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Abstract

We collect and present in a unified way several results in recent years about the elastic
flow of curves and networks, trying to draw the state of the art of the subject. In par-
ticular, we give a complete proof of global existence and smooth convergence to critical
points of the solution of the elastic flow of closed curves in R?. In the last section of the
paper we also discuss a list of open problems.

Mathematics Subject Classification (2020): 53E40 (primary); 35G31, 35A01, 35B40.

1 Introduction

The study of geometric flows is a very flourishing mathematical field and geometric evolution
equations have been applied to a variety of topological, analytical and physical problems,
giving in some cases very fruitful results. In particular, a great attention has been devoted to
the analysis of harmonic map flow, mean curvature flow and Ricci flow. With serious efforts
from the members of the mathematical community the understanding of these topics grad-
ually improved and it culminated with Perelman’s proof of the Poincaré conjecture making
use of the Ricci flow, completing Hamilton’s program. The enthusiasm for such a marvelous
result encouraged more and more researchers to investigate properties and applications of
general geometric flows and the field branched out in various different directions, including
higher order flows, among which we mention the Willmore flow.

In the last two decades a certain number of authors focused on the one dimensional
analog of the Willmore flow (see [26]): the elastic flow of curves and networks. The elastic
energy of a regular and sufficiently smooth curve 7 is a linear combination of the L?>-norm
of the curvature k and the length, namely

E(y) = / &|? + pds.
gl

where ;1 > 0. In the case of networks (connected sets composed of N € N curves that meet at
their endpoints in junctions of possibly different order) the functional is defined in a similar
manner: one sum the contribution of each curve (see Definition 2.1). Formally the elastic
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flow is the L? gradient flow of the functional £ (as we show in Section 2.3) and the solutions
of this flow are the object of our interest in the current paper.

To the best of our knowledge the problem was taken into account for the first time by
Polden. In his Doctoral Thesis [46, Theorem 3.2.3.1] he proved that, if we take as initial da-
tum a smooth immersion of the circle in the plane, then there exists a smooth solution to the
gradient flow problem for all positive times. Moreover, as times goes to infinity, it converges
along subsequences to a critical point of the functional (either a circle, or a symmetric figure
eight or a multiple cover of one of these). Polden was also able to prove that if the winding
number of the initial curve is +1 (for example the curve is embedded), then it converges to
a unique circle [46, Corollary 3.2.3.3]. In the early 2000s Dziuk, Kuwert and Schétzle gener-
alize the global existence and subconvergence result to R" and derive an algorithm to treat
the flow and compute several numerical examples. Later the analysis was extended to non
closed curve, both with fixed endpoint and with non—compact branches. The problem for
networks was first proposed in 2012 by Barrett, Garcke and Niirnberg [7].

Beyond the study of this specific problem there are quite a lot of catchy variants. For
instance, as for a regular C? curve v : I — R? it holds k = 0,7, where 7 is the unit tangent
vector and J, denotes derivative with respect to the arclength parameter s of the curve, we
can introduce the tangent indicatrix: a scalar map 6 : I — R such that 7 = (cos#,sin#).
Then we can write the elastic energy in terms of the angle spanned by the tangent vector.
By expressing the L? corresponding gradient flow by means of § one get another geometric
evolution equation. This is a second order gradient flow and it has been first considered
by [54] and then further investigated by [30, 31, 42, 45, 55].

Critical points of total squared curvature subject to fixed length are called elasticae, or
elastic curves. Notice that for any ;o > 0 the elasticae are (up to homothety) exactly the critical
points of the energy £. Elasticae have been studied since Bernoulli and Euler as the elastic
energy was used as a model for the bending energy of an elastic rod [53] and more recently
Langer and Singer contributed to their classification [27, 28] (see also [20, 32]).

The L?-gradient flow of [ |x|? ds when the curve is subjected to fixed length is studied in [12,
13, 21, 49].

It is worth to mention also results about the Helfrich flow [17, 56], the elastic flow with
constraints [25, 43, 44] and other fourth (or higher) order flows [1, 2, 36, 37, 57].

In the following table we collect some contributions on the elastic flow of curves (closed
or open) and networks. The first column concerns papers containing detailed proofs of short
time existence results. The initial datum can be a function of a suitably chosen Sobolev space,
or Holder space, or the curves are smooth. In the second column we place the articles that
show existence for all positive times or that describe obstructions to such a desired result.
When the flow globally exists, it is natural to wonder about the behavior of the solutions for
t — +o00. Papers that answer this question are in the third column. The ambient space may
vary from article to article: it can be R2, R", or a Riemannian manifold.

Short Time Existence | Long time Behavior | Asymptotic Analysis
closed curves [46] [21] [46] [21] [35] [46] [47]
open curves Navier b.c. [40] [40] [40] [41]
open curves, clamped b.c. [52] [29] [18] [41]
non compact curves [40] [40]
networks [15] [23] [22] [14] [22] [14]

We refer also to the two recent PhD theses [38, 48].



The aim of this expository paper is to arrange (most of) this material in a unitary form,
proving in full detail the results for the elastic flow of closed curves and underlying the
differences with the other cases.

For simplicity we restrict to the Euclidean plane as ambient space. In Section 2 we define
the flow, deriving the motion equation and the necessary boundary conditions for open
curves and networks. In the literature curves that meet at junctions of order at most three
are usually considered, while here the order of the junctions is arbitrary.

In Section 3 we show short time existence and uniqueness (up to reparametrizations) for
the elastic flow of closed curve, supposing that the initial datum is Holder-regular (Theo-
rem 3.18). The notion of L2-gradient flow gives rise to a fourth order parabolic quasilinear
PDE, where the motion in tangential direction is not specified. To obtain a non-degenerate
equation we fix the tangential velocity, then getting first a special flow (Definition 2.12). We
find a unique solution of the special flow (Theorem 3.14) using a standard linearization pro-
cedure and a fixed point argument. Then a key point is to ensure that solving the special
flow is enough to obtain a solution to the original problem. How to overcome this issue is
explained in Section 2.4. The short time existence result can be easily adapted to open curves
(see Remark 3.15), but present some extra difficulties in the case of networks, that we explain
in Remark 3.16.

One interesting feature following from the parabolic structure of the elastic flow is that
solutions are smooth for any (strictly) positive times. We give the idea of two possible lines
of proof of this fact and we refer to [22] and [15] for the complete result.

Section 4 is devoted to the prove that the flow of either closed or open curves with fixed
endpoint exists globally in time (Theorem 4.15). The situation for network is more delicate
and it depends on the evolution of the length of the curves composing the network and on
the angles formed by the tangent vectors of the curves concurring at the junctions (Theo-
rem 4.18).

In Section 5 we first show that, as time goes to infinity, the solutions of the elastic flow of
closed curve convergence along subsequences to stationary points of the elastic energy, up to
translations and reparametrizations. We shall refer to this phenomenon as the subconvergence
of the flow. We then discuss how the subconvergence can be promoted to full convergence
of the flow, namely to the existence of the full asymptotic limit as ¢ — 400 of the evolving
flow, up to reparametrizations (Theorem 5.4). The proof is based on the derivation and the
application of a Lojasiewicz-Simon gradient inequality for the elastic energy.

We conclude the paper with a list of open problems.

2 The elastic flow

A regular curve v is a continuous map v : [a,b] — R? which is differentiable on (a,b) and
such that |0,y| never vanishes on (a, b). Without loss of generality, from now on we consider
[a,b] = [0, 1].

In the sequel we will abuse the word “curve” to refer both to the parametrization of a
curve, the equivalence class of reparametrizations, or the support in R2.

We denote by s the arclength parameter and we will pass to the arclength parametriza-
tion of the curves when it is more convenient without further mentioning. We will also
extensively use the arclength measure ds when integrating with respect to the volume el-
ement 1, on [0, 1] induced by a regular rectifiable curve ~, namely, given a p,-integrable



function f on [0, 1] it holds

/[(M]fdug=/01f(:c)|aﬂ(:p)|dx:/ow f(m))ds:/wfds’

where /() is the length of the curve 7.

Definition 2.1. A planar network N is a connected set in R? given by a finite union of images
of regular curves 7' : [0,1] — R? that may have endpoints of order one fixed in the plane
and curves that meet at junctions of different order m € N>o.

The order of a junction p € R? is the number >_.{0, 1} N #(7*) " (p).

As special cases of networks we find:
e asingle curve (either closed or not);

¢ a network of three curves whose endpoints meet at two different triple junction (the
so-called Theta);

e anetwork of three curves with one common endpoint at a triple junction and the other
three endpoint of order one (the so called Triod).

Notice that when it is more convenient, we will parametrize a closed curve as a map
v: St — R2

In order to calculate the integral of an N-tuple f = (f!,..., fV) of functions along the
network N composed of the N curves 7' we adopt the notation

N N 1 A ‘
/ fds:= Z/‘fh/z‘ ds:Z/ fY07" de .
N i=177" i=170

If o= (pt, ..., u7V) with p* > 0, then the notation [, f ds stands for SV fol wt f40,7| da.

Let vy : [0,1] — R? be a regular curve and f : (0,1) — R a Lebesgue measurable function.
For p € [1,00) we define

11 = / P ds = / (@) P|os ()| da

and
LP(ds) = {f (0,1) — R Lebesgue measurable with || f||”, ) < —1—00} .

We will also use the L°°—norm
11l oo (as) := €58 Sup oo ag) 1] -

Whenever we are considering continuous functions, we identify the supremum norm with
the L> norm and denote it by ||-||

We remark here that for sake of notation we will simply write || - || » instead of [|-[| 1»(4s)
both for p € [1,00) and p = co whenever there is no risk of confusion.
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We will analogously write

N N
I fllee = ZHfZHLP(ds) forallp € [1,00) and | f| L= = ZHfZHLOO(ds) 7
=1 =1

for an N-tuple of functions f along a network V.

Assuming that 4* is of class H?, we denote by K’ := 924' the curvature vector to the
curve ¢, which is defined at almost every point and the curvature is nothing but ' := |k?|.
We recall that in the plane we can write the curvature vector as k' = kv’ where 1 is the
counterclockwise rotation of Z of the unit tangent vector 7° := [9,7‘|~!(9,7") to a curve
and then k' is the oriented curvature.

Definition 2.2. Let u’ > 0 be fixed for i € {1,...,N}. The elastic energy functional £, of a
network N given by N curves +* of class H? is defined by

N

0 )= [P asturon) = X ([ 2asuteen) 1)

=1

and pL(N) is named weighted global length of the network N.

2.1 First variation of the elastic energy

The computation of the first variation has been carried several times in full details in the
literature, both in the setting of closed curves or networks. We refer for instance to [7, 35].

Let N € N,i € {1,...,N}. Consider a network N’ composed of N curves, parametrized
by 4% : [0,1] — R? of class H*. In order to compute the first variation of the energy we can
suppose that the curves meet at one junction, which is of order N and ~/(1) is some fixed
point in R? for any 4. That is

Y 0)=...=4N(0), ~'(1) =P € R%.

The case of networks with other possible topologies can be easily deduced from the pre-
sented one. We consider a variation 7! = +% + e1’ of each curve v' of N with ¢ € R and
¥t : [0,1] — R? of class H?. We denote by A the network composed of the curves +¢, which
are regular whenever |¢| is small enough. We need to impose that the structure of the net-
work N is preserved in the variation: we want the network A; to still have one junction of
order N and we want to preserve the position of the other endpoints v(1) = P". To this aim
we require

PH0)=...=yN(0), i (1)=0 Vie{l,...,N}.

By definition of the elastic energy functional of networks, we have
&) =X [ (7 v uids =3 [ IwiP o ulas,
i=1"e =17

We introduce the operator 97 (that acts on a vector field ¢) defined as the normal component
of Js¢ along the curve v, that is 0+ = dsp— (050, 057) O5y. Then a direct computation yields



the following identities:
O-ds. = <as¢i77'5i> ds. = ( <1/}z, gz> - <¢17K'é>) dse,
0:0s — 050 = ((kL, Yy — O5(7L,")) s
Oetl = 05 (W1)F + (7, 4" kL,
O:kl = (852 (W)F — (95 ())F, kL) TE 4+ (72 ) BskE + (K, 91K,

for any i on (0, 1), where s is the arclength parameter of +. for any . Therefore, evaluating
at e = 0, we obtain

(2.2)

d
da

N
Z[/ i 2 ’>ds+/( 3|7 + pt) (7 050" ds| . (2.3)
_ v

Moreover, denoting by 91 (+) := 95(-) — (95(-), 7)7, we have
D5kl = 0K |/'~<f|2 ¢

2k’ = (0 D)2kl — 3(0,k%, kK10 — |k K,

s

then, using these identities and integrating (2.3) by parts twice, one gets
N
_ 1Y2,.0 020 i
O—Z/i<2(8s)fc+|n\ﬁ Mm,¢>d5
+Z [ K0y + (~20 K1 — [RIPE 4 iir o)
N . . .
2/ —|—‘[<;,Z‘2 i UZK17¢Z> ds
N .
Z (1)) = 2(k'(0), 05 (0))
=1

+ < (Z —20; K'(0) — |K*(0)]*r(0) + MiTi(0)> ,1/)1(0)> : (2.5)
i=1
As we chose arbitrary fields 1, we can split 957 into normal and tangential components as
Os) = O + Bl = (0,0, V) v + (0t 7y 7 = () v+ (0) 7
This allows us to write
(s, 050"y = (K, ()" v+ (02) ) = K ()

and we can then partially reformulate the first variation in terms of the oriented curvature
and its derivatives:

d
EAN)

e=

1
0] (2.4)

d N A 4 T
%Ey(/\/’g) = Z/w (265214 + (k)3 — lullk'l) (W)

i=1

e=0

—

N N
+2) K wz)ﬂo + < (Z —20;k'(0) — |£'(0)]*r'(0) + W’(@) ,¢1<0>> . (26)
i=1

i=1

6



2.2 Second variation of the elastic energy

In this part we compute the second variation of the elastic energy functional £,. We are in-
terested only in showing its structure and analyze some properties, instead of computing it
explicitly (for the full formula of the second variation we refer to [18] and [47]). In fact, we
will exploit the properties of the second variation only in the proof of the smooth conver-
gence of the elastic flow of closed curves in Section 5. In particular, we we will not need to
carry over boundary terms in the next computations.

Let v : (0,1) — R? be a smooth curve and let ¢ : (0,1) — R? be a vector field in
H*(0,1) N C2(0, 1), that is, 1 identically vanishes out of a compact set contained in (0, 1). In
this setting, we can think of v as a parametrization of a part of an arc of a network or of a
closed curve. We are interested in the second variation

2

Jatnrred)|
By (2.4) we have
> d 132 2
@&(’Wﬁ%) o % o /% <2(65 ) Ke + "‘l"e| Ke — Mmsa¢> dsc,

where k. is the curvature vector of 7. = v + €1, for any ¢ sufficiently small.
We further assume that v is a critical point for £, and that ¢ is normal along . Then

2

d
@&(7 + €v)

_ 142 2
o /7 <8€‘€:0 (2(65 ) Ke + |Ke|“ ke — ,urig) ,1/J> ds.
Using (2.2), if ¢, is a normal vector field along . for any € and we denote ¢ := ¢y, a direct
computation shows that

Oc|._o 05 b — 03 0c| _ye = (1, k)O3 ¢ — (03, 05T + ($, k)OI

Hence 9.|__, (97 )2k can be computed applying the above commutation rule twice, first with
¢ = 8&1% and then with 9. = k.. One easily obtains

O:|._o (05 )2 ke = (05) 0 + Q¥),

where Q(1)) € L?(ds) is a normal vector field along ~, depending only on k, 1 and their
“normal derivatives” 93 up to the third order. Moreover the dependence of (2 on % is linear.
For further details on these computations we refer to [35].

Using (2.2) it is immediate to check that 0.|._, (|k<|*kc — prc) yields terms that can be
absorbed in (7). Therefore we conclude that

2

d
@&L(V + 1)

e=

= [{aetro ey o

By polarization, we see that the second variation of £, defines a bilinear form §2&,,(¢, )
given by
Peulet) = [ (20050 +0(0),8) ds,
g

for any normal vector field ¢, of class H* N C? along +, which is a smooth critical point of
Eu



2.3 Definition of the flow

In this section we define the elastic flow for curves and networks. We formally derive it as
the L?-gradient flow of the elastic energy functional (2.1). We need to derive the normal
velocity defining the flow. The reasons why a gradient flow is defined in term of a normal
velocity are related to the invariance under reparametrization of the energy functional and
we will come back on this point more deeply in Section 2.4.

The analysis of the boundary terms appeared in the computation of the first variation
play an important role in the definition of the flow. Indeed, a correct definition of the flow
depends on the fact that the velocity defining the evolution should be the opposite of the
“gradient” of the energy. Hence we need to identify such a gradient from the formula of the
first variation and, in turn, analyze the boundary terms appearing.

Suppose first that the network is composed only of one closed curve v € C*([0, 1], R?).
This means that for every k € N we have 9¥7(0) = 9¥y(1) and v can be seen as a smooth
periodic function on R. Then a variation field ¢ is just a periodic function as well and no fur-
ther boundary constraints are needed and then the boundary terms in (2.4) are automatically
zero. Then (2.5) reduces to

d 1\2 2
O fure)iemo = / (2(08% + 5P — i, ) ds.

