A PLANAR BI-LIPSCHITZ EXTENSION THEOREM

SARA DANERI AND ALDO PRATELLI

ABSTRACT. We prove that, given a planar bi-Lipschitz map u defined on the boundary of the
unit square, it is possible to extend it to a function v of the whole square, in such a way that
v is still bi-Lipschitz. In particular, denoting by L and L the bi-Lipschitz constants of u and
v, with our construction one has L <CrL* (C being an explicit geometric constant). The same
result was proved in 1980 by Tukia (see [3]), using a completely different argument, but without
any estimate on the constant L. In particular, the function v can be taken either smooth or

(countably) piecewise affine.

1. INTRODUCTION

Given a set C' C R" and a function u: C' — R", we say that u is bi-Lipschitz with constant
L (or, shortly, L bi-Lipschitz) if, for any = # y € C, one has

Ty~ al < July) — u(w)| < Ly — . (11)

Consider the following very natural question. If w: C' — R" is bi-Lipschitz, is it true that there
exists an extension v: R™ — R™ which is still bi-Lipschitz? Notice that, roughly speaking, we
are asking whether the classical Kirszbraun Theorem holds replacing the Lipschitz condition
with the bi-Lipschitz one. It is easy to observe that the answer to our question is, in general,
negative. Indeed, let C' be the unit sphere plus its center O and let v be a function sending the
sphere in itself via the identity, and O into some point out of the sphere. Then, it is clear that
no continuous extension of u to the whole unit ball can be one-to-one. In fact, the real obstacle
in this example is of topological nature. Therefore, one is led to concentrate on the case in which
C' is the boundary of a simply connected set. In particular, we will focus on the case in which
the dimension is n = 2, and C' = 9D is the boundary of the unit square D = (—1/2,1/2)%. In
this case, to the best of our knowledge, the following first positive result was found in 1980 ([3]).
Here, and in the following, by saying that a bi-Lipschitz map v: D — R? is an extension of

u: 0D — R?, we mean that the unique continuous extension of v to D coincides with w.

Theorem 1.1 (Tukia). Let u: D — R? be an L bi-Lipschitz map. Then there exists an L bi-
Lipschitz extension v: D — R2, L depending only on L. In particular, v can be taken countably

piecewise affine (that is, D is a locally finite union of triangles on which v is affine).

Unfortunately, in the above result there is no explicit dependence of Lon L, due to the fact
that the existence of such L is obtained by compactness arguments. On the other hand, it is
clear that in many situations one may need to have an explicit upper bound for L. In particular,
it would be interesting to understand whether the theorem may be true with L = CL for some

geometric constant C—simple examples show that this is not possible with C' < 1. In this
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paper we prove that it is possible to bound L with CL*. More precisely, our main result is the

following.

Theorem A (bi-Lipschitz extension, piecewise affine case). Let u: D — R? be an L bi-Lipschitz
and piecewise affine map. Then there exists a piecewise affine extension v: D — R? which is
CL* bi-Lipschitz, C being a purely geometric constant. Moreover, there exists also a smooth
extension v: D — R? which is C'L*/3 bi-Lipschitz.

We can also extend the result of Theorem A to general maps u. Notice that, if u is not
piecewise affine on 9D, then of course it is not possible to find an extension v which is (finitely)

piecewise affine.

Theorem B (bi-Lipschitz extension, general case). Let u: D — R? be an L bi-Lipschitz map.
Then there exists an extension v: D — R? which is C"L* bi-Lipschitz, C" being a purely geo-
metric constant.

Also in the general case, one may want the extending function v to be either smooth or
countably piecewise affine: we deal with this issue at the end of the paper, in Corollary 3.3 and
Remark 3.4. In particular, the constants C,C’ and C” of Theorems A and B can be bounded

as follows:
C = 460000, ' =5007/3 C" = 256C .

Our proof of Theorem A is constructive and for this reason it is quite intricate. However,
the overall idea is simple and we try to keep it as clear as possible.

The plan of the paper is the following. In Subsection 1.1 we briefly describe the construction
that we will use to show Theorem A, and in Subsection 1.2 we fix some notation. Then, in
Section 2 we give the proof of Theorem A. This section contains almost the whole paper, and it is
subdivided into several subsections, which correspond to the different steps of the proof. Finally,
in Section 3 we show Theorem B, which follows from Theorem A thanks to an approximation

argument.

1.1. An overview of the proof of Theorem A. Let us briefly explain how the proof of
Theorem A works. Given a bi-Lipschitz function u: 0D — R?, its image is the boundary A of
a bounded Lipschitz domain A C R? (since u is piecewise affine, in particular A is a polygon).

Then, the extension must be a bi-Lipschitz function v: D — A.

First of all (Step I) we determine a “central ball” BB, which is a suitable ball contained in A
and whose boundary touches the boundary of A in some points A, Ao, ..., Ay, with N > 2.
The image through v of the central part of the square D will eventually be contained inside this
central ball.

For any two consecutive points A;, A;+1 among those just described, we consider the part
of A which is “beyond” the segment A;A;;1 (by construction, the interior of this segment lies
inside A). We call these regions “primary sectors”, and we give the formal definition and study

their main properties in Step II. It is to be observed that the set A is the essentially disjoint
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union of these primary sectors and of the “internal polygon” having the points A; as vertices
(see Figure 2 for an example).

We start then by considering a given sector, with the aim of defining an extension of u which
is bi-Lipschitz between a suitable subset of the square D and this sector. In order to do so, we
first give a method (Step III) to partition a sector into triangles. Then, using this partition, for
any vertex P of the boundary of the sector we define a suitable piecewise affine path v, which
starts from P and ends on a point P’ on the segment A;A; 1 (Step IV). We also need a bound
on the lengths of these paths, found in Step V.

Then we can define our extension. Basically, the idea is the following. Take any point
P € 9D such that P := u(P) is a vertex of JA inside our given sector. Denoting by O the
center of the square D, we send the first part of the segment PO of the square (say, a suitable
segment PP’ C PO) onto the path 7 found in Step IV, while the last part P’O of PO is sent
onto the segment connecting P’ with a special point O of the central ball B (in most cases O
will be the center of g) Unfortunately, this method does not work if we simply send PP’ onto
~ at constant speed; instead, we have to carefully define speed functions for all the different
vertices P of the sector, and the speed function of any point will affect the speed functions of
the other points. This will be done in Step VI.

At this stage, we have already defined the extension v of u on many segments of the square,
thus it is easy to extend v so as to cover the whole primary sectors. To define formally this map,
and in particular to deal with the C'L* bi-Lipschitz property, is the content of Step VII. Finally,
in Step VIII, we put together all the maps for the different primary sectors and fill also the
“internal polygon”, finally checking the bi-Lipschitz property. The whole construction is done
in such a way that the resulting extending map v is piecewise affine. Hence, to conclude the
proof of Theorem A, we will only have (Step IX) to show the existence of a smooth extension wv.
This will be obtained from the piecewise affine map thanks to a recent result by Mora-Corral

and the second author in [2], see Theorem 2.32.

1.2. Notation. In this short section, we briefly fix some notation that will be used throughout
the paper, and in particular in the proof of Theorem A, Section 2. We list here only the notation
which is common to all the different steps.

We call D = (—1/2,1/2)? the open unit square in R?, and O = (0, 0) its center. The function
u is a bi-Lipschitz function from D to R?, and L is a bi-Lipschitz constant, according to (1.1).
The image u(9D) is a Jordan curve in the plane, therefore it is the boundary of a bounded
open set, which we call A. Notice that an extension v as required by Theorems A and B must
necessarily be such that v(D) = A.

Given a set A C R2, we denote its closure by A. The points of D will be always denoted
by capital letters, such as A, B, P, @Q and so on. On the other hand, points of A will be always
denoted by bold capital letters, such as A, B, P, Q and similar. To shorten the notation and
help the reader, whenever we use the same letter for a point in 9D and (in bold) for a point
in A, say P € 9D and P € 0A, this always means that u(P) = P. Similarly, whenever the
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same letter refers to a point P in D and (in bold) to a point P in A, this always means that
the extension v that we are constructing is done in such a way that v(P) = P.

For any two points P, Q € D, we call PQ and ¢(PQ) the closed segment connecting P and
Q and its length. In the same way, for any P, Q € A, by PQ and by €(PQ) we will denote
the closed segment joining P and @ and its length. Since A is not, in general, a convex set, we
will use the notation PQ only if the segment PQ is contained in A.

For any P, Q € 0D, we call ]/5@ the shortest closed path in 9D connecting P and @, and by
E(/P@) € [0,2] its length. Notice that j:’b is well-defined unless P and () are opposite points of
O0D. In that case, the length ¢ (]/3-6\2) is still well-defined, being 2, while the notation ]/3?2 may refer
to any of the two minimizing paths (and we write /P@ only after having specified which one).
Accordingly, given two points P and Q on A, we write 176) to denote the path u(ﬁb), which
is not necessarily the shortest path between P and @ in dA. Observe that, if u is piecewise
affine on 0D, then 13?2 is a piecewise affine path for any P and @ in 0A.

Given a point P € R? and some p > 0, we will call B(P,p) the open ball centered at P
with radius p. Given three noncollinear points P, () and R, we will call P@R € (0,7) the
corresponding angle. Sometimes, for the ease of presentation, we will write the value of angles
in degrees, with the usual convention that = = 180°.

Throughout our construction, we will extensively use the following concepts. The central
ball B is introduced in Step I, while the sectors and the primary sectors are introduced in Step II.
Moreover, in Step III a partition of a sector into triangles is defined, where the triangles are
suitably partially ordered and each triangle has its ezit side.

To be formally consistent, when not otherwise specified, we will always consider the 1-
dimensional objects (such as “paths”, “good paths”, “sides”...) as closed, and the 2-dimensional
objects (such as “balls”, “sectors”, “triangles”...) as open. As a consequence, whenever a set
will be “partitioned” into triangles, this will mean that it essentially coincides with the disjoint
union of the triangles. However, since all the maps that we will build will be continuous up to

the boundaries, there will actually never be any possibility of confusion about the constructions.

2. PROOF OF THEOREM A

In this section, which is the most extensive and important part of the paper, we show
Theorem A. The proof is divided in several subsections, to distinguish the different main steps

of the construction.

2.1. Step I: Choice of a suitable “central ball” B.

Our first step consists in determining a suitable ball, which will be called “central ball”,
whose interior is contained in A and whose boundary touches the boundary 0A. Before starting,
let us briefly explain why we do so. Consider a very simple situation, i.e., when A is convex.
In this case, the easiest way to build an extension u as required by Theorem A is first to select
a point O = v(0) € A having distance of order at least 1/L from 0A, and then to define the

obvious piecewise affine extension of u, that is, for any two consecutive vertices P, Q € 9D
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we send the (open) triangle OPQ onto the (open) triangle OPQ in the affine way. This very
coarse idea does not suit the general case, because in general A can be very complicated and,
a priori, there is no reason why the triangle OPQ should be contained in A. Nevertheless,
our construction will be somehow reminiscent of this idea. In fact, we will select a suitable
point O = u(0) € A in such “central ball” and we will build the image of a triangle like OPQ
as a “triangular shape”, suitably defining the “sides” OP and OQ which will be, in general,
piecewise affine curves instead of straight lines. Thanks to the fact that the “central ball” is a
sufficiently big convex subset of A, in a neighborhood of O of order at least 1/L the construction

will be eventually carried out as in the convex case (in Step VIII).

The goal of this step is only to determine a suitable “central ball” B. The actual point O
will be chosen only in Step VIII, and it will be in the interior of this ball—in fact, in most cases
O will be the center of B.

Lemma 2.1. There exists an open ball B C A such that the intersection OB N OA consists of
N > 2 points Ay, Ao, ..., An, taken in the anti-clockwise order on the circle 83, and with the
property that 0D is the union of the paths A;A;+1, with the usual convention N +1 = 1.

Remark 2.2. Before giving the proof of our lemma, some remarks are in order. First of all,
since the ball B is contained in A, one has OA N B=10. Asa consequence, the path OA meets
all the points A; in the same order as aE, hence also the points A; € OD are in the anti-
clockwise order (we assume without loss of generality that u is orientation preserving). Hence,
the statement is equivalent to saying that for each i, among the two injective paths connecting
A; and A;11 on OD, the anti-clockwise one is shorter than the other.

In addition, notice that from the lemma one has two possibilities. If N = 2, then necessarily
(A1 As) =2, so that the two paths m and Zg-A\l have the same length. On the other hand, if
N > 3, then it is immediate to observe that there must be two points A; and A;, not necessarily
consecutive, such that E(@) > 4/3. By the bi-Lipschitz property of u, this ensures that the
radius ofg is at least %, since the circle OB contains two points having distance at least %.

Finally notice that, given a ball B contained in A and such that OA N OB contains at least
two points, there is a simple method to check whether B=28 satisfies all the requirements of
Lemma 2.1. Indeed, this is easily seen to be true unless there is an arc of length 2 in 0D whose

image does not contain any point of 0A N OB.
Proof of Lemma 2.1. First of all, we define the symmetric set
S={(A,B) € 0Ax0A: A+ Band Jaball BC Ast. {4, B} COBNIA}.

This set is nonempty, since for instance the biggest ball contained inside A contains at least two

points of JA in its boundary. Since for any § > 0 the set
{(A,B) e S: ((AB) > 5}
is compact, we can select a pair (A, B) maximizing E(@) We then distinguish two cases. If

K(ZE) = 2, then by Remark 2.2 any ball B C A such that {A, B} C B N 0A satisfies our

claim.
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Suppose then that ¢ (ZE) < 2. Since by definition there are balls B C A such that {A, B} C
0B N oA, we let B be one of such balls maximizing the radius. We will conclude the thesis by

checking that B satisfies all the requirements. In particular, we will make use of the following

Claim. There is a point P € 0B NOA \ AB.

Let us first observe that the thesis readily follows from this claim; then we will show its
validity. In fact, let P be a point in OB N oA \ AB , and consider the three points A, B and
P in 0D and the corresponding paths ZE, AP and BP. Since P o4 AB by construction, by
the maximality of E(A—E) we conclude that AP does not contain B, and similarly BP does not
contain A. Thus, 9D is the (essentially disjoint) union of the three paths @, AP and BP. But
then, if we take any path of length 2 in 9D, this intersects at least one between A, B and P.
Thanks to the last observation of Remark 2.2, this shows the thesis.

FIGURE 1. Geometric situation for the Claim in the proof of Lemma 2.1.

Let us now prove the claim. Call, as in Figure 1, A’ and B’ two points of A sufficiently
close to A and B respectively, so that A'B’ D AB (here we use the fact that (AB) < 2).
Let now I' be the open path connecting A and B obtained as the union of the two radii of B
passing through A and B; moreover, let I be another open path connecting A and B inside E,
close to I but contained out of the closed subset of A, coloured in the figure, having ABUT
as boundary. For any Q € T, consider a point R € A minimizing /(QR). By construction, R
cannot belong to the open path @; moreover, if we assume that the claim is false, and if r
has been chosen sufficiently close to I', then by continuity R must belong either to @ or to
BB Of course, if Q € [ is close to A (resp. B), then so is R. Therefore, by continuity, there
exists some @ € I for which there are two points R4 and Rp minimizing the length /(QR)
within 0A, with R4 € AA and Rp € BB’. Let then B be the ball centered in Q and with
radius £/(QR ). By definition, this ball is contained inside A, thus (R4, Rp) € S. Moreover,
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since both R4 and Rp belong to Z’-B\', one has R/A?B D A‘B; hence Z(m) > E(@) This
gives a contradiction with the maximality of K(@), unless R4 = A and Rg = B. But also in
this case we have a contradiction, because B’ is a ball contained in A, having A and B in its
boundary, and with radius strictly bigger than that of B. This shows the validity of the Claim,
thus concluding the proof. O

2.2. Step II: Definition and first properties of the “sectors” and of the “primary

sectors”.

In this step, we will give the definition of “sectors” of A, we will study their main properties,
and we will call some of them “primary sectors”.

We first need to fix some further notation. Recall that w is a finitely piecewise affine
map from 9D onto JA, hence 0D is an essentially disjoint union of segments on each of those
u is affine. We will then call vertex on 9D each extreme point of any of these segments.
Therefore, the four corners of 9D are of course vertices, but there are usually many more
vertices. Correspondingly, we call vertex on 0A the image of each vertex on dD. Thus, all the
points of A which are “vertices” in the usual sense of the polygon (i.e., corners), are clearly
also vertices in our notation. However, there may be also other vertices which are not corners,
hence which are in the interior of some segment contained in A. We will also call side in 0D
or in JA any closed segment connecting two consecutive vertices on 9D or on 0A. Hence, some
of the segments which are sides of A in the sense of polygons are in fact sides according to
our notation, but there might be also some segments contained in A which are not sides, but
finite unions of sides. Finally, notice that it is admissible to add (finitely many!) new vertices to
0D—and then correspondingly to JA—or vice versa. This means that we will possibly decide to
consider some particular side as a union of two or more sides, thus increasing the total number

of vertices: this is possible since of course u is affine on each of those “new sides”.

