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Abstract

This paper deals with some basic constructions of linear and multilinear algebra on finite-dimensional
diffeological vector spaces. After verifying that some standard constructions carry over to the dif-
feological setting, we consider the diffeological dual formally checking that the assignment to each
space of its dual defines a covariant functor from the category of finite-dimensional diffeological vector
spaces to the category of standard (that is, carrying the usual smooth structure) vector spaces. We
verify that the diffeological tensor product enjoys the typical properties of the usual tensor prod-
uct (associativity, distributivity, commutativity with taking), after which we focus on the so-called
smooth direct sum decompositions, a phenomenon exclusive to the diffeological setting. We then
consider the so-called pseudo-metrics (diffeological analogues of scalar products). After recalling that
a pseudo-metric determines the natural pairing map onto the diffeological dual, which admits a well-
defined left inverse for any fixed choice of a basis, we discuss decompositions of vector spaces into a
smooth direct sum of the maximal isotropic subspace and a characteristic subspace; we show that,
although such a decomposition can be described on the basis of a pseudo-metric, it actually depends
only on the choice of the coordinate system. Furthermore, we show that, contrary to what was
erroneously claimed (by me) elsewhere, a characteristic subspace is not unique and is not invariant
under the diffeomorphisms of the space on itself. The maximal isotropic subspace is on the other
hand an invariant of the space itself, and this fact allows to assign to each its well-defined character-
istic quotient, obtaining another functor, this time a contravariant one, to the category of standard
vector spaces. After discussing the diffeological analogues of isometries, we end with some remarks
concerning diffeological algebras and diffeological Clifford algebras. Perhaps a larger than usual part
of the paper recalls statements that already appear elsewhere, but when this is the case, we try to
accompany them with new proofs and examples.
Keywords: diffeology, diffeological vector space, diffeological dual, pseudo-metric, characteristic
quotient, diffeological algebra, Clifford algebra
MSC (2010): 53C15, 15A69 (primary), 57R35, 57R45 (secondary).

Introduction

Already some basic multilinear (and even linear) algebra when considered for diffeological vector spaces
gives rise to some phenomena that have no counterparts in the standard context. One curious observation
that appears already at the most elementary level is that even for finite-dimensional diffeological vector
spaces not all (multi)linear maps between them are smooth. Thus, it may, or may not, be obvious whether
the classical isomorphisms of multilinear algebra continue to exist in the diffeological context, in the sense
whether their restrictions to the smooth subspaces are well-defined and, if so, whether these restrictions
are diffeomorphisms in their turn. We start with considering these kinds of questions, in addition to
providing a few explicit proofs to the statements announced or implicit in[10].

The paper might be a bit boring up to Section 1.5 (which is not to claim that it is not boring from that
point on), since most often than not, it just says that stuff works just like you are used to it does (except
for “linear” not meaning automatically “smooth”); the only statement that may not be immediately
obvious is the fact that (in the finite-dimensional case) the diffeological dual is always a standard space
(the statement itself appears already in [5]; we give here a simple and straightforward proof).

I had originally intended to write this paper to collect in one place a number of statements of lin-
ear/multilinear algebra scattered across my other papers (where they appeared as needed for the problem
at hand), accompanying them with more examples and perhaps filling in some gaps that would have been
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natural to fill in; and this is more or less how Sections 1.5 and 1.6 were written. They deal with so-called
smooth direct sum decompositions of vector spaces, which in general are only a subset of all decompo-
sitions; roughly speaking, for a smooth direct sum, not only the space itself decomposes, and also its
diffeological (smooth) structure does in some sense.

Then, in Section 2 which deals with pseudo-metrics (the diffeological version of scalar product) new
phenomena emerged (that I had previously missed). The most important of them, which, although it
appears in the context of pseudo-metrics, can be defined independently, is a semi-canonical decomposition
of each finite-dimensional diffeological vector space into a smooth direct sum of its characteristic subspace
and its maximal isotropic subspace, which are in some sense the largest standard and the largest “wholly
nonstandard” parts. This decomposition depends on the choice of the basis, and — contrary to what
was affirmed in [5] — in particular the characteristic subspace is not uniquely defined by the space only,
nor is it true that there can be only maximal subspace that is standard and splits off smoothly (implying
that certain statements that depended on that erroneous statement, such as some in [4], need some extra
assumptions), as Examples 2.4, 2.9, and 2.17 show. On the hand, the subspace that is uniquely defined
is the maximal isotropic subspace (which is indeed the maximal isotropic subspace of any pseudo-metric
on the given space and can also be defined as the intersection of kernels of all smooth linear functions on
the given space), and this in particular allows to assign to each space the corresponding characteristic
quotient (such being standard spaces) to which all smooth linear maps descend.

The last section deals with diffeological algebras, up to Clifford algebras associated to pseudo-metrics.
This has less of a new material; still, we observe that a Clifford algebra of form C`(V, g) is essentially
determined by the corresponding Clifford algebra associated to its characteristic subspace (assuming that
we make a fixed choice of one), which, since it is naturally contained in C`(V, g) as a vector subspace,
splits off smoothly in it, and provide more illustrative examples.

Recent results particularly relevant for infinite-dimensional diffeological vector spaces appear in [1].
The main (and most easily accessible) reference for the subject of diffeology in general, and diffeological
vector spaces in particular, is the excellent and comprehensive source [3]. Our work also builds to some
extent on the definitions and facts already presented in [10], and previously in [9] (see also [2]). Such
basic notions as those of the diffeological dual and the tensor product,were announced, in a definitive
manner, in [10], where the discussion is rather concise; part of our intention is to render explicit what is
implicit there, and to provide specific motivations stemming from various examples. I’ve also cited some
of my own works ([4] — [6]), sometimes to render the present text more comprehensive (and to better
illustrate them), sometimes to remediate to some errors that creeped in into them.

Acknowledgments I would like to thank Dan Christensen and Enxin Wu for their comments on the
first section of this paper.

1 Diffeological spaces and diffeological vector spaces

We spell out the diffeological counterparts of some standard multilinear algebra notions and facts.

1.1 Main definitions

Here we recall as briefly as possible the main notions regarding diffeology ([7], [8]) and diffeological
(vector) spaces; more details can be found in [3]; see [2], [9], [10] for diffeological vector spaces.

Diffeological spaces A diffeological space (see [8]) is a pair (X,DX) where X is a set and DX is a
specified collection of maps U → X (called plots) for each open set U in Rn and for each n ∈ N, such
that for all open subsets U ⊆ Rn and V ⊆ Rm the following three conditions are satisfied:

1. (The covering condition) Every constant map U → X is a plot;

2. (The smooth compatibility condition) If U → X is a plot and V → U is a smooth map (in the
usual sense) then the composition V → U → X is also a plot;
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3. (The sheaf condition) If U = ∪iUi is an open cover and U → X is a set map such that each
restriction Ui → X is a plot then the entire map U → X is a plot as well.

Usually, one just writes X to denote a diffeological space; a standard example of a diffeological space is
a smooth manifold Mn, with the diffeology given by all smooth maps of form U →Mn, for U a domain
in some Rk. If we have two diffeological spaces, X and Y , and a set map f : X → Y between them, this
map is said to be smooth if for every plot p : U → X of X the composition f ◦ p is a plot of Y .

Comparing diffeologies Given a set X, the set of all possible diffeologies on X is partially ordered
by inclusion: a diffeology D on X is said to be finer than another diffeology D′ if D ⊂ D′ (whereas D′
is said to be coarser than D).

Generated diffeology and quotient diffeology These are two (out of many) ways to construct a
diffeology. If X is a set and we are given a set of maps A = {Ui → X}i∈I , the diffeology generated by
A is the smallest, with respect to inclusion, diffeology on X that contains A; its plots are either locally
constant or locally factor through those of A.

If now X is a diffeological space, let ∼ be an equivalence relation on X, and let π : X → Y := X/ ∼
be the quotient map. The quotient diffeology ([3]) on Y is the diffeology in which p : U → Y is the
diffeology in which p : U → Y is a plot if and only if each point in U has a neighbourhood V ⊂ U and a
plot p̃ : V → X such that p|V = π ◦ p̃.

Subset diffeology Let X be a diffeological space, and let Y ⊆ X be its subset. The subset diffeology
on Y is the coarsest diffeology on Y making the inclusion map Y ↪→ X smooth.

Pushforwards and pullbacks of a diffeology For any diffeological space X, any set X ′, and any
map f : X → X ′ there exists a finest diffeology on X ′ that makes the map f smooth; it is called the
pushforward of the diffeology of X by the map f . If now we have a map f : X ′ → X then the
pullback of the diffeology of X by the map f is the coarsest diffeology on X ′ such that f is smooth.

The diffeological direct product Let {Xi}i∈I be a collection of diffeological spaces. The product
diffeology on the direct product X =

∏
i∈I Xi is the coarsest diffeology such that for each index i ∈ I

the natural projection πi :
∏
i∈I Xi → Xi is smooth.

Functional diffeology Let X, Y be two diffeological spaces, and let C∞(X,Y ) be the set of smooth
maps from X to Y . Let ev be the evaluation map, defined by

ev : C∞(X,Y )×X → Y and ev(f, x) = f(x).

The functional diffeology on C∞(X,Y ) is the coarsest diffeology such that the evaluation map is
smooth.

Diffeological vector spaces Let V be a vector space over R. The vector space diffeology on V is
any diffeology of V such that the addition and the scalar multiplication are smooth, that is,

[(u, v) 7→ u+ v] ∈ C∞(V × V, V ) and [(λ, v) 7→ λv] ∈ C∞(R× V, V ),

where V ×V and R×V are equipped with the product diffeology; equipped with a vector space diffeology,
V is called a diffeological vector space.

Smooth linear maps, subspaces and quotients Given two diffeological vector spaces V and W ,
the space of smooth linear maps between them is denoted by L∞(V,W ) = L(V,W )∩C∞(V,W ). This
is an R-linear subspace of L(V,W ), frequently a proper subspace. A subspace of a diffeological vector
space V is any vector subspace of V endowed with the subset diffeology (and is a diffeological vector
space on its own). Finally, if V is a diffeological vector space and W 6 V is a subspace of it then the
quotient V/W is a diffeological vector space with respect to the quotient diffeology.
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Direct sum of diffeological vector spaces Let V1, . . . , Vn be a collection of diffeological vector
spaces. The usual direct sum V1 ⊕ . . . ⊕ Vn of these spaces, equipped with the product diffeology, is a
diffeological vector space.

Fine diffeology on vector spaces The fine diffeology on a vector space V is the finest vector space
diffeology on it, and a vector space carrying one is called a fine vector space. Note that any linear map
between two fine vector spaces is smooth. In the finite-dimensional case, the fine spaces are precisely the
spaces (diffeomorphic to) Rn with their standard diffeology (one consisting of all usually smooth maps
into them).

Diffeological dual For a diffeological vector space V , its diffeological dual V ∗ ([9], [10]) is defined
as the set of all smooth linear maps V → R into the standard R, endowed with the functional diffeology.

The tensor product Given a finite collection V1, . . . , Vn of diffeological vector spaces, their usual
tensor product V1 ⊗ . . . ⊗ Vn is endowed with the tensor product diffeology (see [9], [10]) defined as
the quotient diffeology of the finest vector space diffeology on the free product V1?. . .?Vn that contains the
product diffeology on their direct product. The diffeological tensor product possesses the usual universal
property by Theorem 2.3.5 of [9], namely, if W is another diffeological vector space then the space of all
smooth linear maps V1⊗ . . .⊗Vn →W , considered with the functional diffeology, is diffeomorphic to the
space of all smooth multilinear maps V1× . . .×Vn →W (also considered with the functional diffeology).

