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Abstract  9 

Since its introduction in the oil and gas industry, Amplitude Versus Angle (AVA) inversion 10 

has become a standard tool in deep hydrocarbon exploration. However, with the intensification 11 

of offshore construction activity, applications of this method have been extended to evaluate the 12 

elastic properties of seabed sediments and of the shallowest part of the subsurface. These regions 13 

are often characterized by undercompacted sediments with very low S-wave velocities (Vs) and 14 

high P-wave velocity to S-wave velocity (Vp/Vs) ratios. However, the importance of the Vp/Vs 15 

ratio is usually underrated in AVA inversion. In this study, we analyse the limits of the AVA 16 

method in cases of high Vp/Vs ratios and the benefits introduced by wide-angle reflections in 17 

constraining the results. A simplified seabed model that is characterized by a high Vp/Vs ratio is 18 

used to study the influence of the elastic and viscoelastic parameters on the P-wave reflection 19 

coefficients and to compute the error function of the AVA inversion. In addition, a synthetic 20 

AVA inversion is performed on this simplified model, which enables us to apply the sensitivity 21 

analysis tools to the inversion kernel. These theoretical analyses show that in the case of high 22 

Vp/Vs ratios, the Vs contrast at the reflecting interface plays a very minor role in determining the 23 

P-wave reflection coefficients and that the viscoelastic effects can be neglected when only pre-24 

critical angles are considered in the inversion. In addition, wide-angle reflections are essential to 25 

reducing both the cross-talk between the inverted elastic parameters and the uncertainties in the 26 



Vp and density estimations, but they are not sufficient to better constrain the Vs estimation. As an 27 

application to field data, we derive the elastic properties of the seabed interface by applying 28 

AVA inversion to a 2D seismic dataset from a well-site survey acquisition. The limited water 29 

depth, the maximum available source-to-receiver offset, and the high frequency content of the 30 

data allow two different ranges of incidence angles to be considered: 0-30 degrees and 0-60 31 

degrees. The results of the field data inversion confirm the conclusions from the theoretical 32 

analysis.  33 
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1. Introduction 37 

The increase in offshore exploration and intensive construction activity has required reliable 38 

characterizations of the properties of the seabed and shallow sediments to minimize the risk of 39 

harm to personnel and equipment during drilling operations, to prevent accidents to the natural 40 

environment and to identify safe zones to install structures such as platforms, oil rigs, and 41 

pipelines. The results of seismic data inversion are often used to determine the elastic properties 42 

of the shallowest part of the subsurface and to identify possible shallow hazards. Once the elastic 43 

properties are derived, they can be converted into the geotechnical properties that are needed for 44 

engineering purposes. 45 

Amplitude Versus Angle (AVA) inversion can be used to derive the elastic properties of the 46 

subsurface. Since the 1980s, this method has been used extensively worldwide for lithological 47 

and fluid prediction in hydrocarbon exploration (e.g., Ostrander, 1984; Rutherford and Williams, 48 

1989; Mazzotti, 1990; Grion et al., 1998, Mazzotti and Zamboni, 2003; Wang, 2003; Downton, 49 

2005; Grana and Della Rossa, 2010). Over the last several decades, AVA inversion has also been 50 

extended to shallow hazard assessment and well site analysis (Theilen and Pecher, 1990; Ayres 51 

and Theilen, 1999; Riedel and Theilen, 2001; Riedel et al., 2003). In these contexts, sediments 52 

with very low S-wave velocities and high P-wave velocity to S-wave velocity (Vp/Vs) ratios are 53 

often encountered.  54 

Despite its many successful applications, AVA inversion suffers from many limitations and 55 

physical ambiguities, which are clearly discussed in Drufuca and Mazzotti (1995). Moreover, as 56 

discussed in Aleardi (2015), these physical ambiguities increase as the Vp/Vs ratio increases. To 57 

the best of our knowledge, this particular limitation of AVA inversion has not received much 58 

attention and has not yet been extensively discussed, especially in the case of field data. Many 59 

authors have pointed out that the physical ambiguities of AVA inversion can be greatly reduced 60 

by exploiting amplitude information that is extracted near and beyond the critical angle (e.g., 61 

Avseth et al., 2005). In the context of wide-angle AVA inversion, post-critical reflections have 62 



been demonstrated to be crucial for better constraining estimates of the viscoelastic properties 63 

(Riedel et al., 2003) and anisotropy parameters (Skopintseva and Alkhalifah, 2013), whereas Zhu 64 

and McMechan (2012) noted that even the Phase Versus Angle (PVA) information can be used 65 

to reduce the ambiguities of the results. In addition, many authors have pointed out that in the 66 

case of wide-angle AVA inversions, the Zoeppritz equations that consider a plane wave front 67 

become inadequate (Ursenbach et al., 2007; Skopintseva et al., 2011; Zhu and McMechan, 2012; 68 

Alulaiw and Gurevich, 2013). In practice, real seismic surveys use localized sources that produce 69 

spherical waves rather than plane waves. In the far-field, the AVA response for a spherical wave 70 

reflected from a planar interface can be approximated well by a plane wave response. This 71 

approximation breaks down in the vicinity of the critical angle, where spherical wave effects 72 

become important. However, the spherical wave reflection coefficients approach the plane wave 73 

reflection coefficients as the frequency of the propagating wave increases.  74 

Over the last few decades, the introduction of long recording cables/streamers and new 75 

acquisition methods has enabled the recording of long-offset reflections, which has increased the 76 

interest in wide-angle AVA inversion. However, the benefits of wide-angle reflections in AVA 77 

inversion have been discussed and demonstrated primarily based on synthetic data (Skopintseva 78 

et al., 2011; Zhu and McMechan, 2012; Alulaiw and Gurevich, 2013), whereas applications of 79 

wide-angle AVA inversion to field data are extremely rare, and their results are often 80 

controversial (Avseth et al., 2005). The applicability of wide-angle AVA inversion is mainly 81 

limited by two factors. First, the AVA method only considers primary reflections and cannot 82 

easily handle interfering events, which become significant near and beyond the critical angle. 83 

Second, the industry has little experience in processing and interpreting long-offset data because 84 

these data have traditionally been muted during seismic processing. In PVA inversion, the phase 85 

of the reflected signal is affected much more by residual noise contamination than the amplitude 86 

information. Therefore, applications of wide-angle PVA inversion to field data are even rarer 87 

than AVA inversions. In conclusion, although this research field is currently undergoing further 88 



and promising developments, the applicability of AVA or PVA inversions to long-offset seismic 89 

data is strongly case-dependent. For example, as shown in Aleardi (2014), the applicability of 90 

these wide-angle inversion methods is strongly influenced by the frequency content of the data 91 

because the interference effects that characterize wide-angle reflections decrease as the 92 

frequency content (and thus the resolution) of the data increases. 93 

In this paper, we analyse the limits of AVA inversion in the case of high Vp/Vs ratios and 94 

demonstrate the benefits of wide-angle reflections in constraining the results. After a brief 95 

review of the AVA method, we describe the inversion procedure that we apply. Then, 96 

considering a theoretical seabed model with a high Vp/Vs ratio, we study the effect of the elastic 97 

and viscoelastic properties on the AVA and PVA responses and quantify the effect of wide-angle 98 

reflections in constraining the inversion. To this aim, we compute the 2D and 1D error functions 99 

associated with the AVA inversion and perform a sensitivity analysis on the inversion kernel. 100 