Remark 2.3. As an immediate application of this possibility of adding a finite set of new
vertices, we will assume without loss of generality that for any two consecutive vertices P and
Q in D, one always has P/O\Q < 1/(60L). Moreover, we will also assume that the points
Aq, Ao, ..., AN of Step I are all vertices of OA.

Definition 2.4. Let A and B be two vertices in QA such that the open segment AB is entirely
contained in A. Let moreover AB be, as usual, the image under u of the shortest path connecting
A and B on D (or of a given one of the two injective paths, if A and B are opposite). We will
call sector between A and B, and denote it as S(AB), the open subset of A enclosed by the
Jordan curve ABU AB.

Remark 2.5. It is useful to notice what follows. Given four vertices A, B, C, D € 0A such
that C, D € 1@, we have CD - @, unless possibly if A and B are opposite points of 0D
and {A, B} = {C, D}. Moreover, if both the open segments AB and CD lie inside A, then one
has

S(CD)C S(AB).
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We observe now a very simple property, which will play a crucial role in our future con-
struction, namely that the length of a shortest path in D can be bounded by the length of the
corresponding segment in A.

Lemma 2.6. Let P, Q be two points in OA such that the segment PQ is contained in A. Then
one has

((PQ) < 2LU(PQ). (2.1)

Proof. The inequality simply comes from the Lipschitz property of u, and from the fact that D
is a square. Indeed,
((PQ) < 24(PQ) < 2LU(PQ).
O

Remark 2.7. We observe that, of course, the estimate (2.1) holds true because l/Da s the
shortest path between P and Q in 0D (however, this does not necessarily imply that 1/3?2 is the
shortest path between P and Q in OA). The validity of the estimate (2.1) is the reason why
we had to perform the construction of Step I so as to find points A; on OA such that each path
m does not pass through the other points A;.

We can now define the “primary sectors”, which are the sectors between the consecutive

points A; given by Lemma 2.1.

Definition 2.8. We call each of the sectors S(A;A;y1) primary sector, the A;’s being the points
obtained by Lemma 2.1.

FIGURE 2. A set A with four (coloured) primary sectors.

Notice that the above definition makes sense, because the points A; are all on the boundary

of B and B does not intersect OA, and thus the open segments A;A; 1 are entirely contained
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in A. Moreover, by the claim of Lemma 2.1 it follows that the sectors S(A;A;+1) are pairwise
disjoint. The set A is thus the essentially disjoint union of the sectors S(A;A;+1) and of the
polygon whose vertices are Ay, As, ... Apn, as Figure 2 illustrates.

2.3. Step III: Partition of a sector into triangles.

In view of the preceding steps, we aim to extend the function u in order to cover a whole
given sector. This extension of the function w, which is the main part of the proof, will be
quite delicate and long, being the scope of the Steps II[-VII. Later on, in Step VIII, we will use
this result to cover all the primary sectors and we also will have to take care of the remaining
polygon. In this step, we describe a method to partition a given sector into triangles. Let us

then start with a technical definition.

Definition 2.9. Let S(AB) be a sector, and let P, Q and R be three points in AB such that
the triangle PQR is not degenerate and is contained in A. We say that PQR is an admissible
triangle if each of its sides has interior entirely contained either in A, or in A. If PQR is an
admissible triangle, we say that PR is its exit side ifﬁ% = 1/3?2 U @7%

FIGURE 3. Some (admissible or not) triangles in a sector.

Figure 3 shows a sector S(AB), drawn in black, with five numbered triangles, having dotted
sides. Triangles 1 and 3 are not admissible because they contain an open side which is neither
all contained in JA, nor all in A, in particular triangle 1 has an open side which is half in A
and half in A, while triangle 3 has an open side which is entirely contained in A except for a
point. On the other hand, triangles 2, 4 and 5 are admissible, and an arrow indicates the exit

side for each of them.
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Remark 2.10. It is important to observe that each admissible triangle has exactly one exit side.
As the figure shows, an admissible triangle can have all the three sides inside A, as triangle 2,
or two, as triangle 5, or just one, as triangle 4. In any case, the exit side is always in A.

It is also useful to understand the reason for the choice of the name. Consider a point
T e 1/372, with PR being the exit side of the admissible triangle PQR, and consider the segment
TO which connects T = u~1(T) to the center O of the square D. If v: D — A is an extension
as required by Theorem A, then the image of the open segment TO under v must be an open
path inside A which connects T to O. If O does not belong to the sector S(PQ), then this path
must clearly leave the triangle PQR through the exit side PR.

We can now state and prove the main result of this step.

Lemma 2.11. Let S(AB) be a sector. Up to possibly adding new vertices in the sense of
Remark 2.3, there exists a partition of S(AB) into a finite number of admissible triangles such
that:

a) the vertices in AB are the vertices of the triangles of the partition,

b) for each triangle PQR of the partition, denoting by PR its exit side, the orthogonal
projection of Q on the straight line through PR lies in the segment PR (equivalently,
the angles PﬁQ and RIADQ are at most w/2).

In the above claim, by “partition of the sector into triangles” we mean that the sector
is essentially the disjoint union of the triangles, and every two different triangles have either
disjoint closures, or a common side, or a common vertex.

To show this result, it will be convenient to associate to any possible sector a number, which

we will call “weight”.

Definition 2.12. Let S(AB) be a sector, and for any point P € AB different from A and
B let us call P the orthogonal projection of P onto the straight line through AB. We will
say that AB sees P if P, belongs to the segment AB and the interior of the segment PP |
is entirely contained either in A or in OA. Let now w be the number of sides of the path AB.
We will say that the weight of the sector S(AB) is w if AB sees at least a vertex P in AB.
Otherwise, we will say that weight of S(AB) is w + 3.

In other words, the weight of any sector is an integer or a half-integer corresponding to the

3

number of sides of the sector, augmented of a “penalty” 1/2 in case the segment AB does not
see any vertex of AB. For instance, Figure 4 shows some simple sectors and the corresponding
weights. Notice that the last sector has a non-integer weight because AB does not see the
vertex V, since the segment V'V | does not entirely lie inside A. We now show a simple

technical lemma, and then pass to the proof of Lemma 2.11.

Lemma 2.13. If the sector S(AB) has a non-integer weight, then there evists a side AT B~
in AB such that AB sees only points of the side ATB™.

Proof. First, notice that the property that we are going to show appears evident from the last

three examples of Figure 4.
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A A A A
< z "
B B B B
w=2.5

FIGURE 4. Some simple sectors and their weights.

Let us now pass to the proof. For any point D in the open segment A B, there exists exactly
one point C' € AB such that AB sces C and C 1 = D. This point is simply obtained by taking
the half-line orthogonal to AB, starting from D and going inside the sector: C' is the first point
of this half-line which belongs to JA, and in particular it belongs to AB by construction.

The proof is then concluded once we show that, if the sector has non-integer weight, then
all such points C' are on a same side of AB. Indeed, by definition of side, if it were not so there
would clearly be some such C which is a vertex, contradicting the assumption about the weight
of the sector.

g

Proof of Lemma 2.11. We will show the result by induction on the (half-integer) weight of the
sector.

If S(AB) has weight 2, which is the least possible weight, then the two sides of the sector
must be AC and CB for a vertex C. Moreover, AB sees C, because otherwise the weight
would be 2.5. Hence, the sector coincides with the triangle ABC', which is a (trivial) partition
as required.

Let us now consider a sector of weight w > 2, and assume by induction that we already know
the validity of our claim for all the sectors of weight less than w. In the proof, we distinguish

three cases.

Case 1. w € N.

In this case, there are by definition some vertices which are seen by AB. Among these
vertices, let us call C one of those which are closest to the segment AB. Let us momentarily
assume that neither AC nor BC is entirely contained in A. Then, by the minimality property
of C, the open segments AC and BC lie entirely in A, as depicted in Figure 5 (left). Hence, one
can consider the sectors S(AC) and S(BC), as ensured by Remark 2.5. Moreover, the weights
of both S(AC) and S(BC) are of course strictly less than w, so by inductive assumption we
know that it is possible to find a suitable partition into triangles for both the sectors S(AC)
and S(BC). Finally, since by construction the sectors S(AC) and S(BC) are disjoint, and
the union of them with the triangle ABC is the whole sector S(AB), putting together the two
decompositions and the triangle ABC we get the desired partition of S(AB).
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Let us now consider the possibility that AC C A (if, instead, BC C JA, then the
completely symmetric argument clearly works). If it is so, we can anyway repeat almost exactly
the same argument as before. In fact, the open segment BC' is entirely contained in A, again
by the minimality property of C' and by the fact that w > 2. Moreover, the sector S(BC') has
weight strictly less than w, so by induction we can find a good partition of S(BC), and adding
the triangle ABC' we get the desired partition of S(AB).

FI1GURE 5. The three possible cases in Lemma 2.11.

We pass now to the case when w ¢ N, and call AT B~ the side given by Lemma 2.13, with
A, AT, B~ B in anticlockwise order.

Case 2. wg N, AT +£ A, B~ # B.

In this case, we can use the same idea of Case 1 with a slight modification. In fact, define
C € ATB™ as the point such that C is the middle point of the segment AB (this point is
well-defined as shown in the proof of Lemma 2.13). Again, by definition and by Lemma 2.13 we
have that the open segments AC and BC are in A, see Figure 5 (center).

Let us then decide that the point C' is a new vertex of 0A. This means that from now on
we consider the point C as a vertex, and consequently we stop considering ATB™ as a side
of A, instead, we think of it as the union of the two sides ATC and CB~. However, notice
carefully that this choice modifies the weight of S(AB)! In fact, the number of sides of S(AB)
is increased by 1, and since AB sees C' by construction, the new weight of S(AB) is w —i—% eN.

We can now argue as in Case 1. In fact, again the sector S(AB) is the union of the triangle
ABC with the two sectors S(AC) and S(BC), so it is enough to put together the triangle
ABC and the two partitions given by the inductive assumption applied on the sectors S(AC)
and S(BC'). To do so, we have of course to be sure that the weight of both sectors is strictly less
than the original weight of S(AB), that is, w (and not w + %') This is clear by the assumption
that AT # A and B~ # B, since then the side ATB™ is neither the first nor the last of the
path ;&‘B, and thus the weights of both sectors are at most w — 1.
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Case 3. w ¢ N and AT = A or B~ = B.

By symmetry, let us assume that AT = A. In this case, we cannot argue exactly as in

Case 2, because if we did so the sector S(BC') might have weight either w or w — %, and in the
first case we could not use the inductive hypothesis.

Anyway, it is enough to make a slight modification to the argument of Case 2. Define C,
as in Figure 5 (right), the point of AB~ such that BC is orthogonal to AB~, so that clearly
the open segment BC lies inside A. Let us now decide, exactly as in Case 2, that the point C
is from now on a vertex, thus changing the weight of S(AB) from w to w + %

By construction, the segment AB sees the point C, and the sector S(AB) is the union
of the sector S(BC') and of the triangle ABC. Hence, we conclude exactly as in the other
cases if we can use the inductive assumption on the sector S(BC). Notice that the number of
sides of S(BC) equals exactly the original number of sides of S(AB), that is, w — 3. Hence, in
principle, the weight of S(BC') could be either w — % or w, as observed before. But in fact, by
our definition of C, we have that the segment BC sees the vertex B™, so that the actual weight

of S(BC) isw— %, hence strictly less than w, and then we can use the inductive assumption. [

To give some examples, let us briefly consider the three cases drawn in Figure 5. In the left
case, the weight of S(AB) was w = 8, and the weights of the sectors S(AC) and S(BC) are
both 4. In the central case, the weight of S(AB) was w = 5.5, then it becomes 6 because we
add the new vertex C, and the weights of the sectors S(AC') and S(BC) are respectively 3 and
3.5. Finally, in the right case, the weight of S(AB) was w = 7.5, it becomes 8 as we add C,
and the weight of the sector S(BC)) is 7.

An explicit example of a sector with a partition into triangles done according with the
construction of Lemma 2.11 can be seen in Figure 6.

We conclude this step by setting a natural partial order on the triangles of the partition

given by Lemma 2.11 and by adding some remarks and a last definition.

Definition 2.14. Let S(AB) be a sector, and consider a partition satisfying the properties of
Lemma 2.11. We define a partial order < between the triangles of the partition as the partial
order induced by letting PQR < STU if the exit side of PQR is one of the sides of STU.
Equivalently, let PQR and STU be two triangles of the partition, SU being the exit side of the
latter. Then one has PQR < STU if and only if the points P, Q and R belong to the path

—

SU.

Remark 2.15. Notice that the relation defined above admits as greatest element the unique
triangle having AB as its exit side. Moreover, each triangle 7 except the maximizer has a
UNIQUE SUCCESSOT.

We remark also that, since the triangles are finitely many, in all the future constructions
we will always be allowed to consider a single triangle of the partition and to assume that the

construction has been done in all the triangles which are smaller in the sense of the order.
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FIGURE 6. Partition of a sector into triangles, and the natural sequence of tri-

angles related to some P.

Definition 2.16. Let S(AB) be a sector subdivided into triangles according to Lemma 2.11,

and consider a point P € AB. We will call natural sequence of triangles related to P the

sequence (91, T oy ey 9N> of triangles of the partition satisfying the following requirements:
e 71 is the maximal triangle containing P (mazimality is intended with respect to <),

o 7 N is the triangle having AB as its exit side,
o T 11 is the successor of T ; for all 1 <i< N —1.

It is immediate, thanks to the above remarks, to observe that this sequence is univoquely
determined. Figure 6 shows a sector subdivided into triangles and a point P with the related

natural sequence of triangles (9 1y ooy T 10).

2.4. Step IV: Definition of the paths inside a sector.

In this step we define non-intersecting piecewise affine paths starting from any vertex P €
AB and ending on AB, where S(AB) is a given sector. This is the most important and delicate
point of our construction. The goal of this step is to provide the “first part” of the piecewise
affine path from a vertex P to the center O which will eventually be the image of PO under v;
namely, the part which is inside the primary sector S(A;A;+1) to which P belongs. Of course,
to obtain the bi-Lipschitz property for the function v, we have to take care that all the paths
starting from different points P # @ do not become neither too far nor too close to each other.

We can now give a simple definition and then state and prove the result of this step.

Definition 2.17. Let S(AB) be a sector, and let P € AB. Let moreover <91, To, ., QN)
be the natural sequence of triangles related to P, according to Definition 2.16. We will call good
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path corresponding to P any piecewise affine path PP Ps--- Py such that each P; belongs
to the interior of the exit side of the triangle 7 ; (in particular, Py belongs to the interior of
AB). We will denote for brevity the good path PP1Ps--- Py also as FI_JTV (this does not
lead to confusion with the already defined notation since P; does not belong to OA for j > 0),
and more generally, for any 1 < i < j < N, we will denote by Igl_P\] the piecewise affine path

P;P; ... P;. Moreover, we set Py = P for consistency of notation. Notice that N depends
on P.

Figure 7 shows a sector S(AB) subdivided into triangles as in Lemma 2.11 and shows two

good paths corresponding to the points P and Q.

C
) A
\
\\ ///// |
\ _ - |
- |
D \\P3 /////\\ :
\ ~
B AN P4/// ,I N I
/’(//— /// ~ o \\ _- ! \ P !
- s 3> ~ - / \ 6 !
’ Py~ - I
// /l 2 P5/ \\ P7
/ / !
Py E 5 \ |
\
// / / \ ‘QS
7 // // QQ\ |
P // /“ \\ :
/ \;:\“~‘ A\;:\\B
/ - @
/ N

FIGURE 7. A sector with two good paths corresponding to P and Q.