We have formally written the directional derivative of £, of each curve in the direction ¢ as
the L?-scalar product of ¢ and the vector 2(9)?k + |k|*k — uk. Hence we can understand
2(04)%k + |k|?k — pk to be the gradient of £,. We then set the normal velocity driving the
flow to be the opposite of such a gradient, that is

(O)* = =200k — ||k + uxc., @7)
where, again, (-)* denotes the normal component of the velocity 9,y of the curve :
(Oy)" =0y — (07, 7) T
In R? it is possible to express the evolution equation in terms of the scalar curvature:
Oy, vy v = (0y)F = 2(05 )k + |K|Pk — i = (202k + (k)%k — pk) v

This last equality can be directly deduced from (2.6). In this way we have derived an equa-
tion that describe the normal motion of each curve.

We pass now to consider, exactly as in Section 2.1, a network composed of N curves,
parametrized by 7 : [0,1] — R? with i € {1,..., N}, that meet at one junction of order N at
z = 0 and have the endpoints at z = 1 fixed in R?. We denote by N the network composed
of the curves 7! =+ + et with ¢ : [0,1] — R? such that

PH0)=... =N (0), i(1)=0 Vie{l,...,N}.

Since the energy of a network is defined as the sum of of the energy of each curve, it
is reasonable to define the gradient of £, as the sum of the gradient of the energy of each
curve composing the network, that we have identified with the vectors 2(9;)?k! + |k? |2k —
p'st. Hence, a network is a critical point of the energy when the the vectors 2(93)%k? +
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|k'|?k" — p'k? vanish and the boundary terms in (2.5) are zero. Depending on the boundary
constraints imposed on the network, i.e., its topology or possible fixed endpoints, we aim
now to characterize the set of networks fulfilling boundary conditions that imply

1
| -o.
0

Let us discuss the main possible cases of boundary conditions separately.

N
3 {2 (01| (—208 w1 — WP+ i, o)

i=1

Curve with constraints at the endpoints

As we have mentioned before, if the network is composed of one curve, but this curve is
not closed, then we fix its endpoint, namely 7(0) = P € R? and (1) = Q € R?. As already
shown in in Section 2.1, to maintain the position of the endpoints, we require 1)(0) = ¢ (1) =
0, that automatically implies

<_285LK/Z - |’<"’i|27_i + )uiTia ¢Z> = Oa

1
0
in the computation of the first variation. On the other hand we are free to chose 05 as test
fields in the first variation. Suppose for example that 9,1(0) = v (where v is the unit normal
vector to the curve ) and 959 (1) = 0, then from (2.5) we obtain k(0) = 0 and so k(0) = 0.
Interchanging the role of d57(0) and 0, (1) we have k(1) = k(1) = 0.

Hence we end up with the following set of conditions

7(0) =P
V(1) =
k(0) =k(1) =0,

known in the literature as natural or Navier boundary conditions.

However, since the elastic energy functional is a functional of the second order, it is le-
gitimate to impose also that the unit tangent vectors at the endpoint of the curve are fixed,
namely that the curve is clamped. Hence we now have v(0) = P,v(1) = Q,7(0) = 19, 7(1) =
71 as constraints. This time these boundary conditions affects the class of test function re-
quiring 051 (0) = 051 (1) = 0, that, together with ¢(0) = ¢(1) = 0, automatically set (2.5) to
Zero.

Networks

We can consider without loss of generality that the structure of a network is as described
in Section 2.1. Indeed boundary conditions for a other possible topologies can be easily
deduces from this case.

The possible boundary condition at = 1 are nothing but what we just described for a
single curve with constraints at the endpoints. Thus we focus on the junction O = 71(0) =
... =vN(0). We can distinguish two sub cases

Neumann (so-called natural or Navier) boundary conditions
In this case we only require the network not to change its topology in a first variation.
Letting first ¢/*(0) = 0 for any ¢, it remains the boundary term

N

> (£'(0),059°(0)) =0,

i=1



where the test functions 1’ appear differentiated. We can choose d5¢'(0) = v'(0) and
9511 (0) = 0 for every i € {2,...,N}. This implies x'(0) = 0. Then, because of the arbi-
trariness of the choice of i we obtain:

k'(0)=0, (2.8)

foranyi e {1,...,N}.
It remains to consider the last term of (2.5). Taking into account the just obtained condi-
tion (2.8), by arbitrariness of 1/!(0) = ... = ¥V (0) it reads

i( 201 K( +,u7i(0)):0,

=1

Dirichlet (so-called clamped) boundary conditions

As discussed above, also in the case of a network we can impose a condition on the
tangent of the curves at their endpoints. As we saw in the clamped curve case, from the
variational point of this extra condition involves the unit tangent vectors. Then an extra
property on Js¢’ is expected.

At the junction we require the following (N — 1) conditions:

(0 PO = 2, (A0, 70) = N

that is, the angles between tangent vectors are fixed. We need that also the variation N
satisfies the same

(i1 (0),72(0)) = .., (7 (0), 7N () ) = N
for any |e| small enough. This means that for every i,j € {1,..., N} we need that
d

that implies

where we used the notation (zﬁé)l := (09", v'). So we impose

(W) 0) = ... = (})0). (2.9)

Then the first boundary term of (2.5) reduces to

N .
£(0),> K(0)
=1
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Hence we find the following boundary conditions:

N N

dE©0)=0, > —20{k'(0) - |&'(0)]*7(0) + p'T(0) = 0.

=1 i=1

In the end, whenever the network is composed of N curves we have a system of NV
equations (not coupled) that are quasilinear and of fourth order in the parametrizations of
the curves with coupled boundary conditions.

We now need to briefly introduce the Holder spaces that will appear in the definition of
the flow.

Let N € N, consider a network A/ composed of N curves with endpoints of order one
fixed in the plane and the curves that meet at junctions of different order m € N>,. As we
have already said each curve of N is parametrized by 7 : [0,1] — R% Let a € (0,1). We
denote vy := (v',...,7") € (R?)V and

Iy := C4te ([O, 1]; (RZ)N) )

We will make and extensive use of parabolic Holder spaces (see also [51, §11, §13]). For
ke {0,1,2,3,4}, a € (0,1) the parabolic Holder space

CHE ([0, 7] % [0,1))

is the space of all functions u : [0,7] x [0,1] — R that have continuous derivatives didu
where i, j € N are such that 4i + j < k for which the norm

k
Hu”c%gykw = Z H@?aﬁcu”m + Z [6;8%11] 00 T Z [8}8{;1@%70
4i45=0 dit+j=k 0<k+o—4i—j<4

is finite. We recall that for a function u : [0,7] x [0,1] — R, for p € (0,1) the semi-norms
[u],0 and [u]o, , are defined as

|u(t, z) — u(r, =)

[u]p0 = sup

(t,2),(r,z) [t —7l|° ’
and
[U]O = sup ‘u(t7 CIZ') - U(t, y)‘ )
P o)ty |z —yl°

Moreover the space C T(0,T] x [0,1]) is equal to the space
% (0, 73: ([0, 1)) N €° ([0, T]: €*([0,1])) ,

with equivalent norms.
We also define the spaces C"1*+2([0, 7] x {0,1},R™) to be C"5* ([0, T], R?™) via the
isomorphism f s (f(¢,0), f(¢,1))’.
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Definition 2.3 (Elastic flow). Let N € N and let N be an initial network composed of N
curves parametrized by v = (1¢,...,7") € In, (possibly) with endpoints of order one
and (possibly) with curves that meet at junctions of different order m € N>,. Then a time
dependent family of networks N (t),c(o,7] is a solution to the elastic flow in the time interval
[0, T] with T' > 0 if there exists a parametrization

A(ta) = (Y (L), /Y (L) € O (0,T) x [0, 1); (R2)Y)

with ¢ regular, and such that for every t € [0,7],z € [0,1] and i € {1,..., N} the system

{ww = (200K — (K1) + &) v/ (210)

70, 2) = (=)
is satisfied. Moreover the system is coupled with suitable boundary conditions as follows,

corresponding to the possible cases of boundary conditions discussed in the formulation of
the first variation.

e If N = 1 and the curve 7 is closed we require (¢, z) to be closed and we impose
periodic boundary conditions.

e If N = 1 and the curve 7 is not closed with v5(0) = P € R?, 7¢(1) = Q € R? and we
want to impose natural boundary conditions we require

~v(t,0) =P
K(t,0) = k(t,1)=0.

e If N = 1 and the curve 7 is not closed with 75(0) = P € R?, 4y(1) = Q € R? and we
want to impose clamped boundary conditions, we require

7(t,0) = P
t,1) =
7(t,0) =719
T(t, 1) =1T71.
e If N is arbitrary and NV has one multipoint
%0 (Y1) = - =" (ym) »
with (i1,91), - (im, ym) € {1,..., N} x {0,1} and we want to impose natural bound-
ary conditions, for every j € {1,...,m} we require
Y (t,y) =0
< (t:y) L 2.13)
ijl (—288 K4 + MM"J) (t,y;) =0.

12



e If N is arbitrary and Vj has one multipoint

%0 () = =" (Ym)
with (i1,91),--+, (tm,ym) € {1,...,N} x {0,1} where we want to impose clamped
boundary conditions, we require

(7" (1), 72 (y2)) = '

(Tt Y1), 7 (Ym) ) = € TH @19
Z;'Ll k=0
Yoty (=205 K% — |65 (i) P79 (yi) + pia 7 (i) = 0.

Clearly in the case of network with several junctions and endpoints of order one fixed
in the plane, one has to impose different boundary conditions (chosen among (2.11), (2.12),
(2.13) and (2.14)) at each junctions and endpoint.

We give a name to the boundary conditions appearing in the definition of the flow. When
there is a multipoint

% W) = = 7" (Ym) »
with (i1,y1),. .+, (im,ym) € {1,..., N} x {0, 1} we shortly refer to:

o Yo (t,y1) = ... =Y (t, ym) as concurrency condition;
o (T (y1),T2(y2)) = M2, T (Y1), T (Ym) ) = ™1™ as angle conditions;
o either k% (t,y) = 0 forevery j € {1,...,m} or Y_7" | k' = 0 as curvature conditions;

Sty (=205 kY — [KY (yi) P77 (i) + 137 (i) = 0 as third order condition.
When we have an endpoint of order one we refer to the condition involving the tangent

vector as angle condition and the curvature as curvature condition.

Remark 2.4. In system (2.10) only the normal component of the velocity is prescribed. This
does not mean that the tangential velocity is necessary zero. We can equivalently write the
motion equations as ‘ - o

8t’yl — VZVI_'_T'lT’L’
where V' = —202k" — (k*)? + k' and T* are some at least continuous functions. In the case

of a single closed curve or a single curve with fixed endpoint we can impose T' = 0 (see
Section 2.4).

Definition 2.5 (Admissible initial network). A network N of N regular curves parametrized
by vy = (v, ...,9N), 4" : [0,1] — R2 withi € {1,..., N} possibly with ¢ endpoints of order
one {7/ (y;)} for some (j,y;) € {1,...,N} x {0,1}, and possibly with curves that meet at
k different junctions {OP} of order m € N>y at O = +P'(y;) = ... = P (p,,) for some
(pi,yi) € {1,...,N} x {0,1},p € {1,..., k} forming angles aPPi+! between vP: and vPi+! is
an admissible initial network if

i) the parametrization v belongs to Iy;
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ii) N satisfies all the boundary condition imposed in the system: concurrency, angle,
curvature and third order conditions;

iii) at each endpoint 7/(y;) of order one it holds
200K (y5) + (W) (y5) — 1’k (33) = 0
iv) the initial datum fulfills the non-degeneracy condition: at each junction

span{vFL ... . Uf"} = R?;

v) at each junction v*(y;) = ... = 7™ (y,,) where at least three curves concur, consider
two consecutive unit normal vectors 17 (y;) and vP+ (y; ) such that span{v?i (y;), vP* (yx) } =
R2. Then for every j € {1,...,m}, j # i, j # k we require

sin @'V (y;) + sin 0°VF (y) +sin 7V (y;) = 0,

where ¢' is the angle between v+ (y;) and v%i (y;), 0% between 1?4 (y;) and vPi(y;) and
¢’ between i (y;) and vP* (y).

ditions. Together with the non—degeneracy condition, these conditions concern the boundary
of the network, and so they are not required in the case of one single closed curve.

Remark 2.7. We refer to the conditions iii) and v) as fourth order compatibility conditions.

We explain here how one derives condition v) in the case of a junction v1(0) = ... = y™(0).
Differentiating in time the concurrency condition we get 3;v'(0) = ... = 97™(0), or, in
terms of the normal and tangential velocities V1(0)(0) +71(0)7(0) = ... = V™(0)v™(0) +
T (0)7™(0).

Without loss of generality we suppose that the concurring curves are labeled in a coun-
terclockwise sense and that span{11(0),#?(0)} = R?. Then for every j € {3,...,m} we have

sin 011! (0) 4 sin 6212 (0) + sin 0727 (0) = 0,

where 6! is the angle between 12(0) and 17(0), 6? between 17 (0) and v(0) and 67 between
v1(0) and v2(0). Then
sin 'V (0) = (V1(0)v'(0) + T*(0)7'(0),sin 0 (0))
= < ( ) (O) + T2( )72(0), —sin92y2(0) — sin@jyj(0)>
= —sin60°V?(0) + (V2(0)v*(0) + T°(0)7%(0), — sin /17 (0))
= —sin6*V?(0) + (V7(0)27(0) + 17(0)77(0), — sin 6717 (0))
= —sin#*V2(0) — sin#'V7(0).

Hence for every j € {3,...,m} we obtained sin 8! V1(0) + sin ?V2(0) + sin ¢’V7(0) = 0.

Remark 2.8. To prove existence of solutions of class C 5% 4t to the elastic flow of networks
it is necessary to require the fourth order compatibility conditions for the initial datum. This
conditions may sound not very natural because it does not appear among the boundary
conditions imposed in the system. It is actually possible not to ask for it by defining the

14



elastic flow of networks in a Sobolev setting. The price that we have to pay is that in such
a case a solution will be slightly less regular (see [22, 38] for details). On the opposite side,
if we want a smooth solution till ¢ = 0 one has to impose many more conditions. These
properties, the compatibility conditions of any order, are derived repeatedly differentiating in
time the boundary conditions and using the motion equation to substitute time derivatives
with space derivatives (see [14, 15]).

2.4 Invariance under reparametrization

Itis very important to remark the consequences of the invariance under reparametrization of
the energy functional on the resulting gradient flow. These effects actually occur whenever
the starting energy is geometric, i.e., invariant under reparamentrization. To be more precise,
let us say that the time dependent family of closed curves parametrized by « : [0, 7] x St —
R? is a smooth solution to the elastic flow

{awu,x) =V, (t,2)v, (t,2)

2(0.9) = 700). 219

and the driving velocity d;y is normal along 7. If x : [0,T] x S! — S! with x(¢,0) = 0 and
x(t,1) = 1 is a smooth one—-parameter family of diffeomorphism and o (¢, z) := (¢, x(¢, x)),
then it is immediate to check that o solves

0(07 ) = VO(X(Ov )) )

and W can be computed explicitly in terms of x and . More importantly, one has that
Vo(t, x)ve(t, ) = Vy(t, x(t, 2))vy(t, x(t, z)). Since W (t, x)7,(t, ) is a tangential term, o itself
is a solution to the elastic flow. Indeed its normal driving velocity 9;-¢ is the one defining
the elastic flow on o. This is the reason why the definition of the elastic flow is given in terms
of the normal velocity of the evolution only.

{8,50(25, 7) = Vo (t, 2)vs(t, 2) + W(t, 2) 70 (t, 7),

In complete analogy, if 3 : [0,T) x S! — R? is given, it is smooth and solves

{at,@(t, z) = Va(t, 2)va(t, x) + w(t, z)7(t, ),
B(0,-) =0(x0(-))

where o : S! — S! is a diffeomorphism, then letting ¥ : [0,7] x S! — S! be the smooth
solution of

v(0,) =x' (),
it immediately follows that (¢, z) == 5(t, ¢ (¢, z)) solves (2.15).

{atw, ) = —[(0uB)(t, ¥ (t, )| "Lw(t, ¥ (t, ),

Something similar holds true also in the general case of networks. First of all it is easy
to check the all possible boundary conditions are invariant under reparametrizations (both
at the multiple junctions and at the endpoints of order one). Concerning the velocity, we
cannot impose the tangential velocity to be zero as in (2.15), but it remains true that if a time
dependent family of networks parametrized by v = (v!,...,V) with~+* : [0,T] x [0,1] — R?

is a solution to the elastic flow, then o = (¢!, ..., 0"V) defined by (¢, z) = ~v(t, X' (¢, z)) with
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X' :[0,T] x [0,1] — [0, 1] a time dependent family of diffeomorphisms such that o(¢,0) = 0
and o(t,1) = 1 (together with suitable conditions on 9,0 (t,0), 820 (t,0) and so on) is still a
solution to the elastic flow of networks. Indeed the velocity of 4* and o' differs only by a
tangential component.