Simple synthetic inversions are discussed before introducing the field data processing and 101 

inversion.   102 

 103 

2. Theoretical background of AVA inversion 104 

For the idealized case of a plane wave incident on a horizontal interface that separates two 105 

semi-infinite elastic and homogeneous half-spaces, Zoeppritz (1919) derived the expressions for 106 

the reflection coefficients as a function of the angle of incidence. Based on the Zoeppritz 107 

equations, Aki and Richard (1980) provided an approximation for the P-P wave reflection 108 

coefficients parameterized in terms of elastic contrasts at the reflecting interface. This 109 

approximation is valid for small physical contrasts at the reflecting interface and small incidence 110 

angles (generally less than 30-35 degrees): 111 
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where α  , β  and ρ   are the average P-wave velocity, S-wave velocity and density, 113 

respectively, over the reflecting interface, Δα, Δβ and Δρ are the corresponding contrasts, RPP is 114 

the P-wave reflection coefficient, θ is the average of the incident and transmitted P-wave angles, 115 

and γ is inversely correlated with the background Vp/Vs ratio: 116 
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 117 

where the subscripts 1 and 2 refer to the overlying and underlying layers, respectively.  118 

In most contexts, linear approximations are accurate, simpler and more practical than the 119 

Zoeppritz equations; thus, they form the basis of AVA inversion. However, simple observations 120 

of the Aki and Richards approximation (equation 1) or any other type of linear simplification of 121 

the Zoeppritz equations clearly show that their parameterization is not suitable for a fluid-solid 122 

interface. In fact, these parameterizations do not allow the extraction of the S-wave velocity 123 

contrast at the fluid-solid reflecting interface, where for each Vs value of the solid medium, the 124 

Δβ/2 β  term (the so-called S-wave reflectivity contrast) is equal to one. Therefore, for a 125 

complete estimation of the seabed properties, we need to use a different equation with a different 126 

parameterization that allows us to evaluate the S-wave velocity contrast at the seabed interface. 127 

We use the exact Zoeppritz equations that are locally linearized with the Gauss-Newton iterative 128 

method. Aleardi (2015) demonstrated that the stability, predictive capability, and physical 129 

meaning of the linear AVA inversion change with the background Vp/Vs ratio. Thus, to stabilize 130 

the inversion process, we use the Tikhonov regularization, in which the regularization term is 131 

estimated by means of the so-called trade-off curve. In the inversion, the Jacobian matrix, which 132 

is needed to update the current estimated model, is computed by means of a finite difference 133 

approach. After the inversion, the error propagation from the data to the model space is 134 

performed by applying a Monte Carlo approach and by assuming Gaussian distributed errors and 135 

Gaussian distributed elastic properties. More details about the Gauss-Newton method, Tikhonov 136 



regularization and the Monte Carlo approach to error estimation are discussed in the following 137 

section. We refer the reader to Aster et al. (2005) for full mathematical details. 138 

 139 

3. AVA inversion with the Gauss-Newton method 140 

The goal of any seismic inversion is to find a set of subsurface parameters by minimizing the 141 

data misfit Δd between the observed data dobs and the predicted data dpre. This misfit can be 142 

measured by the following error function: 143 
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where the data residual vector is Δd = dobs – dpre, and the superscript T denotes the matrix 145 

transpose operator. Local minimization of the misfit function in the vicinity of the model mn at 146 

iteration n gives the Newton descent direction pn as: 147 
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where ∇mE and H(m) are the first and second derivatives, respectively, of the misfit function with 149 

respect to the model parameters. They are also referred to as the gradient and the Hessian of the 150 

misfit function, respectively: 151 
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 153 

where J is the sensitivity kernel, which is also called the Jacobian matrix. The minimum of the 154 

misfit function in the vicinity of the initial model m0 is reached when the first derivative of the 155 

misfit function vanishes. This gives the perturbation model vector at iteration n:  156 
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 Under the Born approximation, the data residual is very small, and the relationship between 158 

the seismic data and the model parameters is weakly non-linear; thus, the second term in the 159 

Hessian operator can be neglected, and the Hessian operator can be reduced to the approximated 160 

Hessian Ha: 161 
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 162 

The method that only uses Ha is referred to as the Gauss-Newton method. Alternatively, the 163 

inverse of the Hessian can be replaced by a scalar, the so-called step length, which leads to the 164 

steepest-descent method. Therefore, the general formula that expresses the model update for the 165 

Gauss-Newton method in matrix notation is: 166 
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Experimental measurements are always affected by noise, which is often conveniently 168 

assumed to be Gaussian distributed with a zero mean. To account for this noise in the inversion, 169 

equation 9 can be re-written as: 170 
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where Cd is the data covariance matrix associated with the noise distribution.  172 

The computation of the inverse of the approximated Hessian is often non-stable. In particular, 173 

in the context of AVA inversion, the stability of the problem decreases as the Vp/Vs ratio 174 

increases (Aleardi, 2015). To stabilize the inversion, we apply the well-known Tikhonov 175 

regularization, with which the inverse of the approximated Hessian can be computed as follows: 176 
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where I is the identity matrix, and λ is the regularization parameter. To determine the damped 178 

parameter λ, we use the so-called trade-off curve (also called the L-curve; see Aster et al., 2005), 179 

and we select the λ value that minimizes both the norms in the data and model space.  180 

From these considerations, the final equation that we use to update the current model is: 181 
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We apply a finite difference approach to compute the Jacobian matrix. With this method, the 183 

partial derivative of the data predicted at the n-th iteration with respect to the j-th model 184 

parameter is computed as follows: 185 
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where hj indicates an arbitrary increment of the j-th model parameter, and G is the forward 187 

modelling operator that relates the model to the data (in our case, the exact Zoeppritz equations). 188 

After the inversion, the error propagation from the data to the model space is performed by 189 

applying a Monte Carlo approach and assuming that the posterior uncertainties follow a 190 

Gaussian distribution. This method is often applied to non-linear problems for which there is no 191 

simple way to propagate the uncertainties in the data to uncertainties in the estimated model 192 

parameters. We apply this method instead of the classical Bayesian formulation because no a-193 

priori information is available in the investigated area to build a reliable prior model in terms of 194 

an a-priori model covariance matrix and a-priori expectations. In Monte Carlo error propagation 195 

techniques, a collection of noisy data vectors is simulated, and the statistics of the corresponding 196 

models are then examined. We can obtain an approximate posterior covariance matrix by first 197 

forward-propagating the solution that was obtained from the previous inversion (mpre) into an 198 

assumed noise-free baseline data vector (db): 199 
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 200 

Starting from this noise-free data vector, the inversion can be repeated Q times considering a 201 

set of Q independent data realizations, where the i-th data realization is obtained by adding a 202 

noise vector to the data db (we assume a Gaussian distributed noise with a zero mean): 203 
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where ηi is the i-th noise vector realization. From these Q inversions, a suite of Q solutions is 205 

obtained. Let A be a Q×M matrix (where M indicates the number of unknown parameters) in 206 

which the i-th row contains the difference between the i-th model extracted from the Q inversion 207 

results and the final model estimated by the AVA inversion (mpre). An empirical estimate of the 208 

model covariance matrix (Cm) can then be computed as follows: 209 
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The P-wave velocity, S-wave velocity and density are always correlated and, as discussed in 211 

