arXiv:1503.06031v2 [math.AP] 1 Feb 2016

NODAL SOLUTIONS FOR THE CHOQUARD EQUATION

MARCO GHIMENTI AND JEAN VAN SCHAFTINGEN

ABSTRACT. We consider the general Choquard equations
—Au+u= (Ia * |u|p)|u|p_2u

where I, is a Riesz potential. We construct minimal action odd so-

lutions for p € (Nﬁa, %t‘;) and minimal action nodal solutions for

p € (2, %f‘;‘) We introduce a new minimax principle for least action

nodal solutions and we develop new concentration-compactness lemmas
for sign-changing Palais—Smale sequences. The nonlinear Schréodinger
equation, which is the nonlocal counterpart of the Choquard equation,
does not have such solutions.
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1. INTRODUCTION

We study the general Choquard equation
©) —Autu= (I [ufP)[ulf2u  in RY,

where N > 1, a € (0, N) and I, : RN — R is the Riesz potential defined at
each point x € RV \ {0} by

Aa

T N—«a
Ia(.’E) = ’{E‘T_O“ where Aa = ( )

N2 7
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When N = 3, a = 2 and p = 2, the equation (C]) has appeared in several
contexts of quantum physics and is known as the Choquard—Pekar equa-
tion [15L24], the Schrodinger—Newton equation [131[14,20] and the stationary
Hartree equation.

The action functional A associated to the Choquard equation (C) is de-
fined for each function u in the Sobolev space H'(RY) by

1 1
Alw) = 5 [ 1Vl = o [ )l

In view of the Hardy-Littlewood—Sobolev inequality, which states that if
Ns
s e (1, %) then for every v € L*(RN), I, v € L¥-as (RV) and

N
% s\ N—as
(1.1) /RN”C**”'N < c(/RNm )

(see for example [I6] theorem 4.3]), and of the classical Sobolev embedding,
the action functional A is well-defined and continuously differentiable when-

ever
N-2 1 N
< -=-< .
N+4+a  p~ NHa
A natural constraint for the equation is the Nehari constraint (A'(u),u) =0
which leads to search for solutions by minimizing the action functional on

the Nehari manifold
No = {ue H'RV)\ {0} : (A'(u),u) =0}.
The existence of such a solution has been proved when
N-2 1 N

N+« < D <N +a’
these assumptions are optimal [15,[17,21].

We are interested in the construction of nodal solutions to (Cl), that is,
solutions to (C)) that change sign. The easiest way to construct such solutions
is to impose an odd symmetry constraint. More precisely we consider the
Sobolev space of odd functions

Hlg@®RY) = {u e HY(RY) : for almost every (z/,zy) € RY,
u(x', —rN) = —u(x',xN)},
we define the odd Nehari manifold
Noda = No N Hygq(RY)
and the corresponding level

Codd = inf A.

odd

Our first result is that this level cyqq is achieved.

Theorem 1. If %—;Z < 1—1) < NLM, then there exists a weak solution u €
HL (RN N CHRY) to the Choquard equation (C)) such that A(u) = codd-
Moreover, u has constant sign on each of the half-spaces Rf and RY and u

is azially symmetric with respect to an azis perpendicular to (WRf =RN-1x

{0}.
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Nodal solutions with higher level of symmetries and thus larger action
have already been constructed [S8HI10].

The proof of theorem [ relies on two ingredients: a compactness prop-
erty up to translation under the strict inequality coqq < 2¢g obtained by a
concentration—compactness argument (proposition IQZI) and the proof of the
latter strict inequality (proposition [2.4]).

Another notion of solution is that of least action nodal solution, which
has been well studied for local problems [5H7]. As for these local problems,
we define the constrained Nehari nodal set (as in the local case, in contrast
with My and Noqq, the set Nyoq is not a manifold),

Nood = {fuc H'RY) : ut #£0#u™,
(A'(u),u™) =0 and (A'(u),u”) =0},

where ut = max(u,0) > 0 and v~ = min(u,0) < 0. (In contrast with the
local case, we have for every u € Npod, (A'(u),ut) < (A'(u't),u”), and thus
ut & Ny and u™ & Ny.) We prove that when p > 2, the associated level

Cnod = inf A

nod

is achieved.

Theorem 2. If ]]\\?—I_i < % < %, then there exists a weak solution u €
HYRN) N C*(RN) to the Choquard equation (C) such that A(u) = cnod,

and u changes sign.

The restriction on the exponent p can only be satisfied when a > N — 4.
We understand that u changes sign if the sets {z € RY : wu(z) > 0} and
{z € RY : u(z) < 0} have both positive measure.

We do not know whether the solutions constructed in theorem [2] are odd
and coincide thus with those of theorem [ or even whether the solutions
of theorem [2 have axial symmetry as those of theorem [[I We leave these
questions as open problems.

The proof of theorem [2] is based on a new reformulation of the minimiza-
tion problem as a minimax problem that allows to apply a minimax principle
with location information (proposition[3.2]) and a new compactness property
up to translations under the condition c,oq < 2cg proved by concentration—
compactness (proposition B.5]), in the proof of which we introduce suitable
methods and estimates (see lemma [B.6). The latter strict inequality is de-
duced from the inequality cpoq < Codd-

Compared to theorem [II, theorem [ introduces the additional restriction
p > 2. This assumption is almost optimal: in the locally sublinear case
p < 2, the level ¢,0q is not achieved.