1.2 Smooth linear and bilinear maps

In this section we consider some of the classic isomorphisms of multilinear algebra, showing that they do
extend into the context of diffeology, while providing examples that show that the a priori difference is
significant.

1.2.1 Linear maps and smooth linear maps

The sometimes significant difference just mentioned is illustrated by the following example; note that the
existence of such examples has already been mentioned in [10], see Example 3.11.

Example 1.1. This is an example of V such that L∞(V,R) < L(V,R). Let V = Rn equipped with the
coarse diffeology; we claim that the only smooth linear map V → R is the zero map. Indeed, let f : V → R
be a linear map; it is smooth if and only if, for any plot p of V , the composition f ◦ p is a plot of R,
i.e., f ◦ p is a usual smooth map U → R for some domain U ⊆ Rk. However, by definition of the coarse
diffeology, p is allowed to be any set map U → V , so it may not even be continuous.

To provide a specific instance, choose some basis {v1, . . . , vn} of V = Rn, and a basis {v} of R.1

With respect to these, f is given by n real numbers, more precisely, by the matrix (a1 . . . an). Consider
the following n plots pi of V with i = 1, . . . , n, defined by setting pi : R → V and pi(x) = |x|vi; then
(f ◦ pi)(x) = ai|x|v. The only way for this latter map to be smooth is to have ai = 0, and this must hold
for i = 1, . . . , n, whence our claim.

The example just given shows that the a priori issue of there being diffeological vector spaces V ,
W such that L∞(V,W ) < L(V,W ) does indeed occur, and rather easily. True, this requires some
rather surprising vector spaces/diffeologies for this happen; but diffeology was designed for dealing with
surprising, or at least unusual from the Differential Geometry point of view, objects,2 and furthermore,
the very essence of what diffeology aims to add to the ‘standard’ differential setting is the flexibility of
what can be called smooth. In particular, the fact that any given map Rk ⊇ U → X can be a plot for
some diffeology on a given set X (for instance, for the diffeology generated by this map) easily gives rise
to some surprising spaces.

1Obviously, the respective canonical bases would do the job just fine.
2This is a story beautifully told in the Preface and Afterword to the excellent book [3].
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Example 1.2. Once again, consider V = Rn and some basis {v1, . . . , vn} of V ; endow it with the
vector space diffeology generated by all smooth maps plus the map pi already mentioned, that is, the map
pi : R→ V acting by pi(x) = |x|vi. Let v be a generator of R ( i.e., any non-zero vector). Using the same
reasoning as in Example 1.1, one can show that if f : V → R is linear and, with respect to the bases
chosen has matrix (a1 . . . an), then for it to be smooth we must have ai = 0; hence the (usual vector
space) dimension L∞(V,R) ( i.e., that of the diffeological dual of V ) is at most n− 1.3

This reasoning can be further extended by choosing some natural number 1 < k < n and a set of k
indices 1 6 i1 < i2 < . . . < ik 6 n, and endowing V with the vector space diffeology generated by all
smooth maps plus the set {pi1 , . . . , pik}. Arguing as above, we can easily conclude that dim(L∞(V,R)) is
at most n− k.

The examples just cited show, in particular, that the diffeological dual (defined in [9] and [10]) of a
diffeological vector space can be much different from the usual vector space dual. Given the importance of
the isomorphism-by-duality in multilinear algebra’s arguments, the implications of this difference deserve
to be considered.

1.2.2 Bilinear maps and smooth bilinear maps

In this section we consider the same issues as above in the case of bilinear maps: given two diffeological
vector spaces, what is the difference between the set of all bilinear maps on one of them with values in
the other, and the set of all such bilinear maps that in addition are smooth?

Smooth bilinear maps Let V , W be two diffeological spaces. As usual, a W -valued bilinear map is
a map V × V → W linear in each argument; it is considered to be, or not, smooth with respect to the
product diffeology on V × V and the diffeology on W . We first illustrate that what happens for linear
maps does (expectedly) happen for bilinear maps, i.e., the set of smooth bilinear maps can be strictly
smaller than that of bilinear maps.

Our notation is as follows. Given V , W two diffeological vector spaces, let B(V,W ) be the set of
bilinear maps on V with values in W , and let B∞(V,W ) be the set of those bilinear maps that are
smooth with respect to the product diffeology on V × V and the given diffeology on W .

Example 1.3. The examples seen in the previous section provide readily the instances of V and W such
that B∞(V,W ) is a proper subspace of B(V,W ). Indeed, let us take V = Rn equipped with the coarse
diffeology, and let W = R considered with the standard diffeology. It is easy to extend the reasoning of
Example 1.1 to show that for these two spaces B∞(V,W ) = 0.

Once again, take a basis {v1, . . . , vn} of V and a basis {w} of W ; let f ∈ B∞(V,W ). Then with respect
to the bases chosen f is defined by the matrix (aij)n×n, where f(vi, vj) = aijw. For each i = 1, . . . , n
consider the already-seen map pi : R → V given by pi(x) = |x|vi; this map is a plot of V by definition
of the coarse diffeology (that includes all set maps from domains of various Rk to V ). Now call pij the
product map pij : R→ V × V , i.e. the map given by pij(x) = (pi(x), pj(x)); it is obviously a plot for the
product diffeology on V × V . Putting everything together, we get that (f ◦ pij)(x) = aij |x|w; since this
must be a plot of R, i.e. smooth in the usual sense, we get that aij = 0. The indices i, j being arbitrary,
we conclude that the only way for f to be smooth is for it be the zero map, whence the conclusion.

The example just given stresses the importance of making a distinction between bilinear maps and
smooth bilinear maps, showing that the two spaces can be (a priori) quite different, and motivates the
next paragraph.

The function spaces B∞(V,W ) and L∞(V,L∞(V,W )) As is well-known, in the usual setting each
bilinear map can be viewed as a linear map V → L(V,W ). In the diffeological context, since a priori we
might have L∞(V,W ) < L(V,W ), we need to consider the question of whether any smooth bilinear map
can be seen as a smooth map V → L∞(V,W ), where the latter is endowed with the functional diffeology.

3One can actually show that f is smooth if and only if ai = 0, and so dim(L∞(V,R)) is precisely n − 1; we do not
elaborate on this, since we mostly interested in showing that it canbe strictly smaller (by any admissible value, as we see
below).
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By the properties of the diffeologies involved, the answer is in the affirmative, as we now show (a slightly
more general statement appears also in the proof of Theorem 3.8 of [10]).

Lemma 1.4. Let V , W be two diffeological vector spaces, let f : V × V → W be a bilinear map smooth
with respect to the product diffeology on V ×V and the given diffeology on W , and let G : V → L∞(V,W )
be a linear map that is smooth with respect to the given diffeology on V and the functional diffeology on
L∞(V,W ). Then:

• for every v ∈ V the linear map F (v) : V →W given by F (v)(v′) = f(v, v′) is smooth;

• the bilinear map g : V × V →W given by g(v, v′) = G(v)(v′) is smooth.

Proof. Let us prove the first statement. Fix a v ∈ V ; to show that F (v) is smooth, we need to show that
for every plot p : U → V the composition F (v) ◦ p is a plot of W . Fixing an arbitrary plot p : U → V
of V , we define p̃ : U → V × V by setting p̃(x) = (v, p(x)) for all x ∈ V ; this is indeed a plot for the
product diffeology, since the projections on both factors are smooth: π1 ◦ p̃ is a constant map in V , while
π2 ◦ p̃ = p, which is a plot by assumption. We thus obtain F (v) ◦ p = f ◦ p̃; the latter map is a plot of W
since f is smooth; and since p is any, so is F (v).

To prove the second statement, it suffices to observe that g writes as the composition g = ev◦(G×IdV );
the map IdV being obviously smooth, G being smooth by assumption, their product being smooth by
definition of the product diffeology, and, finally, the evaluation map ev being smooth by the definition
of the functional diffeology, we get the conclusion.

What the above lemma gives us are the following two maps:

• the map F̃ : B∞(V,W ) → L(V,L∞(V,W )) that assigns to each f ∈ B∞(V,W ) the map F of the
lemma (i.e., the specified map that to each v ∈ V assigns the smooth linear map F (v) : V → W ).
Observe that F now writes as F = F̃ (f) and that the following relation holds: f = ev ◦ (F × IdV );

• the map G̃ : L∞(V,L∞(V,W )) → B∞(V,W ) that assigns to each G ∈ L∞(V,L∞(V,W )) the map
g = ev ◦ (G× IdV ). This latter map now writes as g = G̃(G).

Before going further, we cite the following statement, which we will use immediately afterwards:

Proposition 1.5. ([3], 1.57) Let X, Y be two diffeological spaces, and let U be a domain of some Rn.
A map p : U → C∞(X,Y ) is a plot for the functional diffeology of C∞(X,Y ) if and only if the induced
map U ×X → Y acting by (u, x) 7→ p(u)(x) is smooth.

We are now ready to prove the following lemma:

Lemma 1.6. The following statements hold:

1. The map F̃ takes values in L∞(V,L∞(V,W )); furthermore, it is smooth with respect to the func-
tional diffeologies of B∞(V,W ) and L∞(V,L∞(V,W )).

2. The map G̃ is smooth with respect to the functional diffeologies of L∞(V,L∞(V,W )) and B∞(V,W ).

3. The maps F̃ and G̃ are inverses of each other.

Proof. Let us prove 1. We first prove that F : V → L∞(V,W ) is smooth. Let p : U → V be an
arbitrary plot of V ; by Proposition 1.5, in order to to show that F ◦ p is a plot for the functional
diffeology on L∞(V,W ), we need to consider the induced map U × V →W that acts by the assignment
(u, v′) 7→ (F ◦ p)(u)(v′) = F (p(u))(v′) = f(p(u), v′) = f ◦ (p × IdV )(u, v′) and show that it is smooth.
Since p× IdV is obviously a plot for the product diffeology on V × V and f is smooth, f ◦ (p× IdV ) is a
plot of W , so it is naturally smooth.

Let us now show that F̃ : B∞(V,W ) → L∞(V,L∞(V,W )) is smooth; taking p : U → B∞(V,W ) a
plot of B∞(V,W ), we need to show that F̃ ◦ p is a plot of L∞(V,L∞(V,W )). To do this, we apply again
Proposition 1.5: it suffices to consider the map U × V → L∞(V,W ) acting by (u, v) 7→ (F̃ ◦ p)(u)(v) =
F̃ (p(u))(v) = ev◦((F ◦p)×IdV )(u, v). Having already established that F is smooth, we can now conclude
that F̃ is smooth as well.
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Let us now prove the second point, i.e., that G̃ : L∞(V,L∞(V,W )) → B∞(V,W ) is smooth, i.e.,
taking an arbitrary plot p : U → L∞(V,L∞(V,W )), we need to show that G̃ ◦ p is a plot of B∞(V,W ).
Applying again Proposition 1.5, we consider the map U × (V × V ) → W defined by (u, (v, v′)) 7→
(G̃ ◦ p)(u)(v, v′) = (ev ◦ (p(u)× IdV ))(v, v′) = (ev ◦ (p× IdV×V ))(u, (v, v′)), which allows us to conclude
that the map is smooth, and therefore G̃ ◦ p is a plot of B∞(V,W ); whence the conclusion.

