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Abstract

The heliocentric orbital dynamics of a spacecraft propelled by a solar sail is affected by some uncertainty
sources, including possible inaccuracies in the measurement of the sail film optical properties. Moreover, the solar
radiation pressure, which is responsible for the solar sail propulsive acceleration generation, is not time-constant
and is subject to fluctuations that are basically unpredictable and superimposed to the well-known 11-year solar
activity cycle. In this context, this work aims at investigating the effects of such uncertainties on the actual
heliocentric trajectory of a solar sail by means of stochastic simulations performed with a generalized polynomial
chaos procedure. The numerical results give an estimation of their impact on the actual heliocentric trajectory and
identify whether some of the uncertainty sources are more relevant than others. This is a fundamental information
for directing more accurate theoretical and experimental efforts toward the most important parameters, in order
to obtain an accurate knowledge of the solar sail thrust vector characteristics and, eventually, of the spacecraft
heliocentric position.
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Nomenclature

A = sail area, [ m2]
a = propulsive acceleration vector, [ mm/s2]
ar, aθ = propulsive acceleration components, [ mm/s2]
B = non-Lambertian coefficient
b1, b2, b3 = optical force model coefficients, see Eqs. (6)–(8)
M = mean value
m = total spacecraft mass, [ kg]
n̂ = normal unit vector
P = solar radiation pressure, [µPa]
r = Sun-spacecraft distance, [ au]
r̂ = Sun-spacecraft unit vector
Si = Sobol index associated with uncertain parameter i
s = specular reflection coefficient
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t = time, [ days]
u, v = spacecraft velocity components, [ km/s]
W = total solar irradiance, [ W/m2]
α = pitch angle, [ deg]
β = lightness number
ε = emissivity coefficient
θ = polar angle, [ deg]
µ� = Sun’s gravitational parameter, [ km3/s2]
ρ = reflectivity coefficient
σ = standard deviation

Subscripts

⊕ = value at 1 au from the Sun
0 = initial conditions
b = back sail surface
f = front sail surface

Accent

· = time derivative

Acronyms

gPC = generalized polynomial chaos
PDF = probability density function
TSI = total solar irradiance

1. Introduction

A solar sail is a thin reflective membrane capable of generating propulsive acceleration without any
propellant consumption, by exploiting the solar radiation pressure exerted by the incoming photons from
the Sun [64, 33]. The propellantless working principle of a solar sail enables many fascinating advanced
mission applications, such as heliocentric phasing [48, 3], pole-sitter missions [20, 21], displaced non-Keplerian
orbits [15], sample return from asteroids [45] or inner planets [23], outer Solar System exploration [34, 2],
H-reversal trajectories [66] , and other futuristic scenarios [47, 49, 10, 9].

In a preliminary design phase of a solar sail-based mission, the trajectory analysis is usually performed
with the aid of suitable deterministic models, capable of estimating the solar sail thrust vector in a compact
analytical form [16]. A very common yet simplified tool is the ideal force model, which uses a perfectly flat sail
and assumes all photons impinging on its surface to be specularly reflected, in such a way that the propulsive
acceleration only depends on the Sun-sail distance, the area-to-mass ratio, and the sail attitude [33]. In a
preliminary mission phase an ideal model (possibly with a smaller sail area for contingency purposes) is often
sufficient. More detailed analyses require a force model that takes into account the actual optical properties
of the sail film, that is, its specular and diffuse reflection, and the photon emission. Such an optical model is
based on the original experimental tests that date back to 1978 [64], at the time when NASA was planning a
solar sail rendezvous mission with Halley’s comet. More recently, [19] and [18] have published the results of
a new experimental campaign, aimed at measuring the optical properties of an aluminum-coated sail. Both
the ideal and the optical force models neglect the sail billowing effect and the degradation process of the sail
film [8, 7, 22].

In some cases the optical force model may not be accurate enough even in a preliminary mission design
phase, especially when the optical properties of the sail film are not precisely estimated. In fact, an accurate
knowledge of the sail thrust vector is required in many mission scenarios, even though it is usually difficult to
obtain, since significant experimental efforts are necessary to get the actual (in-flight) values of the reflective
film optical coefficients [37]. A further uncertainty source for a solar sail trajectory design is given by the
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time fluctuations of solar properties. In fact, the solar radiation pressure is generated by the power flux of
the incoming photons from the Sun (that is, the solar irradiance). The total solar irradiance (TSI) undergoes
a 11-year solar activity cycle, but it is also characterized by non-negligible random components [29]. Indeed,
the magnitude of the fluctuations typically amounts to 0.1% − 0.2% of its mean value, with peaks above
3% [13, 11]. Although such variations are three order of magnitudes smaller than those of the solar wind
dynamic pressure [56], the preliminary results provided by [59, 60] recommend to take them into account in
missions requiring an accurate targeting capability.

