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AN EPIPERIMETRIC INEQUALITY FOR THE REGULARITY OF SOME
FREE BOUNDARY PROBLEMS: THE 2-DIMENSIONAL CASE

LUCA SPOLAOR, BOZHIDAR VELICHKOV

ABSTRACT. Using a direct approach, we prove a 2-dimensional epiperimetric inequality for the
one-phase problem in the scalar and vectorial cases and for the double-phase problem. From
this we deduce, in dimension 2, the C*** regularity of the free-boundary in the scalar one-phase
and double-phase problems, and of the reduced free boundary in the vectorial case, without any
restriction on the sign of the component functions. Furthermore we show that in the vectorial
case the free boundary can end in a cusp.
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1. INTRODUCTION

In this paper we prove the C'1® regularity of the free-boundary in the two dimensional case for
the following three problems: the classical one-phase problem in the scalar and vectorial case, and
the double-phase problem. In the scalar case, the regularity of the free boundary at flat points
was first proved by Alt-Caffarelli for the one-phase (see [I]) and by Alt-Caffarelli-Friedman for the
double phase (see [2]). In the vectorial case, the main results are due to Caffarelli-Shahgholian-
Yeressian, Kriventsov-Lin and Mazzoleni-Terracini-Velichkov (see [4, [10] 11]), and although they
hold in any dimension, they all require additional assumptions on the positivity of the components
of the vector valued minimizer. While these results rely on the so called improved flatness, based
on a boundary Harnack principle, our result is achieved by proving first an epiperimetric inequality
for the boundary datum of a minimizer, and then applying standard techniques first introduced in
the context of free boundary problems by Weiss, Focardi-Spadaro and Garofalo-Petrosyan-Garcia
(cp. [13 [7, §]). Notice also that, differently than these results, our proof of the epiperimetric
inequality is direct: that is we construct an explicit competitor whose energy is strictly smaller
than the 1-homogeneous extension of the boundary datum. The idea for such a construction is
inspired by results of Reifenberg and White (cp. [I2, [15]) in the context of minimal surfaces,
which need to be substantially modified to take into account the measure term which appears in
our functional.

Finally we remark that our work is inspired by Weiss’ observation in the context of the obstacle
problem which states ”...it should however be possible to give a direct proof of the epiperimetric
inequality which would then also cover singular sets of intermediate dimension” (see [13]). Indeed,
in forthcoming work joint with Max Engelstein, we will extend our results to dimension higher
than 2 and use it to study some special singular points of the free-boundary.

1.1. Statements of the main Theorems. Let  C R? be an open set and consider the following
three functionals:

(OP) &op(u) == / IVul|? dz + |[{u > 0} N Q|, where u > 0 and u € H'(Q);
Q

(DP) &pp(u) = / \Vu|? dz + A |{u > 0} N Q‘ + A2 ‘{u < 0}n Q|, where v € H'(Q) and
Q
A, A2 >0, Ap # Ag;

(V) Ev(u) = /Qyw?dx > 0yne| = Z/Q\VuiIQda:—i— {jul > 0} N O
=1

u€ HY(Q;R") and n > 1.

, where
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We say that
o u € HY(Q) is a minimizer of Eop in Q, if u > 0 and Eop(u) < Eop(a) for every & € H(Q)
with @]9 = ulaq, that is u — @ € H(Q);
e u € HY(Q) is a minimizer of Epp in Q, if Epp(u) < Epp(a) for every @ € H'(Q) with
u— 10 € HYQ);
o u € H'(Q;R") is a minimizer of Ey in Q, if Ey(u) < &y (@) for every 4 € H'(;R™) with
u— 0 € H(QR).
Since many results and notions are common for minimizers of Eop, Epp and &y, from now on
we will often replace the indices OP, DP and V by [0. When [ =V we will assume that the

arguments are R™-valued functions, where n > 1 is a fixed integer.
For r > 0, 2o € R? and v € H'(B,(x();R™) we define the functional W by
1 1 _
Wo(u,r,xg) := —d/ \Vu|? dz — W/ lul? dH4L.
r By (o) r 0B,

The Weiss’ boundary-adjusted energy, associated to Eop, Epp and Ey, is given by
1
WOP (u,r,z0) = Wo(u,r, z0) + T—dHu > 0} N By ()| (1.1)
1
WPP (u,r, 20) = Wo(u,r, 20) + r_d()\l [{u > 0} N By(z0)| + A2 |[{u <0} N Br(xo)D (1.2)

WY (w7, ) = Wo(u, m, 20) + T—ldHlu\ > 0} 1 By (x0)] (1.3)

By a celebrated result of Weiss (see [14] for the scalar case and [4] [11] for the vectorial case),
these functionals are monotone non-decreasing in r. In particular, there exists the density of u
at xg defined as

@E($0) = WD(U7 0, $0) = hH(l] WD(”) Ty 330)'
r—
Thanks to results of Alt-Caffarelli and Alt-Caffarelli-Friedman (see [I}[2]), later refined by Caffarelli-

Jerison-Kenig and Jerison-Savin (see [5, 9]), we have that

(OP) if 2 < d < 4 and zg € d{u > 0}, then O9F () = %, where wy is the volume of the unit

ball in dimension d;
(DP) if 2 < d < 4, then x € d{u > 0} \ d{u < 0} implies OPF () = )\1%,
xo € O{u < 0} \ d{u > 0} implies O (zq) = )\2%,
zo € 0{u > 0} N d{u < 0} implies OPF (z9) = (A + )\2)%;
(V) if d = 2 and 2 € 0{|u| > 0}, then either ©) (zy) = g or O (zg) = 7. In particular, if
20 € Oreq{|u| > 0}, then O () = g (see Subsection 2.2]).

The epiperimetric inequality improves the monotonicity of W to a rate of convergence to the
density ©Y. Since W™ has the scaling property

1
WS (u,r,20) = W-(u,, 1,0), where wu,(z) = ~u(xq + rz),
r
we can suppose that zg = 0 and r = 1 and for the sake of simplicity we set W (u) := W5 (u, 1, z).
For the one-phase problem in the scalar case we have the following result.
Theorem 1 (Scalar epiperimetric inequality for the one-phase problem). For every a > 0 there
is € > 0 such that if c € HY(OB1) is a non-negative function satisfying / ¢ > «, then there is

0By
a function h € HY(By) such that h = ¢ on 0By and

WOP (h) — g <(1-¢) (WOP(z) - g) : (1.4)
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where z € HY(By) is the one-homogeneous extension of the trace of ¢ to Bj.

In the cases 00 = DP and 0 = V the functional W5 (u, 2o, r) behaves differently in points xq of
the free boundary with different densities. We distinguish two cases.
- The high density points xg, that is the points 2o such that ©2F () = (A —|—)\2)g or Y (zg) = .

For the minimizers of Fpp these are precisely the points of the double-phase boundary. In the
case of Fy there are several possibilities: the high density points can be isolated, double-phase
points or they might be the vertex of an entering cusp. In all these cases the epiperimetric
inequality holds at all scales.

- The points of low density, that is the points zq such that ©PF (zy) = )\1%, ODPP (z4) = /\2%

or OV (xg) = g In the case of Fpp, these are the points of the one-phase boundaries 0{u >

0} \ 0{u < 0} et d{u < 0}\ 9{u > 0}. In the case of Fy, the points of low density are precisely
the points of the reduced free boundary 0,¢q{|u| > 0}. In these cases the epiperimetric inequality
holds only starting from a sufficiently small radius depending on the point z.

The precise statements are the following.

Theorem 2 (Scalar epiperimetric inequality for the double-phase problem). For every a > 0

there is € > 0 such that if c € HY(OB1) is a function satisfying c™ > a and c” > a,
8B1 631
then there is a function h € H'(By) such that h = ¢ on 0By and

WPP(R) = (A +22)F < (1=2) (WPP(2) = (M + )5 ) (1.5)
where z € H'(By) is the one-homogeneous extension of ¢ to By.

Theorem 3 (Epiperimetric inequality for vector-valued functions). Let n > 1 and By C R?. For
every dg > 0 there is € > 0 such that

(i) ifc € HY(9By;R™) and |{|c| > 0}NIBy| < 2m—by, then there is a function h € H(By; R™)
such that h = ¢ on 0B1 and

Vipy— = _ Vigy— T .
W) 5 <(1-e) (W) - 3) s (16)
(ii) if c € HY(OB1;R™), then there is a function h € H*(By;R") such that h = ¢ on 0By and
WY () —m<(1—e)(WY(2) —n). (1.7)

In both cases z € H'(B1;R™) is the one-homogeneous extension of ¢ in Bj.

As a consequence of the epiperimetric inequalities we obtain the uniqueness of the blow-up
limits and the regularity of the free boundary following a standard procedure (see [7]). For the
1

next theorem we recall the standard notation w, 4, (x) := ~u(zo +rz) and u,(z) := uo(z).

Theorem 4 (Uniqueness of the blow-up limits). Let Q C R? be a given open set.

(OP) Suppose that v € H'(Q) is a minimizer of Eop in Q and xg € O{u > 0} N Q. Then
there is a unit vector e = ey, € 0B such that u, converges, as r — 0, to the function
h(z) := max{0,e - x} locally uniformly and in H. (R?).

(DP) Suppose that u € H*(Q) is a minimizer of Epp in Q and xo € {|u| > 0} N Q. Then there
is a unit vector e = ey, € 0By such that u, converges locally uniformly and in H lloc(R2) to
the function h, defined as:

h(z) = My max{0,e -z}, if zo€ d{u>0}\{u<0};
h(z) = Aeamin{0,e -z}, if xzp€ I{u <0} \ {u > 0};
h(z) = gy max{0,e -z} + pomin{0,e -z}, if wzp € d{u >0} No{u < 0},

where j11 > A1, po > A and pf — pd = A3 — \3.
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(V) Suppose that u € H*(Q;R™) is a minimizer of Ey in Q and xo € d{|u| > 0} NQ. Then there
is a function h : R> — R™ such that u, converges locally uniformly and in H IIOC(R2;]R”) to
h, where

e if OV (z0) = 7/2, then h(x) = E max{0,e -z}, where £ € R, |¢| =1, e € S!;

e if OV (x9) =, then h(z) = (£ hey (). .., E he, (7)), where he(x) = e -z, with e € ST,
and £ € R. Moreover, if there exists i # j € {1,...,n} such that e; # ej then g is
isolated in Of|u| > 0} N Q. In particular, if xo is not isolated in O{|u| > 0} N Q and
0Y(xz0) = 7, then the blow-up in xq is of the form h = &he, for some e € S' and
& eR™.

Theorem 5 (Regularity of the free boundary). Let Q C R? be an open set. There exists a
universal constant o > 0 such that:
(OP) if u € H(Q) is a minimizer of Eop in Q, then d{u > 0} N Q is locally a graph of a CH*
function;
(DP) if u € H (Q) is a minimizer of Epp in Q, then both O{u > 0} NQ and d{u < 0} N Q are
locally graphs of CY* functions;
(V) if u € H' (;R™) is a minimizer of Ep in Q, then the reduced free boundary Opeq {|u| >
0} N Q is locally a graph of a C** function.

It is important to notice that the free boundary in the vectorial case may in a cusp, indeed we
have the following example.

