arXiv:1904.07095v2 [math.DS] 23 Apr 2020

A SLOW TRIANGLE MAP WITH A SEGMENT OF INDIFFERENT FIXED POINTS
AND A COMPLETE TREE OF RATIONAL PAIRS

CLAUDIO BONANNO, ALESSIO DEL VIGNA, AND SARA MUNDAY

ABSTRACT. We study the two-dimensional continued fraction algorithm introduced in [6] and the associated
triangle map T, defined on a triangle A C R2. We introduce a slow version of the triangle map, the map
S, which is ergodic with respect to the Lebesgue measure and preserves an infinite Lebesgue-absolutely
continuous invariant measure. We discuss the properties that the two maps 7" and S share with the classical
Gauss and Farey maps on the interval, including an analogue of the weak law of large numbers and of
Khinchin’s weak law for the digits of the triangle sequence, the expansion associated to 7. Finally, we
confirm the role of the map S as a two-dimensional version of the Farey map by introducing a complete tree
of rational pairs, constructed using the inverse branches of S, in the same way as the Farey tree is generated
by the Farey map, and then, equivalently, generated by a generalised mediant operation.

1. INTRODUCTION

The theory of (regular) continued fractions has received much attention from researchers in ergodic theory
in the last decades, most recently thanks to the development of infinite ergodic theory ([1L 9, 10, [I1]). For
instance, the general results of ergodic theory have been applied to the Gauss and the Farey maps to obtain
new proofs of the Gauss-Kuzmin Theorem, Khinchin’s weak law and other metric results first obtained by
Khinchin and Lévy.

One of the most notable results in the theory of continued fractions is Lagrange’s Theorem, which states
that a real number has an eventually periodic continued fraction expansion if and only if it is a quadratic
irrational. In a letter to Jacobi, Hermite asked whether it was possible to obtain a similar classification for
the algebraic irrationals of higher degree. It was for this reason that Jacobi developed what is now called
the Jacobi-Perron algorithm, and the theory of multidimensional continued fractions began. Unfortunately,
despite numerous attempts and the introduction of many different algorithms, Hermite’s question remains
unanswered. We refer the reader to [4] for a geometric description of the theory of multidimensional continued
fractions and to [23] for some applications of ergodic theory in this area.

In this paper we consider the two-dimensional version of the continued fraction algorithm introduced in
[6]. The algorithm, which we describe in Section [Z3] is based on the iteration of a map T defined on a
triangle A C R2, and for this reason, T is referred to as the triangle map and the expansions obtained
through this method are called triangle sequences. The ergodic properties of T are studied in [I6] [7]; in
particular, it is shown that the map T is ergodic with respect to the Lebesgue measure on A and preserves a
Lebesgue-absolutely continuous probability measure. The triangle map behaves similarly to the Gauss map
in many ways, for instance, the triangle map acts on triangle sequences by left-shifting the digits, exactly as
the Gauss map does for the regular continued fraction expansions.

The similarity between the two maps is strengthened by the results of this paper. We introduce a map S
on the triangle /A, which plays for T the same role that the Farey map plays for the Gauss map. For this
reason we call S a slow triangle map. From the point of view of ergodic theory, it is interesting to notice
that the map S is a piecewise linear fractional map on a finite partition with a segment of indifferent fixed
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points, that is, points for which the determinant of the Jacobian is 1, and that it is non-uniformly expanding
elsewhere. We show that, similarly to the Farey map, S preserves an infinite Lebesgue-absolutely continuous
measure and it is ergodic with respect to the Lebesgue measure on A. It follows that the statistical behaviour
of summable observables along orbits of S is non-standard. This phenomenon, for the Farey map, makes it
impossible to improve Khinchin’s weak law for the coefficients of the regular continued fraction expansion
to a strong law. However, we are able to exploit certain results from infinite ergodic theory to show that
the system generated by S is pointwise dual ergodic and, under a further assumption, prove a weak law of
large numbers for .S, from which we obtain an analogue of Khinchin’s weak law for the digits of the triangle
sequences.

The connection between the Gauss and the Farey maps and the regular continued fractions can be studied
also through the Farey tree, a binary tree which contains all the rational numbers in (0, 1) (see e.g. [5]). The
Farey tree is strongly related to the Farey map, but it can also be defined through the mediant operation
on fractions. We recall the definition of the Farey tree and its basic properties in Section Bl Analogously, in
this paper we define a tree of rational pairs, first by using a suitable modification of the map S limited to the
set of indifferent fixed points, and then by using a generalised mediant operation defined on pairs of rational
numbers. We prove that the two trees are in fact identical level by level, and that the tree is complete, that
is, it contains every pair of rational numbers in A. This last result improves on the results of [2], where the
authors study different trees generated by the triangle map and its generalisations, but show that none of
them are complete.

The paper is organised as follows. In Section [2] we recall the definition of the triangle map 7T and the
associated two-dimensional continued fraction algorithm. We also introduce the map S and study its basic
ergodic properties. Lastly, we define a dynamical system on an infinite strip, which is isomorphic to the
action of S on A. This isomorphism gives a useful intuitive representation of the action of S and simplifies
some computations. Section Bl contains the main results on the ergodic properties of S. We prove that
the map S is pointwise dual ergodic with respect to a sequence a,(S) =< longn, and use various results
from Infinite Ergodic Theory (see [I} [I1]) to show that if the sequence a,(S) is regularly varying (see (B1]))
then we have the weak law of large numbers for summable observables (Theorem B.2]), and a Khinchin-type
weak law for the triangle sequences (Corollary B.3). The technical results are proved in Appendix [A] and [Bl
In Section @l we apply a result from [I5] to our map S. Recalling that the behaviour of Birkhoff sums of
summable observables drastically changes in infinite ergodic theory, following [13], in [I5] the authors give a
Birkhoff Ergodic Theorem for non-summable observables for infinite-measure-preserving dynamical systems.
We use the version of S defined on the strip and prove a pointwise convergence theorem for non-summable
observables. Finally, in Section [Bl we introduce the tree of rational pairs produced by the counterimages of
S, a slightly modified version of S. In Theorem [5.4] we prove that the tree is complete and that each pair of
rationals appears exactly once. Then we introduce an algorithm on the triangle /A, based on the notion of
mediant of two fractions, and show in Theorem that the tree can be generated also by this algorithm.
This concludes the similarity between the slow triangle map S and the Farey map. For these reasons S
may be considered a two-dimensional Farey map. Many interesting questions remain open about the tree
and its connections with the map S and with the approximation of irrational pairs by rational pairs. These
problems will be subject of future research.

2. THE SETTING

As anticipated in the introduction, the main goal of this paper is to investigate a two-dimensional map
related to the triangle map T, as introduced in [6]. Let us first recall the definition of the map T : A — A,
where A is the triangle

A={(z,y) eR* : 1>z >y>0}.
Consider the countable partition {Ag}r>0 of A into disjoint triangles

Ap={(z,y) €L :1-a—ky>0>1—z— (k+1)y},



A SLOW TRIANGLE MAP AND A TREE OF RATIONAL PAIRS 3

shown in Figure [l and the segment A := {0 <z <1, y = 0}. Note that A = Urso &k U A. The triangle
map T : A — A is then defined to be

1l—z—-k&
T(z,y) = <g, #) for (z,y) € Ag.

x T

We now define a map S : A - A that can be thought of as a “slow version” of the map 7. Let us start
with the partition {T'g,T'1} of A (see Figure[Il), where

Lp=0No={(z,y) ER* : 1>z >y>1-2z},

and
Fl::A\I‘():UAkUA:{(x,y)ERQ : 1—y2x2y20}.

k>1
We define S : A — A by setting
(4, %) if (z,y) € I'o
(2.1) S(z,y) = . . .
(ry, g) if (z,y) €'
1) (1,1)
Ap
(0,0) (1,0)
= (1,1)
A}
Asg
Ay
(0,0) (1,0) (0,0) (1,0

FIGURE 1. Left. Partition of A into {A}r>0. Right. Partition of A into Ty and T'y.

The relation between these two maps is that the triangle map T is the jump transformation of S on the
set I'g. In other words, if we introduce the first passage time function

7(z,y) ==1+min{k >0 : S¥(z,y) € To},

then it can be readily calculated that T'(z,y) = S™@¥)(x, y) for each (z,y) € A. Notice that S(Ax) = Ag_1
for £ > 1, and that STo) U{z =y,0 <z <1} = S(T';) = A. Moreover the segment A consists of fixed
points, that is S(x,0) = (x,0) for 0 < z < 1. The determinant of the Jacobian of S turns out to be

L if (x,y) €T
JS(QE, y) = @? 1 lf (:E y) FO )
a7 1 (z,y) €

and it follows that JS(z,0) =1 for 0 < z < 1. Thus the segment A consists of indifferent fixed points.
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2.1. Invariant measure and the transfer operator. In [16] it is shown that the map T is ergodic, and
from [7] we know that the unique ergodic, Lebesgue-absolutely continuous T-invariant probability measure

on A is given by the density
12

k(z,y) = m
Applying classical results from ergodic theory ([T} [1]), the existence of an ergodic, Lebesgue-absolutely
continuous S-invariant measure immediately follows. One way to find the density h(z,y) of this measure is
to look for a fixed point of the transfer operator P associated to S. Let
o= (Sl A\ o= 00 <1 Tor dnle) = (e 7o)
and

o= (Sl BT e = (1o 1)

be the local invers maps of S. The transfer operator P is then defined for each measurable function f on A
by setting

(Ph)(x,y) = [T ¢o(x, y)|f(Po(, ) + [To1 (2, y) | f (91 (2, y)) =

_ 1 1 T 1 T Y
B (1+y)3f(1+y’ 1+y)+ (1+y)3f(1+y’ 1+y>'

A straightforward computation shows that Ph = h for h(z,y) = xl—y

Proposition 2.1. The system (A, i, S) is conservative, and the map S admits a unique, up to multiplicative
constants, ergodic invariant measure i, absolutely continuous with respect to the Lebesque measure m, given
by the density h(z,y) = ﬁ The measure p is o-finite and pu(A) = +oo.