To conclude, we observe that the third point follows immediately from the definitions of the two
maps.

We now get the desired conclusion, which does mimic what happens in the usual linear algebra case:

Theorem 1.7. Let V and W be two diffeological vector spaces, let B∞(V,W ) be the space of all smooth
bilinear maps V × V → W considered with the functional diffeology, and let L∞(V,L∞(V,W )) be the
space of all smooth linear maps V → L∞(V,W ) endowed, it as well, with the functional diffeology. Then
the spaces B∞(V,W ) and L∞(V,L∞(V,W )) are diffeomorphic as diffeological vector spaces.

Proof. The desired diffeomorphism as diffeological spaces is given by the maps F̃ and G̃ of Lemma 1.6.
It remains to note that these two maps are also linear (actually, as vector spaces maps they coincide with
the usual constructions), and that all the functional diffeologies involved are vector space diffeologies.

1.3 The diffeological dual

We now comment on the already-standard notion of the diffeological dual V ∗ = L∞(V,R) ([9], [10]).
Note that, as has already been observed in [10], even in the finite-dimensional case the diffeological dual
might be much smaller than the usual one, which corresponds precisely to the case L∞(V,R) < L(V,R)
(also illustrated by our Example 1.1). A simple but natural question to ask at this point is, suppose that
V is a finite-dimensional diffeological vector space such that L∞(V,R) = L(V,R) as vector spaces; does
this imply that V is also diffeomorphic to V ∗ = L∞(V,R)? The following proposition provides a positive
answer to this question.4

Proposition 1.8. Let V be a finite-dimensional diffeological vector space such that L∞(V,R) = L(V,R),
i.e., such that every real-valued linear map from V is smooth. Then V is diffeomorphic to L∞(V,R) =
L(V,R), i.e., to its diffeological dual.

Proof. Let {v1, . . . , vn} be a basis of V , and let v∗i be the corresponding dual basis in the usual sense
(i.e., if v = α1v1 + . . .+ αnvn then v∗i (v) = αi). Observe that each v∗i is smooth by assumption.

Consider the linear map v 7→
∑n
i=1 v

∗
i (v)v∗i ; this is a map from V that takes values in V ∗ by the

already-made observation. Since V is finite-dimensional, this map is obviously bijective, with the inverse
given by v∗ 7→ v∗(vi)vi. It remains to observe that this inverse is also smooth, and so the map indicated
is indeed a diffeomorphism of diffeological vector spaces V and V ∗.

It is relatively easy to establish that the dual of a finite-dimensional diffeological vector space is always
a standard space.

Theorem 1.9. Let V be a finite-dimensional diffeological vector space, and let V ∗ be its diffeological
dual. Then the functional diffeology on V ∗ is standard.

This was already proven in Theorem 3.11, [5]; here we give a more direct proof.

Proof. Let v1, . . . , vn be any basis of V . Obviously, the linear maps v1, . . . , vn given by vi(vj) = δij form
a basis of a usual dual of V (more precisely, of its underlying vector space), of which the diffeological
dual V ∗ is a subspace. Let q : U → V ∗ be a plot of V ∗ for its functional diffeology; write q(u) =
q1(u)v1 + . . .+ qn(u)vn, where each qi is the composition of q with the projection of the usual dual onto
(the span of) vi. Observe immediately that the evaluation of q on any constant plot must be a smooth
function; in particular, the evaluation of q on the constant plot with value vi must be smooth. Therefore
q1, . . . , qn are all smooth functions, which means precisely that the diffeology of V is standard.

The dual being a standard space, all usual dual maps are automatically smooth.

4I would like to thank the anonymous referee for pointing out a much simpler proof of this statement.
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1.4 The tensor product

In this section we discuss the definition (as given in [10]), and the relative properties, of the tensor
product; we speak mostly of the case of two factors, given that the extension to the case of more than
two spaces is verbatim.

The tensor product of maps Let us consider two (smooth) linear maps between diffeological vector
spaces, f : V → V ′ and g : W →W ′. As usual, we have the tensor product map f⊗g : V ⊗W → V ′⊗W ′,
defined by (f ⊗ g)(

∑
vi ⊗ wi) =

∑
f(vi)⊗ g(wi). We observe that f ⊗ g is a smooth map (with respect

to the tensor product diffeologies on V ⊗W and V ′ ⊗W ′) due to the properties of the product and the
quotient diffeologies.

The tensor product and the direct sum Let V1, V2, V3 be vector spaces; recall that in the usual
linear algebra the tensor product is distributive with respect to the direct sum, i.e.:

V1 ⊗ (V2 ⊕ V3) ∼= (V1 ⊗ V3)⊕ (V2 ⊗ V3),

via a canonical isomorphism, which we denote by T⊗,⊕. Now, if V1, V2, V3 are diffeological vector spaces,
then so are V1 ⊗ (V2 ⊕ V3) and (V1 ⊗ V3)⊕ (V2 ⊗ V3). It turns out, as already mentioned in [10], Remark
3.9 (2), that the standard isomorphism between these spaces is also a diffeomorphism. Below we provide
an explicit proof of that statement.

Lemma 1.10. ([10]) Let V1, V2, V3 be diffeological vector spaces, and let T⊗,⊕ : V1 ⊗ (V2 ⊕ V3) →
(V1 ⊗ V3)⊕ (V2 ⊗ V3) be the standard isomorphism. Then T⊗,⊕ is smooth.

Proof. By the properties of the quotient diffeology, it is sufficient to show that the covering map T̃∗,⊕ :
V1 ∗ (V2⊕ V3)→ (V1 ∗ V3)⊕ (V2 ∗ V3) is smooth. Let p : U → V1 ∗ (V2⊕ V3) be a plot; we must show that
T̃∗,⊕◦p is a plot for (V1∗V3)⊕(V2∗V3). Let π1 : V1∗(V2⊕V3)→ V1 and π2,3 : V1∗(V2⊕V3)→ (V2⊕V3) be
the natural projections; observe that by definition of the product diffeology, π2,3 writes (at least locally)
as π2,3 = (p2, p3), where p2 is a plot of V2 and p3 is a plot of V3.

Write now T̃∗,⊕ ◦ p as T̃∗,⊕ ◦ p = (p′, p′′); observe that p′ = (π1 ◦ p, p2), while p′′ = (π1 ◦ p, p3). These
are plots for the sum diffeology on (V1 ∗ V3)⊕ (V2 ∗ V3), hence the conclusion.

The tensor product V ⊗W as a function space Recall that in the usual linear algebra context
the tensor product of two finite-dimensional vector spaces V ⊗W is isomorphic to the spaces L(V ∗,W ),
the space of linear maps V ∗ → W , and L(W ∗, V ), the space of linear maps W ∗ → V , via isomorphisms
given by:

• for f ∈ V ∗, v ∈ V , and w ∈W we set (v ⊗ w)(f) = f(v)w, extending by linearity;

• for g ∈W ∗, v ∈ V , and w ∈W we set (v ⊗ w)(g) = g(w)v, extending by linearity.

The question that we consider now is whether these isomorphisms continue to exist if all spaces we
consider are finite-dimensional diffeological vector spaces, all linear maps are smooth, and all function
spaces are endowed with their functional diffeologies. The observations made regarding the frequently
substantial difference between a diffeological vector space V and its diffeological dual V ∗ suggest that we
consider again one of our examples.

Example 1.11. Let V = Rn for n > 2 with the coarse diffeology, and let W = R with the standard
diffeology. Then, as shown in Example 1.1, the diffeological dual of V is trivial: V ∗ = {0}; this obviously
implies that L∞(V ∗,W ) = {0}. Recall also that, the diffeology of W being fine, its dual is isomorphic to
W , so we have W ∼= W ∗ ∼= R; furthermore, as it occurs for all fine diffeological vector spaces (see [3]),
we have L∞(W ∗, V ) = L(W ∗, V ) ∼= V .

Since the total space of the diffeological tensor product V ⊗W is the same as that of the usual tensor
product, it is isomorphic to V . Therefore there is not an isomorphism between V ⊗W and L∞(V ∗,W ),
the two spaces being different as sets. On the other hand, L∞(W ∗, V ) and V ⊗W are isomorphic as
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usual vector spaces; it is easy to see that they are also diffeomorphic (this follows from the fact that V
has the coarse diffeology5).

The example just made shows that in general, at least one of these classical isomorphisms might fail
to exist (and at a very basic level). We may wish however to see what could be kept of the standard
isomorphisms, in the sense that the two maps V ⊗W → L(V ∗,W ) and V ⊗W → L(W ∗, V ) are still
defined; we wonder if their ranges consist of smooth maps and, if so, whether they are smooth.

Proposition 1.12. Let V , W be two finite-dimensional diffeological vector spaces. Then:

1. If F̂ : V ⊗W → L(V ∗,W ) is the map defined, via linearity, by v⊗w 7→ [F̂ (v⊗w)(f) = f(v)w] then
F̂ takes values in L∞(V ∗,W ). Furthermore, as a map V ⊗W → L∞(V ∗,W ) between diffeological
spaces, it is smooth;

2. If Ĝ : V ⊗W → L(W ∗, V ) is the map defined, via linearity, by v⊗w 7→ [Ĝ(v⊗w)(g) = g(w)v] then
Ĝ takes values in L∞(W ∗, V ). Furthermore, as a map V ⊗W → L∞(W ∗, V ) between diffeological
spaces, it is smooth.

Proof. Let us prove 1. We need to show that F̂ is a smooth map that takes values in L∞(V ∗,W ). To
prove the latter, it is enough to show that F̂ (v ⊗ w) is smooth, for any v ∈ V and w ∈ W . Let us fix
v ∈ V and w ∈W ; we need to show that for any plot p : U → V ∗ the composition F̂ (v ⊗ w) ◦ p is a plot
of W . Writing explicitly (F̂ (v ⊗ w) ◦ p)(u) = F̂ (v ⊗ w)(p(u)) = p(u)(v)w, we recall that any constant
map on a domain is a plot for any diffeology, so the map cw : U → W that sends everything in w is a
plot of W . Finally, the map (u, v) 7→ p(u)(v) is a smooth map to R, by Proposition 1.5 and because p is
a plot of V ∗ = L∞(V,R) whose diffeology is functional; recalling that multiplication by scalar is smooth
for any diffeological vector space, we get the conclusion.

Let us now prove that F̂ is a smooth map V ⊗W → L∞(V ∗,W ); by Proposition 1.5 we need to prove
that the induced map V ∗ × U → W is smooth.6 This map acts by sending each (f, u) (where f ∈ V ∗)
to (F̂ ◦ p)(u)(f) and so it writes as (f, u) 7→ (evV ∗ ⊗ IdW )(IdV ∗ × p)(f, u); the diffeology of V ∗ being
functional, the evaluation map is smooth, therefore so is F̂ ◦ p, whence the conclusion.

The proof of 2 is completely analogous, so we omit it.

Observation 1.13. Example 1.11 also illustrates that, in general, there is not an analogue of the classical
isomorphism V ∗⊗V ∼= L∞(V, V ): it suffices to consider the same V , that is, Rn with the coarse diffeology.
Then the product on the left is the trivial space, V ∗ being the trivial space, whereas the space on the right
consists of all linear maps V → V (since the coarse diffeology includes any map into V , all of these maps
are automatically smooth).

