Bp@ =t Y ) [pud

p(u)EP3(u)s.t.
p(u)=ud; ud, u

+ Z can+1(p) /p(u)dx

p(u)€P;(u)s.t.j=3,...,.2n+3
()| =3n—j+3
[p(w)|<n
p(u)Audy; ud, u

where c2,,41(p) € R are suitable real numbers. Observe that Ej/o(u) can be ex-
tended from C>(S') to H*/?(S1).

Next we introduce another useful notation. Given any p(u) € U2 5P, (u) and
any N € N then we can introduce p};(u) as follows. Let p(u) be such that

=[[ou
i=1
for suitable 0 < a7 < ... < o, and «; € N. First we define p;N(u) as the function
obtained by p(u) replacing 0% (u) by 0% (7> n(u0zu)), i.e.
(5.4) Pin (W) = P(W) g%y (o y (o)) Vi =110

where 7> v is the projection on the Fourier modes n with |n| > N. We define p%,(u)

as follows: .
u) =Y piyu)
i=1

6. PROOF OF THEOREM FOR k=14
Recall that

5
(6.1)  Es(u) = ||u||ip ~1 /[(um)QHum + 2utgp Hug|dx

—i—% [5u2 (ug)? + u? (H (ug))? + 2uH (ug) H (vu,)]dx

5 4 5 3 1 6
+/[32u H(uz) + 51 H(uug,)|dx + 48/u dx.
We introduce the functions

d
G2 - supp(uz) > uo — d—Eg/g (mvfbiv(uo))t:o

G - supp(yi2) 3 o — B (e @ (uo))

and we recall that the functions G%;, G}\{Q, G are defined in Section @ Accord-
ing with Proposition 5.4 in [27], Theorem for k = 4, follows by the following
statement.

Proposition 6.1. We have

k/2
hm Z ||G / ||L2(du2 (w) =
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Proof of Proposition[6.1l As in the proof of Proposition 1] it is sufficient to prove
. 3/2 2
A (G (W)l 2 ) + G (@) 22 (@) = 0-

6.1. Proof of ||G3 (u)||r2(au,) — 0 as N — oo. Along the proof we denote by
ut (resp. uw™) the projection on positive (resp. negative) Fourier modes of u. By
looking at the explicit expression of G3(u), that follows by Proposition 3.4 in [27]
and (61)), it is sufficient to prove that

(62) i | [ o rwadel o = 0
(see section Bl for the definition of p} (u)) where p(u) is one of the following:
(6.3) (tz)? Httg, wtl H i,
u? (ug)?, u? (H (ug))?, wH (ug ) H (ug ), w* H (ug), u H (uuy ), u®.
First, we prove (6.2) in the cases p(u) = utgeHugz, p(u) = (uz)?*Hu, which are

the most delicate terms. The remaining terms, that involve less derivatives, will be
treated at the end via a general argument.

First case: proof of ([62)) for p(u) = g, Huy

In this case we get:

(6.4) /p}kv(u)d;v = /7T>N(uum)umHumd:E+ /uumw>NH(uuw)mdx

+/uHum7T>N(uum)md:E = In(u) + Iy (u) + Iy (u).
Hence it is sufficient to prove that

||IN(7TNU)||L2(d#2)7 ||IIN(7TNU)||L2(d#2), ||IIIN(7TNU)||L2(d#2) —0as N — oo.

For simplicity we introduce uy = myu, hence by integration by parts and by
recalling that 7~ n(ufuy) =0 we get:

ITIy(myu) = —/7T>N8w(uNHamuN)w>N6w(uN6wuN)dx
= —/7T>N(91(u%HBwu+)7r>N8w(u;,8$u;\,)dx
—/W>Naz(u;\,Hamu;\,)@Nam(u}azu;)dx
= i/7T>N(91(u?{,@mu})w>N6w(uanmu]_v)dx

—i/7T>N81(u&@mu]})w>N8m(u}81u$) =0.

Concerning IIy(myu) (see (64) for definition of Iy (u)) we have:

IIN(ﬂ'N’U,) = /uNﬁiuNw>NH(uN8§uN)d:c+/uN8§uN7T>NH(8wuN8muN)d;v

= /7T>N(u}@%u})w>NH(u;\,6§u;,)dx—i—/7T>N(u;,@ﬁu;,)w>NH(u}6§uE)d:v
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—|—/7T>N(u}8£u})7r>NH(8zu]_V81uz_v)dx+/7T>N(u;,[?iu]_v)ﬂ;]vH(amuﬁamuﬁ)daj.

Notice that the first two terms on the r.h.s. cancel, due to the definition of H, and
hence it is sufficient to prove

I /7T>N uROZuR ) s N H (0punOpun )d|| 12 () — 0 as N — 00

and
I /7T>N(u;\,(ﬁu;,)w>NH(8mu}8$u})dx||L2(d#2) —0as N = o0

in order to conclude || I1n(mnu)| L2(4u,) — 0 as N — oo. To prove the first estimate
above (the second one is equivalent) we replace u by the random vector (4] where
k = 4 and we are reduced to prove:

(65) H Z 951952953954

MCIERIE
o<ljal s gshtiaf<ny 1111l
J1,J2>0,7j3,74<0
|[ja+ja|>N
(J1,J2,J3,72) €A

Notice that by combining (22) w1th the Minkowski inequality, it is suﬁiment to
prove ©3) where the condition ] € A4 is replaced respectively by ] e A, and
je AC (where we used the notation j= (j1,72,73,7J4))- In the first case (i.e. we
have j € A4 in ([3)) we can combine an orthogonality argument with Corollary 2.7
and the estimate follows by:
> % = 0(%)
0<|j1lsl73l,|7a| <N 1[4
lis+ial>N

where we used the fact that |js + j4| > N implies max{|js|,|js|} > N/2. In the

second case (i.e. we have j € A§ in (65)) we can combine Remark 2Tl with the
Minkowski inequality and the estimate (G.3]) follows by:

1 InN

D |h|k]? 0( N>
0<|hl,[k|<N
|h+k|>N

—0as N — oo.
L2(dp)

where we used Lemma [3.1]

Next we prove || In(mnu)||L2(du,) — 0 as N — oo (recall Iy (u) is defined in
(64)). This estimate is equivalent to

H Z (signj4) 951952955954

0<lj1l,121, 1981, 12| SN |j | |‘]2||j4|
[j1+g2|>N
(J1,72,93,J4)EA4

—0as N = o0

L2 (dp)

and in turn, by Minkowski inequality, it follows by

1 In® N
Z |j1|2|j2||j4|20( N )
O<‘j1|7|j2|7|j4‘SN
[j1+j2|>N

where we used Lemma [3] at the last step.