Proof. For conservativity, in light of Maharam’s Recurrence Theorem [I1, Theorem 2.2.14], it is enough to
observe that

A={] S ™Ty) (mod p),
n=0

which is a consequence of the fact that A, C S‘k(l"o), for each & > 0. We have already discussed the
existence of the measure p above. That p is unique follows, for example, from [I1, Theorem 2.4.35], on
noting that S is conservative, ergodic, and is certainly non-singular with respect to m. Finally, that u is
o-finite follows from computing the measure of the triangles Ay as in [7]. O

2.2. An equivalent system on a strip. For later use, we now introduce another system, isomorphic to
the map S. Using the change of coordinates defined on A by
1—=
(5,9) = (w,0) €= 1] x [0, 400), ulwg) = 1, vlwy) = — =,
one can show that the system (A, p, S) is isomorphic mod p to the system (X, p, F') given by

(v,2(+=1)) if (u,0) €y :={(u,v) €T : v <1}

v U

F(u,v) = )
(u,v—1) if (u,v) €Iy ={(u,v) €X : v >1}

with dp(u,v) = 1Jrﬁdu dv. The sets Iy and TI; partition the strip ¥ and correspond mod p to I'g and T'y,
respectively. We also introduce the countable partition {X}r>0, where

Yp={(u,v) e : k<v<k+1}
is a unit squares, as shown in Figure Note that ¥ = (J,~Xk. This is the analogue of the partition
{Ak}r>o of the triangle A. The local inverses of the map F' are given by

(Flng) (00 = (

uv—l—l’u

) and  (F|m,) *(u,v) = (u,v+ 1),
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so that the transfer operator Pr associated to F' turns out to be

U 1
(Peg)(0) = o g5z (o) 9o+ 1),

It can be immediately verified that the density of the measure p is a fixed point of Pp.

33

3o

FIGURE 2. Partition of the strip ¥ into {Xj}r>0-

2.3. Triangle sequences. Let us now recall the definition of the t¢riangle sequence associated to a point
(z,y) in A and certain results concerning their digits from [6]. We start by setting d_o == 1, d_; ==
and dy = y and, supposing that dx_3 > dr—o > dr—1 > 0, we recursively define ay = ax(x,y) to be the
non-negative integer such that
di—3 —di—2 —ogdp—1 >0

and

di_3 —dg_o — (Ozk + l)dkfl < 0.
Then set dy == dy_3 — dy_2 — apd_1 € RT. If at any stage we find that d, = 0, the process stops. We
shall write (z,y) = (a1, a2, ...) to denote the triangle sequence of (x,y). Another way of defining the
triangle sequence is to note that ag(z,y) = m if and only if T 1(x,y) € A,,, and the process stops if
T"(x,y) € A for some n > 1. From this way of looking at the triangle sequence digits, it immediately follows
that if (z,y) = (a1, az, ...), then T(z,y) = (a2, as, ...). In other words, the triangle map acts on triangle
sequences as the shift map, exactly as the Gauss map does for the continued fraction expansions. We also
have the following relation between the digits oy and the first passage time:

(2.2) (T* Yz, y)) = 14 ap(z,y).
In [6], the following results for the triangle sequence are given.

e If (z,y) is a pair of rational numbers in Q%> N A, then the triangle sequence associated to (z,y) is
finite. However, the converse is not true: non-rational points can also have finite triangle sequences.
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e Every infinite sequence of non-negative integers (a1, ag, ...) has a pair (z,y) € A that has this
sequence as its triangle sequence.

e If an integer k appears infinitely often in a given sequence of integers, there is a unique pair (x,y) € A
that has this sequence as its triangle sequence.

Note that there are entire line segments with every point having identical infinite triangle sequences. This
is essentially due to the fact that the refinements of the partition {A}r>0 with respect to the map T
do not have diameters shrinking to 0. Thus, whilst the triangle sequence can usefully be thought of as
a two-dimensional generalisation of the continued fraction expansion, in certain respects it behaves rather
differently. However, this behaviour is not in contrast with the ergodicity of the map, since as shown in [16]
for Lebesgue almost every point the refinements of the partition {Ag}x>0, along the triangle sequence of the
point, shrink to the point. In the language of multidimensional continued fraction expansions (see [4]), this
means that the triangle sequence is weakly convergent at Lebesgue almost every point.

3. A WEAK LAW OF LARGE NUMBERS

For dynamical systems with an infinite invariant measure, in general it is only possible to establish weaker
statistical properties than those for systems with an invariant probability measure. For example, if (X, u, R)
is a conservative and ergodic measure-preserving system such that u(X) = oo, then Birkhoff’s Ergodic
Theorem becomes the weak statement that

n—1
Jim =% (fo R)(x) =0,
k=0

for p-almost every € X and for all f € L*(X,u). Moreover, the exact asymptotic pointwise behaviour
cannot be recovered for all f € L'(X, ;1) by changing the normalising sequence, due to Aaronson’s Ergodic
Theorem [1, Theorem 2.4.2], which basically states that for any sequence of positive real numbers, the growth
rate of the Birkhoff sums will be either over- or under-estimated infinitely often. Nevertheless, it is possible
to obtain distributional limit laws for the ergodic sums of some classes of dynamical systems with an infinite
invariant measure (see [I, Chapter 3]).

A first step is to show that that the system (A, i, S) is pointwise dual ergodic, which means that there
exists a sequence (an(S))n>0 such that

1 n—1
im —— kA (z =
Jim 5 S PN | s

for p-almost every (z,y) € A and for all f € L'(A, i), where P is the transfer operator of the system. We
prove it for (A, u, S).

Theorem 3.1. The system (A, p,S) is pointwise dual ergodic, and the sequence (an(S)), o satisfied]
an(S) < =% -

 log?n”

Distributional limit laws follow from pointwise dual ergodicity under the assumption that the sequence
(an(S))n>0 is regularly varying. We recall that a sequence (an)n>0 is said to be regularly varying of index
a € R if for all ¢ > 0 we have that

(3.1) lim 2lenl _ o

n—oo @y

If @ = 0 the sequence is called slowly varying.

Theorem 3.2 (Weak law of large numbers). Let Prob be a probability measure on /A, absolutely continuous
with respect to the Lebesgue measure. If the sequence (an(S))n>0 in Theorem[3 1l is reqularly varying of index

Twe say that an < by if and only if a, = O(bn) and by, = O(an).
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>€>=O.

Corollary 3.3 (Khinchin weak law). Let Prob be a probability measure on A, absolutely continuous with
respect to the Lebesgue measure. If the sequence (an(S))n>0 in Theorem [31) is regularly varying of index
a =1, then there exists a sequence (by),,~q such that for all e >0

>a> =0,
1n—l

Z ag(x,y) = +o0.

a =1, then for all f € L'(A, ) and for all € > 0

. — k
nlg&Prob(—Z foS%)(z,y) /ZfdM

k=

n—1
Z Qaf (Ia y) -1
k=0

and b, = nlog®n. In particular, for m-almost every (z,y) € A

n—r oo

1
lim Prob | |—
im Pro < ™

lim —
n—oo N
Proof. Applying Theorem to the function f = 14, the proof follows from a standard duality argument
between Birkhoff sums and the return time function (see for example [26 pag. 22]), which is related to the
triangle sequence by (2Z.2)). O

Given Theorem [3.1] the proof of Theorem [3.2is then completed by appealing to the Darling-Kac theorem,
which implies that the distributional limit of the Birkhoff sums sy 7075 f o 8 is ( Jx fdu) M, for all
f € LY(A, ), where M; is the random variable with normalised Mittag-Leffler distribution of order o = 1,

(see [1l Corollary 3.7.3]). In particular, since M; is constant, the Birkhoff sums converge in probability and
Theorem is proved.

3.1. Proof of Theorem B3Il We first recall the results we use to prove that the system (A, p, S) is pointwise
dual ergodic.

Definition 3.4. Let V be a measure-preserving transformation of the probability space (2,4, v) and let
C C B be a countable measurable partition which is generating for V. Let us denote by C*, k > 1, the iterated
partitions, that is C* = \/f;é V=IC. The system (2, A, v, V,C) is said to be ¥-mizing if the sequence

o }I/ (C N Vf(kJr")B) - V(C)V(B)|
Yni= sup V(C)(B)

BEA, v(B)>0

satisfies 1, — 0 as n — oo.

Remark 3.5. The property defined above as ¥-mixing is often referred to as continued fraction mizing since
in particular it is satisfied by the Gauss map, see [I1, Theorem 5.2.7].

Proposition 3.6 ([I], Lemma 3.7.4 and Proposition 3.7.5). Let R be a conservative, ergodic measure-
preserving transformation of the space (X, B, 1), and let A € B with 0 < u(A) < +o00. Define

(i)  @alz) =inf{j > 1 : Ri(z) € A}, the first return time function to A, which is finite for p-almost
every x € A;

(ii)  the induced mal Ra : A — A as Ra(z) = R?4@)(2) for p-almost every x € A.

Let C C BN A be a countable measurable partition which generates B under R, such that ¢4 is C-measurable.
If the induced system (A, BN A, Ra, u|a,C) is ¥-mizing, then the original system (X, p, R) is pointwise dual
ergodic.

2The induced map Ry is an ergodic measure-preserving transformation of the probability space (A,B N A, u|la). See, for
instance, [I, Proposition 1.5.2 and 1.5.3].
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To prove the pointwise dual ergodicity of (A, i, S) it is thus enough to find a set A C A of finite positive
measure that satisfies the assumptions of Proposition The key point of the previous result is to prove
that the induced system is ¥-mixing. To this end, we exploit the properties of the fibred systems introduced
by Schweiger in [22] and proved by Nakada to be 1-mixing under some additional conditions [20, Theorem 2.

Definition 3.7. Let A be a compact and connected subset of R?, with the Borel g-algebra B and let m
denote the d-dimensional normalised Lebesgue measure on A. Let V be a measurable map of A onto itself.
The pair (A, V) is called a fibred system if it satisfies the following properties.