Tensor product of duals and the dual of a tensor product Recall, once again, that for usual
vector spaces there is a standard isomorphism V ∗ ⊗W ∗ ∼= (V ⊗W )∗; it turns out that this is also true
for (finite-dimensional) diffeological vector spaces. Observe immediately that by Theorem 1.9 and the
definition of the tensor product diffeology, both V ∗⊗W ∗ and (V ⊗W )∗ are standard spaces, so for them
to be diffeomorphic it is sufficient that they have the same dimension.

Theorem 1.14. Let V , W be two finite-dimensional diffeological vector spaces. Then dim((V ⊗W )∗) =
dim(V ∗) · dim(W ∗).

We will give a proof of this statement later in Section 2.

5Consider the obvious map F : V → L(R, V ) = L∞(R, V ) given by F (v)(x) = xv; it is obviously bijective, and it is
smooth by Proposition 1.5. Indeed, for any plot p : U → V we need that F ◦ p be a plot, which is equivalent to the map
U × R→ V given by (u, x) 7→ (F ◦ p)(u)(x) = xp(u) being smooth. But simply due to the fact that it is a map in V , that
has the coarse diffeology, it is a plot of it, so the conclusion.

6Note the change in the order of factors, for formal purposes.
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1.5 Smooth direct sum decompositions

In general, if we have a finite-dimensional diffeological vector space V that, as a usual vector space,
decomposes into a direct sum V = V1⊕V2, the following two diffeologies are a priori different: the given
diffeology of V , and the vector space diffeology on V1 ⊕ V2 resulting from the subset diffeologies on V1
and V2. A simple example (Example 3.5 of [5]) can be used to illustrate that the two diffeologies are
indeed generally different.

1.5.1 Smoothness of direct sums

To illustrate the issue, let us first cite the aforementioned example.

Example 1.15. ([5]) Let V be R3 endowed with the vector space diffeology generated by the p : R → V
defined by p(x) = |x|(e2 + e3), where {e1, e2, e3} is the canonical basis of R3. Let V1 = Span(e1, e2) and
V2 = Span(e3). The subset diffeology on any of these two subspaces is then the standard diffeology of R2

and R respectively, therefore their direct sum is again a standard space, while V is not so.

It thus makes sense to have a separate term for cases when the two diffeologies that a priori are
different, do coincide.

Definition 1.16. Let V be a diffeological vector space, and let V1, V2 be two its subspaces such that V is
isomorphic as a vector space to the direct sum V1 ⊕ V2. We say that the the decomposition V = V1 ⊕ V2
is smooth if the diffeology of V coincides with the direct sum diffeology on V1 ⊕ V2 relative to the subset
diffeologies on V1 and V2 ( i.e., if at least one isomorphism is also a diffeomorphism). We also say that a
(diffeological, i.e. considered with the subset diffeology) subspace W 6 V splits off as a smooth direct
summand if there exists another subspace Z 6 V which is a direct complement of W in V , and the
decomposition V = W ⊕ Z is smooth.

While in a usual finite-dimensional vector space all subspaces admit direct complements, a diffeological
vector space may contain subspaces that do not split off as smooth summands (which justifies introducing
a separate term for them).

Example 1.17. Let V be as in the previous example, i.e., R3 with the vector space diffeology generated
by the map p : R → V acting by p(x) = |x|(e2 + e3). By definition of this diffeology, the local shapes of
its plots are precisely maps of form,

U 3 u 7→

(
α1(u), α2(u) +

k∑
i=1

fi(u)|Fi(u)|, α3(u) +

k∑
i=1

fi(u)|Fi(u)|

)
,

where α1, α2, α3, fi, Fi ∈ C∞(U,R) are ordinary smooth maps.
Let W = Span(e2); it is a standard space for the subset diffeology. Suppose it splits off as a smooth

direct summand, and let W1 be its smooth direct complement. Then all plots of V locally have form
U 3 u 7→ (0, α(u), 0) + Q(u), where α ∈ C∞(U,R) and Q : U → W1 is a plot for a subset diffeology of
W1. This in particular implies that any map of form

U 3 u 7→

(
α1(u),

k∑
i=1

fi(u)|Fi(u)|, α3(u) +

k∑
i=1

fi(u)|Fi(u)|

)

for any choice of ordinary smooth maps α1, α3, fi, Fi.
Let k = 1, and let U be any domain. Let first F1 be the constant map with the zero value, F1 ≡ 0.

Choosing first α1 ≡ 1 and α3 ≡ 0, we obtain that W1 contains the vector (1, 0, 0); choosing α1 ≡ 0 and
α3 ≡ 1, we conclude that W1 also contains (0, 0, 1). Let now F1 ≡ 1, and assume the same for f1, that
is, f1 ≡ 1. Let α1 ≡ α3 ≡ 0. This means that W1 contains the vector (0, 1, 1), and since it also contains
(0, 0, 1), it contains (0, 1, 0) as well. Therefore W1 coincides with the whole V , which is a contradiction.

The simplicity of the above example, and the fact that the proof involved used only constant maps
and (implicitly) the mere existence of a nonstandard plot, but almost not at all its specific shape, suggests
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that such examples may be abundant among diffeological vector spaces that are not standard. This in
turn suggests the possibility that there may exist diffeological vector spaces that admit no non-trivial
smooth decompositions at all. Although we do not have an example of such at hand, in view of this a
priori possibility we introduce a specific term for such spaces, calling them unsplittable (o irreducible)
spaces. Such spaces have at least one common property in that they do not admit non-trivial pseudo-
metrics, the diffeological counterparts of scalar products (see the next section). Notice that this is not
a characterizing property meaning that a nonsplittable space certainly does not admit a pseudo-metric,
but a space that does not admit one, may have smooth decompositions.

Example 1.18. Let V be R2 endowed with the vector space diffeology generated by the plots pi : R→ V
for i = 1, 2, acting by pi(x) = |x|ei. It is quite easy to see (in fact, obvious from construction) that the
decomposition of V into the direct sum of Span(e1) and Span(e2) is a smooth one. As easily follows from
the results in Section 2, the only pseudo-metric on this space is the trivial one.

The overall conclusion is that in a finite.dimensional diffeological vector space splitting off of a given
subspace as a smooth direct summand is not automatic and usually needs to be imposed as an assumption.
Some partial criteria do exist.

Lemma 1.19. (Lemma 3.6, [5]) Let V be a finite-dimensional diffeological vector space, let V1 6 V be a
subspace such that its subset diffeology is standard, and let V = V1⊕ V2 be its vector space decomposition
into a direct sum for some subspace V2 6 V . This decomposition is smooth if and only if there exists a
basis {v1, . . . , vk} of V1 such that the projection on each vector vi is a smooth linear functional on V .

1.5.2 Smooth direct sums and diffeological dual

For usual vector spaces the dual of a subspace is canonically contained in the dual of the entire space,
via the extension by zero to any direct complement. For diffeological vector spaces this a priori may not
be true, since a function smooth on a subspace may fail to extend smoothly to the rest of the space.

Example 1.20. Let V and W be as in Example 1.17. The obvious generator of the dual of W extends,
in the way just mentioned, to the function e2 defined on the whole V , which however is not smooth, since
its composition with the plot p is the absolute value function, (e2 ◦ p)(x) = |x|.

Such a problem does not present itself for subspaces that split off smoothly.

Lemma 1.21. Let V be a finite-dimensional diffeological vector space, and let W 6 V split off as a
smooth direct summand. Then W ∗ canonically embeds into V ∗.

Proof. Let W ′ 6 V be a smooth direct complement of W , and let w∗ ∈W ∗. It suffices to show that the
linear function ŵ∗ defined by requiring it to coincide with w∗ on W and vanish on W ′ is smooth. Indeed,
let p : U → V be a plot of V ; then locally it has form p = q + q′, where q is a plot of W and q′ is one of
W ′. Then by construction ŵ∗ ◦ p = w∗ ◦ q, which is smooth by choice of w∗.

We stress that due to this canonical embedding, W ∗ can be identified with any subset of V ∗ consisting
of all the functions that vanish on some fixed smooth direct complement of W in V . Observe however that
a priori such identification may not be unique (so word canonically refers to the procedure of constructing
such embedding, not to the embedding itself), since W may have more than one smooth complement;
for instance, in the Example 2.9 (see below) the subspace Span(e1) has both Span(e2) and Span(e1 + e2)
as smooth direct complements. The resulting embedding of W ∗ into V ∗ may therefore depend on the
specific choice of the smooth direct complement of W (although this does not occur in the just-cited
example, since the dual of Span(e1) is trivial).

Corollary 1.22. Let V be a finite-dimensional diffeological vector space, and let V = V1⊕V2 be a smooth
direct sum decomposition of V . Then V ∗ ∼= V ∗1 × V ∗2 , and the diffeomorphism is obtained by assigning to
each smooth linear function on V its restrictions onto V1 and V2.

Proof. The main ingredient in the proof is showing that the map thus defined is surjective, and this is
ensured by Lemma 1.21.

If we consider V ∗1 and V ∗2 as subspaces of V ∗ via the above lemma, we can also say that V ∗ splits as
the direct sum of V ∗1 and V ∗2 .
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1.5.3 Smooth direct sums and linear maps

For usual finite-dimensional vector spaces there is a type of their standard representations as direct
sums: any linear map defined on a given vector space allows to represent it as the direct sum of the
map’s kernel and the map’s image, although there are infinitely many ways to do that. On the other
hand, for diffeological spaces it should already be quite clear that no natural analogue of this statement
would be true in general. Indeed, the most natural analogue would be, that the domain space should
be diffeomorphic to the direct sum of the map’s kernel and the map’s image considered with the subset
diffeology relative to the diffeology on the target space. However, we have just seen (Example 1.17) that
some subspaces do not split off as smooth direct summands, while for any given subspace it is quite easy
to construct a smooth linear map whose kernel is precisely that subspace.

Example 1.23. Let V be the same as in Example 1.17, and let W be R2 endowed with the diffeology that
is the pushforward of the diffeology of V by the linear map f : V → W such that f(e1) = e1, f(e2) = 0,
f(e3) = e2 (here e1, e2, e3 on the left form the canonical basis of V , and e1, e2 on the right form the
canonical basis of W ). The map f is smooth and linear by construction, and its kernel is Span(e2) — a
subspace that, as we have previously shown, does not split off as a smooth direct summand.

Thus, in order to have some hope to obtain a diffeomorphism with Ker(f) ⊕ Im(f) for a given
f : V → W (where V,W are diffeological vector spaces and f is a smooth linear map) we must at least
ensure that Ker(f) splits off as a smooth direct summand. However, in general this is not sufficient, due
to the issue with the diffeology on Im(f). The issue basically is that the existence of a diffeomorphism
between the domain space and Ker(f)⊕ Im(f) would at least imply that the natural diffeology on Im(f)
(the subset diffeology relative to that on the target space) must coincide with the pushforward of the
diffeology on the domain space. However, the subset diffeology on Im(f) might easily be larger; for a
simple example, it suffices for V to be a standard space of dimension at least 2, for W to be a coarse
space of dimension at least 1, and for f to any non-zero linear map with a non-trivial kernel.

The issue of the diffeology of the target space being arbitrarily large must be pretty much excluded
by assumption, just as the possibility of the kernel not splitting off as a smooth direct summand needs
to be. However, with assumptions of this kind in place, the two issues are to some extent interrelated.
In particular, the following is true.