Remark 2.9. We want to stress that at the junctions the tangential is velocity determined by
the normal velocity.
Consider a junction of order m

71(2570) =...=~"(t,0).

Differentiating in time yields 9;y'(t,0) = ... = 07" (¢,0) that, in terms of the normal and
tangential motion V' and T reads as

VIiyl 4 Tird = yattys+l o pitlpitl

where j € {1,...,m} with m + 1 := 1 and the argument (¢,0) is omitted from now on.
Testing these identities with the unit tangent vectors 7/ leads to the system:

1 —cosal? 0 0 0 T —sina™?V?

0 1 — cos a®? 0 . 0 T? —sina®?V?

0 0 1 —cosa®t .. 0 T8 —sina®*V?

0 0 0 1 —cosa™ b 71 —sina™"bmy™

—cosa™! 0 0 . 0 1 ™ —sina™'V!

We call M the m x m—matrix of the coefficients and Ry, ..., R,, its rows.

It is easy to see that

m—2,m—1 1,m

det(M) =1 — cosa™! cosa™?...cosa cosa™ M

that is different from zero till the non—-degeneracy condition is satisfied. Then the sys-
tem has a unique solution and so each 7"(t) can be expressed as a linear combination of
Vi), ..., Vm(t).

Remark 2.10. The previous observations clarify the fact that the only meaningful notion of
uniqueness for a geometric flow like the elastic one is thus uniqueness up to reparametriza-
tion.

We can actually take advantage of the invariance by reparametrization of the problem
to reduce system (2.10) to a non—degenerate system of quasilinear PDEs. Consider the flow
of one curve 7. As we said before, the normal velocity is a geometric quantity, namely
oyt = Vv = —20%kv — k3v + pkv. Computing this quantity in terms of the parametrization
7 we get

— Vv =20%kv + kv — pkv
4 3 2 2., 1924 |2 2 3 2 2 2
_ o 05y 000 0y) O[O 9 (9 ) 03 (00,00)

R 1027 10,7]° 10,7/ ERTk
{5 0 +123§7<3§%8ﬂ> +53§7\8§7|2 +88§7<8§3%8w> _353§V<3§%8ﬂ>2 N\
|0:7y|* 10,7/ |0,y° 1027 |0:y|®
D2y < 02y >
—u—= (2 . 2.16
Mol o/ 1
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We define

4 3 2 2 2,12

0.7 0:7° 0:°
82~ (93, 0, 02 (02, 0, 2
Lg% &l ) 4% Gl ) Pl (2.17)
027 0271 [2¥%1

We can insert this choice of the tangential component of the velocity in the motion equa-
tion, which becomes

_ 2
Oy=Vv+Tr = _W8§7 + f(02, 027, 027)
ot 3 (92, 0, 21024 * 924 (83,0, 92 (92, 0y )° o2
_ o % Ly 3y ( il 7) 5% xg\ L g i ) 9 (% : ) 22
‘896'7‘ |8x'>” ‘8:1:’Y| ‘am'ﬂ |8ﬂc7’ ‘8x'7|

Considering now the boundary conditions: up to reparametrization the clamped condi-
tion 7(¢,0) = 79 can be reformulated as 0,7v(¢,0) = 79 and the curvature condition k = kK = 0
as 927(t,0) = 0. We can then extend this discussion to the flow of general networks, in order
to define the so-called special flow.

Definition 2.11 (Admissible initial parametrization). We say that pg = (¢}, ..., ) is an
admissible parametrization for the special flow if

e the functions ¢ are of class C*+<([0, 1]; R?);

® g = (go(l), R @év ) satisfies all the boundary conditons imposed in the system;

e at each endpoint of order one it holds V! = 0 and T' =0 for any i;
e at each junction it holds ' '
Viy 4+ T'r' = Viyd 4 T/ 79
for any 1, j;
e at each junction the non-degeneracy condition is satisfied;
where T is defined as in (2.17) for any ¢ and j.

Definition 2.12 (Special flow). Let N € N and let ¢y = (¢, ..., ¢p’) be an admissible initial
parametrization in the sense of Definition 2.11 (possibly) with endpoints of order one and
(possibly) with junctions of different orders m € Nx>,. Then a time dependent family of

parametrizations ¢icio1], ¢ = (', ...,") is a solution to the special flow if and only if
44+

for every i € {1,..., N} the functions ¢’ are of class C" ¢ **T%(]0,T] x [0, 1];R?), for every
(t,x) € [0,T] x [0,1] it holds J,¢(x) # 0 and the system

i — Vil L T
{&tgp Vi +T'1 (2.18)

©'(0,z) = o(z)

is satisfied, where T' is defined as in (2.17) for any i. Moreover the following boundary
conditions are imposed:
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e if N =1 and gy is a closed curve, then we impose periodic boundary conditions;

e if N =1and ¢o(0) = P, po(1) = Q, we can require either

©'(t,0) =P
el(t,1)=Q
2p(t,0) = 02¢'(t,1) =0,

or

(
D (t,
e if N is arbitrary and N has one multipoint

%0 (1) = - = 75" ()

with (i1,91),. .., (im,ym) € {1,..., N} x {0, 1} we can impose either

02p% (t,y) =0 foreveryj € {1,...,m}
Yoy (2205 K% 4 ptiTh) (ty;) =0,

Or 4 . .
(T (1), 7 (y2)) = "
(T (Y1), T (Ym) ) = HT
Z?ﬂ kb =0
(020" (t,y),0:9" (t,y)) =0 foreveryj e {1,...,m}
Sy (205 K5 — K% (y) [P (y5) + 7% (y3;)) = 0.
Lemma 2.13. Let o = (¢p, ..., ¢p) be an admissible initial parametrization and Prefo, 1], P =

(Y, ..., ") be a solution to the special flow. Then Ny = UN_, (¢, [0,1]) is a solution of the elastic
flow of networks with initial datum Ny := U, 08 (]0, 1]).

1=

Proof. We show that A is an admissible initial networks. Conditions i) and iv) are clearly
satisfied, together with condition ii) because at the endpoints of order one 0 = Vi= 28321& +
(k)3 — 'k, Also condition iii) it is easy to get: 92¢(y) = 0 implies k(y) = 0, dpp(y) = 7
implies 7 = 7" and all the other conditions are already satisfied by the special flow. At
each junction v!(y;) = ... = Y"(ym) of order at least three we consider two consecutive
unit normal vectors v(y;) and v*(y;,) such that span{v’(y;),v*(yx)} = R2. For every j €
{1,...,m}, j #i,j # k we call § the angle between v*(0) and 17 (0), 6* between 17 (0) and
v4(0) and ¢’ between 1(0) and v*(0) and we recall that it holds

ViVt £ Tt = Viyd 4 TV49 (2.19)
Vivi £ Tt = Vhk 4 Trrk (2.20)
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By testing (2.19) by sin #/7* and by cos §/v/* and summing, we get
Vi = cos 0"V — sin O*T . (2.21)

If instead we test (2.19) by cos #/7% and by sin #7v* and we subtract the second equality to
the first one, it holds ‘ 4 '
T' = cos T’ +sin 0+ V7 . (2.22)

Similarly, by testing (2.20) by cos #*27 and by sin #*77 and subtracting the second identity to
the first we have 4 ' -
Vi=cos®'VF +sin¢'T" . (2.23)

Finally we test (2.20) by cos #*77 and by sin #*27 and sum, obtaining
T = cos'T" — sin?v*. (2.24)

With the help of the identities (2.21),(2.22), (2.23) and (2.24) and interchanging the roles of
1,7,k we can write

sin 'V = cos 07T — cos o T" ,
sin 0FVE = cos 0T — cos 09T ,
sin 07V7 = cos OFT" — cos O'T" .
and so for every j € {1,...,m}, j #1,j # k we have sin §'V? + sin 0*V* +sin#/VJ = 0, as
desired.
The solution A admits a parametrization ¢ with the required regularity. As we have seen

for the initial datum, the boundary conditions in Definition 2.18 implies the boundary con-
ditions asked in Definition 2.3. By definition of solution of the special flow the parametriza-

tions ¢ = (¢',..., V) solves ;o' = Vivi + T'7i. Then
(o' V'Y V' = <Vi1/i + T, I/i> V=V = 202k — (k)3 + p'k",
and thus all the properties of solution to the elastic flow are satisfied. O
Lemma 2.14. Suppose that a closed curve parametrized by
v € C([0,71:C°([0,1;R*)) n C" ([0, T]; C*([0,1]; R?))

is a solution to the elastic flow with admissible initial datum ~vo € C°([0,1]). Then a reparametriza-
tion of ~y is a solution to the special flow.

Proof. The proof easily follows arguing similarly as in the discussion at the beginning of
the section and, in particular, by recalling that reparametrizations only affect the tangential
velocity. O

The above result can be generalized to flow of networks as stated below.

Lemma 2.15. Suppose that a network Ny of N regular curves parametrized by v = (v1, ... V) with
7t 0,1] — R?%, i € {1,..., N} is an admissible initial network. Then there exist N smooth func-
tions 9 : [0, 1] — [0, 1] such that the reparametrisztion (v o ) is an admissible initial parametriza-
tion for the special flow.
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For the proof see [23, Lemma 3.31]. Moreover by inspecting the proof of Theorem 3.32 in
[23] we see that the following holds.

Proposition 2.16. Let T' > 0. Let N be an admissible initial network of N curves parametrized by
Yo = (9,70 ) with~" : [0,1] — R?, i € {1,...,N}. Suppose that N (t),ejo.1 is a solution to
the elastic flow in the time interval [0, T| with initial datum Ny and suppose that it is parametrized
by reqular curves v = (v',...4N) with 4% : [0,T] x [0,1] — R2. Then there exists T & (0,T]
and a time dependent family of reparametrizations 1 : [0,T] x [0,1] — [0, 1] such that o(t, z) :=

(Ot x), ..., N (t,x)) with p(t, x) := v (t,1(t, ) is a solution to the special flow in [0, T].

Remark 2.17. In the case of a single open curve, reducing to the special flow is is particularly
advantageous. Indeed one passes from a the degenerate problem (2.10) couple either with
quasilinaer or fully nonlinear boundary conditions to a non—-degenerate system of quasili-
naer PDEs with linear and affine boundary conditions.

2.5 Energy monotonicity

Let us name V* := —282k" — (k*)?k" + p'k’ the normal velocity of a curve 4 evolving by
elastic flow and denote the tangential motion by 7":

o = Vit + Tt (2.25)

Definition 2.18. We denote by p’ (k) a polynomial in k, ..., 9"k with constant coefficients in
R such that every monomial it contains is of the form

h

h
CIJ@ k) with Y (+1)8 =0,
=0

=0
where 5; € Nfor! € {0,...,h} and 5, > 1 for at least one index .
We notice that
0, (#h(k)) = sli(k).
Pt (R)pl (k) = sy " (), (2.26)
pat (k) + pi2 (k) = pptiohz (k). (2.27)
By (2.2) the following result holds.
Lemma 2.19. If v satisfies (2.25), the commutation rule
0¢0s = 050 + (KV — 0,T") O
holds. The measure ds evolves as

O¢(ds) = (0sT — kV)ds.
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Moreover the unit tangent vector, unit normal vector and the j—th derivatives of scalar curvature of
a curve satisfy

ot = (0sV +Tk)v
Ow=—(0sV+Tk)T
Otk = (Oyk,v) = 02V + Tk + K2V

= 20k — 5k*0%k — 6k (05k)* + TOsk — k° + pu (0%k + &%) (2.28)
0k = =200k — 5k*00 %k + 0]k + Tk + pi Ly (k) + pp? (k) (2.29)
—200 4k + Tk + pl 12 (k) + ppl 13 (k). (2.30)

With the help of the previous lemma it is now possible to compute the derivative in time
of a general polynimial p” (k). By definition every monomial composing p” (k) is of the form
m(k) = C H?ZO(Oék:)ﬁl with Zzh:o(l + 1)8; = o. Then for every fixed j € {1,...,h} the
monomial n(k) = CB;(dlk)% 1 Hl};j)lzo(aﬁ:k)ﬂl can be written as n(k) = C H?:O(aék)al with
Z?:o(l + 1)oy = 0 — j — 1. Differentiating in time m(k) we have

h
((Cﬁjﬁgkﬂflé?t&gk)- I1 (agk:)ﬁl)

1#4,1=0

M-

Il
=)

O (m(k)) =

J

I
E

h
(( 6]+4k+T8J+1k+P;i§( )+up§i§( )) (Cﬂj@ikﬁj—l) . H (8ék)/3l>
1#4,1=0

<.
Il
o

= piti (k) + TplLl (k) + p"3(K) + upl i3 (k)

where we used the product rule (2.26) and the structure of the monomial n(k). Summing up
the contribution of each monomial composing p’2(k) we have

Or (ph(k)) = lpd(k) + TRbLL(R) + uplt3(k) (2.31)

Proposition 2.20. Let N; be a time dependent family of smooth networks composed of N curves,
possibly with junctions and fixed endpoint in the plane. Suppose that Ny is a solution of the elastic

flow. Then
- / V2ds.
N

Proof. Using the evolution laws collected in Lemma 2.19, we get
at/ k? 4+ pds = / 2kOik + (k% + p) (0,1 — kV) ds
N N
= / 2k (O2V + Thy + k°V) + (K> + p) (8T — kV) ds
N
= / 2kOIV + KV — pkV + 05 (T (k* + 1)) ds.
N

Integrating twice by parts the term [ 2kV,; we obtain

(2.32)

at/ gudS:_/ V2d8+z2k28 Vz_2a k?ZVZ—}—TZ{(k:z)
N

=1

21



It remains to show that the contribution of the boundary term in (2.32) equals zero, whatever
boundary condition we decide to impose at the endpoint among the ones listed in Defini-
tion 2.3. The case of the closed curve is trivial.

Let us start with the case of an endpoint 4/ (y) (with y € {0,1},5 € {1,..., N}) subjected
to Navier boundary condition, namely k?(y) = 0. The point remains fixed, that implies
Vi(y) = T’ (y) = 0. The term 2k’ (y)ds V' (y) vanishes because k’(y) = 0.

Suppose instead that the curve is clamped at 7/ (y) with 77 (y) = 7*. Then using Lemma 2.19,
0= 0, (y) = (0sV7 (y) — TV (y)k’ ()’ (y). Hence

2k (y) (0:V (y) = T? (y)k’ (y)) =0,
that combined with V7 (y) = T (y) = 0 implies that the boundary terms vanish in (2.32).

Consider now a junction of order m where natural boundary conditions have been im-

posed. Up to inverting the orientation of the parametrizations of the curves, we suppose

that all the curves concur at the junctions at 2 = 0. The curvature condition £*(0) = 0 with
ie{l,....m} gives

Z%Z 09,V (0) + T(0) (K*(0))* = 0.

Differentiating in time the concurrency condition v!(0) = ...~4™(0) we obtain
Vi0)r'(0) + TH(0)7!(0) = ... = V™(0)v"™(0) + T™(0)7"™(0),
that combined with the third order condition 0 = 7 | 20,k%(0)v%(0) — p'7%(0) gives

0= <—aﬂl(0), Z 205k (0)1*(0) — mTi(O)>

Z —T'(0)7(0), 205K (0)(0) — 7' (0)) = Y —28:k* (0)V*(0) + ' T*(0),
1 i=1
hence the boundary terms vanish and we get the desired result.
To conclude, consider a junction of order m, where the curves concur at z = 0 and sup-
pose that we have imposed there clamped boundary conditions. In this case using the con-
currency condition differentiated in time and the third order condition we find

0=">_(=07"(0),20:k"(0)»(0) + ((K'(0))* = ') 7'(0))
i=1
=3 20K OV0) ~ (K0~ 1) TH0). .

Differentiating in time the angle condition
<7’i(0), THI(O)> = chitl = cos(@i’”l)
we have

0= (2'(0), 771(0)) + (7'(0), A7 1(0))
= ((9,V(0) + T (0)K*(0)(0), 7H1(0)) + (77(0), (A V1 (0) + T (0)K 1 (0))v1(0))
= (8sV'(0) + T*(0)K'(0)) sin(0™"*1) — (9:V7H(0) + TTHH(0)K"(0)) sin (6™ ),
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and hence 9;V*(0) + T*(0)k*(0) = 9sV*T1(0) + T*F1(0)k*T1(0). Repeating the previous com-
putation for every i € {2,...,m — 1} we get
V2 0) + TH0)E (0) = ... = V]™(0) + T™(0)k™(0),

that together with the curvature condition 3~ k% = 0 at the junction gives

=2 (9,V1(0) + T*(0)k*(0)) in: k' (0) = i 20,V (0)k"(0) + 2T°(0)(k")?(0) .
i=1

i=1

Summing this last equality with (2.33) we have that the boundary terms vanishes also in this
case. O

3 Short time existence

We prove a short time existence result for the elastic flow of closed curves. We then explain
how it can be generalized to other situations and which are the main difficulties that arises
when we pass from one curve to networks.

3.1 Short time existence of the special flow

First of all we aim to prove the existence of a solution to the special flow. Omitting the
dependence on (¢, z) we can write the motion equation of a curve subjected to (2.18) as

4

Op = — |4 f( 1'907 8190) .