The uncertainty in the thrust vector characteristics could be overcome with the procedure proposed by
[50], who suggested to generate a collinear, artificial, equilibrium point in the Sun-Earth gravitational field
by means of a solar sail-based spacecraft whose performance level is theoretically greater than that required
to maintain the working orbit. In that case, the required propulsive acceleration is purely radial, that is, the
thrust vector is nominally directed along the Sun-spacecraft line. After the sail deployment, on condition
that the actual thrust magnitude is larger than that required for orbital maintenance, the solar sail needs to
be steered with a suitable control law, such that the mean radial propulsive acceleration complies with the
mission requirement, while the mean circumferential propulsive acceleration is kept to zero. This approach
is conceptually similar to that proposed by [6], who investigated mission applications in which the effective
sail performance is greater than that required by a specific scenario, including heliocentric transfers and
hovering above asteroids. However, such a procedure is rather involved and has some physical limitations,
and so is hardly applicable in complex missions.

A possible alternative is the use of Electrochromic Coating Systems (ECSs), which may significantly
increase the thrust modulation capability of a solar sail. An ECS exploits the property of electrochromic
materials [17, 38] to change their reflectivity under the application of a small electric voltage. JAXA’s
IKAROS mission has demonstrated the effectiveness of an ECS-based attitude control system around the
pitch and roll axes [57, 14], and the recent manufacturing of advanced ECSs [24], which exploit the refractive
properties of liquid crystals, allows the attitude control system to generate a net torque even about the yaw
(that is, the normal) axis. Note that ECSs could be used in principle not only for spacecraft attitude control,
but also to obtain a small modulation of the thrust vector [39, 42].

Based on the previous considerations, a quantification of the impact of the thrust vector uncertainty on
the solar sail trajectory becomes a fundamental issue from a mission design viewpoint. The aim of this work
is to provide a systematic analysis of the uncertainty sources that affect the trajectory of a solar sail, in order
to identify those having a significant impact on the mission performance. The results of such analysis could
direct further theoretical and experimental efforts toward the most relevant parameters for the trajectory
design, thus allowing the least significant ones to be neglected. This preliminary investigation neglects any
degradation effect due to space environment and, in general, any change of solar sail film property due to
corpuscolar solar radiation. The billowing effects are also neglected, as is suggested by experimental data
provided by IKAROS and NEA Scout missions.

Several approaches for uncertainty quantification have been discussed in specialized literature, including
linearized propagation models [4], Monte Carlo simulations [5], and differential algebra-based approaches [58].
In this work, a generalized polynomial chaos (gPC) procedure [65] is used, which has proved its effectiveness
in different aerospace-related studies [32, 31, 40, 41].

The paper is structured as follows. First, an overview of the sail optical force model is given, along
with a report of the recent experimental measurements of the sail reflective film optical parameters. Then,
the gPC method is briefly described and applied to the solar sail trajectory design, in order to identify the
parameters that have a significative effect on it. The conclusion section summarizes the main outcomes of
this work.

2. The role of uncertainties in the optical force model

Consider a solar sail-based spacecraft whose propulsive acceleration constantly lies on the osculating
orbital plane, so that the spacecraft propelled trajectory is two-dimensional. In this case, with reference to
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Fig. 1, the spacecraft equations of motion can be written in a heliocentric, polar reference frame as

ṙ = u (1)

θ̇ =
v

r
(2)

u̇ =
v2

r
− µ�

r2
+ ar (3)

v̇ = −u v
r

+ aθ (4)

where r is the Sun-spacecraft distance, θ is the polar angle measured counterclockwise with respect to a fixed
direction (usually taken coincident with the Sun-spacecraft vector at t0 , 0), u and v are the radial and
circumferential velocity components, µ� is the Sun’s gravitational parameter, and the dot symbol denotes a
derivative with respect to time. In Eqs. (3) and (4), ar and aθ are the radial and circumferential components
of the propulsive acceleration vector a, respectively, whose expressions depend on the force model used to
describe the sail thrust vector.
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Figure 1: Sketch of the polar reference frame used in the dynamical model.