(h1) There exists a finite or countable measurable partition C = {C;};c3 of A such that the restriction of
V to Cj is injective for all i € J.

(h2) The map V is differentiabld] and non-singular.

For i € J, we denote by v; the inverse of the restriction V|s,. The cylinder sets of the iterated partition
Cr = \/7;01 V=IC are defined inductively to be

and we denote by v, .. ;, the local inverse of V" restricted to C;, .. ;.. Note that ¢;, . i, =100, .
In order to state the result about the ¥-mixing property of fibred systems, we introduce the following further
conditions.

(h3) There exists a sequence (o(n)),>0 with o(n) — 0 as n — oo and such that

sup diam C;, ... 4, < o(n).
(ilx “eey in)egn
(h4) There exist a finite number of measurable subsets Uy, ..., Uy of A such that for any cylinder Cy, ... 4,
of positive measure, there exists U; with 1 < j < N such that V*(C;, ... ;) = U; up to measure-zero

sets.
(h5) There exists a constant A > 1 such that

esssup  |Jiy, i | <A essinf [T,
Vn(Ciy,ooyin) Vr(Ciy,oin)

ey ip

where Jv;, .. ;, denotes the Jacobian determinant of v, .,
(h6) For any 1 < j < N, U, contains a proper cylinder.
(h7) There is a constant 71 > 0 such that
[JWir, oyin (P1) = Jir, iy (P2)| < 1im(Chy i) [P — P2l

for any pi,p2 € U; and all j.

(h8) There is a constant r2 > 0 such that
[¥ir,.cciin (P1) = i, .yi (P2) ]| < 720 (n)[Ip1 — 2|
for any p1,p2 € U; and all j.

(h9) Let F be a finite partition generated by Uy, ..., Uy and denote by F¢, the cylinders in C™ that are
not contained in any element of F. Then, as m — oo

y(m) = Z m(C(i1, ..., im)) — 0.
Ci1y e im ) EFE,
Proposition 3.8 ([20], Theorem 2). A system (A, B,V,C) satisfying (h1)-(h9) admits an invariant proba-

bility measure v and is P-mizring.

3In [22] it is only assumed that V is measurable. We assume differentiability to simplify the approach to the system (A, u, S).
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The strategy to prove the pointwise dual ergodicity of our system (A, p, S) is therefore to find a set A C A
of finite positive measure in such a way that the induced system satisfies (h1)-(h9). We set

(3.2) A={(z,y) €Ty : S(z,y) €Ty}.

By definition of S, the set A is the triangle with vertices Q1 = (%, %), Q2 = (%, %) and Q3 = (1,1), with the
sides @Q1Q2 and Q2Q3 not included. Furthermore, notice that every point in the interior of A has triangle
sequence of the form (0, 0, ag, ...). Let V be the induced map of S on A, that is

V(:C,y) — S“"A(w’y)(gc,y),

defined for m-almost (z,y) € A, and where pa(z,y) = min{j > 1 : S’(x,y) € A} is finite for m-almost
(z,y) € A. Let us first introduce the partition of A given by the level sets of the function ¢4, that is
C= {ék}keN with

Cry ={(z,y) € A : pa(z,y) =k}.
Note that C'l is the open triangle with vertices 1, Q2 and (%, %), whereas C’g = (). For each set C’k
we introduce the sub-partition {Cj, : o € {0,1}¥}, where o is the symbolic representation of the orbit
{(z,y), S(z,y), ..., S* (z,y)} of a point (z,y) € Cj, with respect to the partition {I'g,I';}. Thus we
consider the countable partition

C={Cho, : k>1, 0 €{0,1}"}.
The partition C is measurable and V' is clearly injective on each cylinder, because S|r, and S|r, are injective
and points in the same cylinder have the same symbolic orbit in A up to their first return to A. Thus,
assumptions (hl) and (h2) are satisfied by the system (A, B,V,C). Moreover, by the standard results for
induced maps recalled above, the transformation V preserves the measure p|4, which can be normalised to
be a probability measure v. Some of the remaining assumptions (h3)-(h9) are trivially verified. By definition,
V™ maps each cylinder Cj, ... ;, from the iterated partition C" onto A, thus we can choose N =1land U; = A
in order to satisfy assumptions (h4), (h6) and (h9).

It remains to show that the conditions (h3), (h5), (h7) and (h8) also hold for our choice of A, V' and
C. To this end, we prove some properties of the local inverses of V. Let i = (k,0), with k > 1 and
o= (01, ...,0k) €{0,1}* and let C; be a cylinder of our partition. A local inverse v; : A — C; is given by

wi :(b(n O¢O’2 o"'o¢ak-

Note that, for k¥ = 1, the only possible index is given by o = (0), and the corresponding local inverse is
simply ¢o. Moreover, by the definition of A, the indices i = (k, o) with k > 3 satisfy 01 = g2 = 0, so that
Wi = Po 0 P 0 Pg, © -0 ¢y, . In this way all local inverses 1); are of the form

(3.3) il y) = <7"1 tszthy 2 tse st t2y> 7

r 4+ sxr+ty r+sx+ty
with non-negative integer coefficients r1, 2, 7, $1, S2, 8, t1, ta, t (where the dependence on i has been
dropped to simplify the notation). A straightforward computation shows that
(rsy —ri8) + (sit — st1)y  (rt1 — rit) — (s1t — sty)x
(r + sz +ty)? (r 4 sx + ty)?

3.4 Dipi(z,y) =
(34) vitey) (rsy —ros) + (sat — sta)y  (rty —rot) — (sot — sta)x

(r+ sz +ty)? (r + sz + ty)?

,,,,,,,, in be a local inverse of V™ and let Dy,
matriz. Then there exists a sequence (d(n))n>0 such that lim, o d(n) =0 and

i, be its Jacobian

ey

max {Slflxp(|(D¢i1,...,in)11| + (DY, ... in)21l) s Slip(|(D¢i1,...,in)12| + |(D¢i1,...,in)22|)} <d(n).

Proposition 3.10. Let ¢; : A — R? be a local inverse of V given by 1 = ¢y, © ¢y, 0=+ 0 ¢y, . Then

r+s+t¢t>0 and )

JYi(x,y) = [CETETmES
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Proposition B9 follows from results used to prove the main result in [I6]. We give a proof of the proposition
in Appendix [Al for completeness and also because we obtain an explicit estimate for the sequence d(n).
Concerning PropositionBI0] it is immediate from the construction of the local inverses of V' that r+s-+t > 0.
The formula for the Jacobian determinant is a particular case of a result in [24] (see also Proposition 2 in
[23]). We are now in a position to prove that conditions (h3), (h5), (h7) and (h8) hold for our system.

Proof of (h3). Using Proposition 3.9 we have

Wiy, .. in (@1, 91) = Piy, i (2, 92) || <
< Slflxp(|(D¢i1,...,in)11| +1(Dviy, iy )21]) |21 — 22|+

+ sup ([(Diy, ... i 12| + (D, iy )22]) [y — 2] <

<d(n) (o1 — x2| + [y1 — y2l) < V2d(n)|| (21, 1) — (22, 92)|-

Since Cy, . ...i, = Viy, ... i, (A), we have
diam C;,. . ;, <V2d(n) - diam A = @d(n),
so that (h3) is satisfied with o(n) = @d(n). O
Proof of (h8). The above proof of (h3) also shows that (h8) is satisfied with 7o = \/ig O
Proof of (h5). We have V™(C;, ... ;) = A for all n and all cylinders Cj, ... ;,. For all (z,y) € A holds
%(r—i—s—i—t)?’ <(r+sz+ty)d<(r+s+t)°
if the coefficients r, s, and t are non-negative. Then from Proposition it follows that condition (h5)
holds with A = 27. |

Proof of (h7). Using Proposition B0 we have

s+t
J; i ) —JViy, i ) <3v2 | m S
| Jiy, .. in (%1, 1) iy, i (T2, 92) V2 <(m,y2)l§A (r+ sz + ty)*

) Ner) — (@2, ).

Arguing as above

s+t s+t
ma. max J; i (x,y) <81 inf  Jy, i (x,y) <81m(Cy, ..
(m,y)?A (T"— S$+ty)4 — T"— S"’t (z,y)gA d] Loy n( y) (m,y)eA w 1, ) n( y) ( 1 s n)

where m denotes the normalised Lebesgue measure on A. It follows that (h7) holds with r; = 243v/2. O

We have thus proved that the induced map V of S on the triangle A satisfies the assumptions of Propo-
sition B.8] hence the induced map V is ¢-mixing. As a consequence, our system (A,u, S) satisfies the
assumptions of Proposition [3.6] hence it is pointwise dual ergodic.

The second part of Theorem Bl concerns the return sequence a,(S). To achieve the conclusion, we use
[1, Lemma 3.7.4] and [26, Proposition 7]: these results imply that, given the wandering rate w,(A) of the
set A, it holds

n
n(S) =<
an(S) o (A
In Appendix [B] we recall the definition of the wandering rate w,(A) of the set A and show that (wy,(A4)),>1
satisfies w, (A) < log” n (see Propositions [B.1l and [B4). This completes the proof of Theorem 11

Remark 3.11. Tt is known (see e.g. [I, Lemma 3.7.4] and [26] Proposition 7]) that if w,(A) is regularly
varying of index 1 — «, then

1 n
2 - a)T(1+a) w,(A)’
and a,(S) is a regularly varying sequence of index a. Hence to obtain that a,(S) is regularly varying of
index o = 1 it is enough to show that w, (A) is slowly varying. The last is the additional assumption we

an(S) ~
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need in Theorem and Corollary B3l Unfortunately we don’t have a proof that w,(A) is slowly varying.
At the end of Appendix [Bl we discuss this property.