Lemma 1.24. (Lemma 4.5 of [6]) Let V be a finite-dimensional diffeological vector space, let W be a
vector space, and let f : V → W be a surjective linear map. Let V ′ 6 V be a subspace of V , and let
W ′ = f(V ′) be the corresponding subspace of W . Endow W with the pushforward of the diffeology of V
by the map f ; then the corresponding subset diffeology on W ′ is in general coarser than the pushforward
of the subset diffeology on V ′ by the map f |V ′ . If Ker(f) splits off as a smooth direct summand then the
two diffeologies coincide.

Note that the two diffeologies on an image may happen to coincide also without the kernel splitting
off as a smooth summand, so the relation is one-way only. However, in view of all of the above, this
appears the best that one can obtain.

Finally, observe that under the appropriate assumptions smooth direct sums are well-behaved with
respect to smooth linear maps. More precisely, the following is true,

Lemma 1.25. (Lemma 4.7 of [6]) Let V be a finite-dimensional diffeological vector space, let W be a
vector space, and let f : V → W be a surjective linear map; endow W with the pushforward diffeology.
Let V = V0⊕V1 be a smooth decomposition of V into a direct sum, and suppose that f(V0)∩f(V1) = {0}.
Then the decomposition W = W0 ⊕W1, where Wi = f(Vi) for i = 0, 1, is smooth.

The assumption that the diffeology of W is the pushforward diffeology, is essential; making it larger
would keep f smooth (which it would not be for a smaller one) but might prevent the conclusion from
being true.

2 Diffeological pseudo-metrics on vector spaces

For a finite-dimensional diffeological vector space, the analogue of a scalar product is (probably) the most
obvious one: it is a minimally degenerate smooth bilinear form. This choice of the corresponding notion
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of a metric is pretty much a forced one.

2.1 What is a pseudo-metric

A pseudo-metric is the closest analogue of a smooth scalar product that can exist on finite-dimensional
diffeological vector space.

Definition 2.1. Let V be a diffeological vector space of finite dimension n. A diffeological pseudo-
metric on V is a semi-positive definite smooth symmetric bilinear form on V such that its maximal
isotropic subspace has dimension n− dim(V ∗), where V ∗ is the diffeological dual of V .

If V has a fixed identification with Rn, any symmetric bilinear form is represented by a symmetric
n × n matrix A. Assuming the form is smooth, the matrix A defines a pseudo-metric if and only if the
multiplicity of its zero eigenvalue is equal to n − dim(V ∗), and all the other eigenvalues are positive.
Notice that, as was shown in Lemma 3.2 of [5], for an arbitrary smooth symmetric bilinear form on V the
multiplicity of the eigenvalue 0 is always at least n−dim(V ∗), so a pseudo-metric is a form that achieves
the minimal value of the multiplicity.

At least one pseudo-metric always exists on any finite-dimensional diffeological space V (in the most
degenerate case, i.e., when the dual space is trivial, there is precisely one pseudo-metric, which is trivial).

Indeed, let f1, . . . , fk be any basis of V ∗; then
∑k
i=1 f

i ⊗ f i is obviously a pseudo-metric on V .

Example 2.2. Let V be R2 endowed with the vector space diffeology generated by the plot p : R → V
acting by p(x) = |x|e1. Let us show that any pseudo-metric on V is given by a positive multiple of the

matrix

(
0 0
0 1

)
.

Consider a generic symmetric 2 × 2 matrix A, which has form

(
a b
b c

)
; assume that not all of

a, b, c are zero. For this matrix to define a pseudo-metric on V , it is necessary and sufficient that the
evaluation of the corresponding bilinear form on any given pair of plots be an ordinary smooth function
to R. Evaluting it on p and the constant plot with value e1 yields the function x 7→ a|x|, which implies
that a = 0. Likewise, the evaluation on p and the constant plot with value e2 allows to conclude that
b = 0. Finally, evaluating it on a generic pair of plots implies that c can be any positive number. Indeed,
a generic plot Q of V has form

U 3 u 7→ (α1(u) +
∑
i

fi(u)|Fi(u)|, α2(u)),

so evaluating the bilinear form associated to A on a pair of such plots yields a function of form u 7→
cα

(1)
2 (u)α

(2)
2 (u), where α

(1)
2 , α

(2)
2 are the compositions of the two plots with the projection onto the second

coordinate. Such function is necessarily smooth for any c. Finally, evaluating the form on the pair both
of whose components are constant plots with value e2, implies c can, and must, be any positive number.

2.2 Pseudo-metrics and the diffeological dual

Similarly to the standard vector spaces and scalar products on them, a pseudo-metric on a diffeological
vector space induces a natural surjective map onto the diffeological dual, which turns out to be smooth,
via the assignment to each v ∈ V of the smooth linear functional g(·, v). Except for the standard case, it
is not a diffeomorphim; however, it does admit left inverses.

Theorem 2.3. Let V be a finite-dimensional diffeological vector space, and let g be a pseudo-metric on
V . The induced map Ψ : V → V ∗ ( i.e., the map given by v 7→ [w 7→ g(w, v)]) is a smooth linear surjective
map which admits a smooth left inverse. In particular, the restriction of Ψ onto the image of this inverse
is a diffeomorphism onto V ∗.

Proof. Choose a basis u1, . . . , un of V , and consider the (usual vector space) isomorphism ϕ : V → Rn
corresponding to this basis. Endow this copy of Rn with the diffeology that is the pushforward of the
diffeology of V by ϕ. Let Vcoor be the diffeological vector space thus obtained. By construction, ϕ is
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then a diffeomorphism V → Vcoor. In particular, g induces via ϕ a pseudo-metric on Vcoor given by a
symmetric square n× n matric A.

Let v1, . . . , vn be an orthonormal basis of eigenvectors of A, in which the first k vectors belong to
positive eigenvalues and the rest belong to the eigenvalue 0. Let λ1, . . . , λk, taken with multiplicity,
denote all the positive eigenvalues of A, i.e. Avi = λivi for i = 1, . . . , k, and let V0 be the subspace
generated by v1, . . . , vk.

We claim that the restriction of Ψ onto ϕ−1(V0) is a diffeomorphism. To prove this, it is of course
sufficient to prove the analogous statement for V0 6 Vcoor and the map ΨA induced by the natural pairing
determined by the matrix A. This was actually proved in Theorem 3.11 of [5], but since that proof used
an erroneous statement (easily avoidable and of which we provide details later in this paper), we reprove
it here.

Observe first of all that the subset diffeology of V0 is standard. Indeed, let p : U → V be a plot
of V such that its image is contained in V0. Let us write p(u) = p1(u)v1 + . . . + pk(u)vk, where pi is
obviously the composition of p with the projection (in the usual sense) on vi. Recall now that the map
u 7→ 〈p(u)|vi〉A must be smooth in the ordinary sense by definition of a pseudo-metric. However, for all
i = 1, . . . , k this map is actually u 7→ λipi(u) with λi 6= 0 by choice of v1, . . . , vk. Hence all maps pi are
ordinary smooth maps, and therefore so is p. This means precisely that the subset diffeology of V0,

We claim furthermore that V0 splits off as a smooth direct summand, and for any such splitting the
diffeological dual of the other summand is trivial. We first show that the decomposition of Vcoor into the
direct sum of V0 and V1, the subspace generated by the eigenvectors of A belonging to the eigenvalue 0,
is smooth.

Let p : U → Vcoor be any plot of Vcoor; write p(u) = p1(u)v1 + . . .+ pn(u)vn, where pi : U → R is the
composition of p with the projection onto vi (that is, onto Span(vi)). Notice that p is thus the sum p =
p0+q, where p0 and q are given by p0(u) = p1(u)v1+ . . .+pn(u)vk and q(u) = pk+1(u)vk+1+ . . .+pn(u)vn
and take values in V0 and V1 respectively. It thus suffices to show that p0 is a plot of V0 to be sure
that q = p − p0 is one of V1 and so to obtain the desired conclusion. But since V0 has standard
diffeology, p0 being a plot of it is equivalent to all p1, . . . , pk being ordinary smooth functions. To
conclude, observe as before that u 7→ 〈p(u)|vi〉A is ordinary smooth by construction of A and that we still
have 〈p(u)|vi〉A = λipi(u), so the decomposition Vcoor = V0 ⊕ V1 is indeed smooth. (A similar reasoning
appears in Theorem 3.6 of [10], its corollary Lemma 3.6, as well as Lemma 3.7, of [5]).

Let now Vcoor = V0⊕W1 be any smooth decomposition of Vcoor; let us show that W ∗1 is trivial. Assume
that it is not, and let w∗ ∈ W ∗1 be non-trivial. Since V0 has standard diffeology, its diffeological dual
coincides with the usual dual and has dimension equal to k = dim(V ∗coor). Choose a basis v∗1 , . . . , v

∗
k of V ∗0

and consider the corresponding elements v1, . . . , vk of V ∗coor obtained by defining them to act as v∗1 , . . . , v
∗
k

respectively on V0 and to vanish on W1; let also w1 act as w∗ on W1 and vanish on V0. All of the functions
v1, . . . , vk, w1 are smooth because the decomposition Vcoor = V0⊕W1 is smooth, and are linear and linearly
independent by construction. Therefore the symmetric bilinear form v1 ⊗ v1 + . . .+ vk ⊗ vk +w1 ⊗w1 is
smooth and semipositive definite, and has rank k + 1 > dim(V ∗coor), which contradicts Lemma 3.2 of [5].

Notice finally that V0 is a maximal subspace such that its subset diffeology is standard and it splits off
as a smooth direct summand. Observe more in general that if Vcoor = V1⊕W1 is a smooth decomposition
such that the subset diffeology of V1 is standard, there exists a smooth symmetric bilinear form on Vcoor
of rank equal to dim(V1). Indeed, to define such form it suffices to pose it to be a scalar product on V1,
to vanish on W1, and require V1 and W1 to be orthogonal. So if now we assume that V0 is contained
in a larger subspace V ′1 that has standard diffeology and splits off as a smooth direct summand, we can
construct a smooth symmetric bilinear form of rank strictly greater than dim(V0) = dim(V ∗coor), which is
again a contradiction. (This proof was given in Proposition 3.8 of [5]).

It is easy to conclude from the above paragraph that the diffeological dual of Vcoor is diffeomorphic
to V0. Indeed, let Vcoor = V0 ⊕ V1 be a smooth direct sum decomposition for some subspace V1. Then

V ∗coor = (V0 ⊕ V1)∗ ∼= V ∗0 × V ∗1 ∼= V ∗0
∼= V0,

where the last diffeomorphism is due to V0 being standard.
It remains to show that such a diffeomorphism can be given by the restriction of ΨA onto V0. By

construction, this restriction is an isomorphism; observe in particular that by definition of a pseudo-metric
V0 and V ∗ have the same dimension. It is thus sufficient to prove that it is both ways smooth.
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Let vi = ΨA(vi) for i = 1, . . . , k, where v1, . . . , vk is the already used orthonormal basis of V0 consisting
of certain eigenvectors of A, and let us write Ψ−1A for the linear map V ∗ → V0 given by Ψ−1A (vi) =
vi for i = 1, . . . , k (that is, Ψ−1A = (ΨA|V0

)−1). Recall that a generic plot p of V0 locally has form
p(u) = p1(u)v1 + . . . + pk(u)vk for some ordinary smooth functions p1, . . . , pk. Since ΨA ◦ p acts by
(ΨA ◦ p)(u) = p1(u)v1 + . . . + pk(u)vk, it is a plot of V ∗ (since p1, . . . , pk are smooth, this kind of
statement would be true for any vector space with a vector space diffeology). And since V ∗ also has
standard diffeology, its generic plot q also has form u 7→ q1(u)v1+ . . .+qk(u)vk for some smooth functions
q1, . . . , qk, with the composition Ψ−1A ◦ q acting by (Ψ−1A ◦ q)(u) = q1(u)v1 + . . .+ qk(u)vk, so a plot of V0,
and the theorem is proven.