Example 1. There exists a local minimizer u : R2 — R? of the functional &, for which

(1) 2y, = {|u| > 0} is a connencted open set;

(2) there is a point o € 08, of density O (xo) = 7.

This is a completely different behavior with respect to the one-phase and double-phase problems.
For the one-phase problem the points of density wy are not admitted in any dimension. On the

other hand, for the double-phase problem, if the point xo € 0{|u| > 0} is of density m, then the
two sets {u >0} and {u < 0} meet in xo and they are both C* regular.

Finally we remark that Theorems (] and [ remain true if we replace the measure terms in our
functionals by a Holder continuous weight function ¢ : Q — R, that is we define

€8 (u) = /Q [V + () xgusoy] e
Ehp(u) = /Q [IVul® + q1(2) X{us0y + ¢2(2) X{u<o}] dz,

E(u) = /Q [IVul? + ¢(x) X{ju/>0y) dz,

where x4 denotes the characteristic function of a set A. The minimizers of these functionals are
in fact almost minimizers of the original functionals £, so that we can prove the following

Theorem 6 (Hélder continuous weight functions). Let Q C R? be an open set and q,q1,q2 €
CO7(Q;RY) be Hélder continuous functions such that q,qi,qa > cq > 0, where ¢4 is a given
constant. There exists a constant o > 0 such that:
(OP) if u € HY(2), u >0, is a minimizer of ELp in Q, then d{u > 0} N is locally a graph of
a CH® function;
(DP) if u € H'(Q) is a minimizer of £}, p in Q, then 0{u > 0} NO{u < 0} N is locally a closed
subset of a graph of a CY* function;
(V) if u € H (Q;R"™) is a minimizer of £}, in Q, then the reduced free boundary Oyeq {|u| >
0} N Q is locally a graph of a C*% function.
Moreover, the blow-up limits of the minimizers of &L are unique and are given precisely by the
classification in Theorem [El.
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1.2. Sketch of the proof of Theorem [l Since the epiperimetric inequality is the key and new
part of our work, we sketch its proof here in the case [0 = OP, the other cases being similar.
Given u € H'(B1) N C°(By) as in the statement of Theorem [ we consider the trace ¢ := u|sp,
and its positivity set S := {¢ > 0} C IB;.

We first show that there exists a dimensional constant dy > 0 such that, if |S| > 27 — Jp, then the
harmonic extension of ¢ in the ball By satisfies (I.4]). Loosely speaking this means that, in the
regime where the positivity set {z > 0} N By is almost the whole ball, the energy gain is bigger
than any loss in measure (cp. Subsection [B.1]).

Next we assume that |S| < 27 — dp; a natural candidate for the function h is the continuous
function h : By — R such that:

e £ is harmonic on the cone Cg generated by the support S of the boundary datum ¢
Cs = {)\9 S A€o, ¢ 5}; (1.8)

e h=con dB; and h = 0 outside Cg.
This function provides an immediate improvement of the term W (we deal with the decomposition
of h in Fourier series and the subsequent energy estimates in Subsection 2.3)), but it does not
take into account the measure term in W5. In order to deal with it, we have to modify h by
appropriately adding measure or cutting off pieces from the cone Cg. To do this we divide the
support S = {¢ > 0} C 9By into disjoint sets S = Sj;; U J; S° according to the parameter

small’
do, in the following way :
; 0,
o S . are the connected components of S whose measure does not exceed 7 — ZO;
® Spig =S\ U; S+ Notice that in general Sy;; could be the empty set, but if not, then it is

connected and 7w — ZO < [Shig| < 2m — dp. In fact, if Sp;y had two or more connected components,

then the measure of S would exceed 2w — dg.

We modify the function h on Sgpay by a truncation argument with a suitably chosen cut-off
function supported in a small ball centered in the origin. Since we use this truncation in other
parts of the paper, the main estimate is proved separately in Subsection 2.4l Roughly speaking,
this improves W5 because the first eigenvalue of Sgnqu is a dimensional constant bigger than
(d — 1), that is we are far away from the half sphere, which is the linear solution.

In order to construct an appropriate competitor on Sp;,, we represent the restriction | Spig @S

c() = c11(0) + g(0),
where ¢y is a constant, ¢ is the first eigenfunction on S,y and g contains all the higher frequencies
of ¢. For the higher frequencies g, the usual harmonic extension combined with the same cut-off
argument used for Ss,qu, gives the required improvement (this is once again because the second
eigenvalue on Sy, is bigger than (d — 1) plus a geometric constant). It is interesting to notice
that, up to this point, the argument works in every dimension. For the first frequency c; ¢1,
we use an internal variation, supported in the ball cut-off from the higher frequencies, to move
the support of ¢; in the direction of the half plane solution max{0,e - z}, whose trace is given
precisely by ¢1. The improvement on Sy, is contained in Subsections [3.3] and [3.4] for the one and

double phase respectively.
O

1.3. Organization of the paper. The rest of the paper is divided into three sections. In Section
we recall some basic properties of the minimizers of the functionals Eop, Epp and Ey p, and do
some preliminary standard computations related to harmonic extensions and the cut-off function
we use. In Section Bl we prove the epiperimetric inequalities of Theorems [Il 2] and [B] while the
last section is dedicated to the proofs of Theorems @l Bl and [Gl

1.4. Acknowledgements. The authors are grateful to Emanuele Spadaro and Guido De Philip-
pis for many suggestions and interesting conversations.
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2. PRELIMINARY RESULTS AND COMPUTATIONS

In this section we recall some regularity results for local minimizers of &5 and we carry out
some preliminary computations that will be useful in the sequel. Many times we will drop the
index O, when it will be clear from the context which functional we are referring to.

2.1. Non-degeneracy and Lipschitz regularity. In this section we recall some well-known
results about the one-phase and double-phase problems, that is the Lipschitz continuity and the
non-degeneracy of the minimizers.

Lemma 2.1 (Regularity and non-degeneracy of local minimizers of (OP) and (DP)). Let Q C R¢
be an open set, q,q1,qo € C%V(Q;RY) Hélder continuous functions such that q,q1,q2 > 1, and
u € HY(Q) be a minimizer of either ELp or ELp. Then the following properties hold:

(i) ue ().

loc
(i) There is a dimensional constant a > 0 such that for every zo € 0{u* > 0} NQ and every

0 < r < dist(xg, Q) we have / u® > ar, where we note u* = max{4u,0}.
OBr(x0)
Proof. For the one-phase functional Eop, the first property follows from [1, 3.3 Corollary|, while
the second follows from [1l 3.4 Lemma]. For the double-phase problem Epp, (ii) is the content of
[2, Theorem 3.1], while (i) for u™ is proved in [2] Theorem 5.3], and the proof for v~ is exactly the
same. More general proofs of (i), valid in both our situations, are given in [5], where the authors
extend it to the inhomogeneous case, or in [3], where the point of view of almost minimization is
used. O

A similar statement is true for the vectorial case (see [111 [4]).

Lemma 2.2 (Regularity and non-degeneracy of vector-valued minimizers). Let Q C R? be an
open set, ¢ € CYY(Q;RY) a Hélder continuous function such that ¢ > 1, and u € HY(Q;R™) be a
minimizer of E(,. Then

(i) ue COHR).

loc
(ii) There is a dimensional constant oo > 0 such that for every xo € 0{|u| > 0} NQ and every

0 < r < dist(xg, 002) we have / lu| > ar.
9B (z0)

Proof. The proof of (ii) can be found in [11, Lemma 2.9], while for (i) we make the following
observation. Let ¢ € {1,...,n} and ¢ € C(B,(x¢)), Br(xo) C 2, then for some constant C' > 0
the following inequality holds

/ \Vu#da:ﬁ/ IV (u; + ¢)|* dz + Cr?,
By (z0)

By (z0)
that is each component of u = (uq,...,u,) is a quasi-minimizer for the Dirichlet energy and
is harmonic where it is not zero (since v is a minimizer of £y). The result then follows by [3]
Theorem 3.3]. O

Remark 2.3. We remark that the Lipschitzianity of the solutions to all of our problems is indeed
equivalent to the fact that the components of the solutions are quasi-minimizer for the Dirichlet
energy as described in the proof of Lemma (see [3]).

2.2. Classification of blow-ups in the vectorial case. The possible blow-up limits for the
one-phase and the double-phase problems are well-known in dimension two. For the sake of
completeness, we prove in this section the classification of the possible blow-ups in the vectorial
case. The precise statement is the following.

Lemma 2.4. If h € HY(By(w0);R"), By C R?, arises as the blow-up of a minimizer u to the
functional &y at a free boundary point xo € O{|u| > 0}, that is there exists a subsequence (uy, )
of (uy), which converges to h, then we have two possibilities
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e ©Y(xg) = /2 and h(x) = E max{0,e -z}, where £ € R", || =1, e € S!;
o 0V (z0) =7 and h(z) = (&' he, (), ..., E% he,, (7)), where he(z) = e - x, with e € S*, and
¢ e R.

Proof. Assume that zop = 0. We start by noticing that by standard argument and the Weiss’
monotonicity formula, h is a 1-homogeneous minimizer of & and each component is harmonic
on the cone {|h| > 0} N By, see for instance [4, [I1]. Then we have two possibilities.
e {|h| > 0} = {e-z > 0}, in which case h(z) = ¢ max{0,e-x} =: {he(z) and OF (zo) = 7/2.
Moreover, for any function ¢ € H'(Bj), consider the competitor ¢ ¢, then

|£|2/B (Vhel? + [{Jhe] > 0}] < |£|2/ V(e + @) + [{lhe + 6| > 0},

By
1

€12
of the 1-homogeneous solutions to the scalar one-phase problem, implies that |£| = 1.

e |{|h| > 0}| = m, in which case all the components of h are harmonic functions in Bj.
Indeed assume without loss of generality that the first component of the blow up A is

not harmonic, then it is easy to see that, if h! is the harmonic extension of the trace of
h', then

[ s [ wnten< [mnpeys [ ovnp .
B i=2 /B B i=2 /B

which is a contradiction with the minimality of the blow up h. By the 1-homogeneity of
h all the functions are linear, which concludes the proof.

that is h minimizes the functional / |Vhe|>+—=|{|he| > 0}|, which by the classification
B

O

2.3. Harmonic extension of the boundary datum. Let S be an open subset of the unit
sphere 9B;. On S we consider the sequence of Dirichlet eigenfunctions ¢;, 7 > 1, and the cor-
responding eigenvalues A;, j > 1, counted with their multiplicity on the spherical subset S. We
have that each ¢; solves the PDE

—Agp; = Nj¢p; in S, $;j =0 on 05, /Sgb?(e) g =1,

where Ag denotes the Laplace-Beltrami operator on the unit sphere 9B; and 6 is the variable on
S. Given a Sobolev function ¢ € H{(S;R™) on the sphere, we set

R" 3¢, = / ¢(8) ;(0) de.
0B;
Then we can express ¢ as a Fourier series

()= ¢jo;(6), ¢ €R" forevery j >k
=k

converging in H'(S;R"), where k € N is ’Ehe first value for which ¢ # 0. We consider the
radial and the harr~nonic extensions, z and h, of ¢ inside the cone Cg defined in (L§]). In polar
coordinates z and h are given by

z(r,0) = Z rc; ¢i(0) and h(r,0) = Z % c; 5(0), (2.1)
j=k j=k

where o; = «j(S) is the homogeneity of the harmonic extension of m; on Cg which also can be
defined through the identity

aj(aj+d—2)=X\; forevery jeN.
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Lemma 2.5 (Harmonic extension). Let S C 0B; be an open subset of the unit sphere and c, h
and z as above. For every e € [0, 1] we have