Theorem 3. If max(%—li, %) < 1—1) < NLM, then cnoq = cg 18 not achieved in
Nnod-

Theorem [3 shows that minimizing the action on the Nehari nodal set does
not provide a nodal solution; there might however exist a minimal action
nodal solution that would be constructed in another fashion.
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We do not answer in the present work whether c¢,,q is achieved when
p=2and o > N — 4. In a forthcoming manuscript in collaboration with
V. Moroz, we extend theorem [3l to the case p = 2 by taking the limit p “\, 2
[12].

If we compare the results in the present paper to well-established features
of the stationary nonlinear Schodinger equation

(1.2) — Au+u = |u[ 2y,

which is the local counterpart of the Choquard equation (Cl), theorems [Iand
are quite surprising. The action functional associated to (2] is defined

by
A(u) = 1/ |Vl + |u* - 1 / |u|?P
2 JrN 2p JrN ’

which is well-defined and continuously differentiable when % - % < % < %
Since in this case A(u) = A(ut) + A(u~), it can be easily proved by a
density argument that

Codd = Cnod = 2¢g.
Therefore if one of the infimums cygq or choq is achieved at u, then both
u' and u~ should achieve ¢y in Ny. This is impossible, since by the strong
maximum principle u™ > 0 and u~ > 0 almost everywhere on the space
RY. This nonexistence of minimal action nodal solutions also contrasts
with theorem Bt for the nonlocal problem c¢,oq is too small to be achieved
whereas for the local one this level is too large.

2. MINIMAL ACTION ODD SOLUTION

In this section we prove theorem [Il about the existence of solutions under
an oddness constraint.

2.1. Variational principle. We first observe that the corresponding level
Codd 1S positive.

Proposition 2.1 (Nondegeneracy of the level). If %—;g << NLM, then

Codd > 0.

Proof. Since Noga = NoNHZ 4 (RY) € Ny we have cogqa > co. The conclusion
follows then from the fact that ¢y > 0 [21]. O

A first step in the construction of our solution is the existence a Palais—
Smale sequence.
1
=
then there exists a sequence (up)nen in Hlyq(RYN) such that, asn —

Proposition 2.2 (Existence of a Palais-Smale sequence). If ]J\\;—;Z <

N
N+a?
Cn7

A(un) = coaa and A(up) =0 in HYq(RY).
Proof. We first recall that the level c,qq can be rewritten as a mountain pass

minimax level:

Codd = inf sup A o,
7€ o,1]
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where the class of paths I' is defined by
I = {y€C(0,1], Bl (®Y)) : 5(0) = 0 and A(3(1)) < 0}

(see for example [30, theorem 4.2]). By the general minimax principle
[30, theorem 2.8], there exists a sequence (uy)nen in Hljq(RY) such that
the sequence (A(un)), oy converges to codd and the sequence (A'(un)), N
converges strongly to 0 in the dual space H} ;(RN)". O

2.2. Palais—Smale condition. We would now like to construct out of the
Palais—Smale sequence of proposition a solution to our problem. We shall
prove that the functional A| 1 4 (RY) satisfies the Palais—Smale condition up

to translations at the level cyqq if the strict inequality coqq < 2¢g holds.

Proposition 2.3 (Palais-Smale condition). Assume that ]]\\;—;i < % < NLM

Let (un)nen be a sequence in Hly (RY) such that, as n — oo,
A(un) = Codd and A(up) =0 in HLq(RYY.
If
Codd < 2co,

then there exists a sequence of points (an)nen i RN™1 x {0} ¢ RN such
that the subsequence (up, (- — an,)) converges strongly in H'(RY) to u €

HL (RN). Moreover

keN

A(u) = codd and A'(w)=0 dn H'RNY.
Proof. First, we observe that, as n — oo,
1 1 5 9 1, ,
(5= 5) Tl ol = Aun) = o (A ) )

(2.1) = Afun) +of ([ [Vunf+ ]un]2)%)

1
~ coud +o<(/RN|vun|2 + |un|2)2>.

In particular, the sequence (uy,)nen is bounded in the space H'(R™Y).
We now claim that there exists R > 0 such that

N
(2.2) lim inf \un]i’—ﬁl > 0,
D

n—oo
R

where the set Dr C RY is the infinite slab
Dr=RN"! x [-R,R].
We assume by contradiction that for each R > 0,

.. 2Np
lim inf |up | N¥a = 0.
n—o0 Dr

We define for each n € N the functions v, = Xgrn-1y(0,00)Un and 0p, =
XRN-1 x (—o00,0)Un- Since u, € HL (RN, we have v, € H}(RV 1 x (0,00)) C
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HY'RYN) and o, € H} (RN~ x (—00,0)) ¢ H'(RY). We now compute

[ as o) <2 [ Ta = plon)Ploa(@)l dyds

RN RN JDp

Lo [ L= P @) dyds
RN\Dpg JRN\Dp
By definition of the region Dg we have, if 5 € (a, N),
P|5. P
ot o)l

