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Abstract

We construct accurate models of three-nucleon (3N) interaction by fitting, in a hybrid phe-

nomenological approach, the low-energy constants parametrizing the subleading 3N contact oper-

ators to the triton binding energy, n−d scattering lengths, cross section and polarization observables

of p−d scattering at 2 MeV center-of-mass energy. These models lead to a satisfactory description

of polarized p−d scattering data in the whole energy range below the deuteron breakup threshold.

In particular, the long-standing Ay puzzle seems to be solved thanks to the new terms considered

in the 3N force. Two types of hierarchies among the subleading contact operators are also derived,

based on the large-Nc counting and on a recently proposed relativistic counting. We test these

hierarchies against the same experimental data and show that they are respected at a reasonable

level.
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I. INTRODUCTION

Recent years have witnessed substantial progress in the development of accurate repre-

sentations of the nuclear interaction, in both the two-nucleon (NN) and three-nucleon (3N)

sectors [1–8]. Particular emphasis has been put on the systematic framework provided by

chiral effective field theory (ChEFT) [9, 10]. The utility of chiral symmetry as organizing

principle of the various components of the nuclear interaction depends on the convergence

properties of the corresponding perturbation series, which reflect in turn the separation of

the scales at which the nuclear interaction reveals its full complexity. In the NN sector, chi-

ral potentials, developed up to the 4th and 5th order of the low-energy expansion, provide an

extremely accurate description of the NN data up to laboratory energies of 300 MeV with a

χ2 per degree of freedom (χ2/d.o.f.) close to one. The three-nucleon interaction (TNI) shows

up in this framework as a small perturbation to the NN interaction arising at the next-to-

next-to-leading order (N2LO), and depends only on two low-energy constants (LECs) up

to following order N3LO [11, 12]. After determining the two TNI LECs from two 3N data

(usually they are the 3H binding energy and the doublet n− d scattering length or tritium

β-decay) the calculated χ2/d.o.f. of available low-energy N − d observables takes values as

large as several hundreds [13, 14]. This well known fact regards unexplained discrepancies

between theory and experiment in low-energy N−d scattering, most notably in polarization

observables of elastic scattering, as the so-called Ay puzzle [15–17]. Attempts to trace back

this problem to deficiencies in the description of the low-energies NN p-waves showed that

it is impossible to simultaneously describe the low-energy NN and 3N database using solely

NN forces [18]. Accordingly, these discrepancies indicate a limited flexibility in the 3N

force at the order considered. To improve the description, further LECs, parametrising sub-

leading contact terms contributing at N4LO, could be necessary. This would imply a slower

convergence of the ChEFT series than expected, or the necessity of promoting short-range

contact terms in the low-energy counting [19–22]. In the present paper we focus on this com-

ponent of the TNI to assess its relevance in the resolution of the above discrepancies. The

subleading TNI contact potential has been derived in Ref. [23]. It was shown that it consists

of 10 independent terms involving different combinations of the space-spin-isospin variables.

Preliminary studies [24] already indicated that the associated operatorial structures provide

enough flexibility to improve the description of polarization observables in low-energy N −d
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scattering. In particular, assigning values to some of the accompanying LECs, it is possible

to describe the two vector analyzing powers Ay and iT11 in good agreement with the exper-

imental data. This preliminary study has opened the door to the possibility of fixing the

TNI LECs from 3N scattering data. In the present paper we intend to start a systematic

study using N − d scattering data to fix the 10 contact TNI LECs from a fitting procedure

similar to what is done in the determination of the NN interaction. As a first step in this

direction, and following the previous analysis, we take the leading part of the force to be

the AV18 NN potential [25], with only the point-Coulomb interaction retained in the elec-

tromagnetic terms, in conjunction with the Urbana IX (UIX) model of TNI [26]. We fit the

corresponding LECs to very precise p−d cross section and polarization observables at center

of mass energy Ecm = 2 MeV (or proton energy Ep = 3 MeV) [27] for different choices of

the contact short-distance cutoff Λ between 200 and 500 MeV. The resulting Hamiltonian is

then used to predict the observables at other energies with an overall satisfactory agreement

inside the energy range explored.

On a more formal ground, we derive a hierarchy among these LECs as dictated by ’t Hooft

large-Nc limit of QCD [28, 29]. We also consider a recently proposed alternative counting

for contact operators which does not rely on the non-relativistic expansion for nucleons [30],

and classify the 3N contact operators appearing at the leading order in this counting. The

simplified models for the contact TNI resulting from the leading orders of these schemes are

also tested against the same experimental data, obtaining results of comparable quality. In

particular, the relativistic counting seems to provide a natural explanation for a large spin-

orbit term, as requested to explain the Ay puzzle [31]. Strictly speaking these expansion

schemes could only be tested in association with a chiral NN potential derived in the

same framework. However, we take the indications from the present “hybrid” approach as

suggestive of their effectiveness.

The paper is organized as follows. In Section II we present our model of TNI interaction.

Since the p− d scattering can mostly probe the isospin T = 1/2 component of the TNI we

also discuss the projection of the model in this channel. There is also a T = 3/2 component

which we leave undetermined: it could be fixed by other experimental observables. In Section

III we describe the variational procedure we use to solve the p−d scattering problem, which

is based on the expansion on the Hyperspherical Harmonics (HH method), and we describe

the adopted fitting strategy and the results. The predictions at lower energies are compared
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to available experimental data in Section IV. In Section V we determine the simplification

of the subleading TNI implied by the large-Nc limit and by the relativistic counting, and the

corresponding test against experimental data. Finally, Section VI contains some concluding

remarks. Details of the Fierz identities for covariant nucleon trilinears are collected in

Appendix A.

II. THE SUBLEADING TNI

In Ref. [23] all subleading 3N contact terms, compatible with the discrete symmetries of

QCD and with the relativity constraints [32], were classified. Pauli principle severely reduces

their number to only 10 independent structures. From the Lagrangian density,

L3N = −
10
∑

i=1

EiOi, (1)

by appropriately choosing the momentum cutoff as dependent only on momentum transfers,

an explicit representation of the associated 3N potential can be derived, which is local in

coordinate space and depends on a short-distance cutoff Λ and the 10 subleading LECs Ei,

i = 1, ..., 10. It is explicitly written as

V (2) =
∑

i 6=j 6=k

(E1 + E2τi · τj + E3σi · σj + E4τi · τjσi · σj)

[

Z ′′
0 (rij) + 2

Z ′
0(rij)

rij

]

Z0(rik)

+(E5 + E6τi · τj)Sij

[

Z ′′
0 (rij)−

Z ′
0(rij)

rij

]

Z0(rik)

+(E7 + E8τi · τk)(L · S)ij
Z ′

0(rij)

rij
Z0(rik)

+(E9 + E10τj · τk)σj · r̂ijσk · r̂ikZ ′
0(rij)Z

′
0(rik) (2)

where Sij and (L · S)ij are respectively the tensor and spin-orbit operators for particles i

and j, and the function Z0(r) is the Fourier transform of the cutoff function F (p2; Λ),

Z0(r; Λ) =

∫

dp

(2π)3
eip·rF (p2; Λ). (3)

We adopt the following choice for the cutoff function

F (p2,Λ) = exp

[

−
(

p2

Λ2

)2
]