=S loPla -1, W) = Yl (S 1), (2:2)

J=k J=k
d
Wo(h) — (1 — £)Wo(z ( —14d- 1T) (2.3)
In particular, if o, > 1, then
ap —1 7
< — —(1-— <0. .
for every e < Trar 1 we have Wy(h) — (1 —e)Wy(z) <0 (2.4)

Proof. We first calculate Wy(z) and Wy(h). By the orthogonality of ¢; in H'(S), that is

/S bicr; 46 = 5,5, /S Vobi - Vod; db = Nid;,

we have

5 1 _ 7 2
/ |Vh|* do = / / (I@rh(r, 0)1> + W) ri=1 dg dr
By 0 S

00 1 2a; ) 2
_ Z/ / |Cj|2 <a§r2(aj—1)¢?(9) + r J|V92¢J(9)| > 41 40 dr
i—k’0 /s r

< feyP0d +4) &

0 1
_ i— d— _ J/) 2
- ;::k/o |cj|2 (oz? + )\j) p2laj=l+d=1 4. Z —204]- —|—]d — = Z lcj| ey

j=k i=k

1 2
Vz[* d :/ / <|87«z(7“,9)|2 + 7’%27(;’ dl >rd_1d9 dr
By

_Z/ /‘%’2 <¢j ‘ve(bj( )‘ >7‘d_1d9d7‘
_Z/ e (1 + Ag) 1dr—$2c]\ 11 ) (2.5)
j=k

/ |z|2d7-ld_1:/ |ﬁ|2cmd—1:/|c|2(9)d9:§:|cj|2.
0B1 0By S j=k

Now for any € €]0, 1] we get

Wo(h) — (1 — &)Wy (= Z|cj|2 aj—1_(1_g)<1+7%_1)]

ailo; +d—2)—d+1
:Z|cj|2 aj—1—(1-¢) i(% ) }

> 1—¢
= e |ay—1- (aj —1)(a; +d—1)
L d

==Y ey = ) (o -1+ - ),
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d
which proves (2.3]). We notice that if ax — 1+ d — 1= > 0, then the same inequality holds for
every j > k and so Wy(h) — (1 — €)Wy(z) < 0, which gives the claim (24). O

2.4. Measure correction of the competitor. In this section we compute the energy of an
harmonic function after cutting off a ball of radius p/2 from its support. In particular we will
consider the radial cut-off function ¢?: B; — [0, 1] defined by

PP(x) =0 if [z € [0,p/2],
AP =0 if [z] €]p/2, pl, (2.6)
ey =1 iffz| € p,1].

The main result of this subsection is the following.

Lemma 2.6 (Energy of a measure corrected competitor). Consider an open set S C 0B; and a
[e.e]

function 6 — c(6) = ch(bj (0) € R", where ¢; are as in Subsection 23 and k > 1 is fized. Let

p >0 and ¢ := P be as in ([2.06). Let h (r,0) Zr i ¢; 9i(0) be the harmonic extension of ¢ in

the cone Cg defined in ([L8)). Then we have

- Cop2lex—1)+d - Cyp2(ex—1)+d
Wo(1h) < (1 + 2 ) Wo(h) + 22— / e,
0By

Qg 893

where Cy > 0 is a dimensional constant. If moreover ay, > 1, then

W0(1M~l) < <1+C0akﬂ

Oék—l

) Wo(h). (2.7)
Proof. For any function f € H'(B;) we have

[ wwnps [ wesssvops [ vt [ vevite)

B By B B

[ wvst s / Vi - V()
B

Bp/2

/IVf|2 / 2 /IVf|2 CO/ /2

where C is a dimensional constant.
If f is of the form f(r,0) =r%¢;(f) for some a > 0 and j > 1, then we have

1 2
+ A
VfQ:/rd_l/ 220¢1¢2 41207217, 2 ) dr df = @ i
/31’ | 0 2B, 0 | QJ’) d+2(a—1)

_ _1d+2(a—1)
2 = pratd=1 _ j2akd-1 o / V12,
oB, a® + Aj B

so that

which gives

[vwng < (120D [, 28)
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By (2.8]), applied to each component of h, and the orthogonality of ¢; we have

| v 1 Z /B (beir®iey)?
< Z <1 + Cop2ai+d—2d +a?2(ii)\_i 1)) /Bl ’V(Cirai¢i)!2

i=k

> (1 - L) / |V (cir®igi)|?
—r Qg B

C 2ak+d—2 oo C 2(xk+d—2 ~
< (142 S [ wtaronp = (14 ) [ e
Qg i Y B1 Qg By

Now by the definition of Wy and the fact that ¥h = h = ¢ on B, we get
Wotwh) = [ V@h)? - [ lof
B 0By

Cop2(er—1)+d -
P / |Vh|2—/ |c|?
&7 B 0B,

C’ 2(ak—1)+d ~ C 2(ak—1)+d
e e
0By

893 893

If ap > 1, then

ey = 1) = (= D)l = (-1 [ e
Z j Z j -
which implies ([2.7)). O

3. THE EPIPERIMETRIC INEQUALITY

This section is dedicated to the proofs of the various epiperimetric inequalities (L.4]), (IL5]), (L6])
and (LT), as sketched in the introduction. First we prove a series of technical lemmas, which
corresponds to the different possible lengths of the support S = {¢ > 0} of the non-negative trace
¢ >0, that is 2r — 69 < |S], |S| < 7m—dp and 7 — 6y < |S| < 27 — §p. Most of the results are
valid in any dimension d > 2; only for the last case we will need to assume d = 2. Finally we will
combine the lemmas to prove the various versions of the epiperimetric inequality.

3.1. Improvement on the very large cones. In this subsection we consider the case |S| >
dwg — no, where d > 2 and 19 > 0 is a sufficiently small dimensional constant.

Lemma 3.1. Let c € H'(0B;) and S = {c¢ > 0} C 0B;. For every a > 0, there are constants
1o > 0 and g9 > 0, depending only on a and the dimension of the space, such that

if c>a and |S|>dwg—no, then WUP(h)—0F < (1—g) (WD(Z) - @D) ,
0B1

where O = OP,DP, ©°F = £ ind @PP = (M + )\2)%, and z and h are respectively the

one-homogeneous and the harmonic extensions of ¢ in By.

Proof. Let {¢;}; be a complete orthonormal system of eigenfunction on 0B with ¢ = (dwd)_l/ 2,
We decompose the function c as follows

0= cro5(0) = N Tt cm =+ (0).
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We use the notation
Z(r,0) =re(9) = Z cird;(0) and h(r,0) = Z ¢ ¢;(0).
j=2 =2

Thus we have

z(r,0) = \/d_%r + z(r, 0) and h(r,0) = Ny + h(r,0)
For the case O = OP, let 0 < ¢ < 1/3 and notice that
(W(h) - ) ~(1— &) (W(z) — 22) = Wo(h) — (1 - e)Wp(2) + 2 — (1—¢) (22 - 1)
=2+ Wolh)— (1—¢) (Wo <\/C%> + Wo(z)> + % —(1—¢) (% - %))
<-d--aw (Ao + Y- (- D)

1 w w
2 1 L 2, Wa o Wq  To
-2 5)<d 1>cl—|—2 1 5)(2 d)
1 d—1 1
=— —+€( ) c§+@+e(ﬁ—@>g—(—c%+no+edwd).
d d
On the other hand we have that

) 2 1 2 a2
) L2
! (jQBl dwg \ Jap, dwq

and so, choosing ¢ and 7y such that a2 > dwg(no + edwy) we get the claim.
If O = DP, we have, by similar computations and using !{h > O}‘ < wy,

(W(E) (v M)%) (1—¢) (W(z) (Mt )\2)%>

() o (e (- B (o (3 )

1
d
Now a simple compactness argument on harmonic functions and the maximum principle show that

for every 6 > 0 there exists 79 > 0 small enough such that, if |S| > dwg — o, then |[{h < 0}] < 6,
and so the conclusion follows as before by choosing 79 small enough. O

< = (—cf +mo +edwq + [{h < 0}]) .

3.2. Improvement on the small cones Sg,,,;. In this subsection we consider the situation
dw

where d > 2, |S| < Td —dp and g > 0 is a dimensional constant. Using the fact that, under these

assumptions, the first eigenvalue of S is strictly bigger than (d — 1), we can prove the following

result directly for vector-valued functions c.

Lemma 3.2 (Small cones). Let n > 1 and By C R with d > 2. For every 6o > 0, there are
constants €1,p1 > 0, depending on 0, d and n, such that if the function ¢ € H'(0By;R™) N

d
C(0B1;R™), supported on the open set S = {|c| > 0} C By, is such that |S| < % — 6o, then

Wo(yP h) + )\‘{1/1’)1\;1] >0} < (1—ey) (Wo(z) + A{lz] > O}‘) for every A >0, (3.1)

where z and h are the one-homogeneous and the harmonic extensions of ¢ in By, defined in (2.1),
and VP is the cut-off function defined in (2.0]).
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. ) dwq .
Proof. We first notice that if |S| < - = 0, then ay := a1(S) = 1+ 9, where 79 > 0 is a
constant depending only on the dimension and dy. By Lemma and Lemma we have

CO a1 p2(a1—1)+d ~
o 1 Wo(h)

Co p? ap —1 Cop? Yo
< (1 R — (1 1— .
_< +041—1> < d+a1_1>W0(Z) < + o d+70 Wo(Z)

On the other hand since ¢ = 0 in B,/ we get

Wo (4 h) < (1 +

[l > 0} = (1= (p/2)7) [{I2] > 0}].

It is now sufficient to choose €; and p; such that

d d
Pl Copi 0
1-—=<1-¢ and 1+ 1-— <1-—¢y, 3.2
24 = ' < Yo > < d+’70> o ! (3.2)
and recall that, since ag > 1, then Wy(z) > 0 (cp. ([22)). O

3.3. Improvement on the large cones over Sy;,. In this subsection we consider arcs S =
Shig C OB1 of length m — 09 < [S| < 27 — dp. The main result is the following

Proposition 3.3 (Big cones (OP) and (VP)). Let By C R? and c € HY(0B1;R") be a function
such that S := {|c| > 0} C 9By is a connected arc and let z be the one-homogeneous extension
of ¢ in By. For every g > 0, there exists a constant py > 0, depending only on &y, such that
the following holds. If m — 69 < |S| < 27 — &y, then for every p < po there exists a function
h, € HY(B1;R"™) such that hy|ls = ¢, h, =0 on By \ S and

W) =5 < (1=p%) (W) - F) . (3.3)

In order to prove this proposition, we distinguish between high and linear frequencies of the
boundary datum ad then we sum the respective contributions. In the rest of this subsection we
set W =WV,

3.3.1. The high frequencies on Sp;y. In this subsection we consider the case when the boundary
datum c contains only high frequencies. The argument is very close to the one for Sg,,qi, the
only difference being that the measure is not involved. The result below holds in any dimension.

