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Abstract  

We compare the performances of four different stochastic optimisation methods using four 

analytic objective functions and two highly non-linear geophysical optimisation problems: 1D 

elastic full-waveform inversion (FWI) and residual static computation. The four methods we 

consider, namely, adaptive simulated annealing (ASA), genetic algorithm (GA), neighbourhood 

algorithm (NA), and particle swarm optimisation (PSO), are frequently employed for solving 

geophysical inverse problems. Because geophysical optimisations typically involve many unknown 

model parameters, we are particularly interested in comparing the performances of these stochastic 

methods as the number of unknown parameters increases. The four analytic functions we choose 

simulate common types of objective functions encountered in solving geophysical optimisations: a 

convex function, two multi-minima functions that differ in the distribution of minima, and a nearly 

flat function. Similar to the analytic tests, the two seismic optimisation problems we analyse are 

characterized by very different objective functions. The first problem is a 1D elastic FWI, which is 

strongly ill-conditioned and exhibits a nearly flat objective function, with a valley of minima 

extended along the density direction. The second problem is the residual static computation, which 
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is characterized by a multi-minima objective function produced by the so-called cycle-skipping 

phenomenon. According to the tests on the analytic functions and on the seismic data, GA generally 

displays the best scaling with the number of parameters. It encounters problems only in the case of 

irregular distribution of minima, that is, when the global minimum is at the border of the search 

space and a number of important local minima are distant from the global minimum. The ASA 

method is often the best-performing method for low-dimensional model spaces, but its performance 

worsens as the number of unknowns increases. The PSO is effective in finding the global minimum 

in the case of low-dimensional model spaces with few local minima or in the case of a narrow flat 

valley. Finally, the NA method is competitive with the other methods only for low-dimensional 

model spaces; its performance stability sensibly worsens in the case of multi-minima objective 

functions.  

 

Introduction 

Geophysical optimisation problems are usually non-linear, multi-dimensional and characterized 

by complex objective functions with many local minima. There are essentially two strategies to 

tackle these problems: apply deterministic methods that involve the computation of the gradient of 

the objective function (e.g., the Gauss-Newton, conjugate-gradient and steepest-descent methods), 

or apply stochastic Monte Carlo (MC) methods that perform a direct search in the model space. 

Deterministic methods are attractive because they are the natural extension of linear methods 

(deterministic methods iteratively solve a linearized version of the problem) and because they 

usually converge rapidly. On the other hand, they need a starting model of sufficient quality in order 

to find the global minimum. Moreover, they require the computation of the first- and/or second-

order derivatives of the objective function, a process that can be computationally demanding in the 

case of high-dimensional model spaces. Summarizing, deterministic methods are very poor at 

exploring the model space (that is, in finding the most-promising valleys of the objective function) 

and very good at exploitation (given the valley, finding its minimum). Differently, stochastic MC 



methods do not require any calculation of the derivatives of the objective function, and compared to 

deterministic approaches, they are very good at exploration but are not as good at exploitation.  

These characteristics make their application particularly suitable when it is difficult to identify the 

valley in the model space that contains the global minimum or when the computation of the 

derivatives of the objective function is particularly expensive. The downside of the MC methods is 

that they usually need many model evaluations to converge, and this has prevented their application 

in inversions with many unknown model parameters and/or requiring expensive forward modelling.  

MC methods can be applied to a wide range of problems in physics, chemistry, economics, 

biology, and mathematics. In geophysics, MC methods have proved to be a powerful tool to solve 

optimisation problems in different geophysical fields, including electromagnetic induction 

(Anderssen, 1970), Rayleigh wave attenuation (Mills and Fitch, 1977), regional magnetotelluric 

studies (Hermance and Grillot, 1974), estimation of plate rotation vectors (Jestin et al., 1994), and 

exploration and applied geophysics (Sen and Stoffa, 2013). The first applications of MC methods to 

geophysics were proposed in the 1960s (Keilis-Borok and Yanovskaya, 1967; Backus and Gilbert, 

1968), whereas the first application to seismology was by Press (1968), who inverted travel times of 

body waves and 97 eigenperiods of the Earth's free oscillations for variations in the Earth's 

compressional wave velocity, shear wave velocity, and density as a function of depth. Since then, 

MC methods have been applied to solve an increasing number of geophysical problems. 

An appealing property of MC methods is that they do not need the assumption of linearity of the 

inverse problem. This is convenient for geophysical problems, which are often non-linear, ranging 

from weakly non-linear, such as predicting earthquake hypocentre locations using the travel times 

of seismic events (Buland, 1976), to highly non-linear, such as the estimation of seismic velocities 

from high-frequency seismic waveforms (Mellman, 1980). MC sampling techniques can also be 

used to determine resolution estimates without computing derivative approximations (Wiggins, 

1972). In fact, MC methods can address the non-uniqueness of the solution by solving for a region 

of acceptable models in the parameter space (Keilis-Borok and Yanovskaya, 1967).  



In the ’70s, linear inversion techniques gained popularity at the expense of uniform MC, which 

was thought to be too inefficient and too inaccurate for problems involving a large number of 

unknowns. This is because the computational cost of uniform MC methods increases exponentially 

with the number of unknowns (a problem sometimes referred to as the “curse of dimensionality”). 

Nevertheless, the reliability of these linearized methods is limited to weakly non-linear problems if 

no guess of the solution exists, and it can only be extended to highly non-linear problems if a good 

enough guess of the solution is provided in advance.  

The need for more powerful optimisation methods and the increasing computational power 

provided by modern computers have encouraged the creation and development of several partially 

stochastic heuristic methods, many of which have been successfully tested in the geophysical field. 

One of these is the simulated-annealing algorithm (SA; Kirkpatrick et al., 1983). This method 

models the physical process of heating a material and then slowly lowering the temperature to 

decrease defects, thus minimizing the system energy. Rothman (1985; 1986) first introduced the 

technique of simulated annealing into applied geophysics to solve surface-consistent residual statics 

computations. Many other applications of SA to geophysics were proposed in the following years, 

including Landa et al. (1989), Sen and Stoffa (1991), Ryden and Park (2006), and Pei et al. (2007), 

to name just a few. Another popular class of methods is constituted by the genetic algorithms (GA; 

Holland, 1975). They mimic the natural evolution of species by optimizing the fitness of a set of 

models through the operations of selection, recombination, and mutation. They were first used in 

geophysics in the early 1990s, when a number of papers addressed this subject in quick succession 

(Stoffa and Sen, 1991; Sen and Stoffa, 1992; Scales et al., 1992; Nolte and Frazer, 1994), largely in 

the area of seismic waveform fitting. Many other applications of GA to geophysics were proposed 

in the following years (Mallick, 1999; Mallick and Dutta, 2002; Padhi and Mallick, 2014; Li and 

Mallick 2015; Aleardi 2015; Aleardi and Mazzotti, 2017; Sajeva et al. 2016a; Aleardi et al. 2016; 

Sajeva et al. 2016b; Aleardi and Ciabarri, 2017). Other noteworthy MC methods that have been 

applied to solve geophysical optimisation problems are the neighbourhood algorithm (NA; 



Sambridge 1999a), and particle swarm optimisation (PSO; Kennedy and Eberhart, 1995). A key 

foundation of NA is that it makes use of all the information from the ensemble of previously 

evaluated models by assuming that the best models are located in the neighbourhood of the 

previously evaluated good models.  Geophysical applications of NA can be found in Wathelet et al. 

(2004), Marson-Pidgeon et al. (2000), and Fliedner et al. (2012). Finally, PSO is inspired by the 

social behaviour of bird flocking or fish schooling. Several variants of this algorithm exist, such as 

that of Clerc (1999). Some recent geophysical applications of PSO can be found in Shaw and 

Srivastava (2007), Fernández Martínez et al. (2010), Fernández Martínez et al. (2012), and Lagos et 

al. (2014).  

It is of interest to compare different popular stochastic MC methods to determine their 

effectiveness in different scenarios. The reader can find comparisons of MC methods in Ingber and 

Rosen (1992), Horne and MacBeth (1998), Hassan et al. (2005), Shaw and Srivastava (2007), and 

Sambridge (1999b). In general, the results discussed in these papers cannot be extended to draw 

general conclusions. This is because the result of any single comparison depends on the complexity 

of the problem to be solved (nonlinearity, non-uniqueness, irregularity, dimensionality), as well as 

the particular implementation of the algorithm (for instance, several versions of GA and SA exist) 

and the choice of control parameter values. 