Using the optical force model [33], a is a function of the amount of photons that are either absorbed,
specularly or diffusely reflected, or emitted. More precisely, the propulsive acceleration vector may be written
as

a = β
(µ�

r2

) 1

b1 + b2 + b3
(r̂ · n̂) {b1 r̂ + [b2 (r̂ · n̂) + b3] n̂} (5)

where β is the sail lightness number, defined as the ratio of the maximum propulsive acceleration magnitude
at a given Sun-spacecraft distance r to the local solar gravitational acceleration, r̂ , r/r is the radial unit
vector, and n̂ is the unit vector normal to the sail nominal plane in the direction opposite to the Sun, that
is, n̂ · r̂ ≥ 0. In Eq. (5), {b1, b2, b3} are the sail force coefficients [36], which depend on the optical properties
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of the sail film [33], viz.

b1 =
1− ρ s

2
(6)

b2 = ρ s (7)

b3 =
Bf ρ (1− s)

2
+

(1− ρ) (εf Bf − εbBb)
2 (εf + εb)

(8)

where ρ is the reflectivity coefficient, s is the fraction of specularly reflected photons, Bf (or Bb) is the front
(or back) non-Lambertian coefficient, and εf (or εb) is the front (or back) emissivity of the sail surface. The
ideal force model is recovered by simply setting ρ = s = 1, which implies b1 = b3 = 0, b2 = 1, and â ≡ n̂
with â , a/ ‖a‖. When the propulsive acceleration vector a of Eq. (5) is projected along the radial and
circumferential direction, the result is

ar = β
(µ�

r2

) 1

b1 + b2 + b3

(
b1 cosα+ b2 cosα3 + b3 cosα2

)
(9)

aθ = β
(µ�

r2

) 1

b1 + b2 + b3

(
b2 cosα2 sinα+ b3 cosα sinα

)
(10)

where the pitch angle α ∈ [−90, 90] deg is defined as the angle between r̂ and n̂, see Fig. 1. The next
discussion concentrates on the uncertain terms in Eq. (5) or, equivalently, in Eqs. (9) and (10).

2.1. Statistical model of the solar radiation pressure

The first source of uncertainty in the propulsive acceleration is given by the lightness number β that,
according to [33], can be written as a function of the solar radiation pressure as

β =
2P⊕A

mµ�/r2
⊕

(b1 + b2 + b3) (11)

where A is the sail area, m is the total spacecraft mass, and P⊕ is the solar radiation pressure at a reference
distance r = r⊕ , 1 au, that is

P⊕ = W⊕/c (12)

in which W⊕ is the TSI at r = r⊕, and c is the speed of light.
Environmental uncertainties affect the propulsive acceleration vector through the term W⊕ in Eq. (12). In

fact, recent studies and experimental measurements [13, 11] highlight that, despite the TSI is nearly isotropic
and its time behaviour is mainly affected by the predictable 11 year-solar activity cycles, the actual value
of W⊕ undergoes non-negligible chaotic short-term fluctuations. Accordingly, W⊕ may be conservatively
thought of as a random variable, whose instantaneous value is independent of the previous values, in analogy
with the recent model adopted by [40, 41] for the solar wind dynamic pressure used for a preliminary analysis
of the Electric Solar Wind Sail trajectory [62, 63]. The probability density function (PDF) adopted in
this work to describe W⊕ is a Gaussian distribution, which amounts to neglecting the skewness of the TSI
distribution, and to approximating its kurtosis with 3. These assumptions are supported by available reports
on experimental data [61], according to which the skewness of the observed TSI distribution is on the order
of 0.1 only, while the kurtosis index is about 8, which is larger than that predicted by a Gaussian model,
thus implying that the experimental measurements are more concentrated around their peak value.