<2 (Tasfunl)unl + [ (Ocmimyada) * [ual?)un
Dpr RN

C
p p p p
< Q/DR(LX* |t |P) [tn [P + =ia /RN((XRN\BQRIL;) s |t [P) [ |

Since by assumption p > %, we can take § such that moreover 5 <

(p — 1)N, and then by the Hardy-Littlewood—Sobolev inequality (LI]) and
the classical Sobolev inequality, we obtain that

N+a

g 2N
fo st < ([ 9ol o) (ool 5) 7

R

Cl/ P
+ g (Tl + ual?)

from which we deduce that

(2.3) lim | (Ia % |vn]?)|5a]? = 0.

n—0 JRN

For each n € N, we fix ¢, € (0,00) so that t,v, € Ny or, equivalently,
LIVl + fonf?
RN
[ oGt o) e
RN
IVl + Juaf?
RN

Lot funl)unl? =2 [ (T o) 5al?
RN RN

For every n € N, we have

2p—2 __
iy =

2p

t
Atnn:2-’4tnn_i/ I, np ~np
(tnun) (tnvn) pRN( *[on]”)[On]

By 210), (23)) and (24)), in view of proposition[21], we note that lim, o ¢, =
1 and thus in view of (23] again we conclude that

Codd = M A(un) = Tim A(tnun) =2 lim A(tnvn) > 2¢o,

in contradiction with the assumption coqq < 2¢g of the proposition.
We can now fix R > 0 such that (Z2) holds. We take a function n €
C>(RY) such that suppn C Dsgja, n = 1 on Dg, n < 1 on RY and
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Vn € L®(RY). We have the inequality [I8, lemma I.1; 21, lemma 2.3;
27, (2.4); 30, lemma 1.21]

2Np 2Np
/ ‘un‘N+a S/ ’nun’ to
Dr RN
_ N4«

2Np \ 1
<c(sup [ jua¥E) T [ 9P +
Brya(a) RN

acRN

N+ao

2Np \ 1—
< Cl( sup / |y, N+I(;) Np
a€RN-1x{0} Y Bar(a)

L IFual? + .

Since the sequence (uy,)nen is bounded in the space H'(RY) we deduce
from (Z2]) that there exists a sequence of points (a,)nen in the hyperplane
RN=1 x {0} such that

.. 2Np
lim inf |up | NFa > 0.
n—00 BQR(an)

Up to translations and a subsequence, we can assume that the sequence
(tn )nen converges weakly in H'(RY) to a function v € H'(RY).

Since the action functional A is invariant under odd reflections, we note
that for every n € N, A(u,,) = 0 on Hly (RV)* by the symmetric criticality
principle [23] (see also [30, theorem 1.28]). This allows to deduce from the
strong convergence of the sequence (A’(up))nen to 0in Hlyq(RY) the strong
convergence to 0 of the sequence (A’(uy))nen in HY(RY).

For any test function ¢ € C}(RY), by the weak convergence of the se-
quence (up)nen, we first have

n—oo

lim/ Vun-V<p+uncp:/ Vu - Vo 4 up.
RN RN

By the classical Rellich—-Kondrashov compactness theorem, the sequence
(Jun|P)nen converges locally in measure to |ulP and by the Sobolev inequality,

2N
this sequence is bounded in L~+a (RY). Therefore, the sequence (|u,|P)nen

converges weakly to |u|? in L~+a (R™) (see for example [2], proposition 4.7.12;
31, proposition 5.4.7]), and, by the Hardy-Littlewood—Sobolev inequal-

2N
ity (1)), the sequence (I * |un|P)nen converges weakly in L¥-a (RY) to
I, * |ulP. By the Rellich-Kondrashov theorem again, the sequence ((I, *

2N
[%n|P) [t [P~ U )nen converges weakly in LN+2(K) for every compact set
K c RN. Therefore we have

. -2 -2
Jim [ G a2 = [ (os ) a2,

We have thus proved that

A'(u) =0= lim A'(uy).

n—o0
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Finally, we have

lim A(u,) = lim A(up) — %(A/(un),u@

n—oo n—oo p
> (2 - =
(5 2p) /}RN|W| + Jul
1
= A(u) = o—(A'(u),u) = A(u),
2p
from which we conclude that A(u) = coqq and that the sequence (uy)nen
converges strongly to u in H'(RY). O

2.3. Strict inequality. It remains now to establish the strict inequality
Codd < 2¢g.
. N-2 _ 1 N
Proposition 2.4. If 7 < > < Nta’ then
Codd < 2¢p.

Proof. 1t is known that the Choquard equation has a least action solution
[21]. More precisely, there exists v € H'(RY)\ {0} such that A’'(v) = 0 and

A(v) = inf A.
No
We take a function n € C2(RY) such that n =1 on By, 0 <7 <1 on RY
and suppn C By and we define for each R > 0 the function nr € C2(RY) for

every x € RN by nr(z) = n(z/R). We define now the function up : RN — R
for each x = (2/,zy) € RN by

ur(x) = (npv)(2’,xn — 2R) — (nrv)(2', —zN — 2R).

It is clear that ugr € Hl; (RY).
We observe that (A'(tgug),trur) = 0 if and only if tg € (0,00) satisfies

/RN\WR;? + ugl?