Aware of these unavoidable limitations, we present a comparison of four MC methods frequently 

used as optimization tools in geophysical inversion problems. In particular, we test: adaptive 

simulated annealing (ASA), a method which pertains to the SA class; an algorithm representative of 

GA; an implementation of PSO, and finally NA. We apply each method to four very different 

analytic functions: a convex parabolic-shaped function (the De Jong function n°1), a multi-minima 

regular surface (the Rastrigin function), an irregular surface with many local minima (the Schwefel 

function), and a flat banana-shaped valley (the Rosenbrock function). These functions simulate a 

wide range of possible objective functions found in geophysical inverse problems, and for each of 

them, we analyse the pros and cons of the different MC optimization methods. In addition, we test 



each function for dimensions of the model space ranging from 2 to 60. This permits us to estimate 

the rate of convergence as the number of unknowns increases, which is especially of interest in 

geophysical problems, which usually involve many unknowns.  More specifically, the first test, on 

the simple convex function, is aimed at evaluating the rate of convergence in the case of a single 

minimum. The second and third tests, on multi-minima functions, help us verify the ability of each 

method to efficiently explore the model space and to escape local minima. The fourth test, on a 

convex function with a global minimum inside a long, narrow valley, allows us to compare the rate 

of convergence of each method when the objective function is nearly flat. Finally, we apply these 

four methods to two classic geophysical problems: 1D full waveform inversion (FWI) and residual 

statics estimation. As for the analytic functions, we approach the two problems by progressively 

increasing the number of unknowns.  

To the best of our knowledge, a detailed comparison of the performances of these algorithms in 

different geophysical optimisations as the number of unknowns increases has not been performed. 

This lack is even more serious because applications of MC methods are becoming increasingly 

common in the geophysical community, thanks to the growing computational power that has 

progressively extended the field of applicability of these algorithms. We believe that this topic is 

worth a deeper investigation in order to increase the awareness on the limits, strengths and 

differences that characterize MC methods and to guide the choice of the most appropriate algorithm 

to tackle the problem at hand. 

 

A brief introduction to the theoretical aspects of the four stochastic methods  

In this section, we give a theoretical overview of the four stochastic methods we use in this work. 

References are given for the reader interested in the theoretical details of each method. We point out 

that the performances of a stochastic method in solving a particular problem may critically depend 

on the choice of the control parameters. Generally, it is difficult to give hard and fast rules that may 

work with a wide range of applications, although some guidelines and rules of thumb can be 



dictated by experience. The control parameters used in the tests discussed in this paper have been 

determined from a trial and error procedure with the aim of balancing the probability and rapidity of 

convergence with the goodness of the final solution. 

 

Adaptive simulated annealing  

The simulated annealing (SA) method is an adaptation of the Metropolis-Hastings algorithm 

(Hastings, 1970). It is a stochastic optimisation method that mimics the metallurgical annealing 

process by using the concepts of “cooling” and “heating” (Kirkpatrick et al. 1983). The SA 

algorithm creates a sequence of models {ݔ௞}௞>଴, where 𝑘 is the index of the iteration of the 

algorithm. For each iteration k, a new candidate model ݕ is generated in a neighbourhood of the 

current model ݔ௞, using the generation formula    ݕ = ௞ݔ + ,௞(𝑇௚ݔ∆  (1) ,(݌

where ∆ݔ௞ is the step size, which depends on a parameter 𝑇௚, called the generation temperature, 

and p is a random number uniformly distributed over [Ͳ,ͳ]. The step size is proportional to 𝑇௚.  

Once the candidate model y is created, the algorithm chooses whether the model is accepted or 

not. If the candidate is rejected, the algorithm proceeds from the current model, ݔ௞+ଵ =  ,௞ݔ

otherwise the candidate model becomes the current model, ݔ௞+ଵ =  The new model is always .ݕ

accepted if the new value of the objective function is lower, whereas if this value is higher, the 

model is accepted with a probability dependent on a parameter called the acceptation temperature 

Ta. We can express this procedure with the following formula: 

௞+ଵݔ = { ,ݕ ݌ ൑ min⁡ሺͳ, ݁−௙ሺ௬ሻ−௙ሺ௫𝑘ሻ𝑇𝑎 ሻ,ݔ௞, otherwise  (2) 

  where p is a random number uniformly distributed over [Ͳ,ͳ] and ݂ is the objective function to be 

minimized. In the above formula, Ta depends on k, but it is not shown for readability. The process 

of randomly accepting models with higher objective function values permits to escape from local 

minima. 



At the early stages of the optimisation, we set the initial generation and acceptation temperatures 

(𝑇௚଴⁡, 𝑇௔଴) to high values to allow a wide exploration of the model space. Subsequently, during the 

optimisation, their values are progressively reduced to the final values (𝑇௚௙⁡, 𝑇௔௙) to focus the search 

on the most promising zones of the model space. As suggested by Aguiare et al. (2012), it is a good 

practice to increase the initial generation temperature and to reduce the cooling rate as the 

dimension of the model space increases.  

Ingber (1989) introduced complex modifications to the original SA algorithm to reduce the 

computational cost and to decrease the probability of entrapment in local minima. In the current 

work, we use the Ingber variation of the SA algorithm, called adaptive simulated annealing (ASA). 

ASA is distinguished from standard SA by its use of different generation formulas for each i-th 

direction of the model space:  ݕ𝑖 = ௞𝑖ݔ + ௞𝑖ݔ∆ (𝑇௚𝑖, ,(𝑖݌ 𝑖 = ͳ,… , ݊ (3) 

where n is the dimension of the model space, 𝑇௚𝑖⁡are the generation temperatures, ∆ݔ௞𝑖 ⁡are the step 

sizes and ݌𝑖 are random numbers uniformly distributed over [Ͳ,ͳ]. In addition, in the ASA 

algorithm, the generation and acceptation temperatures, 𝑇௚𝑖,௞ and 𝑇௔௞, are characterized by an 

exponential decrease with the number of iterations⁡𝑘 and with the number of accepted models 𝑘௔, 

respectively: 

{𝑇௚𝑖,௞+ଵ = 𝑇௚଴𝑖,௞݁−௖𝑖 √௞𝑛𝑇௔௞+ଵ = 𝑇௔଴௞ ݁−௖𝑎 √௞𝑎𝑛 ⁡, (4) 

where 𝑐௔ and 𝑐𝑖⁡are scalability factors. Both 𝑇௚𝑖,௞ and 𝑇௔௞, after a given number of iterations ݊𝑖௧௘𝑟, 

reach their final values and remain constant. Finally, ASA allows for multiple cooling/heating 

cycles (reannealing of both generation and acceptation temperatures) to reduce the possibility of 

becoming trapped in a local minimum. These modifications make the ASA less sensitive to user-

defined parameters and more efficient than the classical SA method (Ingber, 1989). 

 



Genetic algorithms 

Genetic algorithms are a class of search algorithms developed by Holland (1975) that belong to 

the larger class of evolutionary algorithms. They use the mechanics of natural selection and 

evolution (the Darwinian principle “survival of the fittest”) to search through the model space for 

optimal solutions. The optimisation process starts with randomly generated individuals, each one 

encoding a candidate solution, and the entire population of individuals evolves toward better 

solutions by means of three principal operators: mutation, cross-over, and selection. A complete 

mathematical description of this stochastic method would require too much space and tens of 

equations in order to be useful and understandable for the reader. For this reason, we opt to describe 

the GA optimization procedure with a diagram. Figure 1 gives an outline of how the algorithm 

works: at each generation, the fitness, namely, the goodness, of each individual is evaluated. Then, 

some individuals (parents) are stochastically selected from the current population on the basis of 

their fitness. Next, they are modified (using cross-over and mutation operators) to form a set of 

offspring that are used to replace the least-fit parents and to form the new population to be used in 

the next generation. The algorithm terminates when the optimization criteria are met, that is, when 

either a maximum number of generations has been produced or a satisfactory fitness level has been 

reached.  