4. POINTWISE CONVERGENCE OF BIRKHOFF AVERAGES FOR A CLASS OF NON-SUMMABLE OBSERVABLES

As already mentioned at the beginning of Section 3] for infinite-measure-preserving systems (like our map
S, or equivalently the map F on the strip as described in Section [2Z2]), the strict analogue of Birkhoff’s
Ergodic Theorem is trivial, in the sense that it tells us only that for every observable f € L (), the Birkhoff
averages of f for a system (X, u, R)

n—1
LY o RMa)
k=0

converge p-almost everywhere to zero. In a recent paper [15], the question of convergence of Birkhoff sums
for “global observables”, which were first introduced by Lenci [13, 4] in the context of infinite mixing, is
considered. In [I5], a global observable is rather vaguely defined to be any L* function for which a Birkhoff-
like theorem could in principle be shown to hold. We would like to apply one of the results of this paper
to give certain examples of L observables for our map F' for which the Birkhoff average can shown to be
almost everywhere constant. In order to state this result, first we need to recall a certain dynamically-defined
partition.
Assume that (X, B, 1, R) is a conservative and ergodic system. Given a set Ly with 0 < u(Lg) < 400, we

have that

U R Ly =X (mod p),

k>0
that is, Lo is a sweep-out set. Now recursively define, for each k > 1,

Ly = (R"Ly-1) \ Lo.
Then the collection {Ly}r>0 forms a partition of X.
Theorem 4.1 ([I5]). Let (X, B, u, R) be an infinite-measure-preserving, conservative, ergodic dynamical

system, endowed with the partition {Ly}r>0, as described above. Let f € L>(X,u) admit f* € C with the
following property: Ye > 0, 3N, K € N such that Vx € UkZK Ly,

| N2
~ > foRF(a)-fr| <e.
k=0
Then for p-almost every x € X,

n—1
1
lim — Fx) = f.

Jim = foRNz) = f
k=0

Let us recall the system (X, p, F) defined in Section 2.2 which is isomorphic to (A, p,S), and let us
describe a suitable partition of the strip X for the application of Theorem L1l We let L := IIj, and then,
as above, define recursively the sets

L= (F*"Li_1)\Lo={(w,v) €L : k<v<k+1} =3

As a class of observables we consider the set G of functions f(u,v) := g(u) - h(v), where g : (0,1) - R is a
bounded function and h : R — R is a continuous a-periodic function, with o € R\ Q.

Theorem 4.2. Let (X,p, F) be the system defined in Section 22, and f : ¥ — C a function f(u,v) =
g(u)h(v) in the space G defined above, with g constant if foa hdv # 0. Then there exists a constant f* € C
such that for p-almost every (u,v) € ¥

. 1
lim —
n—+oo n

n—1
> foFfu,v) = f*.
k=0
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Proof. For all N € N and for all (u,v) € 3 with v > N we have

e e
J— k = —_— —_ =
N f o F¥(u,v) I fu,v—k)
k=0 k=0
1 N1 | N2
= o) Y b~ K) = g 5 3 ho
k=0 k=0

where 7 : R/aZ — R/aZ is defined by 7(z) := 2 — 1 (mod «). Note that 7 preserves the Lebesgue measure
and is topologically conjugate to the rotation R1 : R/Z — R/Z, R1 () == x — 1 (mod 1). The map Riis
uniquely ergodic with respect to the Lebesgue measure since o € R\ Z, and thus so is 7. It then follows,
since h is continuous and R/aZ is compact, that

n—1
1 [e3

uniformly on R. If h* = 0, there exists N, € N such that for all n > N,
n—1
1
— Z hot*(v)| < _c
n 2 ol
If we choose N = N*7 K > N, and f* =0, then for all (u,v) € ¥ with v > K

N-1
NZfoFkuv) NZ

1

N Z hortt (v)
k=0

and we can apply Theorem [l with f* = 0. In the case h* # 0, we can repeat the argument when g(u) = g

is a constant function. In that case there exists NV, € N such that for all n > N,

ZhOT

and we can apply Theorem F.1] as above w1th f* =gh*. |

< llglloe <e,

<_
g

5. A COMPLETE TRIANGULAR TREE OF RATIONAL PAIRS

Our aim in this section is to construct a tree that contains every pair of rational numbers in Q2 N A, first
by using a modified version of the map S and then, equivalently, by giving a geometric contruction by way
of a mediant operation defined on pairs of rational numbers. The construction mimics that of the Farey tree,
generated by the Farey map, which we now recall.

Firstly, the Farey map is the map F : [0,1] — [0, 1] defined by setting

&

ifo<az<3

—

—x

F(z) = .
—d 1f§§:10§1

—

|

We generate a binary tree using the map F' by defining the levels £,, :== F~" (%), with the vertices connected
as shown in Figure[Bl Note that the two “children” of each vertex are not simply the inverse images of that
vertex. If we label a step down to the left with “0” and a step down to the right with “1”, the position of
a given rational number % € L, is described by a path wy - - wy,, with each w; € {0,1}, and such that if Fj
and Fj denote the inverse branches of F', then % =F, o0---0F, ( %) One of the most important properties
of the Farey tree is that it contains all the rational numbers in the interval (0, 1), and each rational number

appears in the tree exactly oncdl. In other words, Z:S Fk (%) =Qn(0,1).

4n particular, a rational number % € Ly if and only if its continued fraction expansion % = [a1, ..., ar] with a, > 1 is

such that 37 _; a; =n+2.
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é/\g ﬁ‘j
VRN VRN .
SN SN NN E

FI1GURE 3. The first four levels of the Farey tree.

Another way to define the levels of the Farey tree is by considering the Stern-Brocot sets (Fy,)n>_1, where
we define F_1 = {%, %}, and for all n > 0, F, is defined recursively from F,_; by inserting the mediant of
each pair of neighbouring fractions. Recall that the mediant of two fractions % and < is defined to be

r +r
Pl P

qg s q+s

It is easy to verify that the mediant falls between the two rational numbers it is computed from, that is if
% < L then 2 < % @ £ < L. The first few of the Stern-Brocot sets are as follows:

q
011 01121 011213231
F = —_, =, — F =LK -, -, =, —. — _7: =l =, =, =, =,y — Yy — —, — .
0 {15271}7 1 {153727371}5 2 {17473555255737471}

It is also straightforward to prove that #F, = 2! + 1, and that £, = F,, \ F,,_1 for all n > 0. For more
details on the Farey tree, we refer to [5].

~ We now describe the construction of our two-dimensional Farey-like tree. We use the local inverse ¢ :
AN {x =y} — T, the restricted local inverse ¢1 : A\ A — I'y \ A (which we will continue to call ¢;), and

anew map ¢2 : {x =y : 0 < <1} — A defined to be ¢a(z,z) := (x,0). The geometric action of ¢g and
¢1 is shown in Figure @ These three maps are the local inverses of the map

S(z,y) if (z,y) € A\ A
(x,z) if (z,y) €A '

S:A = A,

U

(Iv 1/) =

The map S is a modified version of the map S defined in (ZIJ).

b1

FIGURE 4. Geometric action of the maps ¢g and ¢;.

We now define the sequence (7,,),>—1 of the levels of the tree associated to S. First set

T = {(0,0), (1,0), (1,1)} and T5 = {(%0) (1%) (%%)}

which include the vertices of the triangle A and the middle points of the sides, respectively.
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Definition 5.1. For each n > —1, define B, = 7, N 9A and Z, = T, N A to be, respectively, the
boundary points and the interior points of the n-th level of the tree. Moreover, we respectively denote with
B<p = Uzzfl B, and Z<,, == UZ:A Ty, the boundary and interior points of the tree up to level n.

Clearly B_; = T_1 and By = To. We now define precisely how the levels of the tree are constructed, by
showing all the possibilities for taking counterimages depending on the location of the point in A. Let n > 0.

[ S
(T-i-q’ 7‘+q) in Zni1,

(R1) An interior point (%, g) € 7, generates the two interior points (#’_q, T-Ii)-q) and

through the application of ¢y and ¢, respectively.
(R2) A boundary point (%, %) € B, generates the point (%, O) € B,, through the application of ¢ and the

boundary point (ﬁ, ﬁ) € B,,+1 through the application of ¢;.

(R3) A boundary point (%, 0) € B, generates the point (1, %) € B, through the application of ¢g.

(R4) A boundary point (1, %) € B,, generates the boundary point ( #, ﬁ) € B,,+1 and the interior point

(#, ﬁ) € Zp+1, through the application of ¢y and ¢1, respectively.

The basic portions of the counterimages tree generated from a boundary point and from an interior point
are shown in Figure Note that the points of the tree always have rational coordinates, since we start
from points with rational coordinates and ¢q, ¢ and ¢- are linear fractional maps. Furthermore, taking a
counterimage does not necessarily implies that the level in the tree changes. Indeed, applying rules [(R1)
and rule with ¢1 makes the level to increase, whereas applying the other rules does not change
the level. The levels 7y, 71 and T3 of the tree are shown in Figure [I0 at the end of the paper. Note that we
always write the two fractions of each pair reduced to their least common denominator, apart from the pairs
containing 0 and/or 1. This choice also has a geometric motivation, as we shall remark after Definition

n ) () e (

—
3
~—

R2 R3
o1 | R2 o1/ R4 \¢o
b2 b0 b2 bo
P P R N _p_ 9 _p_ -9 _a R N _a_
Tnt1 (p+q’p+q> <p+q’0) (1’p+q) (p+q’p+q> (p q’p q) (p+q’0> (1’p+q>
R2 R3 R2 R3

q P P q
7;‘+1 (r+q’ 7'+q> <T'+q’ r+q)

FIGURE 5. Above. Basic portion of the tree generated from a boundary point (%, %) € B,.