[ U fuml) sl

2p—2 _
tR -_—

Such a tr always exists and

Turl? 4 lurf2) 7T
A(trug) = (1 _l (/RN| url” + furl )

2 p p P =
([, o lurlurl)

The proposition will follow once we have established that for some R > 0

_p_ _p_
([ JTun + a7 ([ 90l pf?) 7
(2.5) R — < 2R —.

([ arlurtlur’) ™ ([ ax o)™
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We begin by estimating the denominator in the left-hand side of (2.5)).
We first observe that, by construction of the function ug

A, 2
1, p P>2 1, p p 27 Py,
[ U sl =2 [ (Lew ol mol? + 2o ([ s

For the first term, we have
| Gas o) ngol? = [ (s o) ol =2 [ (T o) (1 = ol
[ o (L= aRlo) (L= o) ol
> [ ool =2 [ (T o) 0 = o
By the asymptotic properties of I, * |v|P [2I], theorem 4], we have

1, p
lim 7( * [vl?) :/ [v|?,
|z| =00 Ia(CC) RN

2 [ (aslop)a =l <c [ U0

RN\Bj [TV~
We have thus
[ o lurl?)lurl?
RN
244 2 |v(z)P
22/ I, * |vlP vp_|_7/ vlP —C/ dz
B s PP + i () WP) =C f L s

We now use the information that we have on the decay of the least action
solution v [2I]. If p < 2, then v(z) = O(|z|~N=2)/Z=P)) as |z| — oo and

|v(x)|P B ( 1 )_ 1
o oo = O ) = o(ows)

since p > > 5 ]%N —. If p > 2, then v decays exponentially at infinity.

We have thus the asymptotic lower bound

26) [ (o * funl)funl”
22 [ (s o)l + i ([ bl7) + o5

For the numerator in (23]), we compute by integration by parts
[Vl + funl =2 [ | 19010) + ngol?
RN RN
=2 [ (Ve o) ~2 [ ne(Aug)lof

< 2/ (1Vl? + [v]?) /

If p < 2, we have by the decay of the solution v

1 9 1 1
— =0(————) = .
R? /B2R\BR‘U‘ (R%"'Q) O(RN_O‘)

so that

N+a
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In the case where p > 2, the solution v decays exponentially. We conclude
thus that

1
2 2 2 2
(2.7) /RN|VUR| + |ug| —2/RN|W| +[v] +0(RN7Q)-

We derive from the asymptotic bounds (2.6]) and (Z7), an asymptotic
bound on the quotient:

(/RN\WRP - yuRP)ﬁ

1

(/. (o lurlun) ™

_p_ 2
_ (vt 1oP)™ pAa( [, 10P)

([ e ) ( - DR [ (s P

+o(ﬁ)>.

The inequality (Z3]) holds thus when R is large enough, and the conclusion
follows. O

2.4. Existence of a minimal action odd solution. We have now devel-
opped all the tools to prove the existence of a least action odd solution to
the Choquard equation, corresponding to the existence part of theorem [I1

1

Proposition 2.5. If %—Ié < 5 < NLM, then there exists solution u €

HL (RN N CHRYN) to the Choquard equation (C) such that A(u) = coad-

Proof. Let (un)neny be the sequence given by proposition In view of
proposition 4], proposition 23] is applicable and gives the required weak
solution u € H'(RY). By the regularity theory for the Choquard equation
[21) proposition 4.1] (see also [8, lemma A.10]), u € C2(RY). O

2.5. Sign and symmetry properties. We complete the proof of theorem I]
by showing that such solutions have a simple sign and symmetry structure.

Proposition 2.6. If %—Ig{ < % < % and if u € HLy(RY) is a solution to
the Choquard equation (C)) such that A(u) = coqd, then u has constant sign
on ]I\;&ﬂ\rf and w s azxially symmetric with respect to an axis perpendicular to
ORY.

+

The proof takes profit of the structure of the problem to rewrite it as a
groundstate of a problem on the halfspace where quite fortunately the strat-
egy for proving similar properties of groundstates of the Choquard equation
still works [21, Propositions 5.1 and 5.2] (see also [22] propositions 5.2 and
5.3].

Proof of proposition [Z2.6. We first rewrite the problem of finding odd solu-
tions on RY as a groundstate problem on Rf whose nonlocal term has a
more intricate structure.
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Claim 1. For every v € Hl (RY),
Alw) = A(vlgy),

where RY = RN=1 x (0,00) and the functional A : H}(RY) — R is defined
for w e HY(RY) by

= 1
Atw) = [ Vol = [ [ B =)@l drdy,
RY p Jry Jry
with x = (z',zn), y = (¥, yn) and the kernel K : (0,00)® — R defined for
each (r,s,t) € (0,00)% by
A, A,
K(r,s,t) = v + -
(r24+(s=1)?2) 2 (P24 (s+1)?) 2

In particular, u € J\7nod, where
Naod = {w € Hy(RY) : (A'(w),w) = 0}

and

A(u) = inf A.
Nnod

Proof of the claim. This follows from the fact that if u € Hly (RY), then
U‘Rﬁ € H}(RY) and by direct computation of the integrals. o

Claim 2. One has either u > 0 almost everywhere on Rf or u < 0 almost
everywhere on ]Rﬁ\_f.

Proof of the claim. Let w = ulRf. We observe that |w| € HE(RY),
A(lw)) = A(w) = coaa  and  (A(|w]), [wl) = (A'(w), w).