Lemma 3.4 (High frequencies on Sp). Let 69 > 0 and S C 0By be an open set such that
|S| < dwg — o and ¢ = iciqﬁi, where ¢; are as in Subsection 2.3] and ¢; € R™. Let z and h be
the functions defined in Z(E%EI) There are dimensional constants €3, ps > 0, such that

Wo(vPh) < (1 —e3) Wo(z)  for every — p < p3,
where YP is the function from Lemma 2.6l

Proof. We first notice that, as |S| < dwg — dp, there is a constant 79 > 0 depending only on the
dimension and dg such that

az(8) > 14 0.
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By Lemma 2.6l and Lemma 2.5] with pg := p, we have

COP OQ l—l—d

| A

( a1 )Wo(ﬁ)
e [ L
(1+52) (1- 725 e

70
2dCy
concludes the proof. O

IN

IN

which, after choosing p < p3 : ( > and observing that, since ag > 1, then Wy(z) > 0,

3.3.2. The principal frequency on Sy;y. In this subsection we consider the case when the boundary
datum c is of the form c(f) = ¢1¢1(0), that is only the first eigenfunction is involved. From now
on in this subsection we will suppose that the dimension is precisely d = 2. Thus S is an arc of
circle and setting d := |S| — ™ we obtain

2
77 77
|S| =7+, )\1_<7T+(5> and o=

We notice that the case 6 = 0 is trivial. In fact in this case we have a; = 1, as = 2 and choosing
h as in Lemma we have that for ¢ < 1/3

Wo(h) < (1—e)Wo(z)  and  [{[Al >0} = 5 = [{|| > 0}| - 5 =0,
which, by the definition of W, proves that
if =0 and €< % , then W(h) < (1—¢)W(z). (3.4)
The rest of the section is dedicated to the analogous estimate in the case
d € [00,0[U]0, T — dg], where dp = dp(d) > 0. (3.5)
First we observe that, loosely speaking, z is a perturbation of size § of the flat cone.

Lemma 3.5 (Principal frequency on Sy, I). Suppose that § € R is as in (33)), Spy is the arc
10,7 + 0], s € HY(0By) is such that {|s| > 0} =]0,7[ and z € H'(B1;R") is the 1-homogeneous
extension of the function ¢ € H'(0By;R™), where

CS<W9”> if 0e0,7+0],

&) = +5 (3.6)
0 otherwise ,
with C € R™. Then
T 1/ _ _
W(z) - 579 (”CH%Z(]O,N—M[;R”) - HC”2L2(}O,7r+6[;R”) + 5)
G 2 > o ( _ICP s Ic?
= S (15122q0.mp = IsllZ2g0mn) + 5 (— g9 F2g0mp = - slZago +1) -
(3.7)
Proof. We shall denote the various L? norms simply by || - ||2, the domain beeing the same as the

domain of definition of the function inside. Notice that, by the 1-homogeneity of z we immediately
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have

) 8
v%@zjrwﬁm—wM—/rw/ (@P 'M)dmwm
/rdr/ (1a? + ¢]2) db — [l

=3 (HE 13 = llel3)

so that, since by definition of 4, g = [{|z| > 0}] — g, the first equality in (B7) follows. Next we

0
set ¢ = W—_:_Té, we notice that d¢ dr = WLMdH dr and we compute
m+6 2 ™
2 2 7T n2 (07 ~12 T2 T 212
— ) df = — do =
= [ () R (S ) do = e [ Il P do = e B,

(3.8)
and analogously

Gan Om m+6 [T T+
=112 _ 2 2 _ 2 2 _ 2 2
e =1 [ (5 ) o= 1cPTER [Ty = TR iR s 69

which immediately gives

7T_|O|2 T 1112 7T+5 2 5
W) - 5 = G0 (B - T8 ) + 5

2
CP I (MCP g I0F
= S5 (1513 = Isl) + 5~ 5113 = sl + 1

O

Next we consider a perturbation z. of the function z, by an internal variation of size ¢ and we
compare the energy W(z.) with the one of W(z).

Lemma 3.6 (Principal frequency on Sy, II). Suppose that z € H'(By;R") is the one ho-

mogeneous extension of a function ¢ € H'(S;R"), S :=|0,7 + d[, and consider the function
2. € HY(B1;R") defined by

6)6
c(%) if 6€l0,m+8+¢e&(r)],

0 otherwise ,

ze(r, 0) =

where € : [0,1] — R* 4s a smooth function compactly supported on ]0,1[. If § + € > —2dy, then

T+ T+

1+ +(5 2 _ 1 2+ 3¢t 2
e (%) 112207510 (/0 TS(T)(W +Ta’§§) — dT) : (3.10)

1 z i . )
W) W)+ TS(T)dr< el sy 19 Virqurtrm >>
0
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Proof. With an abuse of notation we denote by z., ¢ the components of the corresponding func-
(m+6)8

————— and we compute in polar coordinates
T4+ &€ P P

tions. Moreover we set ¢(r,0) :=

1
\Vza\z = \87,25\2 + 51892512

_ Nz (o(r _r(m+8)0el(r 2 (o 2 T+ 26'2 .
~|e(or ) - EEATEE D 00| + (e ) R 000D
s TS N 2 g e TOEOE)
=000 + (o) P (000 — 2 e 010 ¢ (6(0,0)
=:I(r,0) :=I5(r,0)

,r.2 r 2 2

+ 2 AR 1R (010,
:=I3(r,0)

We notice that

7T+5+€§(7» 1 T++e€(r T+ 2 )
/ / (r,0)dé dr /0 rdr/o < o(r,0)) + <7T+(5——|—E§(7’)> 1|7 (o(r, 9))) do
1 m+6 7T+5+5£() T+ _
/OTdT/O < 10 C(¢)+H5—+€£()’ ’(¢)>d¢
7/ ||CH2 e [T e
(el + 118) + L2 [ reryar ey [ 20—

(w@+wa@>+e/'wwnw ”“2—”3@

201112 ! 7"52(7")
te ”6”2/0 T o)r+0 e

1
2
1
2

T+0

——————d6fdr. For the second integrand we have
T+ 0+ e€

where we used d¢ dr =

1 m+d+e&(r) B 1 T+d+e&(r) 7‘{’(7") ~ .
/0 . /0 Io(r, 0) d6 dr — / rdr / 26H5—_|_€£(T)¢(r,9)c(¢(r,9))c (6(r,0)) db

B - ;T4 +e€(r)
[ e | e @ o R e

_ r8(r) o _ 2 az [ e
__5/0 rdr/sﬂ—-l-(sc (¢) d¢_—ﬂ+5€\|6\|2/0 & (r)dr

1 =12
= 26/0 r&(r) dr (—JCJ_’%) ,

where we used integration by parts in ¢ from the second to the third line, together with ¢(0) =
0 = é(m + 6), and integration by parts in r in the last equality. Finally for the third integral, we
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compute

1 m+o+e£(r) 1 T+d+e£(r) 7‘2‘5/(7‘)‘2 ~
_ 2 2|12
/0 7‘/0 I5(r,0)dfdr = ¢ / rdr/ (7r—|—5+€§(7‘))2¢ Ic'1* (¢(r,0)) db

_ T 2 ()2 92 o T+ 0+e€(r)
8/ / (m+ 6+ e€(r ))2¢|C| (¢)w—+5d¢

rile'(r)l®
<Pt I [ s
Lo 231 ()2
< |!c’|!%(7r+5)/0 %dr

Combining the previous computation, and summing over the components, we conclude for the
vectorial functions that

1 . ! lel2 e 200 spmn
WO(ZE) S (HC/HLZ ]0 7T+6[R” Hc”%z(}OJT-‘r(S[,Rn)) - E/O Tf(T) d?‘ < 2 + (] [ )

T+ T+

1+ + 0 2 = 1 2 + 311 9
* 62 (%) HC ||%2(}0,7r+5[;Rn) (/0 TS(T)(T( _’_TEE) (T)‘ d?"> ‘

Next notice that z|sp, = ¢ and

1 1
{2 > 0} :/0 r(r+ 0+ 6(r)) dr = [{|2] > 0}] +e/0 re(r) dr

so that, using the first equality of (3.7]), we conclude

W(z) <W(2) + /lré(r)dr ez qoms sy N2 o r g
) g ; 7T+5 7T+5

1+ (7 +0)%\ Lrg(r)? + 3 ()P

9 /112

be (W 12 0.+ 612 /o ree)

which is (3.10). .

In the next lemma we combine the estimates of Lemma and Lemma to prove the
epiperimetric inequality in the case when the trace ¢ is precisely the principal frequency function
of the arc Sp;,.

Lemma 3.7 (Principal frequency on Sy III). Suppose that § € R is as in [B.1]), Syig is the arc
10,7 +6[, s : [0,7] — R is such that ||s||3 = ||s'||3 and & : [0,1] — R is a compactly supported
function on [0,1]. We notice that if z. and s are as in Lemma BBl and B8] respectively, than

O '
25(7",9) _ rC's (m) Zf = [0’7-( +5+€£(7")],
0 otherwise.

If€|£| < 50; then

W) < W(2) + % (W) - g) /01 re(r) dr

1> [Is"113 T+ @+0)?) [t s s "2 dr
+e CFTE ( r&(r)dr +¢ T /0(7"5 +T\§()\)d>.

Proof. By Lemma [3.5] combined with the condition ||s||2 = ||s’||3, we have that

T 1) C|? C|?
wiz - 5= (1 e - )
T+
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Using this together with ([3.10), (3.9) and (3.8]), we obtain

B10) 1 z 7112
W) -W() < 6/0 ré(r) dr (1_ ”+”25 M‘g)

+E2 <1+(7T+5) HE/Hg ! g( ) +T3|£( )|
@ | [y T e erisiy Lo us'||2 (o
B 0 T T+0
2:%(W(Z)_g) 1 2, .3 2
2 14 (7 +9) 2117112 ré(r)? + | (r)] >
rern (L ) e

= F(We-3) [ remdreicrid:

5 1 L+ (m+6)% [T rer)? + 3¢ (r)?
.<7(7T+5)2/0 ré(r)dr+em 71072 /0 1) dr>

which, using the bound on &£, gives the claim. (]

3.3.3. Proof of Proposition B3l Let {¢;};>1 C HL(S) be the family of eigenfunctions on the arc
S. Using the same notations of Subsection 2.3, we decompose the function c as

o
c=c1$1+g, where g:= Zq% and c; € R" for every j > 1.
j=2
Let 21,29 € H 1(B1;R™) be the one-homogeneous extensions in Bj respectively of ¢1¢; and g, and
let A be the harmonic extension of g on the cone generated by S, so that

21(r,0) =rcig1(0), z4(r,0) =rg(#) and h(r,0) ZTO‘J cioi(0

Furthermore we choose

P2 §min{7 53/3,6}, (3.11)

where p3,e3 > 0 are the universal constants of Lemma B4 and C will be chosen in (BI5).
Let p < py and 1" be the truncation function from Lemma 34l Then the truncated function
hf := ?Ph satisfies
Wo(hf) < (1 —e3)Wol(zg) and supp(hf)) C B1\ B, . (3.12)
Moreover, since h(f) and ¢;(f) are orthogonal in H'(9B;) and ¢ is a radial function, hf is
orthogonal to ¢1 in H'(By).
Up to a change of coordinates we can suppose that S is the arc [0,7 + J]. Next we will apply
)