The construction in the above proof depends a priori on the choice of the auxiliary basis u1, . . . , un;
a different choice of the basis may produce a different inverse.

Example 2.4. Consider V as in the Example 2.2, and consider the pseudo-metric g on it given by the

matrix

(
0 0
0 1

)
. Choose u1 = e1, u2 = e1 + e2 as a basis (we will show in a subsequent example that it

is actually a smooth basis, i.e. the decomposition of V into the direct sum of the spans of its components

is smooth). The matrix of g written with respect to this basis is again

(
0 0
0 1

)
, but now the unitary

eigenvector

(
0
1

)
belonging to its positive eigenvalue consists of the coordinates of a generator v of V0,

the target space of the left inverse of the induced map Ψ, in the basis u1, u2; therefore this generator is
actually v = e1 + e2, so V0 = Span(e1 + e2). But if we were to use the canonical basis of R2 to determine
it, we would have obtained V0 = Span(e2).

The choice of the left inverse of the map induced by natural pairing depends therefore on the choice
of the basis of V , that is, on its identification with some Euclidean space.

Corollary 2.5. Let V be a diffeological vector space whose underlying vector space is Rn for some n.
Then there is a canonical choice Ψ−10 of a left inverse of Ψ.

Proof. A pseudo-metric on Rn (considered as a diffeological space) is given by a well-defined matrix
A, whose set of eigenvectors is uniquely defined. This implies that the subspace V0 generated by the
eigenvectors belonging to the positive eigenvalues is uniquely defined, and therefore so is the left inverse
of the induced map Ψ constructed above.

Finally, the map Ψ induced by the natural pairing allows to carry over to V ∗ the initial pseudo-metric,
which becomes a true scalar product on V ∗ (see Corollary 3.13 of [5]). Furthermore, Ψ allows to easily
obtain the following result.

Corollary 2.6. Let V be a finite-dimensional diffeological vector space, and let V ′ be any its subspace
whose subset diffeology is standard. Then dim(V ′) 6 dim(V ∗).

Proof. Endow V with any pseudo-metric and consider the corresponding map Ψ induced by natural
pairing. It suffices to observe that the restriction of Ψ to V ′ is injective.

2.3 The maximal isotropic subspace relative to a pseudo-metric

As a generally degenerate symmetric bilinear form, a pseudo-metric determines its maximal isotropic
subspace.

Lemma 2.7. Let V be a finite-dimensional diffeological vector space, let g be a pseudo-metric on V , and
let V1 be the maximal isotropic subspace of g. Then V1 splits off smoothly.

Proof. Let Ψ : V → V ∗ be the natural pairing map induced by g (i.e., acting by v 7→ [w 7→ g(w, v)]), and
let Ψ̂−10 be any choice of its left inverse. Denote V0 := Ψ̂−10 (V ∗), the pre-image of V ∗. We claim that V
splits as a smooth direct sum of V0 and V1.

Since V1 is precisely the kernel of the linear map Ψ, and V0 is diffeomorphic to Im(Ψ) via its left inverse
Ψ̂−10 , the vector space underlying V obviously coincides the direct sum of its vector space subspaces V0
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and V1. What we really need to show is that the corresponding direct sum decomposition V0 ⊕ V1 is
smooth; for that, it suffices to show that every plot p of V is locally the sum of some plot p0 of V0 and
some plot q of V1.

Define p0 := Ψ̂−10 ◦ Ψ ◦ p; since Ψ̂−10 and Ψ are smooth and p is a plot, p0 is again a plot of V .
Furthermore, since its image is contained in V0 by construction, it is a plot for the subspace diffeology
on V0. It remains to define q to be q = p − p0; this is a plot of V , since the operations are smooth in a
vector space diffeology, and its image is obviously contained in V1, whence the claim.

As follows from the discussion in the previous section, the decomposition of V thus obtained is a
priori not unique. However, if the underlying vector space of V is Rn, by taking Ψ̂−10 to be Ψ−10 , the
canonically defined left inverse of Corollary 2.5, we obtain a well-defined canonical decomposition.

2.4 Characteristic subspaces

Let V be a finite-dimensional diffeological vector space endowed with a pseudo-metric g such that its
underlying vector space is Rn for some n. We define its characteristic subspace to be the pre-image
Ψ−10 (V ∗) of the diffeological dual under the map V → V ∗ induced by the natural pairing. By definition,
the dimension of the characteristic subspace is equal to that of the diffeological dual V ∗ of V . Obviously,
for a standard space any its characteristic subspace is the space itself. On the other extreme, it may also
happen that any characteristic subspace is trivial; this is the case of Example 1.18. Furthermore, we have
the following.

Proposition 2.8. (Proposition 3.8, Theorem 3.12 of [5]) Let V be a finite-dimensional diffeological vector
space endowed with a pseudo-metric g. The characteristic subspace of V is a maximal subspace of V that
is standard and splits off as a smooth direct summand.

Recall that, if A is the matrix that defines the pseudo-metric g, the characteristic subspace is the
subspace generated by all the eigenvectors of A belonging to its positive eigenvalues. It would be nice
if the characteristic subspace of V could also be independently determined by the property of being a
maximal standard subspace that splits off smoothly, but (contrary to what we originally thought7) this
is not the case.

Example 2.9. Consider again V of Example 2.2, i.e. R2 endowed with the vector space diffeology
generated by the plot p : R→ V acting by p(x) = |x|e1. We claim the following: 1) the diffeological dual
of V has dimension 1; 2) the subspace V0 := Span(e2) is the characteristic subspace of V for the pseudo-

metric g given by the matrix

(
0 0
0 1

)
; 3) the subset diffeology on the subspace V1 := Span(e1 + e2) is

standard and splits off smoothly. Let us prove these claims.
To prove 1), it suffices to show that the diffeological dual V ∗ is generated by the linear map e2 (belonging

to the canonical dual basis of R2). Indeed, recall that a generic plot Q of V has form

U 3 u 7→ (α1(u) +
∑
i

fi(u)|Fi(u)|, α2(u)),

where U is a domain in some Euclidean space and α1, α2, fi, Fi ∈ C∞(U,R) are any. On the other hand,
as a set, the diffeological dual V ∗ is, of course, a subset of the ordinary dual, so its elements have form
ae1 + be2; it suffices to show that ae1 + be2 belongs to V ∗ if and only if a = 0. By definition of the
diffeological dual, ae1 + be2 ∈ V ∗ is equivalent to (ae1 + be2) ◦Q being an ordinary smooth map U → R.
It suffices to take Q to be p, the generating plot; we have (ae1 + be2) ◦ p is the map x 7→ a|x|, which is
smooth for a = 0 only. On the other hand, for a generic plot Q of the above form, the composition e2 ◦Q
is just the function α2, smooth by assumption. Therefore V ∗ coincides with Span(e2) and in particular,
it has dimension 1.

To prove 2), we need to show that the subset diffeology of V0 is standard, and that it splits off as a
smooth direct summand (it is then automatically maximal for these properties, since its dimension is just

7The proof of Proposition 3.10 of [5] contains a mistaken claim in asserting that for w0 = v0 + v1 with w0 and v0 such
that the projections on them are smooth linear functionals, so is the projection on v1. There is of course no reason to claim
this, and the specific instance of where this is not true, is given by the Example 2.9, for w0 = e1 + e2, v0 = e2, and v1 = e1.
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one less than that of V , which itself, not being standard, cannot be its own characteristic subspace). Both
of these claims readily follow from the general form of a plot of V shown above. Indeed, Q is a plot of
the subset diffeology of V0 if and only if it has form

u 7→ (0, α2(u));

furthermore every Q writes as a sum of plots

u 7→ (α1(u) +
∑
i

fi(u)|Fi(u)|, 0) and u 7→ (0, α2(u)),

which is sufficient to show that the usual direct sum decomposition of V into Span(e1) ⊕ Span(e2) is a
smooth one.

Finally, let us show that the subset diffeology of V1 is standard as well. It suffices to observe that a
plot Q of the form shown above belongs to the subset diffeology of V1 if and only if we have

α1(u) +
∑
i

fi(u)|Fi(u)| = α2(u) for all u ∈ U.

In particular, it is an ordinary smooth map.
The subspace V1 is therefore a maximal standard subspace, since it has dimension just one less than

that of the entire V , which is not standard. We now observe that the direct sum decomposition V =
V1 ⊕ Span(e1) is smooth. This easily follows from the fact that a generic plot Q of V of the above shape
writes as the sum of plots

u 7→ (α2(u), α2(u)) and u 7→ (α1(u)− α2(u) +
∑
i

fi(u)|Fi(u)|, 0),

of which the former is a plot of V1 and the latter is a plot of Span(e1).
The subspace V1 is therefore also a maximal standard subspace that splits off smoothly. However, it is

not the characteristic subspace of any pseudo-metric on V . Indeed, we have shown in a previous example
that any pseudo-metric on V is a positive multiple of g, so all of them have the same characteristic
subspace, which is V0.

2.5 Proof of Theorem 1.14

Given two finite-dimensional diffeological vector spaces V and W , fix their decompositions into smooth
direct sum of a characteristic subspace and the maximal isotropic subspace, V = V0 ⊕ V1 and W =
W0⊕W1. Choose bases v1, . . . , vk and w1, . . . , wl of V0 and W0 respectively, and complete them to bases
v1, . . . , vn and w1, . . . , wm of the entire V and W .

Consider the corresponding basis vi ⊗ wj with i = 1, . . . , n and j = 1, . . . ,m of V ⊗W . Let vi and
wj be the usual dual bases of the usual duals of V and W , i.e., vi(vs) = δis and wj(wt) = δjs; by the
standard isomorphism, the collection of all vi ⊗wj forms the basis of the usual dual (V ⊗W )∗, of which
the diffeological dual is a subset. Observe that by construction v1, . . . , vk is a basis of the diffeological
dual V ∗ and w1, . . . , wl is one of the diffeological dual W ∗. It thus suffices to prove that vi ⊗ wj for
i = 1, . . . , k and j = 1, . . . , l form a basis of (V ⊗W )∗.

Let f be a generic element of (V ⊗W )∗. Since it is also an element of the usual dual of V ⊗W , it
writes (uniquely) as f =

∑
i,j aijv

i ⊗wj . It suffices to prove that aij = 0 as soon as either i > k or j > l
to obtain the claim of the theorem.

Suppose that i > k and j is any, and consider Span(vi). Since vi ∈ V1, the maximal isotropic subspace,
the subset diffeology of Span(vi) is non-standard. Since it is however a vector space diffeology, there exists
at least one non-constant plot p : U → Span(vi) of form p(u) = pi(u)vi, where pi : U → R is not a smooth
function. Let qj : U → {wj} be a constant plot of W with value wj , and p ⊗ qj be the plot of V ⊗W
corresponding to the pair p, qj in the tensor product diffeology. Then the composition f ◦(p⊗qj) coincides
with the function aijpi, and since f must be smooth, aij must be zero. This is sufficient to establish the
statement of the Theorem. �
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2.6 Independence of pseudo-metric

We have shown above that every finite-dimensional diffeological vector space V endowed with a pseudo-
metric splits into a smooth direct sum of its maximal isotropic subspace and its characteristic subspace.
This splitting depends of course on the specific identification of the underlying vector space with Rn for
appropriate n (so on the choice of the basis), since the characteristic subspace does (see Example 2.4).
However, we now show that it does not depend on the choice of the pseudo-metric.