Downton (2005), if some a-priori information about this correlation can be derived from 212 

available additional data (i.e., well log or core data) or from empirical relations, its inclusion in 213 

the inversion kernel can help to stabilize the inversion and speed up the convergence. 214 

Unfortunately, in our specific case, no well log or core data are available for the investigated 215 

area, and the available empirical relations (such as those of Hamilton, 1976) are too generic to be 216 

safely used without the risk to bias the solution.  217 

 218 

4. Studying the influence of seabed characteristics on P-wave reflection coefficients 219 

In this section, we quantify the influence of the seabed’s physical properties on the AVA and 220 

PVA responses. We consider a theoretical seabed model in which the Vp, Vs and density of the 221 

seabed sediments are equal to 1700 m/s, 200 m/s and 1.2 g/cm3, respectively, and the Vp and 222 

density of the water are equal to 1500 m/s and 1 g/cm3, respectively. Note that the Vp/Vs ratio for 223 

the seabed sediments is equal to 8.5, which is a very high value that is common in strongly 224 

undercompacted sediments. However, shallow marine sediments are more realistically described 225 

as absorbing materials than as purely elastic. Therefore, we also analyse the differences between 226 

a perfectly elastic seabed and a more realistic viscoelastic material.  227 

In the following modelling exercises, we ignore the influence of a spherical wave front on the 228 

P-wave reflection coefficients and assume a plane wave incident on a horizontal interface that 229 



separates two semi-infinite homogeneous half-spaces. This allows us to use the simple Zoeppritz 230 

equations for the forward modelling. The following examples are intended to provide a practical 231 

demonstration of the difficulty of estimating the S-wave velocity of seabed sediments that are 232 

characterized by low Vs values and high Vp/Vs ratios.  233 

 234 

4.1 AVA modeling: Elastic materials 235 

We first model the influence of different sediment properties on the P-wave reflection 236 

coefficients as a function of the angle of incidence for an elastic sediment model (i.e., 237 

considering only the P- and S-wave velocities and the bulk density). In this exercise, we consider 238 

the seabed model that was previously described, and we vary the elastic properties of the seabed 239 

around their true value by ± 10%. The water properties are kept fixed at their true values.  240 

In general, the P-wave reflection coefficients for an elastic model are dominated by the 241 

critical angle, at which no P-wave energy is transmitted into the sediment. Increasing the P-wave 242 

velocity of the sediment decreases the critical angle and increases the overall reflection 243 

coefficients. There are clear differences between lower and higher velocities in the wide-angle 244 

domain above 40 degrees (Figure 1a). Even though the seabed interface in the model is 245 

characterized by a relatively high S-wave velocity contrast, it does not significantly influence the 246 

AVA trend (Figure 1b). It is apparent that if lower S-wave velocities for the seabed sediments 247 

were considered (from 10 m/s to 100 m/s), the reflection coefficients shown in Figure 1b would 248 

be even more similar. In contrast to Vp, the influence of the sediment density is enhanced in the 249 

low-angle domain below 40-50 degrees (Figure 1c). A direct consequence of the Zoeppritz 250 

equations is that changes in the density and Vs affect the reflection coefficient but do not change 251 

the critical angle of the reflected signal. Moreover, over the ranges of values that we are 252 

considering, Vs and density exert less of an influence on the phase of the reflected signal than Vp 253 

(Amundsen and Reitan, 1995). Therefore, the phase versus angle trend is only analysed as Vp 254 

varies (Figure 1d); this analysis reveals that for an elastic medium, a phase shift occurs only for 255 



post-critical angles. This simple example demonstrates the limits of the AVA method in 256 

evaluating the low S-wave velocities that often characterize shallow marine environments. In 257 

these geological contexts, the estimation of the S-wave velocity is a hopelessly ill-conditioned 258 

problem even if wide-angle reflections are considered. Conversely, we expect that wide-angle 259 

reflections may be crucial to better constrain density and, particularly, Vp estimates. 260 

 261 

Figure 1: Influence of the elastic seabed properties on the P-wave reflection coefficients for a 262 

perfectly elastic seabed model (a, b and c). The Vp, Vs and density of the reference elastic 263 

seabed model are varied in a), b) and c), respectively. Influence of the P-wave velocity of the 264 

seabed on the phase signal (d). In all cases the water properties are kept fixed at their true 265 

values. 266 

 267 

4.2 AVA modeling: Viscoelastic materials 268 

The mathematical details of viscoelastic AVA modelling are given in Riedel and Theilen 269 

(2001). In this paper, we only remark that the attenuated wave has a complex and frequency-270 

dependent velocity and that the viscoelastic reflection coefficients as a function of the angle of 271 

incidence can be calculated using the classical Zoeppritz equations, in which the velocities are 272 

replaced by their complex equivalents. 273 

b) a) 

d) c) 



We model the viscoelastic reflection coefficients as a function of the angle of incidence using 274 

the same parameter variations that were previously considered in the elastic model but with a 275 

quality factor Q=10 for both the P-wave and S-wave velocities. In addition, to avoid the effects 276 

of the frequency dependence of the phase velocity, the reflection coefficients are modelled for a 277 

propagating frequency of 50 Hz. The general difference between the elastic and viscoelastic P-278 

wave reflection coefficients is the absence of a critical angle effect in the viscoelastic case 279 

(Jensen et al., 2011). As expected, both the P-wave velocity and density have a strong influence 280 

on the reflection coefficients. Significant changes are observed in the wide-angle domain as the 281 

P-wave velocity varies (Figure 2a) and in the low-angle domain as the density varies (Figure 2c). 282 

Again, the S-wave velocity has a negligible effect on the P-wave reflection coefficients (Figure 283 

2b). In contrast to the elastic case, in viscoelastic modelling, the phase shift also occurs for pre-284 

critical angles (Figure 2d). 285 

 286 

Figure 2: Influence of the elastic seabed properties on the P-wave reflection coefficients (a, b 287 

and c) for a viscoelastic seabed sediment with Qp and Qs equal to 10. Only the Vp, Vs and 288 

density of the reference viscoelastic seabed model are varied in a), b) and c), respectively. 289 

Influence of the P-wave velocity of the seabed on the phase signal (d). In all cases the water 290 

properties are kept fixed at their true values. 291 

 292 

b) a) 

d) c) 



Figure 3 illustrates the influence of the viscoelastic parameters (the quality factors for the P- 293 

and S-waves, which are indicated by Qp and Qs, respectively) on the P-wave reflection 294 

coefficients. We consider the viscoelastic seabed model that was considered previously, but in 295 

this case, only the quality factors of the seabed sediments are varied. The influence of Qp on the 296 

reflection coefficients is enhanced in the wide-angle domain because it can only be seen above 297 

the critical angle, which is defined by an equivalent elastic model. Increases in Qp move the P-298 

wave reflection coefficients towards a more elastic-shaped function (Figure 3a). In the case of 299 

high Qp values (i.e., Qp=100), there is no significant difference between the elastic and 300 

viscoelastic models. In particular, the effect of Qp on the P-wave reflection coefficients is much 301 

more pronounced than the effect of Qs (Figure 3b). Therefore, this modelling study illustrates 302 

that estimating the Q factors from an AVA inversion is usually a non-unique problem, 303 

particularly for the Qs parameter, even if a wide-angle domain is considered (Riedel et al., 2003). 304 