, (4)

which has the advantage of preserving the low-energy counting up to the order we are

considering.
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In this paper we consider a nuclear interaction consisting of the AV18 NN potential the

UIX TNI and an additional interaction given by

V CT
3N = V (0) + V (2), (5)

where the leading 3N contact potential V (0) is written as

V (0) =
∑

i 6=j 6=k

E0Z0(rij)Z0(rik). (6)

Since the deuteron is an isosinglet state, matrix elements between N−d states only probe

the total T = 1/2 component of the TNI. In order to identify this component we use the

projectors on the two isospin channels, which for the three-nucleon system take the form

P1/2 =
1

2
− 1

6
(τ1 · τ2 + τ1 · τ3 + τ2 · τ3) , (7)

and P3/2 = 1− P1/2. The 3N potential V (2) can be expressed in momentum space as

V (2) =
∑

i

EiOi, (8)

where the 10 Oi operators are

O1 = −k2
i , O2 = −k2

i τi · τj,
O3 = −k2

iσi · σj , O4 = −k2
iσi · σjτi · τj

O5 = −3ki · σiki · σj + k2
iσi · σj , O6 = (−3ki · σiki · σj + k2

iσi · σj , )τi · τj ,
O7 = − i

4
ki × (Qi −Qj) · (σi + σj), O8 = − i

4
ki × (Qi −Qj) · (σi + σj)τj · τk,

O9 = −ki · σikj · σj, O10 = −ki · σikj · σjτi · τj,

(9)

with ki = pi − p′
i, Qi = pi + p′

i and pi (p′
i) the initial (final) momentum of the i-th

nucleon, and a sum over i 6= j 6= k is understood. The projections over isospin T = 1/2,

(Oi)1/2 = P1/2OiP1/2 are given, using the relations derived in Ref. [23], by

(O1)1/2 = O1 −
1

3
O2 +

1

3
O3 +

1

9
O4 +

1

3
O5 +

1

9
O6 + 4O7 +

4

3
O8 +O9 +

1

3
O10, (10)

(O2)1/2 =
2

3
O2 +

1

3
O3 +

1

9
O4 +

1

3
O5 +

1

9
O6 + 4O7 +

4

3
O8 +O9 +

1

3
O10, (11)

(Oi)1/2 = Oi, i = 3, ..., 8 (12)

(O9)1/2 =
1

6
O2 −

1

6
O3 −

1

18
O4 −

1

6
O5 −

1

18
O6 − 2O7 −

2

3
O8 +

1

2
O9 −

1

6
O10, (13)

(O10)1/2 =
1

6
O2 −

1

6
O3 −

1

18
O4 −

1

6
O5 −

1

18
O6 − 2O7 −

2

3
O8 −

1

2
O9 +

5

6
O10. (14)
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By examining the above relations, we find that there are 9 purely T = 1/2 combinations,

e.g.

(O1 − O2), (O2 + 2O10), Oi=3,...,8, (O9 −O10), (15)

and a single purely T = 3/2 combination of operators, e.g.

O3/2 = 3O2 − 3O3 − O4 − 3O5 −O6 − 36O7 − 12O8 − 9O9 − 3O10. (16)

Notice that, in order to derive the above projections, Fierz transformations have been re-

peatedly used. Therefore the conclusion only holds up to cutoff effects: indeed the cutoff

smears the contact interactions and, as a consequence, the three nucleons, no longer at the

same position, are much less constrained by the Pauli principle. Thus, only 9 combinations

of LECs may enter p − d observables, and no full determination of all the 10 LECs will

be possible without adding an extra T = 3/2 observable. We may as well start from a

Hamiltonian written in terms of the isospin-projected operators Eqs. (15)-(16) with LECs

hi, i = 1, ..., 9 and h3/2 respectively, in one-to-one correspondence with the Ei, e.g.

h3/2 =
1

18
[2 (E1 + E2)− E9 − E10] . (17)

Dropping the T = 3/2 operator from the Hamiltonian, which does not affect the p − d

observables, amounts to setting h3/2 = 0, leading to the relation

2(E1 + E2)− E9 −E10 = 0. (18)

Thus we may effectively impose the above constraint when fitting to p− d observables, and

shifting all the LECs by an amount proportional to the T = 3/2 LEC multiplying O3/2

according to Eq. (16), once we add this extra observable.

III. NUMERICAL DETERMINATION OF THE CONTACT LECS

We use the HHmethod to solve the 3-body Schroedinger equation, as reviewed in Ref. [33].

The N − d scattering wave function, below the deuteron breakup threshold, is written as

the sum of an internal and an asymptotic part,

ΨLSJJz = ΨC +ΨA, (19)
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where the internal part is expanded in Hyperspherical Harmonics,

ΨC =
∑

µ

cµΦµ, (20)

µ denoting a set of quantum numbers necessary to completely specify the basis element,

while the asymptotic part, ΨA, describes the relative motion between the nucleon and the

deuteron at large separation, which takes the form of a linear combination of the regular

and irregular solutions of the free (or Coulomb) N − d Schroedinger equation at relative

momentum q (corresponding to energy E), duly regulated at small distance. Therefore,

denoting these solutions with Ωλ
LSJJz , λ = R, I respectively, we can write,

ΨLSJJz
A = ΩR

LSJJz +
∑

L′S′

RJ
LS,L′S′(q)ΩI

L′S′JJz . (21)

The weights RJ
LS,L′S′ of the irregular solution relative to the regular one are the K-matrix

elements. It is related to the S-matrix from the relation S = (1 + iK)(1 − iK)−1. The

K-matrix, that determines the scattering phase shifts and mixing parameters, together with

the coefficient cµ in Eq. (20) are obtained from the Kohn variational principle. The principle

can be formulated in its real or complex form [34] and requires that the functional

[

RJ
LS,L′S′(q)

]

= RJ
LS,L′S′(q)− 〈ΨL′S′JJz |H −E|ΨLSJJz〉 (22)

be stationary under changes of the variational parameters in ΨLSJJz , with the asymptotic

part normalized such that

〈ΩR
LSJJz |H −E|ΩI

LSJJz〉 − 〈ΩI
LSJJz |H − E|ΩR

LSJJz〉 = 1. (23)

This implies that the weights RJ
LS,L′S′ must solve the linear system

∑

L̃S̃

RJ
LS,L̃S̃

XL′S′,L̃S̃ = YLS,L′S′ (24)

where

XLS,L′S′ = 〈ΩI
LSJJz+ΨI

C |H−E|ΩI
L′S′JJz〉, YLS,L′S′ = −〈ΩI

LSJJz+ΨR
C |H−E|ΩI

L′S′JJz〉, (25)

and the internal functions Ψλ
C have coefficients cλµ solutions of

∑

µ′

〈Φµ|H −E|Φµ′〉cλµ′ = −〈Φµ|H − E|Ωλ
LSJJz〉, (26)
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with λ = R, I. A second-order estimate is then obtained by substituting the obtained

weights RJ
LS,L′S′ into Eq. (22). From Eqs. (25) and (26) we notice that, in order to solve the

linear problem, the matrix elements of the Hamiltonian H have to be computed between

the HH basis elements and the asymptotic functions. Decomposing the Hamiltonian as