Lemma 2.10. The maximal isotropic subspace is an invariant with respect to the choice of a pseudo-
metric on V .

Proof. We claim that the maximal isotropic subspace of any pseudo-metric is precisely the intersection
of the kernels of all smooth linear functions on V (i.e., it is the maximal subspace such that any smooth
linear function vanishes on it). This follows from Theorem 2.3. Obviously, such characterization is wholly
independent of the concept itself of a pseudo-metric.

Let now the underlying vector space of V be Rn.

Theorem 2.11. The characteristic subspace of V does not depend on the choice of a pseudo-metric.

Proof. This follows immediately from Lemma 2.10. Indeed, since eigenvectors belonging to different
eigenvalues are always orthogonal (with respect to the canonical scalar product on Rn), the characteristic
subspace corresponding to any given pseudo-metric coincides with the usual orthogonal complement of
the maximal isotropic subspace. Since the latter is the same for all pseudo-metrics, so is the former.

Thus, any identification of the underlying vector space |V | of a given finite-dimensional diffeological
vector space V with the appropriate Euclidean space (Rn endowed with its canonical scalar product)
determines the decomposition of V into the smooth direct sum of its maximal isotropic subspace (its
maximally non-standard part, as one could say) and its characteristic subspace (its maximal standard
part).8

Finally, in those cases when such dependence of the characteristic subspace on the choice of a coor-
dinate system might be an obstacle, an alternative notion can be used.

Definition 2.12. Let V be a finite-dimensional diffeological vector space, and let V1 be its maximal
isotropic subspace. The characteristic quotient of V is the quotient vector space V/V1 endowed with
the quotient diffeology.

Since the maximal isotropic subspace is uniquely determined by the vector space itself, the character-
istic quotient is well-defined (and unlike the characteristic subspace, it does not depend on introducing
coordinates on V ). We also have the following statement.

Lemma 2.13. The characteristic quotient V/V1 is diffeomorphic to the diffeological dual V ∗ (and so to
any characteristic subspace of V ), and V is diffeomorphic to the direct sum V/V1⊕V1. Furthermore, any
pseudo-metric of V descends to a well-defined scalar product on V/V1.

Proof. This is a consequence of the existence of decompositions of V into a smooth direct sum of its
characteristic subspace and the maximal isotropic subspace, and of Theorem 2.3.

Do notice that there is not a canonical diffeomorphism of V with V/V1 ⊕ V1, for the same reasons for
which in general there is not a canonical choice of a characteristic subspace. Furthermore, characteristic
quotients possess the following important property, whose analogue, as we will see in the next section,
does not hold for characteristic subspaces.

8In particular, the statement of Proposition 3.10 in [5] is actually true, although the proof as it appears therein, was
incorrect. Now, mistakenly conceiving the characteristic subspace as the unique maximal subspace that is standard and
splits off smoothly, was used in [4] to define the so-called characteristic sub-bundle. In reality, the existence of such, not
always guaranteed, as a smooth direct complement of the maximal isotropic sub-bundle (which on the other hand is always
well-defined) must be imposed as a matter of assumption, together with the requirement that the gluing maps preserve
them. Under such assumption the results obtained in [4] concerning them still hold. A separate paper, in preparation, deals
with these issues.

18



Proposition 2.14. Let V and W be finite-dimensional diffeological vector spaces, and let f : V →W be
a smooth linear map. Then f descends to a well-defined linear (and necessarily smooth) map f/ : V/V1 →
W/W1 between their characteristic quotients.

Proof. It is sufficient that the image f(V1) of the maximal isotropic subspace V1 of V be contained in
the maximal isotropic subspace W1 of W . Recall that the maximal isotropic subspace can be described
as the intersection of kernels of all smooth functions W → R. Let w ∈ f(V1), so that w = f(v) for some
v ∈ V1, and let h ∈ C∞(W,R). Then h(w) = (h ◦ f)(v), and h ◦ f is a smooth linear function on V .
Since by assumption v ∈ V1, we must have h(w) = (h ◦ f)(v) = 0. Since h is any element of C∞(W,R),
we conclude that w belongs to W1, and since w is any element of f(V1), we obtain that f(V1) 6 W1, as
wanted.

2.7 Pseudo-metrics compatible with a linear map

As was established in Theorem 2.11, a diffeological vector space V whose underlying space has a fixed
identification with some Rn, contains a uniquely defined characteristic subspace. We now show that these
subspaces allow to establish, given a smooth linear map V →W , where V and W are diffeological vector
spaces, whether these spaces can be endowed with pseudo-metrics such that the map is well-behaved with
respect to those pseudo-metrics. The precise meaning of being well-behaved here is quite standard.

Definition 2.15. Let V and W be finite-dimensional diffeological vector spaces endowed with pseudo-
metrics gV and gW respectively, and let f : V → W be a smooth linear map. We say that gV and
gW are compatible with respect to f (or simply, with f) if for any v1, v2 ∈ V we have gV (v1, v2) =
gW (f(v1), f(v2)).

For the duration of this section we shall assume that the underlying vector spaces of V and W are
Rn and Rm, respectively. Let V0 6 V and W0 6 W be their characteristic subspaces, and let V1 6 V
and W1 6 W be their maximal isotropic subspaces, so that V = V0 ⊕ V1 and W = W0 ⊕W1. Then the
existence on V and W of pseudo-metrics compatible with a smooth linear map f : V →W is subject to
a number of necessary conditions.

Theorem 2.16. (Proposition 2.4, Lemmas 2.2, 2.3, 2.5 and Theorem 2.7 of [4]) Let f : V → W be a
smooth linear map such that V and W admit pseudo-metrics compatible with f . Then:

1. dim(V ∗) 6 dim(W ∗);

2. Ker(f) 6 V1;

3. The subset diffeology on f(V0) relative to its inclusion in W is standard;

4. The subspace f(V0) splits off smoothly in W .

Notice that item 1 in the above theorem is actually a consequence of item 3 of same and of Corollary
2.6, and it is the only condition that depends only on the spaces V and W themselves, with no reference
to a specific f . Observe also that Im(f) is, by item 2, isomorphic to V0⊕V1/Ker(f); however, the subset
diffeology on Im(f) relative to its inclusion into W may a priori be larger when the diffeology it inherits
from V via the pushforward construction, i.e. the direct sum diffeology relative to the standard one
on V0 and the quotient one on V1/Ker(f). However, f(V0) taken alone inherits certain properties of
characteristic subspaces.

It needs to be said that the proof of Corollary 2.6 in [4] is incorrect, since it used items 3 and 4 above
and was based on the mistaken belief that the characteristic subspace is the only maximal standard
subspace splitting off smoothly. Furthermore, the statement itself of the corollary is wrong, since there
are smooth maps (in fact, diffeomorphisms) that do not preserve characteristic subspaces.

Example 2.17. Let V and g be as in the Example 2.4, and let f : V → V be the linear map given
by e1 7→ e1 and e2 7→ e1 + e2. Observe that f is clearly compatible with g. To show that it is smooth,
consider again the generic form of a plot Q of V , which is

u 7→

(
α1(u) +

∑
i

fi(u)|Fi(u)|, α2(u)

)
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for u ∈ U , the domain of definition of Q, and some usual smooth functions α1, α2, fi, Fi ∈ C∞(U,R).
We have

(f ◦Q)(u) =

(
α1(u) + α2(u) +

∑
i

fi(u)|Fi(u)|, α2(u)

)
,

which again has the form of a generic plot of V . Hence, f is smooth (and we can similarly prove that its
inverse, acting by e1 7→ e1, e2 7→ e2 − e1, is also smooth, showing that f is moreover a diffeomorphism).

In particular, in Theorem 2.9 of [4] the requirement that f(V0) 6 W0, must be replaced by asking
f(V0) to be standard and split off smoothly, so that we have the following statements.

Theorem 2.18. Let V and W be such that dim(V ∗) 6 dim(W ∗), and let f : V →W be a smooth linear
map. Then V and W admit pseudo-metrics compatible with f if and only if Ker(f) 6 V1, and f(V0) is
standard and splits off smoothly.

The proof of the statement is, however, word-for-word that given for the Theorem 2.9 of [4] (indeed,
the proof therein relied on the existence of a smooth decomposition into the direct sum of a standard
subspace and the isotropic subspace, with no assumption of its uniqueness).

Finally, let us consider the dual map f∗ : W ∗ → V ∗ and the compatibility of the induced pseudo-
metrics. Let V and W be endowed with pseudo-metrics gV and gW respectively; we denote by g∗V and g∗W
the induced pseudo-metrics on V ∗ and W ∗ (i.e., g∗V (v∗1 , v

∗
2) = gV (v1, v2), where vi ∈ V is any such element

that v∗i (·) = g(vi, ·), and likewise for g∗W ). These induced pseudo-metrics are said to be compatible with
f∗ if

g∗V (f∗(w∗1), f∗(w∗2)) = g∗W (w∗1 , w
∗
2) for all w∗1 , w

∗
2 ∈W.

Recall also that V ∗ and W ∗ are standard, so g∗V and g∗W are usual scalar products.

Theorem 2.19. (Theorem 2.11 of [4]) Let V and W be such that dim(V ∗) 6 dim(W ∗), and let f : V →W
be a smooth linear map such that V and W can be endowed with pseudo-metrics gV and gW compatible
with f . Then the corresponding induced pseudo-metrics g∗W and g∗V are compatible with f∗ if and only if
f∗ is a diffeomorphism.

3 Diffeological algebras and modules

The notions of a diffeological algebra, a diffeological module, and a smooth action of the former on the
latter are obtained from the usual ones in the most natural way, by imposing the requirement for all the
maps (such as the operation maps and so on) involved to be smooth.

3.1 Diffeological algebras

As is the most natural, a diffeological algebra is an algebra A endowed with a diffeology such that A
is also a diffeological vector space, and the multiplication operation is a smooth map. It is trivial to show
(Lemma 2.7 of [6]) that any subalgebra of A is again a diffeological algebra for the subset diffeology. If I
is an ideal of A, the quotient A/I is a diffeological algebra for the quotient diffeology (Lemma 2.8 of [6]).

Example 3.1. (Observation 3.2 of [6]) Let A be the usual algebra of 2× 2 matrices with real coefficients.

The smallest algebra diffeology on A that contains the plot R 3 x 7→
(

0 0
0 |x|

)
is precisely the diffeology

where every plot locally has form,

x 7→
(

f11(x) +
∑
i g
i
11(x)|hi11(x)| f12(x) +

∑
j g

j
12(x)|hj12(x)|

f21(x) +
∑
k g

k
21(x)|hk21(x)| f22(x) +

∑
l g
l
22(x)|h222(x)|

)
,

where fab, g
c
ab, h

c
ab are usual smooth functions. Notice that such typical functions as det and tr are not

smooth on A (Lemma 3.3 of [6]).

The definition of a diffeological module is also a natural one.
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Definition 3.2. A diffeological vector space E is a diffeological module over a diffeological algerba
A if there is a fixed homomorphism c : A → L∞(E,E) that is smooth for the diffeology on A and the
functional diffeology on L∞(E,E).

Let us consider a simple example of a non-standard diffeological module (this is essentially the remark
in Section 3.2.2.3 of [6]).

