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Recent advances in nanofabrication methods have made it possible to create complex two-
dimensional artificial structures, such as fractals, where electrons can be confined. The optoelec-
tronic and plasmonic properties of these exotic quantum electron systems are largely unexplored.
In this article, we calculate the optical conductivity of a two-dimensional electron gas in a Sier-
pinski carpet (SC). The SC is a paradigmatic fractal that can be fabricated in a planar solid-state
matrix by means of an iterative procedure. We show that the optical conductivity as a function of
frequency (i.e. the optical spectrum) converges, at finite temperature, as a function of the fractal
iteration. The calculated optical spectrum features sharp peaks at frequencies determined by the
smallest geometric details at a given fractal iteration. Each peak is due to excitations within sets
of electronic state-pairs, whose wave functions are characterized by quantum confinement in the SC
at specific length scales, related to the frequency of the peak.

I. INTRODUCTION

Recent advances in nanofabrication methods have
made it possible to create multi-scale two-dimensional
(2D) structures, which are geometrically defined down
to the nanometer scale, and yet feature excellent elec-
tronic quantum conduction properties on micrometer
length scales. For example, artificial lattices can be fab-
ricated to study many phenomena in a highly tunable
environment.1 More generally, nanolithography methods
can yield high-quality 2D semiconductor heterostructures
with a spatial resolution on the order of ten nanometers.2

Moreover, bottom-up nanofabrication methods such as
nanocrystal self-assembly have been used to make self-
similar structures.3,4 These multi-scale quantum systems
are naturally expected to host a wealth of unexplored
optoelectronic phenomena, originating from the interplay
between electronic states extending over the whole struc-
ture and states localized in the vicinity of the smallest
details of the geometry.

Self-similar geometric fractals are a well-known family
of multi-scale systems which can be obtained by simple
iterative procedures5 and are thus well suited to theo-
retical and experimental investigations. Mathematically,
the most striking characteristic of a fractal is that a non-
integer dimension, called the Hausdorff dimension, can
be defined in the limit of infinite iterations. From an
optoelectronic perspective, instead, the theory is chal-
lenging because these systems are extended and cannot
be easily treated as single emitters coupled to radiation,
yet they are not periodic, so that a classification of elec-
tronic states based on the Bloch theorem is not possi-
ble either. Some analytical solutions to the Schrödinger
equation for finitely ramified fractals have been found.6

Moreover, there has been substantial work on random
walks7, transport8,9 and weak antilocalization10 in frac-
tals. These papers generally focus on finding signatures
of fractality in measurable physical properties. For exam-
ple, quantum transport calculations unveiled a relation

between the Hausdorff dimension of a planar fractal and
its conductance fluctuations.11 Self-similar antennas have
been designed12, extending the concept of the well-known
log-periodic antennas, but, to the best of our knowledge,
no theoretical study has ever addressed the electromag-
netic properties of quantum electron systems in a fractal
structure.

In this article, we calculate the optical conductivity of
a two-dimensional quantum electron gas (2DEG) roam-
ing on a Sierpinski carpet (SC), which is a paradigmatic
planar fractal geometry easily generated by an iterative
procedure.

In the first section, we discuss the model and methods
used for our calculations. In the second section we show
that the optical conductivity as a function of frequency
(i.e. the optical spectrum) converges to a definite profile
as the fractal iteration increases, and we investigate the
converged optical spectrum for different model param-
eters, highlighting the unexpected appearance of sharp
peaks. Finally, we explain the origin of these peaks by
analyzing the contribution to the optical conductivity of
sets of specific electronic state-pairs in SCs of reduced
size, which are amenable to exact diagonalization.