Lemma 2.18. Let S(AB) be a sector. Then there ezist good paths PP1 Py - -- P corresponding
to each vertex P of 1@, with N = N(P), satisfying the following properties:
(i) for any P and for any 1 < i < N(P), the segment P;_1P; makes an angle of at
least arcsin (é) with the side of 7 ; to which P;_1 belongs, and an angle of at least
/12 = 15° with the exit side of T ;;
(ii) for any P, {(PPy) = ((PPy) + {(P\Py) + -+ {(Py_Py) < 4((AB) ;
(iii) for any P, Q, if for some 0 < i < N(P) and 0 < j < N(Q) one has that P; and Q;
belong to the same exit side of some triangle, then

((PQ .
<10 L) < ((PiQ;) < ((PQ),

and moreover, if i < N(P), then
((Pi1Qji) <((PiQ;);
(iv) the piecewise affine paths PP1 Py --- Py are pairwise disjoint.
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For the sake of clarity, let us briefly discuss the meaning of the requirements of Lemma 2.18,
having in mind the example of Figure 7. Condition (i), considered for the point P and with
i =3 (so that .7; = CDE) means that

sin (P31/3\2D) > 1 sin (Pgl/D\QE) >

YR PQ.TD;,E>1

P,P;C > .
208t = =12

ol

8L2’

—

Condition (ii) just means that K(P}P\ﬂ < 4£<j4—]§>, and similarly, E(QQ3> < 45(@). Condi-
tion (iii) ensures that
(PQ)
10L

In particular, concerning the second half of (iii), notice that by construction if P; and Q;

< ((P7Q;) < ((PsQ,) < ¢(PQ).

belong to the same exit side of a triangle, then also the points P;;1 and Q,; belong to the
same exit side of a triangle and so on. Hence, the second half of (iii) is saying that the function
I~ K(PHIQ]»H) is a decreasing function of [ for 0 <1 < N(P) —i= N(Q) — j.

Finally, condition (iv) illustrates the main idea of the construction of this step, that is,
the piecewise affine paths starting from the curve AB and arriving to the segment AB do not

intersect each other, as in Figure 7.

Proof of Lemma 2.18. We will show the thesis arguing by induction on the weight of the sector
S(AB), as in Lemma 2.11. In fact, instead of proving that the thesis is true for sectors of weight
2 (recall that this is the minimal possible weight) and then giving an inductive argument, we
will prove everything at once. In other words, we take a sector S(AB) and we assume that
either S(AB) has weight 2, or the result has been already shown for all the sectors of weight
less than the weight of S(AB).

Let us call C € AB the point such that ABC is the greatest triangle of the partition of
S(AB) with the order of Definition 2.14.

Consider now the segment BC', whose interior lies entirely either inside A or on JA. In the
first case, S(BC) is a sector of weight strictly less than that of S(AB). Then, by the inductive
assumption, there are piecewise affine good paths PP --- Py_1 for each vertex P € BC , with
Py_; € BC, satistying conditions (i)—(iv) with S(BC) in place of S(AB). We have then to
connect the point Px_1 on BC with the segment AB. In the second case, i.e., if BC' C 0A, and
hence BC = BC , we have to connect all the vertices contained in BC' (which, by construction,
are necessarily only B and C'!) with the segment AB. The same considerations hold for AC
in place of BC.

The construction of the segments between AC U BC and AB will be divided, for clarity,

in several parts.

Part 1. Definition of C}.

By definition, C' is a vertex of JA. Hence, the first thing to do is to define the good path
corresponding to C, that is a suitable segment C'C'; with C' in the interior of AB. Let us first
define two points C™ and C~, on the straight line containing AB, as in Figure 8. These two
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points are defined by
(BCY) =((BC), ((AC™) =((AC).

In the figure, C* both belong to the segment AB, but of course it may even happen that C'*
stays above A, and/or that C~ stays below B. Let us now give a tentative definition of C; by
letting C~71 be the point of AB such that

(AC) _ualy)

((AB) ~ ((AB)’ 22)

Taking C = C 1 would be a good choice from many points of view, but unfortunately one would
eventually obtain estimates weaker than (i)—(iv).

Instead, we give the following definition: we let C; be the point of the segment C~C™
which is closest to 6’1. In other words, we can say that we set C7 = 5’1 if 6’1 belongs to
C*C~, while otherwise we set C; = CT (resp. C; = C~) if Cy is above C* (resp. below
Cc).

FIGURE 8. The triangle ABC with the points C™, C~ and C}.

Notice that C; belongs to AB, since so does C thanks to (2.2). It is also important to

underline that

((AC) < 2L¢(ACY), ¢(BC) < 2L¢(BCY). (2.3)
By symmetry, let us only show the first inequality. Recall that by (2.1) we know
((AC) <2L((AC), ((AB) <2L((AB).
As a consequence, either C1 = C~, and then
((AC) =(AC™) =((AC) > g(;f) :
or £(AC1) > ¢(AC), and then by (2.2)
. ((AB) _¢(AC)

1(4C1) 2 £(AC) = H(AC) y i = =57
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Recall now that, to show the thesis, all we have to do is to take each point D = Py_1 €
AC U BC corresponding to some vertex P € AB and to find a suitable corresponding point
D’ € AB, in such a way that the requirements (i)—(iv) are satisfied. Having defined C1, we
have then to send the points Py_1 in AC to AC4 and those in BC to BC|.

We claim that the two segments can be considered independently, that is, we can limit
ourselves to describe how to send BC on BC'; and check that the properties (i)—(iv) hold for
vertices of BC. Indeed, if we do so, by symmetry the same definitions can be repeated for AC,
and the properties (i)—(iv) hold separately for vertices of BC and AC. The only thing which
would be missing, then, would be to check the validity of (iii) for two vertices P € AC and
Q € BC. Moreover, this will be trivially true, because since C belongs to both the segments
AC and BC, then it is enough to use (iii) once with P and C, and once with C and @, recalling
that clearly

(PQ) = ¢(FC) + ¢(TQ), (P.@) = (PCL) +H(C1Q)).

For this reason, from now on we will concentrate ourselves only on the segment BC. We will
call D the point of BC' which equals Py _; for a generic P € BC , as discussed at the beginning
of the proof.

Part 2. Construction for the case C1 = C™.

In this case, for any D € BC we set its image as the point D’ € BC for which ¢/(BD) =
¢{(BD’). Then in particular all the segments DD’ are parallel to CC;. Let us now check the
validity of (i)—(iii), since (iv) is trivially true.

We start with (i). Given D € BC, and D’ its image, call § = ABC ¢ (0,7/2]. Then one
has

m—p

DD'B=D'DB = 5 DD'A = D'DC =T H5

9

thus (i) holds true.

Let us now consider (ii). Given a point D € BC, by construction one has
((DD’) < ¢(CCy) < ¢(AC) < ¢(AC). (2.4)

We can then consider separately two cases. If BC C JA, then one simply has D = P and
D’ = Py, so clearly

((PPy) =((DD') < ((AC) < ((AB)
(actually, the unique vertices in BC are B and C| in this case). On the other hand, if the open

segment BC lies inside A, then one has
((PPy_) < 4¢(BC) (2.5)
by inductive assumption, and thus (2.4) and (2.5) give
((PPy) =((PPy_.) +{(DD’) < 4((BC) + {(AC) < 4¢/(AB),

and hence also (ii) is done.
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It remains now to consider (iii). Thus we take two points D = Px_; and E = Qp/_; on
BC, denoting for brevity N = N(P) and N' = N(Q). If BC C A, then D =P and E =Q
(actually, P and @ must coincide with B and C), so by the Lipschitz property of u we have

(rQ)

— <((PQ)=((DE) = ((D'E'),

and then (iii) is trivially true. Otherwise, if the open segment BC lies in A, then E(D'E’) =
14 (DE), so (iii) is true by inductive assumption.

To conclude the proof, we now have to see what happens when C; # C*. We will make a
further subdivision of this last case depending on whether g > 15°, for 8 = ABC.

Part 3. Construction for the case C1 # C*, B > 15°.
In this case, for any D € BC we define D’ € BC'| as the point satisfying

((BD') = min {E(BD) (BCy) - <£ f)} , (26)
with P € BC being as usual the vertex such that D = Ppy_;. Observe that this definition
makes sense since, also using (2.3), one has that the minimum in (2.6) is between 0 and ¢ (BCl)
for each D € BC'. In particular, the minimum is strictly increasing between 0 and K(BCl) as
D moves from B to C, so (iv) is already checked. Let us then check the validity of (i)—(iii).

We first concentrate on (i). Just for a moment, let us call D* € BC™ the point for which
14 (BD) =/ (BD*), so that the triangle BD D* is isosceles. Therefore, one immediately has

Dl/)\’Ble/)\*B:W;BEE, D’/ﬁCZD*ﬁC:ﬂ;_BZ% (2.7)
Moreover, by construction it is clear that
DD'A>DBA=8> % . (2.8)
To conclude, we have to estimate D’ DB , and we start claiming the bound
((BD)
{(BD’) > . 2.
( ) - 2L2 ( 9)

In fact, recalling (2.6), either €<BD’> = 6(BD>, and then (2.9) clearly holds, or otherwise
by (2.3) and the Lipschitz property of u
((PC) _¢(BC) ¢(PC) _¢(BC)-((PC) ¢(BP) _t(BP)

((BD') =£(BC) - 0L = 2L 1oL = 2L = Tor < ar

¢{(BD
)
- 2L2
thus again (2.9) is checked. Concerning the last inequality, namely ¢ <BT3> >/ <BD>, this is an

equality if the segment BC is included in A, while otherwise it is true by inductive assumption
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on the sector & (B-C\?)7 applying (iii) to the points P and Q = B. Consider now the triangle

DBD’: immediate trigonometric arguments tell us that

((DD')sin (D'DB) = ((BD')sinf,  ((BD)sinf=((DD')sin (D'DB+ ),

from which we get, using also (2.9),
— ((BD') —~ sin15° _ 1

: / _ : ’ o

sin(D'DB) = ¢ @) " (DDB+8) = =5 2 s (2.10)
Putting together (2.7), (2.8) and (2.10), we conclude the inspection of (i).

Concerning (ii), it is enough to observe that
¢((DD') _¢(DD’) sin(CAB 1
( )< ( )< ( ) < <4. (2.11)

((AC) ~ ¢(AC) " sin(DD’A) " sinls T
Therefore, as in Part 2, either BC C 9A, and then
((PPy) =¢(DD’) < 44(AC) < 4¢(AB),
or thanks to the inductive assumption one has
((PPy) ={(PPy_,) +¢(DD’) < 4¢(BC) + 4((AC) = 4¢(AB)

so (ii) is again easily checked.

Let us now consider (iii). As in Part 2, we take on BC' two points D = Py_; and E =
Qn_1 with N = N(P) and N’ = N(Q), and we assume by symmetry that K(BD) < E(BE).
Since it is surely ¢ (DE) </ (ﬁ)), either as a trivial equality if BC C 0A, or by inductive
assumption otherwise, showing (iii) consists in proving that

(PQ)
10L
We start with the right inequality. Recalling the definition (2.6), if £ (BD’ ) =/ (BD) then,
since E(BE’) < E(BE), one has

<((D'E') <((DE). (2.12)

(D'E') = ((BE') - ((BD') < {(BE) — {((BD) = {(DE) .

On the other hand, if

((BD') = ((BCy) -

then we get

((D’'E') = ¢(BE') - ((BD’) < (E(BCl) - £(QC) ) B (E(BCl) ~U(PO) )

— 5(1](3)22) <((DE),

where again the last inequality is true either by the Lipschitz property of u if PQ = DE, or by

inductive assumption otherwise. Thus, the right inequality in (2.12) is established, and we pass

to consider the left one.
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Still recalling (2.6), if E(BE') = Z(BE) then

{(PQ)
10L

((D'E') =¢(BE') —¢(BD') > ((BE) — {(BD) = ((DE) >

the last equality being again true either by the Lipschitz property of w or by inductive assump-
tion. Finally, if

((@c)
10L

((BE') =((BCy) —

then again we get

(D'E') = 1(BE') — ((BD') > <€(B01) - @> _ (6(301) _4FO) ) _Pa).

10L 10L 10L

so the estimate (2.12) is completely shown and this part is concluded.

Part 4. Construction for the case C1 # C*, B <15°.

We are now ready to consider the last—and hardest—possible situation, namely when C'y #
C™" and the angle /3 is small. Roughly speaking, the fact that C; is below CV tells us that the
segment BC has to shrink, in order to fit into BC';. On the other hand, the fact that 3 is small
makes it hard to obtain simultaneously the estimate (iii) on the lengths and (i) on the angles.
As in Figure 9, we call H the orthogonal projection of C on AB.

Since 8 < /12, the point C'~ belongs to the segment AB, and then we obtain, by a trivial

geometrical argument, that

5

((BCy) > ¢(BC™) > ((BH) — ¢(CH) = ((BC)(cos § —sin 8) > 72 (BC). (213)

Let us immediately go into our definition of Py for every vertex P € BC. First of all,
since we need to work with consecutive vertices, let us enumerate all the vertices of BC as
P’ =B, P', P?, ..., PM = C. The simplest idea to define the points P§V would be to shrink
all the segment BC so as to fit BC, thus getting, for any pair P*, P**! of consecutive vertices,

o {(BC . A
E(P?\JP?\#) = E((BC1)> 5( §V71PZN+/171) ;

again calling for brevity N = N(P"), N’ = N(P*®*1). Unfortunately, this does not work, since

from the inductive assumption

((Py_yPRL,) > <o ((PPY)

— 10L
one would be led to deduce
i pi UBC1) 1 oy V2 o
(PP > £(<BC>) Tof (PP = oo (PP,

by (2.13), so the induction would not work.
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However, our idea to overcome the problem is very simple, that is, among all the pairs
P!, P of consecutive vertices we will shrink only those which are still “shrinkable”, that is,

for which the ratio
) i+1
0i = « ]Yf_P\N"l) (2.14)
(PPt

is not already too small, more precisely, not smaller than 1/(4L). Let us make this formal.
Define

: . 1
5= {e( NaPYL ) e < 4L} , (2.15)
and notice that
E(/B?’) > Z {E(Pipi+1> s 0 < 41[/} >4L6;
then by (2.1)
((BC) - (BC) |
4L — 2

Finally, we define the points P§V in such a way that any segment vaPé\J{,l has the same length

6 <

(2.16)

as PﬁvflPévJﬁlfl if p; is small, and otherwise it is rescaled by a factor A < 1 (constant through
all BC). In other words, defining the increasing sequence {4;} as

, 4 1
5= {E( NPl i< o < 4L} , (2.17)

so that comparing with (2.15) one has 6y = 0 and §; = &, we define P’ to be the point of BC
such that

((BPY) =6+ A\(((BPYy_,) = ;) . (2.18)

The constant \ is easily estimated by the constraint that PY = C; and by (2.13) and (2.16),
getting

1> M=

¢(BCy) -6  Y2((BC) -6

(BC) > 2 (BO) > V2 1. (2.19)
((BC)-5 ~ ((BC)-35
For future reference, it is also useful to notice here another estimate of A which depends on g,
obtained exactly as the one above from (2.13) and (2.16), that is,

((BCy)—6 _ ((BC)(cosp—sinB)—4d

A= > >2(cosf—sing)—1. 2.20
(BC) -6 ((BC) -5 2 2(cosfi = sin ) (220
Notice that by (2.17) and (2.18) one readily gets
] ) Y i Pz—l—/l if 0, < —
(PP = ( NN 1) Be=an (2.21)
A E( ﬁv_lPﬁ\J{,l_l) otherwise .

Now that we have given the definition of the points P%, we only have to check the validity

of (i)—(iii), since (iv) is again trivial by definition.
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FIGURE 9. The triangle ABC' in Part 4.

Let us start with (i). Take 0 <4 < M and call, as before, D = P%,_, and D’ = P%,. Since
by construction E(BD') < E(BD), one immediately gets DD’B > D'DB, from which one

directly derives

11 — —
ppB>"_P 11 D'DC-7-DDB> " 5>T
2 24 2“2

(2.22)

so that the first two angles are checked and we need to estimate D’ DB and DD’ A. To do S0,
let us call C* € AB the point such that E(BC*) = AE(BC), so that by construction

D'DB > C*CB, DD’'A > CC*A. (2.23)

The point C* must lie either between H and CT or between B and H. In the first case also

the other two angles are immediately estimated, since then by (2.23) one has

D’ﬁBzC*aBZHaB:g—Bz%W, DB'AZCEFAZg. (2.24)

Assume then that, as in Figure 9, C* is between B and H. Then we can estimate, also
recalling (2.20),

((C*H) = ((BH) — ((BC*) = ((BC)(cos s - )
<¢(BC (cosﬁ ( cosﬁ—smﬁ)—l)):B(BC)(I_T_ianSﬁ—I—2>sinﬁ
_ <l—inlc:;8+2) ((CH).