H = T + V = T + V2N + V3N = HL + V (0) + V (2) , (27)

where HL is the leading Hamiltonian containing the kinetic energy T plus the selected two-

and three-body force and V (0) + V (2) are the leading and subleading contact interactions,

the linear system of Eq. (26) results

∑

µ′

cλµ〈Φµ|HL +
∑

i=0,10

EiVi −E|Φµ′〉 = −〈Φµ|HL +
∑

i=0,10

EiVi − E|Ωλ
LSJJz〉, (28)

which can be put in the matricial form

∑

µ′

[

(HL)µµ′ +
∑

i=0,10

Ei(Vi)µµ′ − ENµµ′

]

cλµ′ = −(HL)µλ +
∑

i=0,10

Ei(Vi)µλ −ENµλ, (29)

where (HL)µµ′ denote the matrix elements of HL between the corresponding basis states

and similarly for the other operators. Here Ei, Vi are the contact leading (i = 0) and

subleading (i = 1, . . . , 10) LECs and operators respectively. As can be seen the problem

has been reduced to a linear one: the contact potential energy can be computed as a linear

combination of several matrices, one for V (0) and one for each operator appearing in V (2).

These matrices can be computed once for all, weighted by the corresponding LECs. Using

the Kohn variational principle in the complex formalism, a particular set of LECs can be used

to compute the corresponding S- or T -matrix for each Jπ state from which the observables

at a particular energy E can be obtained. To this end we calculate the N − d transition

matrix M decomposed as a sum of the Coulomb amplitude fc plus a nuclear term

MSS′

νν′ (θ) = fc(θ)δSS′δνν′ +

√
4π

k

∑

L,L′,J

√
2L+ 1(L0Sν|Jν)(L′M ′S ′ν ′|Jν)

exp[i(σL + σL′ − 2σ0)] T
J
LS,L′S′ YL′M ′(θ, 0) , (30)

where the matrix M is a 6× 6 matrix corresponding to the couplings of the spin 1 and spin

1/2, of the deuteron and third particle, to S, S ′ = 1/2 or 3/2 with projections ν and ν ′. The

quantum numbers L, L′ are the relative orbital angular momentum between the deuteron

and the third particle and J is the total angular momentum of the three-nucleon state. The
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matrix elements T J
LS,L′S′ form the T -matrix of a Hamiltonian containing the nuclear plus

Coulomb interactions, σL are the Coulomb phase–shifts. The n − d case is recovered with

fc = σL = 0.

Let us first determine the expected sizes of the LECs which, according to näıve dimen-

sional analysis [35, 36], are as follows,

E0 ∼
1

F 4
πΛ

, Ei ∼
1

F 4
πΛ

3
, i = 1, ..., 10, (31)

where Fπ = 92.4 MeV is the pion decay constant and Λ is the hadronic scale. This counting is

expected in the pionful theory. In the pionless case the LECs may also receive contributions

from virtual pion exchanges, which will produce extra factors of Λ2/M2
π . We therefore extract

physical dimensions and write

E0 =
e0
F 4
πΛ

, Ei =
ei

F 4
πΛ

3
, i = 1, ..., 10, (32)

with e0 ∼ ei ∼ O(1) if natural.

In the determination of the LECs we make use of the following data: the triton binding

energy, the doublet and quartet n−d scattering lengths [37, 38] and several p−d scattering

observables at 3 MeV proton energy for which a very precise set of data exists [27]. The p−d
observables used for the fit are the differential cross section, the two vector analyzing powers

Ay and iT11 and the three tensor analyzing powers T20, T21 and T22. For each choice of the

10 subleading LECs, subjected to the T = 1/2 constraint (18), we redetermine the leading

contact LEC E0 from the experimental triton binding energy. We then fit the experimental

doublet and quartet N −d scattering length [37, 38] and the six p−d scattering observables

at Ep = 3 MeV [27], amounting to ∼ 300 experimental data. The theoretical observables

are calculated solving Eq. (29) for a set of Ei coefficients for different Jπ states. The

obtained S-matrix (or T -matrix) is used to calculate the transistion matrix M from which

the observables are directly calculated [39]. At the energy considered, states up to L = 2

are calculated using the full Hamiltonian whereas for L > 2 only the two-body potential

was included up to a maximum value of L = 6.

For the differential cross section we include in the χ2 an overall normalization factor Z

of the data points,

χ2 =
∑

i

(dexpi /Z − dthi )2
(σexp

i /Z)2
, (33)
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Λ (MeV) 200 300 400 500

χ2/d.o.f. 1.7 1.7 1.7 1.7

e0 -1.174 -6.193 -4.674 -2.910

e1 2.734 1.889 -3.599 -2.691

e2 -0.532 -0.428 2.711 1.716

e3 -2.334 -3.311 1.472 1.762

e4 2.227 3.745 -1.044 -1.367

e5 -0.197 0.434 -0.485 -1.134

e6 0.682 -0.413 -0.854 -1.079

e7 7.450 4.353 1.326 0.815

e8 2.235 0.811 -0.170 -1.097

e9 4.034 0.969 -1.195 -1.316

e10 0.370 1.953 -0.582 -0.633

a2 (fm) 0.635 0.641 0.645 0.650

a4 (fm) 6.32 6.32 6.32 6.32

TABLE I: χ2/d.o.f., values of the rescaled LECs ei, i = 0, 10 and predicted values of the doublet

and quartet scattering lengths a2 and a4 for the four cutoff considered. Note that the doublet and

quartet n − d scattering lengths a2 and a4 are fitted to the experimental values a2 = (0.645 ±

0.003 ± 0.007) fm [37] and a4 = (6.35 ± 0.02) fm [38].

with Z obtained from the minimization condition as

Z =

∑

i d
exp
i dthi /(σ

exp
i )2

∑

i(d
th
i )2/(σexp

i )2
, (34)

and checked that Z never differs from 1 by more than 2% [40]. For the other observables,

we treat the normalization Z = 1.00 ± 0.01 as an experimental datum, to be added to the

χ2, since, according to Ref. [27] the systematic uncertainty is estimated as 1%.

For a given initial set of LEC values we use Eq. (29) to solve the scattering problem and

calculate the corresponding observables. Using the POUNDerS algorithm [41] we start an

iterative procedute to minimize the global χ2/d.o.f. of the data set description. After several

iterations the numerical procedure converge to a local minimum. We repeat the procedure

using different initial input of values trying to localize the deepest mimimum. The results for

10



the renormalized leading LEC e0 and subleading LECs ei, i = 1, 10 are displayed in Table I.

The first line of the table shows the χ2/d.o.f. produced after the fit and in the last two rows

the predicted values for the doublet and quartet scattering lengths a2 and a4 are given. In

all cases the triton binding energy of 8.482 MeV is correctly described. Values of χ2/d.o.f.

<∼1.7, are obtained for all values of the short-distance cutoff between Λ = 200 and 500 MeV.

We show in Fig. 1 the fitted curves which, for each observable, form a (red) narrow band

representing the variation with the cutoff Λ between 200 and 500 MeV. In addition, and

for the sake of comparison, we show the predictions using the two-body interaction AV18

and the AV18+UIX model. The underprediction of Ay and iT11 are well visible in these two

cases. We also notice that the resulting TNI is not a small perturbation, as compared to

the UIX. For instance, the contact terms E0, ..., E10 contribute an overall attraction of the

order of 1 MeV in the triton binding energy, which is also the result of partial cancellations

among the different terms. Nevertheless, it is clear that the subleading contact interaction

terms have enough flexibility to improve the description of the observables at this energy

producing a very acceptable χ2/d.o.f. below 2.