In a preliminary mission analysis phase, W⊕ is typically taken equal to a mean value of 1365.4 W/m2.
However, the experimental measurements performed by the SORCE mission [51, 30] have recently updated
its mean value to 1360.8 W/m2, with an uncertainty range of about 0.5 W/m2. A sample of in-situ measure-
ments performed by SORCE1 is reported in Fig. 2. Even though the mean value of 1360.8 W/m2 obtained
by SORCE is considered to be more accurate than the previous 1365.4 W/m2 [12], it is worth noting that the

1See http://lasp.colorado.edu/home/sorce/data/tsi-data/. Data retrieved on 28 June 2019.
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former corresponds to a quite low solar activity period. For this reason [29] have recently proposed to model
W⊕ as the sum of three contributions, that is, its mean value (1360.8 W/m2), to which rapid fluctuations
(on the order of ±2.3 W/m2) and long-term fluctuations (on the order of ±0.8 W/m2), mostly related to the
11-year solar cycle [11, 28], are both superimposed. In this work, a short-term (or medium-term) duration
mission is considered, so that the long-term fluctuations of W⊕ may be considered to be negligible, which
simplifies the problem complexity.
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Figure 2: Value of TSI at 1 au measured by SORCE mission from January 2014 to June 2019.

The total standard deviation σW⊕ of W⊕ is therefore assumed to be affected by two contributions,
that is, i) the standard deviation associated to the uncertain measurements of the mean value; and ii) the
contribution given by the short-term (random) fluctuations. However, since the TSI estimates are highly
uncertain, other in-situ measurements may provide different results when compared to those obtained by
the SORCE mission, as is discussed by [11]. Therefore, a safety factor k = 2 is here included in the standard
deviation, that is

σW⊕ = k
√

2.32 + 0.52 W/m2 ' 4.7 W/m2 (13)

To summarize, W⊕ is modeled as a Gaussian variable with a mean value of 1360.8 W/m2 and a standard
deviation of 4.7 W/m2.

2.2. Estimation of sail optical parameters

A first estimate of the sail film optical properties involved in Eqs. (5)–(8) was made by [52], when the
Jet Propulsion Laboratory (JPL) was investigating the feasibility of a rendezvous mission with Halley’s
comet by means of a solar sail-based spacecraft [25]. The proposed mission was eventually canceled, but the
experimental results were actually published [64, 33] and reported, for the sake of completeness, in Tab. 1.
Substituting these values into Eqs. (6)–(8), the force coefficients become b1 = 0.0864, b2 = 0.8272, and
b3 = −0.0054, with b1 + b2 + b3 = 0.9082.

Table 1: Optical parameters for a flat solar sail with an optical force model, according to the 1978 measurements by JPL [33].

ρ s Bf Bb εf εb
0.88 0.94 0.79 0.55 0.05 0.55

[19] revised the original data of 1978, and provided a refinements of some parameters, based on exper-
imental tests performed in 2004, and on theoretical investigations involving the sail membrane behaviour.
They state that a 100 nm aluminum coating is sufficient to ensure that the optical properties of the sail
film are only influenced by the coating itself, and not by the substrate material, which therefore could
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equivalently be either CP1 polyamide, Kapton, or Mylar. The results by [19] are listed in Tab. 2, and the
corresponding values of the force coefficients in Eqs. (6)–(8) are amended to b1 = 0.0723, b2 = 0.8554, and
b3 = −0.0030, with b1 + b2 + b3 = 0.9247.

Table 2: Optical parameters for a flat solar sail with an optical force model, according to the 2015 measurements by NASA [19].

ρ s Bf Bb εf εb
0.91 0.94 0.79 0.67 0.025 0.27

The results obtained in 2015 were later updated by [18], taking into account further experimental cam-
paigns performed during the preliminary mission design phase of NASA’s NEA Scout mission, a rendezvous
mission with a near-Earth Asteroid using a solar sail during its cruise phase [35]. In particular, the as-
sumption of flat sail was relaxed by [18], who showed that the presence of millimeter-scale wrinkles can be
modeled as a reduction of the specular reflection fraction to a new value of s = 0.89, leaving unaffected all
of the other parameters in Tab. 2. The corresponding (nominal) values of the optical coefficients are then
b1 = 0.0950, b2 = 0.8099, and b3 = 0.0150, with b1 + b2 + b3 ' 0.92.