As a consequence, we have

—~ {(C*H i
HCC* = arctan <<)> < arctan (smﬁ + 2)

((CH) 1+ cosf3
< arct sinl5” o) < gse
arctan | —mmm .
- 1+ cos15h°
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Finally, from this estimate and (2.23) we get

D'DB>C*CB="_3—-HCC*> = > arcsin 1 ,
2 18 8L2 (2.25)

DD'A>CC*A =3~ HCC" > 25°.
Putting together the first two estimates from (2.22), and the last two estimates either from (2.24)
or from (2.25), we conclude the proof of (i).

Let us now check (ii). Repeating the argument of Part 3, we have that (ii) follows at once as
soon as one shows (2.11), that is, Z(DD') < 46(?4—(\7). But in fact, using (2.25), we immediately
get

((cH ((Ac vac

(cm) _tao)  Uac)

sin (DD’A) sin (DD'A) sin 25

(pD') < < 44(AC).
Let us then consider (iii). It is of course sufficient to check the validity of the inequality only
when P and @ are two consecutive vertices of BC. Let us then take 0 <4 < M and recall that

we have to show

o —

WPy o

o < (PP < 0(Py_ PiEL)) (2.26)
knowing, again either by inductive assumption or by the Lipschitz property,

((Pipi+ ‘ . —

(10L) <U(Py_PL)) < (PP (2.27)

The right inequality in (2.26) is an immediate consequence of (2.21), being A < 1. Concerning
the left inequality, it is also quick to check, distinguishing whether p; is small or not. In fact, if
0; < 1/(4L), then by (2.21) also the left inequality in (2.26) derives from the analogous inequality
in (2.27). Otherwise, if o; > 1/(4L), then one directly has by (2.21), (2.14) and (2.19) that

V2L ypipr) > L o(mp),

((PyPR') = M(Py_1PRL) = Aoy ((PIPHT) >

thus concluding the proof. O

2.5. Step V: Bound on the lengths of the paths PPy.

In Step IV, we have described how to get a piecewise affine path PP P, --- P which starts
from any vertex P € AB and ends on the segment AB, for a given sector S(AB). In this
step, we want to improve the estimate from above of the length of this path. This is important
because this path will be (up to a small correction in the future) a part of the image of the
segment PO C D under the extension v of u that we are building, and then its length gives a

lower bound to the Lipschitz constant of the map v. Let us state the main result of this step.

Lemma 2.19. Let S(AB) be a sector. Then, for any vertex P € AB one has

((PPy) <193 min {¢((AP), ((PB)}.
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Before entering into the proof, which is quite involved, let us quickly give a rough idea of how
it works, together with some useful notation. Let us fix a generic vertex P € AB. The proof
of the lemma will require a detailed analysis of the different triangles of the natural sequence of
triangles related to P. Recall that the natural sequence of triangles, according to Definition 2.16,
is the sequence (31, To, o, ﬁN> such that every P; of the path ﬁ?v belongs to the exit
side of .7 ;. In particular, P is the vertex of the triangle .71 which does not belong to its exit
side. We call for simplicity A;B; the exit side of the triangle .7 ;, with A; € AP and B, € PB ,
so that in particular Ay = A and By = B. Moreover, for consistency of notation, we will call
Ay = P = Py and By = B;. Notice that, by the construction of the triangles done in Step III,
for any i the exit side of the triangle .7, is a side of the triangle .77 ;. 1, thus the exit sides of .7;
and 7 ;41 have exactly one point in common. In other words, either A;.1 = A;, or B;y1 = B;.
Let us then assume, by symmetry, that f(@) < 6(2473), so that the claim of Lemma 2.19 can
be rewritten as

N-1 N-1
> U(PiPiy) <193 (K(POBO) +> E(BiBZ-H)) : (2.28)
=0 1=0
Pick now a generic 0 < ¢ < N: on one hand, if B;;1 # B;, then we will see that property (i) of
Lemma 2.18 implies

U(P;iPit1) < 4((B;Bi1),

and this is clearly in accordance with the validity of (2.28). But if, instead, B; = Bjt1,
then the length of the segment P;P;y; does not apparently contribute to the increase of the
path Z(IEO—BTV). However, since by (iii) of Lemma 2.18 one has ¢(P;1B;) = {(P;11Bit1) <
¢(P;B;), it is reasonable to guess that the total length 5(1/3:1?]) for B; = Bj; cannot be too
large: obtaining such a precise estimate is basically what we need to show Lemma 2.19. To
do so, our strategy will be to group the triangles .77; in a suitable way, in order to get the
information that we need. In particular, we will first subdivide the natural sequence of triangles
(91, Ty, 9]\7) into sequences of consecutive triangles 7 = (ﬁi, T id1y o s 9i+]~) called

“units”, then we will group consecutive sequences of “units” into “systems of units” . =

(?/ iy Wity oo s U iﬂ-), and finally consecutive sequences of “systems of units” into “blocks of
systems” & = (yi, S ity e yiﬂ). At the end, this construction will lead to the validity
of (2.28).

We can now start our construction introducing the first category.

Definition 2.20. Let 0 <i < j < N be such that {i, i+ 1, ---, j—1, j} is a mazimal sequence
with the property that By is the same point for all i < I < j (by “mazximal” we mean that
either i = 0 or B;_1 # B, as well as either j = N or Bj # Bjy1). We will then say that
v = <<7¢+1, T 12,y oe ey 9j+1> is a unit of triangles, where j + 1 is substituted by j if j = N,

and then no unit is defined if i = j = N. To any unit we associate two angles, namely,
ot = AZEA] , 0~ = BjA;B]'_H ,

with the convention that 6~ =0 if j = N.



26 SARA DANERI AND ALDO PRATELLI

FI1GURE 10. A natural sequence of triangles .7 ; with the points A; and B; and

the angles 6%.

The reason for this strange definition with ¢ + 1 and j + 1 will soon become clear. The
meaning of the definition is quite simple: the first unit starts with .7; and ends with .7},
where j is the smallest index such that B; # Bp. The second unit starts with .7 ;;; and ends
with 7 j, where j* > j + 1 is the smallest index, possibly j + 1 itself, for which B; # Bj.
And so on, until one reaches .7y, and then one has to stop regardless of whether or not By
is different from Bp_i. It is immediate from the definition to observe that the sequence of
triangles (9 1, Toy ., T N) is the concatenation of the units of triangles. To understand how
the units work, it can be useful to check the example of Figure 10, where N = 12 and the units
of triangles are (91, T o, T3, T4, Ts, 96)» (97, Ts, 99), (910) and (:711, 912). Notice
also that for any unit of triangles one has ™ > 0, unless the unit is made by a single triangle,
as (910) in the figure. Similarly, one has that #~ > 0, unless j = N, as for (911, 912) in the
figure.

The role of the units is contained in the following result.

Lemma 2.21. Let % = (ﬁi, T ix1, -, 9j> be a unit of triangles. Then one has
g(Pi_1Pj> < (1 -+ 9+> g(Pi_lBi_1> — E(PJBJ) + 5£<Bz_1BJ> , (229)
((Bi-1Bj) > %K(Pij), (2.30)
E(Pij> < £<Pi—lBi—1> + E(Bz‘—lBj> . (2.31)

Proof. The proof will follow from simple geometric considerations thanks to Lemma 2.18. To

help the reader, the situation is depicted in Figure 11. First of all, one has by definition
U(Pi_1P;) = ((Pi_1Pj_1) + {(P;_1Py). (2.32)
We claim that

Z(Pz;le;{) < (1 - «9+) K(PiqBiq) - £<ijlBi71> : (2.33)
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FIGURE 11. Situation in Lemma 2.21.

—
In fact, if ¢ = j, then £<Pi_1Pj_1) = 0 and thus (2.33) is trivially true. Otherwise, let us
consider the triangle P;_1B;_1P;. Thanks to property (iii) in Lemma 2.18, one has
E(PiBifl) < €<Pi713171> ;
and then an immediate trigonometric argument tells us that

P, 1B, 1P;
2

< €<Pi—1Bi—1) .P,_1B;,_P; +£(Pi—1Bi—1) - €<PiBi—1) .

E(Piflpi) < 2£<Pileifl> sin < ) + E(Pileifl) - E(PiBifl)

We can repeat the same argument more generally. In fact, for any ¢« <1 < j — 1 one has from
Lemma 2.18 that

E(PlBi—1> < f(Pl—lBi—l) <. < E(Pi—lBi—l) , (2.34)
hence the previous trigonometric argument implies
5(P1—1Pl> < f(Pz‘—lBi—l) .P;_1B; P, +5(P1—1Bz‘—1> - E(PlBi—1> .

Adding this inequality for all 1 <1 < j — 1 one gets

j—1
Py Pj_1) => (P, P))
l=i

j—1 -
< Z (5(131‘—132‘—1) -P;_1B; 1P, +5<Pl—1Bi—1> - K(PlBi—1)>
=i

= 9+5(Pz‘—1Bz‘—1) + €(P¢—1Bi—1) - g(Pj—lBi—l) ,
which is (2.33).
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Let us now point our attention to the triangle .7 ;. First of all, let us call H (resp. B ) the
orthogonal projection of P;_; (resp. B;_1) on the straight line passing through A;B; (these
two points are not indicated in the figure, for the sake of clarity). Since by (i) of Lemma 2.18
we have P; | P;H > 15° it holds that

((P;_1H) o1
sin (Pj_ll/D;H> ~ sin15°

((P;_1P;) = (P \H) <4((P; 1H), (2.35)

and similarly
K(Bilej) Z E(BileL> == E(Ajlei,1> sin 0~ Z E(ijlBi,1> sin ™
99~ (2.36)
> = ((P;1B;1),

recalling that by definition of the triangles of the sectors one has §~ < w/2. Moreover, since
Pj—l S Aj—lBi—L clearly £<Pj_1H> < e(BZ‘_lBJ_), SO (2.35) and (2.36) imply

((P;_1P;) <4¢(B;_1Bj). (2.37)

Let us now call, as in the figure, B;-,l the first point of the piecewise affine path which starts from
Bj_; and arrives to AB according to Lemma 2.18—with the notation of the proof of Lemma 2.18
we should have called that point (B;_1)1. Applying twice condition (iii) of Lemma 2.18 we get

g(PJBJ> = K(PJBgfl) +€<B;71BJ> < £<Pj—1Bi—1> =+ K(Bi_lB]) .

This inequality allows us to conclude. Indeed, together with (2.32), (2.33) and (2.37) it concludes
the proof of (2.29). Moreover, together with (2.34), it yields (2.31). And finally, together
with (2.36), it gives (2.30) since
20~
20(B;-1B;) > =~ {(Bi-1B;) + {(Bi-1B))

20~ 20~ 20~
— (ﬁ(PJB]) — g(ijlBifl)) + 7£(ijlBi71> = 7£<PJBJ> .

™

v

O

After this result, we can stop thinking about triangles, and we can start working only with
units. In fact, notice that any unit of triangles, say % = (91‘7 T idly e s 9j>, starts with the
exit side of .7;_1 and finishes with the exit side of .7; and that the estimates (2.29), (2.30)
and (2.31) are already written only in terms of points of those sides. Let us then number the
units as %1, % 2, ..., % pm, with M < N, and let us define 4; and j;, for 1 <[ < M, in such a
way that % ;| = <L7il, T il s 9]-1). Notice that i1 = 1, jay = N, and j; + 1 = 4,41 for each
1<l < M. Let us give, for 1 <[ < M, the definitions

Ql = le, Cl = Ajz’ Dl = le, QO = PQZP, Do = BQ, (238)

where the last two definitions are done to be consistent. Call also Hli the angles 6% related to

the unit % ;. Hence, the claim of Lemma 2.21 can be rewritten as

(Qi1@Q) < (146/)£(Q_1Di1) —6(QDy) +5¢(Dy 1 Dy) (2.29))
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(D1 Dy) > Q%E(QZDZ) , (2.30")
U@Dy) < (Q_1Dior) + (D11 Dy) . (2.31)

Before passing to the definition of “systems” of units, and in order to help understanding its

meaning, it can be useful to give a proof of Lemma 2.19 in a very peculiar case.

Lemma 2.22. The claim of Lemma 2.19 holds true if

Qo Do
Z(DODMA) < (4), (2.39)
QD
((Q,D) Z(Q‘;O) V1<I<M-—1. (2.40)
Proof. First of all we claim that, by an easy geometrical argument, one has
M—1 M—1 13
0," — 0 < . 2.41
lzzl l lzzl I = 6 ( )

Indeed, assuming for simplicity that @, = (—1,0) and Dy = (0,0), for any 1 <1 < M — 1 the
direction of Q;D; is (the opposite of) Zé‘:l 9; - Zé‘:l 0; . Moreover, all the points D; stay in
the closure of the ball B/, centered at Dy and with radius 1/4 by (2.39), hence all the points
Q, stay outside B, /4 by (2.40); by construction, each open segment Q;D; lies in A, hence it
cannot intersect the curve DoDjy_; C JA, and it is clear that the points Q,D; N 0B, /4 move
either all in the clockwise sense or all in the counterclockwise sense on the circle 9B, ,4 when [
increases from 1 to M — 1. As a consequence, the minimal possible direction of Q,,;_;Dnr—1
(so, the worst case for proving (2.41)) corresponds to the limit case when Dy, = (0,—1/4)
and Q,/_; is the point on QyD having distance 1/2 from Dj;_;. The corresponding angle is
then 27 + arcsin(1/2) = 13 7, and this establishes (2.41). Moreover, by (2.31") and (2.39), one
gets

QD)) < Ze(QODO) VO<I<M-—1. (2.42)
We can now evaluate, using (2.29’), (2.42), (2.41), (2.40) and (2.30),

M

(@@) = S U@@) = 3. ((1+6) (@urDi) (@) +5¢(D D)

=1

M—-1
< Z£<Q0D0)< Yoo+ e&) +4(QuDo) — £(QuDur) +5¢(DoDyy)
=1
125 5 Mol —
I=1 (2.43)
5 M-1 o
<180(QoDo) +5 > 0 £(QD1) +5((DoDar)
=1
5 M-l o
<184(QDo) + 57 > {(Di1Dy) +5¢(DoDu)
=1
5

<18£(QoDo) + (5 + 5 7)¢(DoDas) < 18¢(QoDo) +13¢(DoDas) -
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Finally, recall that
((PB) = ¢(PBy) + {(BoBx) = (QyDo) + £(DoDxr) ;

hence from (2.43) we directly get E(PPN> = K(QOQM) < 186(@). And in turn, since we are
assuming by symmetry that ¢ (13—]_33) < 6(1@), this concludes the proof of Lemma 2.19 under
the assumptions (2.39) and (2.40). O

It is to be noticed carefully that the key point in the above proof is the validity of (2.41),
which is a simple consequence of (2.39) and (2.40), but which one cannot hope to have in general.
Basically, (2.41) fails whenever the sector S(AB) has a spiral shape, and in fact (2.39) and (2.40)
precisely prevent the sector to be an enlarging and a shrinking spiral respectively.

Since the assumptions (2.39) and (2.40) do not hold, in general, through all the units, we

will group the units in “systems” in which they are valid.

Definition 2.23. Let kg = 0. We define recursively an increasing finite sequence {ki, -+ , kw}
as follows. For each j > 0, if kj = M then we conclude the construction (and thus W = j),
while otherwise we define kj < kji1 < M to be the greatest number such that

" < E(ijD’fj) 7

- 4

K(ijij)
2

(2.39")

K(QlDl) >

Notice that the sequence is well-defined, since if k; < M then the assumptions (2.39°) and (2.40°)
emptily hold with kj41 = k; +1. Hence, W < M < N. We define then system of units each
collection of units of the form % ; = <%kj—1+17 Ukj_1425 - s %kj), for1<j<W.

Vk‘j <l< kj+1 . (2.40’)

Thanks to this definition, we can rephrase the claim of Lemma 2.22 as follows: “the claim
of Lemma 2.19 holds true if there is only one system of units”. But in fact, the argument of
Lemma 2.22 still gives some useful information for each different system, as we will see in a
moment with Lemma 2.24. Before doing so, in order to avoid too many indices, it is convenient
to introduce some new notation in order to work only with systems instead of with units. Hence,
in analogy with (2.38), for 1 < j < W we set

R; = ij , Ej=Cy,, Fj=Dy, Ry=Qy=P, Fo:=Dy=DBy. (244)

We can now observe an estimate for the systems which comes directly from the argument of
Lemma 2.22.