Lemma B to ¢ = c1¢1, 2 = 21 and s = ¢r, where ¢, is the first eigenfunction of the
2

semicircle ¢ (6) = \/jsin9, so that indeed |[s||3 = ||s'||3. Let & : [0,1] — RT be a smooth
T

1
1
positive function with support in ]0, 1] and such that / ré(r)dr = 5 Applying Lemma B.7] with
0
the function &, = p&(r/p) we obtain

(W - 1) < (1+2§ [ reoar ) (W -3)

Y T 2 1
|| u2 < / e () dr 4 < (1(:<_ 5;5)) /0 (2 + e P) dr)_
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Choosing € = —§, and recalling that |§] < dy, the previous estimate yields

W(z) — g (1 - 2/1 r&y() dr> (W(zl) — g)

s'|13 1+ (r+6)%) [t ,
Al ([ =L o).
= (1 —r) (W(Zl) - g) (3.13)
2)1/|12 p3 . . 2) 1
LR (1 1) [ o
< (1-p%) (W(zl) - g) , (3.14)
where in order to have the last inequality we choose
- - 2y /1 -1
= <H§HL°@ L (fr(_ ;0)5 o)) /0 (re? + %' (n)?) dr) : (3.15)

where C' is a dimensional constant, since &y is universal. Moreover, with this choice of C' we have
that ||£,||r~ < 1 and thus the condition

ep=§p = —0o,
is satisfied and Lemma [3.7] can indeed be applied. Notice that, since supp(hfy) C B; \ B, and
2(r,0) = rcy ¢1(0) for every r > p we have that hfj and 2. are orthogonal in H'(By;R"), and
therefore summing (3.12) and (3.I3) we conclude, with h” := 2. + hf, that

W(R) = < Wolz) + Wo(hg) + [lz] > 0} = 5 = (W(z) = 5 ) + Wa(h)
< (1-p?) (W(zl) - g) + (1 — £3) Wo(zg)
= (1= p%) Wo(o1) + (1 — ) Wo(zg) + (1= %) (I{]aa] > 0} - 2)
< (1= %) Woler) + (1= %) Walzg) + (1= %) ({12 > 031 - 3)

=(1-7") (W) -3).

where in the first inequality we used that {|h§| > 0} C {|z:| > 0} so that [{|#?| > 0}] < |{|z:| > 0}
and for the last one we used that [{|z1] > 0} < [{|z|] > 0}| and also the fact that, since ay > 1,
we have that Wy(zy) > 0 by (2.3]). O

3.4. Improvement on the large cones Sy, for the double phase. We can prove an anal-
ogous version of Proposition B.3] for the double-phase functional at the points of high density,
where both phases are present in the ball Bj.

Proposition 3.8 (Big cones (DP)). Let By C R?, \;,A\a > 0, §o > 0 and ¢ € HY(0By). Let
St = {ct > 0} and S~ := {¢= > 0} be two disjoint arcs such that m — 8y < |ST| < 2w — &.
There exists a constant py > 0, depending only on &g, such that for every 0 < p < py there is a
function h, € HY(By) such that h,|g+ = ¢*, h, =0 on 0B1 \ S and

m m
WPP(hy) = (O + Ao < (1= 5°) (WDP(Z) — (A + )\2)5) , (3.16)
where z is the one-homogeneous extension of ¢ in By.

Proof. We are going to implement the procedure from Proposition to ¢t and ¢~ respectively
on ST and S~. The only additional difficulty is to make sure that the supports of the competitors
generated by Lemma [3.7 applied to the highest frequencies of ¢™ and ¢~ respectively are disjoint.
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Let {qﬁf}jzl C H(S%) be the families of eigenfunctions on the arcs S*. Using the same
notations of Subsection 2.3] we set

cf = /6 N c(0)¢)(0)df  and ¢ = /6 5 c(0)¢; (6)do,

and we decompose the functions ¢t and ¢~ as
(o]
+ + + + + . + +
c-=c1¢o] +9, where g .—chgbj .
=2

Let zf, z;t € H'(B;) be the one-homogeneous extensions in B; respectively of chﬁ and gt and

let A+ be the harmonic extension of g* on C s+, that is

“+o00
2 (r,0) = r ot (0), z;(r, 0) =rgt(0) and hT(r,0) = Zraﬂ' cjcgb;-t(ﬁ).
j=2
Furthermore we choose
. [P3 13 =
02 §m1n{?,63/3,0}, (3.17)

where p3,e3 > 0 are the universal constants of Lemma B4 and C' will be chosen in (3:20).
Let p < py and 1" be the truncation function from Lemma B4l Then the truncated function
h;t = 1P h* satisfies

Wo(h;t) <(1- 63)W0(Z3:) and Supp(h;t) C Bi\B,. (3.18)

Moreover, since h*(#) and ¢1(0) are orthogonal in H'(9B;) and ¥ is a radial function, h;t is

orthogonal to ¢f in H'(By).

For the linear frequencies we apply Lemma[B.Tto ¢ ¢ and to ¢| ¢] on their respective domains,

parametrized as ST := [0, 7 4 §T], with the function s being the principal frequency function on
2

the half-sphere s(6) = ¢,(0) := \/isin9 and with &,(r) = p&(r/p) the internal variation from
i

Lemma 3.7, to obtain the functions zF : By — R satisfying

W) -5 < (1-0") (WEH - 7). (3.19)
where we choose ¢ = —4 and
- T(1+(m+60)2) 1, o s o -
C = <4H£||Loo +4 CErn /0 (re? + %1€/ (r)?) dr) . (3.20)

Furthermore, by this choice, we have [|€,]| < . Now we notice that the set 9B; \ (ST U S™)
has precisely two connected components and that at least one of them has length greater or equal
to 0p/2. We choose the two internal variations to take place precisely on the boundary of this
arc. Thus the supports of the perturbations 2 and z= are disjoint

supp(zZ) Nsupp(z ) = 0. (3.21)

Notice that, since supp(h;t) C B1\ B, and zX(r,0) = r cf gbf (0), for every r > p, we have that h;t
and zZ are orthogonal in H'(B;), and therefore summing ([3.12) and B3.I3) we conclude, setting
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hp:=h*t —h™ := (2 +h)) — (22 + hy), that
T
WDP(hP) — (\ + AQ) (Wo( )+ Wo(hi) + M|{z > 0} - )\15)
_ _ T
+ (Wol=) + Wolhy) + Aal{z > 0}l = A7)
-\ <WOP AP —

€

3) + Wolh)

2 (WOPG220) = 2) 4 Wy )

<A (1-0%) (WOP O - g) + (1= p°) Wolz;)

2 (1= %) (WOP O 2) = 2) + (1= %) Wols;)
= (1=p") (WPP(2) = +22)5)

where in the first inequality we used ([3:2)) to infer that supp(h™) Nsupp(h™) = 0, the choice of
p and the same observations at the end of the proof of Proposition B.3] O

3.5. Proof of Theorem [l for £op. We are going to denote WO simply by W. Let u be as
in the statement, ¢ = ulgp, and let S := supp(c). Let |S| > 27 — 1o, where 79 is the dimensional
constant of Lemma [3.1] then (I4)) follows by the same lemma and the non-degeneracy of u in (ii)
Lemma 211

We now assume that |S| < 27 — . By the continuity of v (Lemma 2.T]) the set S is open and

so we can decompose it as the disjoint union of its connected components. Choosing &y := % we

have that there can be at most one connected component of length bigger than m — dg. Thus we
have two possibilities :

00 00
_ i _ i
S = Sbig U U Ssmall or S = U Ssmall )
i=1 =1

where Sp;, and St i > 1, are disjoint arcs on 0By such that

small’
° szg is an arc of length m — dg < [Spg| < 27 — do;

e 5i ., fori €N, are disjoint arcs each one of length |S¢ | <7 — do.

Next we choose
. 1
P> < min {1017 P2, 61/3} ’ (322)
where p1,e1 are as in Lemma [3.2] and ps is as in Proposition B3] and we distinguish two cases
depending on whether Sy;, is empty or not.
Suppose that Sy;y # (. Let us denote by ¢' : 9By — R, i > 0, the traces

0

— i
¢ =uls,, and c

= ulgi for i>1,

small
by z' : By — R, i > 0, the corresponding one-homogeneous extensions
20r,0) =rc?(@) and  2(r,0) =rc(f) for i>1,
by h° the function of Proposition 3.3 with p as in (8.22)) and by h' the truncated function from
Lemma with ¢ = ¢', S = S}, .;; and truncation function %P, We recall that

e for i > 1, the support of each h is contained in the cone over the support of ‘ci,
e for i > 1, the choice of the truncation ¢/?? implies that h' is zero in B,: supp(h') C B1\B,,
e outside B, the support of h¥ is contained in the cone over the support of ¢,

and so, if h =Y 2% h’, we have that

supp(h) = supp(h®) U (U supp h’)) and the union is disjoint.
i=1
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Summing the energy contributions, we then obtain

_ ZWO(hl) + <|{h0 > 0} — g) _|_Z |{hZ > 0}
i=0 i=1

= W(hO) + i (Wo(h') + [{n" > 0}])

mgm (1-p° ( +§: (Wo(2") + |{#' >0}|)>

S (1 - p3) W(Z)7
where in the second inequality we used (822 and the positivity of Wy(z%), i > 1, to infer that
(1 —e1) (Wo(z") + |{z" > 0}]) < (1—p*) (Wo(z") + |{z" > 0}]) .

If Spig = 0, then with the same notation as above we have, by Lemma

o0

W(h) — = =" (Wolh) + |{h' > 0}]) -
2

i=1

IAE

(1-=) (Z )+ | >0}\)> S (- W),

O

3.6. Proof of Theorem [Z. Let c be as in the statement, ¢t = max{#+c,0}, ST := {¢f >0} C
0B; and zT : By — R be the one-homogeneous extensions of ¢* in B;.

We start by considering the case when one of the sets ST and S~ is very large and the other
very small. Precisely, we assume that |ST| > 27 —ny and |S™| < ng, where 79 > 0 the dimensional
constant of Lemma 3.1l If |[S~| = 0, then the conclusion follows by Lemma 31l If 0 < [S™| < np,
then by Lemma [3.2] there are €1 > 0, p; > 0 and a function A~ such that

{h= >0} Cc{z” >0}, h” =0 on B, , and
W()(h_) + )\2‘{}1_ > 0} N Bl‘ < (1 - 61) (WO(Z_) + )\2’{2’_ > 0} N Bl’) .
Now we suppose that (Wo(21) + A\1[{z" > 0} N By| — Alg > 0 (since otherwise the conclusion

follows immediately by choosing zt — h™ as test function). We define the test function h™ as:

B () = ﬁ;{l(x), if z € B,,,
zH(x), if x € B\ By,

where }NL;; is the harmonic extension of 2z in the ball B, , that is ﬁ:{l (z) = ht(p1z). By Lemma
3.1l we have that

Wo(h™) + M[{h* > 0} 1 Byl = Mg = pi (Wolh*) + Ml{h* > 0} 0 Bi| = A7)
+ (1= p)(Wol=®) + M{=" > 0} N Bi| = A 5)
< Pt =) (Wol=") + Ml{=" > 0} N Bi| = A1)
+ (1= ) (Wol=") + M=t > 0} N Bi| = M)
= (1=op?) (Wo(=") + Mil{=" > 0} N By| = M5 ).