Notably, all the experimental measurements performed so far [33, 19, 18], have given a very small value
of b3 coefficient. Such result has supported the introduction of simplifying assumptions in previous works on
solar sail trajectory analysis [43], and also suggests that the optical parameters involved in its calculation,
that is, the non-Lambertian and the emissivity coefficients (see Eq. (8)), have a very small impact on the
characteristics of the propulsive acceleration vector. However, in order to perform a complete and exhaustive
analysis, all of the optical parameters will be treated in the following analysis as uncertain parameters, as
is done with W⊕. The uncertain parameters are summarized in Tab. 3, which reports their mean value M
and standard deviation σ. The values in Tab. 3 constitute the basis of the statistical estimation of the solar
sail heliocentric trajectory discussed in the next section.

Table 3: Mean value M and standard deviation σ of the uncertain parameters involved in solar sail thrust generation [19, 18,
51, 30, 29].

ρ s Bf Bb εf εb W⊕ [ W/m2]
M 0.91 0.89 0.79 0.67 0.025 0.27 1360.8
σ 0.005 0.045 0.05 0.05 0.005 0.005 4.7

3. Generalized polynomial chaos procedure

The previous model of sail film optical properties and TSI behaviour is now used to quantify the impact
of the uncertainties related to these variables on the heliocentric trajectory of a solar sail. For computational
purposes, the adopted procedure uses a non-intrusive gPC-based algorithm, which is a spectral projection of
a quantity of interest R (considered as a random process) over a known orthogonal polynomial base. More
precisely, the formal gPC expansion of R (that is, RgPC) can be written in a compact form as

RgPC =

Ptot∑
j=0

λjΨj(ξ) (14)

where ξ , [ξ1, .., ξN ] is an N -dimensional vector belonging to the parameter space Ω ⊆ RN , whose compo-
nents are the uncertain parameters. In this analysis, the random process coincides with the Sun-spacecraft
distance, that is, R ≡ r, and the uncertain parameters are those listed in Tab. 3. Each parameter in Tab. 3
is treated as a random variable independent of all the others, with a Gaussian statistical distribution. The
generic PDF of a random parameter ξj is denoted as wj . As will be now clarified, the choice of the PDF
influences the polynomial base associated to that variable.
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In Eq. (14), Ψj(ξ) is the gPC multidimensional polynomial base of index j, λj is the related Galerkin
projection coefficient, and Ptot is the truncation order depending on the number of uncertain parameters and
on the maximum polynomial basis degree. In this paper we use the so-called “tensor-product” truncation,
which means that a polynomial-order bound P is imposed for each single parameter polynomial base, such
that Ptot = (P + 1)N − 1.

From the orthogonality property of the base, each expansion coefficient λj can be computed as

λj =
〈R,Ψj〉
〈Ψj ,Ψj〉

(15)

where

〈u, g〉 =

∫
Ω

g(ξ)u(ξ)wtot(ξ) dξ (16)

denotes the inner product between two generic functions g and u, with dξ =
∏N
j=1 dξj , while wtot(ξ) is a

weight defined as

wtot(ξ) =

N∏
j=1

wj(ξj) (17)

which is simply the product of the PDF wj associated to the uncertain variable ξj . According to the Askey
scheme [65], the polynomial family orthogonal to a Gaussian PDF is that of Hermite.

All of the inner products involved in this methodology are computed through Gaussian quadrature
formulas using (P + 1) nodes per parameter. Therefore, the full N -dimensional tensor-product grid counts
(P+1)N points. Each quadrature point defines a parameter set-up for which the quantity R must be sampled,
so that a number of (P + 1)N deterministic evaluations only are sufficient to estimate the dynamic model
uncertainties, the mean stochastic value and the standard deviation of R ≡ r. A value P = 4 was chosen,
which corresponds to 5 Gauss-Hermite nodes for each uncertain parameter, that is, (P + 1)N = 53 = 125.

The procedure described so far, however, can only provide some findings about the global sensitivity of
R to all the input uncertainties. A further interesting information is to quantify the effect of each single
variable, in order to measure the relative impact of each uncertainty parameter on the resulting output. A
possible strategy to obtain such an estimation was proposed by [55]. The essential idea is to express the gPC
expansion RgPC as the “ANOVA representation” of a generic function of the vector of uncertain parameters
f(ξ), viz.

RgPC = f(ξ) = f0 +

N∑
k=1

N∑
i1,...,ik=1
i1<...<ik

fi1...ik(ξi1 , ..., ξik) (18)

where [ξi1 , ..., ξik ] is a subset of k variables among N , f0 is the mean value of f , and fi1...ik(ξi1 , ..., ξik) is
its ANOVA expansion term, which can be calculated with the algorithm described by [55]. Because all the
terms of the ANOVA representation are orthogonal to the PDF of each variable, it can be shown that the
total variance of f may be decomposed as the sum of the variances of all the fi1...ik terms, viz.