Lemma 2.24. Let . ; be a system of units. Then one has

e -

((R;_1R;) < 130(F;_1F;) + 18((R;_1F;_1), (2.45)

and moreover

UR;F;) <(Rj1Fj_1) + {(F;_1F;). (2.46)
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Proof. First of all, repeat verbatim, replacing 0 with k;_1 and M with k;, the proof of Lemma 2.22
until the estimate (2.43), which then reads as
L — —
£<ij71ij) S 18£<ij71ij—1) + 13£(ij—1ij) :

This estimate is exactly (2.45), rewritten with the new notation (2.44). On the other hand,
concerning (2.46), it is enough to add the inequality (2.31°) with all k;_1 +1 < I < kj, thus

obtaining

k; kj kj
Yo @D < > QD)+ Y. (DD,
l=k:j,1+1 l:kj,1+1 l:kj,1+1

which is equivalent to
—
K(ijij) < €<ij71ij,1) + K(ij—le) :
This estimate corresponds to (2.46) when using the new notation. O

Notice that, by adding (2.45) for all 1 < j < W, one obtains
w-1
HPPN) = (@) — ((Fai) < 134(Fo) +18 Y H(R,F),
j=0
and since m = EO—BTV - PB , to conclude Lemma 2.19 one needs to estimate the last sum.
Having done this remark, we can now introduce our last category, namely the “blocks”
of systems. To do so, notice that by Definition 2.23 of systems of units and using the new

notation (2.44), for any 1 < j < W one must have, by maximality of k;,

— (R, 1F,_ (R;_1F,;_
cither  ((F;_1F;) > (]i“), or  ((R;F;) < <”;”1> (2.47)
We can then give our definition.
Definition 2.25. Let pg = 0. We define recursively an increasing sequence {p1, --- , pg} as

follows. For each i > 0, if p; = W then we conclude the construction (and thus H = i), while

otherwise we define p; < pir1 < W to be the greatest number such that

E(Rj_le_1>
2

Notice again that this strictly increasing sequence is well-defined since the inequality is emp-

K(Rij) < Vpi <J<pit1-

tily true for piv1 = p; + 1.  We then define block of systems each collection B ,; =
(ypi—1+1’ yp¢71+2? ey yp), fO’F 1 S ) S H.
We can now show the important properties of the blocks of systems.

Lemma 2.26. For any 0 < i < H, the following estimate concerning the block % ; holds true:

((RyRy,,,) < 13¢(F,Fy,,) +366(Ry,Fy,) . (2.48)

Moreover, for any 0 <i < H — 1, one also has

U(Ry,, Fp,,) <5((FpFp,,,). (2.49)

Pi+1
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Proof. Tt is enough to add (2.45) for p; + 1 < j < p;11 to get

) Pi+1 Pit+1 B Pi+1

= > URjaR;) <13 37 ((F;0F;)+18 37 U(RjFj)

Jj=pi+1 Jj=pi+1 Jj=pi+1

- Pit1—1 o
=130(Fp,Fp,,,)+18 > ((R;F;) < 130(F,Fy,,,) +36 (R, Fp,);
J=pi
thus (2.48) is already obtained.
Consider now (2.49). Recalling the definition of the blocks, the maximality of p; ;1 tells us
that either p;+1 = W (and this is excluded by ¢ < H — 1) or

) > Z(Rpi+1*1sz‘+1*1> '

(R, F 5

Pi+1" Pi+1

Hence, keeping in mind (2.47) with j = p; 41, we have that

£<Fpi+171Fp;+1) > e(Rpi+1—ini+1_1> ‘

Let us apply now (2.46) with j = p;11, to get

£<Rpi+1Fpi+1) < K(Rpi+1_1Fpi+1_1) + E(FpiJrl_lei\Jrl) < 5€(Fpi+1—1Fp;rl> < 5€(Fpini+1> )
and so also (2.49) is proved. O
We finally end this step with the proof of Lemma 2.19.

Proof of Lemma 2.19. Using (2.48) and (2.49), we estimate

H-1
{(PoPy) = H(@0Qn) = (B = Y (R )
=0
H-1 H-1
< N 134(FpFp, )+ > 364(R, Fy,)
=0 =0
H-1 B H-2
=13 Y (Fy,Fy,, ) +360(RoFo) +36 Y ((Rp,, Fp,,)
1=0 1=0
H-1 - H-2 B
<13 Y ((FpFy,,) +360(RoFo) +180 > (Fy Fp, )
1=0 =0

<193 3 U(F,F,,.,) +36((RoFy) = 193((FoFyw ) + 36 ¢(RoFy)

193 ((BoBy) + 36 ((PoBo) < 193¢(PoBy) = 193¢((PB).

—

Since we are assuming that min {E(ﬁ), E(PB)} = B(@), the proof is then concluded. [
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2.6. Step VI: Setting the speed of the piecewise affine paths inside a sector.

Keep in mind that we have to define a piecewise affine path from P to O as the image under
v of the segment PO C D. This path will start with the curve I/D-\PN that we defined in Step IV.
However, sending the (beginning of the) segment PO onto the path Ig\PN at constant speed is
not the right choice. Basically, the reason is the following: if two points P and Q in AB have
distance € > 0, the lengths of 151—31\\7 and of @ may differ by Ke for any big constant K (e.g.,
when S(AB) has a spiral shape); thus if we use the constant speed in the definition of v we end
up with a piecewise affine function with triangles having arbitrarily small angles, thus with an
arbitrarily large bi-Lipschitz constant. For this reason, we parameterize the paths F_\PN with a

non constant speed. Choosing the correct speed is precisely the aim of this step.

Let us start with the definition of a “possible speed function”.

Definition 2.27. Let S(AB) be a sector, and let ¥ be the union of the paths PPy for all the
vertices P of AB (such a union is disjoint by Lemma 2.18). We say that 7: X — RT is a
possible speed function if for any vertex P € AB one has

o 7(P)=0,

e for each 0 <1i < N(P), the restriction of T to the closed segment P;P;1 is affine.

Moreover, for any S belonging to the open segment P;P;.1, we shall write

T(Pit1) — 7(Pi)

m(8)= E(Pz’PiH)

(2.50)

To avoid misunderstandings in the following result, we point the reader’s attention to the
fact that, if one considers 7(.5) as the time at which the curve PPy passes through S, then in
fact 7/(S) corresponds to the inverse of the speed of the curve. Let us now state and prove the

main result of this step.

Lemma 2.28. There exists a possible speed function T such that
L <rT
40L —

if P; and Q; belong to the same exil side of a triangle, then
m(P;) — 7(Q;)] < 400L((PQ).

'S)<1 VSex, (2.51)
(2.52)

Proof. We start noticing that, in order to define 7, it is enough to fix 7/ within the whole path
PPy for any vertex P € AB. We argue again by induction on the weight of the sector.

Case 1. The weight of S(AB) is 2.

In this case, the sector is a triangle ABC, and we directly set 7/ = 1 within all X, so
that (2.51) is clearly true. Consider now (2.52). Since there is only a single triangle, one
necessarily has that ¢, j <1 and P; and Q; belong to AB, so that

7(P;) = ((PP;), 7(Q;) =(QQ;),
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by the choice 7/ = 1. It is then enough to recall Lemma 2.18 (iii) and to use the triangular

inequality to get
T(Pi) = 7(Q)| = |¢(PP;) — £(QQ;)| < ((PQ) + £(P:Q;) < 2((PQ)
so that (2.52) holds true.

Case II. The weight of S(AB) is at least 3.

In this case, let us consider the maximal triangle ABC'. Then, we can assume that 7 has
been already defined in the sectors S(AC) and S(BC), emptily if the segment AC' (resp. BC)
belongs to JA and by inductive assumption otherwise, and with the properties that 1/(40L) <
7/(S) <1 for every S € S(AC)US(BC) and

T(Py-1) = 7(Qu-1)| < 400L((PQ) (2.53)

for every P, Q € AB. Here we write for brevity N = N(P) and M = N(Q), so that both
Py_; and Q;;_; belong to AC'UBC'. Notice that (2.53) follows by inductive assumption even
if Py_1 € AC and Q,,_; € BC, just applying (2.52) once to P_1 and C, and once to Q,;_;
and C.

Thus, we only have to define 7 in the triangle ABC' and by definition of possible speed
function it is enough to set 7 on the segment AB or, equivalently, to set 7/ on the triangle
ABC.

Let us begin with a tentative definition, namely, we define 7 by putting 7/ = 1/(40L)
in ABC, and we will define 7 as a modification—if necessary—of 7. Notice that, for any
Pyx_1 € AC U BC, our definition consists in setting

F(Py) = T(Pn_1) + 40% ((Py_1Py). (2.54)
Of course the function 7 satisfies (2.51), but in general it is not true that (2.52) holds.

We can now define the function 7 by setting
7(Py) := 7(Py) V max {%(QM) —400L((PQ): Q € A_B} : (2.55)

for any vertex P € AB. Since by definition 7 > 7, it is also 7/ > 7 = 1 /(40L) in the triangle
ABC, so the first inequality in (2.51) holds true also for 7.

It is also easy to check (2.52). Indeed, take P and Q in AB , and consider two possibilities:
if 7(Qy) = 7(Qyy), then

T(PN) > 7(Qy) — 400L ((PQ) = 7(Q,,) — 400L ¢(PQ).
On the other hand, if 7(Q,,) = 7(Rx) — 400L ¢(QR) for some R € AB with K = N(R), then
7(Py) > 7(Rk) — 400L ((PR) > 7(Ry) — 400L ((PQ) — 400L ((QR)
= 7(Qy) — 400L((PQ),

so that 7(Py) > 7(Q;;) —400L E(@) is true in both cases. Exchanging the roles of P and Q
immediately yields (2.52).
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Summarizing, to conclude the thesis we only have to check that 7/ < 1 on ABC, which by

induction amounts to check that for any P € AB one has
7(Py) — 7(Pyn_1) < {(PNy_1Py).
Let us then assume the existence of some vertex P € AB such that
7(Py) — 7(Pyn-1) > {(Py_1Py), (2.56)

and the searched inequality will follow once we find a contradiction. By symmetry, we assume
that Py_1 € AC. Of course, if 7(Py) = 7(Py) then (2.54) already prevents the validity
of (2.56). Therefore, keeping in mind (2.55), we obtain the existence of some vertex Q € AB
such that

T(Py) = 7(Qy) — 400L ¢(PQ), (2.57)
which gives
T(Pn) =7(Qu-1) + 40% ((Qrr1Qur) — 400LE(PQ) .

Recalling (2.53) and (2.56), we deduce

T(PNn-1) 2 T(Qp—1) — 400[/5(@) =T7(PN) — LE(QM—1QM>

40L
> 7(Pn_1) + /(Py_1Py) — M%E(QM_lQM) ,
so that
0(Qr1Qur) > 40LE(Py_1Py). (2.58)

Call now, as in Figure 12, P and @ the orthogonal projections of Px_; and Q;;_; on the

FIGURE 12. The triangle ABC with the points Px_1, Py, Py and Q,;_1, Qu, Q| -

segment A B, and note that by a trivial geometrical argument—recalling that Py_1 € AC—one

has
((Py_1P))

0(Qy-1Q))

((APy_,
((AQy -y

>

)
V'
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where the inequality is an equality if Q;;_; € AC as in the figure, while it is strict if Q,,_; €
BC'. Then, recalling Lemma 2.18 (i) and (2.58), one has

AP N_
K(PN—1PN> > K(PN—1PL> > E(QM—lQL) E((AQNI))
M—-1
— (AP N_ V(AP N_
=0(Qu1Qur) sin (Qp 1QpA) KgAQNl; > sin15° 0(Q 1 Q) E((AQN1>>
M-1 M-1
. ((APy_1) _ 238 ((APy_1)
40L 15°¢(PNy_1PNy) ———L > — L4 Pn_1P ,
> Sin ( N-1 N) K(AQM—1> = 93 ( N-1 N) (AQM—I)

which means

238
((AQy—1) > S5 LU(APy ).

Making again use of Lemma 2.18 (iii) and of the Lipschitz property of u, we then have

E(@) > €<PN—1QM—1> > f(AQM—1> - g(APN—l) > %L€<APN—1) > % 6(@)
43 —_
> 157 ((AP),

so that
S9LL(PQ) > (461 +43) ((PQ) > 43 (¢(AP) + ((PQ)) > 43¢(AQ)
Hence, by (2.57) (which in particular implies that A # @, keeping in mind that 7(Py) > 0),
7(Qys) > 400L ((PQ) > 400 - gé(@) >193((AQ) . (2.59)
On the other hand, by definition and inductive assumption,

1 o 1 —
H(Qu) = 7(Qur-1) + 5o7 HQu—1Qnr) < H(QQu 1) + 557 UQu—1Qur) < £(QQw).

which recalling Lemma 2.19 of Step V gives 7(Q;,) < 193/ (24?2) Since this is in contradiction
with (2.59), the proof of the lemma is concluded. O

2.7. Step VII: Definition of the extension inside a primary sector.

We are finally ready to define the extension of u inside a primary sector. The goal of this
step is to take a primary sector S(AB), where A = u(A) and B = u(B) and A, B € 0D
are as usual, and to define a piecewise affine bi-Lipschitz extension wsp of v which sends a
suitable subset Dap of the square D onto S(AB) (see Figure 13). First we observe a simple
trigonometric estimate for the bi-Lipschitz constant of an affine map between two triangles and

then we state and prove the main result of this step.

Lemma 2.29. Let 7 and 7' be two triangles in R?, and let ¢ be a bijective affine map sending
T onto T'. Call a, b and « the lengths of two sides of 7 and the angle between them, and let
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a', v and o' be the corresponding lengths and angle in 7'. Then, the Lipschitz constant of the
map ¢ can be bounded as
b'sinad’ |bcosa’ d cosa

! !
Lip(¢) < & 4 2 on% |2 982 @98 4
a bsin o bsin o asin « a

\/?b/ N (I/

bsina asina

(2.60)

Proof. Let {(x1,72)} be the standard orthonormal coordinate system of R?. Up to an isometry
of the plane, we can assume that the two sides of lengths a and a’ are both on the half-line
{x1 >0, 29 = 0}, that the two triangles 7 and .7’ both lie in the half-space {z2 > 0} and that
the vertices whose angles are given by «, o’ coincide with the point (0,0). Hence, one has that
¢(x) = M z, for some 2 x 2 matrix M. We have then

. Mv
Lip(¢) = 1] = sup 721,
vA0 |V
With our choice of coordinates, we have clearly
M(a, O) = (a', O) , M(b cos «, bsin oz) = (b' cos o, b sin o/) ,
which immediately gives
a’ b cosa’ a cosa
M= a bsin « asin a ?
! o3 /
0 b S?Il «
bsin
from which the estimate (2.60) directly follows. O

UAB

FIGURE 13. The function uap: Dap — S(AB).

Lemma 2.30. Let S(AB) be a primary sector. Then there exist an open polygonal subset Dyp
of D, and a piecewise affine map uap: Dap — S(AB), affine and bi-Lipschitz on every triangle
of a suitable partition of D(AB), such that:
(i) For any vertex P € 0D, one has Dap N OP = ) if P ¢ AB, Dap N OP = {P} if
Pe{A, B}, and Dap N OP = PPy with Py =tO+ (1 —t)P and 0 <t =t(P) <4/5
if P € AB\ {A, B}.

(ii) The continuous extension of usp on AB =0DnN Dap coincides with u.
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(iii) On every triangle of the partition of Dag, uap is Lipschitz with constant 230000L3, and
uZ}B is Lipschitz with constant 3000L*.

(iv) For any two consecutive vertices P, ) € 1/4—@, one has sin (PN(p)mO) > 20%
Proof. We will divide the proof in three parts.
Part 1. Definition of I', T', uap: OI' = OI', and validity of (i) and (ii).
First of all, we take a vertex P € AB and, for any 1 <i < N = N(P), we set
Pi=tp; O+ (1—tp,)P, with tp; = Tl((l;,j) , (2.61)

where 7 is the function defined in Lemma 2.28. Then, we define uap on the segment PPy as
the piecewise affine function such that for all i one has uap(P;) = P;. It is important to observe
that, for any vertex P € ZE, one has

4
0<tp; <+, VO<i<N=N(P). (2.62)

Indeed, using (2.51) in Lemma 2.28, (ii) in Lemma 2.18, and the Lipschitz property of u, one

has that
N
T(P;) < 7(Py) < Y U(P;_1P;) = ¢(PPy) < 4((AB) < 4L((AB) < 8L,
j=1
so by (2.61) we get (2.62).