Second case: proof of (62) for p(u) = u2Hu,
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In this case we get

(6.6) /p}‘v(u)daj = 2/7T>N81(u81u)8muH8mud$—|—/(8mu)2ﬂ'>N81H(u81u)d$
= 2/7T>N(8zu8mu)8zuHazud:E+2/7T>N(u8§u)8muH81ud:1:

+/(8mu)2ﬂ'>NH(8mu8mu)daj + /(8mu)2ﬂ'>NH(u85u)d$
To conclude the proof we shall show that
HIN(WNU)”L?(d,uz)a ||IIN(7TNU)||L2(d#2) —0as N — o0

(by the same argument we can prove |[ITInN(7nw)| L2 (dus)s [TV (TN || L2 (dps) —
0). The property ||In(mnu)|lz2(du,) — 0 is equivalent to the following one

(6.7) H E (Slgnjz;)M — 0 as N — occ.
0<Ija |zl l7al. [jal <V 1l lal N2 ap)
lj1+i2|>N

(J1,52,33,J4) €A

By combining (22 with the Minkowski inequality, it is sufficient to prove (6.7) by
assuming that the condition j € A, is replaced respectively by j e Ay and j € Aﬁ
(where we used the notation j = (ji, 2,3, 74)). In the first case (i.e. we have
j € Ay in ([67)) we can combine an orthogonality argument with Corollary 2] and
the estimate follows by:

1 1 1
S S B
1213012 32302 = 120,12 N
o<tisplianeh el PR =0 O Lallal
lis+jal>N l73+ja| >N

where we have used the fact that |j3 + j4| > N implies max{|js|,[js|} > N/2. In
the second case (i.e. we have j € AS in (67)), we can combine Remark 2] with
the Minkowski inequality and the estimate (6.7)) follows by:

1 1
—
Z R|2[k2 N
0<|hl,|k|<N
|h+E|>N
where again we have used the fact that |h + k| > N implies max{|h|, |k|} > N/2.
Next we prove ||IIn(mnu)||L2(du,) — 0 as N — oo (recall 11y (u) is defined in
(©5)). This estimate follows by

6.8 signyjy) 31972953950 —~0as N — oo
( gnj 5 ,
0<j1 |l 7], gl <N 217l 122 (ap)
|j1+72|>N

(J1,J2,33,J4) €A

that in turn can be proved following the proof of ([G.3)).

Third case: proof of ([62)) where p(u) is any of the remaining terms in ([6.3)
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It is sufficient to prove the following fact (here we use notations introduced in
Section [Bl):

(6.9) if p(u) € Pr(u), k =4, |p(u)| <1, ||p(u)]| = 2
then || /p?V(WNu)d:EHLz(dM) — 0 as N — oo.

We first show how to treat the simplest terms that satisfy (69), i.e. p(u) =
uF=20%udku with 0 < v, 1 < 1 (see the end of the proof for a comment on how to
treat the general terms that satisfy (G.9])). By looking at the explicit expression of
py(u) it is sufficient to prove that

I1E'N ()| 2 (dpo) s |G N (W) 22 (dpa) s N (W) ]| 22 (dpan) — O
where
Fy(u) = /7T>N(8§‘uN8§uN)u’f{265uNd:v

Gn(u) = /7T>N(8§uN8wuN)ulfv_265uNd:v

Hy(u) = / o N (unOpun )uk 300 un 0P und

with «, 8 € {0,1} and as usual uy = wyu.
Notice that || Fi(u)||£2(au,) — 0 as N — oo is equivalent to

(6.10) H Z Sh e |2—3‘

—0as N — o

o T T 3
0<lgal,ljzls. s lrr1 | SN Y RV R VA o Ve L2(dp)
[j14+72|>N
Zf:l jl:0
that in turn due the Minkowski inequality follows (recall that 0 < «, 8 < 1) by
3 1 _ O(ln2 N)
|71l173 12k 1] N

0<|j1l;lgsls s i1l SN
(J1seerdk+1)€EAR+1
where we have used Lemma [3.2]and we have replaced the condition |j; 4+ j2| > N by
|3+ ...+ Jr+1] > N, since ji + ... + jr+1 = 0. By the same argument one can prove
|G~ (w)|lL2(dus) — 0. Concerning the proof of ||Hx ()| r2(au,) — 0 as N — oo it
follows by

—0as N — o0
L2(dp)

Z 9j1--9jrt1
1 12195117212...19 215 12—l 2—8
0<lg1l,lg2 ], lins 1| <N |Jl| |J2||J3| '-'|]k—1| |]k| |]k+1|
[j1+j2|>N
(J1sesJkt1) EAR41

that in turn due the Minkowski inequality follows (recall that 0 < o, 8 < 1) by
Z 1 i O(1H3 N)
octiniisiea<n L2l L Pl k|
[j1+j2|>N

where we have used at the last step Lemma B.]

Hence we have proved (6.2) in the case p(u) = u?0%ud u. Notice that the
argument above is based on the Minkowski inequality and it does not involve inte-
gration by parts. In the case that some H appears in the expression of p(u) (that
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we assume to satisfy (69)), then exactly as above we are reduced to estimate lin-
ear combinations of multilinear products of Gaussian functions of the type (610,
where eventually the coefficients can be affected by the multiplication by complex
numbers of modulus one (that could come by the action of the operator H). How-
ever this fact does affect the possibility to apply the Minkowski inequality and to
conclude as above.

6.2. Proof of ||G%2(u)||Lz(d#2) — 0 as N — oo. In Section [l it is proved
. 3/2
Jim G (W)l (g ) = 0

We claim that it implies limy 00 |‘G:]3\]/2(u)||L2(d#2(u)) = 0, and hence the end of the
proof of Proposition [6.1l In fact, by looking at Section [, one can deduce that the

property ||G%2(u)|IL2(du3/2(u)) — 0 as N — oo, follows by

[ /p}ﬁv(ﬂ'Nu)”N(dugm(u)) —0as N — o0

where p(u) are the terms that appear in the structure of Fs/y (see (53)). More
precisely given a suitable p(u), the property above follows by computing explicitly
py(u) and by plugging in the corresponding expression the random vector defined
in (L) for k = 3. Hence everything reduces to prove:

(6.11) H Do el dn) d o

—0as N — o

14 |1 1|k 2
, , eIk L?(dp)
PATAESY L
[j1+72|>N
(J1,--2dk) €A
for suitable a,...,ar and where |c(j1, ..., jr)] = 1. In case we are interested to

prove
| /p?v(WNU)HLz(dM(u)) —+0as N = o0

(where p(u) is the same as above) then we can argue in the same way, with the
unique difference that we plug in the expression of p} (u) the random vector (L.4)
with k& = 4, hence we reduce to

. . i1 -G
6.12 H E CJ1y o Jk) T
(6.12) . U1 g )|J1|ﬁ1---|1k|ﬁk
7[5 |k | SN

[J1+72|>N
(J1,-2JK) E AR

—0as N = o0
L2(dp)

where f31, ..., By satisfy 8; > «;. In fact this monotonicity is a reflection of the
fact that the coefficients in (L)) have a stronger decay for k = 4 than for k = 3.
Moreover the proof of ([EII) (that we give in section []) it only depends on the
decay of the coeflicients m and not on the oscillations of ¢;,...¢;, (that
are exclusively exploited to perform some orthogonality arguments). Hence the
same proof works to prove (G.I2), due to the stronger decay of the coefficients.