 305 

Figure 3: Influence of the P- and S-wave quality factors of the seabed sediments on the P-306 

wave reflection coefficients. a) Influence of Qp for a fixed Qs value of 10. b) Influence of Qs for 307 

a fixed Qp value of 10. 308 

 309 

5. Studying the error function 310 

As shown previously, the forward problem given by the Zoeppritz equations appears to be 311 

highly insensitive to low S-wave velocities. One possibility for mapping the insensitivity is to 312 

observe the error function of the AVA inversion that is computed by considering the reference 313 

elastic seabed model and by varying the P- and S-wave velocities and densities. This exercise 314 

allows us to quantify the benefits, both in increased resolution and decreased ambiguity, that are 315 

a) b) 



produced in the error function if the amplitudes associated with wide-angle reflections are 316 

considered in the inversion. In the following discussion, we consider both 1D and 2D 317 

representations of the error function, which are computed by varying the sediment properties one 318 

or two at a time, respectively. For simplicity, we consider a fully elastic model and keep the 319 

water properties fixed at their true values. The error function that we consider is given by the L2 320 

norm between the observed and predicted Rpp responses: 321 
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where N is the total number of reflection coefficients considered, and the superscripts pre and 322 

obs refer to the predicted and observed P-wave reflection coefficients, respectively. The 323 

computation is performed for two different angle ranges; from 0 to 30 degrees and from 0 to 60 324 

degrees.  325 

 326 

5.1 1D error functions 327 

The investigation of the 1D error function shows that for incidence angles from 0 to 30 328 

degrees, the reflection coefficient is primarily influenced by the P-wave velocity and density 329 

(Figure 4a, Figure 4b and Figure 4c). In fact, if only Vp and the density are varied, the error 330 

function shows a well-defined single minimum. In particular, the changes in the error function 331 

that are related to variations in Vp and density are more than two orders of magnitude greater 332 

than those produced by Vs variations. This result provides another clear demonstration of the 333 

difficulties related to Vs estimation for low Vs values. For a wider range of incidence angles from 334 

0 to 60 degrees (Figure 4d, Figure 4e and Figure 4f), the values of the error function increase for 335 

each parameter with respect to the previous case. This trend clearly indicates that increasing the 336 

range of angles used in the inversion increases the expected resolution for each elastic parameter. 337 

In particular, the reflection coefficient shows its maximum sensitivity to variations in Vp due to 338 

the effect of the critical angle, which is only influenced by the P-wave velocity contrast at the 339 



reflecting interface. However, the Vs parameter exhibits a minor influence in determining the 340 

amplitude response compared with the other two elastic parameters in this example. In particular, 341 

the error function values that are associated with S-wave velocity variations remain close to zero 342 

for values less than 200 m/s. Conversely, the influence of this parameter on the Rpp response 343 

increases for higher Vs values. This behaviour demonstrates that in the case of very low S-wave 344 

velocities, the Vs parameter has a weak influence on the amplitude response of the reflecting 345 

interface, and its estimation will be a hopelessly ill-conditioned problem even if wide-angle 346 

reflections are considered. These results again highlight the difficulties related to a reliable Vs 347 

estimation for seabed sediments with a very low S-wave velocity.  The influence of Vs in 348 

determining the P-wave reflection coefficients is sufficiently high to ensure a reliable estimation 349 

of this parameter only when sufficiently high values of this parameter are reached. In contrast, 350 

wide-angle reflections are crucial for better constraining the density and particularly the Vp 351 

estimation. 352 

 353 

Figure 4: a), b) and c) 1D error functions obtained by varying the seabed properties one by 354 

one and considering a range of angles up to 30 degrees. d), e) and f) 1D error functions 355 

obtained by varying one by the seabed properties and considering a range of angles up to 60 356 

degrees. 357 

a) b) c) 

d) e) f) 



5.2 2D error functions 358 

By varying the elastic properties of the seabed two at a time, we obtain the so-called 2D error 359 

function. As in the 1D example, we consider two different ranges of incidence angles; from 0 to 360 

30 degrees and from 0 to 60 degrees. All of the figures in this section use the same colour scale 361 

to allow for a better comparison of their differences. Let us consider the first case, where only 362 

the narrow-angle information is used to compute the error function (Figure 5a). An elongated 363 

valley of minima that is roughly parallel to the Vs axis confirms the difficulty of estimating the 364 

seabed S-wave velocity. This figure also shows the fairly good resolution of the density 365 

parameter. Moreover, the orientation of this valley indicates the positive correlation between the 366 

density and Vs. Note that this valley moves toward lower density values as Vp increases, which 367 

indicates the negative correlation between Vp and density in determining the P-wave reflection 368 

coefficients. If we increase the range of angles up to 60 degrees, the resolution increases for the 369 

density and especially for Vp, whereas Vs remains poorly resolvable even in this case. 370 

 371 

Figure 5: a) 2D error functions computed for four different Vp values as the density and Vs of 372 

the seabed are varied. In this case, a range of angles from 0 to 30 degrees is considered. b) 2D 373 

error functions computed for four different Vp values as the density and Vs of the seabed are 374 

a) b) 



varied. In this case, a range of angles from 0 to 60 degrees is employed. In a) and b), the white 375 

arrows indicate the true property values. 376 

 377 

6. Sensitivity analysis in the case of high Vp/Vs ratios 378 

To further investigate the difference between the narrow- and wide-angle inversions and the 379 

limits of AVA inversion in the case of high Vp/Vs ratios, we can use the SVD decomposition 380 

(Aster et al., 2005) of the Jacobian matrix. The SVD decomposition of a generic matrix G can be 381 

expressed as: 382 

)18(TUSVG =    383 

where S is a diagonal matrix of singular values, V is the matrix of eigenvectors in the model 384 

space, and U contains the eigenvectors in the data space. The energy of each component is given 385 

by the corresponding eigenvalue. If the orders of magnitude of the eigenvalues are significantly 386 

different, a high signal-to-noise ratio is needed to estimate the signal in the low-energy 387 

directions. The SVD decomposition is essential in sensitivity analysis because it permits a better 388 

understanding of the physical meaning of the Jacobian matrix to be obtained. In fact, this 389 

decomposition allows the reflectivity Rpp to be divided into three orthogonal components in both 390 

the data space and the model space. The eigenvectors V are a basis in the model space. The 391 

eigenvalues S represent the reflected energy due to medium perturbations along the eigenvectors 392 

in the model space. The amplitude versus angle effects of the reflections are described by the 393 

eigenvectors in the data space (U), which are three orthogonal functions (De Nicolao et al., 394 