Therefore, if we define u € HL  (RY) for almost every z = (2/,2n) € RV
by

i) = lw|(z',zn)  if xy >0,
| —w|(@, xy) ifzy <O,

the function @ is a weak solution to the Choquard equation (). This func-
tion u is thus of class C? [21], proposition 4.1] (see also [8, lemma A.10]) and,
in the classical sense, it satisfies

~Au+u>0 inRY.

By the usual strong maximum principle for classical supersolutions, we con-
clude that |u| = u > 0 in Rf. Since the function v was also a solution to
the Choquard equation (), it is also a continuous function, and we have
thus either v = |u| > 0 in RY or u = —|u| < 0 in RY. o

Claim 3. The solution u is axially symmetric with respect to an axis parallel
to {0} x R C RY,

Proof of the claim. Let H be a closed affine half-space perpendicular to (WRf
and let o : RV — RY be the reflection with respect to 9H. We recall that
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the polarization or two-point rearrangement with respect to H of w is the
function w’ : RN — R defined for each z € RY by [11,4]

W (z) = {max(w(x),w(JH(x))) ifexe H,
min(w(z),w(oy(z))) ifz € RV \ H.

Since OH is perpendicular to RN~=! x {0}, we have o (RY) = RY so that
wh € HY(RY) and [4, lemma 5.3

|Vl 2 + w2 = |Vwl|? + |wl|?.
N N
RY RY
Moreover, we also have

(2:8) /RN /RN K(l2' =y, xn, yn) [w™ (z)Plw (y) P dz dy
. P P 1 PY |ulP
- §/RN(Ia*(!u\ ) ([l > 5/]@(1&* [ul?) [ul

= [ [ K =/ ) @) P () de dy,
RY JRY

with equality if and only if either |ul¥ = |u| almost everywhere on R¥Y
or [ulf = |u| o oy almost everywhere on RY [2I, lemma 5.3] (see also
[1, corollary 4; 28, proposition 8]), or equivalently, since by claim [2 w has
constant sign on RY, either wf = w almost everywhere on Rf or wi =
w o o almost everywhere on Rf .

If the inequality (Z8]) was strict, then, since p > 1 there would exist

7 € (0,1) such that 7w!’ € N and we would have
A(TUH) < A(w) = Codd,
in contradiction with claim [I1
We have thus proved that for every affine half-space H C R whose
boundary 0H is perpendicular to ORY | either w! = w almost everywhere
on Rf or w = w o oy almost everywhere on Rf . This implies that w is
axially symmetric with respect to an axis perpendicular to 8Rf [21} lemma

5.3; 29, proposition 3.15], which is equivalent to the claim. o
The proposition follows directly from claims 2l and Bl O

3. MINIMAL ACTION NODAL SOLUTION

This section is devoted to the proof of theorem 2] on the existence of a
least action nodal solution.

3.1. Minimax principle. We begin by observing that the counterpart of
proposition 1] holds.

<N then

Proposition 3.1 (Nondegeneracy of the level). If ¥=2 < Ntar

N—
N+a

D=

Cnod > 0.

Proof. In view of the inequality ¢y > 0 [21], it suffices to note that since
Nuod C Ny we have cpoq > ¢o. O

We first reformulate the minimization problem as a minimax problem.
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Proposition 3.2 (Minimax principle). If ]]\\?—I_i < 1—1) < %, then for every
e >0,
Cnod = inf sup A o,
yel’ B2
where

I = {y € C(B% HJ(RY)) : £(v(9B%)) #0, deg(§ 07) = 1

p—1 p—1 p—1
and (Aory)r2 <22 +e—cfon 81832},

where the map & = (&4,6-) € C(HYRYN);R?) is defined for each u €
HI(RY) by

[ U s

Ei(u) = / Ve + [us|?
RN
-1 if uy = 0.

-1 ifug #0,

Moreover, for every v € T', Npoa Nv(B?) # 0.

In this statement B? denotes the closed unit disc in the plane R? and deg
is the classical topological degree of Brouwer, or equivalently, the winding
number (see for example [19, §5.3; 25, chapter 6]).

The continuity of the map £ on the subset of constant-sign functions in
HY(RY) follows from the Hardy-Littlewood-Sobolev inequality (L)) and
the classical Sobolev inequality, and requires the assumption p > 2.

The map & is the nonlocal counterpart of a map appearing in the varia-
tional characterization of least action nodal solutions by Cerami, Solimini
and Struwe for local Schrodinger type problems [7], which is done in the
framework of critical point theory in ordered spaces whereas our minimax
principle works in the more classical framework of Banach spaces.