This completes the proof of Proposition O

7. ESTIMATES FOR H fp}‘v(ﬂ'Nu)dx}

L2(d#m+1/2)

The proof of the following lemma is inspired by Lemma 9.1 in [26]. We recall
that 7w~ denotes the projector on the Fourier modes n such that |n| > N, and
hence 7y + T~y = Id.
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Lemma 7.1. Let u(x) = E;V:_N cje with ¢cg = 0, and u™(z) = Ejvzl cjetr,
u (x) = Zj;l—]v cje®. Then the following identities occur:
(7.1) /u(Haglu)Bngw>N(uamu)dx = /u@?u(@?w>N(u6wu))dx
=Y [ oD ) (@00

Jj=1
for suitable coefficient a; € C. Moreover

(7.2) /u((?;”u)(?;”HW>N(u81u)daj + /u(@;nﬂ>N(u8mu))(H8;”u)daj =0.
Proof. We first prove the second identity in (I]). We have the following identity:
/ua;”u(a;”w>N(u6wu))d:E = % /7T>N(u8;”u)(8;”7r>1v(8mu2))d;v

and by the Leibnitz rule

S /7T>N(u8;”u)6w(7r>1v(u8;”u))dx

+ Z a; /7T>N(u@?u)w>N(8£u6§1+l_ju)dx.
j=1
We conclude the proof since [ 7 n (w07 )0y (7> N (w0 w))dz = 0.
Next we prove the first identity in (7I). By using the property 7~y (utu™) =0
we deduce:

/u(H@?u)@?HW>N(u6wu)d:E = /7T>N(u+H8;"u+)8;"H7T>N(u_8mu_)dw

+ / oy (u” HO u )0l Hrs y(ut 0pu™)de
and by definition of Hilbert transform

(7.3) = /7T>N(u+(8;nu+))8;”77>1v(u781u7)d3:

—|—/7T>N(u_(?glu_)aglﬁﬂv(u"'amu"")d:r.
On the other hand by using again 7~ y(utu™) = 0 we get

/u@fuﬁ;”ﬁ>1v(u8xu)daj =

/7T>N(u+8;”u+)8;”ﬂ'>1v(u781u7)d$—|—/7T>N(uf(?;”uf)aglﬂﬂv(qu@qur)da:.

We conclude the first identity of (Z.I]) since the r.h.s. in the above identity, is equal
to the r.h.s. in (T3).
Next, we focus on (Z.2). By using again the property 7~y (uTu™) = 0 we get:

/u@fu(H@?ﬁ>N(uazu))d$+/u(H@?u)@?ﬁ>N(uazu)daj =

/7T>N(u+8;”u+)8;”H7T>N(u_8mu_)d:C—i—/7T>N(u_6;"u_)8;"H7T>N(u+8wu+)d:v
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+ / 7T>N(u+H8;”u+)8;”7T>N(ufamuf)da:—k/ mon(u” HOTu )0 s n(ut Opu™)de
and we can continue

= i/7T>N(u+8;”u+)8;”7r>N(u78muf)d:E
—i/7T>N(u78;”u7)8;”7r>N(u+8zu+)d:1:
—i/7T>N(u+8;”u+)6gl7r>]v(u_amu_)d:v

—I—i/7T>N(ufaglu*)@glﬂﬂv(quamqu)dx =0.
This completes the proof of Lemma [7.1] O

Lemma 7.2. For every m > 1 we have:

(7.4) lim H/p}‘v(mvu)d:v’

N—o00

0

L2 (dﬂm+1/2)

where:
p(u) = ududy u, p(u) = w(HOTw)(HOTu) and p(u) = w(HIT u)d .

Proof. We shall focus on the case p(u) = udTudTu (for p(u) = w(HOTw)(HOMu)
then it is sufficient to repeat the argument below).
We can write explicitly

@5) [kt = [ monwo,n @y

+ 2/u6§1u8;”(7r>]v(u81u)) = In(u) + 211y (u).
Next, we prove that
[N (TN L2 (dp 1o (uy) — O and [ LIN(TNU) | L2 (g, 41 o (u)) — 0 @S N — 00.

In fact the property ||In(7nu)|L2(dp,,,, ) — 0 is equivalent to

(76) H 941952953954 ‘

|j1|m+1/2|j2|m_1/2|j3|1/2|j4|1/2 — 0 as N — oo.

L2(dp)

0< g1l 1521 153,14l <N
[j1+72|>N
(J1,J2,73,J4) EA4

By combining (2.2)) with the Minkowski inequality, it is sufficient to prove (Z.4)
where the condition j € Ay is replaced respectively by j € A4 and j € A§ (here we
used the notation j = (j1, j2, j3,ja)). In the first case (i.e. we have j € Ay in ()
we can combine an orthogonality argument with Corollary 2.4] and the estimate
follows by:

1
Z s12m+1| 5. 12m—1] 4 :
o<tis g el al<n TP sl
lj1+i2|>N }
(J1,J2,93,Ja) €A
1 In® N
<C ———— =0 —)
Z |]1|3|]2||]3||]4| ( N

0<|g1l,1521519315 12| SN
[71+72|>N
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where we we have used Lemma [} In the second case (i.e. we have j € A5 in
[T8)) we can combine remark 211 with the Minkowski inequality and the estimate

[T4) follows by:
1 In N
Z PREEGE :O( N )

0<|h|,|k|<N
|h+k|>N

where we used Lemma [3.I] in conjunction with the fact that m > 1.
Next we prove |[IIn(7nu)L2(dp,,,,,.) — O (where Iy (u) is defined in (Z5)). By

(7)) in LemmallTlwe are reduced to prove HIIJ];[(TFNU)‘ —0as N = o0

L2(dﬂm+1/2)

where
II]J;](’U,) = /7T>N(u@fu)w>N(8£u8;”7j+lu)d:z, j=1..m.
Hence we are reduced to prove for j = 1,...,m that
951952953954
(RN S ______9nds —
+1/2 1/2 m+1/2—j j—1/2
o<l bl <y 1 7211/ 1] il

[j1+7g2|>N
(J1,72,93,J4)EA4

%
L2(dp)

whose proof follows by a similar argument used along the proof of ([Z.4).

Concerning the proof of (4) in the case p(u) = w(HOTu)0Tu, notice that we
have

[t = [ moxtuo ooz [ ooy (r i)

+ /u(Hagc"u)a;"(Tr>N(u81u)) =In(u) + Iy (u) + I Ty(u).