 

 

Figure 1: Diagram of a Genetic Algorithm optimization procedure. 



 

There are many different GA implementations, and the one considered in this work is briefly 

described as follows. We use a real-coded GA implementation (Janikow and Michalewicz, 1991) in 

which the candidate solution is expressed by floating-point numbers instead of binary values. The 

selection probability associated with each individual is computed by applying a linear rank-based 

fitness assignment (Bäck and Hoffmeister, 1991), whereas the stochastic universal sampling method 

is used for selection. In the selection process, the percentage of individuals to be selected from the 

current population is given by the selection-rate parameter. The extended intermediate 

recombination method (Schlierkamp-Voosen and Mühlenbein H. 1993) is used in the cross-over 

step, which aims to produce new individuals by combining the information brought by two or more 

parents. In the mutation step, we use the mutation strategy proposed by Schlierkamp-Voosen and 

Mühlenbein H. (1993) in their “Breeder Genetic Algorithm”. In this step, the probability of 

mutating a given variable is controlled by the mutation rate parameter. Schlierkamp-Voosen and 

Mühlenbein (1993) demonstrated that the best choice for the mutation rate is the reciprocal of the 

number of unknowns. Thus, on average, only one variable for each individual is mutated per 

generation. Finally, to derive the new population, we use an elitist strategy that preserves the fittest 

individuals of the previous generation in the new generation, combined with a fitness-based 

reinsertion in which the highest-fitness offspring replace the lowest-fitness parents. 

More detailed information about the GA method and its control parameters can be found in 

Goldberg (1989), Mitchell (1998), and Sivanandam and Deepa (2008). Moreover, an extensive 

discussion about selection methods that can be used in a GA optimisation can be found in Blickle 

and Thiele (1995). 

 

The neighbourhood algorithm 

The neighbourhood algorithm (NA) is a direct-search method based on the concept of proximity. 

The method is composed of two parts, which are two different stages of the optimisation process: 



sampling the model space (Sambridge, 1999a) and appraising the ensemble (Sambridge, 1999b). In 

this paper, we will employ only the part of the algorithm that involves the sampling of the model 

space, and we will refer to it as NA, for simplicity. The sampling part is concerned with finding 

models of acceptable data fit in a multi-dimensional parameter space. One of the key ideas of this 

algorithm is that the search is guided by the information brought by all the previous models for 

which the objective function has already been evaluated. To this end, the ensemble of previous 

models is used to approximate the objective function everywhere in the model space by employing 

Voronoi cells (Voronoi, 1908). We recall that given a set of points in a multi-dimensional space, 

Voronoi cells are simply the nearest neighbour regions about each point. Inside each Voronoi cell, 

the objective function is assumed to be flat and equal to the objective function of the model (also 

called “the seed”) associated with the cell. This geometric construction is the core of the algorithm, 

as it enables creation of the approximated objective function surface.  

The algorithm can be summarized in the following four steps: 

1) Generate an initial set of np models uniformly (or otherwise) distributed in the parameter 

space; 

2) Calculate the misfit function for the most-recently generated set of np models and determine 

the nr models with the lowest misfit of all models generated so far; 

3) Generate np new models by performing a uniform random walk in the Voronoi cell of each of 

the nr chosen models (i.e., np / nr samples in each cell); 

4) Proceed to step 2. 

Given an n-dimensional model space, it is natural to increase both np and nr with n in order to 

grant an adequate exploration of the search space. Moreover, it is important to fix the ratio of the 

two parameters nr/np, i.e., the ratio of the selected Voronoi cells over the newly created Voronoi 

cells, as it is a measure of the ratio of the exploitation of the optimisation process over the 

exploration. In addition, low nr are optimal for convex objective functions or functions with a small 

number of local minima, whereas nr values similar to np guarantee a more thorough exploration in 



the case of complex functions with many local minima. From the above analysis, it is clear that this 

algorithm is conceptually simple, as it only requires two control parameters: the number of new 

models to be generated per iteration, np, and the number of best-fitting models to be selected among 

these new models per iteration nr.  

 

Particle swarm optimisation 

Particle swarm optimisation (PSO) is inspired by the social behaviour of bird flocks (Kennedy at 

al., 2001). It uses a swarm of particles {ݔ𝑖}𝑖=ଵ௡  that moves in the model space with a specific speed {𝑣𝑖}𝑖=ଵ௡ . The magnitude and direction of the velocities of the particles depend on three factors: the 

current velocity {𝑣𝑖଴}𝑖=ଵ௡  of each particle (inertia), the current best model found by each particle {݃𝑖}𝑖=ଵ௡  (cognition), and the current global best model 𝐺 shared by all the particles (sociality).  

Initially, the PSO algorithm chooses candidate solutions randomly within the search space. Then, 

at each iteration k, the velocities (vi) and positions (xi) of the particles are updated according to the 

following formulas: 𝑣𝑖ሺ𝑘 + ͳሻ = 𝜔 ∗ 𝑣𝑖ሺ𝑘ሻ + 𝑎ଵ ∗ 𝑎௟௢௖ ∗ (݃𝑖 − (𝑖ሺ𝑘ሻݔ + 𝑎ଶ ∗ 𝑎௚௟௢௕ ∗ (𝐺 − 𝑖ሺ𝑘ݔ 𝑖ሺ𝑘ሻ), (5)ݔ + ͳሻ = 𝑖ሺ𝑘ሻݔ + 𝑣𝑖ሺ𝑘 + ͳሻ, (6) 

where 𝜔 is the inertia,  𝑎௟௢௖ and 𝑎௚௟௢௕ are the local and global accelerations, respectively, and a1 

and a2 are random numbers between 0 and 1. Originally, the PSO algorithm was used with (𝜔, 𝑎௟௢௖ , 𝑎௚௟௢௕) = ሺͳ, ʹ, ʹሻ (Kennedy and Eberhart, 1995), but this formulation can cause the 

particles to oscillate around their centre, preventing the system to achieve full convergence. To 

ensure convergence, Clerc (1999) proposed a variant of PSO based on the following formulas: 𝑣𝑖ሺ𝑘 + ͳሻ = ϕ ∗ ቀ𝑣𝑖ሺ𝑘ሻ + 𝑎ଵ ∗ 𝑎௟௢௖ ∗ (݃𝑖 − (𝑖ሺ𝑘ሻݔ + 𝑎ଶ ∗ 𝑎௚௟௢௕ ∗ (𝐺 − 𝑖ሺ𝑘ݔ 𝑖ሺ𝑘ሻ)ቁ, (7)ݔ + ͳሻ = 𝑖ሺ𝑘ሻݔ + 𝑣𝑖ሺ𝑘 + ͳሻ, (8) 

where the function ϕ is a constraint function that depends on the two accelerations: 



ϕ(𝑎௟௢௖ , 𝑎௚௟௢௕) = ʹ|ʹ − 𝑎௟௢௖ − 𝑎௚௟௢௕ −√ሺ𝑎௟௢௖ + 𝑎௚௟௢௕ሻଶ − Ͷ ∗ ሺ𝑎௟௢௖ + 𝑎௚௟௢௕ሻ|. (9) 

 

These velocity and position updating steps determine the optimisation ability of the PSO 

algorithm. It is advisable to set a maximum velocity 𝑣௠௔௫ for all the particles in order to limit the 

displacements in the search space and to set 𝑎௟௢௖ + 𝑎௚௟௢௕ ൒ Ͷ (Clerc and Kennedy, 2002). Many 

versions of PSO exist, such as the Fernández Martínez et al. (2010; 2012) family of PSO 

optimizers. Among them, we have chosen the Clerc version, which is a popular version of PSO that 

has been implemented by many authors (e.g. Robinson and Rahmat-Samii, 2004; Shaw and 

Srivastava, 2007). 