IV. PREDICTIONS AT LOWER ENERGIES

With the LECs determined at a proton energy of Ep = 3 MeV, we can predict observables

at other energies. To this end we select p − d scattering below the deuteron breakup,

and postpone the analysis at energies above the breakup as well as an energy-dependent

fit to a forthcoming study. To make this analysis we choose the model corresponding to

Λ = 300 MeV. We have checked the cutoff dependence at proton energy Ep = 1.0 MeV and

found that it is small between 200 and 500 MeV, as shown in Fig. 2. Several observables

have been measured at proton energies of Ep = 1.0, 2.5, 2.0, 0.647 MeV [27, 42, 43]. The

theoretical predictions using the subleading contact interaction determined with the fit at

Ep = 3 MeV are shown in Figs. 2, 3, 4 and 5 respectively.

By inspection of the figures we observe an overall good agreement between theory and

experiment for the observables, in particular the energy dependence of the analyzing power

Ay and the iT11 observable is correctly encoded in the adopted contact interaction, although

a small underprediction is still observed at the lowest energies. We have also investigated

in Fig. 6 the iT11 scattering observable at angle θ = 88◦, for which experimental data ara
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FIG. 1: Fit results to a set of cross section and polarization p−d observables at 3 MeV proton energy

[27], for Λ = 200 − 500 MeV (red bands) as compared to the purely two-body AV18 interaction

(dashed black lines) and to the AV18+UIX two- and three-nucleon interaction (dashed-dotted,

blue lines).

available in the intermediate energy domain. From the figure we see that below Ep = 3 MeV,

corresponding to center of mass energy Ecm = 2 MeV, the observable is systematically

slightly underpredicted by the model. A simultaneous fit at different energies will presumably

lead to a more accurate description in the very low-energy domain. The investigation of this

possibility is left for future work.
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FIG. 2: Predictions of the models determined at Λ between 200 and 500 MeV (red bands) for a set

of cross section and polarization p−d observables at Ep = 1 MeV energy, as compared to the purely

two-body AV18 interaction (dashed, black lines) and to the AV18+UIX two- and three-nucleon

interaction (dashed-dotted, blue lines), in comparison to experimental data [42].

V. STUDY OF HIERARCHICAL STRUCTURES IN THE SUBLEADING TNI

A. Large-Nc constraints

It is interesting to explore whether the proposed model of TNI fulfills the hierarchy

dictated by the large-Nc limit of QCD, thus revealing a closer connection to the underlying
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FIG. 3: Predictions of the model determined at Λ = 300 MeV for a set of cross section and

polarization p − d observables at Ep = 2.5 MeV proton energy (solid, red lines) as compared

to the purely two-body AV18 interaction (dashed, black lines) and to the AV18+UIX two- and

three-nucleon interaction (dashed-dotted, blue lines), in comparison to experimental data [27].

theory of the strong interactions. Indeed, in the ’t Hooft limit [28, 29] where the number of

colors Nc →∞ and the strong coupling constant g scales like g2Nc ∼ 1, from the scaling of

connected baryon-baryon amplitudes it is possible to derive the large-Nc scaling of nuclear

potentials [44, 45]. Such scheme has proven to be qualitatively successful in the NN case,

providing in fact an expansion in 1/N2
c , and has been applied to the 3N case [46] as a guide

to reduce the large number of operatorial structures. In particular, one finds that the scaling
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FIG. 4: Same as Fig. 3 but for Ep = 2 MeV proton energy. Data are from Ref. [42].

of the two-nucleon σ⊗σ and τ ⊗ τ operators is twice suppressed with respect to 1⊗1 and

στ ⊗ στ , i.e.

σ ⊗ σ ∼ τ ⊗ τ ∼ 1

Nc
, 1⊗ 1 ∼ στ ⊗ στ ∼ Nc. (35)

This is in phenomenological agreement with the size of the two LECs, CS and CT , corre-

sponding to leading order NN contact interactions,

LNN = −1
2
CS(N

†N)2 − 1

2
CT (N

†
σN)2, (36)
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FIG. 5: Same as Fig. 3 but for proton energy Ep = 0.647 MeV. Data are from Ref. [43].

where |CS| ≫ |CT |. Notice that the most general leading-order contact Lagrangian involving

spin-isospin-1/2 baryons contains in principle four different operators,

LNN = c1(N
†N)2 + c2(N

†
σN)2 + c3(N

†
τN)2 + c4(N

†
στN)2 ≡

∑

i

cioi, (37)

which are related through Fierz-like identities by

o3 = −o2 − 2o1, o4 = −3o1. (38)

These relations do not conform with the large-Nc scaling (35). We observe however that the

counting arguments which lead to the large-Nc scaling never use the fact that the baryons
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FIG. 6: Prediction of the model determined at Λ = 300 MeV (red stars connected by solid lines)

for the center of mass energy dependence of the vector polarization observable iT11 at θ = 88◦ as

compared to available experimental data of Ref. [43]. Also shown is the prediction correspond-

ing to the purely two-body AV18 interaction (black stars connected by dashed lines) and to the

AV18+UIX nuclear interaction (blues stars connected by dashed-dotted lines).

are identical fermions. In particular, the same scaling would apply to scattering of distin-

guishable baryons. In this case we would have c1 ∼ c4 ∼ O(Nc) while c2 ∼ c3 ∼ O(1/Nc).

The indistinguishability of nucleons implies relations (38), which in turn allow to cast the

effective lagrangian in the form (36) with

CS = −2(c1 − 2c3 − 3c4), CT = −2(c2 − c3), (39)

whence the conclusion on the relative size of CS and CT . We thus learn that one way to

implement the Pauli principle in the large-Nc counting is to start with a redundant set of

operators, establish the counting of the corresponding LECs, and impose the Pauli principle

constraints afterwards.

In the notation of Table I of Ref. [23] there are 13 leading operators in the large-Nc limit
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[46], so that the 3N contact Lagrangian only depends on the 13 corresponding leading LECs,

L3N = c33o33 + c37o37 + c40o40 + c43o43 + c47o47

+c51o51 + c55o55 + c59o59 + c60o60 + c61o61 + c62o62 + c63o63 + c64o64. (40)

Using the Fierz identities obtained in Ref. [23], we can find their contributions to the 10

LECs of the minimal basis,

E1 = −1
2
c33 −

3

2
c43 +

3

2
c55, (41)

E2 = 0, (42)

E3 = 0, (43)

E4 = −c43 −
1

3
c47 −

1

3
c51 − 2c59 −

2

3
c60 +

2

3
c61 −

2

3
c62, (44)

E5 = 0, (45)

E6 = −1
3
c47 −

1

3
c51 −

2

3
c60 +

2

3
c61 +

4

3
c62, (46)

E7 = 24c40 − 24c51 + 8c63 + 8c64, (47)

E8 = 8c40 − 8c51 + 4c63 + 4c64, (48)

E9 = 0, (49)

E10 = c37 + c40 − c47 − c51. (50)

There are therefore only 6 independent combinations, so that the large-Nc predictions can

be summarized by the following constraints:

E2 = E3 = E5 = E9 = 0. (51)

The projection onto the T = 1/2 channel for this restricted interaction, along the same

lines of Sec. II, leads to only five surviving LECs entering the p− d observables. As before,

we can effectively impose the constraint

2E1 −E10 = 0 (52)

and understand that the LECs resulting from the fit are determined only up to an appropriate

shift.