1993).  395 

In the case of a linearized iterative inversion algorithm, the relation between the model update 396 

and the data misfit can be generically expressed as follows: 397 

)19(dJm g= −  398 



where Δm is the model update, Δd is the L2 norm between the predicted data and the observed 399 

data, and J-g is the so-called generalized inverse (Aster et al, 2005), which, in the case of the 400 

standard Gauss-Newton method, can be written as (also see equation 9): 401 

)20()( 1 TTg JJJJ −− =  402 

From the generalized inverse at the convergence point, the model resolution matrix can be 403 

derived as follows: 404 

)21(JJR g−=  405 

where R is the model resolution matrix that expresses how the true model parameters are 406 

resolved in the inversion. Obviously, the farther the resolution matrix is from the identity matrix, 407 

the worse the resolution is (Tarantola, 2005).  408 

Aleardi (2015) performed this sensitivity analysis for the case of linear AVA inversions while 409 

varying the Vp/Vs ratio. In this paper, the linearized approach that we apply allows us to extend 410 

this analysis over a wide range of incidence angles (between 0 and 60 degrees). The Jacobian 411 

matrix used in the following sensitivity analysis is derived from the inversion of the simple 412 

elastic seabed model that was introduced in section 4. In this inversion, the water properties are 413 

kept fixed, and only the seabed’s elastic characteristics are considered as unknowns. The final 414 

results of the synthetic inversion will be described in section 7. 415 

We analyse the variations in the singular values of the Jacobian matrix as the maximum 416 

incidence angle increases. By observing the singular values of the Jacobian matrix (Figure 6a), 417 

we observe that the first singular value contains almost all of the signal energy; the second 418 

singular value is negligible for small incidence angles and, although it increases at higher angles, 419 

is always 15-20 dB below the first. The amplitude of the third singular value is negligible for a 420 

range of angles between 0 and 40 degrees. In these cases, this singular value will be covered by 421 

noise and should be eliminated to stabilize the inversion. The amplitude of the third singular 422 

value becomes significant beyond 40 degrees, and in these cases, this singular value should be 423 

used in the inversion process. To better understand this figure, we can theoretically assume that 424 



the second or third singular values (and the associated eigenvectors) should be eliminated from 425 

the inversions if their amplitudes are -40 dB below the amplitude of the first singular value 426 

(Aleardi, 2015).  This assumption demonstrates that for a limited range of angles between 0 and 427 

15 degrees, only one linear combination of parameters (the combination that corresponds to the 428 

first eigenvector) can be reliably estimated. The estimation of two independent combinations (the 429 

first and second eigenvectors) requires a maximum incidence angle greater than 15-20 degrees. 430 

Obviously, these cases are characterized by a poorer signal-to-noise ratio in the direction of the 431 

second singular value. The estimation of three independent combinations of parameters is clearly 432 

an ill-conditioned problem in the case of a maximum incidence angle of less than 40-45 degrees. 433 

However, if we extend the range of angles to 60 degrees, the third singular value can also be 434 

used in the inversion, and three independent combinations of parameters can be estimated. 435 

 436 

Figure 6: a) Singular values of the Jacobian matrix as the maximum incidence angle 437 

increases. b) Condition number of the Jacobian matrix as the maximum incidence angle 438 

considered in the inversion increases. 439 

 440 

We now compute the condition number of the Jacobian matrix by varying the maximum 441 

incidence angle that is considered in the inversion. The condition number is the ratio between the 442 

highest and smallest singular values of a matrix, and high condition numbers are usually 443 

associated with ill-conditioned inverse problems. Figure 6b demonstrates that increasing the 444 

a) b) 



range of angles considered in the inversion decreases the condition number of the Jacobian 445 

matrix and tends to stabilize the inversion process. This clearly influences the regularization term 446 

that is inserted in the Tikhonov regularization (see equation 11), and the amplitude of this term 447 

should decrease as the maximum angle considered in the AVA inversion increases. 448 

 449 

Figure 7: Eigenvectors in the model space versus the maximum incidence angle for a high 

Vp/Vs ratio. The components of the first, second and third eigenvectors are represented in a), b) 

and c), respectively. 

 450 

Figures 7a, 7b and 7c represent the eigenvectors in the model space (V) associated with the 451 

first, second and third singular values of the Jacobian matrix, respectively, as the maximum 452 

incidence angle increases. In the first eigenvector, the Vp and density components are very 453 

similar for low angles. Therefore, this vector primarily points in the direction of the P-impedance 454 

perturbations. This result is obvious; the normal incidence reflection coefficient only depends on 455 

the acoustic impedance contrast. For high incidence angles, as the critical angle is approached, 456 

a) 

b) 

c) 



the density term decreases, while the Vp component strongly increases. This fact can be 457 

explained by considering that only the Vp parameter determines the critical angle of the Rpp 458 

reflection coefficients. The influence of Vs on the first eigenvector is null over the entire range of 459 

angles considered. The physical meanings of the second and third eigenvectors for low incidence 460 

angles are more difficult to interpret because they depend on combinations of different 461 

perturbations. However, for high incidence angles (beyond 40 degrees), it is clear that the second 462 

and third eigenvectors point toward the density and Vs parameters, respectively. In particular, we 463 

confirmed that the third eigenvector can be used in the inversion only if a very wide range of 464 

angles is considered. In fact, in a standard narrow-angle AVA inversion, the third singular value 465 

and the associated eigenvector (that contain information about the Vs parameter) are covered by 466 

noise and must be eliminated to stabilize the inversion. This makes a reliable estimation of the Vs 467 

value impossible. As shown in Figure 6, a wide range of angles makes it possible to use the third 468 

singular value (and the associated eigenvector) in the inversion, from which the Vs parameter can 469 

be estimated. However, it is important to note that Vs has a significant influence on only the third 470 

eigenvector; therefore, the Vs estimation will be much less accurate than the Vp and density 471 

estimations. A wide range of angles is particularly useful for decreasing the cross-talk between 472 

Vp and the density and to ensure independent estimations of these two parameters. In particular, 473 

only the P-impedance can be reliably estimated from the first eigenvector if a narrow range of 474 

angles is used. If we consider a maximum incidence angle range of up to 50-60 degrees, the first 475 

eigenvector points toward the Vp parameter, and the second points toward the density parameter. 476 

Thus, a wide range of angles makes it possible to independently estimate Vp and density from 477 

the first and the second eigenvectors, respectively.  478 

Finally, we compare the model resolution matrices that are computed by considering angle 479 

ranges of 0-30 and 0-60 degrees (Figure 8a and 8b, respectively). From the main diagonal of the 480 

matrix in Figure 8a, we note that a narrow-angle inversion results in satisfactory resolutions for 481 

Vp and density and in a very low resolution for Vs. The off-diagonal terms demonstrate that Vp 482 



and density strongly influence each other. Figure 8b shows that increasing the range of angles up 483 

to 60 degrees significantly increases the expected resolutions for Vp and density, whereas only a 484 

minor improvement of the Vs resolution is produced. Figure 8b also shows a significant decrease 485 

of the off-diagonal terms compared to Figure 8a; this proves that a wide range of angles allows 486 

independent estimations of Vp, Vs and density. See Appendix A for an example of a sensitivity 487 

analysis in the case of a Vp/Vs ratio equal to two. 488 

 489 

Figure 8: Model resolution matrices computed for the 0-30 and 0-60 degree inversions (a and 490 

b, respectively). 491 

 492 

7. Synthetic inversions  493 

To better understand the ability of the linearized Gauss-Newton inversion to determine the 494 

elastic properties of seabed sediments and to demonstrate the benefits of wide-angle reflections 495 

in constraining the inversion results, we perform synthetic inversions based on an analytical 496 

AVA response. The inversions are performed with two ranges of angles: 0-30 and 0-60 degrees.  497 

a) 

b) 



The observed AVA response is computed using the Zoeppritz equations and considering the 498 

reference elastic model that was introduced previously. In the inversion, the water properties are 499 

fixed at the true values, and only the elastic properties of the seabed are considered as unknowns.  500 