The claim follows by choosing ¢ = min{e1, g9p?}.



22 LUCA SPOLAOR, BOZHIDAR VELICHKOV

Next, we assume without loss of generality that |ST| < 2w —mnp, |S™| < 2m—np and [ST| > |S~|.
By the continuity of ¢ the set S = {¢ # 0} is open and so we can decompose it as a disjoint union
of its connected components, on each of which ¢ is either strictly positive or strictly negative.
Choosing §p := % we have that there can be at most one connected component of S* of length

bigger than m — §y. Thus we have three possibilities:
o0
S =S, USy, U U ma Or S =Sy U U Simar ot S =)

where Sbi and Ssma”, 1 > 1, are disjoint arcs on 0B such that

° Sg';g is an arc of length m — dg < |S$g| < 21 — bp;

. for i € N, are arcs of length |S! .| < — &.

7
small’

Next we choose
p < min {pl7p27€i/3} ) (323)

where p1,€; are as in Lemma and ps is as in Proposition B.3] and we distinguish three cases
depending on whether Sg% , are empty or not.

Suppose that Slj;. 9 # 0 and S,; g # (). This is the only new case with respect to the one-phase
functional. Let us define

0
c =clgt o
’szgusbzg

. +cClgi if | >0
and ¢ := |S all |Ssm“” for i>1, (3.24)
_C‘Sz if c|gi , <0

small

by z' : By — R, i > 0, the corresponding one-homogeneous extensions

20r,0) =rl@) and 2(r,0) =rd(0) for i>1,
by h, the function of Proposition BE with S* = sz , and p as in (B.23) and by A’ the truncated
function from Lemma with ¢ = ¢!, § =8¢, and truncation function 1)?*. We recall that

e for i > 1, the support of each h’ is contained in the cone over the support of 'ci,
e for i > 1, the choice of the truncation ¥ implies that h is zero in B,: supp(h?) C By \B,,
e outside B, the support of h, is contained in the cone over the support of e,
so that supp(h,) Nsupp(h’) = 0 for every i > 1. Let h := h, + > o0, (£h?), where the sign in
front of h* is the same as the sign in front of ¢’ in (B.24)), and
N {)\1 ifelgi >0

small for > 1.
Ao if c]S;ma” <0

Then we have
o0

WPP(h)—(\ +>\2)g - (WDP(h ) — (A1 + Ao) ) + 3 (Wo(h') + N[{hi > 0}])
=1

BD&E3) >
< (1 _ p3) <WDP + Z Wo(z") + )\Z’{z > 0}’) - (M + )\2)%)
T
<(1-p% (WDP(Z) - (M + )\2)§> ,
where in the second inequality we used ([3.22)) and the positivity of each Wy(z*) to infer that
(1 —e1) (Wo(z") + |{z" > 0}]) < (1 —p*) (Wo(z") + |{z" > 0}]) .

Next, suppose that Slj;. # () and Shig =

one phase, by using Lemma [3.2] for the small arcs S = Sima” and Proposition B.3] for S*, and
subtracting an additional Ay7 /2.

= (). Then the proof is the same as the one for the
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Finally, if S;gg =0 = Shige then the proof follows by Lemma [3.2] subtracting (A1 + o)™ /2
instead of 7 /2.

O

3.7. Proof of Theorem Bl Let S := {|c| > 0} C 9B;. We distinguish two cases.

(i) If there exists a universal constant dy > 0 such that |S| < 27 — Jp, then as in Theorem [II
we can write S as a union of disjoint arcs

00
S = Sbig U U S;mall‘
i=1

Now the proof is the same as the one of Theorem [ for the one phase, using Lemma
and Proposition 3.3

(i) If |S| = 2, then let h be the harmonic extension of ¢ and notice that
WY (h) —m=Wo(h) < (1 —e)Wo(z) = (1 —e)(WV(2) — 7).
O'therwise let g > 0 be fixed and decompose S := Sgig U Sgig U U, ngall’ where each
St . is a connected arc of length less than 7 — dg, S
distinguish the following situations.
If 2 — 5o < |SP, ol < 2m, let {¢;}; be a complete orthonormal system of eigenfunction
on S and let ¢; € R" be the projection of ¢ on ¢;. Moreover set

gig are connected arcs, and we

o o0
R R R Qi
z1:=1rc @1, Zg =T E cj O; and hg == g % cj ¢;
Jj=2 J=2

for ¢; € R™ for every j > 1. Then, if h := 21 + hg, we have by (2.2]) that

WY (h) — = (WY (21) = ) + Wolhg) = 5 (lx (03 — 1) + IS] — 2m) + Wo(hy)

(1—¢) (|cl|2(a% -1+ S| - 277) + (1 —¢) (Wo(zg) —m)
<(1—e) (WY (2) —m)

IN

where in the first inequality we used that a2(S) —1 < a%(Sgig) —1 <0, since |S| > 27—y,
and |S| — 27 <0.

If m—dp < ]Sgig\ < ]Sgig\ < 2w — dg, then the proof follows by the same arguments as
in the double phase case.

If ]Sgig\ <m—dp < ]Sgig\ < 27 — Jp, then we are in the same situation as in (i), and so
the proof follows by the same argument.

O

4. REGULARITY OF THE FREE BOUNDARY

In this section we derive the regularity of the free boundary in a standard way by combining the
epiperimetric inequality and the Weiss’ monotonicity formula. This is done by first improving
the usual monotonicity of W (u,r), giving a rate of convergence to its limit as » — 0. Using
this rate we then prove the uniqueness of the blow-up at every point, which, combined with the
Lipschitzianity of u, will give the smoothness of the free boundary. The main references for this
section are [7] and [13].
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4.1. Improvement on Weiss monotonicity formula. It is well known that for any Lipschitz
function v € H'(B1;R") in any dimension the following identity holds

d d 1
D0, ) = LWz, 1) - WOy, 1)] + —/ o Vur — wPdHEY . (41)
dr r T Jop,

where z,(z) = |z|u, |i—| and 0 = OP,DP,V (see for instance [I3] for the one and double-

phase in the scalar case and [I1] for the vectorial case). In dimension two the epiperimetric
inequality allows us to improve the Weiss’ monotonicity identity. Before stating and proving this
improvement, we need a simple lemma that allows us to apply one of the epiperimetric inequalities
above uniformly at points with the same density. In particular we recall that u, . (y) = r~ u(z +
ry) and we introduce the notation

IPw) :={zecQ:6Yx) =26},
where the admissible densities are
o if J=0OP, then 6 = 3,

o if 0= DP, then § = \1 3, AoF, (A1 + A2) 3,
o if 1=V, then 0 = 3, .

Lemma 4.1. Let Q C R? be an open set and u € HY(Q) a minimizer of the functional Ey in
Q. Then for every compact set K € ) and every dy < m there exists ro > 0 such that for every

x € Fﬂv/z(u) NK and every 0 < r <o

{|tgr| >0} N OBy| < 21 — b (4.2)

Proof. Assume by contradiction that for some dy there exist a sequence of points (z)r C I'x,(u)N
K and of radii r, — 0, such that the sequence uy, := u,, ,, satisfies

]{]uk\ >O}ﬂaBl‘ > 21 — &g Vk e N. (43)

By Lemma 2.2] the Lipschitz constant of the sequence (uy )y is uniformly bounded, and so up to
a subsequence, we can assume that u; — o uniformly, and moreover xy — zg € I'x), (u)NK. It
is a standard argument to see that each uy is a minimizer of &, so that ug is also a minimizer
and

{Jug| > 0} N By = {|ug| > 0} N By in the Hausdorff distance, (4.4)
(see for instance [I1]). Moreover, by the Weiss monotonicity formula, for every s > 0, p > 0 and
k large enough we have
g < Wv(uka S, O) = Wv(ua kS, xk)

= Wv(uv TES, :Ek) - WV(”) P :Ek) +WV(U7 P l‘k) - WV(”) P :EO) + Wv(uv P l‘o)
<0

< Wv(u,p, .Z'k) - Wv(uvpv fL'()) + Wv(u,p7 fL'()),

that is, passing to the limit as k& — oo, 7/2 < WV (ug, s,0) < WV (u, p, 29). Since p is arbitrary,
we get WV (ug, s,0) = 7/2 and using again the Weiss monotonicity formula we obtain that ug is
1-homogeneous. However, the only 1-homogeneous minimizers with density 7/2 are the half-plane
solutions ug(z) = h(x) = £ max{0,e -z}, see Lemma [2.4] so that

H{|uo| >0} NOB;| ==
which together with (@3] and ([@4]) gives the desired contradiction. O

Proposition 4.2 (Decay of the Monotonicity formula). Suppose that u is a minimizer of the
functional €7 in the open set 8 C R?, where O = OP,DP,V. Then there exists a universal
constant € > 0 such that for every compact set K € ) there is a constant C > 0 for which the
following inequality holds

WS (u, 7, 20) — 05 (20) < Cr1(W(u, 1, 20) — O (20)) 0 <7 < dist(K,09), Vo € I' (u)NK



AN EPIPERIMETRIC INEQUALITY FOR SOME FREE BOUNDARY PROBLEMS 25

where § = O (x¢) is any of the 2-dimensional densities O (zg) = m/2, OPF (x9) = (M1 +A2)7/2

and ©Y (xg) = 7/2 or w, and we have set y := 12_—65

Proof. Assume w.l.o.g. that xg = 0 and let us drop the (0. By Lemma [£.I] combined with
Theorems [, 2 and [, for each one of our functionals and every possible density there exists a
radius ro > 0 such that we can apply the epiperimetric inequality in (£1]), to obtain

i (W (u,r) —0,(0)) = g[WD(Zr, 1) — W(u,, 1)] + ! / |z - Vu, — u,1|2 dH?
dr T r Jop,
= 2 W (0,1) — ©(0) — Wty 1) + ©0(0)] + 3/ @ Yy — |2 dH!
T T 8B
2 € 1 2 1Y
> (W (up, 1) — 0,4(0)) + - |z - Vu, —up|*dH > = (W(u,, 1) — 0,4(0)) , (4.5)
rl—e r JoB, T

where we used the minimality of u, with respect to its boundary datum, the positivity of the last

term in (&) and one of the epiperimetric inequalities (L4), (L3), (L6) or (L7) depending on
the density. Integrating this differential inequality, we conclude that

(W (u,r,x0) — Oylxo)) < CrY(W(u,1,20) — Oy(x0)) YO<r<rg.

In order to conclude the proof it is enough to observe that for every xzg € T'y(u) N K € By this
decay can be derived by the same arguments with a constant C' > 0 which depends only on
W(u,1,20) — Oy(xg) > 0 (by monotonicity) and dist(K,0B). O

4.2. Uniqueness of the blow-up limit. Using the decay of W (u,r, x¢) of the previous propo-
sition we can now easily prove that the blow-up limit is unique at every free boundary point.

Proposition 4.3. Let Q C R? be an open set and v € HY(Q) a minimizer of &n, where O =
OP,DP or V. Then for every compact set K € 2, there is a constant C > 0 such that for every
free boundary point xq € FOD(U) N K, the following decay holds

Uag,t — Uao,sllL20m;) < ct? forall 0<s<t<dist(K,00), (4.6)

where 7y is the exponent from Proposition 2 and 6 = O (x¢) is any of the 2-dimensional densities
09 (z¢) = /2, OPF(20) = (A1 + X2)7/2 and ©Y () = 7/2 or .