2
\8
We linearize the highest order terms of the previous equation around the initial parametriza-
tion ¢° obtaining

2, 2 2
8t90+ ‘6 0‘4890 (’8m§00|4 - lam(PH) 90+f( z$> ;,;QO,@;EQD)
= f(0zp, 030, 070, Oup) (3.1)

Definition 3.1. Given ¢ : S! — R? an admissible initial parametrization for (2.18), the
linearized system about (" associated to the special flow of a closed curve is given by

{ Orplt, x)+2% = f(t,z) on]0,T] x S!

©(0,z) —(z) onS!. 32)

Here (f,) is a generic couple to be specified later on.

Let o € (0,1) be fixed. Whenever a curve 7 is regular, there exists a constant ¢ > 0 such
that infcg1 |0,y| > c. From now on we fix an admissible initial parametrization ¢° with

¢°lcatarey = R, and  inf |8,¢°(x)| > c.
7 zeSt
Then for every j € N there holds

< C(R,c).
Co(SH;R2)

H faxg00|j
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Definition 3.2. For 7' > 0 we consider the linear spaces

‘H’J74+Oé ([

Er:=C1 O,T]XSl;R2) )
Fr :=C1" ([0,T] x S} R?) x C*T (S4,R?) |
endowed with the norms
ez = 17l ot ava s 1O 0oz = [ Fll o g + ([Pl

and we define the operator L1 : Er — Fr by

2
£r(9) = (Eh(0), 1) 1= (O + 13m0 o ) -
Remark 3.3. For every T' > 0 the operator L7 : E; — Fr is well-defined, linear and continu-
ous.

Theorem 3.4. Let o € (0,1), (f,9) € Fr. Then for every T > 0 the system (3.2) has a unique
solution ¢ € Ep. Moreover, for all T > 0 there exists C(T") > 0 such that if ¢ € Er is a solution,
then

leller < CS,P)Er - (3.3)
Proof. See for instance [33, Theorem 4.3.1] and [51, Theorem 4.9]. O

From the above theorem we get the following consequence.

Corollary 3.5. The linear operator Lr : Ep — Fr is a continuous isomorphism.

By the above corollary, we can denote by £! the inverse of L.
Notice that till now we have considered f1xed T > 0 and derived (3.3), where the constant
C depends on 7. Now, once a certain interval of time (0, T] w1th T > 0 is chosen, we show

that for every T" € (0, T] it possible to estimate the norm of £, ! with a constant independent
of T

Lemma 3.6. For all T > 0 there exists a constant ¢(T') such that

sup L7 s ) < o(T).
Te(O T

Proof. Fix T > 0, for all T € (0, T, for every (f,v) € Fr we define the extension operator
E(f,¢) = (Ef,¢¥) by

B: 0% (0.7) x S4E?) - 0% ([0.7] x5 R2)

- [ ft) fort € [0,77,
f(t, @) = f (T%,HT) fort € (T, T],

Itis clear that E(f, ) € Fz and that [ E|[zg, r) < 1.
Moreover £TT1(E( F 0o = L3 (f, %) by uniqueness and then

£ (o) ler < ILZHES )
<N e@r mpn IES 8 es < (DN 0 ey -
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Definition 3.7. We define the affine spaces
E9. = {y € E7such that V=0 = '},
FS = CT" ([0,7] x S5 R?) x {¢°}.
In the following we denote by By the closed ball of radius M and center 0 in Er.

Lemma 3.8. Let T > 0, M > 0,c > 0and ©° an admissible initial parametrization with
inf,cs1 [0:0°| > c. Then there exists T = T(c, M) € (0,T)] such that for all T € (0,T) every
curve p € ES. N By is reqular with

inf [0y0(t,x)| > <. (3.4)
zeSt

oo

Moreover for every j € N

< C(e, M, 7).

1
H ‘3;,;90(757 x) |j C%’O‘([O,T]X[O,l])

Proof. We have

0xp(t, 2)| > |02 (2)| = |Ouip(t, 7) = Da’ ()],
with |0,p0(t, z) — 0,¢°(2)] < [©l50 7 < MtP with 8 = 2 + 2. Taking T sufficiently small,
passing to the infimum we get the first claim. As a consequence

1 2

sup < (3.5)

z€[0,1] |am(p(ta I’)‘ E .

Then for j = 1 the second estimate follows directly combining the estimate (3.5) with the

definition of the norm || - [| .4 .« (0.7]x51)" The case j > 2 follows from multiplicativity of the

norm. O

Form now on we fix T' = 1 and we denote by 7' = T'(¢, M) the time given by Lemma 3.8
for given c and M.

Definition 3.9. For every T € (0, 7] we define the map
ES — ¢57([0,T] x S R?)
v = f0),

where the functions f () := f(0%p, 03¢, 02¢, 0,p) is defined in (3.1). Moreover we introduce
the map N7 given by ES. > v — (N7 (), ¥/i=0)-

Remark 3.10. We remind that f is given by

2 2 D2 <82g0, 8xg0> 0% ‘(’3290}2
f¢:< — >a§<p+12z . + 5=
@ =8, ~ Torglt 9al® 00l°
020 (02, 0p) _350390@3%83@@2 L, Oae
Ot ]” EXel ERE

By Lemma 3.8, for ¢ € EJ, we have that for all ¢ € [0,T] the map () is a regular curve.
Hence Nt is well-defined. Furthermore we notice that the map N;isa mapping from IE% to
F.
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The following lemma is a classical result on parabolic Holder spaces. For a proof see for
instance [33].

Lemma 3.11. Let k € {1,2,3}, T € [0,1] and , € ES.. We denote by =% 3(4=F) the (4 — k)-
th space derivative of ¢ and ¢, respectively. Then there exist € > 0 and a constant C' independent of
T such that

H(p(4_k) _ @«(4_1@)” < (T

(4-k)
ca” v

o~ _k =~ ~
- 80(4 )HC’%E”““ <COT* | — 90||ET .

Definition 3.12. Let ¢° be an admissible initial parametrization, ¢ := inf,cg1 |9,¢°|. For a
positive M and a time T € (0,7 (c, M)] we define K7 : ES. N By, — E% by

Kr:= E;l oNT.

Proposition 3.13. Let ° be an admissible initial parametrization, ¢ := inf g1 [0:°|. Then there
exists a positive radius M (p°) > ||¢°||cave and a time T(c, M) such that for all T € (0,T) the map
Kr : ES. N By — EY takes values in EY. N By and it is a contraction.

In the following proof constants may vary from line to line and depend on ¢, M and
1%l v

Proof. Let M > 0and T > 0 be arbitrary positive numbers. Let T(c, M) be given by Lemma 3.8
and assume without loss of generality that T(c, M) < 1T Let T € (0,7(c, M)] be a generic
time.

Clearly £;'(F}) C EY and the Kr is well defined on ES. N Byy.

First we show that there exists a time T” € (0,7(c, M)) such that for all T € (0,7"], for
every ¢, € ES. N By, it holds

1Kz () = Kr(@) [z < H@ Pller - (36)
We begin by estimating
INT(#) = Ne (@)l o0 = [1(0) = F(@)l g0

The highest order term in the above norm is

2 2 2 2
<\azs004 \azso%) 0217 9201 ) =¥

3.7
— 22 (050 — 027) + 2 2 Fout] 7
10:°1* 0wt ! ! 001" |Owpt) 7
We can rewrite the above expression using the identity
1 1 1 1 1 1
— — =7 = (|b| = s+ - 3.8
=~ 0= (g ) (s + ) .

We get

(ot~ o) = 061 ~10:2°) (e * sotionat) Ui + o)
|8:E500‘4 |8$g0|4 ¢ ! |8x900|2|8190| |8:E‘:00||ax90‘2 |8:E‘PO|2 |8w%0|2 '
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1 1 1 1
In order to control <|az300|2|8z§0| + |3MOH(9M|2> <|st00|2 + |azm2) we use Lemma 3.8. Now we

identify ¢ with its constant in time extension ¥°(¢,z) := ¢"(z), which belongs to EY. for
arbitrary T. Observe that ||¢°g, = ||¢0”C4+T°‘74+a = [|¢Y|ca+a is independent of T. Then
making use of Lemma 3.11 we obtain

110:0] = 1020 o g < [|0atp — 021’ g < CT%|l@ — 9°|lg, < CMT.
Then
| (o~ o
102004 |Oz0|t

Similarly we obtain allows us to write

2 2
- FoMts
HQ@@4 mww> 4

The lower order terms of f(¢) — f(¢) are of the form

< CMT|p— 3lls, -

)(%¢%@
Cc* 1

< OMT|lp — Glls, - (3.9)

cva

alb,c) a(b,c)
i i (3.10)

with j € {2,6,8} and with a,b,¢,d, a, b,¢,d space derivatives up to order three of ¢ and ¢,
respectively. Adding and subtracting the expression
ibc) albe) ahe)
|d|? |d|’ |d|7

to (3.10), we get

(a— ) (b, ) d<(b—5),c> d<5,(c—5)>+<1 1>~<~ ~>. (3.11)

- —+ - + - — — —=— ] a b, C
|d}? jdf? jdf? P |d)
With the help of Lemma 3.11 we can estimate the first term of (3.11) in the following way:

’ (a —a) (b, c)

|}y
The second and the third term of (3.11) can be estimated similarly by Cauchy-Schwarz in-
equality. To obtain the desired estimate for the last term of (3.11) we proceed in a similar
way as for the second term of (3.7). We use the identities

1 1 ~ 1 1
~ oz = (=) (g s )
a7~ g =11 10) (i * o

1_1_(’(1~|_‘d)< 1 + 1 >(1_|_ 1)( 1 _|_1>
i |dp di2(d]  |dld?/) \dP* |d)2/) \ldP=* - jd=t)

for j € {6,8} and Lemma 3.8 and 3.11 and we finally get

|G )70

< Clla—all
ot

< CT* |l — @l -

a
ca“

< CT?|ld—d 9.0 < CT |0 — Gl -

N >
ca”
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Putting the above inequalities together we have
1£2) ~ £ @l . < OTllo — Bl -
By Lemma 3.6, this implies that for all 7" € (0, T(M, c)]

1K2(0) = Kr@ler = L7 Wir(9)) = £ W (@) e
< s £ Neqermn INT(9) — Nr@)lle (312)

T€[0,T]
<CM, e, T)T¢ |l — Pller

with 0 < ¢ < 1. Choosing 7" small enough we can conclude that for every T' € (0,7"] the
inequality (3.6) holds.

In order to conclude the proof it remains to show that we can choose M sufficiently big
so that Ky maps E% N By into itself.

As before we identify ¢°(z) with its constant in time extension 1/°(¢, ). Notice that the
expressions K (¢?) and N (¢°) are then well defined.

As M is an arbitrary positive constant, let us choose M at the beginning, depending on
¥ and T only, so that

M
1%, = [¥llgee < 5 ¥T >0,
and
IK2 () ey < sup  [1£7 | cwr o) INT (W) Ipr
T€[0,7/2—6]

sup (1L er e 1(F(€°) 92D ey
T€l0,T/2-6)

< «(T)0(¢")
M

< Vé>0,

where we used that ||(f(¢"), ¢?))||r,. is time independent and then estimated by a constant
C(4") depending only on ¢" and we also used Lemma 3.6. For T € (0,7"],as T’ < T'(¢c, M) <
%T — ¢ for some positive ¢, we also have

1K (D) ler < 1K1 (@) e + 1K1 (0) = Kr(4°) |z,
M .
< G +C(M, e, T)T2M
for any ¢ € E9 N By, where we used (3.12). It follows that by taking 7 < 7" sufficiently
small, we have that K7 : E). N By, — E% N By and it is a contraction. O

Theorem 3.14. Let ° be an admissible initial parametrization. There exists a positive radius M
and a positive time T such that the special flow (2.18) of closed curves has a unique solution in

C 5 A ([0, T) x SY) N By
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Proof. Choosing M and T as in Proposition 3.13, for every 7' € (0,7 the map Kr : E% N
By — EY.N By is a contraction of the complete metric space EY. N Bj,. Thanks to Banach—
Cacciopoli contraction theorem Kr has a unique fixed point in EY N By,. By definition of
Kr, an element of EY. N By is a fixed point for Kr if and only if it is a solution to the special

flow (2.18) of closed curves in O Hi At ([0, 7] x S*) N Bu. O

Remark 3.15. In order to prove an existence and uniqueness theorem for the special flow
of curves with fixed endpoints subjected to natural or clamped boundary conditions, it is
enough to repeat the previous arguments with some small adjustments.

In the case of Navier boundary condition we replace E7, ES, Fr and F}. by

44

Ep = {p € CHF(10,7) % 0,11 R?) : 626(0) = 826(1) = 0, 9o = "} |
Ey' = {p € EF : o(t,0) = P,p(t,1) =Q,} ,

F} o= O (10,7] x [0,1];R?) x (C75* ([0, T];R?))? x (0,1 R?),

Fyt = C%" ([0,7] x [0, 1 R?) x {P} x {Q} x {¢"},

where by P, € R2. In this case we introduce the linear operator

2
Lr(p) = <3t80 + Waiwv(px&@xl?(phﬁ[)) .
X

This modification allows us to treat the linear boundary conditions 92¢(0) = 9,¢(1) = 0 and
the affine ones ¢(¢,0) = P, p(t,1) = Q.

In the case of clamped boundary conditions instead we have to take into account four
vectorial affine boundary conditions. We modify the affine space E% into

JE?,P = {gp EEr : p(t,0) = P,p(t,1) = Q,0:¢(t,0) = 7'0,8xg0(t, 1) = 1, Ple=0 = gpo} ,

and
Fp = 0T (0.7) < [0.1:82) x (€5 (0,71 R%) ) x (C*F (0.7):8%))” x (0,1} 2,
FY? := %" ([0,T] x [0,1];R?) x {P} x {Q} x {7} x {1} x {©°}.

Finally the operator Lr in this case is

2
£T(S0) = <87f<)0 + ’a (po|48;490790|x0790;vlyaxspa:O?a’L"SOh:1a90|t0) :
x

Remark 3.16. Differently from the case of endpoints of order one, at the multipoints of higher
order we impose also non linear boundary conditions (quasilinear or even fully non linear).
Treating these terms is then harder: it is necesssary to linearize both the main equation and
the boundary operator.

Consider for instance the case of the elastic flow of a network composed of N curves that
meet at two junction, both of order IV and subjected to natural boundary conditions. The
concurrency condition and the second order condition are already linear. Instead the third
order condition is of the form

N 1 o . ,
D g (e ) v+ 1 Be') =0,
i=1 "
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where we omit the dependence on (¢, y) with y € {0, 1}. The linearized version of the highest
order term in the third order condition is:

N 1 o
_Zz:; ‘8x800’i‘3 <8§gp, Vé> Vl%

N N
1 L 1 o . A
== 2 g, (e i)+ D g (G )V W @ep) = be), B13)
i=1 7% i=1 1%

where we denoted by 1 the unit normal vector of the initial datum Y. Then, instead of (3.2),
the linearized system associated to the special flow is

,

00 (1,2) + e (1, 2) ~ filt.x)

@'t y) — ¢ (t,y) =0

e (t,y) =0 , (3.14)
— S e (Ot ). v) vily) = bt y)

¢'(0,z) = ' (x)

fori,je{l,...,N},j#i,te0,T],z € [0,1],{0,1}.
The spaces introduced in Definition 3.2 and 3.7 are replaced by
Er = {p € CT5% (0,7] x [0,1]; (R*)V) such that ford,j € {1,...,N},t € [0,T],
y € {0, 1} it holds ¢'(t,y) = ¢ (t,y), 93¢ (t,y) = 0},
Fr = C5 ([0,T] x [0,1); (RH)Y) x (C*+e ([0, T);R?))? x e ([0, 1]; (RH)Y) |
ES = {¢ € Epsuch that ¢|—g = ¢°},
F) = 5 ([0, 7] x [0, 1]; (R%)Y) x (¢ ([0, T); R?))? x {¢°}.

The operator L7 : Er — Fr becomes

N
2 1 S
L = | O+ =02 ,—E ot y), V) V() Pl |
T(SO) ( tP \ﬁxcpo\‘l ' P |6x¢0’z(y)’3< 90( ) 0> 0( ) (10|t 0

and the operator that encodes the non-linearities of the problem is N7 : E}. — F9. that maps
¢ into the triple (N1(v), N2(7), vli=o0) with

L JEY - ¢t (0,7 x [0,1]; R?)
p = flo),
N2 . E% - Cl+a([O7T] X [07 1]7R2)
p = b(e),
where the functions f () 1= f(0ip, 030, 02, 0rp) and b(yp) := b(02p, d2p, O,¢) are defined
in (3.1) and in (3.13). The map K will be defined accordingly. We do not here describe the

details concerning the solvability of the linear system, as well as the proof of the contraction
property of K and we refer to [23, Section 3.4.1].
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3.2 Parabolic smoothing

When dealing with parabolic problems, it is natural to investigate the regularization of the
solutions of the flow. More precisely, we claim that the following holds.