Example 3.3. Let V again be R2 endowed with the vector space diffeology generated by the plot p : R→ V

acting by x 7→ |x|e1, and let A be the algebra composed of all matrices of form

(
a 0
0 0

)
for a ∈ R,

endowed with the algebra diffeology generated by the plot R 3 x 7→
(
|x| 0
0 0

)
. Then the usual action of

A on V by left multiplication is smooth. On the other hand, the only diffeology for which the action on
V of the algebra composed of all upper-triangular matrices ( i.e., such that the (2, 1)th coefficient is zero)
is smooth, is the standard diffeology (this is fully analogous to the Proposition 3.4 of [6]).

The above example can also be used to illustrate the known fact (see also [10]) that, in contrast to the
standard case, c does not have to appear as an element of L(A,L(E,E)) ∼= A∗⊗L(E,E) ∼= A∗⊗E∗⊗E,
in the sense that it is by definition an element of the first of these three spaces, but neither of the
isomorphisms have to hold. Indeed, in the above example the diffeological vector space underlying the
algebra A is just R endowed with the vector space diffeology generated by the absolute value function.
The diffeological dual of this space, and therefore of A, is of course trivial, and therefore so are the second
and the third spaces above. But c is obviously a non-zero action (to each matrix, it assigns the linear
map that consists in multiplication by the (1, 1)th coefficient of the matrix).

3.2 The tensor algebra of a diffeological vector space

The tensor algebra of a diffeological vector space V is the only instance of an infinite-dimensional diffeo-
logical vector space that appears in this paper. It is a diffeological algebra for the tensor product diffeol-
ogy (Lemma 4.1 of [6]) and the (direct) sum diffeology (in particular, its decomposition as

⊕∞
k=0 V

⊗k is
smooth by construction), so its subalgebras, ideals, and quotients all have natural diffeological structures.

Such classic operators as the symmetrization operator

Sym : V ⊗ . . .⊗ V︸ ︷︷ ︸
n

3 v1 ⊗ . . .⊗ vn 7→
1

n!

∑
σ∈Sn

vσ(1) ⊗ . . .⊗ vσ(n) ∈ V ⊗ . . .⊗ V︸ ︷︷ ︸
n

and the antisymmetrization operator

Alt : V ⊗ . . .⊗ V︸ ︷︷ ︸
n

3 v1 ⊗ . . .⊗ vn 7→
1

n!

∑
σ∈Sn

sgn(σ)vσ(1) ⊗ . . .⊗ vσ(n) ∈ V ⊗ . . .⊗ V︸ ︷︷ ︸
n

,

where Sn stands for the group of permutations on n elements, and the two operators are extended by
linearity, are smooth as maps V ⊗ . . .⊗ V︸ ︷︷ ︸

n

→ V ⊗ . . .⊗ V︸ ︷︷ ︸
n

. Furthermore, the following is true.

Proposition 3.4. (Lammas 2.10 and 2.11 of [6]) For both Sn(V ), the space of all symmetric n-tensors
on V , and An(V ), the space of all antisymmetric n-tensors on V , the subset diffeology relative to the
inclusion into T (V ) and the pushforward of the diffeology of T (V ) by, respectively, Sym and Alt, coincide.

3.3 The exterior algebra

For any finite-dimensional diffeological vector space V , the algebra

n∧
V ∗ = Alt(V ∗ ⊗ . . .⊗ V ∗︸ ︷︷ ︸

n

)
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of all antisymmetric covariant n-tensors is a standard space (since V ∗ is so). In particular, the usual
exterior product

∧ :

k∧
V ∗ ×

l∧
V ∗ →

k+l∧
V ∗

is trivially smooth. If V has a fixed basis, its exterior algebra coincides with that of its characteristic
subspace. In either case, it is diffeomorphic to that of its characteristic quotient (the quotient of V by
its maximal isotropic subspace).

There is of course also the contravariant version of the exterior algebra, which (unlike the standard
case, and precisely because in general V ∗ is not isomorphic to V itself) needs to be treated separately.
We denote this contravariant exterior algebra by

n∧
∗
V = Alt(V ⊗ . . .⊗ V︸ ︷︷ ︸

n

).

In this case the smoothness of the exterior product is not automatically guaranteed, but it follows from
the smoothness of the antisymmetrization operator.

3.4 Diffeological Clifford algebras and actions

Let V be a finite-dimensional diffeological vector space, and let q be a smooth symmetric bilinear form
on V . As in the standard case, the Clifford algebra associated to V and q is the quotient T (V )/I(V ) of
the tensor algebra T (V ) by its ideal I(V ) generated by all elements of form v ⊗ w + w ⊗ v + 4q(v, w),
where v, w ∈ V , the ideal I(V ) has the subset diffeology, and the quotient is endowed with the quotient
diffeology. (Notice that this yields a contravariant version of a Clifford algebra. One may also consider
its covariant version, which in general is different — with the underlying vector spaces being distinct —
from the contravariant version).

Example 3.5. Let V be as in the Example 2.4, that is, R2 with the diffeology given by the plot p :
R 3 x 7→ |x|e1, and let q be the pseudo-metric g described in the same example, i.e., given by the

matrix

(
0 0
0 1

)
. The corresponding Clifford algebra C`(V, g) is therefore determined by the relations

e1⊗e1 = 0, e1⊗e2 = −e2⊗e1, and e2⊗e2 = −2. Its underlying vector space, of dimension 4, is generated
by 1, e1, e2, and e1 · e2 (where · denotes the product in the Clifford algebra), and so is diffeomorphic to
R4 with the vector space diffeology generated by the plot R 3 x 7→ (0, |x|, 0, 0) and R 3 x 7→ (0, 0, 0, |x|).
Observe that its maximal isotropic subspace is the ideal of C`(V, q) generated by the maximal isotropic
subspace, Span(e1), of the initial vector space V .

In general, it is a matter of standard reasoning to observe that if V = V0⊕V1 is a decomposition of a
(finite-dimensional) diffeological vector space V endowed with a pseudo-metric g, into the smooth direct
sum of a characteristic subspace and the maximal isotropic subspace, g0 is the restriction of g onto V0,
g/ is the pushdown of g onto the characteristic quotient V/V1, and g∗ is the induced pseudo-metric on
V ∗, then of course C`(V0, g0) ∼= C`(V/V1, g/) ∼= C`(V ∗, g∗), and for any basis v′1, . . . , v

′
n−k of V1 we have

C`(V, g) = C`(V0, g0)⊕

(
n−k⊕
i=1

v′iC`(V0, g0)

)
,

where the internal product on the second factor is always zero, while products by elements of C`(V0, g0)
keep each summand of form v′iC`(V0, g0) invariant. Since also any element of C`(V0, g0) anticommutes
with any v′i, these products are essentially determined by the multiplication in C`(V0, g0), and so the entire
C`(V, g) is essentially determined by C`(V0, g0) (or, alternatively, by C`(V/V1, g/) or C`(V ∗, g∗)) and the
dimension of its maximal isotropic subspace (which is dim(V ) − dim(V ∗)). Moreover, the following is
true.

Lemma 3.6. For any choice of a characteristic subspace, C`(V0, g0) splits off smoothly in C`(V, g).
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Proof. Recall first the diffeology of T (V ) is by definition the direct sum diffeology corresponding to its
presentation as

⊕∞
k=0 V

⊗k. This in particular means that any nonconstant plot of it is a sum of a finite
number of plots of finite tensor degrees of V . Since also the smoothness of a direct sum is respected
under the passage to a quotient diffeology, it suffices to show that for any smooth decomposition of V as
V = V1⊕V2, the direct sum decomposition of V ⊗V as (V1⊗V )⊕ (V2⊗V ) is smooth, which immediately
follows from Lemma 1.10.

In particular, the covariant Clifford algebra C`(V ∗, g∗) is diffeomorphic to a subalgebra of the con-
travariant Clifford algebra C`(V, g) that, as a vector subspace, splits off smoothly. A more standard direct
sum representation of a Clifford algebra such as its Z2-grading

C`(V, g) = C`(V, g)0 ⊕ C`(V, g)1

is also a smooth direct sum decomposition (Proposition 4.8 of [6]). Likewise, the standard filtration of
C`(V, g) by C`k(V, g)/C`k−1(V, g) has the expected smoothness properties in that the subset diffeology on

C`k(V, g) (this being, as usual, the image of the restriction πk to T k(V ) =
⊕k

r=0 V
⊗r of the natural pro-

jection π : T (V )→ C`(V, g)) relative to its inclusion C`k(V, g) ⊂ C`(V, g) coincides with the pushforward
of the subset diffeology on T k(V ) ⊂ T (V ) by the projection map πk (Lemma 4.9 of [6]), and, with respect

to the quotient diffeology on C`k(V, g)/C`k−1(V, g), the usual isomorphism C`k(V, g)/C`k−1(V, g)→
∧k
∗ V

is a smooth map with a smooth inverse.
Since the case of the covariant Clifford algebra C`(V ∗, g∗) and the covariant exterior algebra

∧
V ∗

coincides with the standard one,
∧
V ∗ is a Clifford moodule via the standard action of C`(V ∗, g∗) (that

is, the action c : C`(V ∗, g∗)→ End(
∧
V ∗) determined by

c(v∗) = ε(v∗)− i(v∗) for all v∗ ∈ V ∗

with ε(v∗) acting on
∧
V ∗ by the left exterior product (ε(v∗)(α) = v∗ ∧ α for all α ∈

∧
V ∗) and i(v∗)

being the adjoint of ε(v∗) via g∗, i.e., acting by

i(v∗)(w1 ∧ . . . ∧ wl) =

l∑
i=1

(−1)i+1w1 ∧ . . . ∧ g∗(v∗, wi) ∧ . . . ∧ wl.

This can be carried over word-for-word to the contravariant case (which would in fact be the case of a
Clifford algebra associated to a bilinear form with some degree of degeneracy), in which case we observe
that the action is smooth (Section 4.2.2 of [6]).

Example 3.7. Let V and g be as in the Example 3.5. Since we would have i(e1) = 0 (this would obviously
be the case for any V and for any element of its maximal isotropic subspace),

c(e1) = ε(e1) = e1∧,

i.e. it is the map acting on the basis 1, e1, e2, e1∧e2 by 1 7→ e1, e1 7→ 0, e2 7→ e1∧e2, and e1∧e2 7→ 0. For
e2, we would have that i(e2) is given by i(e2)(1) = 0, i(e2)(e1) = 0, i(e2)(e2) = 1, and i(e2)(e1∧e2) = −e1,
while ε(e2) = e2∧ acts by ε(e2)(1) = e2, ε(e2)(e1) = −e1 ∧ e2, and ε(e2)(e2) = ε(e2)(e1 ∧ e2) = 0. Thus,
c(e2) acts by c(e2)(1) = e2, c(e2)(e1) = −e1 ∧ e2, c(e2)(e2) = −1, and c(e2)(e1 ∧ e2) = e1. Observe
also that the classic isomorphism σ : C`(V, g) →

∧
∗ V given by σ(x) = c(x)(1) for all x ∈ C`(V, g),

is indeed an isomorphism, since we have c(1)(1) = 1, c(e1)(1) = e1, c(e2)(1) = e2, and (accordingly)
c(e1 · e2)(1) = e1 ∧ e2. It is also smooth (Proposition 4.3 of [6]; it was actually stated, in a somewhat
tautological way, for scalar products, but the proof as given therein works for any smooth bilinear form).
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