Proof. We are going to treat all the cases at once. Let us assume without loss of generality that
xo = 0 and let us drop the 0. Notice that we can rewrite (5] as

d [mu,r)—eu(oq 1

dr 77 — ity

Next let 0 < s < t < 79 and compute

t 2
/ lug — ug|? dng/ </ llaz-Vur—ur] dr) dH?
0By 0B1 s T
t t
< / (/ p i dr> (/ P 2 Vg, — u,)? dr> dH!
0B1 s s

/ |z - Vu, —u, > dHIL. (4.7)
0B1

1 t
<x@0 =) [ [ e e i
Y s 0By
¥ t _
T[4 [Wen Z0.0]
v Jo dr r7
2 t - u ) - u tﬂy
v <W<u, ) —Ou(0)  W(us)—© <0>> <O (4.8)
v tY s7 v

where in the last inequality we used the positivity of W (u,s) — ©,(0) and the estimate from
Proposition O
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Proof of Theorem (. In the cases (OP) and (DP) the claim follows immediately from (4.6))
and the classification of the 2-dimensional blow-up limits due to Alt-Caffarelli and Alt-Caffarelli-
Friedman (see [T, 2]). For the case (V), again the uniqueness part follows from (4.0]), while the
classification of the blow-ups from Lemma 2.4l It only remains to prove the last statement of
the second bullet. Suppose that the free-boundary point zg is the origin. Moreover assume
that the blow-up is such that e; # ey and that there exists a sequence (zx)r C Of|u| > 0}
with  — 0. Let 7 := |z}| and consider the rescaled functions u,, and the sequence of points
Yk = x1/|zk|. By uniqueness of the blow-up u,, — h uniformly, and also y; — y € S, so that
h(y) = 0. However, since y = y' e; + y? e3, with at least one of y;, y2 not zero, it follows that
|h[(y) > |hey|(y) + |hey|(y) > 0, a contradiction.

This implies that, in the non isolated points of the free boundary of density 7 the unique tangent
function is of the form h := £ h,, for some e € S!. (]

4.3. Regularity of the one-phase free boundary. In this subsection we prove that the whole
free boundary d{u > 0} is smooth when the scalar function u is a solution of the one-phase
functional Epp.

Proof of Theorem [5] (OP). Notice that, by Proposition [£.3] and Theorem [ for every xg €
QN o{u > 0}, the unique blow-up of the rescaled functions ug, , has the form

Uz, 0(T) =1 Ne(ag)(z) = max{0,z - e(wg)}, for every z € R?,

where e(xg) € S'. In particular, we have that QN d{u > 0} = Ly ja(u).
We claim that

the function B, Nd{|u| > 0} >z e(x) € S! is Holder continuous.
To see this, let r := |zg —yo|' ™, with a := 7/(2+ ), where 7 is as in Proposition &2l Notice that
the Lipschitz continuity of u (see Section 2.1]) implies that for every x € 9By we have

1
[0 () — uo ()] < ! /0 (0 — o) - V(s (o + 72) + (1 — 8)(yo + r)) | ds

< [Vullpee v 2o — yol < [[Vullz [z0 — yol™ .
and so, integrating on dB; and setting L to be the Lipschitz constant of u, L = ||Vu||r~, we get
Jur® — w208,y < L |20 — yol® - (4.9)

On the other hand, it is easy to see that for every pair of vectors v;, v € R? we have

1 /2
]vl—vg\:<—/ \vl-m—vg-mlzdaz>
T JoB

= (% /<9B1 (v - @) — (v2 - 2)4|? dm) ” + (% /aBl (01 -2)- — (03 7). dm) s

= (1 /a 02— - x>+|2da:> " (4.10)

™

which gives that
() = e(00)] £ —=lhetay) = Pet 1208 (111)
Combining (4.9), (4I1]) and (4.6]) with a triangular inequality, we get
le(zo0) — e(¥o)| < 2 [|he(my) = Peyo) l2(081)
<2 (luf® = hegu) 2081y + 1uf® — w208, + 42 = hegyo)llL2(08,))
<2 (L Iz — yo|* + 2cw/2) = (2L +4C) |0 — y0|* . (4.12)
Next, for every zg € I'x), (u) and any £ > 0, we introduce the cones

C*(x0,¢) := {x € R*\ {0} : £(z — x0) - e(z0) > €|z — x|},
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and we claim that for every e > 0 there exists § > 0 such that for every zg € I'xj,(u) N B, the
following holds:

{yu\ >0 on C"(zo,€) N Bs(xo) (4.13)

|lul =0 on C~(xg,e) N Bs(xo),

from which the theorem immediately follows as in [7, Proposition 4.10]. To prove the claim we
assume by contradiction that there exists x; € 'z, N By, with 2; — xo and y; € C™(z;,¢) with
|y; — x| — 0 such that |u(y;)| = 0. Consider the rescalings u; := uy; ,,, where r; := |z; —y;/, then
by the C%'-regularity of u (see (i) Lemma [ZZ) and the fact that we are rescaling geometrically,
we deduce that, up to a subsequence, the u; converges uniformly to ug := uzy0 = he(g)- By the

(yj — =)

— 2z € CT(x0,¢) NS, which implies that
rj

Holder continuity of e, we can assume that

ol (2) = |he(aq)|(2) = [max{0, e(xo) - 2}| = e]z[ = &> 0.

On the other hand, by the uniform convergence of u; we also have |ug|(z) = 0, which is a
contradiction. O

4.4. Regularity of the free boundary of vector-valued minimizers. This subsection is
dedicated to the proof of Theorem [l (V). The argument is precisely the same as in the scalar
case, except for the fact that (see Theorem M) the possible densities at the boundary points are
two: m/2, where the free boundary is smooth and behaves precisely as the free boundary of a
scalar one-phase solution, and 7, where the behavior is of double-phase type or cusps may be
formed (see Example [I]).

Proof of Theorem [Bl (V). Let u : © — R be a minimizer of £ in the open set QO C R2. We
recall that the free boundary Q2 N d{|u| > 0} can be subdivided into two disjoint sets:

QNa{jul > 0} =Ty UT,,

where

Iy = {xo € o{Ju| >0} : OV (x0) := lim WV (u,r,20) = 9}.
r—0+

We first notice that I'; /5 is an open subset of the free boundary. Since r — WV (u,r,x0) is non-
decreasing and zg — WV (u,r,20) is continuous, we get that ©) : QN d{|u| > 0} — R is upper
semi-continuous and thus I'; /5 is an open subset of the free boundary. By the uniqueness of the
blow-up limits and the Hausdorff convergence of the blow-up sequences (see [11]) we get that
'z /2 coincides precisely with the measure theoretic reduced boundary 9ycq{|u| > 0}.

Let xg € 'y /5 and 79 > 0 be such that dist(zg,d§2) > ro and dist(zo,'z) > 9. By Proposition
[4.3] we have that for some constant C

vzt — vz sllz29B,) < ct? for all 0<s <t <dist(K,00), (4.14)

for every x € B,,(x9). We are now going to prove that the free boundary 0f{|u| > 0} is C1®
regular in By, (xg). Let x1,x2 € Byy(xo) and let £1he, and &2k, be the blow-up limits in x; and
x9, where h(r) = max{0,z - e}, e1,e2 € 9B; C R? and &;,& € 0By C R". By ([@I1)) we get that

2 2
|€1 - €2| < ﬁ”h‘el - h62||L2(8B1) < —7_(_”61]7“61 - £2h62HL2(8B1)'
Now reasoning as in (£.12]) we get that

ler — ez < Colzy — 22|,

where C is a constant depending only on zy and 79 and « = /(2 + 7). Now, by the same
argument as in Subsection I3} 9,¢q{|u| > 0} is locally a graph of a C1% function in B, (7). O
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4.5. Regularity of the free boundary for the double-phase problem. In this subsection
we prove Theorem [B] (DP). We are going to show that the normal to the double-phase boundary is
C%*, which will imply that the positive and the negative parts of the solution of the double-phase
problem are actualy solutions of the classical one-phase free boundary problem in its viscosity
formulation (we notice that at this point we will have to apply some result from the classical
theory and not Theorem [5] (OP) which applies only to variational solutions).
Let u € H'(Q) be a local minimizer of the functional Epp and suppose that u changes sign in
the open set Q C R2. We decompose the free boundary d{u # 0} as follows:
Hu#0}=TppUl L uUT_,
where I'pp = 0{u > 0} N O{u < 0}, I'y = 0{u >0} \ O{u < 0} and I'_ = 9{u < 0} \ d{u > 0}.
By the classification of the blow-up limits we have that
(M +Xo)m/2 if x9€Tpp,
0DPP (g4 := lim WPP(u,zg,7) = { \yw/2 if g eTy,
r—
)\27'('/2 if xgel_.
Since the function WP (u, z,r) is continuous in 2 and monotone in r we have that ©2% is upper
semi-continuos and so I'pp is a closed subset of 9{u # 0}. As a consequence I'y and I'_ are
open and disjoint. In particular, they are locally the free-boundaries of the solutions w4 and u_

of a one-phase problem. Thus, they are both smooth. We now concentrate our attention at the
double-phase boundary I'pp.

Lemma 4.4. Suppose that u : Q — R is a local minimizer of Epp in the open set Q C R? and
let Tpp = 0{u >0} No{u < 0}. Let ro >0 and Qy,, = {x € Q : dist(z,00) > ro}. Then, there
15 a constant Cy > 0 such that, for every xo,yo € I'pp Ny, we have

11 (z0) — p1(yo)| + |p2(w0) — p2(yo)| < Colzo —yol®  and  |e(zo) —e(yo)| < Colro —yol®, (4.15)
where e(xg), e(yg) the normal vectors to the free boundary in xy and yo and the constants
pi(zo), po(zo), p11(yo), p2(yo) are determined by the blow-up limits ug,, wy, of u in xy and yo,
precisely

Uz () = pi1(xo) max{0,e(zo) - ¢} + pa(ro) min{0, e(xp) - x},
uy, () = p1(yo) max{0, e(yo) - x} + p2(yo) min{0, e(yo) - z}.
In particular, T pp is locally a closed subset of the graph of a CY* function.
Proof. We first notice that by Proposition 3] there is a constant C, depending on rg, such that
| tr 2 — U:coHLZ(aBl) < Cor? forevery xzp€I'ppnQ,, and 0<r <.
Now the Lipschitz continuity of u gives that there is a constant (still denoted by Cj) such that
tr 2o = UsollLoo(By) < Cor™? for every z9 € PppMNQy, and 0 <7 <7p. (4.16)

Now setting r := |zg — yo|'~® and « := 7/(2 + ~), and reasoning as in (EI12) we get

[ uyoHLw(Bﬂ < Huhxo - USL‘OHLOO(Bl) + Huhxo - UT’,yOHLOO(Bl) + Huhxo - uxo”L°°(B1)
L
< <C'o7‘v/2 + 70\960 —yo| + CoTW) = (Lo +2C0) |zo — yol” ,

where Ly is the Lipschitz constant of w in €,,. Now using the fact that

[tz — gy | zoo (1) < Nty — Uyl Lo (1)

and the inequality (ZI0) we get that
|1 (wo)e(o) — pa(yo)e(yo)| < Colzo — yol*
Using the fact that Ay < pq(z0), 11 (y0) < Lo, we get that for some constant C
(o) — 1 (yo)| < Colzo — yol*  and  |e(xo) — e(yo)| < Colwo — yol*,
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which concludes the proof of ([4.I5]), the argument for uo being analogous. The last claim follows
by the same argument as in the proof of Theorem [{ (OP). O

Remark 4.5. By ([fI06]) we have that, if zo € Q,, NI pp, then
|u(z) —u(zo) — p1(zo) (x — o) - e(z0)| < Colz —zo|"™7 for every x € Byy(20)N{u > 0}. (4.17)

In particular, w is differentiable on {u > 0} up to zp and |Vu(zg)| = p1(xo). The analogous result
holds on the boundary I';. In fact, if zo € Q@ NIy, then there is some 7y > 0 such that

|u(x) —u(zg) — Ai(z — o) - e(xo)| < Colz — o™ for every z € By, (o) N {u > 0}.