We are now ready to define the set Dap. Let us enumerate, just for one moment, the

vertices of AB as P° = A, P, P2, ..., PW—1 PW = B, following the order of AB. The
set Dap is then defined as the polygon whose boundary is the union of AB with the path

AP]{,(l)P]%,(Q) x -P]‘\},V(;[}_I)B, as in Figure 13, where for each 0 < ¢ < W we have written N (i) =

N(P?"). Hence, property (i) is true by construction and by (2.62).

A

F1GURE 14. The sets I" and T'.

Then we take two generic consecutive vertices P, () € @, and we call I' C Dyp the
quadrilater PQQ Py, and T' C S(AB) the polygon whose boundary is PQUQQ;UQ ;; Py U
PyP, where we have set N = N(P) and M = N(Q). Notice that, varying the consecutive
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vertices P and @, Dp is essentially the union of the different polygons I', while S(AB) is the
union of the polygons I'. We will then define the function usp so that uap(I') = I'. Let us start
with the definition of uap from OI" to T'. The function u4p has been already defined from the
segment PPy onto the path IS-I?V and from the segment Q@ ;s onto the path 662\1\/1 Hence we
conclude defining u4p to be affine from the segment P(Q) to the segment PQ, and from PnQ s
to Pny@Q,;. Notice that, as a consequence, also property (ii) is true by construction.

Now we see how to extend up from the interior of I' to the interior of I satisfying proper-
ties (iii) and (iv).

Recalling the partition of S(AB) into triangles done in Step III, PQ is a side of some
triangle PQR, and since PQ C OA it cannot be the exit side. Let us then assume, without
loss of generality, that the exit side is QR. Hence, it follows that N > M. Moreover, if
(91, T oy ey ﬁN) is the natural sequence of triangles related to P, as in Definition 2.16,
then it is immediate to observe that @ belongs to the exit side of 7 ; forall 1 <i < N — M.
Figure 14 shows an example in which N = 5 and M = 2. In the following two parts, we will
define u 4 p separately on the triangle PPy _j;@ and on the quadrilateral Py _ps PnQarQ, whose
union is the quadrilateral PPyQ @, i.e., I'.

Part 2. Definition of uap in the triangle PPn_pQ, and validity of (iii) and (iv).

In this second part we define uaqp from the triangle PPy_j;Q onto the polygon in A
whose boundary is PPyn_j; U Pn_Q U QP. The definition is very simple, namely, for any
0 <i < N—M we let upp be the affine function sending the triangle P;FP;41@ onto the
triangle P;P;11Q, as shown in Figure 15. We now have to check the validity of (iii) and (iv)
in the triangle PPy _/Q. Keeping in mind Lemma 2.29, to show (iii) it is enough to compare
the lengths of P;P;y1 and P;P;.1, those of P;11Q and P;11Q, and the angles PZ'FiIQ and
PP 1Q.

FIGURE 15. The situation in Part 2.

We start recalling that (iii) in Lemma 2.18, together with the Lipschitz property of u, ensures

< ((Pin1Q) < ((PQ) < LU(PQ) (2.63)
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(keep in mind that, since P and @ are consecutive vertices, PQ = @ and PQ = I/DZ))
Recalling now (2.61) and (2.52) of Lemma 2.28, we get

7(Pit1) — 7(Qp)
10L

tpit1 =tpit1 —tQo = <40((PQ) < 40LL(PQ). (2.64)

We want now to estimate Z( ,+1Q> To do so, let us assume, as in Figure 15 and without loss
of generahty, that P and @ belong to the left side of the square D and that P is above @. Call
also V = (-3, —%) the southwest corner of D, and let ¢, and d, be the horizontal and vertical

components of the vector P;11 — @, so that

((P11Q) = /62 + 2.

By construction one clearly has §, = tp;y1/2. We claim that

£E(PQ) <U(Pi1Q) <29L((PQ). (2.65)

In fact, since P41 belongs to the segment PO, one surely has

((Pi1Q) > £(PQ) sin (0PV) > L2 1(PQ).

so that the left inequality in (2.65) holds. To show the right inequality in (2.65), notice that
3 _ .
—m 2> P PQ=0OPV > zv
4 4

so that by an immediate geometric argument |0,| < ¢(PQ) + 6,. Thus, by (2.64)

((Pi1Q) = /02 + 62 < \/< P2+1>2+ (tp’;“Jré(PQ)y

(2.66)
PQ)(20L)° + (201 +1)° < 20L0(PQ)
and so also the right inequality in (2.65) is established.
Keeping in mind (2.63), from (2.65) we obtain
YEPRIGEL) < 290L2 . (2.67)

E g(PHlQ)

It is much easier to compare £ <-Pi-Pi+1) and ¢ (PZ-PiH). Indeed, by an immediate geometrical
argument, recalling (2.61), (2.50) and condition (2.51) of Lemma 2.28, and letting S be any

point in the interior of P;P;,1, one has

£<Pipi+1) < \f (tP,i—H - tP,i) = 20@ (T(Pz‘+1) - T(Pi)> = ﬁT/(S)€<PiPi+1)
V2
< mﬁ(PiPz‘H),

and analogously

; - 1 ; — . /
e(F)inH-l) > tpit1 —tpi  T(Pit1) —7(Pi)  T'(S) E(

2 20L 20L

1
sz‘+1> > me(PiPi—H)-
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Thus, we have
1 ((PiPy1) 2
< < .
800L? = ¢(P;P;yy) ~ 20L

(2.68)

Let us finally compare the angles PifizQ and Pilgz-—:lQ. Concerning Pi}ﬁQ, it is enough

to recall (i) of Lemma 2.18 to obtain

15° < P;P;1Q < 165°. (2.69)

On the other hand, concerning REIQ, we start observing that
PPii1Q = PP11Q <7 — OPQ < zw. (2.70)
To obtain an estimate from below to PifZ-IQ, instead, we call for brevity a := BE;Q =

PFF:Q and 0 := OPV — 5 € [— /4, 7/ 4), so that an immediate trigonometric argument gives

(PQ) P;l (tan(ﬁ + ) — tan 9) . (2.71)

We aim then to show that
o> —. (2.72)
In fact, if

0ra>"4 2
4 427
then since 6 < 7/4 we immediately deduce the validity of (2.72). On the contrary, if
0 us 1
+a< Z + E )
then recalling (2.71), the fact that § > —n/4, and (2.64), we get

(07

2(zm 4 L
cos (4—1-42)

(07

J
2(m 4 1
cos <4+42>

(PQ) tPHl (tan(@ + a) — tan 6) tP’iH <20 LE(PQ)

from which it follows

cos? (% + é) 1
a > > ,
- 20L — 421
so that (2.72) is concluded. Putting it together with (2.70), we deduce

1 3
LS PP1Q <" 1" (2.73)
Finally we show the validity of (iii), simply applying (2.60) of Lemma 2.29. Indeed, let us call ¢
the affine map which sends the triangle P;P;11Q onto P;P;,.1Q and, for brevity and according

with the notation of Lemma 2.29, let us write

a=(PinQ), b=(PPi), a=PPnQ,
CL/ZE(PZ‘JAQ), bIZZ(PiPiJrl), O/:PZE\HQ
Then, the estimates (2.67), (2.68), (2.69) and (2.73) can be rewritten as
V2 a 2. 1 _b \f _ 1 1
— < —<2 - < — >z > — .
or = o =20k S00IZ Sy Saor  Smzge  smazgr o (274)
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where for the last estimate we used that

1 1 1 1 1 1
] > g _— > —— 1 — > —. .
sin v > 5111(42L> 2L <42Lsm(4 L>> 2 I <4281n<42>> 2 &I (2.75)

Therefore, (2.60) and (2.74) give us

/ 2b/ !
Lip(¢) < 2 V2 4 < B +48650L°% + 43V2 L2,

a bsina asino

On the other hand, exchanging the roles of the triangles, we get

V20 a 2, 2 9
< 290L 1160L~ .
b sin of +asmo¢’ - 5L+

Lip(¢~!) < *+

To conclude this part, we want to check (iv) for the pairs of consecutive vertices P, @) such
that the side PyQjs is in the triangle PPy_37Q. Notice that this happens only when M = 0,
or in other words, if Q = A or Q = B. Let us then assume that @ is either A or B, and let us
show that (iv) holds, that is,

sin <QPNO> sin (PNQO) (2.76)

1 1
= 202L° = 202L°
Taking : = N — 1 and applying the second inequality in (2.73), we immediately find

1
=7 — > =z
QPNO ™ — Pn_ 1PNQ > arcsin <202L>

In the same way, applying the first inequality in (2.7 3) and recalling Remark 2.3, one has

1 1 1
P =7 — QP Py=P P P -
NQO T Q NO QO N = I'N—1 NQ OQ < L 60L > arcsin <202L)

Hence, (2.76) is checked.

Part 3. Definition of uap in the quadrilateral Pn_pPnQuQ, and validity of (iii) and (iv).

The definition is again trivial: we take any N — M < i < N and, setting j =¢— N+ M €
[0, M), we have to send the quadrilateral P;P;y1Q;+1Q; on the quadrilateral P;P;11Q,1Q);.
To do so, we send the triangle P;P;11Q; 11 (resp. Q;+1Q;F;) onto the triangle P;P;1Q, 4
(resp. Q; +1QjPZ-) in the bijective affine way, as depicted in Figure 16. Then, we have to check
the validity of (iii) and (iv). As in Part 2, checking (iii) basically relies, thanks to Lemma 2.29,
on a comparison between the lengths of the corresponding sides and between the corresponding
angles. The argument will be very similar to that already used in Part II, but for the sake of
clarity we are going to underline all the changes in the proof.

First of all, the argument leading to (2.68) can be verbatim repeated for both the segments
P;P; 1 and Q;Q;+1, leading to

1 ((PiPy) - V2 1 0(QQ411) - V2
800L? = ¢(P;P;1) ~ 20L° 800L? ~ ¢(Q,;Q;,,) ~ 20L°

(2.77)

The argument that we used in Part 2 to bound the length of the segment P;1@Q works, with
minor modifications, to estimate the lengths of F;Q; and P;;1Qj41. Let us do it in detail
for P;Q;, the case of P;11Q;+1 being exactly the same. First of all, assuming without loss of
generality that P and @ lie on the left side of D and that P is above ), and recalling (2.62), let
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FiGURE 16. The situation in Part 3.

us call z; € (=1/2,—1/10] the first coordinate of Q;, set V; = (z;,—1/2), V = (-1/2,-1/2),
and define P as the point of the segment OP having first coordinate equal to x;.
As in (2.64), then, we obtain

tps — toy] < 40LL(PQ), [tpis1 = tQ 1l < 40LL(PQ). (2.78)
We claim that
@g(p@) <£(P-Q-> < 29L£(PQ) (2.79)
10 o= ' '

—notice the presence of v/2 /10 in the left hand side, while there was V2 /2 in the corresponding
term in (2.65). To show the left inequality in (2.79) we start observing that, P; being in OP,

one has

A RS V2
((PQ;) = £(PLQ;) sin (OPLQ;) = ¢(PLQ;) sin (OPV) > == £(PLQ;)
Moreover, as the segment P @; is parallel to PQ, (2.62) immediately gives K(PJ_Qj) > 6(PQ)/5.
Hence, we get é(PZ-Qj) > ‘{—gﬁ(PQ), that is the left inequality of (2.79).
Let us now pass to the right inequality. To do so we call again ¢, and ¢, the horizontal and
vertical components of P;Q;, so that ((P;Q;) = /02 + (55. Notice that by construction

tpi — tq,l
104 = % <20L6(PQ).
Moreover,
T < pPlQ<in, T<oPV<®n,
4 4 4 4

hence |0y] < U(P1Qj) + |0z] < £(PQ) + |62]. As a consequence, exactly as in (2.66) we get,
using (2.78),

((PQ;) = 2+ 82 < ((PQ)y (20L)° + (20L +1)° < 20L0(PQ).
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Thus, (2.79) is proved. Since (iii) of Lemma 2.18 gives

€O (1,0) < ) 110).

from (2.79) we immediately obtain
vz _ (ra)
0L = ¢(P.Q;)
The same argument, exchanging ¢ and j with ¢ + 1 and j 4 1 respectively, gives also
V2 < €<Pz‘+1Qj+1)
0L = ((Pi11Qj41)

< 290L°. (2.80)

< 290L2. (2.81)

We now have to consider the angles PimQjH, Qj+1é;Pi and their corresponding ones in A.
By Lemma 2.18 (i), we already know that

FIGURE 17. Position of the points P;, P11, Qj, Qj+1, P+ and P

1
> o3 (2.82)

As in Figure 17, let us then call P’ the orthogonal projection of Q;4+1 on the segment OP, and

15° < PiPi1Q;,; < 165°, sin (Q;11Q; Pi)

P~ the point of the segment OP with the same first coordinate as Qj+1. Assume for a moment
that, as in the figure, P’ does not belong to PP, ;1. By (2.78) and by (2.62) we have

oy e —tgnl LA (PQ)
(P Pt) = 25in (OPQ) <20V2LU(PQ). U(PrQu) 2 =, o3
((PHP') = 0(P*Qj11) cos (OPQ) 0(Qj+1P') = ((P+Qj41) sin (OPQ) .
Therefore, we can evaluate
— Qi P) Q1 P) Be(PHQj4)
P'Pii1Qj1) = > Z
tan( +1Q]+1) €(R;+1P'> g(pr/) _,_g(pZ.HpL) @f(PLQjH) +20\@L€<PQ)
((PLQjs) 1

~ U(PLQ ) +40Le(PQ) T 201L°

which immediately gives

— — 1
P7;-F)7,'+]_Qj+]_ =TT — P/Pi+]_Qj+]_ < m — arctan (m) . (284)
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Notice that, if P’ belongs to PP, y1, then PZ'EEQjﬂ < /2, so (2.84) holds true. Repeating
exactly the same argument, just swapping P and ¢ with ) and j, we obtain that

—— 1
Q;jQj+1Pi41 < m— arctan (201L) .
We can then deduce that
PPii1Qj41 = — OPi41Qj11 = Piy1Qj110 + POQj41 > Pit1Q;410
_ 1
=7 — P11Q;11Q; > arctan <201L> ,
and this, together with (2.84) and also again swapping P and ¢ with @ and j, finally implies

o 1 . .
sin (PiPiHQjH) > 309’ sin (Qij—i—lPi-i-l) > 209L -

We are finally in position to check the validity of (iii) by making use of (2.60) of Lemma 2.29.
Indeed, let us call ¢ (resp. q@) the affine map which sends P;P;11Qj+1 onto P;P;11Q;.; (resp.

Qj+1Q;P; onto Q;1Q;P;). According with the notation of Lemma 2.29, let us write

(2.85)

a= f(Pi+1Qj+1> : b= E<PiPi+1> , a= Piﬁi—:Qj+1 :
a = E(PZ-HQjH) , V= €<PiP¢+1) ; o = PiFi\HQj+1 )
a= 3(3‘@;‘) , b= £<Qij+1) , a = Qj+1@;Pi,

a = f(Pin) ) b= £<Qij+1) ) & = Qj+lé;Pi'

The estimates (2.77), (2.80) and (2.81) for the sides, and (2.82) and (2.85) for the angles, give
V2 _a ) 1 b V2 1 1
—— < = <290L — < - < — ina’ > = ina > —— 2.
T A A R VYT sina’ 2 7, sinazger, (2:86)
V2 a ) 1 b V2 1
—— < —<290L — < =< = ind > — ina@ > ——; 2.
0L S7 P g Sy Sar MY 2§y smdzgmps (287)

notice that the estimate for & comes directly from (2.85) if j > 1, while if j = 0 then & =
Pn_nmQO > 1/(42L) — 1/(60L) > arcsin(1/(202L)) by (2.73) and Remark 2.3. As in Part 2,
then, we can apply (2.60) together with (2.86) and (2.87) to obtain

/ 2b/ /
Lip(¢) < = + f + 2 < 5V2L+161600v2L3 + 1010v/2 L2 < 230000L3,
a bsina asina
a V2b a 2
Lip(¢p~H) < = < 290L% + — + 1160 L? < L
(o) = a’ b sinad/ + a'sina/ LT+ 5L + 1160 L7 < 3000L7,
- ad V2 a 5 ) 5
Lip(¢) < — + =—— + —— < 5V2 L 4 161600v2L3 + 1010v/2 L? < 230000L3 ,
a bsin & asin o
g _d | V2 i ), 4 s )
Lip(¢7) < - + = — < 290L%+ - L 42320 L* < 3000L*.
a  Wsinag dsind/ 5

Thus, we have checked the validity of (iii).

Concerning (iv), we have only to show that
. — 1 . — 1
Sln(PNQMO>Zm, Sln(QMPNO>Zm7

which in turn comes directly from (2.85) withi =N —1and j = M — 1. O
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2.8. Step VIII: Definition of the piecewise affine extension v.