II. MODEL HAMILTONIAN AND
CALCULATION METHOD

We model a 2DEG in a SC using a single-orbital tight-
binding Hamiltonian of the form

H = −t
∑
〈i,j〉

c†i cj , (1)

where 〈i, j〉 denote nearest-neighbor sites. As described
in Fig. 1, the SC is fully characterized by its starting
square S, fractal iteration I, lattice constant a, and hop-
ping parameter t. Its unit cell area is A = a2, its to-
tal width is W = S × 3I and its Hausdorff dimension
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FIG. 1. The first two fractal iteration of a Sierpinski carpet
on a lattice, starting with an S ×S initial square with lattice
constant a. At each iteration I > 0, the unit I−1 is replicated
N = 8 times to obtain a new structure (black) that is L = 3
times wider than the previous iteration (red).

is dH = logLN ≈ 1.89. The spectrum of the Hamil-
tonian is symmetric around the energy E = 0 and ex-
tends from E = −4t to E = 4t.11 In our calculations, we
fix the chemical potential µ in the middle of the spec-
trum, i.e. µ = 0, with the goal of respecting the intrinsic
particle-hole symmetry of the Hamiltonian.

To compute the optical spectrum of the Hamilto-
nian (1) on a SC, we use the tight-binding propagation
method (TBPM).13 The TBPM is very efficient for large
quantum systems without translational invariance, such
as fractals, because it performs calculations in real space
and does not require exact diagonalization.

We now briefly summarize the main steps of a TBPM
calculation. Using Kubo formula, the real part of the
optical conductivity matrix σα,β , where α, β are indices
in real space, reads:

Reσαβ(ω) = lim
ε→0+

e−~ω/kBT

~ωA

∫ ∞
0

e−ετ sinωτ

× 2Im〈ψ2(τ)|jα|ψ1(τ)〉βdτ . (2)

Here, we use the wave functions

|ψ1(τ)〉β =e−iHτ [1− f(H)]jβ |ψ(0)〉, (3)

|ψ2(τ)〉 =e−iHτf(H)|ψ(0)〉 , (4)

with the Fermi-Dirac distribution operator

f(H) =
1

eβ(H−µ) + 1
, (5)

(with µ = 0), and the current operator

jα = − ie
~
∑
i,j

t(rj − ri)αc
†
i cj . (6)

FIG. 2. Optical spectrum at S = 1 and increasing fractal
iteration I. (Graphs are progressively offset by 50σ0 for clar-
ity.) The three highest peaks for I = 5 are already very close
to the converged result for I = 7. The inset shows the relative
difference between the conductivities at subsequent iterations,
∆(I) =

∫
|σ(I)(ω) − σ(I−1)(ω)|dω /

∫
σ(I)(ω)dω. This quan-

tity decreases with I to ∆(I) . 5% for I ≥ 8. We expect
a residual nonzero difference partly due to the fact that the
limit of a perfect fractal has not been reached yet, and partly
because we are using a finite number of random states for the
TBPM calculations, resulting in some statistical fluctuations.

In this method, |ψ(0)〉 is an initial random state

|ψ(0)〉 =
∑
i

ai |i〉 , (7)

where ai are random complex numbers with
∑
i |ai|2 = 1.

The time evolution e−iHτ |ψ〉 is computed numerically
using Chebyshev polynomial decomposition. For a re-
liable result, we take the average over multiple initial
random states. Because of the symmetries of the system,
σ = σxx = σyy. We use units of σ0 = e2/(4~).

The density of states (DOS) ρ(E) can be calculated
with TBPM as well, using the formula13,14

ρ(E) =
1

2π

∫ ∞
−∞

eiEτ 〈ψ(0)|e−iHτ |ψ(0)〉dτ. (8)

III. CONVERGENCE AND PARAMETER
DEPENDENCE OF THE OPTICAL SPECTRUM

In Fig. 2 we show the optical spectrum at different
fractal iterations I. It is remarkable that, as the total
width W of the SC increases, the optical spectrum main-
tains its overall profile. Indeed, by comparing the results
at I = 7 and I = 8, we conclude that, for any practical
purpose, the optical spectrum has converged by iteration
I = 7.
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FIG. 3. Converged DOS (top) and optical spectrum (bot-
tom) for SCs with S = 1 (red), S = 2 (blue), and I = 7.

Focusing on I = 7, we present in Fig. 3 the optical
spectrum and the DOS for different sizes S of the initial
I = 0 square. Both quantities are markedly different for
S = 1 and S = 2. Interestingly, this shows that the
finest geometric structures of the SC play a substantial
role in its optical response, even in the limit of very large
carpets, when such structures are negligible in size. For
both investigated values of S, the optical spectrum is
characterized by sharp peaks at low frequencies ~ω . t.