Lemma 4.6. Suppose that u : Q — R is a local minimizer of EPT in the open set @ C R2. Then
there is a C% continuous function uy : O{u > 0}NQ — R such that p1 > A1 and vy is a solution
of the one-phase problem

Auy =0 in {u>0}, Vug|=p1 on H{u>0}NQ,
that is, for every xo € O{u > 0}, there is a unit vector e(xg) € By C R? such that
ug () = pi(xo)(z — x0) - e(x0) + o(|x — xo|)  for every x € {u > 0},

Proof. The existence of a function p; is given by Remark 5l The only point to prove is the C%®
continuity of uq. Since pq is Holder continuous on I'pp and constant on 'y, we just need to show
that if 29 € I'pp is such that there is a sequence x,, € I'}. converging to xg , then uq(zg) = Aq.
Suppose that this is not the case and that pi(xg) > A;. Let y, be the projection of x,, on the
closed set I'pp. Setting r,, = |z, — yp| and u,(z) = %u+ (zp, + rpx) we have that u, is a solution

of the free boundary problem
Au, =0 in {u, >0}, [Vu,| =X on 0J{u, >0}NB.

Since u,, are uniformly Lipschitz they converge to a function us, which is also a viscosity solution
(see [6]) of the same problem. On the other hand, by (4I7]), we have that us = p1(xp) max{0,x-

e(zg)}, which gives that necessarily pi(zg) = A1. O
Proof of Theorem [5] (DP). The proof follows by Lemma and the regularity result for the
one-phase problem (see, for example [0]). O

4.6. An example of a non-smooth free boundary. As stated in Example[]], in this subsection
we will show that there exists a local minimizer u : R? — R? of the functional &y for which
(1) © = {Jul > 0} is a connencted open set;
(2) there is a point x¢ € 9, of density ) (zg) = 7.
In order to construct a solution with the properties (1) and (2) described above, we consider the
following situation:

e Consider the two balls B’ := By and B” := B;(3,0) in R2.

e Let C > 0 be a sufficiently large numerical constant (C' = 10 is one possible choice).

o Let ¢ > 0 and ue = (ul,u?) be a solution of the problem

min {Ev(u) s u€ HY(R%R?), u=((1+¢)C,C)on B, u=(C,C) on B”}. (4.18)

e Denote by €. the open set {|u.| > 0}.
We claim the following:

(i) The solutions u. are locally Lipschitz continuous in R?\ (B’ U B") with Lipschitz constants
that does not depend on e. This follows directly by Lemma

(ii) The sets Q. are open and connected.
Proof: Suppose that this is not the case. Then Q. has two connected components QF,
containing B’, and _, containing B”. Then we have that u! = (1 + ¢)u? on QF and
ul = u? on QZ. Moreover, the function v, = u? is a solution of the double-phase problem

min{(l—l—(l—l—s)z)/R2 |V1)+|2—|—2/R2 Vo> +{v#0} : v=Con B, v=—C on B"}.
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We first notice that the double-phase boundary {v. > 0} N{v. < 0} is non-empty. Indeed,
suppose that this is not the case. Then the sets {v. > 0} and {v. < 0} are distant and the
functions vZ and vo are local solutions of the one-phase problems

min{(1+(1+a)2) /R2 Voo >+ [{vy >0} : vy =Con B’},

min{2/ |Vo_|?2 +|{fv_ >0} : v_=Con B”}.

R2

In particular, we have that the free boundaries 9{v. > 0} and d{v. < 0} are smooth and
Vol =14+ (1+¢)* on 09{v. >0}, and Voo |?=2 on 0{v. <0}.

Consider the radial test function ¢(z) = t — 9ln|z| and let ty > 0 be the largest ¢ for
which ¢; < v} on R2. If ¢y < C, then there is a free boundary point zg € d{v. > 0}
such that ¢, touches vj from below in z( (that is vj — ¢¢ has a local minimum in x¢ and
v (z9) = ¢(xo) = 0). Then
% — [Véul(xo) < [Vt |(wo) = I+ L+ 22 < 3.

Thus |zg| > 3 and so v. > 0 on the ball Bs which is impossible. Then we have that tg = C
and so, {¢c > 0} C {ve > 0}. On the other hand, the set {¢c > 0} is a ball of radius
R = exp(C/9), which again intersects the ball B” if we choose C' large enough. Thus, we
have that the double-phase boundary d{v. > 0} N d{v. < 0} is non-empty. Moreover, by
the same argument, there is a point zo € d{v. > 0} N d{v. < 0} such that |V |(zg) > 3.
Now for € small enough the optimality condition

1 1
2 14+ (14¢)?

implies that also |Vv_ |(x0) > 2. By the continuity of the normal derivative, there is a radius
ro > 0 such that the ball B, (z¢) contains only double-phase boundary

By (xg) N0{v: # 0} = Byy(xg) N O{v: > 0} N O{ve < 0}.

In particular, the set {v. = 0} has measure zero in B; and so the functions u! and u? are both
harmonic (and so, smooth) in B, (zg). Now since u! = u? on Q- we get that |Vul|(zg) =
|Vu2|(z0), while since ul = (14 ¢)u2 on QF we get that |Vul|(zg) = (1+¢)|Vu2|(xo), which
is impossible since by the choice of zy the gradient is non-zero in this point. Thus, the set
Q. has to be connected. U
Up to a subsequence, u. converges in H'(R?;R?) and locally uniformly in R? \ (B’ U B") to
a function ug, solution of the problem (AI8]) with ¢ = 0. The uniform convergence follows
by the fact that the family of functions is locally uniformly Lipschitz, while the fact that ug
is a minimizer follows by a standard argument, usually applied to blow-up sequences (see
for example [I1]).

The function ug has two equal components v := u(l) = u% that are solutions of the double-
phase problem

Vol P = [V |? = on O{v. >0} No{v. < 0},

min{/ Vo2 +{v#0} : ve HY(R?), v=Con B, v=—-C on B”}. (4.19)
R2

This claim is just a consequence of the fact that the components of ug are harmonic functions
on the same domain with the same boundary datum.

There is a point zg € d{v > 0} N d{v < 0} such that there are points of the one-phase
free boundary (9{v > 0} \ d{v < 0}) U (0{v < 0} \ 9{v > 0}) arbitrarily close to x¢, that
is xg is on the boundary of the one-phase free-boundary. The same argument as the one
that we used in the proof of (i) shows that the double-phase boundary is non-empty 9{v >
0} N9{v < 0} # 0. Moreover, at least one of the boundaries d{v > 0} \ 9{v < 0} and
0{v < 0} \ 9{v > 0} is non-empty (it is easy to show that the point of d{v # 0} at the
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largest possible distance from zero has to be a one-phase point since the density of the set
{v # 0} cannot exceed 1/2 in that point).

(vi) There are 9 > 0 and € > 0 such that u. has a point of density 7 in By, (x0). Suppose by
contradiction that this is not the case. Then, we can apply the epiperimetric inequality at
a uniform scale, that is there exist constants Cly > 0 and rg > 0 such that for every € > 0

te o — ezl Loo(py) < Cor™”  for every z € Byy(70), 0 <1 < 1o,

where ue 4 (y) = %ue(:n +ry) and ug 5 = 71}3}) Ue 2. As a consequence, we get

‘ea(x) - eE(y)‘ < C0’$ - y’a for every I,y € BT’O(‘TO)7

where e.(z) and e.(y) are the exterior normals to z and y. On the other hand, let x4 €
0{v > 0} \ 9{v < 0} be sufficiently close to zyg. We notice that for » > 0 sufficiently small
we have B, (x4) C By, (zo) and

w02y r — 10,2y |lLoo () < Cor”.

By the convergence of u. — ug we have
ggr(l] ||u€7m+7r - u07m+7rr||Loo(Bl) = 0'

Now choosing € > 0 small enough, there are free-boundary points 1 € 99, arbitrarily close

to x4, that is gl_% 7 = x,. Then also eg(xy) = lim. ¢ |e-(zF). In particular, all the free

boundaries 0€). are C1® graphs in the ball B,,(x¢) with uniform constants. Thus, also the
limit has to be a C1® graph, which is a contradiction with the fact that the density of the
set Qo = {|up| > 0} in z¢ is one.

4.7. Proof of Theorem [6. We are going to give the proof only for the case £} p, the other two
cases being analogous. We start by showing that Proposition holds in this case too. Indeed
notice that, if u is a minimizer of £}, in a ball B, (z) C €2, then

/ Vul? + qao) [{u > 0} N By (20)] < / Vo2 + q(zo) [{v > 0} N By(wo)| + C 12,
By (zo B

r(z0)

where we used that ¢ € C%® and C depends only on ¢. Rescaling everything by q(xg), we can
assume that ¢(zp) = 1, and so u is an almost minimizer for the functional Eop, that is for every
xo € Q and every 0 < r < dist(xg, 92) we have

/ (Vul|? + [{u > 0} N B,(20)] < / (Vo2 + |{v > 0} N B,(x0)| + Cr*Te. (4.20)
By (xg

Br(xzo

Next, using (&I]), which holds for any function, applied to u,, combined with the almost
monotonicity ([A20), we get

=9 22 (-,

Let us denote by ®(r) := W (u,,1) — §, then the previous inequality reads

2
0§¢/(T)_<1_€E

> r‘l@(r) +Cret

so that, multiplying both sides by r=7, with v = %, we get
—COrerl < (<I>(T) 7“_7), .
Choosing € small enough depending only on ¢, we can assume that « —y > 0, so that integrating
the previous inequality we conclude
O(s)+C s < o(t) + Ct*
s - t

for every 0<s<t<rg.
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Reasoning as in Proposition [£.2] this implies that there exists a universal constant v > 0 such
that for every compact set K € () there is a constant C' > 0 for which the following inequality
holds

WOP (u,r, xq) — g <Cr? <Wop(u, 1,z0) — g) 0<r<dist(K,00), Voo € 0{u >0} N K.
Applying this estimate together with (A7), and reasoning as in proposition [1.3] we immediately
conclude that for every compact set K &€ €2, there is a constant C' > 0 such that for every free

boundary point 2y € 9{u > 0} N K, the following decay holds
Ug,t — Uso sllL2(0B1) < Ct forall 0<s<t<dist(K,00). (4.21)

Reasoning as in the proofs of Theorems [ and [5l the conclusion easily follow.
O
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