By ([@2) we get IIn(wnu) + IIIn(mnu) = 0, hence it is sufficient to show that
[N (mNw)l| L2 (dpy 1) — O- Arguing as above this estimate follows by

(7.8) H Z (sign(js)) m+1/zg,jlgfi€jzgj.‘4 VIr 1/2‘
0<lj1l,|321|7a], | jal <N 1] 1721 1731172 174]
[j1+Jj2|>N
(J1,J2,93,J4) €A

L2(dp)

as N — oo and it can be proved following the same argument used above to estimate
(). This completes the proof of Lemma O

Lemma 7.3. For every m > 1 we have:

lim H/*ﬂ'udaz‘ =0

A | P () L2(dpt 1 1/2(w))
where:
(7.9) p(u) € Ps(u), [p(w)| < m,[|p(u)l| = 2m, p(u) # ud; ud; u.
Proof. We consider some specific p(u) that satisfy the assumptions:
(7.10) p(u) = O udS2udS*u

3

(7.11) Zai =2m and a1, a0 < m,a3 < m.

i=1
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Notice that we have chosen p(u) such that the Hilbert transform H is not involved.
By looking at the argument below and arguing as at the end of the proof of Propo-
sition [6.1] one can deduce that indeed by the same technique one can treat any
p(u) that satisfies the assumptions (7.9)

In the context of (I0)), we have

(7.12) /p}‘v(u) = /W>N6§‘1(u8wu)8§‘2u8§‘3u+/7r>N6§‘2 (u0pu) 05 udS u
+ /7T>N8§‘3 (w0 w)0S udS?u = In(u) + Iy (u) + TN (u).

It is sufficient to prove that

||IN(7TNU)||L2(dﬂm+1/2)’ ||IIN(7TNU)||L2(dﬂm+1/2) ||IIIN(7TNU)”L2(d#m+1/2) -0

as N — oo.

We shall focus first on |[I1In(7yu) 12 — 0 as N — oo, and hence by

the Leibnitz rule we are reduced to prove: ||[I113 (mnu)||L2(dp,,,,.) — O Where

dﬂm+1/2)

11T, (u) = /W>N(8§;u@§u)8§‘1u8§‘2ud:ﬂ

with
j+k:a3+1,0§],k§a3+1§m+1

In fact it is equivalent to

(7'13) H E bj1j2j3j4 951952953954
0<|guls]g2l,|78]:] jal <N
|[ja+ja|>N
(J1,J2,J3,J4) € A4

—0
L2(dp)

where:

1
bj1j2j3j4 = |j1|m+1/2—j|j2|m+1/2—k|j3|m+1/2—0¢1|j4|m+1/2—a2'

Hence by (ZI1)) we get

(7.14) b

1
ca s <
j1j273ja > |j1|m+1/2—j|j2|m+1/2—k|j3|3/2|j4|3/2

Following the same argument used to deduce (7.6) it is sufficient to prove (Z13)
where the condition j € A4 replaced by j € Ay and j € A§ (where we used the
notation j = (j1, j2, j3, ja)).

In the first case (i.e. we get j € Ay in (ZI3)) we can combine Corollary 24
with an orthogonality argument and we are reduced to show

1
(7.15) Z C12m+1—25 4 - — > 0as N — o0
—2j |- |2m+1—2k|;_(3]7.(3
<1l ljzl,|gal.lal lds | <N 1] 2] FEIRRY
[3+jal>N
(J1,72,93,J4) EA4

where j, k satisfy 0 < j,k <m+1, j+k <m+ 1. By symmetry we can assume
that 0 < k < j. Next we consider several cases.
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e j=m. Then k <1 and we get
1 1

|j1 [Pt =23 o [2mA =2k a3 g3 T |gu||g2 2™ =13 )3 |jal?

and hence the Lh.s. of (TIH) is O(lrﬁzj\[), where we used the fact that
|js + ja| > N implies max{|js], [ja|} > N/2.
e j=m+ 1. Then k = 0 and hence
1 < |J1]
[Ja [Pt =2 o P =2R g 354 BT |2 s3] a3
By combining the fact |j3 + jsa| > N implies max{|js|,|ja|} > N/2 with
Lemma B4 we get that the Lh.s. in (TI3)) is O(h‘TN)
e j<m—1. Then £k <m — 1 and we deduce

1 1
P2 g P2 g 3P T | P2l s [P Lial?
Hence we get that the Lh.s. in (T3] is O(%), where we used the fact that
|73 + ja| > N implies max{|js|, |ja|} > N/2.

Next we focus on the proof of (ZI3) in the case that the constraint j € A, is

replaced by j € A5, where as usual j = (j1, j2, j3, ja). By combining Remark 2]
with the Minkowski inequality, and by recalling (ZI4]), we deduce that the estimate

(I3) (where the constraint j € Ay is replaced by j € AS) follows by:

1
(7.16) > e~ 0 as N = 0o
0<|hl|,|k|<N

|h+1|>N
where j, k satisfy 0 < j,k <m+1, j+k <m+ 1. Again by symmetry, we may
assume k < j. As a consequence
1 < 1
|2 j 2=k = Al

and (Z.10) follows by Lemma 311

Concerning the proof of
1N (TN L2 (dpis 1) [HIN (TN L2 (gt g o) = O

(see ([TI2) for the definition of Iy (u) and ITx(u)) it is easy to see that the estimates
are equivalent, hence let’s focus on ||In(mnu)|lz2(ap,,,,,,) — 0- By the Leibnitz

rule we are reduced to prove: || I (myu)| — 0 as N — oo where

B (u) = /W>N(8£u6§u)8§2u8§‘3udx

(7.17) jtk=a1+1,0<jk<a;+1<m.
In fact it is equivalent to
(718) H Z Cj1j25354951 952953934 L2 (dp) —0
0<lg1|lg2].l3s],|ja| <N P
|[ja+ja|>N

(J1,J2,33,J4) €A
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where
B 1
Cirjagsja = [j1 [+ /2= o |1 2= K] | mA1/2=n |, [mF1/2=as "
Hence by (TIT7) and by recalling that a1, as < m (see (1)), we get easily
< 1
Cirjajaja < , , , .
e VAR PR FRE TARE

(7.19)

Following the same argument as above it is sufficient to prove (ZI8]) under the
condition j € Ay replaced by j € Ay and j € ./Lcl (where we used the notation
7 = (j1,j2,73,ja))- In the first case (i.e. we get j € Ay in (ZI8)) we can combine
Corollary Z4] with an orthogonality argument and we are reduced to show
3 L _o( )
o<zl T i dsel <o L1 17211931 dal N
l7a+ia|>N

where we have used Lemma [B.1] at the last step. In the case that the constraint
j € Ay is replaced by j € AS in (ZI8) then, by combining Remark 2] with the
Minkowski inequality, and by recalling (Z.19]), we deduce that the estimate (Z.I8)
follows by:

1 1 In N
7.20 — -0(=~)
(720 2 Rt 2 T Ol
0<|hl,kI<N 0<|hl,[FI<N
[h+1|>N [h+1|>N
where we used Lemma B.] to estimate the first term, and the fact that |h+ k| > N
implies max{|h|, |k|} > N/2, to estimate the second term. This completes the proof
of Lemma O

Lemma 7.4. For every m > 1 we have

lim "/p?v(ﬁNu)dx‘

N—o0 L2(dpme1/2)

where:
p(u) € Pa(u), [p(w)] < m,[|p(v)|| = 2m — 1.

Proof. Again by the argument at the end of Proposition [6.I] we can obtain that it
suffices to treat the case

(7.21) p(u) = 05 ud2udsP udytu
4
. = — ;= < m.
(7.22) 2041 2m — 1 and i:ril,%?gAal as <m

By explicit expression of p¥, (u) we get
(7.23) /p}‘v(u)d;v = /7T>N8§‘1 (U0, 1) 092 udSP uds* ude
+/7T>N6§‘2 (u@wu)aglu(?g%ag“udx—i—/7r>N8§‘3 (U0, )OS udS? uds* ude

+/7T>N8§‘4(u@wu)aglua‘w”ua‘;audx

= IN(’U,) +IIN(U) +IIIN(U) —I—IVN(U).