In order to test these large-Nc predictions, we perform 6-parameter fits to the same

experimental data at Ep = 3 MeV, subjected to the large-Nc and T = 1/2 constraints,
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Λ (MeV) 200 300 400 500

χ2/d.o.f. 1.6 1.7 1.7 1.7

e0 4.199 -2.471 -4.366 -2.846

e1 2.231 2.747 -3.058 -2.810

e2 -2.846 -3.084 3.123 2.197

e3 -1.821 -3.534 1.135 1.247

e4 0.753 3.519 -0.886 -1.356

e5 -0.547 0.006 -0.107 -0.674

e6 0.786 -0.312 -0.528 -0.775

e7 7.284 3.549 1.511 2.287

e8 2.260 0.799 -0.138 -0.649

e9 -0.271 -1.709 0.702 -0.834

e10 -0.960 1.036 -0.572 -0.391

a2 (fm) 0.638 0.647 0.646 0.647

a4 (fm) 6.32 6.32 6.32 6.32

TABLE II: Same as Table I but for the models which do not include the UIX TNI.

Eqs. (51) and (52), with the AV18 NN interaction plus the purely contact TNI of Eq (5). We

ignore the Urbana IX potential in this case, since it also includes a short-distance component.

For the sake of comparison, we show in Table II and Fig. 7 the fit results obtained ignoring

the UIX interaction, which are of the same quality as the ones reported in Sec. III.

The results corresponding to the leading order of the large-Nc expansion are shown in

Table III and Fig. 8. By inspection of the table we can conclude that reasonable fits can

be obtained in this limit, although at the cost of unnatural values for the spin-orbit LECs

E7. The increasing χ
2/d.o.f. for higher values of Λ might be the consequence of the absence

of longer-range components in the TNI from pion-exchange contributions, which would also

be leading in the large-Nc counting.
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FIG. 7: Same as Fig. 1 but for the models which do not include the UIX TNI.

B. Relativistic counting

A different kind of hierarchy among subleading contact operators can be deduced in the

framework of the recently proposed relativistic counting for the NN contact operators [30].

In this approach, one retains, in the leading-order Lagrangian, all relativistically invariant

4-nucleon operators involving no spacetime derivatives,

L(0)
NN =

1

2

[

CS(ψ̄ψ)(ψ̄ψ) + CP (ψ̄γ5ψ)(ψ̄γ5ψ) + CV (ψ̄γ
µψ)(ψ̄γµψ)

+CA(ψ̄γ
µγ5ψ)(ψ̄γµγ5ψ) + CT (ψ̄σ

µνψ)(ψ̄σµνψ)
]

, (53)
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Λ (MeV) 200 300 400 500

χ2/d.o.f. 2.0 1.9 2.0 2.1

e0 -0.309 -1.766 0.297 -0.953

e1 0.328 0.400 0.615 0.717

e4 -0.360 0.317 -0.349 0.593

e6 -0.060 0.115 0.289 0.297

e7 10.093 15.037 17.641 17.862

e8 3.559 5.371 5.503 5.961

e10 0.655 0.800 1.230 1.433

a2 (fm) 0.668 0.653 0.629 0.628

a4 (fm) 6.32 6.32 6.32 6.32

TABLE III: Same as Table I for the models corresponding to the leading order of the large-Nc

expansion.

where ψ collects the Dirac spinor nucleon fields. In contrast to common practice, one does

not expand around the static nucleon limit, which would amount to collapsing the 5 LECs

onto 2 independent combinations, Eq (36), which parametrize the central and spin-spin

short-range potential. Instead, all 5 LECs are considered on an equal footing, generating

further spin operators, among which the spin-orbit term. This procedure yields a much faster

convergence of the low-energy expansion, since at each order there are more adjustable pa-

rameters. We can apply the same procedure to the three-nucleon case by writing all possible

relativistically invariant 6-nucleon operators, symmetric under isospin, charge-conjugation

(C), parity (P) and time reversal (T ) transformations. The transformation properties of

the different space-time and isospin structure inside fermion bilinears under the discrete

symmetries are displayed in Table IV. Based on these properties we can form a set of 25

different operators, displayed in Table V.

Simultaneous rearrangements of Dirac and flavour indices between identical nucleon fields

lead to Fierz identities, as detailed in Appendix A. As a result, the leading relativistic 3N
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FIG. 8: Fit results in the leading order of the large-Nc limit to a set of cross section and polarization

p − d observables at 3 MeV proton energy, for Λ = 200 − 500 MeV (red bands) as compared to

the purely two-body AV18 interaction (dashed, black lines) and to the AV18+UIX two- and three-

nucleon interaction (dashed-dotted, blue lines).

contact Lagrangian is written in terms of 5 independent operators,

L(0)
3N = −

[

ES(ψ̄ψ)(ψ̄ψ) + EP (ψ̄γ5ψ)(ψ̄γ5ψ) + EV (ψ̄γ
µψ)(ψ̄γµψ)

+EA(ψ̄γ
µγ5ψ)(ψ̄γµγ5ψ) + ET (ψ̄σ

µνψ)(ψ̄σµνψ)
]

(ψ̄ψ),

≡ −
∑

X

EXOX , X = S, P, V, A, T. (54)
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1 γ5 γµ γµγ5 σµν τa ǫµνρσ

P + – + – + + –

C + + – + – (−1)a+1 +

H.c. + – + + + + +

TABLE IV: Transformation properties of the fermion bilinears with the different elements of the

Clifford and flavour algebra, and Levi-Civita tensor under parity (P), charge conjugation (C), and

Hermitian conjugation (H.c.).

Orel
1,2 (ψ̄ψ)1(ψ̄ψ)2(ψ̄ψ)3 ⊗ [1, τ1 · τ2]

Orel
3,4,5 (ψ̄ψ)1(ψ̄γ5ψ)2(ψ̄γ5ψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3)]

Orel
6,7,8 (ψ̄ψ)1(ψ̄γµψ)2(ψ̄γµψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3)]

Orel
9,10,11 (ψ̄ψ)1(ψ̄γµγ5ψ)2(ψ̄γµγ5ψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3)]

Orel
12,13,14 (ψ̄ψ)1(ψ̄σµνψ)2(ψ̄σµνψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3)]

Orel
15 (ψ̄γ5ψ)1(ψ̄γµψ)2(ψ̄γµγ5ψ)3 ⊗ [τ1 · τ2 × τ3]

Orel
16 (ψ̄σµνψ)1(ψ̄γµψ)2(ψ̄γνψ)3 ⊗ [τ1 · τ2 × τ3]

Orel
17 (ψ̄σµνψ)1(ψ̄γµγ5ψ)2(ψ̄γνγ5ψ)3 ⊗ [τ1 · τ2 × τ3]

Orel
18 (ψ̄σµνψ)1(ψ̄σµαψ)2(ψ̄σαν ψ)3 ⊗ [τ1 · τ2 × τ3]

Orel
19,20,21 (ψ̄γ5ψ)1(ψ̄σµνψ)2(ψ̄σµνγ5ψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3)]

Orel
22,23,24,25 (ψ̄γµψ)1(ψ̄γνγ5ψ)2(ψ̄σµνγ5ψ)3 ⊗ [1, τ2 · τ3, τ1 · (τ2 + τ3), τ1 · (τ2 − τ3)]

TABLE V: A complete, but non-minimal, set of Lorentz, isospin, C, P, T -invariant 3N contact

operators involving no spacetime derivatives of fields.