σ2
f =

N∑
k=1

N∑
i1,...,ik=1
i1<...<ik

σ2
i1...ik

(19)

It is now possible to define the so called “Sobol indexes” (also referred to as “sensitivity indexes”) as

Si1...ik =
σ2
i1...ik

σ2
f

(20)

where σf is given by Eq. (19). From the above definition, it follows that the Sobol indexes are a set of
non-negative numbers, ranging between 0 and 1, which quantify how much each single variable subset (of
order k ∈ [1, N ]) contributes to the total variance of f . In particular, an index equal to 1 indicates that the
whole variability of f is due to the considered group of uncertain variables, while a value equal to 0 means
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that the function is insensitive to that subset. Finally, according to Eq. (19), the sum of all the indexes is
equal to 1, viz.

N∑
k=1

N∑
i1,...,ik=1
i1<...<ik

Si1...ik = 1 (21)

4. Numerical simulations

The gPC-based procedure discussed in the previous section is now used to quantify the impact of uncer-
tainties (related to the optical properties and the TSI value) on the spacecraft trajectory in a heliocentric
two-dimensional mission scenario. The investigation aims at estimating how much an uncertainty on the
input parameters (see Tab. 3) affects the Sun-spacecraft distance r, as is illustrated in Fig. 3. The solar
sail dynamics is simulated by integrating Eqs. (1)-(4) in double precision using a variable order Adams-
Bashforth-Moulton solver scheme [53, 54] with absolute and relative errors of 10−12.

The design parameters of the spacecraft and the solar sail used for the simulations are taken from the
NASA NEA Scout mission [46]. In particular, the total spacecraft mass is assumed to be m = 12 kg, and the
sail area is A = 86 m2. The nominal lightness number is therefore β ' 0.0101, obtained by substituting the
mean values of the uncertain parameters listed in Tab. 3 and the nominal values of the optical coefficients (in
the last four columns of Tab. 2) into Eq. (11). The previous value of β constitutes the current state-of-the-art
of the solar sail technology, since it is significantly larger than that of IKAROS mission (β ' 9× 10−4) and
close to that hypothesized for the planned JAXA OKEANOS mission toward the Jupiter’s Trojan asteroids,
in which β ' 0.016 [44]. In each numerical simulation, the solar sail-based spacecraft initially (at time
t = t0 , 0) covers a heliocentric circular orbit of radius r0 = r⊕. This situation corresponds to a spacecraft
that leaves the Earth’s sphere of influence with zero hyperbolic excess velocity with respect to the planet.

Sun

r

solar sail

initial
position

nominal trajectory

uncertainty range

q

Figure 3: Sketch of the solar sail trajectory with uncertain input parameters.

When t > t0, the sail attitude is maintained fixed in an orbital reference frame. Two cases are first
simulated, both being characterized by a propulsive acceleration vector that always belongs to the parking
orbit plane, an so generates a two-dimensional propelled trajectory. The first one is a radial thrust case with
n̂ ≡ r̂, which maximizes the propulsive acceleration magnitude at each Sun-spacecraft distance r. In the
second case, the pitch angle is set equal to α = 35 deg, which corresponds to maximizing the circumferential
component of the propulsive acceleration aθ in an ideal force model, and is very close to the maximum value
also when an optical force model is adopted, see Eq. (10). In such simulations only the most relevant optical
parameters {ρ, s} and W⊕ are taken as uncertain inputs, in order to reduce the computational cost. The
non-Lambertian and emissivity coefficients are considered to be constant and equal to their mean values
reported in Tab. 3. The last simulation finally assumes a fixed pitch angle α = 35 deg, but takes into
accounts the uncertainties on all the parameters of Tab. 3, in order to check the previous assumption of
neglecting the standard deviation of Bf , Bb, εf , and εb.
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4.1. Case of radial propulsive acceleration

The simulation results of a sail with purely radial propulsive acceleration (case of a Sun-facing sail) and
subject to uncertainties on {ρ, s,W⊕} are shown in Figs. 4 and 5. In particular, Fig. 4 shows the standard
deviation σr of the Sun-spacecraft distance r, normalized with respect to r itself, as a function of the polar
angle θ ∈ [0, 360] deg. The latter is measured starting from the Sun-spacecraft line at t = t0. The values of
σr reported in Fig. 4 are very small, on the order of a few hundredths of percentage point, thus suggesting
that the uncertainties associated with {ρ, s,W⊕} do not significantly affect the trajectory of a spacecraft
propelled by a Sun-facing solar sail.