Below. Basic portion of the tree generated from an interior point (%, 2) eZ,.
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Lemma 5.2. For all n > 0 we have
#B,=3-2" and #I,=n2""",

with the points of By, equally distributed on the three sides of /\. As a consequence, the number of points of
each level of the tree is given by

#T, =3-2"+n2" L,
Proof. We argue by induction on n > 0. If n = 0 we have By = Ty and Zy = 0. Thus #By = 3, with one
point on each side of A, and #Z; = 0: the base case is proved. Suppose #B, = 32", with 2" points on

each side of A, #7,, = n2"~! for some n > 0 and consider the subsequent level of the tree. The points of
B,,+1 can be obtained from those of B,, as follows (refer to Figure [):

e B3, contains 2" points on A N {x = y}, each of which gives 3 points in B, 1, one per side, applying
(R2)| with ¢1, followed by |(R2)| with ¢2, and [(R3)}
e B3, contains 2" points on A N {x = 1}, each of which gives 3 points in B, 41, one per side, applying

(R4)} followed by |(R2)| with ¢, and |(R3)

Note that the other 2™ points contained in B, lie on the line {y = 0}, and these points are all mapped back
inside B,,, in light of rule Therefore, #B,.1 =2"-3+2"-3 = 3-2""L, Furthermore, by construction,
we have 2" %! points of B,, 1 on each side of the triangle, so that the points of B,, 11 are equally distributed
on the three sides of A. The points of Z,, 1 are obtained from those of 7,, in this way:

e cach point in Z,, generates two points in Z,11, according to rule

e cach point in B, N {x = 1} gives one point in Z,, 11, using rule |(R4)|
As a consequence #Z,,1 = n2""1 .2+ 2" = (n + 1)2". The inductive step is proved and the proof is
complete. 0

Lemma 5.3. Let F :[0,1] — [0,1] be the Farey map. For all n > 0 we have

o {(52)-() (1) £ ()

Proof. We claim that it is suffices to prove that for all n > 0

((2) 2o (B)en

Indeed by [(R2)| and [[R3)] it easily follows that {(g %) ( ) , ( %
and since from Lemma [£.2] we have #B, = 3 -2" for all n > 0, the ¢

induction to prove that (5.I]) holds for all n > 0. If n = 0 we have (%, %) € By, thus the base case is proved.
Now suppose that (5.1]) holds for some n > 0 and let £ € F~ (n+1) (%) so that F( ) e F— (5) In order
to prove that (S S) € B,,+1 we distinguish between two cases.

)i zeF(5)} CByforalnzo,
€

1a1m is proved We now argue by

oIfOS%S

then F (£) = -, and by the induction hypothesis (SiT, S;) € B,,. By rule we
then have that ¢y (=, - ) — (£,2) € Bupr.

o If % < < <1 then F (%) 2= By the induction hypothesis we have that ( , ) € B,, and, by
construction, we also have that (1,%=2) € B,. Hence rule [R4) yields that ¢ (1, =2 = ( )
By

O

We are now in a position to prove the first main result of this section.
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Theorem 5.4. The tree defined by the level sets T, is complete, that is,
U 7m=0nA4,
n>—1
and every pair of rational numbers appears in the tree exactly once.
Proof. We have shown in Lemma [5.3] that every pair of rational numbers of the form (1, %), with0 < 7 <1,

appears in some set B,,. Let (%, g) be an arbitrary pair of rational numbers in the interior of the triangle
A. Then, as noted in Section [Z3] this point has a terminating triangle sequence, say (a1, ..., Q). Then it

follows that S2i=1 @itm—1 (%, g) = (1, %), for some rational number 7. Thus, as a backward image of the
point (1, %) under S, our original, arbitrary, point must lie in the tree. Moreover, that each point appears
exactly once is clear, considering the geometric action of the maps ¢;. 0

At this point, we will begin the description of a tree of points from the triangle using a mediant operation on
pairs of rational numbers. This will then be shown to be equivalent to the description of our two-dimensional
Farey tree given above in terms of counterimages.

Definition 5.5. Let (%, g) and (%:, Z—;) be two couples of fractions. We define their mediant to be

r for! o ! +p r+r
£9e(50)-(orton)-(20257)

q q qa q q9 q9 49 g q+q q+q
Note that we require that the two fractions of each couple have the same denominator, in order that the

mediant of two points lies on the open segment joining the two points. In what follows we always assume
that the two fractions of each couple are reduced to their least common denominator.

Definition 5.6. Let & C R? be a line segment, and let & € GNQ? be a finite subset of rational points on &.
Let r == #R, with 2 <r < oo, and write R={v; : i =1, ..., r} with v; <jep t;y1 foralli=1,..., r—1,
where <, is the lexicographic order on R2. We define the Farey sum of R to be the set RY, where

R ::{ti®ti+1 :’L'Zl,...,’l’—l}Um.

To simplify the presentation, in what follows the maps ¢y and ¢, are extended to A.

Lemma 5.7. The maps ¢g and ¢1 preserve the mediant of any two rational pairs in their respective domains.

Proof. Let (%, 2) and (’qi:, ;—;) be two rational points in the domain of ¢g. Then

q’q ¢ q a+q q+¢q r+q+r+q¢ r+q+r+¢
and

pr pr q P q P’ q+q p+p
¢0 e ®¢0 ) = ) 2] / 79 0 / = / 77 / / :
qq 7 q r+q¢ r+q T +q 1 +q r+q+r+q¢ r+q+r +gq

An analogous computation can be done for the map ¢1: we leave the details to the reader. g

Let us observe here that, since ¢y and ¢; preserve the mediant operation and are also monotonic along line
segments (with respect to the lexicographic order), we have that for ¢ = 0, 1,

gbl(fﬁ)@ = {(bz(tz) &b Qbi(l'prl) ce=1,...,r— 1} U gbl(i)‘i) e
= {(bi(ti@ti—i-l) te=1,...,r— 1}U¢1(fﬁ) =¢; (9%@)
In order to give the definition of a tree of mediants, we first define a sequence of measurable partitions

(2,)n>0 of A, such that &2, consists of 2" subtriangles of A and each &), is a refinement of the previous
P—1. Let Py be the whole triangle /. The three vertices of A are labelled with “0”, “1” and “2” as

follows: - o o
w=00=(1.3). w=00=(1.1). w=an=(}1).

(5.2)
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Taking the Farey sum between vy and ve one obtains

11
Vg D v = 5,5 .

We partition the triangle A into two subtriangles by the line segment joining v; and vo @wvs. This determines
the partition &7;. Moreover, we label the vertices of the two subtriangles according to the geometric rule
shown in Figure[6} that is, the new vertex is labelled “2” in both the subtriangles, the other vertices of the
subtriangle containing the old vertex “0” remain as they were, whereas in the subtriangle containing the
old vertex “2”, this “2” becomes a “1” and the remaining vertex is labelled “0” (note that, in this second
subtriangle, this can be seen as a rotation of the old labels). We now proceed inductively. Suppose we have
the partition &2, consisting of 2™ triangles. Each triangle of 42, is partitioned into two subtriangles by the
line segment joining the vertex labelled “1” with the mediant of the vertex “0” and the vertex “2”. This
gives us the next partition &,11. Figure [ shows the partitions £y, &7, and Ps.

FIGURE 6. Partition of a triangle of &2, into two subtriangles and relabelling of the vertices.

FIGURE 7. From left to right: partitions &y, &1, and Ps, along with the labelling of the vertices.

For the definition of the tree, in a Farey-like way, we recursively define a sequence (Sy,)n>—1 of nested sets
of pairs of rationals. First set S_1 := {(0,0), (1,0), (1,1)} and consider the partition ;. The basic idea is
to insert the mediant of each pair of neighbouring points along each side of the partition &y. For instance,
at the first step we have three sides (the sides of A), and we add to S_; one point along each side, providing

So = {(0,0), <%o> (1,0), <1, %) (1,1), <% %) }

Again we proceed inductively. Suppose we have the set S,, and consider the partition &2, 1. The set S, 11 is
obtained from &,, inserting the mediant of each pair of neighbouring points along each side of the partition
P41 In other words, for n > —1,
Swii= |J (©60n8,)°,
SeSnt1
where . is the set of the three sides of A, and ., is obtained from .%,_; by adding the line segments used
to partition the triangles of &2,,_; to obtain &7,,.
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Now we will start to work towards showing that our two trees are in fact identical. Figure[® at the end of
the section may ease the understanding of the argument. Let n > 0 and let w € {0,1}" be a word of length
|w| = n over the two symbols “0” and “1”. We define

P = ¢w1 o ¢w2 0---0 (bwn and A, = (ZS""(A)

Lemma 5.8. Let £ be the open line segment joining (1,0) and (%, %), that is £ == {(:1:, 1—x): % <z< 1}.
For n > 0 the following holds.

(i)  Pn ={As : |w| = n}, and the labelling of the vertices of each A, is such that the verter “k” of
Dy = Pu(D) is ¢ (vg), for k=0,1,2.

(il) Fn=SU{ou(l): |w| <n—1}.

Proof. (i) The statement is trivially true when n = 0. We argue by induction on n > 1. From the definition
of the maps ¢ and ¢; it is straightforward to see that

Py ={¢o(D), (D)}

and that the relabelling of the vertices agrees with the geometric action of the two maps. This proves the
case n = 1. We also observe that the partition Z2; is obtained through the line segment ¢. For the inductive
step, suppose that, for a certain n > 1, &, = {A, : |w| = n} and that the labelling of the vertices of each
A\, is induced by ¢,, as in (i). Consider a triangle A, = ¢ (A) € £, and note that

A, = ¢w(£) = ¢w(¢0(ﬁ) U1 (A)) = ¢w0(£) U ¢W1(A)

This partition is obtained through ¢,,(¢) and we now prove that it agrees with the definition of £, ;. Indeed,
from Lemma [57 ¢, preserves the mediant, so that ¢, (¢) joins ¢, (v1) with ¢, (vg ® v2) = ¢y, (Vo) B Pu (v2).
Thus ¢uo(A), dui(A) € Pyq. This proves {A, : |w| =n+ 1} C P, 11, and the two sets are in fact the
same since they have the same cardinality. It remains to show that the labelling of the vertices of ¢ (A)
and qﬁwl(ﬁ) according to the definition of &2,,11 is induced by ¢, and ¢,1. This immediately follows by

computing the images of the vertices of A under ¢, and ¢,1.

(ii) From (i) we have that {¢,(¢) : |w| = n} contains the line segments needed to pass from &, to Ppq1. O

In light of (ii) of the previous Lemma we have, for n > —1,

Sonn= |J ©n8)¥= J (©6nS8)%U | (6.(0)nSn)®.