 

Tests on the analytic objective functions 

We evaluate the performance of ASA, GA, NA, and PSO using four analytic test functions that 

exhibit very different characteristics. The test functions are the De Jong function n°1, which is 

convex; the Rastrigin function, which has a large number of regularly distributed local minima; the 

Schwefel function, which has the global minimum at the border of the search space and several 

irregularly distributed local minima; and the Rosenbrock function, in which the minimum is in an 

elongated flat valley. Each of these functions can be defined for an integer dimension n of the 

model space, except the Rosenbrock function, which is defined only for even dimensions. We use a 

rescaled version of each objective function such that we can consistently use the same search 

interval for the model parameters, that is, the hyper-cube [−ͷ,ͷ]௡. For simplicity, we use the same 

convergence criterion for all the algorithms in all the analytic functions. In particular, an algorithm 

converges when it finds a model 𝒙⁡𝜖⁡[−ͷ,ͷ]௡ that satisfies the following accuracy criterion: 

√∑ ሺݔ𝑖 − 𝑖௚௟௢௕ሻଶ௡𝑖=ଵݔ ݊ < 𝜖 (10) 

where xglob is the global minimum and the accuracy 𝜖 is set to 0.05.  



In this section, we aim to evaluate both the ability of the different algorithms to approach the 

global minimum and their rate of convergence, that is, the number of model evaluations needed to 

satisfy the convergence criterion. To produce statistically significant results, we perform 100 tests 

for each algorithm, for each test function, and for each dimension of the model space. From the 

subset of tests where the algorithm has reached the global minimum (within the predefined accuracy 

threshold), we derive the mean value and the standard deviation of the number of evaluated models. 

These values give us an estimate of the rate of convergence and its variability as a function of the 

model-space dimension. At the same time, the number of tests where convergence has been 

achieved is used to compute the probability of convergence. 

Even if the convergence is always granted for a simple convex function, such as the De Jong 

function n°1 (after a sufficiently large number of evaluated models), this is not always the case for 

the Rastrigin or Schwefel functions, which exhibit a large number of local minima. When the 

entrapment in a local minimum is possible, measuring the probability of convergence as a function 

of the dimension of the model space is of particular interest. In this paper, we consider that a 

method is entrapped in a local minimum or fails to converge if the best-estimated model does not 

reach the global minimum within the selected accuracy after 107 evaluated models.  

 

Setting the parameters of the algorithms 

It is reasonable to set some control parameters of the algorithms according to the dimension of 

the model space and the complexity of the objective functions. The control parameters used for the 

tests on the four analytic objective functions are shown in Table 1, Table 2, Table 3, and Table 4.  

 

ASA parameters De Jong n°1 Rastrigin Schwefel Rosenbrock 𝑇௚଴ 10n 10n 10n 10n 𝑇௚௙ 1-19
n 1-19

n 1-19
n 1-19

n 



݊𝑖௧௘𝑟 100n 100n 100n 100n 

Reannealing no yes yes no 

Table 1: Control parameters for the ASA method used in the tests on the analytic objective 

functions; n indicates the number of dimensions.  

 

GA parameters De Jong n°1 Rastrigin Schwefel Rosenbrock 

Number of individuals 10n 10n 100n 10n 

Selection rate 0.8 0.8 0.8 0.8 

Mutation rate ݊−ଵ ݊−ଵ ݊−ଵ ݊−ଵ 

Table 2: Control parameters for the GA method used in the tests on the analytic objective 

functions; n indicates the number of dimensions. 

 

NA parameters De Jong n°1 Rastrigin Schwefel Rosenbrock ݊௣ 10n 100n 100n 10n ݊𝑟 2n 100n 100n 2n 

Table 3: Control parameters for the NA method used in the tests on the analytic objective 

functions; n indicates the number of dimensions. 

 

PSO parameters De Jong n°1 Rastrigin Schwefel Rosenbrock 

Number of particles 10n 100n 100n 10n 𝑎௚௟௢௕ 1.2 1.2 1.2 1.2 𝑎௟௢௖ 2.9 2.9 2.9 2.9 𝑣௠௔௫ 5 5 5 5 

Table 4: Control parameters for the PSO method used in the tests on the analytic objective 

functions; n indicates the number of dimensions. 



 

For ASA, it is good practice (Aguiare et al., 2012) to increase 𝑇௚଴, 𝑇௚௙⁡and ݊𝑖௧௘𝑟 ⁡with the 

dimension of the model space n. We also use multiple cooling/heating cycles (reannealing) for 

multi-minima functions. For NA, it is advisable to increase ݊௣ and ݊𝑟 with n (Sambridge, 1999a). 

We increase the exploitation by setting a low 
௡𝑝௡𝑟 value for convex functions, whereas in the case of 

multi-minima objective functions, we use a higher 
௡𝑝௡𝑟 value to increase the exploration of the model 

space. For GA, we increase the size of the population with n, and we slow down the mutation rate 

linearly with ݊−ଵ. Finally, for PSO, we increase the size of the swarm linearly with n and set 𝑣௠௔௫ = ͷ, a value that is half of the admissible range for each model parameter (Li-Ping et al., 

2005). Moreover, we set 𝑎௟௢௖ > 𝑎௚௟௢௕ in order to increase the exploration of the model space.   

  

 

Tests on the De Jong function n°1 



 

Figure 1: The De Jong function n°1 with n=2, represented a) as a surface in 3D space and b) as 

a 2D projection. 

b) 

a) 



 

Figure 2: Summary of the results obtained on the De Jong function n°1. a) Percentage of 

successful tests (tests that have attained convergence within the chosen accuracy) as the dimension 

of the model space changes. b) Curves of convergence representing the mean number of evaluated 

models and the associated standard deviations needed to attain convergence within the chosen 

accuracy. These curves have been computed on the ensemble of 100 tests performed for each 

method and for each n. The curves highlight the different rates of convergence of the four 

algorithms. 

 

In this first test, we compare ASA, GA, NA, and PSO on the De Jong function n°1: 

݂ሺݔሻ 𝑖ଶ௡ݔ∑=
𝑖=ଵ  (11) 

b) 

a) 



This function is convex, symmetric, and unimodal, with a unique minimum in [0,…,0]. It is a 

very simple function, and we use it to evaluate the rate of convergence of the different algorithms in 

a favourable scenario in which there is a single minimum in the objective function.  

Figure 1a and Figure 1b show this function in two dimensions (n=2). Figure 2a displays the 

percentage of success computed on the set of 100 tests for the four algorithms in a range of model-

space dimensions from 2 to 60. ASA, GA, and PSO successfully converge for all the values of n; 

differently, NA converges until dimension 16 and quickly lowers its performance for higher 

dimensions, until it always fails to converge for dimensions higher than 20. Although the specific 

dimension for which NA fails to converge may depend on the choice of tuning parameters, we can 

still conclude that NA suffers the “curse of dimensionality” and that for high dimensions of the 

model space, it fails to converge even in the case of a convex objective function. This is because the 

sampling of the model space becomes increasingly sparse as the dimension of the model space 

increases, or, in other words, the approximation of the objective function surface given by the 

Voronoi cells becomes increasingly inaccurate. In fact, the number of Voronoi cells used to 

approximate the objective function is proportional to np, that is, it linearly increases with dimension 

n of the model space, while the “volume” of the model space exponentially increases with n.  

In Figure 2b, we display the curves of convergence as the dimension n increases for the four 

methods. Note that NA and ASA exhibit an exponential trend (that is, a linear trend when using a 

semi-logarithmic plot), whereas GA and PSO are characterized by a polynomial trend (that is, a 

logarithmic trend when using a semi-logarithmic plot). In particular, NA displays good 

performances for low dimensions (n<8), but it shows the worst scalability as the dimension of the 

model space increases. We limit the analysis of NA to dimensions lower than 18 because of the 

large number of evaluated models required to attain the convergence criterion for higher values of 

n. For medium-low dimensions (2<n<40), ASA is the best-performing algorithm, while for 

dimensions higher than 44, GA outperforms the other methods. The PSO algorithm displays a 

polynomial trend similar to GA but with a number of evaluated models higher than GA. PSO 



outperforms ASA for n>58. These results indicate that among the analysed algorithms, GA is the 

best-performing method for high-dimensional model spaces in the case of a convex objective 

function.  