As is widely known, gradient-based methods are prone to becoming trapped in local minima 501 

if the initial model is not sufficiently accurate. To address this problem, the low computational 502 

effort of the forward modelling in linearized AVA inversion (i.e., the Zoeppritz equations) 503 

makes it feasible to perform different inversion runs that start from different initial models, 504 

which are randomly generated with uniform distributions over user-defined ranges of Vp, Vs and 505 

density. The final results will be the solution that minimizes the L2 norm between the observed 506 

and predicted data for the considered range of angles (0-30 degrees or 0-60 degrees). Note that 507 

the non-linearity of the inversion increases as the range of angles increases. This demonstrates 508 

that the importance of a good initial model increases as the range of angles increases.  509 

Let us consider the narrow-angle AVA inversion. Figure 9a shows the columns of the 510 

Jacobian matrix computed in the last iteration that pertain to the inversion run that results in the 511 

best data prediction. The first and last columns of this matrix (which correspond to Vp and 512 

density) play a major role in determining the Rpp response, whereas the Vs column has very small 513 

values that indicate its minor influence on the Rpp trend. Analysing the columns of the Jacobian 514 

matrix shows that the influence of Vp increases as the angle of incidence increases, whereas the 515 

influence of the density appears to remain nearly constant, at least within this limited range of 516 

angles, as the source-to-receiver distance increases (similar conclusions were drawn from 517 

Figures 1 and 2). Figure 9 also shows the convergence of the Vp, Vs and density estimates as a 518 

function of the iteration number. These figures show the rapid variations at the first iteration that 519 

characterized the predicted Vp and density values, whereas the variations in the predicted Vs with 520 

the iteration number are much smaller. As previously discussed, this is related to the negligible 521 

influence of Vs on the P-wave reflection coefficients. Figures 9b and 9d also clearly illustrate the 522 

cross-talk between the Vp and density terms that produces an overestimation of Vp and a 523 



consequent underestimation of the density. Obviously, the acoustic impedance that is obtained 524 

by multiplying these two parameters will be correctly estimated.  525 

 526 

Figure 9: Results of the narrow-angle AVA inversion. a) The three columns of the Jacobian 527 

matrix. b), c) and d) The predicted seabed elastic properties as a function of the iteration 528 

number. Vp, Vs and density are shown in b), c), and d), respectively). In b), c) and d), the grey 529 

dotted lines indicate the true property values. 530 

 531 

Figure 10: Results of the wide-angle AVA inversion. a) The three columns of the Jacobian 532 

matrix. b), c) and d) The predicted seabed elastic properties as a function of the iteration 533 

number. Vp, Vs and density are shown in b), c), and d), respectively). In b), c) and d), the grey 534 

dotted lines indicate the true property values. 535 

a) b) 

c) 
d) 

a) b) 

c) d) 



Figure 10 shows the columns of the Jacobian matrix at the convergence point and the 536 

evolution of the estimated elastic properties for the wide-angle inversion. The influence of Vp 537 

becomes increasingly significant as the incidence angle increases, whereas the influences of Vs 538 

and density show minor variations compared to Vp. In particular, the increasing absolute values 539 

of the terms of the Jacobian matrix that pertain to Vs demonstrate that the influence of Vs 540 

increases as the incidence angle increases. Figures 10b and 10d show the rapid convergence of 541 

the Vp and density estimates toward the true values. A comparison of Figures 10b and 10c with 542 

the corresponding parts of Figure 9 shows that in the wide-angle inversion, we attain perfect 543 

estimations of Vp and density. In this wide-angle inversion, the Vs estimates converge toward the 544 

true value, although more slowly than the Vp and density estimates. These characteristics can be 545 

ascribed to the influence of the wide-angle reflections, which decreases the cross-talk between 546 

the inverted parameters and slightly increases the role of Vs in determining the P-wave reflection 547 

coefficients.  548 

Figure 11 shows the marginal posterior probability density distributions for each seabed 549 

elastic parameter estimated by the Monte Carlo method while assuming Gaussian-distributed 550 

properties. Figure 11a and 11b show the marginal distributions for the narrow- and wide-angle 551 

AVA inversions, respectively. The results clearly indicate the greater resolution of Vp and 552 

density and the high uncertainties that affect the predicted Vs values. A comparison of Figures 553 

11a and 11b shows that the uncertainties in the Vp and density estimations decrease significantly 554 

from the narrow-angle inversion to the wide-angle inversion, whereas the uncertainties in the Vs 555 

estimates decrease only slightly. These facts confirm the theoretical observations that were made 556 

in the previous sections and clearly demonstrate that in the case of very low Vs values, the wide-557 

angle reflections become crucial for better constraining the Vp and density estimates, but they are 558 

not sufficient to significantly decrease the Vs uncertainty. 559 



 560 

Figure 11: Predicted posterior marginal probability distributions for the Vp, Vs and density 561 

estimates in the synthetic inversion. a) and b) Show the narrow- and wide-angle inversions, 562 

respectively. For each case, Vp, Vs and density are shown from top to bottom, and the blue 563 

dotted lines indicate the true property values. To better compare the uncertainties associated 564 

with each elastic parameter the x- and y-axes are shown with the same scale. 565 

 566 

Note that we have limited our attention to synthetic noise-free data. Random noise 567 

contamination would lead to similar results to the noise-free case in terms of the mean estimated 568 

properties; the only noteworthy difference would be the widths of the posterior distributions, 569 

which increase as the signal-to-noise ratio in the observed data decreases. We address the noise 570 

issue in the inversion of the field data in the next section. 571 

 572 

8. Field data processing 573 

The field data that are considered in this study are from a 2D well site survey (WSS) seismic 574 

line that was acquired offshore in the Adriatic Sea. The investigated area is characterized by a 575 

shallow and nearly flat sea bottom. Table 1 shows the most important recording and acquisition 576 

parameters. 577 

a) b) 



 578 

Recording and Acquisition parameters 

Source Depth:  3 m Streamer Depth:  3 m 

Shot Interval:  12.5 m Group Interval:  12.5 m 

Number of Shots:  218 Minimum Offset:  20 m 

Streamer Length: 600 m Record Lenght: 2048 ms 

Number of Groups:  48 Sample Rate: 1 ms 

Table 1: Recording and acquisition parameters 579 

 580 

 581 

 Figure 12: a) Example of raw shot gather and b) the related average amplitude spectrum. 582 

 583 

Figure 12 shows an example of a raw shot gather and the corresponding average amplitude 584 

spectrum. The bandwidth of the spectrum ranges from 20 Hz to greater than 150 Hz, and the 585 

sampling rate was 1 ms, which resulted in a Nyquist frequency of 500 Hz. Low frequency noise 586 

a)

) 

b) 



can be recognized in both the time domain and the frequency domain near 5 Hz. The broadband 587 

recording coupled with the fine sampling rate in both time and space allows us to describe the 588 

subsurface features with a high degree of accuracy.  589 

Taking into account the aim of this study, we process the data while paying particular 590 

attention to preserving and/or recovering the true amplitudes of the signals (Mazzotti and 591 