INVARIANT MEASURES FOR BO 27
It is sufficient to prove that
||IN(7TNU)||L2(dﬂm+1/2)7 ||IIN(7TNU)||L2(d#m+1/2)’
||IIIN(WNU)||L2(d#m+1/2), ||IVN(7TNU)||L2(d#m+1/2) —0as N — oc.

In fact by symmetry the first three terms above are equivalent, hence we shall focus
on the proof of |[IN(7nu)llL2(dp,, 1) — 0 and [IVy(mnu)| Lz y — 0 as
N — oo.

d#m+1/2

Estimates for ||IVN(7rNu)||L2(de+1/2)

Notice that by the Leibnitz rule it is sufficient to prove || IV, (mxu)| — 0 as N — oo
where

IV (u) = /7T>N(8£u8§u)8§1u8§2u8§3ud$

(7.24) jtk=as+1<m+1, jk>0.

It is sufficient to prove that

(7.25) H > biriadssnind 93295954935 | oy O
0<lj1llg2lslgal,ldal,|ds | <N P
|[ja+is|>N
(J1,72,93+J4,75)EAs
where
(7.26)

1
bj1jzjajags = |j1 |m+1/270¢1 |j2 |m+1/27o¢2 |j3 |m+1/270¢3 |j4|m+1/27j |j5 |m+1/2—k ’

Due to (T.22) we get

1
(7.27) bjijagaiags < T3 3/2(5.13/2(3.13/2(4, |m+1/2—j i |m+1/2—k
N J2 J3 J4 J5

Following the same argument used to deduce (T6]), it is sufficient to prove (720)
with the condition j € As replaced respectively by j € As and j € flg (where
we used the notation j = (41,72, 73,74, 75)). In the first case (i.e. when j e As
in (Z28)) we can combine Corollary 24 with an orthogonality argument and by
[CZ0), we are reduced to show:

(7.28)

1
Z - - - - — —0as N = o
0<lj1lslgzllgsl,lgal 135 IS N 1152 P a2 g [t =2

|jat+is|>N
(J1,92,J3:94,35)EAs
where j, k satisfy ((24]). By symmetry, we can assume that j < k. Next we consider
several cases.

e k= m. Then in this case by (Z.24)) we get j < 1 and hence ([Z.28) follows
by

1 B (lnzN)
. 3 . 3 . 3 . . - N2
o<t szl fiadsal sty 17217l all3s]
|j1+j2+is|>N
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where we used the fact that |j1 + j2 + 73| > N implies max{|j1], [j2], |js|} >

N/3.
e k=m+ 1. Then j = 0 and hence (Z.28)) follows by
3 |J5] _ O(lnN)
NEIPNEIFREIAEE N
0<tisl bl aaplisi < 112l sl
[jatis|>N

l71+72+73|>N
where we used Lemma[34lin conjunction with the fact that |j;1+ja2+j3| > N
implies max{|j1|, |jz[, 73]} > N/3.
e k. <m—1. Then j < m — 1 and therefore (T28) follows by

Z 1 . O(IDN)
|71 [3 1521317513 [ 3|35 N2

0<|g1lsl2l,173 1145155 | SN
|j1+j2+is|>N

where we used the fact that |j1 + j2 + j3| > N implies max{|j1], |72/, |js|} >
N/3.
Next we focus on the proof of (Z28) in the case that the constraint j € Ajs is
replaced by j € Ag, where as usual j = (j1,72, 73, J4,J5). Notice that by (24)
(where the union is disjoint for n = 5 by Remark [22) and by Minkowski inequality,
it is sufficient to prove that

E H E bj1j2j3j4jsgj1 952953951955 L2(dp) —0
J=1 - 0<ljilslgzllg8 ], 1dal, 35| <N
|[ja+is|>N

(1232533 ,d4,J5) EAS

N
(7.29) > H > birdadssnin9i 93295954935 | oy = O
J=1 0 0<|gulslgzlslgsl,dal g5 [ SN
lja+is|>N

(J1:2.73,3a,75) €85 (1

with (I,q) = (1,2),(1,3),(1,4),(1,5), (2.3), (2,4),(2,5), (3,4), (3,5). Indeed we
have excluded the possibility (I, q) = (4, 5) since for every (41, J2, j3, ja, J5) € Bg’g’(4’5)
we get |[ja + j5| = |7 — j| = 0 which is in contradiction with the constrained
|74 4+ js| > N that appears in ([.29). In fact arguing as we did along the proof of
Proposition [Tl (see below ([{3])) we can also exclude also (I, q) = (1, 2), (1, 3), (2, 3).
Hence we remain with the cases: (I,q) = (1,4), (1,5),(2,4),(2,5),(3,4),(3,5). By
the symmetry of the roles of a1, as, a3 and by a symmetry of the roles of j, k, we
obtain that, it suffices to consider the case (I,q) = (1,4).

By using the orthogonality stated in Corollary 2.6l the estimate ([.29) follows
by

[SE

(7.30) > ( > 1D3sj23 5455 2) —0as N = o0
Ja=1 0<|jz|,|gs],|d5| <N
J2+Jja+7s=0
[j2+js—ja|>N
where used the fact that j; = —j4 to get the constraint |jo + js — ja| > N. We now
consider three cases according to the values of j and k
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[ ] ] =m -+ 1 Then k = O and thus |bj4j2j.§j4j5 2 S m Hence the
Lh.s. in (T30) can be estimated by

1 3 1
(7.31) Zm( > mEmEE) ~ 0w

Ja=1 0<]jzll73], 75| <N
|[ja+is|>N
where we used Lemma,
e k=m+ 1. Then j = 0 and hence |bj, j,jsjijs|> < W In this case

the Lh.s. in (Z30) can be estimated by

|js| : 1
Z 3( Z 1315 3) :O( )’
1 |Jal 0<lgal. 7l jsl <N FPINVEL VN
J2+is3+75=0
|[j2+js—ja|>N

where we have used that |j5| < N and the summation on j5 can be ignored
together with the bound max(|ja|, |j3|, [Ja]) > N/3
e j,k < m. In this case |bj,jpjsjujs|> < mosme——. Hence the Lh.s. in

= 152173 [P1dal* 145 ]
([T30) can be estimated by

1 3 In N
(7.32) Zw( > ) ~oF)

Ja=1 0<|g2l;l53,|75| <N
|[ja—jz+ja|>N

where we have used that max(|j2|, |js|, |j4]) = N/3.