Proposition 3.17. Let T > 0 and po = (¢5,...,pd ) be an admissible initial parametrization
(possibly) with endpoints of order one and (possibly) with junctions of different orders m € N>.
Suppose that oicio.1), ¢ = (oY, ..., ") is a solution in Er to the special flow in the time interval
[0, T'| with initial datum @o. Then the solution  is smooth for positive times in the sense that

@ € C™ ([e,T] x [0,1]; (R*)V)
foreverye € (0,T).

We give now a sketch of proof of this fact in the case of closed curves. Basically, it is
possible to prove the result in two different ways: with the so—called Angenent’s parameter
trick [4, 5, 11] or making use of the classical theory of linear parabolic equations [51].

Sketch of the proof. For the sake of notation let

92y

4 3 2 2 2,12 2 3 2 2 2
o 08,00 0en) | O[O 92 (9 ) 5 05 (00,00)

A(y) =
|0,y 1027 Xk 10:7/° 10:7[°

Then the motion equation reads 9,y = A(y). We consider the map

q. 0,00 xEr = Ot (S R?) x C52([0,T] x SL;R?)
(A7) = (7|t:0 — 70,0y — )\A(’)’))

We notice that if we take A = 1 and v = ¢ the solution of the special flow we get G(1, ) = 0.
The Fréchet derivative 6G(1,¢)(0, ) : Er — C*(SY;R?) x CT([0,T] x S';R?) is given by

2
6G(1,9)(0,7) = <7t0, Oy + W@ﬁ + F«p(V))

where F,, is linear in v, where 93v, 92y and 8,y appears and the coefficients are depending
of 0, 92, 3¢ and 9. The computation to write in details the Fréchet derivative is rather
long and we do not write it here. Since the time derivative appears only as J;y and it is not
present in A(7y), formally one can follow the computations of Section 2.2.

It is possible to prove that §G(1,¢)(0,-) is an isomorphism. This is equivalent to show
that given any ¢ € C*t°S';R?) and f € C'1([0,T] x S'; R?) the system

{m(t, 2) + ot (ta) + F(y) = f(t,2)
10,2) = ()

has a unique solution.
Then the implicit function theorem implies the existence of a neighbourhood (1 +¢,1 —
) C (0, 00), aneighbourhood U of ¢ in Er and a function ® : (1+¢,1—¢) — U with ®(1) =0
and
{MY)e(l4+el—e)xU:GA\vy)=0}={(\,2(N\): Ae(l+e1—¢)}.
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Given A close to 1 consider
or(t,x) == (At z),
where ¢, as before, is a solution to the special flow. This satisfies G(\, ¢)) = 0. Moreover by

uniqueness @) = ®(\). Since ¢ is smooth, this shows that ¢, is a smooth function of A with
values in E7. This implies
t0rp = Ox(pa)a=1 € Er
from which we gain regularity in time of the solution ¢.
Then using the fact that ¢ is a solution to the special flow and the structure of the motion
equation of the special flow it is possible to increase regularity also in space.
We can then start a bootstrap to obtain that the solution is smooth for every positive time.

Alternatively we can show inductively that there exists a € (0, 1) such that for all £ € N
ande € (0,7),
0e 02k+2+a 2k+2+a ([E, T} > Sl;R2) )

The case k = 1 is true because ¢ € O 1" 4+ ([0, T] x S*; R?) by Theorem 3.14.
Now assume that the assertion holds true for some k¥ € N and consider any ¢ € (0,7).
Let € C§° ((5,00); R) be a cut—off function with = 1 on [¢, T]. By assumption,

27

oe C2k+2+a 2k+2+a ([6,T} « SI;R2) ’
and thus it is straightforward to check that the function g defined by
(t,x) = g(t, ) = n(t)p(t, z)

lies in C 22t (10, T x SY;R?). Moreover g satisfies a parabolic problem of the fol-
lowing form: for all ¢t € (0,7), x € S:

{ atg(t7 .%') + maég(tv .T) + f (8ISO> 8%@7 axg¢ 8597 agg) (tv .1‘) = 77’(75)90(757 l‘) )

2k+2+o¢

9(0,z) =0.
(3.15)
The lower order terms in the motion equation are given by
03¢, 0x
|0¢] |8 !6
02, (020, 00p)" AP
( 0ol P ool el ) OO

The problem is linear in the components of g and in the highest order term of exactly the
same structure as the linear system (3.2) with time dependent coefficients in the motion
equation. The coefficients and the right hand side fulfil the regularity requirements of [51,
Theorem 4.9] in the case | = 2(k + 1) + 2 + a. As)(0) = 0 for all j € N, the initial value
0 satisfies the compatibility conditions of order 2(k + 1) + 2 with respect to the given right
hand side. Thus [51, Theorem 4.9] yields that there exists a unique solution to (3.15) g with
the regularity

2(k+1)+2+

ge Cf,Q(k-i-l)-i-Q-i-a ([O,T} > Sl;Rz) )

This completes the induction as g = ¢ on [¢, T'].

32



3.3 Short time existence and uniqueness

We conclude this section by proving the local (in time) existence and uniqueness result for
the elastic flow.

As before, we give the proof of this theorem in the case of closed curves and then we
explain how to adapt it in all the other situations.

We remind that a solution of the elastic flow is unique if it is unique up to reparametriza-
tions.

Theorem 3.18 (Existence and uniqueness). Let Ny be an admissible initial network. Then there
exists a positive time T such that within the time interval [0, T'] the elastic flow of networks admits a
unique solution N (t).

Proof. We write a proof for the case of the elastic flow of closed curves.

Existence. Let v be an admissible initial closed curve of class C*+%([0, 1]; R?). Then 7 is
also an admissible initial parametrization for the special flow. By Theorem 3.14 there exists
a solution of the special flow, that is also a solution of the elastic flow.

Uniqueness. Consider a solution v, of the elastic flow. Then we can reparametrize the v,
into a solution to the special flow using Proposition 2.16. Hence uniqueness follows from
Theorem 3.14. O

We now explain how to prove existence of solution to the elastic flow of networks. Differ-
ently from the situation of closed curves, an admissible initial network Ny admits a parametriza-
tion v = (v4,...,9Y) of class C*t%([0, 1]; R?) that, in general, is not an admissible initial
parametrization in the sense of Definition 2.11. However it is always possible to reparametrize
each curve v/ by ¢ : [0,1] — [0, 1] in such a way that p = (¢!,...,¢") with ' := i 0 1% is
an admissible initial parametrization for the special flow. Then by the suitable modification
of Theorem 3.14 there exists a solution to the special flow, that is also a solution of the elastic
flow.

Thus all the difficulties lie is proving the existence of the reparametrizations .

In all cases we look for ¢° : [0,1] — [0, 1] with 4(0) = 0, ¥*(1) = 1 and 9, (x) # 0 for
every z € [0, 1]. We now list all possible further conditions a certain ¢° has to fulfill at y = 0
or y = 1 in the different possible situations. It will then be clear that such reparametrizations
" exist.

e If v(y) is an endpoint of order one with Navier boundary conditions (namely v(y) = P,
Kk(y) = 0), then ¥ (y) needs to satisfy the following conditions:

89127/}(?/) =1

2 _ 9av(y)  v(y) \ _.

9zv(y) =~ <\aw<y)\’ \5zv(y)\> =: a(y)

F(y) =0

4 1 9:v(y)  Iv(y) 3v(y) Zy(y) \ _. 1
YY) = ~paer <|aﬂ<y>| g+ Saly) g + 3a%(y )Iaw(y)\> =~ amr®) -

Indeed, with such a request, we have ¢(y) = v(¢(y)) = v(y) = P and
Drp(y) = O3 (0(Y) (b (1))* + (¥ (y)) 034 (y)

(
= 02y(y) + % (y) ( <|angz;|’ ’a 8§’>> = 0.7’k (y) = 0.
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Moreover T (y) = 0. Indeed

) =

()
2<r \4 raxgo<y>r>
< y) + 683y(y)aly) + 3027(y)a*(y) + y() 0 (y)  0uy(y) >

-2

10z(y)I* 107 (y)]
1 1 9:7(y)
G+ 2 (o0 )
_ o L 1 1Y) d(y) _
= 2 ) 2 { Gy ) el =

e If 7(y) is an endpoint order one where clamped boundary conditions are imposed

(v(y) =P, &%y;\ = 7% with 7* a unit vector) we require ¢ (y) to fulfill

¥) = B
Pi(y) =0
RY(y) =0
I (y) = b(y)

() 0 [ B\ 52w 0w [ o)
with b( ) <3x’7( K 6|(9;c’y(y)|3 <\8gc’y(y)\2’7_ > 2 |07 (y) 6 4|8x7(y)|2 <|8ﬂ(y)|377' >

2 2 2
e ()~ b G20, )- Sothat ¢(s) = 1(V) = 2(0) = P,
0up(y) = 07 (Y (1)) 0tb(y) = (9:7(y)) (55) = 7, and T(y) = 0.

e Suppose instead that v (y;) = ... = vP™(y,,) is a multipoint of order m with natural
boundary conditions. Then each curve is paramatrized by i € C*4*%([0, 1];R?) and
the network N satisfies the conditions ii), iv) and v) of Definition 2.5.

The non-degeneracy condition is satisfied because of iv).

By requiring
P (y;) =
OZYP () = a”z( i)
3%“ (yi) =
where aPi (y;) 1= — < lgﬂ: Ezzg‘ , gfl:gz% > all the conditions imposed by the system are

satisfied. We have to choose 921 (y;) in a manner that implies the fourth order com-
patibility condition

VE vl (1) + T (y) 78 (1) = - = VE" (Y )V2" (ym) + T3 (Y )78 (ym) » (3.16)

where the subscript ¢ we mean that all the quantities in (3.16) are computed with
respect on the parametrization ¢P? := «Pi0y)Pi. Notice that the geometric quantities V, v
and 7 are invariant under reparametrization, they coincide for ¢” and +*# and so from
now on we omit the subscript. Condition iv) allows us to consider two consecutive
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unit normal vectors v?i(y;) and vk (y;) such that span{v?i(y;), vP*(yx)} = R%. Then, by
condition v), for every j € {1,...,m}, j #1, j # k we have

sin 0°VPi (y;) 4 sin OFVP* (yp,) + sin ¢7VPi (y;) = 0, (3.17)

where ¢' is the angle between v+ (y;) and v?i (y;), 0% between 1?4 (y;) and vi(y;) and
67 between vPi(y;), and vP*(y;) and at most one between sin ¢’ and sin 6* is equal to
zero. Consider first every curve vPi with j € {1,...,m}, j # i, j # k for which both
sin #* and sin #* are different from zero, then the conditions
sin 0’7? (y;) = cos OFVPr (y) — cos 0TV Pi (y;)
sin QkTZk (yx) = cos 07VPi(y;) — cos 0" VP (y;)
sin HJTZj (yj) = cos O'VPi(y;) — cos OFVPx (yy) (3.18)
combined together with (3.17) imply (3.16) (see [38] for details). Instead for all the
curves % with j € {1,...,m}, j # i, j # k for which, for example, sin " = 0 it is
possible to prove (see again [38]) that
sin OFVPk () + sin 07VPi (y;) = 0
sin 64T (y:) = VP (y;) — cos 05V (3)
)
)

VP
sin HJTpk( VPi(y;) — cos 02 VPr(y,)
Slnﬂkﬂj( 0s OFVPi (y;) — VPi(y;) (3.19)

Yk
Yj

yielding (3.16). One can show that for every i € {1,...,m}, imposing such require-
ments (i.e., either (3.17), (3.18) or (3.19)) implies that 9P (y;) is uniquely determined.

Also the case of a multipoint with clamped boundary conditions can be treated follow-
ing the arguments of the just considered cases of natural boundary conditions.

To summarise, for every i € {1,..., N} we must prove the existence of 1’ : [0,1] — [0, 1]

with 8,1%(z) # 0 for every z € [0, 1] satisfying

(0) = (1) =1
(0) =c A (1) = 4
621/;’(0) =y and 021 (1) = c5 (3.20)
BH(0) =0 By (1) =0
(0:9°(0) = 3 ' (1) = co

with ¢y, e2, ¢3 and ¢4, 5, ¢ depending on the type of the endpoint 7¢(0) and v*(1). The 1" can
be (roughly) constructed by choosing 1’ to be, near the points 0 and 1, the respective fourth
Taylor polynomial that is determined by the values of the derivatives appearing in (3.20).
Then one connects the two polynomial graphs by a suitable increasing smooth function.

To get uniqueness when we let evolve an open curve or a network, one has to use Propo-

sition 2.16. We refer to [15, 23, 38, 52] for a complete proof.

35



Remark 3.19. The previous theorem gives a solution of class C' At ([0, T]x [0, 1]; R?) when-
ever the initial datum is of class C**([0, 1]; R?) and satisfies all the conditions listed in Defi-
nition 2.5. We can remove the fourth order conditions iii)-iv) setting the problem in Sobolev
spaces, with the initial datum in W*=4/P?([0, 1];R?) with p € (5, 00). Even in this lower regu-
larity class it is possible to prove uniqueness of solutions (see [22]), but we pay in regularity
of the solution, that is merely in W2 ((0,T); L? ((0,1); R?)) N L? ((0, T); WP ((0,1); R?)).

With the strategy we presented in this paper it is possible to get a smooth solution in
[0, T if in addition the initial datum admits a smooth parametrization and satisfies the com-
patibility conditions of any order (for a complete proof of this result we refer to [15]). Since
the solution of class C 14+ is unique, a fortiori the smooth solution is unique. Although
a smooth solution is desiderable, asking for compatibility conditions of any order is a very
strong request.

4 Long time existence

Definition 4.1. A time-dependent family of networks N; parametrized by v+ = (7%, ..., )
is a maximal solution to the elastic flow with initial datum N in [0,7) if it is a solution in
the sense of Definition 2.3 in (0, 7] forall 7 < T, v € C* ([, T) x [0,1]; (R*)") forall ¢ > 0
and if there does not exist a smooth solution /\th in (0, T] with T > T and such that N = A
in (0,7).

If T = oo in the above definition, T > T is supposed to mean T = oo. The maximal
time interval of existence of a solution to the elastic flow will be denoted by [0, Tinax), for
Thax € (0, +o0].

Notice that the existence of a maximal solution is granted by Theorem 3.14, Theorem 3.18
and Proposition 3.17.

4.1 Evolution of geometric quantities

In this section we use the following version of the Gagliardo—Nirenberg Inequality which
follows from [39, Theorem 1] and a scaling argument.

Let 1 be a smooth regular curve in R? with finite length ¢ and let u be a smooth function
defined on 7. Then for every j > 1,p € [2,00] and n € {0,...,j — 1} we have the estimates

~ : B
10 ulle < CogpllOdull Tollull 27 + =75 lul 2

tie
where
n+1/2—-1/p
o= —"F""
J
and the constants C,,, jp and B, ;, are independent of 7. In particular, if p = +oo,
~ . -~ B, ) n+1/2
08| oo < Cojl|00ul| 72 |lull 127 + wﬁ;” |ull 2 with o= ; /2, (4.1)

We notice that in the case of a time-dependent family of curves with length equibounded
from below by some positive value, the Gagliardo-Nirenberg inequality holds with uniform
constants.
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By the monotonicity of the elastic energy along the flow (Section 2.5), the following result
holds.

Corollary 4.2. Let N; = || v} be a maximal solution to the elastic flow with initial datum Ny in
the maximal time interval [0, Tiax) and let £,(Ny) be the elastic energy of the initial datum. Then
forall t € (0, Tmax) it holds

/ kE|? ds g/ |k|* ds < E,(ND). (4.2)
"% N
Now we consider the evolution in time of the length of the curves of the network.

Lemma 4.3. Let N; = N, i be a maximal solution to the elastic flow in the maximal time in-
terval [0, Twmax) with initial datum Ny and let £,,(No) be the elastic energy of the initial datum. Let
pty o pN > 0and p* = ming_y_n p. Then for all t € (0, Tinax) it holds

() <L) < ;&L(No). (4.3)

Furthermore if Ny is composed of a time dependent family of closed curves -y, then for all t € (0, Tnax)

42
gu(VO) '
Suppose instead that ~; is a time dependent family of curves subjected either to Navier boundary

conditions or to clamped boundary conditions with v(t,0) = P and ~(t,1) = Q for every t €
[0, Tinax ). Then forall t € (0, Tinax)

Uy) >

(4.4)

7[.2

5u (’YO)

Proof. Formula (4.3) is a direct consequence of Proposition 2.20. Suppose 7; is a one—parameter
family of single closed curves. Then by Gauss-Bonnet theorem we have

1/2 1/2 1/2
27r§/ lk|ds < (/ |ky2ds> (/ 1ds> = {(y,)'/? </ \k|2ds> . (4.6)
Tt Yt Yt Yt

that combined with (4.2) gives (4.4). Clearly if ; is composed of a curve with fixed endpoints
7(t,0) = P and v(t,1) = Q with P # Q, then ¢(v;) > |P — Q| > 0. Suppose now that
P = @. Then by a generalization of the Gauss-Bonnet Theorem (see [16, Corollary A.2]) to
not necessarily embedded curves with coinciding endpoints it holds f% |k|ds > m and so
repeating the chain of inequalities (4.6) one gets (4.5). O

W)= P-QI>0ifP£Q and ((y) > >0ifP=Q. (45)

Remark 4.4. In many situations it seems not possible to generalize the above computations
in the case of networks to control the lengths of the curves neither individually nor globally.
At the moment there are no explicit examples of networks whose curves disappear during
the evolution, but we believe in this possible scenario.