Ravagnan, 1995) and preserving the frequency content of the data. Therefore, no operator that 592 

could potentially alter the amplitude information or introduce artefacts is applied. Table 2 shows 593 

the flowchart of the processing sequence. We adopt a conservative processing sequence that does 594 

not use any multichannel operator, such as FX deconvolution, tau-P filter or any kind of 595 

amplitude boost that could potentially alter the physical meaning of the reflected signals.  A pre-596 

stack predictive deconvolution is applied in the common-offset domain to attenuate the sea bed 597 

multiples, and the estimated velocity model is used to convert the CDP gathers into the angle 598 

gathers that are necessary to perform the AVA inversion.     599 

Processing sequence 

1) Bandpass Filter 

2) Trace editing and muting 

3) Designature 

4) Geometry Assignment 

5) Velocity Analysis 

6) Geometrical Spreading Correction 

7) Predictive Deconvolution 

8) Angle Gather Computation for AVA inversion 

9) NMO correction and Stack 

10) Kirchhoff  Post-Stack Time Migration 

Table 2: Flow-chart of the processing sequence. 600 



Figure 13 shows the final time-migrated section up to 1 s. The section shows a simple 601 

geological setting with a flat seabed interface at approximately 120 ms and horizontal layers up 602 

to 500 ms that dip gently below 600 ms. The preserved high frequency content of the data is 603 

confirmed by the high resolution of the stack section. Figure 14 shows a close-up of the 604 

shallowest part of the subsurface beneath the seabed between CDP 100 and CDP 150 and down 605 

to 500 ms.  606 

 607 

Figure 13: Stack section at the end of the processing sequence shown in Table 2.  608 

 609 

Figure 14: A close-up of Figure 13 highlighting the seabed and the shallowest part of the 610 

subsurface. The sea bottom and other primary reflections are indicated. 611 

 612 

 613 



9. AVA inversion of field data 614 

The limited water depth, the maximum offset, the high frequency content of the WSS data 615 

and the accurate processing sequence make it possible to extract the P-wave reflection 616 

coefficients with good reliability up to an incidence angle of 55-60 degrees. This allows us to 617 

compare the results of the narrow and wide-angle AVA inversions. The inversion was performed 618 

for each CDP with full fold along the 2D seismic line and considering two different ranges of 619 

angles: 0-30 and 0-60 degrees. In addition, limiting our attention to pre-critical reflections allows 620 

us to ignore the viscoelastic effects on the P-wave reflection coefficients, whereas the high 621 

frequency content of the data allows us to neglect the effects of a spherical wave front on the 622 

reflection coefficients. As in the synthetic inversion, the water properties are considered to be 623 

known and are fixed at 1500 m/s and 1 g/cm3 for Vp and density, respectively. 624 

Because we expect a class I AVA for the seabed reflection (Castagna and Swann, 1997), the 625 

AVA responses were extracted considering the peak amplitude of the seabed reflection. This 626 

AVA response was then properly re-scaled with respect to the peak amplitude of the seismic 627 

wavelet to derive the P-wave reflection coefficients. Figure 15 shows examples of seabed 628 

reflections and the associated P-wave reflection coefficients for a range of angles from 0 to 60 629 

degrees. Note the increases of the reflection coefficient for incidence angles greater than 50 630 

degrees as the critical angle is approached and the increase in scattering that affects the reflection 631 

coefficients as the incidence angle increases. This scattering can be ascribed to the interference 632 

between the seabed reflection and other reflected events.  633 



 634 

Figure 15: a) and b) Seabed-related reflections (top) and the associated Rpp responses 635 

(bottom) for two different CDPs along the seismic line. 636 

 637 

As in the synthetic examples, to prevent the inversion from becoming stuck in local minima, 638 

the inversion is repeated several times starting from different initial guesses of the true model 639 

that were randomly generated with uniform distributions over user-defined ranges of Vp, Vs and 640 

density. The final solution for each CDP gather is the model that minimizes the L2 norm between 641 

the observed and predicted P-wave reflection coefficients over the considered range of angles. 642 

As previously discussed, the inversion process was stabilized with the Tikhonov approach, in 643 

which the damping parameter λ was chosen based on the trade-off curve. Figure 16 shows an 644 

example trade-off curve for one CDP gather and for the narrow-angle AVA inversion. An 645 

a)

) 

b) 



optimal choice for the λ parameter is between 0.1 and 0.01 because these values minimize both 646 

norms in the data space and model space. 647 

 648 

Figure 16: Example trade-off curve computed for a single CDP gather. A value of the 649 

regularization term λ between 0.1 and 0.01 allows us to minimize both norms in the data space 650 

(along the y-axis) and the model space (along the x-axis). 651 

 652 

Figure 17 shows examples of observed and predicted AVA curves that are associated with the 653 

seabed reflections and pertain to the narrow-angle (Figures 17a and 17b) and wide-angle 654 

(Figures 17c and 17d) inversions. Good matches between the predicted and observed curves can 655 

be observed. Figures 18a and 18b represent the seabed’s elastic properties estimated along the 656 

seismic line by the narrow- and wide-angle AVA inversions, respectively. In both figures, the 657 

Vp, Vs and density estimates are represented together with the associated uncertainties (estimated 658 

through 1000 Monte Carlo simulations). Both inversions yield similar results along the seismic 659 

line, which correspond to mean values of 1600 m/s, 200 m/s and 1.1 g/cm3 for Vp, Vs and 660 

density, respectively. These values are associated with strongly unconsolidated sediments (as is 661 

usually the case for the seabed interface). However, a comparison of Figures 18a and 18b shows 662 

that wide-angle reflections are crucial for decreasing the uncertainties associated with Vp and 663 

density estimates and for stabilizing the inversion results (note that the scatter in the estimated 664 



values decreases from the narrow-angle inversion to the wide-angle inversion). Conversely, these 665 

reflections are not sufficient to better constrain the Vs estimates. In fact, in both inversions, the 666 

Vs profile is more scattered than the Vp and density profiles, and only a minor decrease in the 667 

uncertainties is visible in Figure 18b compared to Figure 18a. This fact confirms the conclusions 668 

that were drawn from the theoretical analysis and the synthetic inversions and demonstrates the 669 

difficulty of making a reliable Vs estimation in the case of low Vs values and high Vp/Vs ratios. 670 

 671 

Figure 17: Examples of observed (continuous grey lines) and predicted (dotted blue lines) P-672 

wave reflection coefficients for the seabed reflection extracted from 2 CDPs along the 2D 673 

seismic profile. a) and b) Correspond to the narrow-angle inversion, and c) and d) correspond to 674 

the wide-angle inversion. 675 

d) c) 

a)

) 

b) 



 676 

Figure 18: Elastic properties for the seabed interface estimated for each CDP position. a) 677 

and b) correspond to the narrow and wide-angle inversions, respectively. In both a) and b), Vp, 678 

Vs and density are shown from top to bottom. The blue lines indicate the mean estimated values, 679 

and the dotted black lines delimit the 95% confidence intervals. To better compare the 680 

uncertainty associated with each elastic parameter, the y-axes are shown with the same scale. 681 

 682 

As previously discussed, Aleardi (2015) demonstrated that the cross-talk between the inverted 683 

parameters, and particularly for Vp and density, increases as the Vp/Vs ratio increases. This 684 

makes an independent estimation of the elastic parameters more problematic in the case of high 685 