In Fig. 4 we show the optical spectrum at different
fractal iterations I, keeping fixed the sample size W and
decreasing the size S of the I = 0 square consequently.
This algorithm to the generation of the SC, known as
top-down or “intrusion,” differs from the bottom-up or
“extrusion” algorithm described in Fig. 1, but the final
geometric object obtained in the limit I � 1 is the same.
This different approach represents more faithfully a phys-
ical fabrication process based on etching more and more
details into a solid-state sample.1 From Fig. 4 it is ap-
parent that increasing the detail in the sample leads to
higher-frequency peaks in the optical spectrum.

IV. ORIGIN OF THE PEAKS IN THE OPTICAL
SPECTRUM

While the TBPM method allows us to calculate the
optical spectrum and the DOS of SCs up to fractal itera-
tion I = 8, smaller systems up to I = 5 are amenable to
exact diagonalization. Although the optical spectrum is
not converged for I = 5, it already features well-defined
low-frequency sharp peaks (at ~ω ' 0.023t, 0.071t, and
0.22t) that do not shift appreciably as I is increased fur-
ther. For this reason, we reckon that exact diagonal-
ization of the SC at fractal iteration I = 5 can give us
reliable information on the origin of the spectral peaks.

We first show that the spectral peaks cannot be under-

FIG. 4. Optical spectrum for fixed SC width W = 2187 and
different fractal iteration I. (Graphs are progressively offset
by 70σ0 for clarity. ) To keep the width W fixed, the size S
of the I = 0 square decreases as I increases. Finer geometric
structure generated at higher I generally introduces higher
frequency peaks.

stood as van-Hove-like singularities, i.e. an enhancement
of the optical response at those frequencies matching a
very large set of electronic transitions. To do so, we cal-
culate the joint density of states (JDOS), which is given
by:

χJDOS(ω) =
1

~
∑
nm

Pm − Pn
~ω + Em − En + iη

, (9)

where, at zero temperature, Pn = 1 for states below the
Fermi level and Pn = 0 otherwise. Using the JDOS, we
can calculate an effective conductivity-like function

ReσJDOS(ω) = − 1

ω
ImχJDOS(ω) , (10)

which quantifies the density of available electronic tran-
sitions with energy ~ω between state-pairs.

We compare the optical spectrum and the
conductivity-like JDOS extracted from Eq. (10) in
Fig. 5 in the specific case S = 1 and I = 5. We clearly
see that there is no substantial correlation between these
two functions. The contributions of excitations between
the two peaks in the DOS at E = −0.11t and E = 0.11t
(see Fig. 3) could be expected to account for the optical
conductivity peak at ~ω = 0.22t, but these contributions
are washed out by those of state-pairs in which one state
is around E = 0.

We now show that the spectral peaks are also not
due to few, particularly effective, electronic transitions
between single state-pairs. To this end, we write the
current-current response function15 in the form

χjαjβ (ω) =
∑
nm

Qmn(ω) , (11)
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FIG. 5. Comparison of the optical spectrum (green) and the
conductivity-like JDOS defined in Eq. 10 (blue) for S = 1 and
I = 5.

where

Qmn(ω) =
1

~A
Pm − Pn

~ω + Em − En + iη
(jα)mn(jβ)nm (12)

and (jα)mn are the matrix elements of the current oper-
ator

(jα)mn = 〈ψm|jα|ψn〉 . (13)

Here, |ψm〉 are the eigenstates of the Hamiltonian (1).
For each matrix element, (jα)mn, we calculate the quan-
tity |(Pm−Pn)(jx)2mn|, which is a measure of the strength
of an electronic transition, independent of the frequency
of the field which drives the transition itself. Fig. 6 shows
the distribution of the magnitude of this quantity. If the
peaks in the optical spectrum were due to a few electronic
transitions, the distribution should have a few large val-
ues with a small number of occurrences – which is clearly
not the case.