Consider for example a sequence of networks composed of three curves that meet only at
their endpoints in two triple junctions. In particular, suppose that the networks is composed
of two arcs of circle of radius 1 and length ¢ that meet with a segment (of length 2sin § ~ ¢)
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with angles of amplitude . The energy (with x* = 1 for any 4) of this network is £, (N:) =
4e + 2sin § and it converges to zero when ¢ — 0.

A similar behavior has been shown by Niirnberg in the following numerical examples
based on the methods developed in [8] (see [38, Section 5.5] for more details). The initial
datum is the standard double bubble.

Figure 1: A numerical example of a shrinking network. The weighs ¢ are all equal to 0.2.

First the symmetric double bubble expand and then it starts flattening. The length of all
the curves becomes smaller and smaller and the same happen to the amplitude of the angles.
The simulation suggest that the networks shrink to a point in finite time.

In this other example instead only the length of one curve goes to zero and the network
composed of three curve becomes a “figure eight”.

Figure 2: A numerical example of a disappearance of one curve. The weighs 1 are all equal
to 2.

Remark 4.5. If some of the weights ' of the definition of the elastic flow are equal to zero,
then the L?-norm of the curvature remains bounded, but the lengths of the network can go
to infinity. However, during the flow of either a single closed curve or a curve with Navier
boundary conditions, the length of the curve can go to infinity, but not in finite time. Suppose
1 = 0, in this case we call the functional &. It holds

L) = d/ 1d3:/ 0.7 — kV ds = T(1) —T(0)+/ 202k + k* ds
Tt Yt Tt

dt dt
_ / Z210,k[2 + ks + K(1)0E(1) — k(0)5k(0)
Tt

= / 2|05k > + k*ds,
Yt
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k(0)0sk(0), while natural

indeed, in the case of a closed curve 7'(1) )=
0. The Gagliardo-Nirenberg

boundary conditions implies 7°(1) = 7(0)
inequality gives

H
l A

T(0) and k(1)d,k(1
k(1) = k(0) =

~ 13 3 1 1 3 3 1
[Ella < CllOsEllz 1kll2 + 51kl < cllkll3 (IIask\é‘ + ||k||§‘> < 2ic|kllz (10skll2 + lIkll2)*

e
1

where ¢ = max {5 , B/l I } Thanks to (4.4) and (4.5), we know that ¢ is uniformly bounded

from below away from zero and thus that constants are independent of the length. Also, as
llkll2 < C(&0(0)), using Young inequality we obtain

K15 < ClIKI3 (|0skll2 + [[Kll2) < eCl0sk(13 + C(Ea(v0), €)-

By taking ¢ small enough we then conclude

D gy < /—2]85k]2+k4ds§/ |05k [2 ds + C(Eo0(0)),
dt Yt Yt

thus in both cases %E (7t) < C(&(10)) and hence the length grows at most linearly.
Unfortunately in the case of clamped curves we are not able to reproduce the same compu-
tation because we cannot get rid of the boundary terms k(1)0sk(1) and k(0)0k(0). However
we are not aware of examples in which the length of a clamped curve subjected to the L~
gradient flow of & blows up in finite time.

Lemma 4.6. Let v : [0, 1] — R? be a smooth regular curve. Then the following estimates hold:
| s (1 s < <108 213 + 0 00 (k1 + IR
[ 16y () s < <l kI3 + Cevt) (IR + CIRE ) . @)
v

forany e > 0.

Proof. Every monomial of p%ﬁG (k) is of the form C T/ (0Lk)™ with a; € Nand 74, cy(I+
1) =25+ 6. Wedefine J :={l €{0,...,j+1} : ¢ #O}andforeveryl € J we set
2j + 6

= T D

We observe that ), ; é = 1 and B > 2 for every | € J. Thus the Holder inequality

implies
C/H @) ds<c]] </|al R ds> = CTJlI0kN5 s, -

VieJ leJ leJ
Applying the Gagliardo-Nirenberg inequality for every [ € J yields for everyi € {1,...,j+
1}

B
l . 7/8
I st < O |4 RGN + G S
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where for all [ € J the coefficient o; is given by

L+ 1/2 - 1/ (oufh)
j+2 '

We may choose

B»]»O‘lvﬁl .
C max {Cl,] B W . l S J .

Since the polynomial p2 y +6 (k) consists of finitely many monomials of the above type, we
can write

/ [0k as < T Iek |,
lEJ leJ

1 o) oo
< CTTI*ISS 0% (102 2K 2 + NIkl 12) s
leJ

= ClIkl = ™ (107 2k 2 + [kl2) 5

Moreover we have

1
Z ooy < 72 <2
leJ (G +2)
Applying Young’s inequality with p := Zz; o and g := m we obtain

g2leJ(d=o)

0 [ THiki s < Skl e (104 2kl + o1 12)
TieJ

where

ZleJ( — ooy

— D1y TIU

=2(2j +5).
As C depends only on j and the length of the curve, we get choosing ¢ small enough
j (2j+5)
w11l (k) ds < e (102 2K] 2 + [1Kll2) 7 *IIkIIL o

To conclude it is enough to take choose a suitable ¢ > 0. The second inequality in (4.7) can
be proved in the very same way. O

Lemma 4.7. Let «y : [0,1] — R? be a smooth regular curve. Suppose that ~ has a fixed endpoint of
order one y(y) with y € {0, 1}. Then the following estimates hold:

AL < <10+ 2k13. + (e, ) (kI3 + IRIZ )
3L (R W)l < elld2K)2, + Cle, 1) (K12 + CRIE 7Y ws)

forany e > 0.
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Proof. The term \péﬁg)( )(y)| can be controlled by a sum of terms like C' ;" 1218t k|75 with

> +1( + 1)a; = 25 + 5. Then, for every [ € {0,...,j + 1} we use interpolation inequalities
with p = +00 to obtain

0k | 2= < Co (197 2RI Za 1kl 127" + 1kl 2 )

with o, = lﬁg. Thus

J+1 Jj+1 (1
[T10Mkl5 <O TT 1072k + (1l L) 7 ) 570
= =0

1 j+10’0¢ j oo
<C (||03+2K|| 12 + ||k||L2)Zl:o ! szHLzl:O(l Da

with

jiaa §QZ+1/2 2j+5—1/25 oy

Z 1) = l ]"‘2
2]+5 12350 el +1)/( +2)
B j+2
ois 1 .
_ 2451 /26 +2) _, RN

J+2 2(5+2)?

Then by Young inequality,

(10542l 2 + [l 2) =10 7 [R|Z=0 =D < ¢ (03 2k]) o + 1Kl 2)° + ORI

2—2{:0 oo
enough, we get the desired estimate.
Similarly py; +3( )(y) can be controlled by a sum of terms like C'[]7_, -+ 10Lk|| L with

> +1( + 1)oy = 2j + 3. We can repeat the same proof. Also in this case leo ol < 2
indeed

and the last exponent a* = 2 is equal to 2(2j 4 5). Choosing a value ¢ > 0 small

2j+3—1/25 " o
S o -
1=0 j+2
2j+3-1/25% ail +1)/( +2)
o Jj+2
_2j+3+1—1—%_2 1 2j 43
_ , —2——— AT,
j+2 i+2 2(j+2)
i 5y (st .
This time we get that the exponent a* € (]%, (2”3) ). We have a* = _ Ut 21)5_2120{%)a12j S,

Because of the properties of the polynomial p2 +3( ) we have that 2 < >~/ o < 25 + 3.

(5+3)(2j+3)—(2j+3) (2j+3)? 2+3)-2-3 _ o
Then a* < 1 Zf& o < 5. Moreover a* > 1+%(2j+3) = 5 Now that
we have ensured that a* is bounded from below away from zero we can conclude that the
desired estimate hold true. O
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Lemma 4.8. Let y; be a maximal solution in [0, Tyax) to the elastic flow of a curve with Navier
boundary conditions. The for all t € [0, Tinax) and for alln € N

O*™k(t,0) = 92"k(t,1) = 0.

Proof. We prove the result by induction. Since we required Navier boundary conditions,
apart from the fixed endpoints v(¢,0) = P and 7(¢,1) = @, we also have k(0) = k(1) = 0.
Differentiating in time the first condition we get for y € {0,1}
0=0r(t,y) =V(t,yvt,y) + T(ty)7(y)
= (—202k(t,y) — K*(t.y) + pk(t, y))v(t,y) + Tt y)7(ty),
that implies T'(t,y) = 0 and §2k(t,y) = 0, and this gives the first step of the induction. Let
n € N and suppose that 92"k(0) = 92"k(1) = 0 holds for any natural number m < n. Then
making use of (2.30) we have
0 = 8,02 Vk(t,y) = 202"V k(t,y) — 5E20¥"k(t,y) + pd?"k(t,y) — TO k(¢ y)
+ s (B) (1) + a3 (R) (8 y) = —2020 Vk(t,y)

where we use the induction hypothesis, T'(t,y) = 0 and the fact that each monomial of
p%ﬁjﬁ%(k), ppa"2(k) contains at least one term of the form 92"k O

2n—+1

Lemma 4.9. Let v, be a maximal solution in [0, Tiax) to the elastic flow of a curve with clamped
boundary conditions. The for all t € [0, Timax), y € {0,1} and n € N

03" 2k (t,y) = Pines(R) (6 y) + mpin e (F)(ty) (4.9)
03" k(t,y) = pan i (k) (ty) + e s (k) (8 y) (4.10)
Proof. Consider first the fixed endpoints condition v(¢,0) = P and v(¢,1) = (. Differentiat-
ing in time we have, fory € {0,1}
0=0ry(t,y) = V(t,yv(t,y) + Tt y)7(ty)
= (=202k(t,y) — K>(t,y) + pk(t,))v(t,y) + T(t,y)7(t,y) .
Since both normal and tangential velocity have to be zero, we get T'(t,y) = 0 and 92k(t,y) =
Ek(t,y) — %k?’(t, y): the case n = 0 of (4.9) holds true. Fix a certain n € N, suppose that (4.9)
is true for any natural number m < n. Then
0= 0, (942K (t,) + phia (1, ) + o (K(E, )
= 200" k(1 ) — T(t, )0 h(t,y) + WA (R (1,)) + ppi A )
+pin i (k(ty)) + Tt y)pin i (k(8y)) + mpin s (k(t,y)) + pT(E y)pin s (k(ty))
= 207" Ok(t,y) + pint7 (K(t,y)) + ppinis(R(EY) .

We prove also (4.10) by induction. We consider the clamped boundary condition 7(t,0) =
10 and 7(t, 1) = 7. In this case differentiating in time we obtain

0=0r(t,y) = (0sV(t,y) + Tt y)k(t,y))v(t,y),

that implies 0 = 9,V (t,y) = 202k(t,y) + 3k?(t,y)0sk(t,y) + pudsk(t,y). The induction step
follows as in the previous situation. O
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Remark 4.10. It is not possible to generalize (4.9) and (4.10) to 0L’k = pn+1( ) + pupl3(k),
where n € N is arbitrary. Indeed we do not have any particular request on k and J,k at the
boundary, we cannot produce the step n = 0 of the induction.

Lemma 4.11. Let ~y; be a maximal solution to the elastic flow either of closed curves or of an open
curve subjected to Navier boundary conditions with initial datum -y in the maximal time interval
[0, Timax)- Let £,,(y0) be the elastic energy of the initial curve . Then for all t € (0, Tinax) and

j €N, j>1itholds
d

dt
Proof. Using (2.30) we obtain

\8Jk:|2ds < C(4,Eu(10)) - (4.11)

d

p \8Jk|2ds /aﬂkatafk+ |07k |2(8sT — kV)ds
Tt

= / o { 200k — 5k20I 2k + p 0l Pk + p s (k) + ppl (k) + Tag+1k} ds
Yt
/ ~ |0 k2(0sT — kV)ds. (4.12)
Tt
We begin by considering the terms involving the tangential velocity: we have

/ TOkI Tk + a T(97k)2 d % (T(t, 1)(k(t,1))2 — T(t,0)(dIk(t,0))%) =0, (4.13)

since for a closed curve T'(t,1)(d4k(t,1))2 = T(t,0)(8k(t,0))? and in the case of Navier
boundary conditions T'(¢,1) = T'(¢,0) = 0. o o

Integrating twice by parts the term [ —287kd] "k ds and once [ pud?kdit*k—5k200k02 K ds
we have

d (1 . , . - ,
- [ olodk[*ds = / —2(D k| — p|o TR 4 p)) 6 (k) + ppdyyy (K) ds. (4.14)
Also in the case of open curves with Navier boundary conditions there is no boundary con-
tribution thanks to Lemma 4.8. Combing (4.14) together with (4.7) one has

d . . ,
< [ Sloik2as < / —[00 2K~ L1 K ds+C k5% +C k|72 < O Eul0) (415)
where in the last inequality we used (4.2). O

The case of clamped boundary conditions is more tricky.

Lemma 4.12. Let y; be a maximal solution to the elastic flow subjected to clamped boundary condi-
tions with initial datum -y in the maximal time interval [0, Tinax). Let (7o) be the elastic energy of
the initial curve ~o. Then for all t € (0, Tynax) and n € N, n > 0 it holds

d

& [ 1ok ds < Cn Euv)).
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Proof. Consider the equality (4.12). As in the case of Navier boundary conditions, also in the
case of clamped boundary conditions 7'(t,1) = T'(¢,0) = 0 and thus we have (4.13). Then
integrating by parts the terms | —200kd1 "k ds and i POk k—5k20Lkd2 Tk ds appearing
in (4.12) we obtain

d (1, _. . , A :
o [31omas = [ 2000k — o 2 Ly ) + vl () ds

— 200ROL k4 200 RO 2k + n k0] ke — SROLROL k|

- / 2O — O K[2 + pE L (k) + g () ds
1

— 200k07 3k + 200 RO 2k + ph L (k) + el (k) ‘0 .

Suppose j = 4n with n € N. Then, using (4.9) and (4.10)
OJk0IT3k = 01" kOL k= 0" kp Ty (k) + p0i kpin Ty (k) = il (k) 4+ ppd s (k)
O k0] = 0" RO = 00" kel (F) + pd" ki (B) = 9315 (k) + el (k) -

So, for j = 4n with n € N, combing (4.14) together with (4.7) and (4.8) one has

d 1 .
dt laﬂk12d8</ 51072k — L1aI k2 ds + IR 4+ ClIk|E + Cllk 3

< C(5, (1)) -
O

We pass now to networks. In the case of clamped boundary conditions, apart from the
monotonicity of the energy, geometric estimates on the derivative of the curvature are not
know (see also Section 6).

To describe the results contained in [14, 22] for networks with junctions subjected to
natural boundary conditions we need a preliminary definition.

Definition 4.13. We say that at a junction of order m € N>, the uniform non-degeneracy
condition is satisfied if there exists p > 0 such that

te[oi,rilfiax) ' I?,a}:; {‘sma ‘} >p, (4.16)

where with o’ we denote the angles between two consecutive tangent vectors of the curves
concurring at the junction.

Then [22, Proposition 6.15] reads as follow:

Lemma 4.14. Let N (t) be a maximal solution to the elastic flow with initial datum Ny in the maximal
time interval [0, Tinax) and let £,(No) be the elastic energy of the initial network. Suppose that at
all the junctions (of any order m € N>9) we impose natural boundary conditions, for t € (0, Tinax)
the lengths of all the curves of the network N (t) are uniformly bounded away from zero and that the
uniform non-degeneracy condition is satisfied. Then for all t € (0, Tiax) it holds

d

it 102k| ds < C(E,(ND)).- (4.17)
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This lemma is proved in the case of network with triple junctions, but with an accurate
inspection of the proof one notices that it can be adapted to junctions of any order m €
N>,. The structure of the proof of [22, Proposition 6.15] is the same of Lemma 4.11 and
Lemma 4.12. The main difference is the treatment of the boundary terms, which is more
intricate. The uniform bound from below on the length of each curve is needed in Lemma 4.6
and Lemma 4.7, that are both used in the proof. The uniform non-degeneracy conditions
allows us to express the tangential velocity at the boundary in function of the normal velocity
(see Remark 2.9). As in Lemma 4.11 and Lemma 4.12, in [22, Proposition 6.15] the tangential
velocity is arbitrary.

To generalize [22, Proposition 6.15] from 9%k to 02T |; with J € N we must also require
that the tangential velocity in the interior of the curves is a linear interpolation between
the tangential velocity at the junction (given in terms of the normal velocity) and zero (for
further details we refer the reader to [14]).

4.2 Long time existence

Theorem 4.15 (Global Existence). Let j > 0 and let
v € CTEA((0, Tonax) X [0,1])) N C™ ([, Tonas) % [0, 1])

be a maximal solution to the elastic flow of a single curve (either closed, or with fixed endpoints in
R?) in the maximal time interval [0, Tyax) with admissible initial datum vy € C*+2([0,1]). Then
Tmax = +00. In other words, the solution exists globally in time.

Proof. Suppose by contradiction that T1,.x is finite. In the whole time interval [0, Tinax) the
length of the curves ; is uniformly bounded from above and from below away from zero
and the L?-norm of the curvature is uniformly bounded.