The non-relativistic expansion of the nucleon fields,

ψ(x) =





1 + ∇2

8m2

− i
2m

σ ·∇



N(x) +O(Q3) . (55)

allows to express the 5 operators OX in terms of the subleading operators defined in Ref. [23]
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as

OS = (N †N)3 +
3

8m2
[o127 − 2o75] , (56)

OP = − 1

4m2
o36, (57)

OV = (N †N)3 − 1

8m2
[4o33 − 4o75 − 4o79 − 2o1 + 2o42 − 2o39 − o127 + 2o75] , (58)

OA = (N †N)3 − 1

8m2
[2o4 + 2o130 − 2o36 − 2o45 − 2o137 − 2o79 − 2o83 + o134

−2o115] , (59)

OT = −2(N †N)3 − 1

4m2
[2o33 − 2o10 + 2o7 − 4o75 + 2o42 + 2o53 − 2o36 − 2o45 − 2o137

−2o79 − 2o83 − o134 + 2o115] , (60)

where the relation

(N †N)3 = −(N †
σN) · (N †

σN)(N †N) (61)

has been used, also a consequence of Fierz identities. It is possible to express the above

operators in the minimal basis [23], obtaining

OS = O0 +
1

m2

[

− 3

16
O1 −

1

8
O2 −

1

8
O3 −

1

6
O4 +

1

16
O5 +

1

48
O6 −

5

4
O7 −

1

4
O8

]

, (62)

OP = − 1

4m2
O9, (63)

OV = O0 +
1

m2

[

3

16
O1 −

1

8
O4 −

3

16
O5 −

1

16
O6 −

1

4
O7 −

1

4
O8 −

1

2
O9 −

1

4
O10

]

, (64)

OA = O0 +
1

m2

[

3

16
O1 −

1

4
O2 +

1

4
O3 −

1

24
O4 +

1

16
O5 +

1

48
O6 +

11

4
O7 +

3

4
O8 +

1

2
O9

+
1

4
O10

]

, (65)

OT = −2O0 +
1

m2

[

3

8
O1 +

3

4
O2 −

1

4
O3 +

1

6
O4 −

5

8
O5 −

5

24
O6 −

7

2
O7 −

3

2
O8

−1
2
O9

]

, (66)

where the operator O0 contains the relativistic “drift corrections” [32],

O0 = (N †N)3 +
1

16m2

[

3(N †←→∇ N) · (N †←→∇ N)(N †N)− (N †←→∇ τaN) · (N †←→∇ τaN)(N †N)

−3(N †←→∇ ·σN)(N †←→∇ ·σN)(N †N)− (N †←→∇ ·στaN)(N †←→∇ ·στaN)(N †N)
]

. (67)
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Neglecting the latter we have

E0 = ES + EV + EA − 2ET , (68)

m2E1 = −
3

16
ES +

3

16
EV +

3

16
EA +

3

8
ET =− 3

16
E0 +

3

8
EV +

3

8
EA, (69)

m2E2 = −
1

8
ES −

1

4
EA +

3

4
ET =− 1

8
E0 +

1

8
EV −

1

8
EA +

1

2
ET , (70)

m2E3 = −
1

8
ES +

1

4
EA −

1

4
ET =− 1

8
E0 +

1

8
EV +

3

8
EA −

1

2
ET , (71)

m2E4 = −
1

6
ES −

1

8
EV −

1

24
EA +

1

6
ET =− 1

6
E0 +

1

24
EV +

1

8
EA −

1

6
ET , (72)

m2E5 =
1

16
ES −

3

16
EV +

1

16
EA −

5

8
ET =

1

16
E0 −

1

4
EV −

1

2
ET , (73)

m2E6 =
1

48
ES −

1

16
EV +

1

48
EA −

5

24
ET =

1

48
E0 −

1

12
EV −

1

6
ET , (74)

m2E7 = −
5

4
ES −

1

4
EV +

11

4
EA −

7

2
ET =− 5

4
E0 + EV + 4EA − 6ET , (75)

m2E8 = −
1

4
ES −

1

4
EV +

3

4
EA −

3

2
ET =− 1

4
E0 + EA − 2ET , (76)

m2E9 = −
1

4
EP −

1

2
EV +

1

2
EA −

1

2
ET , (77)

m2E10 = −
1

4
EV +

1

4
EA, (78)

with only 4 independent combinations of the subleading 3N contact LECs. We notice in

particular that the numerical coefficients entering in the expression of E7 are larger by

one order of magnitude compared to the other LECs. This might be at the origin of the

phenomenological prominence of the spin-orbit interaction encoded in E7, already proposed

in Ref. [31].

In terms of the operators defined in Table V the isospin projection reads

(Orel
1 )1/2 =

1

2
Orel

1 −
1

2
Orel

2 =
5

4
OS +

1

4
OP +

1

4
OV −

1

4
OA +

1

8
OT , (79)

(Orel
3 )1/2 =

1

2
Orel

3 −
1

6
Orel

4 −
1

6
Orel

5 =− 1

12
OS +

11

12
OP −

1

12
OV +

1

12
OA −

1

24
OT , (80)

(Orel
6 )1/2 =

1

2
Orel

6 −
1

6
Orel

7 −
1

6
Orel

8 =− 1

3
OS −

1

3
OP +

2

3
OV +

1

3
OA −

1

6
OT , (81)

(Orel
9 )1/2 =

1

2
Orel

9 −
1

6
Orel

10 −
1

6
Orel

11 =
1

3
OS +

1

3
OP +

1

3
OV +

2

3
OA +

1

6
OT , (82)

(Orel
12 )1/2 =

1

2
Orel

12 −
1

6
Orel

13 −
1

6
Orel

14 =−OS −OP −OV +OA +
1

2
OT , (83)

whence one conclude that there is only one purely T = 3/2 operator,

Orel
3/2 = OS +OP +OV − OA +

1

2
OT , (84)
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and 4 purely T = 1/2 combinations, e.g.,

(OS + 3OP ), (OV − 4OP ), (OV +OA), (3OV − OT ). (85)

As before, in fitting to p− d observables, one can impose the constraint

3ES −EP − 4EV + 4EA − 12ET = 0, (86)

with the understanding that the determination of the LECs is only valid up to a shift

involving h3/2.