 

Tests on the Rastrigin function  

 

Figure 3: The Rastrigin function with n=2, represented a) as a surface in 3D space and b) as a 

2D projection.  

b) 

a) 



 

Figure 4: Summary of the results obtained on the Rastrigin function. a) Percentage of successful 

tests (tests that have attained convergence within the chosen accuracy) as the dimension of the 

model space changes. b) Curves of convergence representing the mean number of evaluated models 

and the associated standard deviations needed to attain convergence within the chosen accuracy. 

These curves have been computed on the ensemble of 100 tests performed for each method and for 

each n. The curves highlight the different rates of convergence of the four algorithms. 

 

In this second test, we compare the four algorithms on the Rastrigin function: 

݂ሺݔሻ = 𝐴⁡݊ 𝑖ଶݔ]∑+ − 𝐴 cosሺʹ𝜋ݔ𝑖ሻ]௡
𝑖=ଵ  (12) 

where 𝐴 = ͳͲ. Figure 3a and Figure 3b show the Rastrigin function in two dimensions. This 

function is a typical example of a non-convex function, with a global minimum in [0,…,0] and a 

high number of local minima, which increases exponentially with the dimension of the model space. 

a) 

b) 



Specifically, this function has 11n local minima for this range of the model space, i.e., [-5 5]n. The 

high number of local minima makes the optimisation procedure applied to this function practically 

impossible for a local method.  

First, we analyse the percentage of success of the four algorithms (Figure 4a). The GA method 

successfully converges for all the dimensions, whereas the other methods fail after a certain n value. 

The ASA algorithm has full success until n=38, after which there is an increase in failures because 

many tests exceed the maximum number of model evaluations allowed (107). Concerning the other 

two algorithms, the percentage of successful tests drops quickly to zero within a range of n from 1 

to 8 for NA and from 15 to 30 for PSO.  

Figure 4b shows the curves of convergence for the four algorithms for n varying from 2 to 60. 

By comparing these curves of convergence for the Rastrigin function with the curves of 

convergence for the De Jong function n°1 (Figure 2b), we note an overall increment of the mean 

number of evaluated models for all the algorithms and for all n. This fact can be easily explained by 

the more complex nature of the Rastrigin function with respect to the De Jong function n°1. 

Nevertheless, the convergence trends for ASA and GA appear to be the same as before, i.e., an 

exponential trend for ASA and a polynomial trend for GA. The NA and PSO methods again display 

worse scalability with n than ASA and GA. We are unable to derive a significant trend for NA 

because of the great number of failures in the tests, whereas the PSO algorithm displays a 

polynomial trend analogous to GA for low dimensions (n<18). Summarizing, the ASA algorithm is 

the best method for medium-low dimensions (4<n<20), but it shows an exponential convergence 

trend; differently, GA, being characterized by a polynomial convergence trend, after a crossing 

point (at n=20), eventually overcomes ASA in terms of performance for higher dimensions. 

 

Tests on the Schwefel function 



 

Figure 5: The Schwefel function with n=2, represented a) as a surface in 3D space and b) as a 

2D projection.  

b) 

a) 



 

Figure 6: Summary of the results obtained on the Schwefel function. a) Percentage of successful 

tests (tests that have attained convergence within the chosen accuracy) as the dimension of the 

model space changes. b) Curves of convergence representing the mean number of evaluated models 

and the associated standard deviations needed to attain convergence within the chosen accuracy. 

These curves have been computed on the ensemble of 100 tests performed for each method and for 

each n. The curves highlight the different rates of convergence of the four algorithms. 

 

The Schwefel function rescaled in the [-5, 5]n range is: 

݂ሺݔሻ = 𝐴⁡݊ + ͳͲͲ 𝑖ݔ]∑∗ ∗ sinሺͳͲ 𝑖|ሻ]௡ݔ|√∗
𝑖=ଵ  (13) 

where A=418.9829. Similarly to the Rastrigin function, the Schwefel function has a large number 

of local minima equal to 7n. However, differently from the Rastrigin function, in which the local 

minima surround the central global minimum, in the Schwefel function, the local minima are more 

b) 

a) 



irregularly distributed, and important local minima are distant from the non-centred global 

minimum, which lies at [4.209687,…,4.209687], or are even located at the opposite edge of the 

model space.  

Figure 5a and Figure 5b show the 2D Schwefel function as a surface in the three-dimensional 

space and as a projection onto a 2D map, respectively. Figure 6a displays the percentage of success 

of the four methods with n varying from 2 to 60. ASA successfully converges for all tests, 

displaying 100% success for all dimensions. Regarding the other methods, PSO reaches complete 

success for dimensions up to 6, while NA and GA are successful only for dimensions up to 2. For 

higher dimensions, only a fraction of the set of 100 tests successfully converges to the global 

minimum for NA, GA, and PSO.  In particular, the percentage of successful tests in the ensemble of 

100 tests quickly drops to zero in a range of n from 2 to 10 for NA and from 8 to 16 for PSO. Also, 

the percentage of successful tests for GA drops within a range from 2 to 30, but it does so more 

slowly than PSO and NA. The reduced number of failures for NA with respect to the Rastrigin 

function could be due to the lower number of local minima of the Schwefel function compared with 

the Rastrigin function. The increase of failures for PSO and GA could be because they remain 

entrapped in local minima that are far from the global minimum. 

Figure 6b shows the curves of convergence of the four algorithms. The ASA algorithm has an 

exponential trend and is clearly the best-performing algorithm. For the GA and PSO methods, the 

convergence trends appear to be polynomial, even though the small number of successful tests used 

to derive the convergence curve is insufficient to infer reliable results (e.g., for GA with n=24, less 

than 25% of the tests successfully converged). The NA algorithm has a convergence curve close to 

the GA curve but is limited to the low dimensions (n<10). 

To better understand the better (worse) performances of PSO and GA, for the Rastrigin 

(Schwefel) functions, we must consider that GA and PSO are stochastic methods in which the 

exploration of the model space in a given iteration is guided by the information collected in the 

previous iterations. For example, the information brought by each individual in a population (in 



GA) or in a swarm (in PSO) is exploited and shared with the other models of the current iteration to 

find the most promising zones in the model space, which are the zones characterized by lower 

objective function values. However, this sharing process is not always successful, and it may not 

guide the exploration toward the global minimum if, somehow, the information brought by 

combining the model parameter values misguides the exploration of the search space. Let us 

consider the GA method and a simple heuristic example: in Figure 7a, we show a slice taken from 

the Rastrigin function in which we have two parents located in two suboptimal zones of the model 

space corresponding to two local minima. These two zones are not far from the global minimum, 

and hence, when the two individuals share their information, it is very likely that the generated 

offspring will draw closer to the global minimum. Differently, in the Schwefel function (Figure 7b), 

the position of the “second” best minimum is opposite the position of the global minimum. 

Therefore, in this case, if two individuals are exploring two zones corresponding to different local 

minima and if they share their information, it is very unlikely that the generated offspring will 

approach the global minimum. In other words, the GA and PSO methods seem to be more efficient 

in the case of regularly distributed minima, namely, in cases in which the global minimum is 

contained within the most-promising portion of the model space, that is, in a zone surrounded by 

many local minima.  



 

Figure 7: Schemes illustrating the exploration of the model space in a GA optimisation a) on the 

Rastrigin function and b) on the Schwefel function.  

 

Tests on the Rosenbrock function  

a) 

b) 



 

 

Figure 8: The Rosenbrock function with n=2, represented a) as a surface in 3D space and b) as 

a 2D projection.  

a) 

b) 



 

Figure 9: Summary of the results obtained on the Rosenbrock function. a) Percentage of 

successful tests (tests that have attained convergence within the chosen accuracy) as the dimension 

of the model space changes. b) Curves of convergence representing the mean number of evaluated 

models and the associated standard deviations needed to attain convergence within the chosen 

accuracy. These curves have been computed on the ensemble of 100 tests performed for each 

method and for each n. The curves highlight the different rates of convergence of the four 

algorithms. 