Proof of proposition [3.2. We denote the right-hand side in the equality to
be proven as ¢ and we first prove that that ¢ > c,0q. Let v € I'. Since
deg(& o) = 1, by the existence property of the degree, there exists t* € B2
such that (€ o7)(t*) = 0. It follows then that v(t.) € Moa = £71(0) and
thus

SquAO’}/ > W(t*) > Cnod,
B

so that ¢ > cpod-
We now prove that ¢ < ¢,0q. For a given u € Nyoq, we define the map
7 :10,00)% — HYRY) for every (t,,t_) € [0,00)? by
1 1
g t) =tPut +tPu,
We compute for each (t,,t_) € [0,00)?

t2/p t2/p
(1) AG(t) = == [ Vet P S [T e
2 JRN 2 JRN
1

— 2
= 55 JoalTere bt +
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The function A o 7 is thus strictly concave and (A o 5)’(1,1) = 0. Hence,
(1,1) is the unique maximum point of the function A o 4.
We also have in particular
2/1)

AG0) =5 [ e = 55 [ (e ),

and therefore

(3.2) AG(t,0) < (5 - o ——
SO st et )

By the semigroup property of the Riesz potential 1o = I3 * 1o/2 (see for
example [16 theorem 5.9]) and by the Cauchy—Schwarz inequality,

63 [ (axlul)uty = [ (o 4l < 0F)
< ([ oo s WP ) ([ Moo e PP
= ([ e bl i) ([ (G Pt )

and therefore by (8.2]) and (3.3
1 1 =2 1
5 - Py TIP) Pt P |ylP )Pt
A(t.0) < (5= 5 ) ([ (o )t P) 7 ([ s )l
We deduce therefrom that for every (t;,t_) € [0,00)2,

—1

—1 —1
(3.4) AE/Put) =2 4 A Pu) i < Afu)r.
Since ug # 0, we have
sup A(ti/pui) > co,
t+€[0,00)
we conclude that
sup  (Ao¥)r2 < Au)r=2 —cg .
+€0([0,00)2)
Moreover, we have by (3.1])
lim A((t)) = —oo.

[t|—o0

It remains to compute the degree of the map & o4 on a suitable set
homeomorphic to B2. We compute for each (t;,t_) € [0,00)2, since u €

Nnod

(g t-) - (s 1))

(T * [u[P)| +|” ax fu”[P)[um]?
RN

e PP / (T P
RN

|
’Slw

—ty —t_
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Since p > 2, we can now take R > /2 large enough so that if ¢ € [0,00)? N
0Bpg, then
p=1 p=l b=

t-£(5() >0 and (Aoy(t))»=2 < A(u)r=2 — cf 2.
We now define the homotopy H : [0,1] x [0, 00)? for each (7,t,,t_) € [0,1] x
[0,00)% by

H(r,t) =7(§o)(t) + (1 —7)(ty —1,¢- —1).

By the choice of R, for every (7,t) € [0,1] x 9([0,00)? N Bg), H(r,t) #
0, and thus by the homotopy invariance property of the degree, deg(¢ o
Yl(0,002nB5) = 1. If we set v = 5 o ®, where ® : B> — [0,00) N Bg is an
orientation preserving homeomorphism, we have v € I' and supgz Aoy =

A(u).

p—1 p—1

We have thus proved that if u € Myoq and if A(u)r=2 < ¢? % + ¢, then
A(u) > ¢,
from which we deduce that cyoq > €. O

We would like to point out that the inequality (3:4]) in the proof of propo-
sition gives a lower bound on the level c,oq that refines the degeneracy
given for p > 2 by theorem [Bl

Corollary 3.3. Ifﬁ—;g{ < % < %, then
In particular, corollary (3.3) allows theorem [ to hold when p = 2.

Proposition 3.4 (Existence of a Palais-Smale sequence). If ]]\\;—;i <

1 1
_§<§;

then there exists a sequence (up)nen in HY(RN) such that
A(tn) = Cnod,  dist(un, Nyod) = 0 and  A'(up) = 0 in HY(RYY,

as n — o0.

[un

p=1

Proof. We take I' given by proposition with € < ¢f~*. The location
theorem [30], theorem 2.20] (see also [3, theorem 2][26, theorem 2.12]) is
applicable and gives the conclusion. O

3.2. Convergence of the Palais—Smale sequence. We prove that Palais—
Smale sequences at the level ¢,0q and localized near the Nehari nodal set
Nhioa converge strongly up to a subsequence and up to translations.

Proposition 3.5. Let (uy)nen be a sequence in Hlj (RY) such that, as
n — 0o,

A(up) = cuod,  dist(un, Nuod) = 0 and  A'(up) =0 in H'(RY).
If §72 < 3 < 3 and if
Cnod < 200,

then there exists a sequence of points (an)nen in RN such that the subse-
quence (up, (- — an,)) oy converges strongly in H'RYN) to u € H'(RY).
Moreover

A() = cnoas U ENwa  and  A(w)=0 in H(RNY.
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Palais—Smale conditions have been already proved by concentration—com-
pactness arguments for local semilinear elliptic problems [7,[11].

Proof of proposition [323. We shall proceed through several claims on the
sequence (Up)neN-

Claim 1. The sequence (up)nen is bounded in the space H'(RY).

Proof of the claim. We write, as n — oo,

(5 35) L1700l fenf? = A = (A ), )

2 2p
— Aluy) —}—o((/RN|Vun|2 + |un|2)%>.

from which the claim follows. o

We now show that neither positive nor the negative parts of the sequence
(un)nen tend to 0.

Claim 2. The functional u € HY(RY) > [on (Lo * |uP)|[u®|P is uniformly
continuous on bounded subsets of the space H'(RYN).

We bring to the attention of the reader that the related map v € H'(RY) —
Jan |Vut 2 + [uF|? is not uniformly continuous on bounded sets.