Vp/Vs ratios. In addition, we have already determined that the cross-talk decreases as the range 686 

of angles considered in the inversion increases. In this field data inversion, to quantify the cross-687 

talk between the inverted parameters and the role of wide-angle reflections in mitigating it, we 688 

compute the correlation matrices from the Vp, Vs and density profiles that were estimated by the 689 

two AVA inversions (Figure 19). A comparison of Figures 19a and 19b shows that the strong 690 

negative correlation (-0.91) between Vp and density and the positive correlations between Vp and 691 

Vs (0.5) that exist in the 0-30 degree inversion are considerably attenuated in the wide-angle 692 

inversion. This result is a practical demonstration that wide-angle reflections are essential for 693 

a) b) 



both increasing our confidence in the reliability of the final results and decreasing the cross-talk 694 

between the estimated elastic parameters.  695 

 696 

Figure 19: Correlation matrices for the narrow-angle and wide-angle AVA inversions (a and 697 

b, respectively) computed considering the results of the AVA inversions along the seismic line. 698 

Note the decrease in correlation among Vp and density and Vp and Vs when passing from the 699 

narrow- to the wide-angle inversion. 700 

 701 

10 Conclusions  702 

We applied a linearized AVA inversion to estimate the elastic properties of seabed sediments, 703 

and we analysed the influence of high Vp/Vs ratios on the inversion results and the benefits of 704 

wide-angle reflections in constraining the estimated properties. Using a simplified, single-705 

interface seabed model and the Zoeppritz equations, we showed that in the case of high Vp/Vs 706 

ratios, the Vs contrast at the reflecting interface plays a very minor role in determining the P-707 

wave reflection coefficients. We also demonstrated that the influence of the viscoelastic 708 

b) 

a) 



parameters can be neglected if the AVA inversion is limited to pre-critical incidence angles. The 709 

analysis of the error function of the AVA inversion and the application of the sensitivity analysis 710 

tools to the inversion kernel clearly demonstrated that in the case of high Vp/Vs ratios, wide-711 

angle reflections are essential to decreasing both the cross-talk between the inverted parameters 712 

and the uncertainties in the Vp, Vs and density estimations. However, even using wide-angle 713 

reflections, Vs is the most poorly constrained parameter.  714 

The application of linearized narrow- and wide-angle AVA inversions to both synthetic and 715 

WSS field data confirmed the conclusions that were drawn from the theoretical analysis. In 716 

particular, the application of narrow-angle inversion in the case of high Vp/Vs ratios yields final 717 

results that are characterized by a low reliability (high variance) of Vs estimates and a strong 718 

correlation (strong cross-talk) between Vp and density. While the inclusion of wide-angle 719 

reflections is crucial to decreasing the uncertainties associated with Vp and density estimates and 720 

mitigating the cross-talk between the inverted parameters, it is not sufficient to significantly 721 

decrease the uncertainties associated with Vs.  722 

These peculiarities must be taken into account when classical angle-limited AVA inversion is 723 

applied to the investigation of underconsolidated or overpressured sediments, which are usually 724 

characterized by very low Vs values and very high Vp/Vs ratios. In addition, the S-wave velocity 725 

is a key parameter for a complete elastic description of the seabed interface. Therefore, in cases 726 

of high Vp/Vs ratios, more sophisticated approaches are likely needed to attain a more reliable 727 

elastic characterization of the seabed properties. One of these approaches could be pre-stack 728 

waveform inversion, which overcomes the limits of AVA inversion (e.g., single reflecting 729 

interface and no interferences between primaries and multiples) by exploiting the full 730 

information content of the data (kinematic, amplitude and phase information) and as many wave 731 

phenomena as possible (primaries, multiples, converted waves) to derive high-resolution 732 

quantitative models of the subsurface (Aleardi et al., 2015).   733 

734 



Appendix A. Sensitivity analysis in the case of a Vp/Vs ratio of 2 735 

For a better understanding of the drawbacks that are introduced in the AVA inversion by high 736 

Vp/Vs ratios, we briefly comment on the results of the sensitivity analysis of the Jacobian matrix 737 

that is derived for the case of a Vp/Vs ratio of 2, which is often assumed in deep hydrocarbon 738 

exploration. The Jacobian matrix that is used in the following sensitivity analysis is derived from 739 

the inversion of a simplified model composed of two homogeneous and elastic half-spaces with a 740 

background Vp/Vs ratio of two. In the inversion, the elastic properties of the upper layer are fixed 741 

at their true values, and only the properties of the lower layer are considered as unknowns. We 742 

refer the reader to Aleardi (2015) for a more detailed analysis of linear AVA inversions in the 743 

case of high Vp/Vs ratios. 744 

We start by describing the eigenvector in the model space that is derived from the SVD 745 

decomposition of the Jacobian matrix (see section 6). In Figure A1, we note that, as expected, 746 

the first eigenvector points toward the P-impedance for low incidence angles. However, for 747 

incidence angles greater than 25 degrees, the density component decreases, and the Vs 748 

component increases significantly. The second eigenvector points toward the Vs parameter for 749 

low incidence angles and toward the density parameter for high incidence angles. The influence 750 

of Vp on this second eigenvector is negligible for the range of angles that we consider. The 751 

physical meaning of the third eigenvector is more difficult to interpret because it depends on 752 

different combinations of all three parameters. However, if we consider a limited range of angles 753 

(up to 25-30 degrees), the Vs parameter can be reliably estimated from the second eigenvector, 754 

whereas the independent estimation of Vp and density is more problematic, and only the P-755 

impedance values can be reliably derived. If we consider a wider range of angles (up to 50-60 756 

degrees), Vs can be estimated from both the first and second eigenvectors, and Vp and density 757 

can be independently estimated from the first and second eigenvectors. In particular, the 758 

information contained in the second eigenvector for incidence angles greater than 45 degrees can 759 

be used to make independent estimations of Vp and density. The differences between the 760 



Vp/Vs=2 and the Vp/Vs>2 cases clearly stand out when Figure 7 and Figure A1 are compared. In 761 

particular, in Figure 7, note the null influence of the Vs parameter in the first eigenvector and the 762 

higher cross-talk between Vp and density in both the first and second eigenvectors. 763 

Finally, we describe the model resolution matrices that are computed with a Vp/Vs ratio of 2 764 

and for two ranges of incidence angles: 0-30 and 0-60 degrees (Figures A2a and A2b, 765 

respectively). In the case of a range of angles of 0-30 degrees, we observe good resolutions for 766 

Vp and density and a slightly lower resolution for Vs. The off-diagonal terms indicate the strong 767 

cross-talk between Vp and density and between Vs and density. Extending the range of angles to 768 

60 degrees (Figure A2b) results in perfect resolutions for all three parameters and produces 769 

strong attenuations of the Vp-density and the Vs-density cross-talks. The comparison between 770 

Figure A2 and Figure 8 demonstrates the increase in the Vs resolution and the decrease in cross-771 

talk for a Vp/Vs ratio of two.  772 

 773 

Figure A1: Eigenvectors in the model space versus the maximum observation angle for a 

Vp/Vs ratio of 2. The components of the first, second and third eigenvectors are represented in 

a), b) and c), respectively. 

a) 

b) 

c) 



  774 

 775 

Figure A2: Model resolution matrices computed for the 0-30 and 0-60 degree inversions and 776 

considering a Vp/Vs ratio of 2 (a and b, respectively). 777 

 778 

b) 

a) 
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