SeS i1 SeSN |w|<n

By Lemma and by the characterisation of the levels of the Farey tree in terms of Stern-Brocot sets, it is
easy to verify that

U ©n8.)% =Bapir.
Se SN
Hence

(5.3) Snt1 = B§n+1 ) U (¢w (f) N Sn)®=

lw|<n

and this leads us towards studying the interior points of the counterimages tree in order to prove that the
two trees coincide level by level.

Proposition 5.9. For n > 1, the following properties hold.
(i) NZ,=¢1({z=1}NBu 1) and # (¢ NT,) =21
(ii)  Let p and q be the two endpoints of ¢, then
{p,a} U (ENZn) = ({pa} U (ENTn1)?,

that is, the interior points up to level n on £ are obtained from those up to level n — 1 by inserting
mediants of neighbouring points, where here the endpoints of £ are also included.
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Let w € {0,1}* be a binary word of finite length |w| < n — 1. Then the following properties hold.

(iﬁ) wa(g) NI, = pu (6 ﬁIn—\w\) and # (Qf)w(ﬁ) ﬁIn) = gn—lwl=1,
(iv)  Let p, = ¢, (p) and g, = ¢, (q) be the two endpoints of ¢,,(£). Then

©®
n n—1
{pquw}u wa(g)ﬁ U I | = {pwaqw}u (bw(ﬁ)ﬂ U Iy
k=|w|+1 k=w|+1

Proof. (i) The function ¢; bijectively maps the open vertical side {(1,y) : 0 < y < 1} of A onto £. Moreover,
since n > 1, by |(R4)| ¢1 sends points of B, _1 to points in Z,,. The cardinality computation immediately
follows from the first part and Lemma [5.3]

(ii) From Lemma [5.3] we know that, for n > 1, the set {x = 1} N B<,_1 corresponds to the Stern-Brocot set
of level n — 1. More precisely, {x = 1} N B<,—1 = {(1,y) : y € Fr—1}. Thus on the vertical side {z = 1}
of A, the points up to level n — 1 are obtained from those up to level n — 2 by taking mediants between
neighbouring points. In other words

{LL‘ = 1} n Bgn—l = ({,T = 1} N Bgn_g)ea
We now apply ¢; to both sides of the previous equality, getting

n—1

o1(fe =1} NBeur) = | o1 (fe=13nB0) 2 fpayu(tne,)

k=-1

and, using (5.2),
61 ({2 =1} 0 Ben-2)®) = (01 ({x = 1} N Ben-2)® = ({p,a} U (€N T<p-1))%

(iii) In case |w| = 0 the first part is trivial and the second one has been proved in (i). Thus we can
consider 1 < |w| < n — 1. The function ¢, bijectively maps the open segment ¢ onto ¢, (¢). Moreover, by
applying [(R4)| |w| times, ¢, maps points of Z,,_|,| to points in Z,. For the second part, (i) implies that

#(Pu(O)NTy) = # (ENTyyy) = 271171,

(iv) From (ii) we know that for all n > 1 the interior points up to level n on ¢ are obtained from those up
to level n — 1 by inserting mediants of neighbouring points, also considering the endpoints of £. Since ¢,
preserves mediants, we can conclude applying ¢,, to both sides of the equality in (ii). 0

The above proposition characterises the location in A of the interior points of our tree. In particular, it

holds that
In = U ((bw (é) N In) P

lw]<n—1
that is, the interior points of level n are located along the backward images of £ under compositions of ¢q
and ¢; of length < n — 1. To prove this, note that the inclusion “2” is trivial and that the two sets have
the same cardinality. Indeed, using Proposition 5.9} (iii),

#| U (4.0 ZZ#% ZZQ”Sl—nT’l

|w|<n—1 $=0 |w|=s 5=0 |w|=s
As last step, we now write the set of the interior points up to level n + 1 in a convenient way. For n > 1,

T<nt1 = U (bw(l) NZ<ngr) = U ({Pwrdu} U (¢ (£) mzﬁn))® =

|w|<n |lw|<n

— U (¢>w(€)ﬂ({Pw,qw}UISn))®

|w|<n

(5.4)
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Theorem 5.10. For all n > 0 we have T, = S, \ Sn—1, that is the tree defined by counterimages and that
defined by Farey sums coincide level by level.

Proof. It suffices to show that, for all n > 0, S,, = T<,, = B<, UZ<,. We argue by induction on n > 0.
Since So = 7-1 U Tp, the base case is proved. Now suppose that, for a certain n > 0, S,, = B<, UZ<,. By
applying the inductive hypothesis we have

Snir = Benin U | 0o n82)° = Benir U | (6ulD) N (Ben UZ<,))® =
|w|<n |wl<n
=B<n1 U U ((bw(é) N ({Pw %} UISH))GB )
|w|<n

where the last equality holds since, along ¢, (¢), the points are all in Z<,,, with the possible exception of the
endpoints of ¢, (¢), namely p,, and q,,. Equation (54) allows us to conclude that Sp41 = B<pt1 U Z<py1,
and the inductive step is proved. g

: points of T_
: points of Ty

* > oo

: points of Tq

[}

: points of T3

: points of T3

& S S S S d
(0,0) (1,0)

FI1GURE 8. The first four levels of the tree generated through the local inverses of the map
S represented as set of points of A.

Remark 5.11. At this point it is natural to ask, given the map S and the tree defined here, whether or not a
version of the Minkowski question mark function could be defined in this setting. We recall, briefly, that the
original Minkowski question mark function was introduced as another way of demonstrating the Lagrange
property of continued fractions, in that it maps every rational number to the subset of dyadic rationals (that
is, those having denominators containing only powers of 2) and every quadratic irrational to the remaining
rational numbers (see [I7, [12], and for other 1-dimensional analogues, [I8| [19]). These functions are now
known as slippery Dewvil’s staircases for the fact that they are strictly increasing but nevertheless singular
with respect to the Lebesgue measure.
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This natural question has been studied in [8] for the map S and many possible generalisations. A higher
dimensional version of the Minkowski function for a different map has been introduced in [21].

APPENDIX A. SOME RESULTS ON THE LOCAL INVERSES OF V'

In this appendix we prove some properties of the local inverses of the map V', needed for the argument
of Section Bl We recall that V' is the induced map of S on the set A = {(z,y) € Ty : S(z,y) € v}, and
that each local inverse of V' is a linear fractional map, as in (33). In general, a linear fractional map v of
the form

U(2,y) = (

where the cofficients are non-negative integers, can be expressed in projective coordinates by the 3 x 3 matrix

1+ s1x 4ty To+ Sax 4ty
r+sz+ty B r+sr+ty ’

r s
Mw = T1 S1 tl
T2 S92 t2

by associating a point (£,%) € R? to a vector v = (z, z, y)*, so that ¥ (%, g) is associated to the vector
Mywv. For instance, the two inverse maps ¢o and ¢; have matrices

1 01 1 01
Moy =Myp,=11 0 0 and My =My =({0 1 0
010 0 01

Note that the composition of linear fractional maps translates into the left multiplication of their matrices. As
a consequence, since both My and M; have unit determinant, every product involving these two matrices also
has unit determinant. To every linear fractional map as above, we associate the vectors vi (), v2(¥), v(¥) €
R3 corresponding to the rows of the associated matrix My. In other words,

1 ) r
n@)=|si|, w@)=|s2|, o)=|s
131 to t
In what follows, we use the notation [|-|| for the Euclidean norm and ||||, for the 1-norm on R3. The two

norms are equivalent and, in particular, for all v € R? holds

(A1) o]l < ol < V3Jlv].
Moreover, to each v € R?\ {0} with non-negative components we associate the normalised vector P, given
by P, = 5.

[o]lx

Lemma A.1. For any v,w € R3\ {0} with non-negative components, ||v x w|| < v/3||v||||w|||| Py — Puw]|-

Proof. Let 0, € [0,%] be the angle between the two vectors v and w, so that |[v x w|| = |[v]|[|w]| sinOp,w,
and between the two vectors P, and P,,. Let Ay o = ||Pyw — (Pw - Py)Pyl|, the modulus of the component of
P, orthogonal to P, (see Figure[). Then by simple geometric considerations we have

)\’w v )\’w v

@ED
Sinev,w - ’ - ’ ||wH1 S \/gAw,'u S \/§||Pv - PwH;
[1Pwll fJwll

O

Lemma A.2. Let ® be an arbitrary composition of the maps ¢og and ¢1. Then the matric Me satisfies
[0(®)[lr = fler (@)1 and [[o(@)[lx = [Jvz2(P)]]1-
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w

FIGURE 9. Graphical representation of vectors P, and P,,, along with the quantities involved
in the proof of Lemma [A1l

Proof. We argue by induction on the length [ > 1 of ® as a composition of maps. If [ = 1, then ® is either
¢ or ¢1, and in both cases the thesis is true. For the inductive step, let [ > 1 and suppose that the thesis
is true for a certain @ of length I. Let

T S t
Mgy =1|r s1 1
ro Sz to
be the matrix of ®. We have
r+re s+8o t+1iy r+re s+8so t+1is
M¢Ooq> = M0M<p = r S t and M¢loq> = Mqu) = 1 S1 tl
r1 51 31 T2 52 ta

For the first matrix it holds that
[v(goo @)1 =r+s+t+rat+satte>r+s+t=]vi(goo®)
since ro, S9, to > 0, and that
[o(@o o @)1 =7+ s+t =7r1+ 851+t =[lva(do o P

by the inductive assumption. Analogous estimates hold for My, cs. O

Lemma A.3. Let ® be an arbitrary composition of the maps ¢g and ¢1.

(i)  If D® denotes the Jacobian matriz of ®, then

maX{Sljp(|(D‘1’)11| + [(D®)21]), sup (|[(D®)12] + |(D‘1’)22|)} <
< 2TV3 (|| Py@y = Poy@) || + | Puca) = Poaia]) -
(i)  For k=0,1, let Dy be the Jacobian matrix of ¢ o D, then
max {Sgp(|(Dk)11| +[(Dk)21l) sup (|(Dk)12| + |(Dk)22|)} <

< 21V3 (|| Puca)+ua(@) = Pos@) || + [|Poca)+va@) = Pooa )
In particular the worst case is realised for k = 0.