If the curve is closed or subjected to Navier boundary conditions, then (4.11) tells us that
for every t,ts € (€, Tax), t1 < t2

/

The estimate implies k€ L™ ((e, Timax); L?) . Instead in the case of clamped boundary
condition we get

/

because Lemma 4.12 holds true only when j is a multiple of 4. Again this estimate gives
95k € L™ ((e, Tmax); L?) . Using Gagliardo-Nirenberg inequality for all ¢ € [0, Tinax) we get

|07k|? ds —/ 107K|* ds < CEu(10) (ta — t1) < CEu(Y0) (Timax — €) -
Y

t2 31

|03 k[* ds — / |0k[* ds < CEL(v0) (t2 — t1) < CEL(Y0) (Tmax — €)
Tt

] 1

105k (t) |22 < C1ll0kO 1711k ()] 127 + Callk(®)llz2 < C(Eu(0)),
102k()]1 22 < CullOSk@) T2 llk(®)I 27 + Callk(®)ll 2 < C(Eulr0)),
103k() 12 < CLllOzk@) 1T k()| 27 + Callk(®)] L2 < C(Eulr0))

with constants independent on ¢.
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Hence in all cases (closed curves, either Navier of clamped boundary conditions), since
7 € L™ ((e, Timax); L>°), by interpolation we obtain

k,dsk, 07k € L™ ((2, Tiax); L™) -
Putting this observation together with the formulas
Kk =kv,

sk = Oskv — k1,

0%k = (0%k — k3)v — 3k0skT

Dk = (0%k — 6K%0sk)v — (4k0k + 30.k%)T ,
we get k, Ok, 02k € L™ ((g, Tinax); L) and 93k € L™ ((e, Tiax); L?). We also get (0;7)*
L™ ((e, Tiax); L™).

We reparametrize () into 4(¢) with the property |0,75(t, z)| = ¢(5(t)) for every x € [0, 1]
and for all ¢ € [0, Tinax)- This choice in particular implies

0<c< sup |0:7(t,2)] < C < 0.
t€[0,Timax),z€[0,1]

We make use of the relations

o P D) OB ()
R T A (CT0) N T L CTO)E
to get

HoRAt )P 2 g — 2 4
and

T 2
/0 |€(7ﬁ((tt))‘g| dr = / [02k[* ds < C(€u(0)).
vt

These estimates allows us to conclude that 927, 935 847 € L™ ((g, Tmax); L°°((0,1))) and
935 € L™ ((g, Tmax); L*((0,1))). Moreover (0,7)* = (87)t € L™ ((, Tmax); L (( 1))
implies ¥ € L™ ((¢, Tiax); L*°((0,1))). Then there exists Yoo(+) limit as ¢ — Tiax of (¢, -)
together with the limit of its derivatives till 5-th order.

The curve 7 is an admissible initial curve, indeed it belongs to C**%(]0, 1]) and in the
case fixed endpoint are present, by continuity of k¥ and 92k it holds

207 koo (0) + k3 (0) — koo (0) = 202 koo (1) + k(1) — prkoo(1) = 0.

Then there exists an elastic flow 7 € on S ([Thax, Tinax +0] % [0,1])) with initial datum 4,
in the time interval [Tinax, Tmax + 0] with 6 > 0. We reparametrize 7 in 4 with the property
|0:5(t, x)] = €(5(t)) for every x € [0,1] and t € [Tmax, Tmax + 9]. Then for every = € [0, 1]

M F(t, z) = Yo (2) = i A(t, )

and also for j € {1,2,3,4,5}

1 J A — A = 1 J
Mm 025 Y(t,x) = O} yoo (@) N (¢, ).
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Then
lim 0(t,x) = lim 05(¢, ).

t / Tmax max

Thus we can define

7 fort € [0, Tax)

: O,Tmax+5 _>]R2’ t7 0’1 =
g [ ] g( [ ]) {’3/ fOTtE[TmaX)Tmax+5]'

solution of the elastic flow in [0, Thax + ¢]. This contradicts the maximality of . O

Remark 4.16. In the case of the elastic flow either of closed curve or of curves with Navier
boundary conditions with the help of Remark 4.5 it is possible to generalize the above result
to the case p1 > 0 (see [46, 21]).

Remark 4.17. In Lemma 4.11 and Lemma 4.12 we derive estimates for every derivative of k.
The above proof shows that it is enough to get the estimate of Lemma 4.11 for j = 1, 2,3 and
of Lemma 4.12 for n = 1.

At the moment for general networks we are able to get the following partial result:

Theorem 4.18 (Long time behavior, [14, 22]). Let N be a geometrically admissible initial network.
Suppose that (N (t)) is a maximal solution to the elastic flow with initial datum Ny in the maximal
time interval [0, Tiax) With Tinax € (0,00) U {oo}. Suppose that at each junction we impose Navier
boundary conditions. Then

Tinax = +o0,

or at least one of the following happens:
(i) the inferior limit as t ,* Tiax of the length of at least one curve of N (t) is zero;

(ii) at one of the junctions it occurs that lim inf; 7, max; {|sina(t)|} = 0, where o' () are the
angles formed by the unit tangent vectors of the curves concurring at a junction.

5 Asymptotic behavior

In this section we collect results on the asymptotic convergence of the elastic flow, that is,
we analyze the possibility that the solutions have a limit as times goes to +oco and such limit
is an elastica, i.e., a critical point of the energy. The first step in this direction is the proof
of the subconvergence of the flow, that consists in the fact that the solution converges to an
elastica along an increasing sequence of times, up to reparametrization and translation in
the ambient space. We present such a result for the flow of closed curves and for a single
curve with Navier or clamped boundary conditions.

Proposition 5.1 (Subconvergence). Let 1 > 0 and let ~; be a solution of the elastic flow of closed
curves in [0, +o00) with initial datum ~y. Then, up to subsequences, reparametrization, and transla-
tions, the curve -y converges to an elastica as t — oo.

Proof. We remind that thanks to (4.2) and (4.4) for every t € [0,+00) the length ¢(v;) is
uniformly bounded from above and from below away from zero by constants that depends
only on the energy of the initial datum &,(70) and on .. We can rewrite inequality (4.15) as

d 1
2\6§k|2ds+/

o 0772k ds < C(Eu(m0)) -
A(t) v(t)
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Using interpolation inequalities (with constants ¢y, ¢ independent of time) for every j € N
we get

d d

p \ag/-c|2ds+/ |07k|? ds < dt/ yagk\2d3+c1/ ]8§+2k\2ds+02/ k|* ds
V(t) () (1) V(1) V(1)
< C(&u(0))-
By comparison we obtain
/ |8§k\2ds§/ 9K ds + C(Eu(70)- (5.1)
v(t) Y0

Hence by Sobolev embedding we get that 102 k|| Lo is uniformly bounded in time, for any
J € N. By Ascoli-Arzeld Theorem, up to subsequences and reparametrizations, there exists
the limit lim; .., &’ ke, =: ko uniformly on [0, 1], for some sequence of times t; — +oc.
Thus, for a suitable choice of a sequence of points p; € R? such that ~(¢;,0) — p, is the origin
O of R?, the sequence of curves (¢;,+) — p; converges (up to reparametrizations) smoothly
to a limit curve 7o, with 7(0) = O and 0 < ¢ < ¥(y00) < C < 0.

It remains to show that the limit curve is a stationary point for the energy £,. Let V' :=
oyt = —2(04)%k — |k|?k + pk and v(t) := Lo |V|? ds. By Proposition 2.20 we know that
OE(v(t,-)) = —v(t), thus

/0 T oty dt = £,(+(0,)) — lim E,(4(t.-)) < Eul0), (5.2)

t—o00

and then v € L!(0, 00). By (5.1) we can estimate

|0r0(t)] < Cp,70) -
Therefore v(t) — 0 as ¢ — +oo and then the limit curve is a critical point. O

Notice that in the previous proof we cannot hope for a (uniform in time) bound on the
supremum norm of v itself. In fact all the parabolic estimates are obtained on the curvature
vector of the evolving curve. This means that we are not yet able to exclude that the flow
leaves any compact set as t — oo.

Proposition 5.2 (Subconvergence). Let > 0 and let (y; be a solution in [0, 400) of the elastic flow
of open curves subjected either to Navier or clamped boundary conditions. Then, up to subsequences
and reparametrization, the curve ~; converges to an elastica as t — oo.

Proof. Whatever boundary condition we consider the length of -, is bounded from above
by (4.3) and from below away from zero by (4.5). Furthermore, since the endpoints are fixed,
the evolving curve will remain in a ball of center v(¢,0) = P and radius 2£,(70) and so for
every t € [0, Tinax) it holds sup,cp 17 [7(¢, 2)| < C with C independent of time.

Consider the case of Navier boundary conditions: as in the proof of Proposition 5.1 we
obtain that ||82k|| g~ is uniformly bounded in time, for every j € N. In the clamped case
instead we have that 9k € L?(0,00); L) only when j is a multiple of 4. However, by
interpolation, we get that 102 k|| o is uniformly bounded in time, for every j € N. Therefore,
up to subsequences and reparametrization, the curves 7(¢;, -) converges smoothly to a limit
curve v, for some sequence of times ¢; — +o00. One can show that 7, is a critical point
exactly as in Proposition 5.1. O
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By the same methods, it is also possible to prove the following subconvergence result.

Proposition 5.3 ([14]). Let Ny be a geometrically admissible initial network composed of three curves
that meet at a triple junction. Suppose that Ny is a maximal solution to the elastic flow with initial
datum Ny in the maximal time interval [0, +00). Suppose that along the flow the length of the three
curves is uniformly bounded from below, at the junction Navier boundary condition is imposed and
the uniform non—degeneracy conditions is fulfilled. Then it is possible to find a sequence of time
ti — oo, such that the networks Ny, converge, after an appropriate reparametrization, to a critical
point for the energy &,, with Navier boundary conditions.

From now on we restrict ourselves to the case of closed curves and we want to improve
the subconvergence result of Proposition 5.1 into full convergence of the flow. More pre-
cisely, we want to prove that the solution of the elastic flow of closed curves admits a full
limit as time increases and such a limit is a critical point.

Recall that when we say that 7 : [0, 1] — R? is a smooth closed curve, periodic conditions
at the endpoints are understood. More precisely, it holds that 9¥+(0) = 9%~(1) for any k € N.
Therefore we can write that a closed smooth curve is just a smooth immersion 7 : S! — R?
of the unit circle S! ~ [0, 27] /... In this section we shall adopt this notation as a shortcut for
recalling that periodic boundary conditions are assumed. Moreover, for sake of simplicity,
we assume that the constant weight on the length in the functional £, is ¢+ = 1 and we write
£.

Now we can state the result about the full convergence of the flow.

Theorem 5.4 (Full convergence [35, 47]). Let vy : [0, +00) x S — R? be the smooth solution of
the elastic flow with initial datum (0, -) = ~o(-), that is a smooth closed curve.

Then there exists a smooth critical point v of € such that y(t,-) — Yoo(+) in C™(S) for any
m € N, up to reparametrization. In particular, the support ~(t,S') stays in a compact set of R? for
any time.

Let us remark again that sub-convergence of a flow is a consequence of the parabolic
estimates that one can prove. However this fact is not sufficient for proving the existence of
a full limit as ¢ — 400 of (¢, ) in any reasonable notion of convergence. We observe that
sub-convergence does not even prevent from the possibility that for different sequences of
times t;,7; /* +oc and points p;, ¢; € R?, the curves (¢}, -) — p; and ¥(7}, ) — ¢j converge to
different critical points. The sub-convergence clearly does not imply that the flow remains
in a compact set for all times either. This last fact, that is, uniform boundedness of the flow
in R?, is not a trivial property for fourth order equation like the elastic flow. Indeed, such
evolution equation lacks of maximum principle and therefore uniform boundedness of the
flow in R? cannot be deduced by comparison with other solutions.

However, all these properties will follow at once as the proof of Theorem 5.4 will be
completed, that is, as we prove the full convergence of the flow.

The proof of Theorem 5.4 is based on several intermediate results. The strategy is rather
general and the main steps can be sum up as follows. First we need to set up a suitable func-
tional analytic framework in which the energy functional and its first and second variations
are considered in a neighborhood of an arbitrary critical point. In this setting we prove some
variational properties that are needed in order to produce a Lojasiewicz-Simon gradient in-
equality. Such an inequality estimates the difference in energy between the critical point and
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points in a neighborhood of it in terms of the operator norm of the first variation. As the
first variation functional coincide with the driving velocity of the flow, this furnishes an ad-
ditional estimate. Such an estimate will be finally applied to the flow as follows. Since we
know that the flow subconverges, it passes arbitrarily close to critical points of the energy
at large times. The application of the Lojasiewicz-Simon inequality will then imply that,
once the flow passes sufficiently close to a critical point, it will be no longer able to “escape”
from a neighborhood of such critical point. This will eventually imply the convergence of
the flow.

The use of this kind of inequality for proving convergence of solutions to parabolic equa-
tions goes back to the semimal work of Simon [50]. The Lojasiewicz-Simon inequality we
shall employ follows from the abstract results of [9] and the method is inspired by the strat-
egy used in [10], where the authors study the Willmore flow of closed surfaces. We mention
that another successful application of this strategy is contained in [18], where the authors
study open curves with clamped boundary conditions. Finally, a recent application of this
strategy to the flow of generalized elastic energies on Riemannian manifolds is contained
in [47]. We remark that this strategy is rather general and it can be applied to many different
geometric flows. We refer to [35] for a more detailed exposition of the method, in which the
authors stress on the crucial general ingredients needed to run the argument.

Now we introduce the above mentioned framework. Observe that for any fixed smooth
curve v : S — R? there exists p(y) > 0 such that if ¢ : S — R? is a field of class H* with
9]l g4 < p, then v + 1 is a regular curve of class H*. Whenever 7 is fixed, we will always
assume that p = p(y) > 0 is sufficiently small so that v + ¢ is a regular curve for any field 1
with ||¥]| g4 < p. Hence the following definition is well posed.

Definition 5.5. Let v : S! — R? be a regular smooth closed curve and p = p(y) > 0 suffi-
ciently small. We define

HM = {yp € H™(S",R?) | (¢(2),7(z)) =0 ae.on S'},
for any m € N and we denote L%’L = HEY)’L. Moreover we define
E:B,0) C Hy" - R E() = E(y + ).

For a fixed smooth curve v : S' — R?, the functional E is defined on an open subset of
an Hilbert spaces. Therefore, we can treat the first and second variations of £ as functionals
over such Hilbert spaces. More precisely, we know that in classical functional analysis if
F: B, CV — Ris atwice Gateaux differentiable functional defined on a ball B, in a Banach
space V, then 6F : B, — V*and 6*°F : B, — L(V,V*), where

SF(v)[w] == d%F(v + ew)

)
e=0

PPl = PP, 2] = 5 L+ ew+n2)
where (-)* denotes the dual space of (-) and L(V, V*) is the space of bounded linear function-
als from V to V*. We adopted the notation §? F'(v)[w, 2] by the fact that the second variation
can be also seen as a bilinear symmetric form on V, indeed §2F (v)[w][z] = 62F(v)[2][w]. In
such a setting we have

e=0 ’17:0,

d
0F : By(0) C Hy™ — (Hy™)* SEW)lp] = B +ep)| .
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and the second variation functional

BB By(0) € HI > L(H, ()

PEW)lp.C) = LB+ 0 +10)|

T dnde a:o‘n:o'

We will actually only need to consider §?E evaluated at 1) = 0, that is, the second variation
of £ at the given curve .

The study carried out in Section 2.1 shows that the functional E is Fréchet differentiable
with

SE()|p] = /Sl<2(3sl)2'%+w + By By — B, ) dis,

where k., is the curvature vector of the curve v + 1 and both arclength derivative J;
and measure ds are understood with respect to the curve v + 9. The explicit formula for
such first variation functionals shows that actually § E'(1)) belongs to the smaller dual space

(L**)*. Indeed E(v)) is represented in L2-duality as

SE()[p] = <’7/ + ] (2(5i)2'~%+w + K p PRy — ’@'Hw) 7‘P>L2 (5.3)

(dz)’

for any ¢ € L?Y’L, where the derivative 9} is understood with respect to the curve vy + 9.
Moreover, the results in Section 2.2 similarly imply that the second variation §2E(0)[y, -]

evaluated at some ¢ € H;l’L belongs to the smaller dual space (L%’L)* via the pairing

2EO)p: ¢l = (171 (01 + () .¢) (54

L2(dz)’

for any ¢ € L?y’l, where () : H;LL — Li’l is a compact operator and the derivative 07 is
understood with respect to the curve .
In this setting, we can prove the following properties on the first and second variations.

Proposition 5.6. Let v : S' — R? be a regqular smooth closed curve and p = p(v) > 0 sufficiently
small. Then the following holds true.

1. The functions E : B, C Hy' = Rand 6 - B, C Hy — (L2)* are analytic.
2. The second variation operator 62E(0) : Hff’L — (L%’L)*, which is defined by
S E(0)[¢][C] == °E(0)[p,¢] Ve € Hy", V(e L (v),
is a Fredholm operator of index zero, i.e., dim ker 6 E(0) = codim (Imm 62 E(0)) is finite.