0 60 120 180 240 300 360
0

0.005

0.01

0.015

Figure 4: Normalized standard deviation associated with the Sun-spacecraft distance as a function of the polar angle for a
Sun-facing sail.

Figure 5 shows the evolution of the Sobol indexes related to the uncertain variables {ρ, s,W⊕} as a
function of θ ∈ [0, 360] deg. Firstly, note that the correlation indexes of two or three variables are negligible,
since their values are from 4 to 9 order of magnitudes smaller than those associated to a single variable,
that is, Sρs = SρW⊕ = SsW⊕ = SρsW⊕ ' 0, see Eq. (20). The indexes associated to single variables, that is,
{Sρ, Ss, SW⊕}, are nearly constant with respect to θ, and their numerical values are comparable, although
the index associated to s is the largest one (i.e. Ss ' 0.432). However, because the uncertainty associated
to a radial trajectory is very small, see Fig. 4, the Sobol indexes are of limited interest.

0 60 120 180 240 300 360

0

0.2
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1

�
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Figure 5: Sobol indexes Sρ (blue), Ss (cyan), and SW⊕ (yellow) as a function of the polar angle θ for a Sun-facing sail. Indexes
{Sρs, SρW⊕ , SsW⊕ , SρsW⊕} are not visible due to their small value.
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4.2. Case of maximum circumferential acceleration

Assume now that the propulsive acceleration is at an angle of 35 deg from the radial (Sun-spacecraft)
direction. This choice maximizes the circumferential component of the propulsive acceleration [33]. The
corresponding results, which take into account the uncertainties associated with {ρ, s,W⊕}, are given in
Fig. 6 in terms of uncertainty propagation in the Sun-spacecraft distance r. In particular, the figure reports
σr as a function of θ ∈ [0, 720] deg. The uncertainty on r now grows significantly faster than in the radial
thrust case, although it remains small (much smaller than 1%). In principle, it is difficult to state if such
a deviation is large of small, because it mostly depends on mission requirements. For instance, consider an
asteroid rendezvous mission and a Solar System escape mission. In the former case, such a deviation could
cause a mission failure, whereas in the latter case it could be nearly negligible. Anyway, the trajectory error
can be checked by reducing the uncertainty on solar film properties, either with experimental tests, or using
a suitable attitude control.

0 120 240 360 480 600 720
3 [deg]

0

0.05

0.1

0.15

0.2

0.25

Figure 6: Normalized standard deviation associated with the Sun-spacecraft distance in the case of maximum circumferential
acceleration.

The Sobol indexes associated with each of the uncertain variables are shown in Fig. 7 where, similarly to
Fig. 5, the indexes Sρs, SρW⊕ , SsW⊕ , and SρsW⊕ are not visible because they are several order of magnitudes
smaller than those associated with each single variable. By comparing Figs. 6 and 7, it may be concluded
that, when the uncertainty on r is not negligible, the most important parameter is s, followed by ρ and W⊕.
This result is probably associated with the larger uncertainty on s, whose standard deviation is about 5% of
its mean value, whereas this percentage reduces to 0.5% and 3.4% as long as ρ and W⊕ are concerned, see
Tab. 3. Indeed, the uncertainty on s takes into account the difficulty of determining the specular reflection
fraction of the sail coating, and the effects of millimeter-scale wrinkles. However, these preliminary results
highlight that a more accurate knowledge of the sail film specular reflection fraction and of the wrinkle effect
could significantly increase the computational accuracy of a solar sail trajectory.

4.3. Effect of non-Lambertian and emissivity coefficients

The simulations discussed above neglect the uncertainties on the non-Lambertian coefficients {Bf , Bb},
and on the emissivity coefficients {εf , εb}, since their impact on the heliocentric trajectory was supposed to
be small. In this subsection, the latter assumption is removed and all of the uncertain input parameters
listed in Tab. 3 are now taken into account. In particular, a pitch angle α = 35 deg is chosen, and the
uncertainty in the output variable r is calculated at θ = {60, 120, 180, 240, 300, 360} deg. The numerical
results are summarized in Tab. 4, in terms of Sobol indexes associated with each input parameter. Note
that the indexes associated with the correlation of two or more variables are not reported, since they are
actually negligible compared to those associated with a single variable, as can be concluded by noting that
the sum of the Sobol indexes in each row of Tab. 4 is nearly equal to 1.