Proof of the claim. For every u,v € H'(RV), we have

LG )P = [ (o ol
1
- 5/ (Lo * (Jul” + o[?)) (P — [0 P)
RN
1
5 [ G (ol = o) (1P + 4P,
2 JrN
By the classical Hardy-Littlewood—Sobolev inequality (I.II), we obtain
Pyl TP — Py pE|P
[ o a7 = [ (e )P
an | Nt on | Nt
p Py N+a ) 2N p _ |, EP|NFa ) 2N
<o( [ Qup+1pm) ™) ™ ([t = e ¥5)
N+« N+«
+p +p\ o ) 2V p_ || Tra) 2
wO( [ Q=+ 1oy 50 ) ([l = o ¥50) 7

Since for every s,t € R, one has |[sT|P—[t|P| < ||s[P—[t|P| and |sT [P+ |tE|P <
|s|P + [t|P, the latter estimate can be simplified to

p tp _ P\, P
[ o a7 = [ (e o)
N+«

< QC(/N(MP +vlP) sza) TN
R

N+«

([ b = jop55) =
R
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Next, for each s,t € R, we have, since p > 2,
Il = 6] < pls — ] [ plrs + (1~ i~ ar

< pls — | /01 TlsPl 4 (1= )L dr

= Els —tl(Is”" + 7).
Hence, we have,

[ el = [ (o o)
<20(2) T ([ oy + ) F) T
Nia

(™ o o o5 ) Y
RN

Therefore, by the Hélder inequality,
p tp _ P\, P
[ o= a7 = [ (e )P

Nta_ L Nia
gC’(/ |u|%+|v|§1ﬁ;) v 2p)(/ |u_v|§lii)mp'
RN RN

2N
This shows that the map is uniformly continuous on LN—JrI;(RN ). Since by
assumption, ]]\\?—I_i < % < NL_W, in view of the classical Sobolev embedding
2N
theorem, the embedding H'(RY) C L¥+a (R™) is uniformly continuous, and
the claim follows. o

Claim 3. We have

.. 4,2 +12 s P\|,,T|P
timint [ (90 4t = mint [ (T ) 7 > 0.

Proof of the claim. First we observe that if v € M,q, then by the Hardy—
Littewood—Sobolev inequality (II]), the Sobolev inequality and the defini-
tion of the nodal Nehari set N, 04, we have

aNp \ DEo aNp \ DEo
/ (Ia*\v\p)]vi]ng(/ o #55) (/ ot )
RN RN RN
D
2

<[ 9ol + ) ([ 1VotE + ot)
= ([ 9o+ ) ([ e o))

Since v+ # 0, we deduce that

P
2

[Nl
[SIiS]

P p—2
. 2 2\ 2 P\, =P\ 2
velﬁfrfm(/wyw +[of?) (/RN(Ia*yvy o ) 7 > o.

Since the sequence (uy,)nen is bounded in the space H!(RY) and since
lim,, _, oo dist (uy,, Nogq) = 0, we deduce from the lower bound above and from
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the uniform continuity property of claim [2] that

. +
timinf [ (I [ua ) i > 0.

Since limy, 00 (A’ (uy), u) = 0, the conclusion follows. o

Claim 4. There exists R > 0 such that

: L 2Np _ 2Np
lim sup sup |u, | N+ |u,, |¥Fa > 0.
n—00 RN JBr(a Br(a)

Proof of the claim. We assume by contradiction that for every R > 0,

2Np 2Np
lim sup / ]u;HNM/ lu, |N+e = 0.
"% 4eRN JBr(a) Br(a)
Then by lemma below, since the sequences (u,}),en and (u,, )pen are
bounded in the space H'(R"Y), we have

Jim [ (Lo ) =

We now take ¢, + € (0,00) such that tmiuﬁ € Ny. Since
LT = [ (o ) i+ (A ) )
RN RN

= [ e lunl? + o)
and
| et Pt = [ Gas faal il = [ (T )l P
RN RN RN
= [T ) + o),
it follows, in view of claim [ that lim, o ¢, + = 1. We compute
A(tm_,_u;’; + tn,—uy,)

th th
= At 17) + Al ) = 0 (L )

and we deduce that
Cnod = nh_}rrgo At put +tn —uy)
> lim: ng(tn7+uZ) + lim inf At —u,, ) > 2c,
in contradiction with the assumption of the proposition. o

We now conclude the proof of the proposition. Up to a translation and a
subsequence, we can assume that

.. 4 2Np

lim inf |uy, | N+ >0
n—o0 BR(a)

and that the sequence (uy)nen converges weakly to some u € H'(RY). As

in the proof of proposition 23] by the weak convergence and by the classical

Rellich-Kondrashov compactness theorem, A’(u) = 0 and u* # 0, whence
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U € Npoa. We also have by lower semicontinuity of the Sobolev norm under
weak convergence

| | L

i, Alun) =l Altn) = 5 (A ) )
TS T | 2 2
=l (5= 55) L7l + b

1
= (U) - %<Al(u)7u> = A(U),
from which we deduce that A(u) = cpoq and the strong convergence of the
sequence (uy,)nen in the space H'(RV). O

Lemma 3.6. If ]J\\;—;i < % < NLM, then for every 8 € (o, min(1,p — 1)N),
there exists C > 0 such that for every u,v € H'(RY),

1
p p 2 2 2 2\ 2
L el < ([ 19upul [ 9o+ o)

N+to 171
(sup/ M%/ |v|12v]4\:2) v (173)
acRN J Br(a) Bg(a)
b ([ v sl [ veP £ )
7\ fon u u . v v

When p = %, then (p — 1)N = « and there is no § that would satisfy
the assumptions.