In order to test the effectiveness of the relativistic counting, we also fit the constants EX ,

X = S, P, V, A, T subjected to the T = 1/2 constraint. As in the case of the large-Nc limit

we test this description in the framework of a purely pionless TNI. Specifically we consider a

nuclear Hamiltonian consisting of the AV18 NN interaction and the leading and subleading

3N contact terms implied by the Lagrangian (54). The latter can be expressed in the usual

basis expressing the LECs Ei’s in terms of the EX ’s using the relations (68)-(78), with the

T = 1/2 constraint expressed in Eq. (86). The fitted parameters are the adimensional e0,

eV , eA and eT , having defined the adimensional eX as

EX =
eX
F 4
πΛ

, X = V,A, T. (87)

The results are displayed in Table VI. Compared to the unconstrained 10-parameter fit,

the χ2/d.o.f. is slightly increased, but a reasonable description is obtained for all adopted

values of Λ. This may be considered as compatible with the leading-order character of the

interaction, and gives support to the relativistic counting in the three-nucleon sector. We

show in Fig. 9 the corresponding description of the p− d scattering observables.

VI. CONCLUSIONS

The aims of this paper are twofold. In the first part we discuss the possibility of determin-

ing the subleading contact three-body interaction from a fit procedure of selected binding

energies and scattering data. In particular the fit includes the triton binding energy, the

doublet and quartet n − d scattering lengths and several p − d scattering data. Being this

the first attempt to incorporate systematically scattering data in the determination of the

TNI, we limit the fit of the p− d data to a single energy, Ep = 3 MeV, at which around 300
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Λ (MeV) 200 300 400 500

χ2/d.o.f. 2.2 2.2 2.3 2.1

e0 -1.169 -0.565 0.130 1.506

e1 0.202 0.245 0.376 1.077

e2 0.074 0.031 0.028 -0.193

e3 0.067 0.139 0.219 0.857

e4 0.029 0.054 0.070 0.232

e5 -0.135 -0.106 -0.157 -0.219

e6 -0.045 -0.035 -0.052 -0.073

e7 0.533 1.343 2.127 8.850

e8 -0.002 0.230 0.375 1.993

e9 0.974 0.606 2.274 4.552

e10 -0.415 -0.046 -1.468 -2.837

a2 (fm) 0.707 0.619 0.639 0.646

a4 (fm) 6.32 6.32 6.32 6.32

TABLE VI: Same of Table I for the model restricted at the leading-order of the relativistic counting.

data point exist. However we plan to extend the fit procedure to a simultaneous inclusion

of data at several energies, below and above the deuteron breakup threshold. Regarding

the results of the present analysis, they were satisfactory: the χ2/d.o.f obtained after the

fit was below 2 similar to the values obtained in the fit of the NN potential in the two-

nucleon sector. Moreover they show a very small cutoff dependence. In this way we have

shown that the subleading contact terms of the TNI provide enough flexibility to fit sat-

isfactorily low-energy elastic N − d scattering observables, thus solving the long-standing

discrepancy in some polarization observables. After decades of strong efforts to describe the

NN database with values of χ2/d.o.f close to 1, similar values were impossible to achieve

in the three-nucleon sector even with the inclusion of very sophisticated TNI as the UIX

type or from ChEFT up to N3LO. The angular-spin-isospin dependence of the TNI seems

to be much more complicated than the forms used up to now. Here we have shown that this

dependence can be opportunely collected in the sum of the 10 terms given by the contact

N4LO interaction.
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FIG. 9: Fit results in the leading order of the relativistic counting to a set of cross section and

polarization p − d observables at 3 MeV proton energy, for Λ = 200 − 500 MeV (red bands) as

compared to the purely two-body AV18 interaction (dashed, black lines) and to the AV18+UIX

two- and three-nucleon interaction (dashed-dotted, blue lines).

To perform the fit the TNI contact interaction was summed to the AV18+UIX, widely

used in the description of nuclear states. The fit at Ep = 3 MeV determines the 10 combi-

nations of LECs, ei, i = 0, . . . , 10 (one LEC is fixed by the condition h3/2 = 0) relevant to

the T = 1/2 channel. To evaluate the capabality of the complete potential to describe other

data, we explored the low-energy region, Ep < 3 MeV, in which several observables have

been measured. We have observed an overall good agreement with a satisfactory description
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of the vector analyzing powers down to very low energies.

The relative importance of the 10 subleading terms has been discussed in the second

part of the paper. In fact, substantial improvement in the description of the same p − d

observables is also provided by simplified versions of this interaction, given by the leading

order of the recently proposed relativistic counting [30] or of the large-Nc expansion [28, 44–

46]. Eventhough the naturality and the cutoff dependence of the involved LECs cannot be

properly addressed, since we are using purely phenomenological models as the bulk of the

NN and 3N interactions, the results suggest natural values of the LECs and a very mild

cutoff dependence of the theoretical description in the range Λ = 200 − 500 MeV. It will

be interesting to study this interaction in conjunction with chiral NN and 3N potentials or

with purely contact nuclear interactions as implied in pionless EFT. Further investigation is

also needed in order to test these models at higher energies and in larger systems. Studies

along these lines are in progress.

Acknowledgments

The Authors would like to thank Rocco Schiavilla for very useful discussions.

Appendix A: Fierz-like identities

In this appendix we detail the Fierz-type relations used to reduce the relativistic operators

in Sec. VB. The rearrangement of indices, indicated by round and square brackets for the

two involved bilinears, concern Dirac indices, as e.g.

(1)[1] =
1

4

{

(1][1) + (γ5][γ5) + (γµ][γµ)− (γµγ5][γµγ5) +
1

2
(σµν ][σµν)

}

, (A1)

and isospin indices, as

(1)[1] =
1

2
(1][1) +

1

2
(~τ ] · [~τ). (A2)

Imposing the antisymmetry under exchange of identical fermion fields leads to relations (we

omit in this appendix the superscript “rel” for the sake of clarity) like

O1 = −1
8

(

O1 +O3 +O6 −O9 +
1

2
O12 +O2 +O4 +O7 − O10 +

1

2
O13

)

, (A3)

O2 = −1
8

[

3

(

O1 +O3 +O6 −O9 +
1

2
O12

)

− O2 −O4 −O7 +O10 −
1

2
O13

]

. (A4)
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Similar relations can be obtained by using further identities, which can be obtained using

the completeness of the Dirac bilinears,

(1)[γ5] =
1

4

{

(γ5][1) + (1][γ5) + (γµγ5][γµ)− (γµ][γµγ5) + 2(σµν ][σµνγ5)

}

, (A5)

(1)[γµ] =
1

4

{

(γµ][1) + (1][γµ)− (γµγ5][γ5) + (γ5][γ
µγ5)− i(γν ][σµν) + i(σµν ][γν)

+i(γνγ5][σ
µνγ5) + i(σµνγ5][γνγ5)

}

, (A6)

(γ5)[γ
µγ5] =

1

4

{

(γ5][γ
µγ5) + (γµγ5][γ5) + (1][γµ)− (γµ][1) + i(σµν ][γν) + i(γν ][σ

µν)

+i(σµνγ5][γνγ5)− i(γνγ5][σµνγ5)

}

, (A7)

(1)[γµγ5] =
1

4

{

(1][γµγ5) + (γµγ5][1)− (γµ][γ5) + (γ5][γ
µ) + i(γν ][σ

µνγ5)

+i(σµνγ5][γν)− i(γνγ5][σµν) + i(σµν ][γνγ5)

}

, (A8)