 

The last objective function we study is the Rosenbrock function: 

݂ሺݔሻ =∑Aሺݔଶ𝑖−ଵ − ଶ𝑖ଶݔ ሻଶ௡/ଶ
𝑖=ଵ + ሺͳ −  ଶ𝑖−ଵሻଶ (14)ݔ

 

a) 

b) 



with 𝐴 = ͳͲͲ and ݊ assuming only even values (for odd dimensions, the nature of the function 

changes, becoming a multi-minima function). Figure 8a and Figure 8b show that the Rosenbrock 

function is constituted by a very long, narrow, and parabolic-shaped valley. This function is convex 

with a single minimum located in the flat valley at [1,…,1]. Finding the valley is trivial, but 

converging to the minimum is very difficult. For this reason, the number of evaluated models 

required to converge is usually very high. In Figure 9a, we represent the percentage of success for 

dimensions varying from 2 to 60 for the four algorithms. GA has complete success for all the 

dimensions. The PSO algorithm exhibits a success rate higher than 90% for all the dimensions. In 

contrast, the NA algorithm fails completely for n>14, probably because of limits in the Voronoi 

approximation of the misfit surface, as previously discussed (see the comments on the NA results 

for the De Jong function n°1). The ASA algorithm is successful for n<40, whereas it fails for higher 

dimensions. In Figure 9b, we represent the curves of convergence for the four algorithms up to 

n=60. We note that their behaviour is similar to the De Jong case. The NA and ASA algorithms 

have an exponential trend, while GA and PSO show polynomial trends. NA is the best method for 

low dimensions (n<8), but it has the worst scalability with increasing n, confirming the 

characteristics shown in the previous test functions. The ASA algorithm exhibits good performance 

until n=40; for dimensions higher than 40, it exceeds the maximum number of evaluated models, so 

we consider it as failing to converge. The PSO and GA methods reach the global minimum within a 

reasonable number of evaluated models. Among the two, PSO is the best method for n<50, whereas 

the performances of PSO and GA are very similar for n>50. 

 

1D elastic full-waveform inversion 

Pre-stack waveform inversion has been widely solved using global-search algorithms (Sen and 

Stoffa, 1991; 1992; Mallick and Dutta, 2002; Fliedner et al., 2012; Sajeva et al. 2014; Aleardi and 

Mazzotti, 2017). We perform 1D elastic full-waveform inversions on synthetic seismic data, using a 

1D reference elastic model composed of 12 layers, with a water depth of 400 m and a maximum 



depth of 1400 m. In the inversion, the P-wave velocity (Vp), S-wave velocity (Vs), and density 

values are unknown, whereas the number of layers, their depths, the source signature and the water 

properties (Vp, density and water depth) are assumed known. Similarly to the optimisations on the 

analytic functions, we increase the number of unknowns in the tests, that is, we perform three tests 

characterized by an increasing number of layers to be inverted (3, 7, and 12), corresponding to 9, 

21, and 36 unknowns, respectively. For each stochastic method and for each test, we perform five 

independent inversions from which the best result is extracted and discussed here. In the inversions, 

we used the L2 norm between the predicted and observed seismograms as the objective function to 

be minimized. For the forward modelling, we use the reflectivity method (Kennett, 1983). For each 

inversion, we simulate a single shot gather with 30 receivers—spaced at 100 metres each, for a 

minimum offset of 100 m and a maximum offset of 3000 m—using a 5-Hz Ricker source wavelet. 

The ranges delimiting the search space for the model parameters are centred on the true parameter 

values and have a width of 600 m/s for both compressional and shear waves velocities and 0.6 

g/cm3 for densities. Finally, since the number of unknowns increases from test one to test three 

(from 9 to 36 unknowns), the maximum number of model evaluations allowed in each test increases 

accordingly. In particular, in the first, second, and third tests, we stop the inversions after 4100, 

10000, and 12300 model evaluations, respectively. Table 5 summarizes the control parameters used 

in the FWI tests for the different algorithms. In all the FWI tests for the GA method, we use a 

number of individuals equal to ten times the number of the unknowns, a selection rate of 0.8, and a 

mutation rate of 1/n, whereas the stochastic universal sampling is used as the selection method 

together with a linear ranking. For the ASA method, we use an initial generation temperature equal 

to 10n and a final generation temperature of 10-18, and we apply the reannealing process. For PSO, 

we use a number of particles equal to ten times the number of unknowns, a local acceleration of 2.5 

and a global acceleration of 1.6. For NA, the tuning parameters increase linearly with n to guarantee 

the exploration of the model space, and we use np=15n and nr=2n. 

 



ASA parameters GA parameters NA parameters PSO parameters 𝑇௚଴ 10n N° individuals 10n np 15n N° particles 10n 𝑇௚௙ 10-18 Sel. rate 0.8 nr 2n 𝑎௚௟௢௕ 1.6 

Reannealing yes Mut. rate 1/n  𝑎௟௢௖ 2.5 

     𝑣௠௔௫ 100 

Table 5: The principal control parameters used in the FWI tests for each stochastic method; n 

indicates the number of model parameters considered in the inversion. 

 

Before discussing the inversion results, we want to more thoroughly investigate the shape of the 

objective function that characterizes the 1D elastic FWI. This analysis allows us to determine which 

elastic parameters are the most significant in determining the seismic response. In other words, it 

allows us to understand which parameters will be better resolved in the inversion. For graphical 

purposes, we limit our attention to a simple case with three unknown model parameters. To this 

end, we consider a very simple 1D elastic model with a single reflecting interface separating two 

half spaces. The overlying layer simulates the water column with a Vp equal to 1500 m/s, a null Vs 

and a density of 1g/cm3, whereas the underlying layer has a Vp equal to 1800 m/s, a Vs of 800 m/s 

and a density of 1.6 g/cm3. In this model, we compute the associated seismogram using the same 

acquisition configuration described previously. We assume the properties of the overlying layer to 

be known, and hence, we keep them fixed to their true values and we perturb the properties of the 

underlying layer. For each perturbed model, we derive the associated seismogram and compute the 

objective function, which is the L2 norm difference between this seismogram and the seismogram 

obtained on the original unperturbed model. Figure 10 represents the so-derived objective function. 

We observe an elongated valley of low misfit mainly stretching along the density axis, which 

indicates the minor influence of this model parameter in determining the seismic response. This 

elongated valley demonstrates the ill-conditioning of the 1D elastic FWI and the difficulty of a 

reliable density estimation when the seismic data are single-component and have a limited offset 



range (Fliedner et al., 2012; Aleardi and Mazzotti, 2017), whereas higher resolution characterizes 

the Vs parameter and, particularly, the Vp parameter. Note that the objective function in Figure 10 is 

somewhat similar to the Rosenbrock function. Although examining the objective function within a 

higher-dimensional context could provide further information, it would be more difficult to 

visualize as well as highly expensive to compute. The example shown here, even if oversimplified 

because it is limited to a 3D objective function, nonetheless provides significant insight into some 

of the most problematic aspects of the 1D elastic FWI. 

 

Figure 10: Objective function for the 1D elastic FWI computed on a simple model composed of 2 

half spaces. The objective function has been computed by keeping the elastic properties (Vp, Vs and 

density) of the overlying layer fixed to their correct values and by perturbing the properties of the 

underlying layer. The white arrow points to the true property values of the underlying layer. 

 

In Figure 11, Figure 12 and Figure 13, we show the subsurface elastic models predicted by each 

stochastic method for the three-layer, seven-layer, and twelve-layer tests, respectively. Each figure 

shows comparisons between the Vp, Vs, and densities predicted by each method and the true 



property values. For the three-layer inversion, we observe that the estimated seismic velocities for 

the GA, ASA, NA, and PSO methods are very close to the true velocity values. The estimated 

density depth trend is also very close to the true one for the GA, PSO, and ASA methods, whereas 

the NA method produces less-accurate results. Similar conclusions can be drawn from the seven-

layer inversion. Also, in this case, the velocity trends are very well predicted by the four stochastic 

methods. However, note that the elastic properties estimated by the GA, PSO, and ASA methods 

are closer to the true values than the NA results. For the twelve-layer test, we observe that the GA 

and PSO methods seem to perform better than the ASA and NA algorithms, and they yield final 

velocity and density depth trends that are very close to the true ones. Moreover, in this test, the GA 

and PSO methods are able to reproduce the numerous increases and decreases in velocity and 

density that characterize the true subsurface reference model. Conversely, ASA and NA return less-

satisfactory predictions. In particular, the elastic properties predicted by the NA method are very far 

from the true ones. To better quantify the differences between the predicted and true elastic 

properties, we compute the percentage mean errors for Vp, Vs, and density for each method and for 

each inversion test (three-, seven-, and twelve-layer). The formula of the percentage mean error for 

a given model parameter is as follows: 