Summarizing the analysis above, we have ruled out
that sharp peaks in the optical spectrum arise from dense,
energy-localized sets of transitions, or from sparse, iso-
lated transitions between state-pairs. We are then left
with the option that the origin of the spectral peaks are
transitions between large and non-trivial sets of state-
pairs, uncorrelated with the JDOS. In the following, we
characterize these sets, by directly looking at the prob-
ability density of the wave functions on the SC. For ex-
ample, the large peak in Reσ(ω) at ~ω = 0.071t in Fig. 5
for a SC with S = 1 and I = 5 is due to a collection
of hundreds of state-pairs, two of which are shown in
Fig. 7. These state-pairs have all nearly the same contri-
bution to that peak in the optical spectrum and display
very similar “heart-shaped” spatial features on the scale
of the geometric details introduced by the third (I = 3)
fractal iteration. Similarly, in Fig. 8 we display the state-
pairs contributing most to the peak at ~ω = 0.22t in a

FIG. 6. Number of occurrences of the quantity |(Pm −
Pn)(jx)2mn|, using logarithmically distributed bins, calculated
from the electronic spectrum in a SC with S = 1 and I = 5.

FIG. 7. Two sets of top-contributing state-pairs for the peak
at ~ω = 0.071t, in a SC with S = 1 and I = 5.

SC with S = 1 and I = 5, which display similar heart-
shaped profiles, but with length scales that are L = 3
times shorter, on the order of the second (I = 2) frac-
tal iteration. All these wave functions show very similar
profiles, corresponding to confinement at a specific fractal
iteration, with higher peak frequencies being related to
shorter length scales within the SC. This behavior agrees
with the results shown in Fig. 4, i.e. “etching” an ex-
tra iteration into the sample generally introduces higher
frequency optical peaks.

To make a more quantitative connection between the
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FIG. 8. Two sets of top-contributing state-pairs for the peak
at ~ω = 0.220t, in a SC with S = 1 and I = 5.

peak frequencies in the optical spectrum and the charac-
teristic “confinement lengths” appearing in the electronic
wave functions, we calculate the sum of probability den-
sities, weighted by their contribution to the optical con-
ductivity, as a function of ω:

S(r, ω) = −
∑
mn

1

ω
Im [Qmn(ω)] |〈r|ψn〉|2 . (14)

The sum is restricted to states m and n such that their
energy difference falls within the window ~(ω − δω) <
|Em − En| < ~(ω + δω), with ~δω = 0.01t. Due to
particle-hole symmetry, the result is the same for tak-
ing the probability distributions |〈r|ψn〉|2 over the index
m.

Fig. 9 shows the spatial profile of the quantity S(r, ω)
in a SC, for three values of ω corresponding to peaks
in the optical spectrum. The plots demonstrate a clear
distinction in the characteristic length scale of the prob-
ability density for different frequencies.

The substantial numerical effort needed to exactly di-
agonalize the Hamiltonian (1) on a SC hinders a more
precise characterization of the state-pairs sets. We note
that the heart-shaped features of the probability den-
sity are distorted at ~ω = 0.023t, where the confinement
length scale is on the order of the geometric details intro-
duced by the fourth (I = 4) fractal iteration. This is an
artefact of the final size of the SC that we can diagonalize
exactly, and we reckon that at the sixth (I = 6) fractal
iteration the heart-shaped features would fit the SC ge-

FIG. 9. Cumulative probability distributions S(r, ω) of
state-pairs contributing to the peaks at (a) ~ω = 0.023t; (b)
~ω = 0.071t; and (c) ~ω = 0.22t, in a SC with S = 1 and
I = 5.

ometry. Moreover, for S = 2 a similarly thorough analy-
sis is too expensive numerically to cover in this work. At
I = 4, there is already some connection between length
scale and optical peak frequency, and there appears to
be some extra splitting, causing two peaks per length
scale. However, the optical conductivity is not yet close
enough to its converged result to make any conclusive
statements.

V. SUMMARY

In this work we have calculated the optical spectrum
of a quantum electron gas roaming in a Sierpinski carpet.
We have shown that the optical spectrum converges to a
definite profile as the fractal iteration increases. The op-
tical spectrum displays sharp peaks, which blue-shift as
finer geometric structures are produced at higher fractal
iterations. We have pinned down the origin of these peaks
to electronic transitions between set of specific state-pairs
whose wave functions experience quantum confinement in
the Sierpinski carpet at specific length scales.
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