Estimates for ||IN(7TN’U,)||L2(de+1/2)

Recall that I (u) is defined in (Z.23)). Notice that by the Leibnitz rule it is sufficient
to prove || I} (myu)| — 0 as N — oo where

Iy (u) = / 7 N (O udku) 022 ud* ud udx

(7.33) jtk=a1+1<m, jk>0.
It is sufficient to prove that
(734) H Z bj1j2j'§j4j)gjlg]2gj3gj4gj5 L2(dp) -0
0<lg1l,lg2].l3sl 1 dal s <N v
[j1+7j2|>N
(J1,J2,J3,J4,J5)EAs
where
(7.35)

1
b]1]2]3]4]5 - |j1|m+1/27j|j2|m+1/27k|j3|m+1/270¢2 |j4|m+1/270¢3 |j5|m+1/27a4'

Hence due to (T22]) we get

1
(T-36)  iviasinis S 5t a ]y [/ R gy TR o PR g A e

Notice that in the case ay < m then the estimate above reduces to

1
N T AL e A TR PRI
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which actually is equivalent to (C27). Since moreover the condition (Z33]) is more
restrictive than (T.24]) (since oy < m by assumption, while in (T24) a4 could be
equal to m) we deduce that the estimate for Iy can be done exactly as we did for
IVy in the case ay < m.

Next we focus on the case oy = m. By a symmetry argument, we can assume
that 7 < k and therefore by (33) we get j < m — 1, k < m. Thus by (Z30) we
deduce the following estimate:

1
(7.38) Pinisssisis < 15 B ja PR ja PR o T2

Following the same argument used to prove (m it is sufficient to prove (T34 with
the condition j € As replaced by j € As and j € AS (where we used the notatlon
j= (j1, 72,73, J4,J5))- In the first case (i.e. when we consider the constraint jeAs
in (Z34)) we can combine Corollary 24 with an orthogonality argument and by

([@34), and (T34) follows by
1 In* N
(7.39) > NEPRIENCEREF =0o(=)

3
o<t llzaliatial s < 1112113117l s

[j1472|>N
(J1,92,33,J4,35)EAs

where we used Lemma Bl Next we focus on the proof of (Z34) in the case that
the constraint j € As is replaced by j € Ag. Then arguing as above it is sufficient
to prove

N
(7'40) E :H E : bjljzjeju'anggjng39J4gJ5 L2(dp) —0
J=1 " 0<l|j1l,lg2l,133l,154l, 5| SN
[j1+72|>N
c,3,(1,q)

(J1,d2,93,44,45) EBg
with (I, q) = (1,3), (1,4),(1,5),(2,3),(2,4),(2,5). In fact by looking at the symme-
tries of the r.h.s. in (Z3])) we can restrict to (I,¢q) = (1, 3),(1,5), (2,3),(2,5).

e (I,q) = (1,5). By using the orthogonality stated in Corollary 28] and by
recalling (C38)), we deduce that the estimate (Z40) follows provided that :

(7.41) i ( Z %>%—>OaSN—>oo.

4 3 3
20 ocpiafianggaisn 1112015l
lis+ja—d1I>N

Using that max(|j1], 43|, |74]) > N/3, we obtain that the last expression is

e (I,q) = (1,3). Arguing as above we are reduced to prove

N 1 1
(¥ ) omN e
Si=1 - 0<ljaliigal sl < T1I2117417175

|j1+i2|>N
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which follows by

N 1
1 1 2 InN
“al 2 wrmmem) =GR
=171 " 0<jal |l lis| <N
[71+72|>N

where we used Lemma Bl (observe that we introduced artificially a sum in

J1)-
e (I,q) =(2,5). Arguing as above we are reduced to prove

N 1

Z( Z ! >§—>OasN—>oo

s 131451214,51314,13
2 ol <N 1711317212733 ] jal
l[j1+72|>N

which follows by

S (Y ) o)
3.2, O\ UN

Ja=1 " 0<|j1|<N 71112 VN
lj1+j2|>N

where we have used Lemma B3]
e (I,q) =(2,3). Arguing as above we are reduced to prove

i( Z ;)%%O%N—Mx

e
7220 ot e P2l 17l s
[71+72|>N

which follows by

1

al| 1 3 n*/2 N
Z 3_2( Z |j1|3|J’2|2|j4|3|j5|)2 N O( nN )

J2=1 0<|gulldal, |5 | <N
[j1+72|>N

where we used the fact that |j1 + j2| > N implies max{j1, jo} > N/2.
This completes the proof of Lemma [.4 O

Lemma 7.5. For every k > 5, m > 1 we have:

lim H/*ﬂ'udaj” =0
N—oo pN( N ) L2(dptm11/2)

where
(7.42) p(u) € Pr(u), [pu)] <m —1,|[p(w)]| < 2m —2.

Proof. Again, we will consider only some specific p(u) that satisfy the assumptions
([T42). Arguing as at the end of Proposition [6.1] one deduce that the argument we
give is rather general and can be adapted to any p(u) that satisfies (Z.42)). More
precisely we assume:

(7.43) p(u) = H?Zlag‘ju,
k

(7.44) Zaj <2m-—2and sup {a;}<m-1L
i=1,....k

j=1 J=1-
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Then we have the following expression

/pN dx—Z/ 009 u) 0 s N (udpu)de = Y Ti(u).

J?“ i=1
Hence the proof follows by |[I;(mnu)l|L2(dp,.,,,.) — 0 as N — oo for every i =
1, k.
By symmetry we focus on I (myu), all the other terms are equivalent. By the
Leibnitz rule, it is sufficient to estimate expressions of the following type

(745) ||FN(7TN’U,)||L2(de+1/2) —0as N — o
where Fy(u) = [ (H?;llagj u) s N (0SudPu)dr with
(7.46) a<m,f<mya;<m-1,7=1,...k—1.
In fact the estimate (Z43) follows by
(7'47) H Z bjl»»»jk+1gj1"'gjk+1 L2(dp) —0
0<|g1 L, ldk41| <N b
|7k +ikt+1|>N

(J15Jkt1)EARL1

where

1
1o-Jk4+1 Hi_cz—ll |ji|m+1/2—ai |jk|m+1/2—a|jk+l |m+1/2—6 ’

By ([46]) we get

bj

1
and hence by the Minkowski 1nequahty (]EZI) follows by

b,

> 1

3/2(5 3/2 1/2

0<]g1ls-- 7|Jk+1\<N |‘71| |‘7k| |‘7k+1|
[Je+ties1|>N

(J1yJrt1)EARL1

1
< > R 3/20 0 132
o<lis ool Wimt il 1]

[Ji4. . Fje—1|>N

1 1

oY ol o( )

- k=1 13/2
0<liirige_s < it 1Jil N
[ji+-+ie—1|>N

where we have used the fact that if |j; +... 4+ jr—1| > N then max{|ji|, ..., |jr—1|} >
kNTl' This completes the proof of Lemma [0 O

8. PROOF OF THEOREM FOR k=2m +1

We shall need some extra informations (compared with the description given in
(53)) on the structure of the conservation laws Ej, , with & odd.