𝐸𝑟𝑟݋𝑟ሺ%ሻ = ͳͲͲ𝑁 ∑|݉𝑖௣𝑟௘ௗ −⁡݉𝑖௧𝑟௨௘||⁡݉𝑖௧𝑟௨௘|𝑁
𝑖=ଵ  (15) 

where N is the number of layers considered in the inversion, and m
true and m

pred indicate the 

property of the true and predicted models (Vp, Vs, or density), respectively. These percentage mean 

errors are displayed in Figure 14. Independently from the number of inverted layers and from the 

analysed method, we note that the percentage error generally tends to increase when passing from 

Vp to Vs and to density. This is obviously expected from the analysis of Figure 10, which 

demonstrated that the Vs and, particularly, the density parameters play a very minor role with 

respect to Vp in determining the observed seismogram. For the NA method, we observe a decrease 

in the mean percentage error for the density parameter as the number of unknowns increases. This 



anomalous result can be ascribed to the severe ill-conditioning that characterizes this model 

parameter and the difficulty the NA method has in efficiently exploring the model space in the case 

of an elongated valley in the objective function (see also the results obtained for the Rosenbrock 

function discussed previously). This fact makes the density estimation for the NA method very 

problematic and poorly reliable. Figure 14 makes clear that the percentage mean error tends to 

increase when passing from GA to PSO to ASA and to NA in all the inversion tests, although PSO 

and GA return very similar mean model errors. The NA method is by far the worst-performing 

method in the twelve-layer inversion. The ASA tests return a model misfit comparable to those of 

GA and PSO for the three-layer and seven-layer tests, whereas ASA worsens its performance for 

the twelve-layer test.  

Figure 15 shows the observed seismograms and the differences between the observed and 

predicted seismograms for the three-, seven-, and twelve-layer inversions. In all cases, the GA, 

PSO, and ASA methods return final predicted seismograms with nearly the same differences with 

respect to the observed data. The NA method returns final predicted seismic data very similar to the 

observed data in the three-layer test, whereas the differences between the observed and predicted 

data are much more prominent in the seven-layer and, particularly, the twelve-layer inversions. 

Summarizing, the analysis of the data misfit confirms the better performance of GA, PSO, and ASA 

with respect to NA.  

After observing that the Rosenbrock function has a fair similarity to the objective function in the 

1D elastic FWI, we can conclude that the FWI results shown here confirm the conclusions drawn in 

the analytic tests on the Rosenbrock function. The GA and PSO methods are very effective at 

exploring the model space in the case of an error function characterized by a nearly flat valley of 

low values. Differently from ASA and NA, the performances of GA and PSO are also less affected 

by the increase of unknown model parameters. The ASA method confirms its efficiency for low-

dimensional model spaces, and this efficiency decreases as the number of unknowns increases. NA 



severely suffers from the increase of unknown model parameters, and it is unable to efficiently 

explore the model space in the case of a severely ill-conditioned problem.  

 

Figure 11: Comparison between the true subsurface elastic model and the models predicted by 

the different algorithms in the three-layer test. Vp, Vs, and density are represented in a), b), and c), 

respectively.  

a) b) c) 



 

Figure 12: Comparison between the true subsurface elastic model and the models predicted by 

the different algorithms in the seven-layer test. Vp, Vs, and density are represented in a), b), and c), 

respectively. 

 

Figure 13: Comparison between the true subsurface elastic model and the models predicted by 

the different algorithms in the twelve-layer test. Vp, Vs, and density are represented in a), b), and 

c), respectively. 

a) b) c) 

a) b) c) 



 

 

Figure 14: a), b), and c) Percentage mean errors for each model parameter (Vp, Vs, and 

density) for the three-layer, seven-layer and twelve-layer tests, respectively. The Vp, Vs, and density 

errors are represented from left to right in a), b), and c). 

b) 

c) 

a) 



 

Figure 15: From top to bottom, the seismograms computed on the true model and the differences 

between these seismograms and those computed on the best models predicted by each stochastic 

method. a), b), and c) refer to the three-layer, seven-layer, and twelve-layer tests, respectively.  

 

CMP-consistent residual static corrections 

The second geophysical example concerns the computations of the residual statics correction. 

Rothman (1985; 1986) was the first to apply a stochastic method (simulating annealing) to solve 

this highly non-linear multi-minima optimisation problem. In his work, Rothman focused on the 

solution of the surface-consistent residual static computation. However, for the sake of simplicity, 

we limit our attention to the CMP-consistent residual static for a single CMP gather. Like the 

previous tests on the analytic functions and the FWI examples, we analyse the performance of each 

stochastic method as the number of unknown model parameters increases. In this case, the 

unknowns are the time shifts that must be applied trace by trace to the CMP in order to maximize 

the energy of the associated stack trace. We discuss three cases in which the CMP gather is 

constituted by 10, 20, and 40 traces, corresponding to 10, 20, and 40 unknown time shifts. As in the 

FWI tests, the outcomes of each method are compared after a fixed number of model evaluations 

(1000, 2000, and 4000 for the 10-, 20-, and 40-trace tests, respectively). Similarly to the FWI 

examples, we perform five independent inversions for each stochastic method, and for each test, we 

a) b) c) 



extract and analyse the best result, that is, the model producing the stack trace with the highest 

energy. 

To generate the reference CMP gather (without residual static), we use the Vp, Vs, and density 

values extracted by actual well log data and a 1D convolutional forward modelling with a 50-Hz 

Ricker wavelet as the source signature and with a sampling interval of 2 ms. To simulate residual 

statics in the data, we apply to each trace in the reference CMP a time shift randomly generated 

with a uniform probability over the range -15/+15 ms, whereas in the subsequent optimisation 

process, we allow time shifts within the range -25/+25 ms.  

In the following tests for the GA method, we use a number of individuals equal to five times the 

number of unknowns, a selection rate of 0.8, and a mutation probability of 1/n. Stochastic universal 

sampling is used as selection method together with a linear ranking. For the ASA method, we 

employ an initial generation temperature equal to 10n and a final generation temperature of 10-18. 

We also apply the reannealing process. For PSO, we choose a number of particles equal to 5 times 

the number of unknowns, a local acceleration of 2, and a global acceleration equal to 2. For NA, we 

use an np value equal to 5 times the number of unknowns and an nr value equal to 1/5 of the number 

of unknowns. These parameters are summarized in Table 6. 

 

ASA parameters GA parameters NA parameters PSO parameters 𝑇௚଴ 10n N° individuals 5n np 5n N° particles 5n 𝑇௚௙ 10-18 Sel. rate 0.8 nr n/5 𝑎௚௟௢௕ 2 

Reannealing yes Mut. rate 1/n  𝑎௟௢௖ 2 

     𝑣௠௔௫ 10 

Table 6: The principal control parameters used in the residual static tests for each stochastic 

method; n indicates the number of model parameters used in the inversion. 

 



Before discussing the performances of the four stochastic methods in the residual static 

computation, we analyse the objective function that characterizes this optimisation problem. The 

objective function we aim minimize is the negative of the stack trace energy associated with the 

considered CMP gather. Similarly to the analysis performed for the 1D elastic FWI, we consider an 

oversimplified problem with only two unknowns, that is, the reference CMP in which only two 

traces have been randomly time-shifted: the first trace with a time shift equal to -15 ms and the 

second trace with a time shift equal to 10 ms.  Then, for all the possible combinations of time shifts 

for these two traces, we compute the associated energy of the stack trace. The resulting objective 

function is represented in Figure 16. As expected, the global minimum is located at time shifts equal 

to 15 ms and -10 ms for the first and second traces, respectively, which correspond to the original 

time positions of the two traces in the reference CMP gather. The objective function is characterized 

by a closely spaced distribution of minima generated by the well-known cycle-skipping effect. The 

distribution of these minima is fairly irregular and is not symmetric with respect to the 0 time 

translations, and some minima valleys are narrower than others. From the above considerations and 

from the comparison of Figure 16 with the analytic functions previously described, it is found that 

the residual static corrections are characterized by an objective function with some similarities to 

both the Rastrigin and Schwefel functions (see Figure 3b and Figure 5b).  