(1)[σµν ] =
1

4

{

(1][σµν) + (σµν ][1) + (γ5][σ
µνγ5) + (σµνγ5][γ5) + i(σµα][σ ν

α )

−(σνα][σ µ
α )− ǫµναβ(γα][γβγ5) + ǫµναβ(γαγ5][γβ)

}

, (A9)

(γ5)[σ
µνγ5] =

1

4

{

i(γµ][γν)− i(γν ][γµ)− i(γµγ5][γνγ5) + i(γνγ5][γ
µγ5) + (1][σµν)

+(σµν ][1) + (γ5][σ
µνγ5) + (σµνγ5][γ5) + i(σµα][σ ν

α )− i(σνα][σ µ
α )

+ǫµναβ(γα][γβγ5)− ǫµναβ(γαγ5][γβ)
}

, (A10)

(γ5)[γ
µ] =

1

4

{

(γ5][γ
µ) + (γµ][γ5) + (1][γµγ5)− (γµγ5][1)− i(γν ][σµνγ5)

+i(σµνγ5][γν) + i(γνγ5][σ
µν) + i(σµν ][γνγ5)

}

, (A11)

(σµν)[γν ] =
1

4

{

3i

[

(γµ][1)− (1][γµ)− (γµγ5][γ5)− (γ5][γ
µγ5)

]

− (σµν ][γν)

−(γν ][σµν)− (σµνγ5][γνγ5) + (γνγ5][σ
µνγ5)

}

, (A12)

(σµν)[γνγ5] =
1

4

{

(γν ][σ
µνγ5)− (σµνγ5][γν)− (γνγ5][σ

µν)− (σµν ][γνγ5)

+3i

[

(γµγ5][1)− (1][γµγ5)− (γµ][γ5)− (γ5][γ
µ)

]}

, (A13)

(γµ)[σ
µνγ5] =

1

4

{

3i

[

(γν ][γ5)− (γ5][γ
ν) + (γνγ5][1) + (1][γνγ5)

]

− (γµ][σ
µνγ5)
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−(σµνγ5][γµ)− (γµγ5][σ
µν) + (σµν ][γµγ5)

}

, (A14)

(σµα)[σ ν
α ] = (σνα)[σ µ

α ] + i(σµν ][1)− i(1][σµν) + i(σµνγ5][γ5)− i(γ5][σµνγ5), (A15)

(γ5)[σ
µν ] =

1

4

{

i(γµγ5][γ
ν)− i(γνγ5][γµ)− i(γµ][γνγ5) + i(γν ][γµγ5) + (σµν ][γ5)

+(γ5][σ
µν) + (σµνγ5][1) + (1][σµνγ5) + i(σµαγ5][σ

ν
α )− i(σναγ5][σ

µ
α )

−ǫµναβ(γα][γβ) + ǫµναβ(γαγ5][γβγ5)

}

, (A16)

(γµ)[γνγ5] = (γν)[γµγ5] +
i

2

{

(σµν ][γ5) + (γ5][σ
µν)− (σµνγ5][1)− (1][σµνγ5)

+ǫµναβ(γα][γβ) + ǫµναβ(γαγ5][γβγ5)

}

. (A17)

Together with further isospin Fierz relations,

(~τ )[1] + (1)[~τ ] = (~τ ][1) + (1][~τ ), (A18)

(~τ)[1]− (1)[~τ ] = −i(~τ ]× [~τ ), (A19)

one can establish the following linear relations,

O3 = −1
4

(

O3 +
1

4
O19 +

1

2
O5 +

1

4
O20

)

, (A20)

O4 = −1
4

(

O4 +
1

2
O5 − iO15 +

1

4
O21

)

, (A21)

O5 = −1
4

(

3O3 +O4 + iO15 +
3

4
O19 −

1

4
O20 +

1

4
O21

)

, (A22)

O6 = −1
4

(

O6 +
1

2
O8 + iO22 + iO23

)

, (A23)

O7 = −1
4

(

O7 +O8 − iO15 +O16 + iO24

)

, (A24)

O8 = −1
4

(

3O6 +O7 + iO15 − O16 + 3iO22 − iO23 + iO24

)

, (A25)

O9 = −1
4

(

O9 +
1

2
O11 − iO22 −

i

2
O24 +

i

2
O25

)

, (A26)

O10 = −1
4

(

O10 +
1

2
O11 + iO15 +O17 − iO23 −

i

2
O24 −

i

2
O25

)

, (A27)

O11 = −1
4

(

3O9 +O10 − iO15 − O17 − 3iO22 − iO23 − iO25

)

, (A28)

O12 = −1
4

(

O12 +
1

2
O14 +O19 +

1

2
O21 + 2iO22 + iO24 + iO25

)

, (A29)

O13 = −1
4

(

O13 +
1

2
O14 +O16 − O17 − O18 +O20 +

1

2
O21 + 2iO23 + iO24
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−iO25

)

, (A30)

O14 = −1
4

(

3O12 +O13 − O16 +O17 +O18 + 3O19 +O20 + 6iO22 + 2iO23

−2iO25

)

, (A31)

O15 = −1
4

(

iO11 − 2iO10 + 2O23 − O24 − O25

)

, (A32)

O16 = −1
4

(

6O7 − 3O8 − 2iO25

)

, (A33)

O17 = −1
4

(

6O10 − 3O11 − 2iO23 + iO24 + iO25

)

, (A34)

O18 = O13 −
1

2
O14 +O20 −

1

2
O21, (A35)

O19 = −1
4

(

O12 +
1

2
O14 +O19 +

1

2
O21 − 2iO22 − iO24 − iO25

)

, (A36)

O20 = −1
4

(

O13 +
1

2
O14 −O16 +O17 − O18 +O20 +

1

2
O21 − 2iO23 − iO24

+iO25

)

, (A37)

O21 = −1
4

(

3O12 +O13 +O16 − O17 +O18 + 3O19 +O20 − 6iO22 − 2iO23

+2iO25

)

, (A38)

O22 =
i

4

(

O12 +
1

2
O14 − O19 −

1

2
O21

)

, (A39)

O23 =
i

4

(

O13 +
1

2
O14 − O16 − O17 − O20 −

1

2
O21

)

, (A40)

O24 =
i

4

(

3O12 +O13 +O16 +O17 − 3O19 − O20

)

, (A41)

O25 =
i

4

(

3O12 − O13 − O14 − O16 − O17 − 3O19 +O20 +O21

)

, (A42)

O15 = − i
4

(

2O7 − O8 + 2iO25

)

, (A43)

O22 = −1
4

(

3iO9 +
3

2
iO11 −O22 −

1

2
O24 +

1

2
O25

)

, (A44)

O23 = −1
4

(

3iO10 +
3

2
iO11 + 3O15 + iO17 − O23 −

1

2
O24 −

1

2
O25

)

, (A45)

O24 = −1
4

(

9iO9 + 3iO10 − 3O15 − iO17 − 3O22 − O23 − O25

)

, (A46)
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O25 = −1
4

(

−9iO9 + 3iO10 + 3iO11 − 3O15 − iO17 + 3O22 − O23 − O24

)

. (A47)

By examining the above relations one finds that all operators can be expressed as linear

combinations of the OX , X = S, P, V, A, T , defined in Eq. (54).
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