Proposition 8.1. Let k = 2m + 1. Then one may assume that the only terms of
the second term in the right hand-side of (B3) are given by (up to coefficient):

/u(H@fu)(Haglu)d:b,/u(?;”ua;”udx,/u(Ha;"u)Bglud:E

for a suitable constant c.
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Proof. In [27] we have introduced the following notation. We note by A° the identity
map while for n > 1, A™ stays for an operator of the form (¢; + co H)0T, where ¢1,
¢o are constants. Then we have proved in [27] (see Lemma 2.4), following Matsuno
[14], that the cubic contribution on the second term in the r.h.s. in (B3) is given
by

(8.1) / A9t ()72 () A% () e

J1+J2 +Jjs =2m.
The conclusion follows as in [27]. This completes the proof of Proposition 81 O

Remark 8.1. The main interest in Proposition B1] is that in order to prove the
property limy_, o0 ||G7]G+1/2(u)||L2(dum+l/2) = 0 (which by Proposition 3.4 in [27] is
related with imy oo || [ i (7n)udz| L2(dp,, . ,2) = 0), then we can exclude from
our analysis the terms p(u) than in principle could appear in the second term of the
right hand-side of (53) and which are different from the ones which are isolated in
Proposition Bl In fact this is more than a simplification, since it is easy to check
that there exist p(u) which in principle could appear in the second term of the right
hand-side of (B.3]) and for which our analysis in Lemma [7.2] fails.

Next, we introduce for every k =0, ...,2m + 1 the function
k/2 d t
Gy~ (uo) : SUpp(fmi1/2) 3 ug — EEk/z(FN@N(UO))t:O-

According to Proposition 5.4 in [27], in order to prove Theorem [[.2 for k = 2m + 1
it is sufficient to prove the following proposition.

Proposition 8.2. Let m > 1, then we have
2m—+1

. k/2
lim > GV (W) L2y 1 0) = 0.
k=0

N —oc0

Remark 8.2. The property limy_, oo Z;lc:o HGI;V/Q(U)HU(CJ#mH/Q) = 0 follows from
the fact that Eyo(mn®] (u)) = const and ||wn®} (u)| 2 = const. Recall also
that by Proposition 1] we get limy o0 [|G (4)||L2(dp,) = 0, that in turn implies
limy_ o |G (W)l £2(dps,2) = O (for a proof of this last fact see the end of the proof

of Proposition [6.1] where the property HG?'\{2 (u)||22(dps) — O is recovered from the
knowledge ||G?\//2(U)|\L2(du3/2) — 0). As a consequence of those facts we deduce
Proposition B2l for m = 1 provided that limpy_, |\G§'\{2(u)||L2(dM3/2) =0.

Remark 8.3. We claim that, for any m > 1, Proposition follows provided that
we prove

. n+1/2
(8.2) Jim GV P @ 2@ 0y =00 Y <m.

If we have ([82]) then one can deduce that limpy_, ||G7\,+1/2 (W L2(dpipy1,2) = O (for

a proof of this fact see Remark and the second part of the proof of Proposi-
tion [6.1)). Moreover, we also have that ||GY (u)||12(4,) — 0 as N — oo for every
integer I < m + 1/2. Indeed, for I > 3 this property is proved in [27] and for
I = 1,2 it follows from Propositions .1l and Arguing as above, it implies
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G (Wl L2 (dpry sy j2) — 0 as N = o0, for every integer I < m +1/2. Thus indeed,
Proposition B2l follows provided that we prove (8.2).

Proof of Proposition[8.2 According to Remark it is sufficient to prove (82),

ie. limy_eo ||G%+1/2(U)||L2(dum+1/2) = 0 for any m > 1. This property follows by

combining the explicit expression of Gﬁﬂ/ *(ug) (see Proposition 3.4 in [27]) with
Lemma [7.2] [T3] [7.4], and Proposition Bl (where are isolated the unique cubic
terms that are involved in the second term of the right hand-side of (5:3) and that
are treated in Lemma [T2)). O

9. PROOF OF THEOREM [L3]

Having Theorem at our disposal, the proof of Theorem for k > 5 is the
same as in our previous work [27]. Indeed, as in [27], the proof of ([L.7)) follows by
the classical energy method. Therefore, in this section, we shall only treat the case
k = 4 which, compared to [27], needs some modifications using the dispersive effect
in the local analysis.

Along this section we denote by B?(R) the ball of radius R, centered at the
origin of H?.

Proposition 9.1. There exists v > 0 such that for every s > 5/4 there exist
C > 0 and cs > 0 such that for every R > 1, if we set T = csR™7 then for every
ug € B*(R), every N > 1,

@ (wo)ll Lo o, 1305y < R+ RTY, 102®e (o) £ (0,770 < CR?
and
197 (wo)l| o= 0,715y < R+ R, (10298 (o) |1 o170y < CR?.

Proof of Proposition[d.1l. We only prove the first a priori bound, the proof of the
second being very similar since the projector mn does not affect the analysis we

perform below. We shall need the following version of Strichartz estimates for
92 Tts proof follows by the same estimate on operator €% in the periodic case,
first proved in [5] in the setting of a general manifold.
Lemma 9.2. There exists C > 0 such that for every L = 2!, | € N we have
2
e (Apuo)ll Laqo,1 /L)L) < CllALuo| L2

and t
||/0 =N LG(s)ds|| La(po,1/ 130y < CIALG L1 (o1 1):22)
where {Ar} o1 jen @5 the usual Littlewood-Paley partition.
Here is the key a priori estimate.
Lemma 9.3. Let s > 5/4. Then there exists C such that for every T € [0, 1],
el 1o,z + 10wtell 1 o,m3s200) < CT*A(||ull oo o,ryire) + Il oo (0.7 125 )

where u is a smooth solution to (II)).
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Proof. Let Ar be a Littlewood-Paley partition and assume that

(9.1) vi + HO*v = 0, F
For every interval I = [a,b) with |a — b] = T'/L we get by the Holder inequqlity
(9.2) 1ALo]| e < P4 ALul Lare

and hence, by the integral formulation of (@) in conjunction with Lemma [0.2] we
can continue

9.3) .. < OT3/4L*3/4||etH‘9§ALv(a)||L%Lgo +CT L3 ALOLF |12
< CT**L™%%|Apv(a)|| 2 + CT3*| ALF| 4 i/ -
1tz

Next we split the interval [0, 7] as a disjoint union [0, T] = Ul_, I; with |I;| = T/L
and I; = [a;,aj+1]. Then by combining the estimates (0.2]) and (@3] we get

(9-4) 1ALVl Ly oo < CTY ALY Apv(aj)llL2 + CT | ALF ||y s
J G

for every j = 1,..., L. Next we consider the sum for j = 1, ..., L of the estimates
@4). First notice that

ZL 34 Arv(ay)| e = ZL““EHALUWHLZL 1

j=1 j=1

L
Z aJ ||H1/4+eL L—e < CL™ ||’U||Loo ([0,T7; H1/4+e).

On the other hand we have

L
(9.6) Z HALU”L}J_LO" = [[ALvllLro,ryLe)
j=1
and
L
(9.7) > HALF”Ll /e = IALE | Lo,y m0/4) -
j=1

By combining @), (@3], [@6) and [@7) then we get
(9.8) ALl Laqo Ly < CT (L™ 0]l oo o, psr/a+e) + I ALF |1 0,7 0/4) ) -
Next, notice that

Z IALF| 1o, 1):m10) < Z IALF| Lo, 1m0+ L7 < CF Lajo, 1y m1/444) -
L L

Hence by summing in L the estimates (0.8]), and by using the Minkowski inequality
on the Lh.s., we deduce

9.9 lollzrqoryiz=) < CT vl Lo (po.19; mr2r+e) + CT* || Fll Lo,y prr/asey
where v, F' are related by (@.II). Next, notice that if we denote v = 9,u then by

@I we get
Oy + HO?v = 0, (uv).