 

Figure 16: The objective function associated with the CMP-consistent residual static 

corrections. To compute this objective function, we consider the reference CMP gather in which 



only two traces are shifted, while the other traces are kept fixed to their correct time position. Note 

that this objective function presents some similarities with both the Rastrigin and Schwefel 

functions (see Figure 3b and Figure 5b).   

 

The results obtained with the four stochastic methods in the three tests with 10, 20, and 40 traces 

in the CMP gather are shown in Figure 17, Figure 18, Figure 19 and Figure 20. We note that in the 

10-trace case, the ASA, GA, PSO, and NA methods are able to perfectly reconstruct the reference 

CMP gather and the energy of the stack trace generated by the reference CMP. In the 20-trace case, 

only the ASA algorithm correctly predicted the time shifts that must be applied to each trace to 

perfectly reproduce the reference CMP. The outcomes of the GA and PSO methods are very similar 

but worse than the ASA result. Again, in the last case, with 40 traces, the ASA method shows the 

best performance, followed by the PSO and GA methods. In the 20- and 40-trace cases, it is the NA 

method that shows the worst performances. These results are very similar to those discussed 

previously for the Schwefel function. This fact can be ascribed to the high similarity between the 

objective function associated with the residual static computation and the Schwefel function. The 

GA and PSO methods seem to suffer from the uneven distribution of minima, especially for high-

dimensional model spaces. This lack of convergence is even more pronounced for the NA method, 

which again shows its limits in efficiently exploring the model space in the case of a high-

dimensional model space and in the case of a multi-minima objective function. This makes the NA 

method easily prone to becoming trapped in local minima. 

  



 

Figure 17: Comparison of the performances of each method in the residual static computation. 

a), b), and c) represent the energy of the stack trace associated with the CMP gather before static 

correction (grey dotted line), the energy of the stack trace generated by the reference CMP (black 

dashed line) and the energy of the stack trace associated with the CMP gathers after residual static 

corrections with the time shifts predicted by each stochastic method (coloured bars). a), b) and c) 

refer to the cases with 10, 20, and 40 traces in the CMP gather. 

 

 

a) b) 

c) 

a) b) 

c) d) e) f) 



Figure 18: Comparison of a) the reference CMP gather, b) the trace time-shifted CMP gather, 

which simulates a CMP gather before residual static corrections, and c) the final CMP gathers 

after residual static corrections with the time shifts predicted by each method. The CMP gathers 

reconstructed by ASA, GA, NA, and PSO are represented in c), d), e), and f), respectively. This 

figure refers to the test in which the CMP gather contains 10 traces. 

 

 

Figure 19: Comparison of a) the reference CMP gather, b) the trace time-shifted CMP gather, 

which simulates a CMP gather before residual static corrections, and c) the final CMP gathers 

after residual static corrections with the time shifts predicted by each method. The CMP gathers 

reconstructed by ASA, GA, NA, and PSO are represented in c), d), e), and f), respectively. This 

figure refers to the test in which the CMP gather contains 20 traces. 

 

a) b) 

c) d) e) f) 



 

Figure 20: Comparison of a) the reference CMP gather, b) the trace time-shifted CMP gather, 

which simulates a CMP gather before residual static corrections, and c) the final CMP gathers 

after residual static corrections with the time shifts predicted by each method. The CMP gathers 

reconstructed by ASA, GA, NA, and PSO are represented in c), d), e), and f), respectively. This 

figure refers to the test in which the CMP gather contains 40 traces.   

 

Discussion 

The results presented in this paper have been obtained by applying four global optimization 

methods that are frequently used for solving geophysical inverse problems. However, the classes of 

stochastic or semi-stochastic methods include many other techniques that we have not tested. 

Moreover, many different implementations exist for each stochastic method and, in our study, we 

only selected the most popular ones to test their performances and their convergence properties on a 

subset of the many objective functions that characterise geophysical inverse problems. However, a 

complete and comprehensive review of all stochastic methods with their many variants and for all 

the possible kinds of objective functions is beyond the scope of this work and is likely beyond the 

reach of any single scientific paper. Therefore, the results obtained in this paper cannot be extended 

to predict the performance of each variant of the four stochastic methods, but they can be useful as a 

general guide to determining the suitability of each method in solving particular problems. In this 

a) b) 

c) d) e) f) 



respect, an analysis of the objective function of the problem at hand, even for a limited dimension 

of the model space, can yield useful insights into the most appropriate approach to use. 

Regarding the parameter setting, among the stochastic methods we analysed, NA seems to be the 

method whose results are most affected by the user-defined parameters. Therefore, in applying this 

method, particular care must be taken in setting the np and nr values. Unfortunately, this fine tuning 

can be very time consuming in the case of optimisation problems with expensive forward modelling 

or with a large number of unknowns. 

Concerning the computational time, reducing the cost of an optimisation problem can be crucial, 

both in the case of expensive objective-function evaluation (i.e., FWI) and in the case of a large-

dimensional model space. To this end, the ability to simultaneously evaluate all models in a given 

iteration may greatly reduce the computational cost. An iteration consists in a generation for GA, a 

set of np models for NA, and a swarm in PSO. Obviously, the number of simultaneously evaluated 

models is limited by the number of available cpu’s. Note that this parallel approach can be applied 

to GA, NA, and PSO, whereas it cannot be applied to the ASA method (or to any other simulated 

annealing version). This is because simulated annealing is a largely sequential Monte Carlo 

algorithm in which a single model is explored at a given iteration and it entirely depends on the 

model explored in the previous iteration. This characteristic often makes the standard ASA method 

inapplicable in the case of optimisation problems with expensive forward modelling. Different 

strategies have been developed to speed up the simulated annealing method, and some of these 

strategies hybridize simulated annealing with some of the principles of the GA method (Chen and 

Flann, 1994; Chen and Shahandashti, 2009). 

 

Conclusions 

We compared the performances of four stochastic methods: adaptive simulated annealing, a real-

coded genetic algorithm, the neighbourhood algorithm, and Clerc’s version of particle swarm 

optimisation. A set of four analytic functions and two geophysical simulation tests (1D elastic FWI 



and residual statics computation) were used. The four algorithms were tested on a wide range of 

dimensions of the model space (varying from 2 to 60), and the four analytic functions were chosen 

to test the methods in very different scenarios. For all analytic functions (the De Jong n°1, 

Rastrigin, Schwefel, and Rosenbrock functions), we observed that the curve of convergence as a 

function of the dimension of the model space has an exponential trend for ASA and NA and a 

polynomial trend for PSO and GA. This suggests that PSO and GA are more appropriate for large-

dimensional optimisation problems (n>40), even though these two methods are subject to failure in 

the case of many local minima (PSO) or in the case of irregularly distributed minima (GA). 

Differently, because of their exponential trend with n, ASA and NA can be only used for 

optimisation algorithms for small to intermediate dimensions of the model space (n<10 for NA and 

n<40 for ASA, in our tests). In addition, NA is subject to failure in the case of multiple minima, 

even with small model space dimensions (n<10).  

The results for the synthetic seismic optimisation problems confirm the conclusions drawn in the 

tests on the analytic functions. In more detail, in the 1D elastic FWI, GA is the best-performing 

method for all dimensions (3-, 7- and 12-layer tests, that is, 9, 21 and 36 unknowns, respectively). 

ASA and PSO yield very similar and good performances for small to intermediate dimensions of 

the model space (3- and 7-layer inversions), whereas for the 12-layer test, the performance of the 

ASA algorithm clearly worsens compared to the performances of GA and PSO, again confirming 

that ASA efficiency decreases with increased model-space dimensionality. The NA method exhibits 

a limited capability to explore the model space and a sudden decrease in performance as the 

dimension of the model space increases. The residual statics test confirms that the performance of 

GA is affected by irregularly distributed minima and that NA is prone to becoming trapped in local 

minima in the case of high-dimensional model spaces and multi-minima objective functions. For 

this test, the ASA method seems to be the most efficient algorithm, closely followed by PSO.  
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