Proof. The fact thatboth £ and 0 E are analytic maps follows from the fact that such operators
are compositions and sums of analytic functions. For a detailed proof of this fact we refer
to [18, Lemma 3.4].

Now we prove the second statement. Consider the operator £ : Hf,l’L — L%L defined by

L(e) = V1(05) ¢ + 17 12(p),

where ( is as in (5.4). We clearly have that §2F(0) : H;L’L — (L%L)* is Fredholm of index
zero if and only if £ is. Since |7'|€2(-) is compact, the thesis is then equivalent to say that
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H;l’L > ¢ = (0 € L%’L is Fredholm of index zero (see [24, Section 19.1, Corollary
19.1.8]). Since |7| is uniformly bounded away from zero, the thesis is equivalent to prove
that the operator

(05)* s Hy — L2+

is Fredholm of index zero. By [24, Corollary 19.1.8], as id : H;l’L — L%’L is compact, this is
equivalent to show that the operator

id+ (95)* : Hy — L2+

is Fredholm of index zero. We can prove, in fact, that id + (8j)4 is even invertible.
Injectivity follows as if ¢ + (95 )*p = 0, then multiplication by ¢ and integration by parts
give
[ 10802 + fofas =0,

and then ¢ = 0.
Let now X € L%’l be any field and consider the continuous functional F : H%’l — R
defined by

1 1
F(o) = [ 3100 + 1ol — (. X) ds.
St
The explicit computation shows that
(0:)%¢ = 0 + (20050, k) + (9, 0)) T = (Do, TR (5.5)

Since [|9s¢?ds = — [(p,0sp)ds < € [|0s¢|> + C(e) [ |p|?, computing |9s¢|? using (5.5),
Young's inequality yields that
1 1
[ 1ol 10l + 026l ds < 0 [ S10%l? + 3l s
st st
Therefore, by direct methods in Calculus of Variations, it follows that there exists a mini-
mizer ¢ of F in H2". In particular ¢ solves

/ (0426, (02)%¢) + (6, ) ds = / (X, ) ds, (5.6)
St St

for any ¢ € H%J‘. If we show that ¢ € H;M‘, then ¢ + (94)*¢ = X and surjectivity will be
proved. However, this follows by very standard arguments, simply noticing that once writ-
ing the integrand of the functional F in terms of 92¢, 95 and ¢, by means of equation (5.5),
its dependence on the highest order term 92¢ is quadratic and the “coefficients” are given
by the geometric quantities of «, which is smooth. O

We remark that it is essential to employ normal fields in the proof of the Fredholmness
properties of 62F(0) in Proposition 5.6 in order to rule out the tangential degeneracy related
to the geometric nature of the energy functional.

The above analysis of the second variation is exactly what is needed in order to derive a
Lojasiewicz-Simon gradient inequality. More precisely, we can rely on the following func-
tional analytic result, which is a corollary of the results in [9]. We recall the result here
without proof.
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Proposition 5.7 ([47, Corollary 2.6]). Let E : B,,(0) C V — R be an analytic map, where V is a
Banach space and 0 is a critical point of E. Suppose that we have a Banach space W = Z* — V*,
where V. — Z, for some Banach space Z, that Imm 6 E C W and the map §E : U — W is analytic.
Assume also that 6> E(0) € L(V, W) and it is Fredholm of index zero.

Then there exist constants C, p > 0 and 6 € (0, 1/2] such that

[E($) — BE0)]' < CISEW)||w,
forany 1 € B,(0) C U.

We can use Proposition 5.7 in order to derive a Lojasiewic-Simon inequality on our elastic
functional €.

Corollary 5.8 (Lojasiewicz-Simon gradient inequality). Let v : S' — R? be a smooth critical
point of €. Then there exists C,o > 0 and 0 € (0, 1] such that

£y +4) — EQ < CIEW)] 2.

for any 1 € B,(0) C Hy (S, R2).

Proof. By Proposition 5.6 we can apply Proposition 5.7 on the functional £ : B, (0) C
HY — R with the spaces V. = H3" and W = (L21)*. This immediately implies the
thesis. 0

Let vy : S! — R? be an embedded smooth curve. Choosing such p small enough, the open
setU = {p € R? : d,(p) :=d(p,7) < p} is a tubular neighborhood of v with the property of
unique orthogonal projection. The “projection” map 7 : U — ~(S!) turns out to be C? in U and
givenby p — p — Vd% (p)/2, moreover the vector Vd% (p) is orthogonal to  at the point 7 (p),
see [34, Section 4] for instance. Then, given ¢ € B,(0) C H 4(S',R?), we can define a map
x: St — Stby

X(@) =77 7 (v() + ¢(2))],
that is C? and invertible if 7/(z) + ¢/() is never parallel to the unit vector Vd, (y(z) + ¢(z)),
which is true if we have (possibly) chosen a smaller p (so that |¢| and |0, | are small and the
claim follows as (v/(x), Vd,(p)) — 0 as p — v(x)).
We consider the vector field along v defined by

Y(x(@)) = 3V (1) + ()

which is orthogonal to v at the point 7 (y(x) + ¢(z)) = v(x(2)), for every = € S, by construc-
tion. Hence ¢ is a normal vector field along the reparametrized curve z — v(x(z)). Thus,
we have

Y(x(@)) + (x(2)) =7 (y(@) + ¢(2)) + V3 (v(z) + p(x)) /2
=7(x) + p(x) = V3 (v(2) + ¢(2))/2 + V5 (y(2) + ¢(2))/2
=7(x) +p(z).
and we conclude that the curve v+ ¢ can be described by the (reparametrized) regular curve

(v + ®) o x, with ¢ o x normal vector field along 7 o x. Moreover, by construction it follows
that ¢ o x € Hsy. Moreover, it is clear that if ¢ — 0in H* then also 1) — 0in H*,
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All this can be done also for a regular curve v : S! — R? which is only immersed (that is,
it can have self-intersections), recalling that locally every immersion is an embedding and
repeating the above argument a piece at a time along ~, getting also in this case a normal
field ¢ describing a curve v + ¢ for ¢ € B,(0) C H*(S',R?).

Now, if v = ~(t,z) is the smooth solution of the elastic flow wih datum ~,, by Propo-
sition 5.1 there exist a smooth critical point 7., a sequence ¢t; — 400, a sequence of points
p;j € R?and ¥, = (t;,-) reparametrization of (t;, -) such that

Sy N 7

Vi; — Py e Yoo (5.7)
in C™(S', R") for any m € N. Moreover, we know there are positive constants C, = Cf (7o)
and C(m, o), for any m € N, such that

1
o <U(y) <Cy
and
1(03)™k(t, ) r2(as) < C(m, o) (5.8)

for every t > 0.

If for suitable times ¢t € J we can write v = 7o + ¢ With |[¢¢]|ge < p = p,.. small
enough, then it is an immediate computation to see that, if we describe y as a “normal graph”
reparametrization along v, by 7o + 9; as in the above discussion, then

H%&”Hm < O(m7’707’yoo) 5 (59)

for every m € Nforanyt € J.
We are finally ready for proving the desired smooth convergence of the flow.

Proof of Theorem 5.4. Letus sety; := ~(¢,-) and we let o, tj, p; and Ve, = J(t;,-) beasin (5.7).
Since the energy is non-increasing along the flow, we can assume that £(v;) \, £(7), as
t = +oo and £(;) > £(7s0) for any ¢. Thus, it is well defined the positive function

H(t) = [E(n) — (o)’

where 0 € (0,1/2] is given by Corollary 5.8 applied on the curve 7. The function H is
monotone decreasing and converging to zero as ¢ — +oo (hence it is bounded above by

H(0) = [£(70) — £(720)]"):
Now let m > 6 be a fixed integer. By Proposition 5.1, for any € > 0 there exists j. € N
such that

Hitjs — Pj. — ’YOOHCM(SI,R'”) <e and H(tjs) Se.

Choosing € > 0 small enough, in order that
(ﬁtja — Pje — fyoo) € Bp’Yoo (O) < H4(S17Rn)7

for every t in some interval [t;,_, t;. +J) there exists 1), € H 4;ol such that the curve 7; = Yoo + ¢
is the “normal graph” reparametrization of v, — p;.. Hence

(atﬁ)L = _(2(65L)2’<"'§t - |K’%‘2K’% + ""51&)7
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as the flow is invariant by translation and changing the parametrization of the evolving
curves only affects the tangential part of the velocity. Since 7;, is such reparametrization
of 7, — pj;. and this latter is close in C™ (S, R™) to oo, possibly choosing smaller ¢, > 0
above, it easily follows that for every ¢ € [t;_,t;. + J) there holds

192l s < o,

where o > 0 is as in Corollary 5.8 applied on 7., and we possibly choose it smaller than the
constant pu..

We want now to prove that if ¢ > 0 is sufficiently small, then actually we can choose
0 = +oo and |9 ya < o for every time.

For E as in Corollary 5.8, we have

[E0n) = EGroo)]' ™ =€) — E(r)] 7
= [E(¥r) — E(0)]"°
< C1(Yoo, OISE(Wr)l| 2.1,

=C1(Ys0,0) sup /S1 <|§,§|(2(8 Kz, + K5, [PRs, — "5%)75> dz

ISll,2,0

501(70070') sup /Sl < F’?zlt‘(2(aj)2&:/t + |Hﬁt‘2'¢’% - R%),S> dz

||S||L2(Sl,R"):1
) 1/2
=C1(Vo0,0) </Sl 11212005 )2 K5, + k5, K5, — K3, dx) (5.10)

where we can assume that C (750, 0) > 1.

Now, (¢, Tyo.) = (Yoo, Ty ) is time independent, then (0,7, 7.,..) = 0 and possibly taking a
smaller o > 0, we can suppose that |7, — 75| < 1 for any ¢ > ¢, such that |[¢;[|g+ < o.
Hence,

~ ~ ~ ~ - - ~ L~
’(@’Y)H = [0y — <at%7'?/>7'§| = [0y + <at%7'yoo - 7'§>7"~7’ > 0] — ’at7||7'%o - Tﬁ| > §|at7|-
Differentiating H, we then get

d d
SH() = 2 [EG) - S’

2
= —HH / ‘ “2 8L K"Yt—"_‘m’}’tPK”Yt Kf’?t' dx

1/2 1/2
o0—1 ~ 2 ~ 2
< —0H 7 C3(V0,0) </81’(8”H dfc) (/Sl 11212005 )2k, + k5, [R5, — K5, dﬂﬂ)

o—1 ~ ~ ~ —_
< —H 7 C(vo0, )07 12 (a2 [ (Ge) — €G]
= = C(Yo0, )07 L2(a)

where C'(Vo0,0) = 0C2(Vo0, ) /2C1 (Y00, o). This inequality clearly implies the estimate

&2
Clones0) [ 10 acan At < (&) — H() < H(E) (5.11)
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for every t;, < & < & <tj. + ¢ such that ||¢)¢| g+ < 0. Hence, for such &;, {&, we have

1/2
e ~ e 2 = ( [ Fea) ~ e (0

< < / < “ o) dt)2 dm>1/2

H at’}’ dt
L2(dz) (5.12)

gL 107 2y

H(&)
= 010, 0)
= 0rmr0)

where we used that H (&) < H(t;.) < € and the fact that Hf§12 vdt HLQ(dgC) < féf vl £2(dz) 2,
which easily follows from Holder inequality.
Therefore, for t > t;_ such that ||1);| y4+ < o, we have

el L2(az) = Ve — Yool L2(ae) < Ve — Va5 1 22dw) + 172, — Yool L2(ae) < oo +ev2

om)

Then, by means of Gagliardo-Nirenberg interpolation inequalities (see [3] or [6], for in-
stance) and estimates (5.9), for every [ > 4, we have

el < Cllvell g el 2y < CUv0, 700, 0)e ™7,

for some a € (0,1) and any ¢ > t;, such that ||¢);|| g+ < 0.

In particular setting [ +1 = m > 6, if ¢ > 0 was chosen sufficiently small depending only
on 7o, Yoo and o, then ||| g2 < o/2 for any time ¢ > t;_, which means that we could have
chosen § = +oo in the previous discussion.

Then, from estimate (5.12) it follows that 7; is a Cauchy sequence in L?(dz) as t — +oc,
therefore 3, converges in L?(dz) as t — +oo to some limit curve 5 (not necessarily coin-
cident with 7). Moreover, by means of the above interpolation inequalities, repeating the
argument for higher m we see that such convergence is actually in H™ for every m € N,
hence in C™(S*,R") for every m € N, by Sobolev embedding theorem. This implies that
Yo is @ smooth critical point of £. As the original flow +; is a fixed translation of 7;, up to
reparametrization, this completes the proof. O

Collecting the results we proved about the elastic flow of closed curves, we can state the
following comprehensive theorem.

Theorem 5.9. Let vy : S' — R? be a smooth closed curve. Then there exists a unique solution
7 : [0, 4+00) x St — R? to the elastic flow

v = — (20 + Il — k) on [0, +00) x 51
7(()7 l‘) = '70(1‘) on St.

Moreover there exists a smooth critical point Voo of € such that y(t,-) — Yeo() in C™(SY) for any
m € N, up to reparametrization.
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Remark 5.10. We remark that Theorem 5.9 is true exactly as stated for the analogously defined
flow in the Euclidean spaces R" for any n > 2 (see [35]). Indeed, it is immediate to see that
the proof above generalizes to higher codimension. We observe that the very same statement
holds for the suitably defined elastic flow defined in the hyperbolic plane and in the two-
sphere by [47, Corollary 1.2]. It is likely that smooth convergence of the elastic flow still
holds true in hyperbolic spaces and spheres of any dimension > 2 and, more generally, in
homogeneous Riemannian manifolds, that is, complete Riemannian manifolds such that the
group of isometries acts transitively on them. For further results and comments about the
convergence of the elastic flow in Riemannian manifolds we refer to [47].

Let us conclude by stating the analogous full convergence result proved for the elastic
flow of open curves with clamped boundary conditions.

Theorem 5.11 ([29, 18]). Let 7y : [0, 1] — R"™ be a smooth curve. Then there exists a unique solution
v :[0,400) x [0,1] — R™ to the elastic flow satisfying the clamped boundary conditions

’Y(tv 0) = 70(0)7 V(ta 1) = ’70(1)7 asV(ta 0) = Ty (0), asV(ta 1) = T’Yo(l>v

with initial datum ~o. Moreover there exists a smooth critical point v, of € subjected to the above
clamped boundary conditions such that (t,-) — vso(-) in C™([0,1]) for any m € N, up to
reparametrization.

6 Open questions
We conclude the paper by mentioning some related open problems.

e In Theorem 4.18 a description of the possible behaviors as t — Ti,ax is given for evolv-
ing networks subjected to Navier boundary conditions. When instead clamped bound-
ary conditions are imposed, only short time existence is known [23]. One would like
to investigate further this flow of networks as time approaches the maximal time of ex-
istence. Recent results [19] on the minimization of £, among networks whose curves
meet with fixed angles suggest that an analogous of Theorem 4.18 is expected: either
Tmax = 00 or as t — Tax the length of at least one curve of the network could go to
Zero.

¢ In Section 4 we described a couple of numerical examples by Robert Niirnberg in which
some curves vanish or the amplitude of the angles at the junctions goes to zero. It is an
open problem to explicitly find an example of an evolving network developing such
phenomena. More generally, one wants to give a more accurate description of the onset
of singularities during the flow.

e In the case of the flow of networks with Navier boundary conditions estimates of the

type
& o as < ce,)),
dt I,
are shown for n = 2 + 45 with j € N only for a special choice of the tangential velocity

(see [14]). One could ask whether the same holds true for a general tangential velocity.
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e In the last section we show that if +; is a solution of the elastic flow of closed curves in
[0, 00), then its support stays in a compact sets of R? for any time. The same is true for
open curves and networks with some endpoint fixed in the plane. What about compact
networks? At the moment we are not able to exclude that if the initial network Ny has
no fixed endpoints (as in the case of a Theta) as ¢ — Tiax the entire configuration N,
“escapes” to infinity.

¢ Another related question asked by G. Huisken is the following: suppose that the sup-
port of an initial closed curve 7 lies in the upper halfplane, is it possible to prove that
there is no time 7 such that the support of the solution at time 7 lies completely in the
lower halfplane?

o Are there self-similar (for instance translating or rotating) solutions of the elastic flow?

e Several variants of the elastic flow have been investigated, but an analysis of the elastic
flow of closed curves that encloses a fixed (signed) area is missing.

e At the moment no stability results are shown for the elastic flow of networks. More
generally, one would understand whether an elastic flow of a general network defined
for all times converges smoothly to a critical point, just as in the case of closed curves.
Similarly, proving the stability of the flow would mean to understand whether an elas-
tic flow of networks starting “close to” a critical point exists for all times and smoothly
converges.

e Is it possible to introduce a definition of weak solution (for instance by variational
schemes such as minimizing movements) that is also capable to provide global exis-
tence in the case of networks? We remark that all notions based on the maximum prin-
ciple, such as viscosity solutions, cannot work in this context, due to the high order of
the evolution equation in the spatial variable.
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