The most important implication from the data of Tab. 4 is the negligible impact of the uncertainties
associated with the non-Lambertian coefficients {Bf , Bb} and the emissivity coefficients {εf , εb} on the
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Figure 7: Sobol indexes Sρ (blue), Ss (cyan), and SW⊕ (yellow) as a function of the polar angle θ in the case of maximum
circumferential acceleration. Indexes {Sρs, SρW⊕ , SsW⊕ , SρsW⊕} are not visible due to their small value.

Table 4: Sobol indexes related to all the uncertain variables when α = 35 deg.

θ [ deg] Sobol indexes
Sρ Ss SBf

SBb
Sεf Sεb SW⊕

60 0.622 0.027 1.22× 10−22 1.88× 10−22 1.11× 10−21 6.36× 10−21 0.351
120 0.293 0.591 2.17× 10−24 3.89× 10−24 1.96× 10−23 2.09× 10−22 0.116
180 0.167 0.781 2.50× 10−25 3.28× 10−25 1.91× 10−24 2.66× 10−23 0.052
240 0.116 0.855 9.36× 10−26 1.59× 10−25 8.72× 10−25 4.59× 10−24 0.029
300 0.091 0.890 5.06× 10−26 7.03× 10−26 4.55× 10−25 3.35× 10−24 0.019
360 0.082 0.902 5.13× 10−26 8.07× 10−26 5.11× 10−25 3.13× 10−24 0.016

spacecraft heliocentric trajectory. This validates the results discussed in the previous subsections, where
the uncertainties associated with them were neglected. As a consequence, the standard deviation of the
Sun-spacecraft distance reported in Fig. 6 remains substantially unaffected, and the previous considerations
are still valid.

4.4. Considerations about temperature dependance

The analysis presented so far neglects the temperature influence on the sail film optical coefficients.
As a matter of fact, the experimental values reported in Tab. 3 could vary as a function of the electrical
conductivity of the sail film material. During the operative phase of a solar sail-based mission, the latter
depends on the sail temperature [26, 1] and consequently on the Sun-spacecraft distance r.

[27] has estimated the influence of the sail heliocentric distance on its optical properties. The obtained
results highlight that the reflectivity ρ is weakly dependent on the temperature (and therefore on r), thus
justifying the assumption introduced in this work. On the other hand, the emissivity coefficients εf and
εb are more significantly affected by temperature variations. In particular, the total estimated effect is a
combination of the emissivity increase with temperature and the augmented emitted power due to higher
emissivity, which tends to reduce the sail temperature. The resulting effect can be approximated by assuming
that both εf and εb scale as r−2/5. However, since the impact of emissivity-related uncertainties turns out
to be negligible, as previously discussed (see Tab. 4), the temperature dependence of the optical properties
does not significantly affect this analysis, but it should only be taken into account in the determination of
the sail equilibrium temperature under uncertainties.
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5. Conclusions

A thorough analysis has been carried out to estimate the effects of uncertainties related to the sail
optical parameters and the solar irradiance on a solar sail-based mission. The uncertainty ranges on the
sail optical parameters have been quantified using recent experimental measurements, whereas the solar
irradiance fluctuations have been estimated from available data provided by orbiting satellites. The uncertain
parameters have been modeled as Gaussian random variables, and a generalized polynomial chaos procedure
has been applied to quantify their impact on the spacecraft heliocentric trajectory. The results highlight
that such an impact is negligible when the propulsive acceleration acts radially. It still remains small even
in the presence of a circumferential acceleration component, and becomes important only in the case of
missions requiring an accurate targeting capability. The most relevant parameter to model is the specular
reflection fraction, which, according to the recent literature, takes into accounts the existence of wrinkles in
the sail surface. Future research should concentrate on an estimate of the effect of uncertainties on other
quantities, such as the orbital parameters, in addition to the Sun-spacecraft distance. Further investigation
about the impact of solar wind particles on solar sail film properties is also advisable.
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