(iii) We have that

| Po@)+0s (@) = Por(@)|| + || Po@)tva2(@) = Poa@) || < [|Pog@) = Por@) || + || Po@) = Pos(a)]| -
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Proof. (i) The map ® is a composition of ¢y and ¢1, thus of the form [B.4). Since we are interested in the
local inverses of V', we look at the supremum of the Jacobian matrix of ® on A. Hence we have

|ris — rs1| + |s1t — st1| + |res — rsa| + |sat — sto| <

Sgp(|(D‘D)11| + |(D®)21]) <9+

r+s+1)? =

<g. (@) x v (@), + IIZ(@) xva(®@)lh
[o(@)]]

@ gy3. 1v(®) x vi(®)] + Ilg@) xva(D

lv(@)]
Lcmg-mw_ [v1 (@) Pogey = Poyca || + 02211 [[Pog@) = Posa || <

[o(@)]]
ED 5. @ [ Poay P”1(<1>|T||($)||U2((I))H1 1Po@) = Poacan]-
v 1

From Lemma [A:2] we have [[v1(®)||; < ||[o(®)]|; and [Jv2(®)]|; < [[o(®)]];, so that

sup (|(D2)ua +[(DP)u) < 27V3 - (|| Po@) = Poy@)|| + [ Puoc@) = Pos(a )

The same estimate holds for sup 4 (|(D®)12] + |(D®)22|) and thus (i) is proved.

(ii) The matrices associated to the maps ¢y o @ for k = 0,1 are

v(®) + v2(®) v(®) + v (®)
MQM(I) = U((I)) and Mle = ’Ul(q))
U1 ((I)) ’UQ((I))

Applying (i) to the map ¢y o @ we have

max {Sgp(|(Do)11| +[(Do)a21l), sup (|(Do)12] + |(D0)22|)} <
< 27V3 (|| Pu@) toa (@) = Poc@) | + | Pog@)roa(@) = Poya)]])
and
max {Sljlp (I(D1)11] + [(D1)21]) SB‘P (|(D1)12] + |(D1)22|)} <
< 27V3 (|| Pug@) toa(@) = Poy (@)l + | Poc@) tos (@) = Poai ) -
To finish the proof it suffices to show that

(A.2) [ Po@)tvs @) = Po@)|| < [|Po(@)4va(@) = Posa) | -

To this end, note that P, ()44, () i a convex combination of P,g) and P,,(4), in particular

[o(®)lly [[o2(P)1l4

Pv v - Pv + v 5
@+ ® = T @)] + o2 (@), To(@)]]; + [Je2(@)],~ =

and since from Lemma [A2] we have [[v2(®)|; < [[o(®)|];, (A2) easily follows.

(iii) The three points Py, (g), Py, (¢) and P,,(s) belong to the standard 2-symplex in R? and define a triangle
Ag since they are linearly independent. Furthermore, (ii) implies that Py(g)4u, (@) = APy(@) + (1 = A) Py, (@)
for some A € (%, 1). Also Py(@)4vs(®), Po, (@) and P,, (¢ define a triangle Aj, which is a subtriangle of Ag.
In particular, Ag and A} have a common side and the non-common vertex Py (#)+v, (@) belongs to the side of
Ag with vertices P,(¢) and P,, (). The inequality to prove easily follows from this geometric interpretation,
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since perimeter of the subtriangle Aj is less than or equal to the perimeter of Ag. Besides this geometrical
approach, an analytic estimate easily follows from the triangle inequality:

[Po@)va(@) = Por@) || + [ Po@)+va(@) = Poaa[| =
= [[APy@) + (1 = N Poy@) — Poy@) || + A || Poga) — Pos(ay|| =
= |- = XN)(Py@) = Poy(@)) + Po@) — Poy(@)|| + A || Po@) = Posa)|| <
< (1 =N ||Pu@) = Pos@) || + | Po@) = Poria) || + M| Poc@y = Pos(a || =
= [1Puc@) = Poscay || + [ Puge) = Poa |-

i be a local inverse of V™. Then

ceey

.....

+|

Pv(wil, vin) P'Ul('l/}il, vin) Pv(wz'l, vin) Pvz(wz‘l, zn)H < d(n)

where
d(n) = ||Poisg) = Posiop) | + | Potag) = Pontop)|l -

Proof. As outlined in Section Bl ;,, .., = i 0--- 0y, and, for h =1, ..., n, ¥;, = ¢o o D;,, where
®;, is empty or a composition of the maps ¢y and ¢; beginning with ¢q. In Proposition[A.3] (iii) we proved
that the estimation function introduced in (i) is decreasing with respect to the number of compositions of
the maps ¢g or ¢;. The inequality of this lemma follows, since ¢7 contains the least possible number of
compositions of the maps ¢g and ¢; compatible with the definition of the local inverses, and by Proposition
[A3-(ii) realises the worst case. O

Lemma A.5. Let (d(n))n>0 be the real sequence introduced in Lemma[A]l Then lim,_, ;oo J(n) =0.

Proof. Arguing by induction on n > 0, it is easy to prove that

Jfota  for2  fois
M¢g = Mél = | fagrz far1 fog2 |,
fn+2 fn fn—i—l

where (f)n>0 is recursively defined to be

fo=0
fi=1
fo=0

frars = foso+ fn forn>1

The sequence (Vy)n>0, Vn = fnt4, is also referred to as the Narayana’s cows sequence. It is known that this
sequence has a ratio limit, i.e. there exists lim,, o, 22F = v < 400 [25]@. Note that for n > 4 and for r > 1

1%
frtr r—1 frnti+j
we have {ntr — T["~ . {»t1ti o5 that

Fn H;:o Fots ; S

(A.3) lim Ftr _ "

n—-+oo fn

5More precisely, ~ is the only real root of the characteristic equation z3 — 22 — 1 = 0.
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For n > 0 we have

1 fn+3 1 fn+3
Py op) = Jot1 ] = Jnt1
Jot1 + fore + fris Fors In+s Frso
1 fn+2 1 fn+2
Pv ny = fn = fn )
2(%) fn + fn+1 + fn+2 fn+1 fn+4 fn+1
1 fn+4 1 fn+4
P'u ny = fn+2 = fn+2
@8 = Fra + fats + fria Fors fnte Fors

so that
d(n) < || Puag) = Porioplly + | Potsg) = Posiom I, =

X )

; _ Srtkt2  frikt 4—k_ A4—k _ Srtkt2  fotk
Using ([A.3)), for each k = 0, 1, 2 we have f T oy 7*7% = 0 and analogously “pE2 — et —

0 as m — +oo. This proves that lim,,_, 4 d(n) = 0. O

fn+k+2 . fn-i-k
fn+6 fn+4

fn+k+2 . fn+k+1
fn+6 fn+5

Proof of Proposition [3.9. Tt follows directly from Lemma [A3(i), [A4] and with d(n) = 27v/3d(n). O

APPENDIX B. THE WANDERING RATE OF THE SET A

The set A is defined in (B2) and it is the triangle with vertices Q1 = (3, 3), Q2 = (3, %) and Q3 = (1, 1),
with the sides @1Q2 and Q2Q3 not included. We consider the wandering rate w,(A) for n > 1, which is
defined to be

n—1

wn(A) =Y (AN {p > k}),
k=0

where ¢ is the first-return time function in A. Extending the function ¢ to all A by
olxz,y) =min{n >1 : S"(z,y) € A}

we obtain the hitting time function of A, which is well-defined and finite p-almost everywhere since the
system (A, i, .S) is conservative and ergodic. We now recall that, for k > 1,

AN {p > k}) = (A N {p = k}),
where AL := A\ A [26, Lemma 1]. We thus study the diverging sequence Yy_, u(A® N {¢ = k}). The first
step is to study the structure of A® N {p = k} for k > 1, the set of points in A% which hit A for the first

time after exactly k iterations of the map S. This set can be expressed in terms of the local inverse of S as
follows. Let

11

In this way, ) is the set of binary words of length %, which all end with a “1”, and in which the string “00”
never appears. Then

A n{o=kt=J ¢u(A) = |J w0 0 0du,_,01(A).

WEQ wEQ,

Qk = {w S {0, 1}k P Twwipr = 1Vi= 0, ey k— 2, We—-1 = 1}, where II = (Wij)i,j:O,l = (0 1) .

Indeed, a point in ¢y, © ¢y, 0«0y, _, © $1(A) has symbolic code given by wows . ..wk_2100 with the word
“00” not appearing in the first k£ symbols. This is equivalent to saying that such a point does not visit A in
the first £ — 1 iterations, hence the point is in AP {¢ = k}. The converse also obviously holds. Note that,
in case k = 1, we have AL N {p =1} = ¢,(A).
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We first obtain an estimate from above for the wandering rate. In what follows, we write a,, < b, if and
only if a, = O(b,).
Proposition B.1. The wandering rate w,(A) satisfies wy,(A) < log®n.

Proof. Using the properties of the map S and its local inverses, one immediately verifies that

n

U (AG A {p= k}) C Dl A,
k=0

k=1

where {Ag}r>o is the partition represented in Figure[Il Hence

wa(4) < 3 (D)
k=0

Using now the dynamical system defined in Section [2:2 on the strip X, we have u(Ay) = p(3y) for all k > 0,
so that

n—1 n—1 n—1 k+1 1 n
1 log(1 +v) 9
n(A) < AL) = i) = d dv = —  Jdv <1 .
o) < 3 0) = 3 o5 XA @1MHO”A 0 4y < 1og?n

k=0

O

To obtain an estimate from below, we use the matrix representation of the local inverses defined in
Appendix [Al

Lemma B.2. For a map ¥ = ¢u, © Puy 0+ © Puy_, © @1 with matriz representation

r s t
Mﬂl = rh  S1 tl
ro  S2  to

it holds that
m(A) 27m(A)
(’I”l+81+t1)(7"2+$2—|—t2)(7"+5+t 71+ S1 —|—t1)(’l‘2—|—52—|—t2)(’l‘+$+t)

Proof. By definition of u, denoting 1 (x,y) = (v1(z,v), Y2 (x,y)),

1 1
u(4) = //w(A) iﬁ_ydxdy B //A Vi(z, Y)Y (z,y) 79, y)| dedy.