We finally come to the explicit definition of the piecewise affine map v. It is important to
recall now Lemma 2.1 of Step 1. It provides us with a central ball B C A which is such that
the intersection of its boundary with A consists of NV points Ay, As, ..., Ay, with N > 2.
Moreover, for each 1 < ¢ < N one has that the path m does not contain other points A;
with j # 4, i+ 1. Or, in other words, that for each 1 <1i < N the anticlockwise path connecting
A; and A;11 on 9D has length at most 2 (keep in mind Remark 2.2). Notice that this implies,
in the case N = 2, that the points A; and Ay are opposite points of 9D. The set A is then
essentially subdivided into N primary sectors S(A;A;+1), plus the remaining polygon II (see,

e.g., Figure 18, where II is a coloured quadrilateral).

Moreover, thanks to Step VII, we have N disjoint polygonal subsets D; as in the Figure,
and N extensions u;: D; — S(A;A;+1). It is then easy to guess a possible definition of v, that is
setting v = u; on each D; and then sending in the obvious piecewise affine way the set D\ | J; D;
(dark in the figure) into the polygon II, defining u(O) as the center of B. Unfortunately, this
strategy does not always work. For instance, if N = 2, then II is a degenerate empty polygon,
thus it cannot be the bi-Lipschitz image of the non-empty region D \ |J; D;. Also for N > 3, it
may happen that the polygon II does not contain the center of g, which is instead inside some
sector S(A;A;+1). In that case, obviously, the center of B can not be the point u(0). Having
these possibilities in mind, we are now ready to give the proof of the first part of Theorem A,
that is, the existence of the bi-Lipschitz piecewise affine extension v of u.

Actually, in order to check the bi-Lipschitz property for v, it will be enough to prove that
v is bi-Lipschitz in every triangle of the partition. To be more precise, let us introduce the
following simple notation: a map ¢: X — Y is said piecewise L-Lipschitz (or piecewise L bi-
Lipschitz) if there exists a locally finite closed cover of X such that the restriction of ¢ to any
of the sets of the cover is L-Lipschitz (or L bi-Lipschitz). In the remaining of the paper, we will
use this notion for maps which are defined in a region which is already subdivided in a finite
cover of triangles; hence, for the sake of shortness, when we write that a map is piecewise L
bi-Lipschitz, we will always intend that the map is L bi-Lipschitz on any of the triangles of the
given partition, without need of specifying this every time. The utility of this notion relies on

the following easy and well-known fact.

Lemma 2.31. Let X and Y be two closed subsets of a normed space, and let ¢o: X =Y be a
continuous function, piecewise Lipschitz with constant L, and such that the restriction of ¢ to

0X is also Lipschitz with constant L. Then, o is globally L-Lipschitz.

Observe that, if X is convex, then for the above result the assumption about X is not
needed. Observe also the fundamental consequence that this result has for our purposes: since
we already know the bi-Lipschitz property of v on 9D (since v = u on 9D), then in order to
obtain the global bi-Lipschitz property for v on the whole D it is enough to check it on each of
the triangles of the partition.
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FIGURE 18. The sets D; in D and the set IT in A.

Proof of Theorem A (piecewise affine extension). We need to consider three possible situations.
To distinguish between them, let us start with a definition. For any 1 < i < N, we call d; the
signed distance between the segment A;A;;; and the center of g, where the sign is positive if
the center does not belong to S(A;A;+1), and negative otherwise—for instance, in the situation
of Figure 18 all the distances d; are positive. Let us also call r the radius of 3\, and observe that
2 2L
3L <r< —
The first inequality has been already pointed out in Remark 2.2. Concerning the second one, it

(2.88)

immediately follows by observing that the perimeter of A is at least 2w by geometric reasons,
and on the other hand it is at most 4L since it is the L—Lipschitz image of the square D which

has perimeter 4. We can then give our proof in the different cases.

Case A. For each 1 <i < N, one has d; > r/4.

This is the simplest of the three cases, and the situation is already shown in Figure 18. We
start by calling O the center of B. Then, for all 1 <¢ < N, let us define v = u; on D;. We have
now to send D \ |J; D; onto II. In order to do so, consider all the vertices P; of 0D. For each
vertex P;, which belongs to some set D; for a suitable ¢ = i(j), there exists a point @; which
is the last point of the segment P;O which belongs to 0D;. In fact, the segment P;O intersects
O0D; only at P; and at @)}, and the two points are the same if and only if P; = A; or P; = A;41.
By the construction of Step VII, we know that v(Q;) = (P;)n(p,), and we will write for brevity
Q, = (Pj)n(p;)- Notice now that D\ |J; D; is the essential union of the triangles Q;Q;+10, and
on the other hand II is the union of the triangles Q;Q; ;0. We then conclude our definition of
v by letting v send in the affine way each triangle );Q;+10 onto the triangle Q;Q; ;0. Hence,
it is clear that v is a piecewise affine homeomorphism between D and A, and that it extends
the original function w. Thus, to finish the proof we only have to check that v is bi-Lipschitz
with the right constant and, as observed above, Lemma 2.31 ensures that it is enough to check
this on the generic triangle of the partition. Since this has already been done in Lemma 2.30
for the triangles contained in a primary sector, it remains now only to consider a single triangle

Q;jQ;j+10. Using again Lemma 2.29 from Step VII to estimate the bi-Lipschitz constant of the
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affine map on the triangle, we have to give upper and lower bounds for the quantities

0= 0(Q;Q1), b=1(Q;0), o =0Q;Qj+1,
d =0(Q;Q41), v =£(Q,0), o' = 0Q;Q; -

Let us then collect all the needed estimates: first of all, notice that the ratio a/a’ has already
been evaluated in Lemma 2.30, either in Part 2 or in Part 3. Thus, recalling (2.74) and (2.86),

we already know that

V2 a 9
— < — <290L°. 2.
0L Sa = 90 (2.89)

Concerning the ratio b/b’, notice that by geometric reasons and recalling (2.62), we have

1 V2

— <b< — 2.90
10~ — 27 (2:90)
while by (2.88) and the assumption of this case
1 r 2L
— <<V <r<—. 2.91
6L =4-"="=7 (2:91)
Thus,
U A1) (2.92)
20L — b — ' '
Finally, concerning the angles o and o', we have
1
_ <202L, — <4, (2.93)
sin « sin o

where the first inequality is given by property (iv) of Lemma 2.30, and the second directly
follows by the assumption of this case. We can then apply (2.60) making use of (2.89), (2.92)
and (2.93) to get

/ 2b/ / 4 4 2
Lip(¢) < = + VI g ey AV e 0vare
a bsina asina T
2
Lip(¢~!) < % b’\sglo/ + - < 20017+ 24L + 1160L%;

thus the claim of the theorem is obtained in this first case.

Case B. There exists some 1 < i < N such that —r/2 < d; < r/4.

Also in this case, we set u(O) = O to be the center of B. Let us write now D = U; Ai, where,
setting by consistency Any1 = A1, each A; is the subset of D whose boundary is A,OUA; 110U
m Notice that for each i, one has D; C A;, and in particular we set Z; = A; \ D;, i.e., the
“internal part” of A;. Our definition of v will be done in such a way that, for each 1 <i < N,
v(A;) will be the union of the sector S(A;A;11) and the triangle A;A; 110 if d; > 0, and the
difference between the sector S(A;A;+1) and the triangle A;A4;110 C S(A;A;+1) if d; < 0.
Observe that, in the Case A, we had defined v so that for each i one had v(D;) = S(A;A;+1)
and U(IZ) = AiAi—I—lO-

Let us fix a given 1 < i < N, and notice that either d; > r/4, or —r/2 < d; < r/4: indeed,
since we assume the existence of some ¢ for which —r/2 < d; < r/4, it is not possible that there

exists some other ¢ with d; < —r/2.
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If d; > r/4, then we define v exactly as in Case A, that is, we set v = wu; on D;, and for
any two consecutive vertices P;, Pjy1 € m we let v be the affine function transporting the
triangle @;Q;+10 of D onto the triangle Q;Q; ;0 of A, where Q) = (Py)n(p,)- In this case,
v is piecewise bi-Lipschitz on A; with constant at most 5v2L + 4040+/2L2 /T + 1010\/§L2, as

we already showed in Case A.

Ay

(&

FIGURE 19. The situation for Case B and the points M, D and C.

Consider then the case of an index i such that —r/2 < d; < r/4, as it happens for i = 2 in
Figure 19 (where dy is positive but smaller than r/4). As in the figure, let us call C € 9B the
point belonging to the axis of the segment A;A;;; and to the sector S(A;A;+1), and let also
D € OC be the point such that E(OD) = r/4. We now introduce a bi-Lipschitz and piecewise
affine function ®: A;A;11C — A;DA;1C. If we call M the mid-point of A;A;11, the function
® is simply given by the affine map between the triangle A;MC and A;DC, and by the affine
map between A;11MC and A;11DC. The fact that ® is piecewise affine is clear, ® being
defined gluing two affine maps. Moreover, by the fact that —r/2 < d; < r/4, ® is piecewise
2—Lipschitz and ®~! is piecewise 3—Lipschitz. We will extend ®: S(A;A; 1) — S(A; A1),
without need of changing the name, as the identity out of the triangle A;A;1C. Of course also
the extended @ is piecewise 2—Lipschitz and its inverse is piecewise 3—Lipschitz.

We are now ready to define v in A;. First of all, we set v = ® o u; on D;. Thanks
to Lemma 2.30 and the properties of Lipschitz functions, we have that v is piecewise affine
and piecewise bi-Lipschitz with constant max {2 - 230000L%, 3 - 3000L*} < 460000L* onto its
image, which is S(A;A;+1) \ A;A;+1D. To conclude, we need to send Z; onto the quadrilater
A;OA; 1 D. To do so, consider all the vertices P; € m, and define @); € 9D; as in Case A.
This time, we will not set Q; = u;(Q;): instead, Q; will be defined as Q; := CID(ui(Qj)), so that
v(Qj) = Q; as usual. Notice that, again, Z; is the union of the triangles );Q;+10, while the
quadrilateral A;OA;1D is the union of the triangles Q;Q; 10 (up to the possible addition
of a new vertex corresponding to D). The map v on Z; will be then the map which sends each
triangle ;Q;+10 onto Q;Q ;10 in the affine way. Clearly the map v is then a piecewise affine

homeomorphism and so, again by Lemma 2.31, we only have to check its bi-Lipschitz constant on
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the generic triangle of the partition (Figure 20 may help the reader to follow the construction).

As usual, we will apply (2.60) of Lemma 2.29, so we set the quantities

0= 0(Q;Qi11), b=1(Q;0), a=0Q;Qj41,
d =0(Q;Q41), v =¢(Q,0), o' = 0Q;Q; -

Recall that, studying Case A, we have already found in (2.89) that for each vertex P; € A;A; 1

FIGURE 20. A zoom for Case B, with Qj, Qj+1, u2(Qj), u2(Qj+1), Q; and Q.

one has
V2 0(Q;Qj41)
0L ™ 4 (ui(Q))ui(@y11) )
Notice also that now we have E(QJQJ-H) = a, exactly as in Case A, but it is no more true that

K(ui(Qj)ui(QjH)) = a/. However, since ® is 2—Lipschitz and ®~! is 3—Lipschitz, we have

< 290L2. (2.94)

o' = 0(QQy11) = 1@ (ua(@1)) B (wi(@s41)) ) < 20(us(Q)ui(@s41))

O ui(Q))ui(Qj+1)
o = 0(Q,Q;11) = £(®(ui(@) @ (w(Qj1))) (@ — ) ,
which by (2.94) ensures
V2 a
0L S w1 < 870L> . (2.95)

To bound the ratio b/b’, we have to estimate both b and . Concerning b, we already know
by (2.90) that

Ly v2

10— — 2
On the other hand, let us study &’. The estimate from above, exactly as in (2.91), is simply
obtained by (2.88) as

b’grg&.
T
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Instead, to get the estimate from below, it is enough to recall that Q; belongs to the segment
A;D (or A;11D). Thus, as d; < r/4, an immediate geometric argument and again (2.88) give
> —=r > L .
T 2V7 T 3VTL
Collecting the inequalities that we just found, we get

T b

< =
20L — UV

b/

< g V14L . (2.96)
Concerning the angles, we have

1
< 202L, — <6. (2.97)
S1n &« S1n &«

The first inequality comes again, as in (2.93), by property (iv) of Lemma 2.30. Concerning the
second one, an immediate geometric argument ensures that sin’ is minimal if o/ = OED,
and in turn this last angle depends only on d; and it is minimal when d; = —r/2: a simple
calculation ensures that, in this extremal case, one has

3/4 1/2
\/§/2 — arctan \/5{/2
and then also the second inequality in (2.97) is established. Therefore, by applying (2.60)
having (2.95), (2.96) and (2.97) at hand, we get

/ 1% / 4040v/2
a VW | _a §10\f2L+OO\[

bsina  asina T

o/ = arctan > 10°,

Lip(¢) < L? +2020v/2L? < 460000L*

- < 870L* + 18V/7L + 5220L* < 460000L"

a’ + Vsina/  a'sina
and thus the proof of the theorem is obtained also in Case B.

Case C. There exists some 1 <1 < N such that d; < —r/2.

In this last case, notice that the index i such that d; < —r/2 is necessarily unique, since if
d; < —r/2 then for all j # ¢ one has d; > r/2. For simplicity of notation, let us assume that
the index is ¢ = 1. In this case, differently from the preceding ones, we will not set O to be the
center of B. Instead, as in Figure 21, let us call M the midpoint of A1 As, C € B the point such
that the triangle A1 A>C is equilateral, and D and O the two points which divide the segment
CM into three equal parts. We will define the extension v in such a way that v(0O) = O.

Before starting, we need to underline a basic estimate, namely,

?jiL <((A1Ay) < 2? L. (2.98)
The right estimate is an immediate consequence of the assumption d; < —r/2 and of (2.88).
Concerning the left estimate, recall that, as noticed in Remark 2.2, there must be two points
A;, Aj € 0B such that ¢(A;A;) > 4/(3L). Thus the left estimate follows simply by observing
that the distance £ (AiAj) is maximal, under the assumption of this Case C, for i = 1 and j = 2.

We can now start our construction. Exactly as in Case B, call ®: S(A1A2) — S(A1A2) the
piecewise affine function which equals the identity out of A1 A>C and which sends in the affine

way the triangle A{MC (resp. Ao M C) onto the triangle A1 DC' (resp. A3 DC). Also in this
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case, one easily finds that ® is piecewise 2—Lipschitz, while ®~! is piecewise 5—Lipschitz. We

are now ready to define the function v. As in Case B, for any ¢ # 1 our definition will be so that
’U(.AZ) = S(AzAH-l) @] Az’Ai—i—lO, while U(.A1) = S(AlAQ) \ A1A50.

FIGURE 21. Situation in Case C, with A1, As, C, D, M and O.

Let us start with ¢ = 1. First of all, we define v: Dy — A as v = ® ouy, which is, exactly as
in Case B, a piecewise affine homeomorphism between D; and S(A1A2)\ A1 AsD with piecewise

bi-Lipschitz constant at most
max {2 - 230000L%, 5 - 3000L*} < 460000L* .

Moreover, defining @; and Q; as in Case B, the internal part Z; is the union of the triangles
Q;jQ;+10, while A1jOA2D is the union of the triangles Q;Q,;,0 (again, possibly adding a
vertex corresponding to D). We will then define again v: Z; — A by sending in the affine way
each triangle onto its corresponding one, and since v is again a piecewise affine homeomorphism
by definition we have to check its bi-Lipschitz constant on the generic triangle. To do so, we

define as in Case B the constants

a=0(Q;Qj11), b=1(Q;0), a=0Q;Qj:1,
d =0(Q;Q,1), v =1(Q,0), o =0Q;Q;., -

The very same arguments which lead to (2.95) and (2.97) (left) give again
V2 _a

— <
20L — d

Since (2.90) is still true, to estimate b/b’ we again need to bound ¥’ from above and from below.