Hence we can apply the estimate ([@9) (with F = uv) and we get
(910) ||U||L1([O,T];L°°) S CT3/4||’U||Lao([01T];Hl/4+€) + CT3/4||U‘U||L1([O,T];Hl/4+f)
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which implies, by recalling that v = d,u,
(9.11) 10aull Loy < CT* *|ull o o,15; 15744y + CT¥ H|u?|| 1 f0 79, 574+ -
We conclude since H®/4t¢ is an algebra. The estimate for lwll 1o, 1);00 18 very

similar (simpler) and hence its proof will be omitted. This completes the proof of
Lemma 0O

Let us now complete the proof of Proposition[@.1l The classical energy inequality
and the Kato-Ponce commutator estimate (see [I1]) yield
(912)  lullzoe(o,g;8+) < llw(O)||zz= exp (C(|0zull L1 (po,0;1) + lull L1(o,:£5)))

(the term ||u|L1(0,¢)zoc appears when localizing the estimate in the euclidean case
to the case of the torus). Hence by Lemma [0.3] we get:

X(t) < [[u(0)]| e XOXOD vt e o, 7,
where
X(t) = [lull zoe (0,11 m¢)
and T > 0 is to be fixed as in the statement of Proposition [@.Il This implies that
(9.13) {X(@), te(0.T)}c{y=0: Fr(y) <R},

where Fr(y) = ye’TSM(y*yQ). Observe that Fr(0) = Fp(oo) = 0 and there exists
yr ~ T-3/4 such that yr is the maximum of Fr on [0,+00). Moreover, Fr is
increasing in [0, yr] and decreasing in [y, 00). We choose T' = cR™7, where ¢ < 1
is a small constant. We observe that, if v > 3/4 then R < yr. Moreover, a
direct computation shows that for + large enough and c¢ small enough, one has
Fr(R+ R™') > R. Therefore by a continuity argument X (¢) < R+ R~'. This
completes the proof of Proposition O

The next proposition is a version of (7)) in the case k = 2.

Proposition 9.4. Fiz 5/4 < s < o < 3/2. For every R > 0 we have

(9.14) tim ( sup (o) — B (uo) |- ) =0,
N—=oo \ telo,1]
uo€B7 (R)

where T = c, R~ is fized in Proposition [9]l

Thanks to Proposition @1 the proof of Proposition is a straightforward
adaptation of the proof of [27, Proposition 4.1].

Thanks to Proposition [@4] as in [27, Lemma 5.6] one can show that for every
compact set K of H? one has pa p(K) < p2 r(®:(K)), where t is sufficiently small,
depending on K. In order to extend this property to any time one needs the
following statement.

Proposition 9.5. Let 0 > 5/4, t > 0 and K a compact set of H°. Then there
exists R > 0 such that {®.(K), 0 <7 <t} C B°(R).

Proposition follows from the propagation of higher Sobolev regularity which
is a byproduct of the well-posedness result of Molinet [16].
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Remark 9.1. Observe that one may prove a suitable substitute of Proposition
which avoids the use of [16]. More precisely thanks to Proposition [0.1] (the precise
form R + R~! of the bound is of importance) , we can prove the analogue of [8]
Proposition 8.6] which in turn implies the suitable substitute of Proposition
The advantage of such an argument is that it does not rely on on a global regularity
result on the support of the measure and it uses the measure invariance to get long
time regularity bounds.

Using Proposition [0.5] one can complete the proof of Theorem in the case
k = 4 exactly as in the last page of [27].

10. APPENDIX. A BRIEF COMPARING OF THE RECURRENCE PROPERTIES OF THE
BENJAMIN-ONO AND KDV EQUATIONS FLOWS

10.1. Recurrence properties of the KdV equation. Consider the KdV equa-
tion, posed on the torus

(10.1) Opu + 02u+udyu =0, (t,r) € R x R/277Z
with initial data
(10.2) u(0) =wup € H*(R/27Z;R), s=0,1,2,...

The KdV equation is another fundamental dispersive model which is better un-
derstood compared to the Benjamin-Ono equation. The problem (I0.)-(I02) is
globally well-posed (see [2]). In particular the solution may be seen as a continuous
curve in C(R; H*). This well-posendess result says little about the long time be-
havior of the solutions. One can however prove the following remarkable statement
concerning the KdV flow (see [2] [15]).

Theorem 10.1. The KdV flow is almost periodic in time. Namely, if u is a
solution of ([IOI))-02)) then for every e there exists an almost period l. such that
for every interval I of size > I, there exists T € I such that for everyt € R,

[u(t +7) = u(®)l|ms <e.

The proof of this result is based on the solution of the inverse spectral problem
associated to the Hill operator —92 + V(z), where V € H? is a periodic potential.
A direct consequence of Theorem [I0.1]is the following statement.

Corollary 10.2. The KdV flow is recurrent in time : for every ug € H® there
is a sequence (t,) going to infinity such that the corresponding solution of (I0T)-

[I02) satisfies

i [u(ta) — uoll - = 0.

10.2. Recurrence properties of the Benjamin-Ono equation. Consider now
the Benjamin-Ono (BO) equation, posed on the torus

(10.3) owu+ HO?u +ud,u =0, (t,x) € R x R/27Z
with initial data

(10.4) w(0) = up € HY(R/27Z;R), s=0,1,2,...
Recall that the problem (I0.3)-(I0.4) is globally well-posed [16].
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Consider the initial data for (I03) of the form

(10.5) ug(z) = |n|k/2€ , k=4,5,6,7,...

nez*

where gn(w) = hp(w) + iln (W), hn,ln € N(0,1), (hn,ln)n>0 are independent and
g—n = Gn. Then Theorem and the Poincaré recurrence theorem imply the
following statement.

Theorem 10.3. For almost every w the solution of the Benjamin-Ono equation
with data given by (I05) is recurrent (with convergence in H*, s < & — 1)

We also have the following deterministic corollary.

Corollary 10.4. Fix an integer m > 0. Then there exists a dense set Fy,, of H™(T)
such that for every ug € F,, the solution of the Benjamin-Ono equation with data
ug 18 recurrent.

In view of the discussion for the KdV equation one may ask the following ques-
tions :

Question 1 : Can we take F,,, = H™ 7
Question 2 : Is the Benjamin-Ono flow almost periodic, at least for small data ?

Let us conclude by mentioning that for the Benjamin-Ono equation one may
also try to approach the problem of the almost periodicity by the inverse scattering
method. However, one needs to deal with non local operators in sharp contrast
with the classical Hill operator occurring in the KdV context. For such operators
one may hope to solve the corresponding direct and inverse problems for small
potentials which is the motivation behind the smallness assumption in Question 2.
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