Moreover by Proposition [3.10, we have

) < u(¥(4)) < (

1+ s1x+ 4y T2 4 S2x + 12y 1
= — = — J [ —
U)l(xay) r+ sz +ty ) 1/}2(I7y) r+ S.’L’+ty ) 1/}($7y) (T+ sx+ty)3
hence )
A)) = dxd

#((4)) //A (r1 + s1z + t1y)(ra + sazx + tay)(r + sz + ty) 4

Since for (z,y) € A we can use % <z <1and % <y <1, the proof is complete. O
We are then led to study the terms
1

Bl tw W1 e Wl =
( ) ows ... We—21 (T1+81 +t1)(7‘2+82+t2)(7‘+8+t>

for the maps ¥ = ¢y © Py 0+ 0 Py, © P1 With w € Q. We shall also write simply ¢, to shorten the
notation. Thus we consider the sequence

n
Tn = § E twowl...wk,217

k=1 weQy
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which by Lemma satisfies

(B2) Z twowr w2l < M(AC n {90 = k} < 27m Z twows...wp—21-
wey, weQy
and then
(B.3) m(A) 1, < w,(A) <2Tm(A) 1,
Moreover, given a linear fractional map ¥ with matrix representation
r s t
Mﬂl = T S1 tl
re  S3  to
if we introduce the vector
r+s+t
Vw =\|ri+s1+t1],
ro + 82 + to

the term ¢y, in (B.I) is the inverse of the product of the components of V. We also use the notation ty,, for
ty.
We now define a tree V of vectors, in such a way that the k-th level of V is associated to the set Acﬂ{gp = k}.
We first make a small modification in order to simplify the argument. For each k > 1, we consider the subsets
&), = AN {p=k}NTy,

so that
U ¢106uw 0 0¢u,_,001(4A)

wEN
Obviously ®; = AL N {p =1} = {¢1(A)}, whereas for example

@y = {p10¢1(A)} € AT N {p =2} = {go 0 ¢1(A), b1 0 ¢1(A)}.
We are now ready to introduce the levels of our tree V. For each k > 1 we define
Ly = {Vw Y =1 0¢y, 00 Puy_, qul} and M\, = Z tv,
VeLy

where ty is the inverse of the product of the components of the vector V. The k-th row of V is the set Ly.
We have then associated two objects to each set AN {¢ = 1}: the list of vectors L and the quantity \.
For instance, corresponding to ®; we obtain

Vi=Vy =1
1

and \;1 =t = % The vector V; is the root of our tree V. Then

3 4 4
Ly =< Viopy = | 1 and Lz = Voi061061 = [ 1] s Viprogooen = [ 2] ¢
1 1

as follows by writing the matrix representation of the involved maps. Furthermore, for the first rows, one
easily finds Ao =ty ,,, = %, A3 =1V, 00106; T Wo osges, = 3+ %, and so on.

Moreover the tree V can be generated from the root vector Vi by the following algorithm, without using
the maps 1. Let us consider the matrices

1 0 1 111
Mi=|0 1 0 and Mp=(1 0 0],
0 0 1 0 1 0
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that are the matrix representations of the maps ¢, and ¢; o ¢g respectively. Let them act on the vectors
of the tree to generate new vectors. When we apply M; to a vector V € Ly, we obtain a vector in Ly,
and when we apply Mo we obtain a vector in Ljyyo. Hence, vectors in the k-th row of V are generated by
applying M; to all vectors in the (k — 1)-th row and Mg to all vectors in the (k — 2)-th row. Applying this
algorithm starting from L; = {V;}, we immediately obtain for the first rows

1 0 1 2 3
Lo=¢M;V;=10 1 0 11 =11
0 0 1 1 1
1 01 3 4 1 1 1 4
Ls= (M (MV)=10 1 0 11=11], Miop\h=1{|1 0 O 11 =12 ,
0 0 1 1 1 0 1 0 1 1
as above.
Lemma B.3. Forn > 1 define
e =Y Y
k=1 k=1VeELy
Then 7, < Ty < 7 + 08 and 7, 2 log” n.
Proof. The difference between 7,, and 7, is that for each k = 1, ..., n, in 7,, we are not considering the terms

Lemma[B2 that ¢(A) C Ty if wg = 0, and that the sets )(A) are disjoint for different maps 1 by definition,
for all n > 1 we have that

ty, for the maps ¢ = ¢u, 0 ¢y 0+ -0 @y, _, 0 P1 With wg = 0. Recalling that for such maps ty, < % by

- ~ (o)
n < n < n .
T, T Tn + m(A)
We prove by induction that each row Ly with k > 2 contains the vectors
k+1
J =1 ..., k-1
1

By the definition of Ay, this implies that 7, == > 1_; A\ > > 7, %_H Zf;ll % > log®n. For k = 2, the row

L5 contains only the vector M;V7, and the base case is proved. Let us assume that the statement is true for

r=2,..., k, then using the algorithm to construct V, we have that Ly, contains the vectors
k+1 k+2 k k+2
M1 ] = j jzl,...,k—l and MlO 1 = k
1 1 1 1
Hence the statement is true for Lj. O

Proposition B.4. The wandering rate w,(A) satisfies w,(A) > log® n.
Proof. Tt follows from (B.3)) and Lemma [B.3l O

Finally we discuss the property of regular variation for wy(A). The first remark is that if w,(A4) is
regularly varying then it is slowly varying. By @B.1)), if w,(A) is regularly varying then there exists @« € R

such that
. wcn
lim =c
n—oo Wy,

for all ¢ € N. However by Propositions [B.1l and [B.4] there exist two constants ki, ko with 0 < ky < 1 < ko
such that

(0%

log?(cn) _ Wen log?(cn)
' log®(n) ~— wn ~ ? log®(n)
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and passing to the limit we obtain
k1 <c® <k
for all ¢ € N. Hence o = 0.
A second remark is that we have a sufficient condition on the sequence Ay from Lemma B3] for w,(A)
being slowly varying. Since 7,(A) > log®n, it is immediate that

hmlnfﬁ 0
k— 00 log k

To have that w,, (A) is slowly varying it is enough that also the limsup vanishes.

Lemma B.5. If )\, = o(logk2 kY then wy,(A) is slowly varying.
Proof. From (B.2) we obtain that if 7,, is slowly varying the same holds for w,,(A). Indeed

2n

Wan (A) —wn(A) = Z (AC N{p=k}) <2Tm(A Z Z tuwows..wn_n1 = 2TM(A)(T2n — Tn)

k=n+1 k=n+1wey
and
wn(A) = > (AN {p=k}) > m(A Z D" tugwro a1 = m(A)T,.
k=1 k=1 weQy

In conclusion
wan(A) Won (A) — wn(A) Ton — Tn
1< =-1+— <14+ 2T—
S T T w@ ST

T2n—Tn
Tn

If (7n)n>1 is slowly varying the term is vanishing, and the result follows.

Moreover from Lemma [B.3 it is immediate that if 7 7pn is slowly varying then the same is true for 7,,. We
are thus reduced to study 7,,. We first claim that it is enough to show that (B holds with o = 0 only for
¢ = 2 (see for example [3, Proposition 1.10.1]). Indeed, for 1 < ¢ < 2 we write

For ¢ > 2, let £ > 1 such that ¢ < 2’“, then we write

1l ¢ Tam Tt T
Tn Tok—1gp Tok—24 Tn

and for all j =1, , k we have %sz “— — 1, because it is a subsequence of "'2” Hence [B.1) follows again
with a = 0 for ¢ > 2. We can procgeed analogously for the case 0 < ¢ < 1, Wthh completes the proof of the
claim.

Moreover we follow the proof of [3] Theorem 1.5.4] to show that (B) holds with o = 0 for ¢ = 2. Let
a > 0, then by definition the sequence ¢(n) := n® 7, is non-decreasing. We also show that the sequence

(n) = n~"*7, is eventually non-increasing. Indeed

7-n 1 na 1 H
vl = v+ )=o) (1- 22 ) — o (1 ﬁ)

0(logi(:1+1)) together with 7, > log? n implies

An 1
1+ ~+1 zo(—).
Tn n

An 1\° 1 1
1+ ~+1<(1+—> =1+a—+o(—>
Tn n n n

and /\n+ 1 =

Hence we have that
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for n big enough. It follows that ¢ (n) — ¥(n + 1) > 0 eventually. For n big enough we can then write

o _ T () _ Ton _ Ton ¥(0) _ 4
T F 0(2n) T T T 7 ¥(2n)

hence . 3
T T
27 < liminf ﬁ < lim sup ﬁ < 2%,
n—0o0  Tp n—oo Tn
Since the previous argument can be repeated for all a > 0 it follows that
,'7"_
lim =2 =1,
n—oo Ty

O

Finally, we recall from [I] and [26] that for the pointwise dual ergodic system (A, u1, S) the renormalising
sequence a,,(S) is defined in terms of the wandering rate of a subset on which the induced map is ¢-mixing
(see Proposition B.6), and a,(S) is asymptotically independent on the chosen subset with this property. In
particular this implies that if T'y satisfies Proposition then we have

an(9) < 71”71(1—‘0)

where

n—1
" log(1l +wv
wp(To) = w(Ag) = / % dv
k=0 0

as shown in Proposition Bl Since it is not difficult to show that wy,(Ig) is slowly varying, then we would

have
n

J"On log(14wv) dv

v

an(S) ~

as discussed in Remark B.J1l Unfortunately it is not known whether I'g is a good set to which apply
Proposition [3.0]
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FI1GURE 10. The first three levels of the tree generated through the local inverses of the map S.
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