< 1450L2, < 202L . (2.99)

sin o

By easy geometric arguments, since Q; belongs to A1 D or to Ay D, we find

{Ze(AlAQ) <V <((A0) = \f/f ((A14,)
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(recall that Figure 21 depicts the situation and the position of the points). Thanks to (2.98),

then, we deduce

which by (2.90) yields
b3 (2.100)

Finally, we have to estimate sina’. As is clear from Figure 21, sina’ is minimal if Q; = Ay,

thus if o/ = O;l\lD. Since in this extremal case one has

3
o/ = arctan 3 arctan — > 15°,
we obtain
!
sina’ > 1 (2.101)
Applying then once more (2.60), thanks to (2.99), (2.100) and (2.101) we get
! 20 ! 4040+/2
Lip(¢) < = ‘[ -2 <10v2L+ 4040v2 L% 4+ 2020v/2L? < 460000L*
a bsina asina 7
. -1 a \/§b Qa 2 2 4
Lip(¢p~!) < — : —— < 1450L% + 6/7L + 5800L2 < 460000L* .
a  Vsina o sina’

To conclude, we have now to consider the case i # 1. Notice that now we cannot simply
rely on the calculations done in Case A as we did in Case B, because this time O is not the
center of B. Nevertheless, we still define v = u; on D;, which is piecewise 230000L* bi-Lipschitz
by Step VII, and again, to conclude, we have to send Z; onto A;A;.10. Since the first set is
the union of the triangles Q;();+10, while the latter is the union of the triangles Q;Q,,0, we
define v on Z; as the piecewise affine map which sends each triangle onto its corresponding one,
and to conclude (recalling again Lemma 2.31, as for Case A and Case B) we only have to check

the bi-Lipschitz constant of v on all the triangles of Z;. As usual, we set

a=0(Q;Qj41). b=16(Q;0), a=0Q;Qj
a = €<Qij+1) ) b = €<Qj0) ) o = O@;QjJrl :

Let us now make the following observation. Even though the situation is not the same as in

Case A, as we pointed out above, the only difference is in fact that now O is not the center of

B. And this difference clearly affects only b and o/, thus (2.89), (2.90) and (2.93) already tell
us

2 a

me =

Concerning ', since any point Q; is below A1 A in the sense of Figure 21 by construction (recall

| 3
< 20012, mgbg\g < 202L.

’ sin

that we are considering the case i # 1, so that Q; belongs to the side A;A;i1), we immediately
deduce that

b > (MO) = ‘fé(AlAz) > if
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also using (2.98). On the other hand, by the assumption d; < —r/2 and by construction it
immediately follows that O is below the center of g; then, keeping in mind (2.88), we have

b’§r§§.
T

Finally, concerning o/, it is clear by construction that both o/ and m — o’ are strictly bigger than

Al;l\g(), thus

— 3 1
sina/ > sin A] 42O = sin (arctan \3[> =3
Summarizing, we have
V2 a ) m b _ 3V6L 1
—~= < = < 290L <<= na > —— ina/ > =.
101 = o =208 0L -V = 4 S = 902L )

Now, it is enough to use (2.60) for a last time to obtain

2 / 4040v/2
Lip(¢) < — + var §5\@L+W\[

a/
a bsina asina
a
a

L? +1010v2L2 < 460000L*

2b
Lip(¢™") < - + b,‘.[ -+ — : - < 290L% + 3v/3L + 580L* < 460000L*
S1n &« a’ S1N &

and then the proof of the first part of Theorem A is finally concluded. O

2.9. Step IX: Definition of the smooth extension v.

In this last step, we show the existence of the smooth extension v of u, thus concluding
the proof of Theorem A. The proof is an immediate corollary of the following recent result by
Mora-Corral and the second author (see [2, Theorem A]; in fact, that result is actually wider,

but for the sake of shortness we prefer to claim here only the part that we need).

Theorem 2.32. Let Q2 C R? be an open set, and let v: Q — R? be a (countably) piecewise affine
homeomorphism, bi-Lipschitz with constant L. Then, for every € > 0 and every 1 < p < 400
there exists a smooth diffeomorphism v: Q — v(Q2) such that © = v on 9, ¥ is bi-Lipschitz with
constant at most 50L7/3, and

19— vl () + 1DD = Dol oy + 167" = 07 e (o)) + 1D = Do~ o) < -
Having this result at hand, the conclusion of the proof of Theorem A is immediate.

Proof of Theorem A (smooth extension). Let v be a piecewise affine extension of u having bi-
Lipschitz constant at most C'L*, which exists thanks to the proof of the first part of the Theorem,
Step VIII. By Theorem 2.32, there exists a map © which is smooth, coincides with v on 9D,
and has bi-Lipschitz constant at most 50C7/3L23/3. This map ¢ is a smooth extension of u as

required. ]
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3. PROOF OoF THEOREM B

In this last Section we present the proof of Theorem B, which will be obtained from Theo-

rem A by a quick extension argument, basically just applying the following geometric result.

Lemma 3.1. Let ¢: 0D — R? be an L bi-Lipschitz map. Then, for any € > 0, there exists a
piecewise affine map p.: OD — R? which is 4L bi-Lipschitz and such that

lo(P) — p.(P)|<e  VYP€dD.

The proof of a quite similar result, the only difference being that the statement is on a
segment instead than on the boundary of a square, can be found in the very recent paper [1,
Lemma 5.5]. It is interesting to underline here that the main result of that paper, Theorem 3.2

below, uses our Theorem A in a crucial way.

Theorem 3.2 ([1, Theorem 1.1]). If Q C R? is a bounded open set and v: Q — A C R? is an
L bi-Lipschitz homeomorphism, then for all e > 0 and 1 < p < 400 there exists a bi-Lipschitz

homeomorphism w: Q — A, such that w = v on 0%,
lw = vl o) + lw™ = v e(a) + [1Dw — Dol o) + |1Dw™" = Dv ™| oa) < €,

and w is either countably piecewise affine or smooth. In particular, the piecewise affine map can
be taken K1L* bi-Lipschitz, and the smooth one KoL?8/3 bi-Lipschitz, K1 and Ko being purely

geometric constants.

For the sake of completeness, we give here a proof of Lemma 3.1, even if the idea is quite

similar to that of [1, Lemma 5.5].

Proof of Lemma 3.1. Let us start by fixing p small with respect to ¢/L? and 1/L?, and tq € 9D

close to the center of a side of the square. Start defining recursively the sequence

tiy+1 := max {t € [titi + 1] : |p(t) — @(t;)] < p} ,

where by “[t;,t; + 1]” we denote the closed curve of length 1 in 0D which starts from ¢; and
moves clockwise. Notice that, since |p(tiy+1) — ¢(t;)| = p and ¢ is L bi-Lipschitz, we have

% <|ti1 —ti| < Lp, % < d(ti, tiy1) < V2Lp, (3.1)

where d denotes the length-distance in 0D. Since Lp < 1, we obtain that every point ¢;11 is

actually very close to the preceding point ¢;, and in particular

< L|S — t¢| < L‘ti+1 — ti| < LQp Vs € (ti,ti+1) . (3.2)

[e(s) = ¢(t:)

On the other hand, the lower bound for d(t;,t;+1) ensures that, after finitely many steps, the
sequence will arrive again close to tg.
Since we want to avoid overlapping, we argue as follows. We define K = 4L* and then we

stop the recursive definition at ¢y, where IV is the first index bigger than 3K such that

<2L%p;

o [e(tn) — (k)
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thanks to (3.2) and to the lower bound in (3.1), the existence of such an N is clear. Observe
also that, whenever N > j' > j + K, by (3.1) it holds that

i1

K
Z d(ti, tiy1) > Tp =4L%
J

and then, if the above sum is less than 2, we deduce

ti—ta|  d(t bt Lt b
2|JLJ|2 (;L]):ZJ 2(Ll l+1)>2L2p. (3.3)

In particular, since K Lp < 1, the upper bound in (3.1) implies that N > K, and then comparing

lo(t)) — e(t;)

the definition of N and (3.2) we deduce that ¢y is very close to ty but strictly “before” it; in
other words, Zfiﬁl d(ti,tiy1) < 4 and then we have actually stopped the recursive definition
before an overlapping could occur.

We claim now that it is admissible to assume

min_[¢(tn) = o(t:)] = [p(ty) — ¢ (to)|; (3.4)

0<i<K

indeed, if the minimum is realized at ¢; for some 0 < j < K, to get the validity of (3.4) it is
enough to “throw away” all the points t; with 0 < ¢ < j. Formally speaking, we restart all the
procedure with first point #g := t; (which is still very close to the center of a side of the square);
it is obvious from the construction and the above estimates that ¢; = tiv1, ty = tj+2 and so
on, that the new sequence will stop exactly with the point fN_j = ty, and that for the new
sequence the validity of (3.4) holds true.

We underline now that

p < lp(tn) = o(to)| < max {|e(t:) - p(to)l , [p(tn) = (t:)|} YO<i<N.  (3.5)

Indeed, by the definition of N we get that

lo(tn) — @(to)| = lp(tn—1) — p(to)| — lp(tn) — @(tn-1)| > 2L*p—p > p.

On the other hand, the second inequality readily follows from (3.4) and (3.3): in particular, for
1 <i < K one has surely |p(tn) — ¢(to)] < |e(tn) — @(ti)], for N — K < i < N — 1 one has
lp(tn) — o(to)] < |e(ti) — ¢(to)], and for K < i < N — K both the inequalities are true.

We are now ready to define the approximating function ¢.: 9D — R?. For each 0 <i < N,
we let ¢ be the affine (or piecewise affine) function which sends the curve t;t;11 C 9D onto
the segment ¢(t;)p(ti+1). More precisely, whenever ¢;t;1; is a segment, ¢, is simply the affine

function such that

pe(ti) = o(ti), Pe(tiv1) = @(tiv1); (3.6)

instead, if ¢;t;+1 is not a segment (and so, one of the corners of the square, say A, is in the
interior of the curve t;t;11), the function ¢, still sends the curve onto the segment ¢(t;)¢(tiy1)
satisfying (3.6), it is affine on the two segments ¢; A and At; 1, and |¢.| is constant in the curve

titiy1. Of course, we consider 0 = N + 1.
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It is clear by construction that this function satisfies ||p: — ¢||L < €, recalling (3.2) and
since p < ¢/L?. Moreover, the function is obviously piecewise L-Lipschitz, so it is globally
2L-Lipschitz because it is defined on the boundary of a square. Thus, we only have to check
that o, satisfies the inverse 4L-Lipschitz property.

To this aim, let us take t, s € 9D, and keep in mind that we have to check that

[t —s| < 4Ljpe(t) — pe(s)]- (3.7)

If both points belong to a same curve ¢;t;41 C 9D, this is immediate because on that curve ¢
is v/2L bi-Lipschitz.
Assume now that s and ¢t belong to two consecutive curves, say s € t;_1t; and t € t;t;y1.

Then we have

|0 (ti1) — etiv1)| = [pe(tio1) — (i), lwe(tiz1) — @e(tiv1)] = lwe(ti) — @e(tiva)l,

as follows directly from the construction, regardless whether or not i € {N, 0}—for the case
i = 0, just keep in mind (3.5). This implies that ¢(s)p(t:)e(t) = ©(ti—1)p(ti)e(tit1) > 60°,

from which we deduce

= (t) = pe(ti)| + e (ti) = e(s)| |t —til +[ti —s| |t — 5]

[Pe(t) = pe(s)] 2 : > L =,

and hence (3.7) is again established.

To conclude, consider the situation when ¢ and s belong to two different and not consecutive
curves, say t € t;t;41 and s € t;t;41. Up to swap ¢ and j, we can assume that the curve
titiv1 C OD is a segment (so ¢ is L bi-Lipschitz, instead than V2L bi-Lipschitz, on t;t;11) and
that j # N. Indeed, since one has

[t —s| < Lp(t) = ¢(s)| < L(lee(t) = pe(s)] + 22),

the inequality (3.7) is always obvious unless s and t are very close to each other. Hence, since
tn is very close to the center of a side of the square, if both s and ¢ are close to ¢y, then at least
one of ¢ and j is different from N and both the curves t;t;1 and ¢;t;41 are segments, while if
both are close to a same corner of the square, then at least one of ¢;t;11 and t;t;11 is a segment,
and both ¢ and j are different from V.

Since j # N, we have |p(t;) — ¢(tj+1)| = p, and then we assume that |p-(s) — p(t;)] < p/2
(otherwise it must be |¢c(s) — ¢-(tj41)] < p/2 and the following argument works just swapping

j and j + 1 everywhere). Observe now the estimate

pe(ty) = pe(t)| s ety = wetinn)|} (3.8)

which is obvious by construction if ¢ # N, while for i = N it was established in (3.5). As a

we(ti) — ‘Pa(tiﬂ)‘ < max{

)

consequence, we can assume that

—

‘Ps(t)SOE (ti)Sos(tj) = Ws(ti+1)¢s(ti)§0€(tj) > 60° ;

indeed, by (3.8) we obtain that at least one of the two angles goa(tHl)gZ(t\i)goa(tj) and

Ve (ti)pe(tivt)pe(t;) is at least 60°, and if the second angle is the bigger one then one just
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has to swap ¢ and ¢ + 1 in the following estimate. We can then evaluate
|t —s| < ‘t—ti‘-l-‘ti—tj’—i-’tj—s‘

< L(Jpe(t) = pe(t)| + lp=(t:) — @e(t)] + V2pe(t) — 0= (s)] )

< L(2lpe () = p=(t)] + V2l0e(t;) = 0e(5)]) >
< L(2lpe(t) — (s)] + 2+ V2)le(ty) — e (s)]) -
Moreover, we claim that
o= (t) — we(s)| = \f p (3.10)

This estimate is an immediate geometric consequence of the following inequalities: if ¢ # N,
then

lpe(ti) — e(tit1)| = p, e (ti) — e(tj)| = p, loe(tiv1) — we(t;)] > p,
le(ts) — we(tjr1)| = p, e (ti) — pe(tjt1)| = p, lpe(tiv1) — pe(tjr1)] = p;

ifi=N, and 0 < j < K, then

e (ti) = @e(ts)] = [@e(ti) — @e(tira)l, |pe(tiv1) = @e(t;)| = p, (3.11)
|pe(ti) — @eltjrn) = [e(ts) — we(tira)l s | pe(tiv1) = @e(tjv1)l = p;
ifi=Nand N—- K <j+1< N, then
|pe(titi) = e(ts)] = lpe(ti) — e(tiva)l, pe(ti) — @=(t;) = p, (3.12)
|pe(tiv1) = @e(tjra)l = [e(ti) = @e(tiva)l, |pe(ti) = p=(tjr1)] = p;
and lastly, if i = N and K <j < N — K — 1, both (3.11) and (3.12) are true.
Inserting (3.10) and the inequality |¢:(s) — ¢:(t;)| < p/2 into (3.9), we finally get
2++/2
= ol < (24 22 et - pelo) < 4L 1oult) - 000
V3
so (3.7) is obtained also in this last case, and the proof is concluded. O

We can now show our Theorem B.

Proof of Theorem B. Let w: 0D — R? be an L bi-Lipschitz map. Fix ¢ > 0 and ap-
ply Lemma 3.1, obtaining a 4L bi-Lipschitz and piecewise affine map u.: 0D — R2?, with
lue — ul|Lo(op) < €. Theorem A, applied to ue, gives then an extension ve: D — R? which is
256C'L* bi-Lipschitz and satisfies v. = u. on 9D. By a trivial compactness argument, there is a
sequence v.; which uniformly converges to a 256C L* bi-Lipschitz function v. By construction,

one clearly has that v = u on 9D, thus the thesis is obtained. ]

Corollary 3.3. Under the assumptions of Theorem B, there exists an extension w: D — R? of
u which is countably piecewise affine (resp. smooth), and which is K1C"*L' bi-Lipschitz (resp.
KoC"8/3L12/3 by Lipschitz).



A PLANAR BI-LIPSCHITZ EXTENSION THEOREM 59

Proof. This immediately follows from Theorem B and Theorem 3.2. In fact, if v is a C”L* bi-
Lipschitz function given by Theorem B, then Theorem 3.2 provides us with a countably piecewise
affine function w which is very close to v, coincides with v on 9D, and is K1 (C’ ! L4)4 bi-Lipschitz,
and with a smooth function @, again very close to v, coinciding with v on 9D and Ks(C” L4)28/ 3

bi-Lipschitz. These two functions w and w are the searched extensions of u. O

We conclude the paper with a last observation.

Remark 3.4. One need not rest satisfied with the situation that when passing from Theorem B
to Corollary 3.3 we had to pass from L* to L6 (resp. L112/3). In fact, it is possible to modify
the construction of Theorem A so as to directly obtain, in the case of a general L bi-Lipschitz
function u: 0D — R2, a countably piecewise affine extension v of u which is cL! bi-Lipschitz.
And then, thanks to Theorem 2.32, one would also get a smooth extension v which is 5007/31,28/3

bi-Lipschitz.
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