Proof of lemma[3.4. We first decompose the integral as
L alaiol = [ (agade) < [al) ol + [ (g Ta) el ol
We then observe that if § € (a, N), then
C
Lo (i TP ) ol < 5=z [ (L < [l

If 5 < (p—1)N, then by the Hardy-Littewood—Sobolev inequality and by
the Sobolev inequality, we have

C/ p p
iy )= )P < g ([ 19ul 1) ([ 9024 10f) .

Next, we have

[ (oo = [l?)op
R

C,/ / /
< = I (z — y)|u(z)Plv(y) P dz dy da.
Loy o [ Tale = p@P )

For every a € RN, we have, by the Hardy Littewood-Sobolev inequality
(II) and the classical Sobolev inequality on the ball Br(a),

[ [ taw = ylu@Plo)p dedy
Br(a) J Br(a)
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Nta
<cor(f i [ )
Br(a) Br(a)
Ntaq_ 1
< C""(/ |U|12VL+ZZ‘/ |v|12vli’;) o (1=3)
Br(a) Br(a)

1
X (/ ]Vu\Z + \u!Q/ ]Vv]Q + MQ) 2.
BR(a) BR(a)

We now integrate this estimate with respect to a € RY and apply the
Cauchy—Schwarz inequality to obtain

R CERRATIIT,
C”/ 2 2 % 2 2 %
< g (L, o 9 ) aa) (L () 190+ of?) aa)
N+4a_ 1
X (sup/ |u|]2vL+z(;/ |v|12v]4\:2) v (17)
acRN JBgr(a) Bpg(a)
1
:C//l/(/ |Vu|2+|u|2/ |VU|2—|—|U|2)2
RN RN

o)

2Np anp \ SHRE (15
X (sup/ ]u\NJra/ ]v]N+a)
Br(a) Br(a)

P
a€RN

O

3.3. Existence of a minimal action nodal solution. In order to prove
theorem [2, we finally establish the strict inequality.

Proposition 3.7. Ifﬁ—;é < 1—1) < %, then

Nodd C Nnod-
In particular,

Cnod < Codd-
Proof. If u € Nyqq, then since u € Ny,
(A (w),u™) + (A'(uw),u”) = (A'(u),u) = 0.

On the other hand, since u € H'y;(RY), by the invariance of u under odd
reflections,

(A'(u),u") = (A'(u),u”),

and the conclusion follows. O

We can now prove theorem [2] about the existence of minimal action nodal
solutions.

Proof of theorem [2. Proposition [B.4] gives the existence of a localized Palais—
Smale sequence (uy)nen. By propositions 2.4 and B the strict inequality
Cnod < 2¢g holds. Hence we can apply proposition[3.5]to reach the conclusion.
The solution u is twice continuously differentiable by the Choquard equa-
tion’s regularity theory |21, proposition 4.1] (see also [8, lemma A.10]). O



NODAL SOLUTIONS FOR THE CHOQUARD EQUATION 21

3.4. Degeneracy in the locally sublinear case. We conclude this paper
by proving that cyoq = ¢g if p < 2.

Proof of theorem [3. We observe that if u € Ny, then |u| € Ny. Together
with a density argument, this shows that

co = inf{A(u) : ue NgNCHRY) and v >0 on RV}

Let now u € Ny N CHRYN) such that v > 0 on RY. We choose a point
a & suppu and a function ¢ € C}(R™)\ {0} such that ¢ > 0 and we define
for each § > 0 the function us : RY — R for every z € RN by

us(x) = u(zx) — 5%30(36 g a).

We observe that, if § > 0 is small enough, ug = uT. By a direct computation,

we have tJru(}F +t_uy € Nyod if and only if
(3.5)

(7P =) /RN (T * ful?)[ul? = 2 6855 J;,
O [ VP + 1o = Iy + 28T [ (L x o)l
where
Js = /RN (Io * [ul?) (62 + a) ((2))" dz.

We observe that when § = 0, the system reduces to
2-p _4p D P _
¢ =18) [ (Lo ) =0,

2—-p 2 _4p p p
e [Vl = o ) a) [ el

which has a unique solution. By the implicit function theorem, for § > 0
small enough there exists (t; 5,t_ ) € (0,00)? that solves the system (3.5)
and such that

it 5) = (L (U b)) [ o/ [ 1967)77)

Since (N —2)(2 — p) > —4, we have tyuf +t_u; — u strongly in H!(RY)
as 6 — 0, and it follows that

inf A < A(u),
nod
and thus cpoq < ¢p.

We assume now that the function u € AN;oq minimizes the action func-
tional A on the nodal Nehari set Myoq. Since ¢ = cnoq, we deduce that u
also minimizes A over the Nehari manifold AVy. By the properties of such
groundstates [21], proposition 5.1], either u* = 0 or v~ = 0, in contradiction
with the assumption © € M,oq and the definition of the Nehari nodal set

Nnod- O
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